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Introduction

The Nelson Mathematics for Cambridge International A Level series has been written specifically

for students of Cambridge’s 9709 syllabus by an experienced author team in collaboration with
examiners who are very familiar with the syllabus and examinations. This means that, no matter
which combination of modules you have chosen, the content of this series matches the content of the
syllabus exactly and will give you firm guidelines on which to base your studies.

[n this book, the content of the Pure Mathematics 1 module is divided into 13 chapters that give a
sensible order for your studies. The chapters begin with a list of objectives that show you what is
covered.

The following features help you to understand the concepts of the P1 module and to succeed in your
exams.

e The introductions to concepts are accompanied by examples of questions together with their
solutions. These show each step of working along with a commentary on the reasoning processes
involved.

e There are numerous exercises for you to practise what you have learned and develop your skills.

e There are three Summary exercise sections with more detailed questions covering the content of
the preceding chapters. These questions are similar to those found in exam papers and all are from
real exam papers.

e Summaries of key information and formulae are at convenient points in the book to help you revise
what yvou have covered in the last few chapters.

e Answers to all questions are provided at the back of the book for you to check your answers to
exercises.

o Two sample examination papers have been created in the style of Cambridge’s International
A Level P1 exams to give you the experience of working through a full examination paper.
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Quadratic equations

After studying this chapter you should be able to

e carry out the process of completing the square for a quadratic polynomial ax* + bx + ¢

e find the discriminant of a quadratic polynomial ax? + bx + ¢ and use the discriminant, e.g. to
determine the number of real roots of the equation ax® + bx + ¢ = 0

e solve quadratic equations

e solve by substitution a pair of simultaneous equations of which one is linear and one is quadratic

e recognise and solve equations in x that are quadratic in some function of x, e.g. x* — 5x% + 4 = ()

EXPRESSIONS AND EQUATIONS

An expression is a relationship between terms. For example, 3x — 2 and ‘?;; are expressions.
An equation is formed when two expressions are equal. For example, 3x — 2 =x — 1 and 2;:; = X

are equations.

An equation has solutions. For example, x = % is the solution of the equation 3x — 2 = x — 1 because,

when x = J the two expressions are equal.

QUADRATIC EQUATIONS

Any quadratic equation can be written as ax® + bx + ¢ = 0 where x is a variable and a, b and ¢ are
constants and a + ().

SOLUTION BY FACTORISING

The left-hand side of the quadratic equation x* — 3x + 2 = 0 can be factorised,
i.e. ¥=3x+2=0x-2(x—1)
Therefore the given equation becomes

x=2)x—-1)=0 [1]
When the product of two quantities is zero then one, or both, of those quantities must be zero.
Applying this fact to equation [1] gives

x—2=1 or x—1=0

e, x=2 or x=1
This is the solution of the given equation.
The values 2 and 1 are called the roofs of that equation.

This method can be used for any quadratic equation in which the quadratic expression factorises.
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2 Nelson Mathematics for Cambridge A Level

Example 1a
Find the roots of the equation x* + 6x — 7 = 0

2+ bx—1=10

—* x—Dx+7)=0
x—1=0orx+7=0

¥=1or x=-=7

The roots of the equation are 1 and —7.

Solve the equations. 9 *+4x—-5=10
1 »*+5x+6=10 10 2 +x—-72=0
2 x*+x-6=0 Find the roots of the equations.
3 X¥=x—b6=1 11 *—2x-3=0
4 x*+6x+8=0 12 *+5x+4=0
5 x*—4x+3=0 13 X2—-6x+5=0
6 ¥*+2x-3=0 14 *+3x-10=0
7T 27+3x+1=0 15 x*—-5x—14=0
8 4 —-9x+2=0 16 x> -9+ 14 =10

Rearranging the equation

The terms in a quadratic equation are not always given in the order ax* + bx + ¢ = 0. When they are
given in a different order they should be rearranged into the standard form.

For example  x*—x =4 becomes xX2—x—-4=0
3¥—1=2¢ becomes 3I*-—-2x—-1=0
x(x—1) =2 becomes ¥—x=2 S xt-—x—2=10

Also collect the terms on the side where the x* term is positive, for example
2—x*=5x becomes(=x*+5x—2
ie. X+5—-2=0

Example 1b
Solve the equation 4x — x* = 3

4 — x> =3
—, 0=x>—4x+3
— X—4dx+3=0=20KC—-3)x-1D=0
- x—3=0 or x—=1=0

= xX=3 or =1
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Quadratic equations 3

Losing a solution

Quadratic eguations sometimes have a common factor containing the unknown quantity. It is very
tempting in such cases to divide by the common factor, but doing this results in the loss of part of the
solution, as the following example shows.

Correct solution Faulty solution
¥—=hm=0 »=5h¢=1
x(x—-5) =0 x =5 =0 (Dividing by x)
x=0o0orx—5=0 X =D
= x =0 or 5 The solution x = 0 has been lost.

Dividing an equation by a numerical common factor is correct and sensible; dividing by a
common factor containing the unknown quantity results in the loss of a solution.

Solve each equation, making sure that you give 10 6x2+ 3x=10
all the roots.
11 X2 +6x=10
1 *+10—-7x=0
12 x2 = 10x
2 15—-x—-2x=0
a2 13 x(4x+ 1) = 3x
3 X —dx=4 14 20+ x(1 —x)=0
4 12-Tx+x*=0 15 x(3x—2)=8
5 2x—1+3¢=0 16 > —x2x—-1)+2=0
6 xx+7)+6=0 17 x(x+ 1) = 2x
7T 2¢*—4x =0 18 4+ x*=2(x + 2)
8 x(4x +5) = —1 19 x(x—2)=3
9 2—x=3x° 20 1 —-x3=x(1 +Xx)
COMPLETING THE SQUARE

We can make a perfect square by adding a constant to the x* and x term of a quadratic expression.
This is called completing the square.

For example, x* — 2x: adding 1 gives x* — 2x + 1

and x* — 2x + 1 = (x — 1)* which is a perfect square.

Adding the number 1 was not a guess, it was found by using the fact that
2+ 2ax + (@) = (x + @)?

Hence the number to be added is always (half the coefficient of x)*.

. x* + bx needs 3° to be added to make a perfect square,

ie. X+6x+9=0{x+3F

To complete the square when the coefficient of x* is not 1, first take out the coefficient of x* as a
factor,

e.g. 2+ x = 2(x% + %;-:)
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4 Nelson Mathematics for Cambridge A Level

Now add (5 X 3)? inside the bracket, giving
2 4.1 1y _ L]
205+t e). == E}?
When the coefficient of x* is negative, take —1 out as a factor,
e.g. =32+ dx = —{x* - 4x)
Then —(*—-4x+4)=—-(x—-2), . .—x*+4x—4=—-(x—-2)

Completing the square can be used to solve a quadratic equation.

Examples 1c
1 Solve the equation x> —4x —2 =0

R—4x—-2=0=>x2—4x=2
No factors can be found, so isolate the two terms with x in.
Add {4 X (=9} to both sides, i.e. x> — 4x + 4 =2 + 4
= (x—2)=6iex—2=/6=12449%4...
x = —0.449 or 4.45 (3s.1.)

2 Find the roots of the equation 2x? — 3x — 3 = 0

2
2 3,4 8 —349 _
x«.’ E+]H E+1{3_}(

x — 0.75 = £1.4361...
the roots are —0.686 and 2.19 (3s.1.)

Add a number to each expression so that the Solve the equations by completing the square.
result is a perfect square. !
P d 13 *+8 =1
1 x?— 4x .
14 x»»—2x-2=10
2 x4+ 2x
15 X*+x—-1=0
3 x*—6x
, 16 2x¢* +2x =1
4 x*+ 10x
. 17 *+3x+1=0
5 2x — 4x
6 3+ 5x 18 2x2 —x—-2=10)
7 22 _ 48y 19 2 + 4x =2
SIE'F]SJL‘ 20 3.1'2-!-.1'—1:['
9 21'2—4[],1" 21 2x2 +4x =7
10 22+ x 22 ¥ —x=3
11 3 — 2% 23 42 4+x—-1=0
12 2x% + 3x 24 2x*—-3x—-4=0
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THE FORMULA FOR SOLVING A QUADRATIC EQUATION

Completing the square to solve the general quadratic equation gives a formula that can be used to
solve any quadratic equation.

Using completing the square for ax® + bx + ¢ = 0 gives

ax’ + bx = —c
ie. a(f + Ex) = —¢
a
—3 2+8=_C
a a1
b by (D) - ()<
L ax L (2.:1) 2d a
b)g_bz c _ b*— 4ac
F o] ===
(I 2a 4a* a 4a*
b _ , b —dac
- T2 T VT
G = i 3 W 0F = AlC
950 2a
- .
L6, - b+ Vb —4dac
2a
Example 1d

Use the formula to find the roots of the equation 2x* — 7x — 1 =0

2 —Tx—=1=0

Comparing with ax* + bx + c=0givesa =2, b= -7, ¢c = —1
_ b= /b—dac T*y49 —42)(-1)
x — —
2a 4
7 s 1.5?

Therefore, x = q

The roots are 3.64 and —0.137 (3s.f.).

Use the formula to solve the equations. Find the roots of the equations.
1 *+4x+2=0 9 5+ 9x+2=10

2 2x*—x-2=0 10 2¢* - Tx+4=0

3 X+5x+1=0 11 4 -Tx—-1=0

4 2x°—x—4=0 12 3x =5 —4x°

5 x+1=4x 13 4x*+3x=5

6 2x*—x=5 14 1 =5x— bx*

T 1l+x—-3x*=40 15 8x—x*=1

8 I?=1-—-x 168 ¥ —-3x=1]
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6 Nelson Mathematics for Cambridge A Level

EQUATIONS THAT ARE QUADRATIC IN A FUNCTION OF x

An equation that is quadratic in a function of x can be reduced to a quadratic equation in x by
replacing the function of x by y.

For example, replacing x* by yin the equation x* + x* — 12 =0 gives y* +y — 12 =0
Then Y+y—-12=0=U-3)+4 =0
S0 y=3or y=-4

¥ =3o0or x=-4

There are no real values of x for which x* = —4,s0x? =3 = x= +1.73

Example 1e

o 13
. 45 -
Solve the equation e 36 =10

Provided that x # 0, replacing i— by y gives y* — 13y + 36 = 0

This is needed because Al is meaningless if x = ()

yY=-13y+36=0=0Q(—-9Dy—-4)=0

y¥y=9 o0or y=4 so —1—=9 or 1_4

X 'S
_ 1 1
:}Iﬂ-g DTI'-':I"
Solve the equations. 9 L _ 1 i10=0
¥ xe
1 ¥*+xt=20 10 2 _1_»
' o

2 X+ 1) =12 11 (-1 -5 -1)+4=0

=il 12 (2—472-9=0

4 (4 -5)(x2 —2) =10 18 x—3d 40

5 16x* =8I 14 2x+5/% — 12 =0

6 8x' —4x==10 1 ]

L1 15 (x2—4)2m12—4H2D=D
T T o
x* X 16 Explain why the equation 3x* + 5x*+ 2 =0
8 9= E . has no real roots.
e X

PROPERTIES OF THE ROOTS OF A QUADRATIC EQUATION

A number of facts can be found from the formula used for solving a quadratic equation.

=D & /b — dac

2a 2a
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Quadratic equations 7

The sum of the roots

b Vb? — dac

b Vvb* — dac
> — >+ -
The separate roots are 5 5a and 50 5

When the roots are added, the terms containing the square root disappear, giving
sum of roots = —g

This fact gives a useful check on the accuracy of roots that have been calculated.

The nature of the roots

In the formula there are two terms. The first of these, —%, can always be found for any values ol a
and b.
For the second term, i.e. - 4 2_&.4[“:, there are three different cases to consider.

1 If b — 4ac is positive, its square root can be found and it is a real number.

The two square roots, i.e. =V b* — 4ac have different (or distinct) values giving two different real
values of x. So the equation has two different real rools.

b Vb2 — dac

2 If b* — 4acis zero then its square root also is zero and x = ——2 - : giVES
= b ix b
A= —2 + 0 and x = —2 0

i.e. there is just one value of x that satisfies the equation.

For an example x> — 2x + 1 =0

From the formula we get x = —tzz-—)~ +0, i.e. x=1or 1
By factorising we can see that there are two equal roots,
i.e. x—Dx—1)=0 = x=lorx=1

This type of equation has a repeated root.

3 If b* — 4ac is negative we cannot find its square root because there is no real number whose square
is negative. In this case the equation has no real roois.

Therefore the roots of a quadratic equation can be

either real and different
or real and equal
or not real

and it is the value of b* — 4ac that determines the nature of the roots.

b* — 4ac is called the discriminant.

Condition Nature of Roots

b* — 4ac > 0 Real and different
b? —4ac =0 Real and equal

b* — 4ac < 0 Not real

Sometimes it matters only that the roots are real, in which case the first two conditions can be
combined to give

if b* — 4ac = 0 the roots are real.
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8 Nelson Mathematics for Cambridge A Level

Examples 1f

1 Find the nature of the roots of the equation x* —6x +1 =10

¥—6x+1=0

a=1,b=-6,c=1
b — 4dgc = (—6)* —4(1)(1) = 32

b — 4ac = 0 so the roots are real and different.
2 The roots of the equation 2x* — px + 8 = 0 are equal. Find the value of p.

2 —px+8=0
a=2b=-p,c=28
The roots are equal so b* — 4ac = 0
i.e. (=p)* —42(® =0
= pP—64 =0 = p°=64 . p==*8

3 Prove that the equation (k — 2)x* + 2x — k = 0 has real roots whatever the value of k.

(k-2 +2x—-hk=0D
a=k—2,b=2,c=—-R
b —4ac =4 — 4(k — 2)(—k) = 4 + 4k* — 8k
=4k* — 8k +4 =4(k* — 2k + 1) = 4(k — 1)

(k — 1)* cannot be negative whatever the value of k, so b — 4ac cannot be negative.
Therefore the roots are always real.

Without solving the equation, write down the 9 22-5x+3=0
sum of its roots.

10 ¥*—-6x+9=0
1 X*=4dx—-7=0
2 3x*+5x+1=0
3 2+x—x2=0
4

=y ==

11 4 —-12x»—9=10
12 4x°+ 12x+9 =0
13 ¥*+4x—-8=10

5 5 _
5 224 % 4 1=0 14 ¥*+ax+a*=0

8 7+ 2% —52=0 15 ¥ —ax—a* =0

In questions 7 to 16, without solving the 16 x*+2ax+a®=0

equation, determine the nature of its roots. s 1
4 17 The roots of 3x* + kx + 12 = 0 are equal,

T x—6x+4=10 Find k.

8 3 +4x+2=0 18 x% — 3x + a = 0 has equal roots. Find a.
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Quadratic equations 9

19 The roots of x* + px + (p — 1) = 0 are equal. 21 Show that the equation ax* + (a + b)x + b =10
Find p. has real roots for all values of a and b.

20 Prove that the roots of the equation 22 Find the relationship between p and ¢ if the
kx* + (2k + 4)x + 8 = 0 are real for all values roots of the equation px* + gx + 1 = 0 are
of k. equal.

SOLUTION OF ONE LINEAR AND ONE QUADRATIC EQUATION

We can solve a pair of simultaneous equations where one is linear and the other is quadratic by
substitution. We use the linear equation to express one unknown in terms of the other and substitute
this in the quadratic equation.

Example 1g
Solve the equations x — y = 2
2x- — 3= =15
X—y=2 [1]
23t — 3y* =15 [2]
Equation [1] is linear so use it for the substitution.
[1]=>x=y+ 2

Substituting v + 2 for x in [2] gives
20+ 22 -3¥* =15
—" 20 +4y+4)—3y* =15
— 2y +8y+8—-3» =15
Collecting terms on the side where y* is positive gives
0=y —8y+7
= O0=(p-NDy—-1),y=Torl

We use x = y + 2 to find corresponding values of x.

. eitherx=9 and y=7 or x=J3and y=1

The values of x and y must be given in corresponding pairs. It is wrong to write the answer as
y=Torl and x=9or 3 becausey =7 with x=3 and y =1 with x =9 are not solutions.

Solve the following pairs of equations.

1 xX2+3y2=5 3 Jx-—=gyr=3
y—x=1 2x —y =1

2 V—x=8 4 y = 4x?
x+y=2 y+ 2x =2
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10 Nelson Mathematics for Cambridge A Level

5 2+ xy=3 14 x+3y=10
2x +y=1 2x + dxy =
6 x*—xy=14 15 3x—4dy=
y=3—x bxy =
i Xy = 16 x2 + 4y* =
x+y-=3=0 x+ 2y =
8 2x—y=2 17 xy=9
X —=y=35 x—2y=3
9 y-x=4 18 4x+y=2
¥y —5x2 =20 dx + y2 =8
10 x+y=10 19 1+ 3xy=0
X —2y=2 x4+ 6y =
11 4x+y=1 20 x* —xy =10
42 +y=10 XTy=
12 3xy—x=0 21 xy+ y* =
x+3y:2 2X+}’:3
13 X2 4+ 4y2 = 2 2e Xy+x=-—3
2y +x+2=10 2x + oy =8
Solve the equations. In questions 17 and 18 solve the pair of equations.
1 x*=5x—-6=0 17 2x* =y =T
+y=9
2 x2—6x—5=0 S
B - 18 2x=y-—1
4 5—3x%=4x b
19 For each equation, first find the value of -
5 x(2—x) =1 then use any method to find the roots of the
6 4x2—3=11x equation and finally find the sum of the roots
. b
| and check that it is equal to ——.
7 x—-Dx+2)=1 9 a
- (@) x¥*—6x+8=0
8 x**+4x+4=16 ,
(b) 4x*+5x=3
9 ¥ +2x=2

20 Determine the nature of the roots of the
10 2032 + 2) =x(x— 4) equations.

In questions 11 to 16, solve the equations giving (@ x*+3x+7=0
all possible solutions. (b 3 —x—5=40

11 x(x—2)=0 (c) ax*+2ax+a=10

(d) 2+9x—x=0
12 x(x —5) =2(x + 3)
13 (2 +3)=0

14 % - f_z + 1 =10 22 Show that the equation 2x* + 2(p + lx + p =10

always has real roots.

21 For what values of p does the equation
px? + 4x + (p — 3) = 0 have equal roots?

I5 X1 31f = E-
23 The equation x* + kx + & = 1 has equal

W =18 =1+ 8= roots. Find k.
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Coordinate geometry 1

After studying this chapter you should be able to

e find the length, gradient and mid-point of a line segment, given the coordinates of the end-points
e understand and use the relationships between the gradients of parallel and perpendicular lines.

CARTESIAN COORDINATES

Cartesian coordinates are used to give the position of a 7
point in a plane, —31+— —
a1 | x,f-{ (3, JJ'
There are two perpendicular lines called the x-axis, Ox, and | | |
the y-axis, Oy. The axes cross at a point O, called the origin. et | ' T
The position of the point A is given as the ordered pair (3, 2) | 14 _!3 1 110 i 2 3 4 $ é_T
where 3 is the x-coordinate and 2 is the y-coordinate. i1 G | i
._E_ !
The x-coordinate gives the distance of a point from O | |
parallel to the x-axis and the y-coordinate gives the distance i |
of a point from O parallel to the y-axis. |
THE LENGTH OF A LINE JOINING TWO POINTS 6 B
A
The length of the line joining the points A(1, 2) and B(3, 4) can be found
by using Pythagoras’ theorem.
= AB? = AN? + BN? A(l,2) 2
=@ - 12+ @4-2) h
=8
Therefore AB = '8 = 2.83 (3s..)
o | —» v
() |= 3 > x

The length of the line joining any two points can also be found by using Pythagoras’ theorem.

Ya
B (x5, ¥2)
L

(J
From the diagram, AB? = AN® + BN

= (2 — x1)* + (2 — y0)°
=% AB = /(X3 — x1)* + (0 — 1)

the length of the line joining A(x,, y,) to B(x,, y,) is given by

AB = /(x; — x)* + (32 — y)*
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Examples 2a
1 Find the length of the line joining A(—2, 2) to B(3, —1).

AB = {(x;~— 2 P2 + s — 1P Vi
= B C1=2p A(-2.2)
= /5% + (—3)?
=34 = 5.83 (3s.f.)

- — | — D ——

From the diagram, BN=3+ 2=5 and AN=2+1=3 ;
AB2=5'+3 =34 = AB=34
This confirms that the formula used above also works when N e—9 5lg - B@G, -1

some of the coordinates are negative,

THE MIDPOINT OF A LINE JOINING TWO POINTS

M is the midpoint of the line joining A(1, 1) and B(5, 3).
The diagram shows that triangles AMN and MBT are congruent.
Therefore AN = MT, showing that NV is the midpoint of AF.

So Sis the midpoint of CD.

Therefore the x-coordinate of M is given by OS, where

OSZOC+%CD=I+%(5—1)=3

Also, T is the midpoint of BF, so the y-coordinate of M is given by v i ¢ 5 > hD g

SM (= DT), where

DT=DF+3fB=1+33-1) =2

Therefore M is the point (3, 2).

When A(x,, y,) and B(x,, y,) are any two points, then the coordinates of M, the midpoint of AB,
can be found in the same way.

AtM,  x=0S=O0R+3RU
=Xy T %(-’-’fz —X1) = %(II + X)

and y =SM=UT= UV + BV

=}’1+%U’2_J’1 Z%Qf’] + ¥2)

The coordinates of the midpoint of the line joining A(x,, y,) and B(x,, y,) are [ %{xl + Xx5), %(y; + ,}’2)]

These coordinates are easy to remember as the average of the coordinates of A and B.
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Coordinate geometry 1 13

Examples 2a cont.
2 Find the coordinates of the midpoint of the line joining A(—3, —2) and B(1, 3).
The coordinates of M are [%(x] + X5), %[yl + y.g)] Y4 B (1.3)
1 1 1 A
= [3(=3+1,3(-2+3)| = (-1,3)
Alternatively, from the diagram, M is half-way from A to B horizontally and vertically,
ie.atMx=-3+34)=-1and y=-2+3(5) =1
This confirms that the formula also works when some of the coordinates are negative. :
X
g Y
A(-3,-2) s
1 Find the length of the line joining 8 A, Band Care points (7, 3),(—4, 1) and
(a) A(l, 2) and B4, 6) (—3, —2) respectively.
(b) C€(3,1) and D(2, 0) (a) Show that AABCis isosceles.
(c) J(4,2) and K(2, 5). (b) Find the midpoint of BC.
2 Find the coordinates of the midpoints of the (¢) Find the area of AABC.

lines joining the points in question 1.
9 The vertices of a triangle are A(0, 2), B(1, 5)
3 Find (i) the length, (ii) the coordinates of the and C(—1, 4). Find

midpoint, of the line joining (a)
(a) A(—1, —4),B(2,6)
(b) S5(0,0), T(—1, —2)
(¢) E(—1,-—4),F(—3,-2).

the perimeter of the triangle

(b) the coordinates of [J such that AD is a
median of AABC

The median of a triangle is the line from a

4 Find the distance from the origin to the point vertex to the midpoint of the opposite side.
(7, 4). (¢) thelength of AD.
2 Find the length t?:-f Fhe line joining the point 10 Show that the lines OA and OB are
(=3, 2) to the origin. perpendicular where A and B are the points
6 Find the coordinates of the midpoint of the (4,3) and (3, —4) respectively.

line from the point (4, —8) to the origin. 11 Mis the midpoint of the line joining A to B.

7 Show, by using Pythagoras’ theorem, that the The coordinates of A and M are (5, 7)

lines joining A(1, 6), B(—1,4) and ((2, 1) form and (0, 2) respectively.

a right-angled triangle. Find the coordinates of B.
GRADIENT Y4
The gradient of a straight line is a measure of its inclination with B (4,3)
respect to the x-axis.
Gradient is defined as A(l,2)
the increase in y divided by the increase in x between one point

and another point on the line.

For the line passing through A(1, 2) and B(4, 3), 0
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14 Nelson Mathematics for Cambridge A Level

from A to B, the increase in yis 1,
the increase in x is 3.

Therefore the gradient of AB s .
The gradient of a line may be found from any two points on the line.
For example, for the line through the points A(2, 3) and B(6, 1),

Ya

increaseiny -2

moving from A to B . +
increase in x 4

Increase iny .

increaseinx —4
Therefore it does not matter in which order the two points are used, provided that their coordinates
are used in the same order when calculating the increases in x and in y.

These two examples show that the gradient of a line may be positive or negative.

A positive gradient shows that the line makes an acute angle with the positive direction of the x-axis.

Alternatively, moving from B to A

Ya
" . X
() X
|
A negative gradient shows that the line makes an obtuse angle with the positive direction of the x-axis.
Yi
~

\Q\
o

0 \ X

The gradient of the line passing through any two points A(x,, y,) and B(x,, y,) is
the increaseiny y, — y,

the increase inx x, — x;

As the gradient of a straight line is the increase in y divided by the increase in x from one point on the
line to another,

Y

A (x, y1) Ye = )i

= i

0

=Y

gradient measures the increase in y per unit increase in x,
i.e. the rate of increase of y with respect to x.

IGCSE files&documents telegram channel



join now:https://t.mel/igcse_files

Coordinate geometry 1 15

PARALLEL LINES
If [, and [, are parallel lines, they are equally inclined to the positive Y I
direction of the x-axis,
Le. parallel lines have equal gradients. / 2
& - f .
Vg

PERPENDICULAR LINES

The perpendicular lines AB and CD have gradients m, and m,
respectively.

AB makes an angle # with the x-axis so CD) makes an angle @ with
the y-axis.

Therefore triangles POR and PST are similar.

The gradient of AB is 3 m

PS
-PQ_ . PQ_
QH = Mo, LE.ﬁ_

ST _QR . . e
But BS PO (triangles POR and PST are similar)

and the gradient of CD is —m,

therefore m, = -1 or mym,= —1

Iy
The product of the gradients of perpendicular lines is —1,

i.e. if one line has gradient m, any perpendicular line has gradient —

1
m

Example 2b

Determine, by comparing gradients, whether the following three points are collinear
(i.e. lie on the same straight line).

AG D, B, 3, 02, -1)

1-1
The gradient of AB is ; S = —Ei YA

3~ 1 |

N g~ A (%_ 1)
The gradient of BC is 2= -3 A

2 —1 2 % B (] 1 %)
As the gradients of AB and BC are the same, A4, B and C are 0 X
collinear.

XoE -1

The diagram, although not strictly necessary, gives a check that the answer :

is reasonable.
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1 Find the gradient of the line through the pairs 2 Determine whether the given points are
of points. collinear.
(a) (0,0),(1,3) @ (O -1, (1,1),@2,3)
0,2),(02,5),@3,7
B 1,467 B} 02/ 80,0

© LD@&D.(=25
@ (© -3),Q, -49,(-3 -3

3 Determine whether AE and (D) are parallel,

© 6.4, 2 3)
(d 1L, 70

(e} (—1,-3),(—2,1) perpendicular or neither.
O (—1,-6), (0, 0) (a) A0, —1),B(1, 1), CQ1,5),D(—1,1)
(@ (-2,5),(, -2) (b) A(,1),B(3,2), C(—1, 1), DQ, -1)

(c) A(3,3),B(—3,1)C(—1,—1),D(1,—T)
(d) A2, —-5),B@, 1), C(—2, 2),D(3, —7)
(e) A(2,6),B(—1,-9),C2, 11),D(0,1)

(h)y @, -2).(-14)
(D) (h, k), (0,0

MIXED PROBLEMS

Example 2c

The vertices of a triangle are the points A(2, 4), B(1, —2) and ((—2, 3) respectively.
The point H(a, b) lies on the altitude through A. Find a relationship between a and b.

An altitude of a triangle is Ya .
the line from a vertex to ake4)
the opposite side and
' Cc(-23
pEF]JEl:ldlEl:llaI‘ to the (—2,3) 1 a b
opposite side.
.
( X
B(1, -2

H is on the altitude through A, so AH is perpendicular to BC.

the gradient of AH is 3 - i

Rl

and the gradient of BC'is _2{_ 1) = —_%
'4—-b T - . : e

Therefore ( - '—§ = —1 The product of the gradients of perpendicular lines is —1.
B —20 +5b _
- 6-3a
= 5b = 3a + 14

IGCSE files&documents telegram channel



join now:https://t.mel/igcse_files

Coordinate geometry 1 17

1

¢ C4,8)
D (a,|b)
B(5.7)
AT, 3)
i} X

A(l, 3), B(5, 1), C(4, 8), D(a, b) form a
rectangle ABCD. Find a and b.

Yi
A(1,5)

0 X
L/B(41_1)

C{=2, ~d)

The triangle ABC has its vertices at the points
A(1,5),B(4, —1) and (-2, —4).

(a) Show that AABC is right-angled.
(b) Find the area of AABC.

Ya

]

.
G\ X
g

Show that the point {—%, () is on the
perpendicular height through A of the triangle
whose vertices are A(1, 5), B(1, —2) and

Cl—3; 5.

C(-2,5) A(l,5)

Show that the triangle whose vertices are
(1, 1), (3, 2), (2, —1) is isosceles.

Find, in terms of a and b, the length of the line
joining (a, b) and (2a, 3b).
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The point (1, 1) is the centre of a circle
whose radius is 2. Show that the point (1, 3)
is on the circumference of this circle.

A circle, radius 2 and centre the origin, cuts
the x-axis at A and B and cuts the positive
v-axis at C. Prove that # ACB = 90",

Find in terms of p and g, the coordinates of
the midpoint of the line joining C{p, g) and
D(q, p). Hence show that the origin is on the
perpendicular bisector of the line CD.

The point (a, b) is on the circumference of
the circle of radius 3 whose centre is at the
point (2, 1). Find a relationship between a
and b.

Ya
C(7,3)
D(4,72)
0 B(6,0) x

ABCD is a quadrilateral where A, B, Cand D

are the points (3, —1), (6, 0), (7, 3) and (4, 2).
Prove that the diagonals bisect each other at
right angles and hence find the area of ABCD.

The vertices of a triangle are at the points
A(a, 0), B(0, b) and ((c¢,d) and 2B = 90°,
Find a relationship between a, b, c and d.

A point F(a, b) is equidistant from the y-axis
and the point (4, 0). Find a relationship
between a and b.
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After studying this chapter you should be able to

e find the equation of a straight line given sufficient information (e.g. the coordinates of two points on
it, or one point on it and its gradient)

o interpret and use linear equations, particularly the formsy = mx + candy — vy, = m(x — x,)

e understand the relationship between a graph and its associated algebraic equation.

THE EQUATION OF A STRAIGHT LINE

A straight line can be defined in many ways.

e A line passes through (0, 3) and is parallel to the x-axis. VA
ﬁ-

The point P(x, y) is on this line if and only if y = 3. Any point whose
y-coordinate is not 3 is not on this line. 4-
y = 3is called the equation of the line. 7.

9.
e A line passes through (-2, 0) and is parallel to the y-axis. VA
The point P(x, v) is on this line if and only if x = —2. Any point whose &
x-coordinate is not —2 is not on this line. %7
x = —21is called the equation of the line. 21
4 o 2z 1
-
=
A
o A line passes through the origin and has a gradient of % YA
The point P(x, v) is on this line il and only if the gradient of OF is % P(x, y)

In terms of x and y, the gradient of OF is i; so the statement above

can be written in the form

w Y

P(x, v) is on the line if and only if iE -1 e 2y = x

Er
Therefore the coordinates of points on the line satisfy the relationship 2y = x, and the coordinates
of points that are not on the line do not satisfy this relationship.

2y = x is called the equation of the line.

The equation of a line (straight or curved) is a relationship between the x and y-coordinates of all
points on the line that is not satisfied by any other point in the plane.
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Examples 3a

1 Find the equation of the line through the points
(1, —2) and (—2, 4).

¥

P(x, y) is on the line if and only if the gradient of PA is equal to the gradient of AB (or PB).

Phegradinlof B2 L0, Y2

x—1 =1
The gradient of AB is —2-4 _ 9
I —{(=2)
; : . y+2
Therefore the coordinates of P satisfy the equation — -2

ie. y+2x=10

To find the equation of any line whose gradient is m and that
cuts the y-axis at a directed distance ¢ from the origin, we start with

\ ¢ is called the intercept on the y-axis.

P(x, y) is on this line if and only if the gradient of AP is m.
y—c

Therefore the coordinates of P satisly the equation oy m
i.e. y=mx+c / 0 X
This is the standard form for the equation of a straight line.
An equation of the form y = mx + ¢ represents a straight line with gradient m and intercept ¢ on
the y-axis.

Because the value of m and/or ¢ may be fractional, this equation can be rearranged and expressed as
ax+by+c=0, ie.

ax + by + ¢ = 0 where a, b and c are constants, is the equation of a straight line.

In this form c is not the intercept.

Examples 3a cont.

2 Write down the gradient of the line3x — 4y + 2 =10 YA
and find the equation of the line through the origin
that is perpendicular to the given line. /
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Rearranging 3x — 4y + 2 = 0 in the standard form gives y = %x + -:;

Comparing with v = mx + ¢ we can read off the gradient (m) and the intercept on the y-axis.

The gradient of the line is =.
The gradient of the perpendicular line is —%, L.e. —% and it passes through the origin so

the intercept on the y-axis is 0.

Therefore its equationisy = —2x + 0 = 3y +4x =0

3 Sketch thelinex—2y+3 =0

This line can be located accurately in the xy-plane when we know two
points on the line, We will use the intercepts on the axes as these can
be found easily.

(iex=0 = y=

The diagrams in the worked examples are sketches, not accurate plots, but they show approximately
the position of the lines in the plane.

Exercise 3a

1 Write down the equation of the line through
the origin and with gradient

(@ 2 (b) -2
© 1 @ -1
(e 0 0 =

Draw a sketch showing all these lines on the
same sel of axes.

2 Write down the equation of the line passing
through the origin and perpendicular to

(a) yv=2x+3
(b) 3x+2y—4=10
(¢) x—2y+3=0
3 Write down the equation of the line passing
through (3, —2) and parallel to
(a) dx—-y+3=0
(b) x+7y—-5=0

FINDING THE EQUATION OF A STRAIGHT LINE

Straight lines play a major role in graphical analysis and it is important to be able to find their

equations easily.

The equation of a line with gradient m and passing through the

VA

pﬂ'iﬂt (xh yl_)
P(x, v) is a point on the line if and only if the gradient of APis m Ax, y)
1.e. A4 I / A(x, )
X=X .
0 =
= y=y=mx-x) [1]

It is often simpler to work from a diagram than to apply a formula.
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The equation of the line passing through (x,, y,) and (x., y») VA

In the equation y = mx + ¢, mis the gradient of AB, i.e. m = E;Ji P(x, y)

Xy = X
So the equation of the line through A and B is /
Alxy, yy) B(x, y2)
y-n=|n_Ple-x 2] 5 :

Examples 3b

1 Find the equation of the line with gradient —é— and passing through (2, —1).
Using [1] with m = —, x; = 2 and y; = —1 gives
y=(1D =-1x-2
= x+3y+1=0

Alternatively the equation of this line can be found from the standard form of the equation of a straight line,
e y=mx+c

Using y = mx + ¢ and m = —; we have y = —2x + ¢

The point (2, —1) lies on this line so its coordinates satisfy the equation.

- S, O i 1
e 1

Therefore y=—2x—g

= x+3y+1=0

2 Find the equation of the line through the points (1, —2), (3, 5).

Using [2] withx;, =1,y;, = =2, x, = 3 and y», = 5 gives

y- (=2 By

= x—2y—11=10

The worked examples in this book contain a lot of explanation but with practice, you can use any of
the methods illustrated to write down the equation of a straight line directly.

Examples 3b cont.
3 Find the equation of the line through (1, 2) that is perpendicular to the line3x — 7y + 2= 0

Expressing 3x — 7y + 2 = 0 in standard form gives YA
_ 3 2

y=sx+3

Hence the given line has gradient %

So the required line has a gradient of —I and

it passes through (1, 2). ?

Usingy -y, =m(x—x) = y—-2==L(x—1)

= Tx+3y—13=0 —%
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[n the last example the line perpendicularto 3x — 7y + 2 =10
has equation x+3y—13=0

i.e. the coefficients of x and y have been transposed and the sign between the x and y terms has
changed. This is a particular example of the general fact that

given a line with equation ax + by + ¢ = 0 then the equation of any perpendicular line is
bx —ay+ k=0

This property of perpendicular lines can be used to shorten the working of problems. For example, to
find the equation of the line passing through (2, —6) that is perpendicular to the line 5x — y + 3 = 0,
the required line has an equation x + 5y + k = 0. We can use the coordinates (2, —6) which satisfy
this equation to find the value of k.

1 Find the equation of the line with the given 7 Theline 4x — 5y + 20 = 0 cuts the x-axis at A
gradient and passing through the given point, and the y-axis at B. Find the equation of the
dian through O of AOAE.
Q) 3,(4,9 b) -5,(2, —4 e
(a) | 4, 9) (b) 2, -4 "
(C) E: (41- n} {:d) u: (_ 1: 5:) /
; Byl A
@ (34 ® -3(F-3)

2 Find the equation of the line passing through
the points
@ OD,9 O -1,2,0,5 L 0 X
(o G-1),02)

3 Determine which of the following pairs of 8 Find the equation of the perpendicular
lines are perpendicular. through O of the triangle OAB defined in
(a) x—2y+4=0and2x+y=3 Question:?.

(b) x+3y=6and3x+y+2=0 9 Find the equation of the perpendicular

height from (5, 3) to the line2x — y + 4 =0
(¢) x+3y—2=0andy=3x +2

10 The points A(1, 4) and B(5, 7) are two
adjacent vertices of a parallelogram ABCD.
The point C(7, 10) is another vertex of the

(d) y+2x+1=0andx =2y — 4

4 Find the equation of the line through the parallelogram. Find the equation of the
point (5, 2) and perpendicular to the line side CD.
x—y+2=10 Vi
C(7, 10)

5 Find the equation of the perpendicular
bisector of the line joining D

(@) (0,0),(2,4)
) G, —1,(-52)
(ek ) (T A(l, 4)

B(5, T)

=¥

6 Find the equation of the line through the origin
that is parallel to the line 4x + 2y — 5 =0
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INTERSECTION

The point where two lines (or curves) cut is called a point of intersection. \}u

If A is the point of intersection of the lines y — 3x + 1 =10 [1]

and y+x—2=90 [2] A

then the coordinates of A satisfy both of these equations.

A can be found by solving [1] and [2] simultaneously, i.e.

[2]-[1] = 4-3=0 = x=2andy=2

Therefore (% ;"-] is the point of intersection.

=Y

Example 3c

A circle has radius 4 and its centre is the point C(5, 3).

(a) Show that the points A(5, —1) and B(1, 3) are on the circumference of the circle.

(b) Prove that the perpendicular bisector of AB goes through the centre of the circle.

(a) From the diagram, BC = 4 VA
B is on the circumference.
Similarly AC = 4

A is on the circumference.

(b) The midpoint, M, of ABis |2t L Z1+3[ je (3 1) ——

-
2 2 d
A5, — 1)
The gradient of AB is ——=2 = —1
If / is the perpendicular bisector of AB, its gradient is 1 and it goes through (3, 1).
the equationofl/is y—-1=1x-3) = y=x-2 [1]

In equation [1], whenx =5,y =3
the point (5, 3) is on [.

i.e, the perpendicular bisector of AB goes through .
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1 Show that the triangle whose vertices are 6 The coordinates of a point Pare (¢t + 1, 2t — 1).
(1, 1), (3, 2) and (2, — 1) is isosceles. Sketch the position of Pwhen t = —1,0, 1 and 2.
Show that these points are collinear and write
2 Find the area of the triangular region enclosed down the equation of the line on which they lie.

by the x and y-axes and the line2x —y—1=10
7 The centre of a circle is at the point C(3, 7)

Y
and the point A(5, 3) is on the circumference
of the circle. Find

2x—y—1=0
S (a) the radius of the circle
‘5'/ ¥ (b) the equation of the line through A that is
/ perpendicular to AC.
Vi

3 Find the coordinates of the triangular region
enclosed by the lines y = 0,y = x + 5 and
x+2v—6=0

4 Write down the equation of the perpendicular
bisector of the line joining the points (2, —3)

and ( -3, 32).

(1,3 8 The equations of two sides of a square are
\ y=3x—landx +3y—6=0.(0, —1) is one
vertex of the square. Find the coordinates of
the other vertices.

9 Thelinesy=2x,2x+y—-12=0andy= 2
enclose a triangular region of the xy-plane.
2. -3) Find

(a) the coordinates of the vertices of this

5 Find the equation of the line through A(5, 2) region

that is perpendicular to the line y = 3x — 5.
Hence find the coordinates of the foot of the (b) the area of this region.
perpendicular from A to the line.

Y

A (5,2)
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Circular measure

After studying this chapter you should be able to

e understand the definition of a radian, and use the relationship between radians and degrees
e usethe formulaes =rfand A = f_;ri*ﬂ In solving problems concerning the arc length and sector area
of a circle.

THE RADIAN

An angle is a measure of rotation and the units used so far are the revolution and the degree.

There is another unit called the radian. This unit simplifies work in circles and in trigonometry and it
is used in most further work in mathematics.

0 is the centre of a circle and an arc P() is drawn so that its length is equal to the radius of the circle.
The angle POQ is called a radian (one radian is written 1 rad or 1),

An arc equal in length to the radius of a circle subtends an angle of 1 radian at the centre.
‘Subtends an angle’ means the angle enclosed by lines from the ends of the arc to the centre of the circle.

It follows that the number of radians in a complete revolution is the number of times the radius
divides into the circumference.

The circumference of a circle is of length 2#r, so the number of radians in a revolution is 27r < r
which is 27

i.e. 21 radians = 360°
I

Further, 7 radians = 180" and = radians = 90°

1 . m 2 27
37 can be written as 51 37 as 3

When an angle is given in terms of 7 we usually omit the radian symbol,
L.e. we write 180" = 7 (not 180" = wrad).

and so on.

If an angle is a simple fraction of 1807, it can easily be given in terms of =
e.g. E{J“=%ﬂf 180° =17=T 4nd 135*:%01 130n:%ﬁ:§f

‘ 4
27 3n m
4

N
25
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Angles that are not simple fractions of 180°, or 7, can be converted by using
the relationship 7 = 1807, taking the value of 7 from a calculator,

e.g.  73°=2 X 7= 12Trad (correct to 3s.f.)

and 2.36 rad = 236  180° = 135" (correct to the nearest degree)

w

Now lrad = -1: ¥ 180° = 57" (correct to 2s.1.),

iy

i.e. 1 radian is just a little less than 60°. This helps to 'see’ the size of a radian.

Examples 4a

1 Express 757 in radians in terms of .

. 547 X , -
18" =5 % .. radians = =— radians 180° = wradians = 1° = —— radians: so to convert degrees to
180 12 180 5

radians, multiply by ﬁ—ﬂ

2 Express %Tj‘ radians in degrees.

—]%TT radians = IE .4 li? = 433 = il;lf 7 radians = 180° = 1€ = % so to convert radians to degrees,
: 180
multiply by .y
1 Express each of the following angles in 4 Express each of the following angles in
radians as a fraction of . degrees correct to 1 decimal place.
(a) 45° (b) 150° (c) 30° (a) l.7rad
(d) 90° (e) 270° M 120° (b) 3.32rad
2 Express each of the following angles in (c) lrad
degrees. (d) 2.09rad
@ g7 (b) © 57 (e) S5rad
(d) % (€ 2w O 7 () 6.28319rad
(g) %’T (h) %w (i) %]-T 5 Use your calculator to find
N 3 ' 4 | a) sin 1.2rad
ORE k) 2w O im (a)
3 4 (b) cos 0.35rad
m 3 @ e :
(c) tan 1.47rad
3 Express each of the following angles in
radians correct to 2 decimal places. (d) cos 2.5rad
4 5 3 There is no need to change the angle to degrees: set
(aj 35 (b) 41.2 {:C} 93 the angle mode on your calculator to radians, then
(d) 233° (e) 14.1° (M 117° sin #rad can be keyved in directly. Similarly with the
mode in radians, a calculator will give the angle in
370° radians for which, say, sin # = 0.7
(8) y
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Circular measure 27

THE LENGTH OF AN ARC

From the definition of a radian, the arc that subtends an angle of 1 radian at the centre of the circle is
of length r. Therefore if an arc subtends an angle of # radians at the centre, the length of the arc is ré.

30
/! A

The length of arc AB = r6

Examples 4b

1 An arc subtends an angle of % at the centre of a circle with radius 4.5cm.

Find the length of the arc in terms of .

Length of arc = rf

— W K%T= 1.57

2 Find, in radians, the angle subtended at the centre of a circle of radius 4 cm by an arc of
length 0.8 cm.
Length of arc = rf}
0.8 = 480 = 0= 0.2rad

3 AB and AC are tangents to a circle of radius 5cm B
and centre P, AP = 10 cm as shown in the diagram. LN
Find the length of the major arc BC.

-
=

In AABP, BP=5cm, AP= 10cm and ZABP = 90° The tangents AB and AC are perpendicular

- ! to the radii PE and PC respectively.
Therefore  cos APB = &+ =3

= /APB = 60° = :';r:r
Similarly LAPC = 3
£ BPC = %'ﬁ"

Hence the angle subtended at P by the major arc BC is 27 — %w =

T

The length of major arc BC is 5 X %w = 20.9¢cm (3s.1) Using length of arc = r#
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1 Find, in terms of #, the length of the arc that 8 Anarc of length 15 ¢m subtends an angle of
subtends an angle of %:-r radians at the centre 45" at the centre of a circle. Find, in terms
of a circle of radius 4 cm. of 7, the radius of the circle.

2 An arc subtends an angle of %?r radians at 9
the centre of a circle of radius 10em. Find, in
terms of 7, the length of the arc.

3 Find, in radians, the angle subtended at the
centre of a circle of radius 5 cm by an arc of
length 12cm. A sector of a circle of radius 2.5 ¢cm subtends
3 an angle of 1 radian at the centre. Find the

4 Find the size of the angle subtended at the perimeter of the sector.
centre of a circle of radius 65 mm by an arc of
length 45 mm. Give your answer in radians. 10

5 Find the radius of a circle in which an arc of
length 15 cm subtends an angle of 7 radians at
the centre.

6 An arc of length 20 cm subtends an angle of
%w radians at the centre of a circle. Find the
radius of the circle,

Two circles of radii 5 cm and 12 cm overlap

7 Find, in terms of 7, the length of the arc that so that the distance between their centres
subtends an angle of 60" at the centre of a is 13cm.
circle of radius 12 cm. Find the perimeter of the shape.

THE AREA OF A SECTOR

We know that 2rea of sector  angle contained in the sector
area of circle complete angle at the centre

A sector contains an angle of ¢ radians at the centre of the circle.

O

The complete angle at the centre of the circle is 27, hence

area of sector _ #
area of circle 2w

The area of the circle is 712

=, aréa of sactor = -2 x m2 = L2p
21T 2

The area of sector AOB = _]2..,-'-! ]
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Examples 4c

1 Find, in terms of 7, the area of the sector of a circle of radius 3 cm that contains an

v
angle of =

= Loy = Lemyatmy e - O o
Area of sector = 5170 = 3(3) (-5-)cm T

2 ABis a chord of a circle with centre O and radius 4 cm. AB is of
length 4 cm and divides the circle into two segments.
Find the area of the minor segment.

ABC is an equilateral triangle, so each angle is 60°, i.e. Z rad. To use the formula for the
3 area of a sector, the angle
Area of sector AOB = 3720 = .1(42)[.117) = 8.3775... least Re I adiane. To i e
4 g 3 area of the minor segment,

Area of AAOB = %P‘Eﬁiﬂ 0 = %{4}(‘4)(Sil’l 60°) = 6.9282... we subtract the area of AAOB

from the area of sector AOB.

Area of minor segment = area of sector AOB — area of AAOB

= 8.3775... — 6.9282... = 1.449...

The area of the minor segment is 1.45cm? (3s.1.)

Exercise 4c

1 A sector of a circle of radius 4 cm contains an 7 A sector of a circle has an area 37cm® and
angle of 30°. Find the area of the sector. contains an angle :-;*m Find the radius of the
circle,
2 A sector of a circle of radius 8 cm contains an
angle of 135°. Find the area of the sector. 8 Asector of a circle has an area 67cm? and
contains an angle of 45", Find the radius of
3 The area of a sector of a circle of radius 2cm the circle,
is rcm®. Find the angle contained by the 9

sector.

4 The area of a sector of a circle of radius 5cm
is 12 cm?. Find the angle contained by the
sector.

5 Asector of a circle of radius 10 cm contains an
{27

_ 6 An arc of a circle is of length 57cm and the
Pnd.Saeareno thesteton sector it bounds has an area of 207cm-. Find

the radius of the circle.

angle o

6 An arc of length 15 cm subtends an angle 7

at the centre of a circle. Find the radius of 10 Calculate, in radians, the angle at the centre
the circle and hence the area of the sector of a circle of radius 8.3 cm contained in a
containing the angle ., sector of area 9.74 cm?.
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11 In a circle with centre O and radius 5 cm, AB 13 Achord PQ), of length 12.6 cm, subtends an
is a chord of length 8 cm. Find angle of %Tr at the centre of a circle. Find
(a) the area of AAOB (a) the length of the arc PQ
(b) the area of the sector AOB (b) the area of the minor segment cut off by
the chord PQ.

12 A chord of length 1 cm divides a circle of
radius (1.7 cm into two segments. Find the
area of each segment.

14 Two circles, each of radius 14 cm, are drawn
with their centres 20 ¢m apart. Find the
length of their common chord. Find also the
area common to the two circles.

MIXED PROBLEMS

Example 4d

The diagram shows a circle centre O, radius r.
/£ AOB = fradians
The area of AAOB is twice the area of the shaded segment.

—
Show that ¢ = 3 sin 0 6
A B
The area of AAOB = 1lr'3 sin 0 Area of AAOB = 2 ¥ area of the shaded segment is
4 given, so use this to find a relationship between the
The area of sector AOB = L2p expressions for these areas.
2

Therefore the area of the shaded segment is equal to 3720 — 3% sin 6

Therefore %I‘E sin @ =2 X (%I’Qﬂ — %1"‘? sin f}) This can be simplified by multiplying both
_ _ sides by 2 and dividing both sides by r*.
=3 sin # = 20 — 2 sin 6
=5 3sin 0 = 20
ie. 6 = 3 sin 0
Exercise 4d

1 A chord of a circle subtends an angle of 2 C
 racdians at the centre of the circle. The area
of the minor segment cut off by the chord is
one-eighth of the area of the circle. Prove that
40 = w7+ 4sin # A B

AR is the diameter of a circle, centre 0. Cis a
point on the circumference such that

/ COB = fradians. The area of the minor
segment cut off by AC is equal to twice the area
of the sector BOC. Show that 36 = 7 — sin @
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Circular measure 31

3

B

The diagram shows a sector of a circle, centre
(), containing an angle of 1 radian. Find the
area of the shaded region of the diagram.

B

() is the centre of a circle of radius rem. A
chord AB subtends an angle of 6 radians at O.

(a) Show that the area of the minor segment
cut off by AB is equal to

Elz'rz(ﬂ — sin #)

(b) The area of the circle is 20 times the area
of the minor segment. Show that

a

10

sin 0 = 6 —

AB is a tangent to the circle centre O.

ZAOC = fradians. Show that the perimeter of
the section bounded by the lines AB, BC and
the arc AC is given by

1

r(tan g + -

+ﬂ—1)
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The diagram shows two arcs, A and B. Arc A is
part of the circle, centre O and radius OF. Arc
B is part of the circle, centre M and radius FPM,
where M is the midpoint of PQ.

(a) Write down the angle POQ in radians.
(b) Show that the area enclosed by the two

arcs is equal to

25 (ﬁ - %) [Use sin = = %

wls

b rem

The diagram shows a sector of a circle of
radius rcm containing an angle of # radians.
The area of the sector is Acm*” and the
perimeter of the sector is 50 cm.

(a) Find #in terms of r.

(b) Show that A = 25r — r*

A chord PQ of length 6 cm is drawn in a circle
of radius 10 cm. The tangents to the circle at
P and O meet at R. Find the area enclosed by
PR, QR and the minor arc PQ.
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9 A 11
A(5, 12)
/ B(12,5)
AT and BT are tangents to a circle, centre O

and radius 10 ¢cm. The length of the arc AB is

The diagram shows a circle with radius 16 cm. Find
13 cm whose centre is at the origin. The )
points A(5, 12) and B(12, 5) are on the () HiesReEnLA08
circumference of the circle. Find the length (b) the area of AABT.
of the arc AB.
12
10 D {

A(\B
(J
B
. The minor sector AOB of the circle contains

C an angle of #rad. The perimeter of the minor

The diagram shows a circle of radius 10 cm. sec:-::ur is 60 cm. Find the area of the major
seclor.

AB and CD are perpendicular diameters of
the circle. The arc CD is an arc of the circle
centre A and radius AD. Find the area of the
shaded region.
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Summary 1

QUADRATIC EQUATIONS

The general quadratic equation is ax* + bx + ¢ = 0

The roots of this equation can be found by factorising when this is possible, or completing the
square, or by using the formula

" —b =V b? — dac
2a

When b° — 4ac = 0, the roots are real and different.
When b* — 4ac = 0, the roots are real and equal.

When b° — 4ac < 0, the roots are not real.

COORDINATE GEOMETRY
Length of ABis | (x; — x1)2 + (v — 1) YA B(x;, y,)
Midpoint, M, of ABis |5(x; + X2), 501 + ¥) | M
Gradient of AB is Y2~ N
X Alxy, yi)
0 £

Parallel lines have equal gradients. When two lines are perpendicular
the product of their gradient is —1.

The standard equation of a straight line is v = mx + ¢, where m is its YA
gradient and c its intercept on the y-axis.

Any equation of the form ax + by + ¢ = () gives a straight line.

The equation of a line passing through (x,, v,) and with gradient m is

Y=y =mx— x) 0 4 %

Given a line with equation ax + by + ¢ = 0, then any perpendicular line has equation bx —ay + k=0

CIRCULAR MEASURE

One radian (1) is the size of the angle subtended at the

centre of a circle by an arc equal in length to the radius
of the circle.
¢ 3

The length of arc AB is rf. A

The area of sector AOB is %r‘?ﬁi.

0
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Summary exercise 1

1 B The diagram shows a metal plate ABCDEF
which has been made by removing the two
shaded regions from a circle of radius 10 ¢m
and centre 0. The parallel edges AB and ED
are both of length 12 cm.

A 6em O 5 C (i) Show that angle DOE is 1.287 radians,
correct to 4 significant figures. [2]

The diagram shows a semicircle ABC with

centre O and radius 6 cm. The point B is such (i) Find the perimeter of the metal plate. [3]

that angle BOA is 90" and BD is an arc of a (iii) Find the area of the metal plate. [3]
circle with centre A. Find Cambridge, Paper 13 Q7 J10
(i) the length of the arc BD [ 4] 1
¥
(ii) the area of the shaded region. [3] ;
Cambridge, Paper 11 Q5 N09
> A
C(54)
A
(-L2)
0 X
D
o B
A The diagram shows a rhombus ABCD in which
In the diagram, AB is an arc of a circle, the point A is (—1, 2), the point Cis (5, 4) and
centre O and radius rem, and angle the point B lies on the y-axis. Find
AOH =g I‘a{ﬁal"lﬁ‘ ThE ]J{llnt X IIES O DH ﬂnd (ij. the Equatiﬂn Df the perpendiﬂu]ar
AX is perpendicular to OB, bisector of AC (3]
(i) Show that the area, A cm?, of the shaded (ii) the coordinates of Band D [3]
region AXB is given by (iii) the area of the rhombus. 3]
A= %rz (0 — sin 6 cos ) [3] Cambridge, Paper 13 Q8 J10
(ii) In the case where r = 12 and 6 = %'m find ”
the perimeter of the shaded region AXE, r4 5
leaving your answer in terms of V3 and .
[4] A
(3, 8)

Cambridge, Paper 1 Q7 NO7

C
H/—\D
# ¢ (10, 2)

X B (6,2)
’: '”:I Cn-!"__.-' 5

0 e

The three points A(3, 8), B(6, 2) and C(10, 2)
are shown in the diagram. The point D) is such
i that the line DA is perpendicular to AB and DC

A £ is parallel to AB. Calculate the coordinates of D.
[7]
F

Cambridge, Paper 1 Q6 NO7

12cm

a
4 %
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B (15, 22)

\ ,.
o] \/ X

AQG -2

The diagram shows a triangle ABC in which
Ais (3, —2)and B is (15, 22). The gradients
of AB, AC and BC are 2m, —2m and m
respectively, where m is a positive constant.

(i) Find the gradient of AB and deduce the
value of m. [2]
(ii) Find the coordinates of C. [4]

The perpendicular bisector of AB meets BC
at [,

(iii) Find the coordinates of D. [4]
Cambridge, Paper 11 Q8 J10

AB

The diagram shows a circle with centre O.
The circle is divided into two regions, R,

and R, by the radii OA and OB, where angle
AOB = fradians. The perimeter of the region
R, is equal to the length of the major arc AB.

(i) Show that 6 = 7 — 1 (3]

(ii) Given that the area of region R, is 30 cm?,
find the area of region R, correct to
3 significant figures. [4]

Cambridge, Paper 1 Q5 J09

0 \ "
D (10, -3)
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Summary1 35

The diagram shows points A, B and C lying
on the line 2y = x + 4. The point A lies on
the y-axis and AB = BC. The line from

(10, —3) to B is perpendicular to AC.
Calculate the coordinates of B and C. [7]

Cambridge, Paper 1 Q8 J09

P 12cm F

The diagram shows a circle with centre O and
radius 5cm. The point P lies on the circle, PT
is a tangent to the circle and PT = 12cm. The
line OT cuts the circle at the point ().

(i) Find the perimeter of the shaded region.
(4]

(ii) Find the area of the shaded region. [3]
Cambridge, Paper 1 ()5 part one JOB

B
(2,2)
0 A X

In the diagram, the points A and C lie on the
x- and y-axes respectively and the equation
of ACis 2y + x = 16. The point B has
coordinates (2, 2). The perpendicular from
B to AC meets AC at the point X.

(i) Find the coordinates of X, [4]

The point D is such that the quadrilateral
ABCD has AC as a line of symmetry.

(ii) Find the coordinates of D. [2]
(iii) Find, correct to 1 decimal place, the
perimeter of ABCD, [3]

Cambridge, Paper 1 Q11 JO8
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11

0

B

12cm
In the diagram, OAB is a sector of a circle
with centre O and radius 12 ¢cm. The lines AX
and BX are tangents to the circle at A and B
respectively. Angle AOB = é—w radians.

(i) Find the exact length of AX, giving your
answer in terms of 3. (2]

(ii) Find the area of the shaded region,
giving your answer in terms of 7
and V3. [3]

Cambridge, Paper 1 Q5 J07
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4cm

G cm

(.8 rad
O Gem B 4cm D

In the diagram, OCD is an isosceles triangle
with OC = OD = 10 cm and angle COD = (.8
radians. The points A and B, on OC and OD
respectively, are joined by an arc of a circle
with centre O and radius 6 cm. Find

(i) the area of the shaded region [3]
(ii) the perimeter of the shaded region. [4]

Cambridge, Paper 1 Q5 J04

13 Thecurvey=9 — %and theliney + x = 8

intersect at two points. Find
(i) the coordinates of the two points [4]

(ii) the equation of the perpendicular
bisector of the line joining the two
points. [4]

Cambridge, Paper 1 Q6 J04
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Functions

After studying this chapter you should be able to

e understand the terms function, domain, range, one—one function, inverse function and composition
of functions

e identify the range of a given function in simple cases, and find the composition of two given functions

o determine whether or not a given function is one—one, and find the inverse of a one—one function in
simple cases

e illustrate in graphical terms the relation between a one—one function and its inverse

e carry out the process of completing the square for a quadratic polynomial ax* + bx + ¢, and use this
form, e.g. to locate the vertex of the graph of v = ax? + bx + ¢ or to sketch the graph.

MAPPINGS

When the number 2 is entered in a calculator and then the x* button is pressed, the display shows the
number 4,

2 is mapped to 4, which is denoted by 2 — 4

Under this rule, that is, squaring the input number,

39, 25— 625, 0.2— 0.04, —2 — 4 and (any real number) — (the square of that number)
This is denoted by x — x*, for x € R x € R means x is any real number.

This mapping can be represented graphically by plotting values of A
x* against values of x.

The graph, and knowledge of what happens when we square a
number, show that one input number gives just one output number.

.
X

But the mapping that maps a number to its square root, VX,

e.g. 4 — —2 and 2 gives a real output only when the input

number is greater than or equal to zero (negative numbers do

not have real square roots).

This mapping can be writtenas x — */X forx = 0, x € R
o
X

The graphical representation of this mapping shows that one
input value gives two output values.
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FUNCTIONS

For the mapping x — X%, for x € R, one input number gives one output number.

The mapping x — =X for x = 0, x € R gives two outputs for every one input number.
The word function is used for any mapping where one input value gives one output value.

A function is a rule that maps a single number to another single number for a defined set of
input numbers.

The mapping x — =X for x = 0, x € R is not a function because it does not satisfy this condition.

Using f for function and the symbol : to mean ‘such that’ we write f:x +— x* for x € [ to mean f is the
function that maps x to x* for all real values of x.

Example 5a
Determine whether these mappings are functions, for x € B
(a) xl—r% (b) x+— ywhere y* — x =0

(a) For any value of x, except x = 0, % has a single value,

therefore x — % is a function provided that x = 0 is excluded.

bl , : . , .
ois meaningless, so to make this mapping a function we have to exclude 0 as an input value.
|

The function can be described by f: x — 3 x#+0LxeER
(b) If, as an example, we input x = 4, then the output is the value of y given by y* — 4 = 0
ie. y=2 and y= —2

Therefore an input gives more than one value for the output, so x — y where y* — x = (0
is not a function.

Determine which of these mappings are 4 x—twhereff=x,x€ER
functions.

5 IP—!xT,IER
1l x—2x—-1,xER

6 x+— the length of the line from the origin to
2 x—x+3, xER (0, x), xR

3 ,Ir---}-l- — 1, x € (2
X

DOMAIN AND RANGE

We have assumed that we can use any real number as an input for a function unless some particular
numbers have to be excluded because they do not give real numbers as output.

The set of inputs for a function is called the domain of the function.

The domain does not have to contain all possible inputs; it can be as wide, or as restricted, as we
choose to make it. Hence to define a function fully, the domain must be stated.
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If the domain is not stated, we assume that it is the set of all real numbers (K).

The mapping x — x* + 3 can be used to define a function f over any domain we choose. Some
examples, together with their graphs, are given.

1 f:x—x2+3forxeR f(x) &
3
B
0 X
2 f:rx—x+3forx=0 f(x) &

Note that the point on the curve where x = 0 is included, and
we denote this on the curve by a solid circle.

If the domain were x > (), then the point would not be part of
the curve, and we indicate this fact by using an open circle,
3
:
) X
3 b:x—x+3forx=1,2234,5 f(x) 4
@
This time the graphical representation consists ®
of just five discrete (i.e. separate) points. °
e
L]
=
() X

These three examples are not the same function, each is a different function,
For each domain, there is a corresponding set of output numbers.

The set of output numbers is called the range of the function.
The notation {(x) represents the output values of a function,
so for f:x — x° for x € R we have f(x) = x*

For the function defined in (1) above, the range is f(x) = 3 and for the function given in (2), the
range is also f(x) = 3. For the function defined in (3), the range is the set of numbers 4, 7, 12, 19, 28.

Examples 5b
1 f(x) = 2x% — 5, x € R. Find {(3) and f(—1).

As [(x) is the output of the mapping, {(3) is the output when 3 is the input, i.e. {(3) is the
value of 2x* — 5 when x = 3

(3) =2(3)2—5= 13
f(-1)=2(-12-5= -3

Sometimes a function can be made up from more than one mapping, where each mapping is defined
for a different domain. This is illustrated in the next worked example.
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Examples 5b cont.

2 The function, f, is defined by f(x) = x*forx =10
and f(x) = xforx =0

(a) Find f(4) and f(—4). (b) Sketch the graph of f. (¢c) Give the range of f.

(a) Forx =0, f(x) = x
f(4) =4

For x =0, f(x) = x*
f(—4) = (—4)2 = 16

(b) To sketch the graph of a function, we can use what we know about lines f(x) a
and curves in the xy-plane, In this way we can interpret f(x) = x for x > 0,
as that part of the line y = x which corresponds to positive values of x,
and f(x) = x* for x = 0 as the part of the curve y = x* that corresponds
to negative values of x,

(¢) Therangeoffisf(x)=10

1 If f(x) = 5x — 4, x € R, find {(0), {(—4). 6 The function fis such that
f(x) = —xforx<0,xeR

2 If f(x) = 3x° + 25, x € R, find £(0), {(8).
() (0. 1¢) and f(x)=xforx=0, xR

3 If f(x) = the value of x correct to the nearest (a) Find the value of f(5), f(—4), f(—2) and
integer, x € R, find (1.25), (—3.5), f(12.49). f(0).

4 1f f(x) = sinx, x € R, find f( %ﬂ)r j'[:%ﬂ.] (b) Sketch the graph of the function.

5 Find the range of each of the following 7 The function fis such that
functions. f(x) =xfor0=x=5x€ER
(@ f(x)=2x—3forx=0,xER and f(x)=5forx>=5,xER
(b) 1) =x%—5forx<0,x€R (a) :E%d the value of {(0), {(2), {(4), {(5) and
(€ f)=1-xforx<l,xER (b) Sketch the graph of the function.
(d) f(x) = % forx=2, xER (c) Give the range of the function.

CURVE SKETCHING

When functions have similar definitions they usually have common properties and graphs of the same
form. When the common properties of a group of functions are known, the graph of any one member
of the group can be sketched without having to plot points.

Quadratic functions

The general form of a quadratic function is
f(x) =ax*+ bx +cforxeR

where a, b and ¢ are constants and a # 0
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When the graphs of quadratic functions for a variety of values of a, b and ¢ are drawn, the basic shape
of the curve is always the same. This shape is called a parabola.

Every parabola has an axis of symmeltry that goes through the vertex, i.e. the point where the curve
turns back upon itsellf.

If the coefficient of x? is positive, i.e. a = 0, then f(x) has a
least value, and the parabola looks like this.

If the coefficient of x* is negative, i.e. a < 0, then f(x) has a
greatest value, and the parabola is this way up.

Examples 5¢
1 Express 2x* — 7x — 4 in the form a(x — b)* — ¢ where g, b and ¢ are positive constants.
Find the greatest or least value of the function given by f(x) = 2x* — 7Tx — 4, x € R, and
hence sketch the graph of f(x).
The simplest way to do this is to expand a(x — b)* — ¢ and compare the coefficients of x*
and x and the constants.
2 —=Tx—4=a(*—-2bx +b)—c 2
= ax? — 2abx + ab® — ¢ 5
= a=2 L
—2{1-!1:—?5{3{1:% 1 .
. X
ab’ —c=—-4dsoc=2+4==3 5
5 22 - Tx—4=20x—H2 -8 5
Alternatively, 2x* — 7x — 4 = 2{(x® — £x) — 2} 5
5 9 7 49 o9 _ 49 :
=2{8 ~Lx+ 3~ 24 :
completing the square on x* — %x by adding % then subtracting it
- M, Q. |
2
f(x) has a least value of —< when x = +
We now have one point on the graph of f(x) and we know that the curve is symmetrical about this value of x.
However, to locate the curve more accurately we need another point and we use f(0)) as it is easy to find.
{(0) = —4
2 Draw a quick sketch of the graph of f(x) = (1 — 2x)(x + 3), x € R
. . . ()
The coefficient of x* is negative, so f(x) has a greatest value, ,
The curve cuts the x-axis when {(x) = 0 :
Whenf(x)z{],(l—2x)[x+3):(}:,vx:%nr—3 i
The average of these values is —-Zi. so the curve is 5
symmetrical about x = —% :
We now have enough information to draw a quick sketch, but note that :
this method is suitable only when the quadratic function factorises. We |
could, if needed, find the greatest value of f(x) using x = —f} which is i ]E
the axis of symmetry, —;}f - %: 0 '|‘ X
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To find the greatest or least values of {(x) use
factorisation when possible. Otherwise use
‘completing the square’.

The domain of every function in this exercise
isxE R

1 Find the greatest or least value of f(x) where
f(x) is
(&) - Jx+h
(b) 2x*—4x+5
(c) 3—2x-
2 Find the range of f where f(x) is
(a) 7T+x—x?
(b) x2—2
(©) 2x—Xx°

Cubic functions

3 Sketch the graph of each of the following

quadratic functions, showing the greatest
or least value and the value of x at which it
OCCurs.

(a) ¥ —2x+5
(b) &+ 4x — 8
(c) 2x*—6x+ 3
(d) 4—Tx—=x*
(e) x*-10

) 2=hy=3¢

Draw a quick sketch of each of the following
functions.

(@ - Dx-3)
(b)) (x+ 2)(x — 4)
() (&x— Dx—3)
d) (1+x)(2-x)
() x*—9

() 3x*

The general form of a cubic function is
fx) =ax® +bx*+cx+d, xeER

where a, b, ¢ and d are constants and a # 0

Drawing the curve y = ax® + bx* + cx + d for a variety of values of a, b, c and d shows that the shape

of the curve is

/\/ when a >0 and when a < 0

Sometimes there are no turning points and the curve looks like this

/J .

Polynomial functions
The general form of a polynomial function is

() =ax"+a,_ x""'+..+ax*+ax+a,xER

where a,, a, 1, ..., ay are rational constants, n is a positive integer and a, # 0

Examples of polynomials are

fxX)=3-2+5,xeR, f[(=x-2¢+x,xER,
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The order of a polynomial is the highest power of x in the function.
So x* — 7 has order 4, and 2x — 1 has order 1.

We have already looked at the graphs of polynomials of order 1. ()

=

e.g. f(x) = 2x — 1 which gives a straight line

and of order 2,

e.g. f(x) = x* — 4 which gives a parabola

~
Ny

and of order 3, /\
e.g. f(x) = x) — 2x + 1 which gives a cubic curve.

-
s W

Rational functions

A rational function is one in which both numerator and denominator are polynomial.

Examples of rational functions of x are

1  ® 342
x x-1 x-1

The simplest rational function is f(x) = % x # 0, x € K, We can find various properties of f(x).

1 As the value of x increases, the value of {(x) gets closer to zero,
e.g. when x = 100, f(x) = T[IT:]

and when x = 1000, f(x) = ﬁ

We write this as ‘'when x — =, {(x) — O

Also as the value of x decreases, i.e. as x — —=, the value of {(x) again gets closer to zero,
ie.whenx — —= {(x) — 0

2 f(x) does not exist when x = (, so this value of x must be excluded from f(x) 4
the domain of f.

Xx can get as close as we like to zero, however, and can approach zero in
two ways.

If x — 0 from above (i.e. from positive values, | ") then f(x) — .

If x — 0 from below (i.e. from negative values, g ) thenf(x) — —=.

As x — *=_ the curve gets close to the x-axis but does not cross it. Also,
as x — 0, the curve approaches the y-axis but again does not cross it.

The x-axis and the y-axis are called asymptofes to the curve.
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I Draw sketch graphs of the following functions. 2 Find the values of x where the curve y = f(x)
3 cuts the x-axis and sketch the curve when
(a) x*+4
) (¢ + 2)(x — 5) (@ f(x)=x(x—-1Dx+1xeR
© x—1 (b) Ix)=x(x—Dx+1)x—2),xER
(d_) {_I - 1}3 (l'::} f{.:f::' = {I_ = ]){-2 = 'r:}’ X € H
d f)=02-DE-x5),xER

INVERSE FUNCTIONS

f is the function where f(x) = 2x forx = 2, 3, 4

The domain {2, 3, 4} maps to the range {4, 6, 8}. This is illustrated by the arrow diagram.
—1 0 1 2 3 4 5 6 7 8 9

We can reverse this mapping, i.e. we can map each member of the range back to the corresponding
member of the domain by halving each member of the range.

=
=
b
=
=

—1 c 1 2 3 4 > 6 7T & 9
T 5 1 5 3 % 5 % 7 % 3

This reverse mapping can be expressed algebraically, i.e. forx = 4, 6, 8, x — %,:r: maps 4 to 2, 6 to 3 and

8to 4, and it is a function in its own right. It is called the inverse function of [ where [(x) = 2x
Denoting this inverse function by f ! we can write { '(x) = Elx for x = 4,6, 8
For any function {,

if there exists a function, g, that maps the output of f back to its input, i.e. g : f(x) — x,
then this function is called the inverse of f and it is denoted by f ',

THE GRAPH OF A FUNCTION AND ITS INVERSE

The diagram shows the curve that is obtained by reflecting
y = f(x) in the line y = x. The reflection of a point A(a, b) on
the curve y = f(x) is the point A’whose coordinates are

(b, a), i.e. interchanging the x- and y-coordinates of A gives
the coordinates of A",

We can therefore obtain the equation of the reflected
curve by interchanging x and y in the equation y = f(x)

=¥

Now the coordinates of A on y = [(x) can be written as

la, [(a)]. Therefore the coordinates of A" on the reflected
curve are [f(a), a], i.e. the equation of the reflected curve is
such that the output of f is mapped to the input of f.

Hence if the equation of the reflected curve can be written
in the form y = g(x), then g is the inverse of f, i.e. g = !
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Any curve whose equation can be written in the form y = {(x) can be reflected in the line y = x.
However, this reflected curve may not have an equation that can be written in the form y = f '(x)

The diagram shows the curve v = x° and its reflection in the line YA

y=Xx y=x

The equation of the image curveisx = y* =y = “/Xand x — =/X

is not a function. ¥ = x
(We can see this from the diagram as, on the reflected curve, one

value of x maps to two values of y. So in this case y cannot be O

written as a function of x.) %

A function such as f: x — x° for x € [}, where more than one value
of x maps to a value of [(x), is called a many-one function.

Therefore the function f: x — x* for x € [ does not have an inverse, i.e.
not every function has an inverse.

If we change the definition of f to f: x +— X’ for x € R" then the
inverse mapping is

x— X for x € R and this is a function, i.e. [£* is the set of positive real

i 1( ) =¥ R numbers including zero.
(x)=vxlorxe R"

The function f:x — x* for x € R " is such that only one value of x
maps to a value of {(x).

Any function where only one value of x maps to one value of v is
called a one-one function.

A function f has an inverse only if f is a one—one function.
To summarise:

The inverse of a function undoes the function, i.e. it maps the output of a function back to its input.
The inverse of the function f is written [ ',
Only one-one functions have an inverse.

When the curve whose equation is y = f(x) is reflected in the line y = x, the equation of the
reflected curve is x = [(y)

If this equation can be written in the form y = g(x) then g is the inverse of f, i.e. g(x) = f '(x), and
the domain of g is the range of f.

Examples 5e

1 Determine whether there is an inverse of the function f given by f(x) = 2 + %, x#0

If f ! exists, express it as a function of x.

From the sketch of f(x) = 2 + % we see that one value of Y4

f(x) maps to one value of x, i.e. [ is a one-one function.

Therefore the reverse mapping is a function.

The equation of the reflection of y = 2 + % can be written 9

as
— 0 X
x=2+ 1 = ¥y = I Interchange x and y.
y ==

when f(x) = 2 + -} f-1(x) = E—}-ﬁ, provided that x # 2
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2 Find f !(4) when f(x) =5x—-1, xR

y=ax-—1
For the reflected curvex =5y — 1 =y = %{x + 1) and é{x + 1) is a function.
ie. 100 = 3 + 1)

(1) =z(4+1) =1

1 Sketch the graphs of f(x) and f '(x) on the 3 Determine whether f has an inverse function,
same axes. and if it does, find it when
(@) ) =3x—1,xER @) )=x+1LxeR

M f=x*+1,xER
© =x+1,xeR
1

(c) f(I)=}—3,I#D,xE[IE (d) f(I‘?J':f—f-Lin_U,xE[FE
e =+ Dix=-1,xER

(d) f(x)=%,x#ﬁ},xel]% 4

(b) I(x)=2—-xxER

The function fis given by
1

f(x) =1 —E,xaﬁ 0, x € R.

Find

(@ (4

(b) the value of x for which f'(x) = 2

(¢) any values of x for which f '(x) = x

2 Which of the functions given in question 1 are
their own inverses?

COMPOSITION OF FUNCTIONS

Two functions [ and g are given by
() =x% xER and g(x) = % x#0, xER

These two functions can be combined in several ways.

1 They can be added or subtracted,

ie. f(x)+g(x)=x2+§x¢[},xeﬁ and [(x}—g{x)zf—j—c,xiﬂ,xeﬁ

2 They can be multiplied or divided,

=x, x#0, xeER

5,

3 The output of f can be made the input of g,
e x—ox2ris I]f or g[f(x)] = g(x?) = é x#0, xER

Therefore the function x — l} is obtained by taking the function g of the function f.

P
This is a composite function, also called a function of a function, and is written as gi(x).

Forf(x)=x*, x€R and gx)=3x—-1, xER
gf(x) means the function g of the function f(x), ie. gixX)=g(x)=3x -1, xeR
fg(x) means the function f of the function g(x), ie. Bx—1D=Bx—- 1D’ xeR
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This shows that the composite function fg(x) is not the same as the composite function gi(x).

For any composite function gf(x), f(x) is the range of f and this range gives the input values of g.
Therefore the range of f must be included in the domain of g.

1 f, g and h are functions defined by 4 The function f is such that f(x) = (2 — x)?,
() =x2x>0, xER, glx)=2x+1, xER, x € [K. Find g and h as functions of x such that
h(x)=1-x, x€ER gh(x) = [(x)

Find as a function of x
5 Repeat question 4 whenf(x) = (x+ DL xER
(a) fg (b) fh (¢) hg
(d) hi ) gf 6 prre:ss the function f(x) as a combination of
functions g(x) and h(x), and define g(x) and

2 f()=2x—1, xER and g =x xER h(x), where f(x) is
Find the value of (a) Bx-24xeER
(@) gi(3) (b) fg(2) b) @x+ 1), x€R
(c) fg(0) (d) gi(0) () Gx—6)"LxER

3 I(x)=2x,xER, gx)=1+x,x€ER, and d) x-D*-2),xeR
h(x) =x%,xER
Find as a function of x
(a) hg (b) fhg (c) ghf

1 A function f is defined by 4 The function [ is defined by
f()=(1-xx<0,xER fx)=2x—-3,x€ER
(a) Find the value of f(—3). (a) Sketch onthe same diagram the graphs
(b) Sketch the curve y = f(x) of y =f(x) and y = f(x)

EE) Find f—](x) in terms of ¥ and giVE the The functions g and h are defined h}'
domain of f. g:x—xforx€ERandh:x—4dxforx € R
2 Find the greatest or least value of each of the (b) Express hgf(x) in terms of x.

following functions, stating the value of x at

which they occur. (c) Sketch the graph ofy = gi(x)

@ f)=x-3x+5xeR 5 The functions f and g are defined by

b (D=2x-Tx+LxER f:xn—}x—lfner[Hiandg:xn—rﬂi—]fﬂr

© D)=&-Dx+5),xER xER, x#* -1

State the range of f in each case. (a) Express{ '(x)and g '(x) in terms of x.
3 fX)=3xER,gx)=1-x,x€E Rand (b) Show that the equation fg(x) = x has no

h(x) =3x—-1,xER solution.

Find 6 The functions [ and g are defined by

(a) fg(x) fix—»x—2forx€ERand g:x > x* + 4 for

(b) gih(x) FER

el g Nx) (a) Find the minimum value of fg(x).

(d) (gbh) '(x) (b) Solve the equation gf(x) = 2x
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7 The function f is defined by 8 The function fis defined by
frx—x2—3x+4forxeER f:x+s 2x — 5x* for x € R. Find the range of f.
(a) Find the minimum value of f(x). 9 The function f is defined by
The function g is defined by frx—2x¢— 12x+21for0=sx=sk xER

g:x>x*—3x+4forx=kxER (a) Find the value of & for which the graph of

(b) Find the smallest value of % for which y=1x) as a ling of symmetry.

g '(x) exists. (b) Find, for this value of k, the range of f.

(c) Sketch on the same diagram the graphs
ofy=g(x)and y =g '(x)
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Inequalities and intersection of curves

After studying this chapter you should be able to

e solve linear and quadratic inequalities in one unknown
e use the relationship between points of intersection of graphs and solutions of equations (including, in

simple cases, the correspondence between a line being tangent to a curve and a repeated root of an
equation).

MANIPULATING INEQUALITIES

An inequality compares two unequal quantities.
For example, the two real numbers 3 and 8 for which
8>3

The inequality remains true, i.e, the inequality sign is unchanged, when the same term is added or
subtracted on both sides, e.g.

8+2=>3+2 ~ 10=5
and 8—1>3-1 = [>2

The inequality sign is unchanged also when both sides are multiplied or divided by a positive
quantity, e.g.

Bxd>»>3I x4 = 3J2>12
and 8§+2>3+2 = 4}1%

When both sides are multiplied or divided by a negative quantity the inequality is no longer true.
For example, if we multiply by —1, the LHS becomes —8 and the RHS becomes —3 so the correct
inequality is now LHS < RHS, i.e.

8X-1<3IX-1=-8<-3
Similarly, dividing by —2 gives —4 < —1;
These examples are illustrations of the following general rules.

Adding or subtracting a term, or multiplying or dividing both sides by a positive number,
does not alter the inequality sign.

Multiplying or dividing both sides by a negative number reverses the inequality sign.

i.e. if a, b and k are real numbers, and a = b then

a+k>b+k for all values of k.
ak = bk for positive values of k.
ak < bk for negative values of k.

SOLVING LINEAR INEQUALITIES

When an inequality contains an unknown quantity, the rules given above can be used to ‘solve’ it. The
solution of an inequality is a range, or ranges, of values of the variable. For example, when x — 2 = (),
then adding 2 to each side gives x = 2. This gives the range of values for which the inequality is true
and it is called the solution of the inequaity.
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When the unknown quantity appears only in linear form, we have a linear inequality and the solution
range has only one boundary.

Example 6a

Find the set of values of x that satisfy the inequality x — 5 < 2x + 1

X¥=2S8xH+1l = X<2x+5% adding 5 to each side
= S o A subtracting 2x from each side
= x> -6 multiplying both sides by —1

So the set of values of x satisfying the given inequality is x = —6

Exercise 6a

Solve the following inequalities. B x>5x—2

1l x—4<3—x 6 2(3x—5)>6

: T—3x<13 7 x<4x+9

2 1= lx&x+3 8 Ix—-1<x-—4

4 x+3<3x-5 9 33— 2x)<2(3 +x)

SOLVING QUADRATIC INEQUALITIES

A quadratic inequality is one in which the variable appears to the power 2, e.g. x* — 3 > 2x
The solution is a range or ranges of values of the variable with two boundaries.

If the terms in the inequality can be collected and factorised, a graphical solution is easy to find.

Examples 6b
1 Find the range(s) of values of x that satisfy the inequality x* — 3 > 2x

3 = X-2x-3=0
=2 (x—3)(x+1)>0

or f(x) >0 where f(x)=(x—3Nx+1)
: i e Fc) 4
A sketch of the graph of f(x) shows that {(x) = 0 where the graph is above the

x-axis. The values of x corresponding to these portions of the graph satisfy
f(x) = 0. The points where f(x) = 0, i.e. where x = 3 and —1, are not part of
this solution and this is indicated on the sketch by open circles.

From the graph we see that the ranges of values of x which
satisfy the given inequality arex < —1 and x > 3

"

[nvestigating the nature of the roots of a quadratic equation can result in a quadratic inequality.
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Examples 6b cont.
2 Find the range(s) of values of k for which the roots of the equation kx> + kx — 2 =0

are real.
R+ kx—2=10 (k) = k(R + &)
For real roots ‘b* — 4dac’ = ()
i.e. kR —4(R)(-2) =0 ;
—> k(k +8) =0

Therefore the equation kx* + kx — 2 = () has real roots if the
value of k lies in either of the ranges k= —8 or k=10

The sketch shows solid circles where & = —8 and & = 0 because these values
are part of the solution,

Find the ranges of values of x that satisfy the 11 (x+Dix+2)<4
following inequalities.

12 (1 -0@ - x)>x+ 11

1 (x—2)(x—-1)>0
13 Find the values of p for which the given

2 (x+3x—-5)=0 equation has real roots.
@ X*+@PE+3x+4p=0

$ r—dxt+d) < (b) x+3x+1=px

4 (x-Dx+1D=0 14 Find the range of values of a for which the

equation x* — ax + (a + 3) = 0 has no real
roots.

5 xX*—4x>3

6 4x* <1 15 What is the set of values of p for which

7 (2 —Dx+d) =0 p(x* + 2) < 2x* + 6x + 1 for all real values

of x?
¢ >3x +
B B2 16 The function f is defined by
9 (3-29(x+5) <0 f:x—x"+kx+9%forxeR
Find the range of values of & for which the
10 (x—1¥>9 range of fis f{(x) = 0

INTERSECTION OF A LINE AND A PARABOLA

A straight line can intersect a parabola at two separate points or it can
just touch the parabola at one point or it might not intersect at any point.

Solving the equation of the parabola and the equation of the line
simultaneously finds the points of intersection.

Solving y = ax® + bx + ¢ and y = mx + ¢ simultaneously gives the
qguadratic equation ax* + bx + c = mx + ¢

When this equation has two separate roots, the line cuts the parabola at
two separate points.

When this equation has a repeated root (only one solution), the line
touches the parabola at one point, i.e. the line is a tangent to the curve.
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When this equation has no real roots, the line does not cut the parabola at any point.

The same argument can be used for the intersection of any curve and a straight line. When solving the
equations of the line and curve simultaneously gives a quadratic equation, the nature of the roots of that
equation tells you whether the line cuts the curve, is a tangent to the curve or does not cut the curve.

Examples 6¢

1 Determine the set of values of ¢ for which the line v = 2x + ¢ does not intersect the curve
y=2x—3x+2

Solving y = 2x + cand y = 2x* — 3x + 2 simultaneously gives
22 -3x+2=2x+c
=5 2 —bx+2—c=10
The line does not intersect the curve when this equation has no real roots, i.e. when

‘b —dac<0 = 25-82-0c)<0

X {."i—%

2 Determine the values of m for which the line y = mx — 5 is a tangent to the curve
y=x%-—1

Solving y = x* — 1 and y = mx — 5 simultaneously gives
X—-—1=mx-—-5
= X¥—-—mx+4=0

The line is a tangent to the curve when this equation has a repeated root
(i.e. one solution),

= m* — 16 = 0
m= *4
1 Find the range of values of & for which the 3 Find the values of k& for which the line is a
line intersects the curve at two separate tangent to the curve when the equation of the
points when the equation of the curve and the curve and the equation of the line are
equation of the line are @ y=x2—4dx+4,y=2x+k
(a) y=axthky=2x~—1 b y=kZ+x+1,y=5-x
(b) y=h—=6,y=x-5 4 Show that there are no values of k for which
the line y = 3 — 2x can intersect the curve
2 Find the range of values of & for which the y=2x+kx+3
line does not intersect the curve when the :
equation of the curve and the equation of the 5 Functions fand g are defined by
line are f:x—x*—4forx€R and
; X x—21 e R
() y=x+kx+5,y=>5x S o
‘ Find the range of values of & for which
- T TR Y=X the curve y = fg(x) and the liney = x —
(b} y=hke =20+ Ry=x-3 h y = fg(x) and the line y k
intersect at two separate points.
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1

6 Show that the line y = 2x — 1 is a tangent to 8 A function fis defined by f:x— =3 for
the curve y = x* xERand x> 2
7 Show that the line y = 3 — x is a tangent to the Show that the liney = 1 — %.r does not
curve y = 1 intersect the curve y = f(x)
3=
Solve each of the inequalities given in questions 9 x(4x+ 3)>2x -1
1to 10.
1 = +1D>2x— 12
1 2x+1<4-x ol Al Ll S
§ B ] = O 11 For what values of k& does the equation
4x* + Bx — 8 = k(4x — 3) have real roots?
3 6x—5>1+ 2
4 (I . 3)(.1" il 2) - () 12 {&) Show thﬂt, for all values of -‘Ei‘., the line
v = 3x — kintersects the curve
o (2x—3)(Bx+2)<0 Y= i - at two points.
G xFs= 3= 1 . .
(b) Find the values of k& for which the line
T x—3F=2 y = kx + 3 is a tangent to the curve
sz 1
8 (3-)(2—x)<20 Y X =1
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Differentiation

After studying this chapter you should be able to

. . . . d
e understand the idea of the gradient of a curve, and use the notations {'(x) and I‘i

e use the derivative of x" for any rational n, together with constant multiples, sums, differences of
functions, and of composite functions using the chain rule
e apply differentiation to gradients and normals, increasing and decreasing functions and rates of

change (including connected rates of change).

CHORDS, TANGENTS, NORMALS AND GRADIENTS

A and B are any two points on any curve.

Point of contact

Tangent

Normal

The line joining A and B is called a chord.
The line that touches the curve at A is called the tangent at A.

The word fouch has a precise mathematical meaning. A line that meets a curve at a point and does not
cross to the other side of the curve at that point, touches the curve at the point of contacl.

The line perpendicular to the tangent at A is called the normal at A.
Gradient defines the direction of a line (lines can be straight or curved).

The gradient of a straight line is constant.

Moving from B to A along the curve in the diagram, the direction is
changing all the time. If at A we continue to move, but without any
further change in direction, we go along the straight line AT, i.e. along
the tangent to the curve at A, so

the gradient of the curve at A is the same as the gradient of the
tangent to the curve at A.

When the line or curve is drawn on a pair of x- and y-axes, the gradient is the rate at which y increases
with respect to x.

: : o ; : : , increase in
For a straight line this is found by taking the coordinates of two points and working out - . y_
INncreasce i x

For a curve, start with two points A and B on the curve. When A and

B are fairly close, the gradient of the chord AB gives an approximate B
value for the gradient of the tangent at A. As B gets closer to A,

the chord AB gets closer to the tangent at A so the approximation

becomes more accurate.
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Differentiation 55

Hence asB — A

the gradient of chord AB — the gradient of the tangent at A

or J

iifli‘nit}11 (gradient of chord AB) = gradient of tangent at A
as n —

THE GRADIENT AT ANY POINT ON THE CURVE y = x?2

A(x, y) is any point on the curve y = x* and B is a point close YA
to A. The x-coordinate of B is x + éx

dr means a small increase in the value of x.
For any point on the curve, y = x*
So, at B, the y-coordinate is (x + dx)* = x* + 2xdx + (&x)?

The gradient of chord AB is given by sl L A

B(x + dx, (x + x)%)

increase in x’ A(x, X%
L (x + c‘ix)E — &= B 2xdx + {:‘ix}? g o — »
which is Giio—% 5% dx
= 2x + ax

Nowas B — A, dx — 0, therefore

the gradient of the curve at A = lignitﬂ (gradient of chord AB)
ds o —

= limit (2x + ox
aslﬁTL{](x }

= 2x

This process is called differentiation from first principles. You will not be asked to use it in the examination.

This result can now be used to find the gradient at any particular point on the curve with equation y = x*

e.g. alt the point where x = 3, the gradient is 2(3) = 6 and at the point (4, 16), the gradient is 2(4) = 8

The process of finding a general expression for the gradient of a curve at any point is known as differentiation.

The general expression for the gradient of a curve y = [{x) is itself a function so it is called the
gradient function. For the curve y = x°, for example, the gradient function is 2x.

Because the gradient function is derived from the given function, it is usually called the derived
function or the derivative.

Notation
The notation for the derivative of a function f(x) is {'(x)

So when f(x) = x* we write {'(x) = 2x
dy

The notation for the gradient of a curve y = {(x) is i f'(x)
. . dy
So for y = X%, we write =—— = 2x
dx
The symbol d is not a factor as it has no meaning on its own.
The complete symbol a means ‘the derivative with respect to x of’
dx
dy i = - a L
So T means ‘the derivative with respect to x of y
and Eld} (x* — 3x) means ‘the derivative with respect to x of x* — 3x".
The method used to find the gradient function of y = x* can be used to find the gradient function of any curve, i.e,
% - iEim |I b 4 ig 1) ||_ However, yvou will not be asked to use this in the examination.
fir — 0 |
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DIFFERENTIATING x" WITH RESPECT TO x

d
For any rational number n, differentiating y = x* gives a-x'f- = nx" !

This rule can be verified for a particular value of n by following the same process used to find the
derivative of x*.

d .
Therefore, for example, when y = x4, é = 4x?
Example 7a
Differentiate with respect to x
(@ x° b) V()
IR 1
(a) Use - (x7) = nx | where n = 3
dy _ 1 -i-1 1, -4 1
—— = B = —2y 3 = -
(b) /) can be written ¥, i.e. n = Es
Bl o) =Bt = 307 3
p (x7) T O g
Differentiate with respect to x
1
1 x5 9 =
2 x? 10 X
3 x 11 x°
g 1 12 x
X
5 x1 13 V&7
6 "
% X
7 3 15 xl
8 x* 16 /(D)?

DIFFERENTIATING CONSTANTS AND MULTIPLES OF x

Any line with equation y = ¢, where ¢ is a constant, is a horizontal straight line whose gradient is zero,

T dy
lf 5 ey C thﬂﬂ 'El'} —
Any line with equation v = kx, where & is a constant, is a sloping line with gradient &,
o dy _
if v = hkx then a—ﬁe

IGCSE files&documents telegram channel



join now:https://t.mel/igcse_files

Differentiation 57

d
When y is a constant multiple of a function of x, i.e. y = af(x) then é = af'(x)
e.g. ifyzBﬂ,ﬁz?:}{Sx"ZIEf
dx
: , dy
- -2 S T s -3

and if y =4x°, = q 2x 8x
In general, if a is a constant

% ax" = anx" " !

A function of x that contains the sum or difference of a number of separate terms can be differentiated
term by term, applying the basic rule to each in turn.

For example, if y = x* + % = foe

dy d d rF-n_ d IR S
then = (x%) + dx‘(x) dx{ﬁx} 4x° 2 6

dx
Differentiate each of the following functions with 15 iﬁ - %
respect to x. ’I 56
16 =+ 5 — =
1 B3-x2+5x—6 E A
17 3vx — 3x
2 32 +7-42
= 18 x — 2x ! — 3x~
3 Vx + _},,,.
4 2x* — 4x° —
zu%+i
5 x3— 2x2 — 8x B
In questions 21 to 28, multiply out the brackets before you
6 x*+ 5/ differentiate.
7 x t—xi+x 21 y=(x+1)°
8 3 -4+ 9x—-10 22 y=x"42 - Xx)
9 x—x +x° 23 y=(3x — 4)(x + 5)
10 /% + /23 24 y=(4—xy
1 1 1\, o
—— T — — L 4
1n 51 25 y Lkr D
1 ._2 26 y = 2x(3x — 4
12 vX X yEe )
13 x * + 3% 27 y=(x+2)(x—2)
14 xi—x 28 y=x2(x — 1)

GRADIENTS OF TANGENTS AND NORMALS

When the equation of a curve is known, and the gradient function can be found, then the gradient, m
say, at a particular point A on that curve can be calculated. This is also the gradient of the tangent to
the curve at A.

The normal at A is perpendicular to the tangent at A, therefore its gradient is el

m
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Examples 7c

1 The equation of a curve is s = 6 — 3t — 4¢* — £, Find the gradient of the tangent and of the
normal to the curve at the point (—2, 4).

S=6-3t—42 — P = %zn—g—gr—mf

At the point (—2, 4), % = -3 —8(-2) - 3(-2)2 =1
Therefore the gradient of the tangent at (—2, 4) is 1 and the gradient of the normal is
_Tl’ e

2 Find the coordinates of the points on the curve y = 2x* — 3x* — 8x + 7 where the gradient
is 4.

p= =3 —8e+T = %zﬁﬂuﬁxHS

When the gradient is 4, then % =4

ie. 6xX¥—-6x—8=4 = 6xX*-6x—-12=0 = xX*-x-2=0
x—2)(x+1)=0 = x=2 or —1

When x=2,y=16—-12-16+7= -5

when x=-1, y=-2-3+8+7=10

Therefore the gradient is 4 at the points (2, —5) and (—1, 10).

1

Find the gradient of the tangent and the gradient 10 y= /X + = where x=19

of the normal at the given point on the given , :

curve, 11 y= I—;—4 where x = —2

1 y=x*+ 4 where x=1 Find the coordinates of the point(s) on the given

5 curve where the gradient has the value specified.
2 y== where x= -3
£ 12 y=3-— g; :
3 y=Jx where x =4
13 y=x?—-x% -1

4 y=2x° where x = —1
14 s=£-12t+9; 15

5 y=2—l where x =1

X 15 5=r+l;ﬂ

{
6 y=(x+ 3)(x —4) where x=3 16 s=(t+3)t—5): 0

7 y=x3—x where x =2 1
¥ V=rm 3
8}"=I+x2 Wherex=_2 18 yZ(Ex—E}{I-I-I), _3
T T - .
9 y=x° Ewherex—l 19 y=x°—3x; 0
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INCREASING AND DECREASING FUNCTIONS

d
The gradient of a curve at any point, 'E]_;‘ measures the rate at which y is increasing with respect to x.

When y = f(x), i f(x), i.e f'(x), gives the rate at which f(x) is increasing with respect to x.

['(x) = 0 when f is increasing and {'(x) < 0 when f is decreasing

So to determine whether a function is increasing or decreasing, we need to determine whether f'(x) is
positive or negative.

For example, given that f: x — x*forx € R f(x) A
f'(xX) =2x = 2x>0whenx >0 and 2x <0 whenx <0
Therefore [ is increasing when x > 0 and decreasing when x < (0

The graph of f(x) = x* confirms that the function f is increasing when
x = 0 and decreasing when x < ()

=Y

o

Examples 7d

1 A function fis defined by f:x — x* + 2x, x € R. Show that { is an increasing function.

f(x) =2 + 2x
SO f'(x) = 3x* + 2
x? is positive for all values of x,

S F(x) = 0for x € R, sofis an increasing function.

2 Find the range of values of x for which the function f defined by
f:x— 2x — 9x% + 12x + 4, x € R, is a decreasing function.

f'(x) = 6x* — 18x + 12

= 6(x* — 3x + 2)
= 6(x — 1)(x — 2)
A sketch of the graph of {'(x) shows that ["(x) < O for 1 <x < 2
e
44
12
_Il ) 1 2 ‘I_:. ;

Therefore { is a decreasing function for 1 < x < 2
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1 1

1 A function f is defined by f:x = 3 A functionfis defined by f:x +— - x>0

forxER, x#0 Show that [ is an increasing function.

Show that f is a decreasing function.
4 Find the range of values of x for which

2 The equation of a curveis y = x° + 4x f:x+ 3+ 4x — x* is a decreasing function.

Show that the value of v increases when x

. 5 Find the range of values of x for which the
increases.

function f defined by f:x — 2x* — 3x* + 12x
is an increasing function.

THE CHAIN RULE

To differentiate (2x — 1)%, we can expand the bracket and then differentiate term by term. However,
this takes time and, for higher powers of x, it takes a very long time.

(2x — 1)?is a composite function. Using f(x) = 2x — 1 we can write y = (2x — 1)? as vy = (f(x))".
When we make the substitution u = f(x), then y = (2x — 1) can be expressed in two parts,
ieeu=2¢x—1 and y = o’

Then to find % we can use the rule

This is called the chain rule.
So,wheny=2x-1¥ = u=2x-1 and y=4°

dy .o B -
5—3:‘.1“}{2—6(2.?(' 1)

Proof of the chain rule:
A small increase of dx in the value of x causes a corresponding small increase of du in the value of u.
Then if 6x — 0, it follows that du —

Y oim (2 = tim |"f:}"’ o Su)

iR dx e’:-rlmn \éx) e o\ ou  éx/
Y o @\ f e )

— . . “:;{ e

- =\ dimy 5/ % ( Jim )

- dy dy _ du

e, = %

I dx da dx

Examples 7e

ady o — A
lFlﬂdra-;lfy—CZX 1)

Usingu = 2x — 4 then y = ¢

dy dy  du
i 7 X 30 gives
% = (4u*)(2) = 8u?
Butu = 2x — 4
dy . ik
= 8Qx -4
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This example is a particular case of the equation y = (ax + b)". Using the chain rule shows that

when y = (ax + b)" then% = an(ax + b)" !

This fact is quotable, e.g. % (3x — 2)° = 3(5)(3x —2)*

Examples 7e cont.

2 Giveny = (@ + 1)* find — dy

dx
When u = x> + 1 then y = u*
Using clx = dx gives

2= (3D = 12008
Replacing u by x* + 1 we have

dy _
+ 3
et = 12x%(x* + 1)

3 Differentiate with respect to x the function a "1 )

y=(0-x0)3% = y=u?’ where u=1-x*

dy _dy  du
dx du dx
. d 1 P R _ 6
gwesdx[(l —.:'::'5')5] (=5t 9)(—2x) = 10x(u)
_ 10x
(1 «2y

You will find that with practice the necessary substitution can be done mentally and the answer
written down directly, e.g. to differentiate (x* — x)e mentally use the substitutions v = x* — x and

y = u' giving
3 . !
L o0 -7 = [Je - 0f]@Ee - 1
Use a substitution to differentiate each Differentiate each function directly,
expression with respect to x.
‘ 13 (4 — 2x)° 14 (x%+ 3)
1 Bx+ 1)? 2 (3 —x)
5 (2+ 3x) 6 (2-6x) 17 (1 -2x»)3 18 (2 — X
4 . EY: 2 -1 .{
P et o S 19 (2 + ) 20 (x* - x)°
9 V3x*-4 10 l_+3_
% 21 (2 -3x%)"! 22 (4 — x2)2
| 18 ocdeosodi x . -
dimt S 23 /(X -3) 24 /(x— 1D —x
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CONNECTED RATES OF CHANGE

The chain rule is useful for solving problems where, for example, we know that y = [{x) and we know
the rate of change of y with respect to u and want to find the rate of change of x with respect to u.

dy _ 1
You may also need to use the fact that > r E
dy

Example 7f
The volume, Vem?, of a sphere of radius rcm is given by V = %fm"3

Vis increasing at the rate of 1.5 cm® per second. Find the rate of increase of r with respect to
time whenr = 2

ay.. ol s MV goa
5 1.5 and V ST = = 4 7

. dV _dV _ dt . : d?

= X art =15 X =

Using - pr - . gives 4 1.5 ¥
dt _ 4

= dr_ 15

_p dt _ 16x
When r = 2, e

I | G W | S U
using di - dr dr_lﬁw_ﬂ'ﬂzgg (3s.1)

dr
The radius is increasing at the rate of 0.0298 cm per second.

1 The equation of a curve is y = x= — Hx. 4 The volume, Vem?, of a cube of edge xcm is
A point Pis moving along the curve so that increasing at the constant rate of 3 cm? per
the x-coordinate is increasing at the constant second. Find the rate at which x is increasing
rate of 0.2 units per second. when x = 10

Find the rate at which the y-coordinate is The volume, Vem?®, of a sphere of radius xc¢m

il

increasing when x = 4 is given by V = 5;—7:3(‘5 The volume is increasing
3
2 The equation of a curveis y = 4 — 1 at the constant t“ate of 0.2 cm” per gecond.
X Find the rate of increase of the radius when

A point Pis moving along the curve so that
the y-coordinate is increasing at the constant

rate of 0.01 units per second. 6 The volume, Vcem?, of a sphere of radius xcm
is given by V = Zmx’. The radius is increasing
at the constant rate of 0.01 ¢cm per second.

Find the rate of increase of the volume when

the radius is 0.8 cm.

the radius is 5 cm.

Find the rate at which the x-coordinate is
increasing when x = 1

1
2 — x

A point Pis moving along the curve so that
the y-coordinate is increasing at the constant
rate of (1.5 units per second.

3 The equation of a curveis y =

7 A cuboid has a square base of side x cm. The
height of the cuboid is 10cm. Find the rate at
which the volume, Vem?, is increasing when

Find the rate at which the x-coordinate is x is increasing at the constant rate of 0.04cm

increasing when x = 1 per second and x = 10
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1 Differentiate 3x* + x with respect to x. 8 Find the coordinates of the point{s) on the
curve y = 3x° — x + 8 at which the gradient is
2 Find the derivative of (a) 8 (by 0
@ x2-x+7
1 1 ., dy
1 .2 s b
(c) ?—FF (a) y=x'—x°
(d) (4x — 2)* b)) y=0Cx+9H*
_.__ 3
© @Gx-1 © ¥=m-
® w53 - . ,
10 Find the gradient of the tangent at the point
where x = 2 on the curve y = (2 — /X)*
Differentiate with respect to x.
(@) y=(3x-2) 11 Find the coordinates of the point on the
11 curve v = x* where the gradient of the
Y B normal is .
1 1
(€) o—re . ; . :
X VX 12 The equation of a curve is y = 4x* + 5x. Find
1 ' the gradient of the normal at each of the
Find the gradient of the curve points where the curve crosses the x-axis.
y = 2x% — 3x% + 5x — 1 at the point
(@ (0, -1) 13 Find the coordinates of the points on the
®) (1,3) curve y = x° — 6x° + 12x + 2 at which the
' tangent is parallel to the line y = 3x
(¢ (-1, -11)
14 Thecurvey = (x — 2)(x — 3)(x — 4) cuts
Find the gradient of the given curve at the the x-axis at the points P{Z, Dl 0(31 [}} and
given point. R(4, 0). Prove that the tangents at P and
(@ y=x2+x-9 x=2 R are parallel and find the gradient of the
normal at ().
(b) s=Ht—4), t=5
15 The equation of a curveisy = x + (2x + 1)%
The equation of a curveisy = (x — 3)(x + 4). dy
Find the gradient of the curve (a) Express A terms of x.
(a) at the point where the curve crosses the (b) Find the coordinates of the point on the
Vv-axis curve at which the gradient is 9.
(b) at each of the points where the curve
crosses the y-axis. 16 G'YE” thal f‘,lr,‘ — ({II + b):i, X ﬂ%1 a“(l that
whenx = 2, [(x) = 1 and {'(x) = 6, find the
The equation of a curve is y = 2x* — 3x — 2. values of gang &
Find
1 ‘ - 17 Giventhatf:x+»x ', x#0, x€ R and
(a) the gradient at the point where x = 0 g:x—>x2+2xER
(b) the coordinates of the points where the (a) find an expression for fg(x).
curve crosses the x-axis
The equation of a curve is v = fg(x).
(c) the gradient at each of the points found dy
in part (b). (b) Find an expression for = in terms of x.
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18 The equation of a curveisy = x* — 5 19 The equation of a curveisy = 2x — (31'—1—2}
(a) bxpla‘m why x* — 5 is an increasing (3) Shiowthatfd =2% 1 S
function. (X~ 2)

increasing function.
(b) Given that x is increasing at the RS TeR
constant rate of 0.1 units per second, (b) Find the rate at which y is increasing
find the rate at which y is increasing when x is increasing at the constant
when x = 2 rate of 0.01 units per second and x = 2
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Tangents, normals and stationary
values

After studying this chapter you should be able to
d?y

[L)CE

e apply differentiation to tangents and normals

e locate stationary points, and use information about stationary points in sketching graphs
e distinguish between maximum points and minimum points.

e use the notations f(x) and

THE EQUATIONS OF TANGENTS AND NORMALS

We have seen how to find the gradient of a tangent at a particular point, A, on a curve. We also know
that the tangent passes through the point A. Therefore the tangent is a line passing through a known
point and having a known gradient and its equation can be found usingy — y, = m(x — x,)

The equation of a normal can be found in the same way:.

Examples 8a
4

1 Find the equation of the normal to the curve y = = at the point where x = 1
X dx X
_ _ dy _
Whenx=1, y=4 and = 1

The gradient of the tangent at (1, 4) is —4, therefore the
gradient of the normal at (1, 4) is — - 1

_—‘1, 1.e. I

The equation of the normal is given by y — v, = m(x — x,)

ie. y-4=1x-1 = 4y=x+15

2 Find the equation of the tangent to the curve y = x* — 6x + 5 at each of the points where the
curve crosses the x-axis. Find also the coordinates of the point where these tangents meet.

The curve crosses the x-axis where y = () ¥
j.e.where ¥ —6x+5=0=x—-5)x-1=0

=% ¥=5hand ¥x=1

4
Therefore the curve crosses the x-axis at (5, 0) and (1, 0). il
5 dy B
ye=-—hedh =% c_lx_zx—ﬁ Ej_
At (5, 0), the gradient of the tangent is given hyday =10—-6=4 _4}
therefore the equation of this tangent is
y—0=4x-5 = y=4x-20
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At (1, 0) the gradient of the tangent is given by = =2=f=

Therefore the equation of the tangentis y — 0= —4(x—1)=>yv+4x =4
The two tangents meet at P, so at P,

y+4x =4 and y —4x = —20

Solving these equations simultaneously gives 2y = —16 = y = —8
Usingy= —8iny+4x =4gives -8 +4dx=4=x=3

Therefore the tangents meet at (3, —8).

Exercise 8a

In each question from 1 to 6 find, at the given 12 Find the equation of the tangent to the curve
point, y = x* + 5x — 3 at the points where the line

= -+ 2 h ;
(a) the equation of the tangent y=x crosses the curve

(b) the equation of the normal. 13 Find the coordinates of the point on the
curve y = 2x* where the gradient is 8.

1 y=x"—4wherex=1 Hence find the equation of the tangent to

2 y=2x2+4x — 2wherex =0 vy = 2x* whose gradient is 8.
3 y= L iheiaw= —1 14 Find the mm:dinates of the point on the
X curve v = 3x° — 1 where the gradient of the
4 y=x>+5wherex =0 tangent is 3.
5 v=x*—050x+ 7Twherex =2 15 Find the equation of the tangent to the curve

y = 4x* + 3x whose gradient is —1.
6 v=(x—2)(x*—1)wherex= -2

16 Find the equation of the normal to the curve

7 Find the equation of the normal to the curve y = 2x2 — 2x + 1 whose gradient is %
y = x> + 4x — 3 at the point where the curve
cuts the y-axis, 17 Find the value of k for which y = 2x + kisa

tangent to the curve y = 2x* — 3
8 Find the equation of the tangent to the curve

y = x* — 3x — 4 at the point where this curve 18 Find the equation of the tangent to the curve
cuts the linex = 5 v = (x — 5)(2x + 1) that is parallel to the
X-axis.
9 Find the equation of the tangent to the curve

y = (2x — 3)(x — 1) at each of the points 19 Find the coordinates of the point(s) on the
where this curve cuts the x-axis. Find the curve y = x* — 5x + 3 where the gradient of
point of intersection of these tangents. the normal is %

10 Find the equation of the normal to the curve 20 A curve has the equationy = x* — px + gq.
y = x* — 6x + 5 at each of the points where The tangent to this curve at the point (2 —8)
the curve cuts the x-axis. is parallel to the x-axis. Find the values of p

11 Find the equation of the tangent to the curve NS
y = 3x* + 5x — 1 at each of the points of Find also the coordinates of the other
intersection of the curve and the line point where the tangent is parallel to the
y=ge= | x-axis.
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STATIONARY VALUES

For a function [, the derived function, {'(x), expresses the rate at which [(x) increases with respect to x.
At a particular point,

if I'(x) is positive then f(x) is increasing as x increases, whereas if f'(x) is negative
then f(x) is decreasing as x increases.

There may be points where {'(x) is zero, i.e. {(x) is momentarily neither increasing nor decreasing with
respect to x.

The value of f(x) at such a point is called a stationary value
Le. f'(x) =0 = [(x)has a stationary value.
L.ook at the graph of the curve with equation y = f(x)

At A and B, f(x), and therefore y, is neither increasing
nor decreasing with respect to x. So the values of y at
A and B are stationary values,

dy

— =0 = h tationary value.
i.e ' v has a stationary value / 0

=

The point on a curve where y has a stationary value is
called a stationary point and at any stationary point,
the gradient of the tangent to the curve is zero, i.e. the
tangent is parallel to the x-axis.

To sum up:

"y, or f(x) has a stationary value

dy
dx!
the tangent is parallel to the x-axis.

at a stationary point or f'(x), is zero

Example 8b

Find the stationary values of the function x* — 4x? + 7.

If ) =x—4x*+ 7

then f'(x) = 3x* — 8x

At stationary points, f '(x) = 0 i.e. 3x* — 8x =0
8

= xB3x -8 =0=x=0and x=3

o] 00

Therefore there are stationary points where x = 0 and x =
When x = 0, f)=0—-0+7=7

_ 8 _ (8Y3 _ 4(8)\: _ _9al3
Whenx =3, ()= (3 —4(3)°+7=-25
Therefore the stationary values of x* — 4x* — 5 are 7 and ~—2—£.
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Find the value(s) of x at which the following 10 y=9x - 25x
functions have stationary values.

11 y=23+9x2— 24x + T

1l x5+7
12 y=3x - 12x + 1

2 2x% — 3x — 2 ¥

3 33— 4x? + 6 Find the Ci::nnrdmates of the stationary points on
the following curves.

4 4x*-3x-9 By
13 y= o

3 x*—2x+ 11 X

L 14 y=xX=2x+x-T

Find the value(s) of x for which y has a stationary 15 y=(x—3)x+2)

value, ] 1
16 y=x"—x
T y=x—8x+1 ,
17 _}":"n.-"'f‘F —
8_}'=x+% v
= X, 4
9 y=2¢+x2—8x+1 W y=airgve

TURNING POINTS

In the immediate neighbourhood of a stationary point a curve can have any one of the shapes shown
in the diagram.

Moving through A from left to right, the curve is rising, then turns at A and begins to fall, i.e. the
gradient changes from positive, to zero at A, and then becomes negative.

At A there is a turning point.
The value of v at A is called a maximum value and A is called a maximum point.

Moving through B from left to right the curve is falling, then turns at B and begins to rise, i.e. the
gradient changes from negative, to zero at B, and then becomes positive.

At B there is a furning point.
The value of v at B is called a minimum value and B is called a minimum point.
The tangent is always horizontal at a turning point.

A maximum value of y is not necessarily the greatest value of y overall. The terms maximum and
minimum apply only to the behaviour of the curve near a stationary point.

At C'the curve does not turn. The gradient goes from positive, to zero at C and then becomes positive
again, i.e. the gradient does not change sign at C. Cis not a turning point, it is called a point of inflexion.
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Distinguishing between turning points

Method 1

This method compares the value of y at the stationary point with values of v at points on either side
of, and near to, the stationary point.

For a maximum value, e.g. at A

vatA, <yvatA
yvatA, <yatA

For a minimum value, e.g. at B
yat B, >yatB
yvatB,>=vatB

Collecting these conclusions we have:

Maximum

Minimum

vy values on each side
of the stationary point

both smaller

both larger

If v does not satisfy one of
these conditions, there is
not a turning point.

The points chosen on either side of the stationary point must be such that no other stationary point,
nor any break in the graph, lies between them.

Method 2

This method looks at the sign of the gradient at points close to, and on either side of, the stationary

point.

For a maximum point, A

dy . dy .

aat.ﬁll is +ve, Eat.ﬂigls ve
For a minimum point, B

dy dy

— at B, is —ve,

dx

dx

— at B, is +ve

Collecting these conclusions in a table gives

Sign of Passing through | Passing through

dy maximum minimuim

dx += O = = I e
Gradient of tangent /TN N/
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Method 3
. dy
This method uses the rate of change of vy
dy . d('dy) s 2 3 : d=y
The rate of change ol T is Sl which is written as g
dE
4 is the second derivative of y with respect to x.
dx?
A
For the maximum point A: at A, -d—y is +ve and at A, ﬁ is —ve
d.r dx AI: ’.::l!
. dy . dy
s0, passing through A, oy goes from + to —, i.e. o decreases,
therefore the rate of change of % is negative
£
= at A, % is negative.
- : dy . dy .
For the minimum point B: at B, qx s Ve and at B, a5 e \
. dy . dy. B B,
so, passing through B, " goes from — to +, i.e. Jx nereases, -
therefore the rate of change of %is positive

d?y .
= at B, P IS positive.

sSumming up method 3 we have:

Maximum Minimum
g3
Sign of e negative (or zero) | positive (or zero)
. : d?y . .
There are stationary points wher Fr 0, but you will not be examined on these,

Examples 8c

1 Find the coordinates of the stationary points on the curve y = 4x* + 3x* — 6x — 1 and
determine the nature of each one.

y=4+ 3 —6x—1

At stationary points, — = (

i.e. 12x2 + 6x—6=10
& B2 =D+ 1) =0
-, there are stationary points where x = 5 and x = —1

Whenxz%, y = —2% and when x= -1, y=4

i.e. the stationary points are (%, ~2§} and (—1, 4).
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dy

Differentiating = with respect to x gives

dzy = 12 + 6 which is positive
a POSILV

= (3 —23) is a minimum point.

Whenx = —1

d?y o :
e —24 + 6 which is negative

= (—1, 4) is a maximum point.

2 Show that 3x* — 8x* + 6x* — 3 has a stationary value when x = 0 and determine its nature.

) =3x"—-83+6x2 -3 = ['(¥)=12¢ — 24x% + 12x
At stationary values {'(x) = 0
ie 127 —24¢3+12x=0 = 124 -2x+1)=0

= 12dx— 1}x—=1}=10

= x=0orx=1
therefore there is a stationary value when x = 0
Differentiating f'(x) with respect to x gives

F(x) = 36x* — 48x + 12 = 12{3-"'52 igget 1) f"{x) is the notation for d{[‘_ﬁ:}'}

When x = 0, {"(x) = 12 which is positive

= [(x) = —3is a minimum value.

3 The function f is given by x — ax* + bx + ¢, x ER
f'(x) = 4x + 2 and f has a stationary value of 1. Find the values of a, b and c.

Iy =ax*+bkx+¢c = FO=2a¢+b
But we know that {'(x) = 4x + 2

2ax + b is identical to 4x + 2
iee. a=2andb=2

The stationary value of f(x) occurs when f'(x) = 0

o I

iie.whendx+2=0 = x= —:

the stationary value of f(x) is 2(—%)2 + 2(—%) +c= —% ¢ L%

But the stationary value of {(x) is also 1,
o

-1 = =2
ste=1l = =3
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4 A cylinder has a radius r metres and a height h metres. The sum of //r—_\
the radius and height is 2 m. The volume of the cylinder is Vem?. v

(a) Show that V= m22 — 1)

(b) Find the maximum value of V.

(@) V=mrh and r+ h=2
V=m2 -1 = (2" — )

v _ g

(b) Vis maximum when =P

ie. m4r—-3) =0 = m{@d-3)=0

Therefore there are stationary values of Vwhen r=0 and r=2

3

It is obvious that, when r = 0, V = 0 and no cylinder exists, so we check the

; d*Vv 4
sign of — only for r = =
T R 3
v _ (4 — 6r) which is negative when r = 2
ar 8 3
Therefore the maximum value of V occurs when r = %
- - 4% _ 4y _ 32
The maximum value of Vis & (-;) (2 —3-] =57
Find the coordinates of the maximum and 10 y=x>—5x
minimum points on the following curves and
determine their nature. 11 y=x%x% - 8)
1 y=2x—x* 16
2 y=3x—x°
Find the stationary value(s) of each of the
3 y= 9 + x following functions.
X
: 1
; 13 x+-=
4 y=x(x —5) T
5 y = P 14 3—x+x°
6 y=x+2x? 15 4 — &1
7T y=2x2— X 16 8 — x°
8 y=x'—- 3% 17 ¥+ 7
9 y=(2x+ D(x — 3) 18 x*(3x° —2x—3)
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1

Mixed exercise 8

Show that the curve with equation
y = x* + x* + 4x — 3 has no stationary
points.

The curve v = ax® + bx + ¢ crosses the
y-axis at the point (0, 3) and has a stationary
point at (1, 2). Find the values of a, b and c.

The gradient of the tangent to the curve

¥ = px* — gx — rat the point (1, —2) is 1.

If the curve crosses the x-axis where x = 2,
find the values of p, g and r. Find the other
point of intersection with the x-axis and
sketch the curve.

y = ax* + bx + c¢. The line y = 2x is a tangent
to the curve at the point (0, 6). The turning
point on the curve occurs where x = —2.
Find the values of a, b and c.
ALAREEE R AR ER RSN
A CIM

A wire, 80 cm long, is bent to form three
sides of a rectangle against a fixed wall as
shown in the diagram. The area enclosed is
Acm?,

(a) Show that A = %I(Bﬂ —X)

(b) Find the value of x for which A has its
maximum value.

Find the gradient of the curve with equation
y = 6x* — x at the point where x = 1

Find the equation of the tangent at this point.
Where does this tangent meet the line v = 2x?

Find the equation of the normal to the curve
y = 1 — x* at the point where the curve
crosses the positive x-axis. Find also the
coordinates of the point where the normal
meets the curve again.

Find the coordinates of the points on the
curve y = x* + 3x where the gradient is 15.
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24

25

The diagram shows a cylinder of radius rcm
and height 2 cm cut from a solid sphere of
radius 3 cm. The volume of the cylinder is
Vem?,

(a) Show that r =49 — h* and hence that
V=27h(9 — h%)
(b) Given that h varies, find the stationary

value of V and determine its nature.

ficm

XCIm

A CIT

An open box in the shape of a cuboid has a
square base of side xcm and height h cm. The
volume, Vem?, inside the box is 4000 em™.

(a) Show that h = %‘Eg

(b) Given that x varies, show that
d2 _ _ 1000 when x = 2

dx

Find the equations of the tangents to the
curve y = x* — 6x? + 12x + 2 that are parallel
to the line y = 3x

Find the equation of the normal to the curve
y = x> — 6 that is parallel to the line
x+2r—1=0

Locate the turning points on the curve
v = x(x* — 12), determine their nature and
draw a rough sketch of the curve.

Find the stationary values of the function

x+ 1

X

and sketch the function.
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8 A rectangle of width 2rm has a semicircle of
; radius rm joined to one side as shown in the
diagram.

The perimeter of the shape is 7 m.

(a) Show that the height, im, of the
rectangle is given by 2h =7 — r(2 + )

(b) Show that the area of the shape is a

7

maximum when r =
4 +
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Summary 2

FUNCTIONS

A function f is a rule that maps a number x to another single number f(x). The domain of a function is
the set of input numbers, i.e. the set of values of x. When x € ¥, x can have any value.

The range of a function is the set of output values, i.e. the set of values of f(x).
The general form of a quadratic function is
f(x) = ax* + bx + cwherea # 0

If @ = 0, f(x) has a minimum value where

=0
Y 2q
If a < 0, f(x) has a maximum value where
= =0
*

The general form of a polynomial function is
f)=ax"+a,_x""'+ .. +aq,
where n is a positive integer and a,, a,, _, are rational constants.

()

The general form of a rational function is —=
g(x)
where f(x) and g(x) are polynomials.

The function that maps the output of  to its input is called the inverse function of {, and is denoted
by I, i.e. {1 f(x) — x. The range of f is the domain of .

When the mapping is not one-one, the function does not have an inverse.

When a function g is applied to a function {, the result is a composite function denoted by gf.

INEQUALITIES
If a > bthena + k= b + k for all values of k

ak = bk for all positive values of &

CURVES

A chord is a straight line joining two points on a curve. Tangent

A tangent to a curve is a line that touches the curve at one point,
called the point of contact.

A normal to a curve is the line perpendicular to a tangent and
through its point of contact.

The gradient of a curve at a point on the curve is the gradient of the Normal
tangent at that point.

INTERSECTION OF A LINE AND A CURVE

The coordinates of the points of intersection of a line and a curve can be found by solving the
equations of the line and the curve simultaneously.

When there are no real roots the line does not intersect the curve.

When a root is repeated, the line is a tangent to the curve.
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DIFFERENTIATION

Differentiation is the process of finding a general expression for the gradient of a curve at any point
on the curve.

This general expression is called the gradient function, or the derived function or the derivative.

The derivative is denoted by % or by f'(x)
- dy _ !

When y = x°, Frr nx"

When y = ax”, H%: anx® !
Y

When y = ¢, g 0

THE CHAIN RULE

When y = fg(x), where u = g(x) soy = f(u)

STATIONARY VALUES

A stationary value of {(x) is its value where {'(x) = 0
The point on the curve y = [(x) where [(x) has a stationary value is called a stationary point.
dy

At all stationary points, F i 0.

TURNING POINTS

A, B and C are stationary points on the curve y = {(x). P’
The points A and B are called turning points. c

The points Cis called a point of inflexion.

At A, f(x) has a maximum value and A is called a
maximum point.

At B, {(x) has a minimum value and B is called a minimum point.

There are three methods for distinguishing stationary points.

Max Min

1 Find value of y on each side | Both smaller Both larger
of stationary value

2 Find sign «Df%ﬂn each side + J = = } =

of stationary value
Gradient /T N

TN o
3 Find sign of 32 at —ve (or 0) +ve (or 0)

stationary value

. e oty . . .
Method 3 is the easiest to apply but it fails if Wy is zero. However, you will not be examined on this.

IGCSE files&documents telegram channel



join now:https://t.mel/igcse_files

Summary 2 77

1 The function fis defined by

f:x—3x —2forxe R

(i) Sketch, in a single diagram, the graphs
of y = f(x) and y = f "1(x), making clear
the relationship between the two
oraphs. [2]

The function g is defined by

g:x—bx—x*forxe R

(ii) Express gi(x) in terms of x, and hence
show that the maximum value of gf(x)
is 9. [5]

The function h is defined by

h:x—6x—xéforx=3
(iii) Express 6x — x*in the form a — (x — b)?,
where a and b are positive constants. [2]

(iv) Express h '(x) in terms of x. [3]
Cambridge, Paper 1 Q10 NO8

: PR
2 The equation of a curve is y i3
. : : dy .
(i) Obtain an expression for = [2]
(ii) Find the equation of the normal to the
curve at the point P(1, 3). [3]

(iii) A point is moving along the curve in
such a way that the x-coordinate is
increasing at a constant rate of 0.012
units per second. Find the rate of
change of the y-coordinate as the
point passes through P. (2]
Cambridge, Paper 11 Q7 NOY

3 The function fis defined by
frx—2x2—8x+ 1l1forxeR

(i) Express f(x) in the form a(x + b)* + c,

where a, b and ¢ are constants. [3]

(ii) State the range of f. [1]
(iii) Explain why [ does not have an inverse,

[1]

The function g is defined by

g:xr 2x* — 8x + 11 for x = A, where A is a constant.

(iv) State the largest value of A for which g
has an inverse, [1]

(v) When A has this value, obtain an
expression, in terms of x, for g '(x) and
state the range of g ', [4]

Cambridge, Paper 1 Q11 NO7
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18
2x+ 3

The diagram shows part of the curve

_9 18
»= 4 2x + 3

and the y-axis at B. The normal to the curve at
A crosses the y-axis at (.
(i) Show that the equation of the line AC
is 9x + 4y = 27 [6]
(ii) Find the length of BC. [2]
Cambridge, Paper 11 Q7 J10

, which crosses the x-axis at A

5 The function f is defined by
fixr—2¢—12x+ TforxeR
(i) Express f(x) in the form a(x + b)* — ¢ [3]

(ii) State the range of f. [1]
(iii) Find the set of values of x for which
(x) <21 [3]

The function ¢ is defined by
g:x+—2x +kforx € R

(iv) Find the value of the constant k for which
the equation gf(x) = 0 has two equal
roots. [4]

Cambridge, Paper 11 Q9 J10

6 The function f is defined by
frxes2x" — 12x + 13 for 0 < x < A, where A is a constant.
(i) Express f(x) in the form a(x + b)* + c,
where a, b and ¢ are constants. [3]
(ii) State the value of A for which the graph
of y = [(x) has a line of symmetry. [1]
(iii) When A has this value, find the range
of f. [2]
The function g is defined by
gixr—2x2— 12x 4+ 13forx =4
(iv) Explain why ¢ has an inverse. [1]
(v) Obtain an expression, in terms of x,
for g '(x). [3]
Cambridge, Paper 1 Q10 J09
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7 The equation of a curve Cisy = 2x* — 8x + 9
and the equation of aline Lis x + y = 3
(i) Find the x-coordinates of the points of
intersection of L and C. [4]

(ii) Show that one of these points is also

the stationary point of . [3]
Cambridge, Paper 1 Q4 JO8

8 The function f is such that f(x) = (3x + 2)* — 5
for x = 0

(i) Obtain an expression for {'(x) and hence
explain why fis an increasing function. [ 3]

(ii) Obtain an expression for { '(x) and state
the domain of f ! (4]
Cambridge, Paper 1 Q6 J08

y = H(x)

k >

0 X

The diagram shows the graph of y = f(x),
6

x4+ 3

(i) Find an expression, in terms of x, for {'(x)
and explain how your answer shows that
fis a decreasing function. [3]

where [: x forx=10

(ii) Find an expression, in terms of x, for
f'(x) and find the domain of ' [4]

(iii) Copy the diagram and, on vour copy,
sketch the graph of y = [ '(x), making
clear the relationship between the
graphs. [2]

The function g is defined by g: x %x forx =0

(iv) Solve the equation fg(x) = 3 [3]
Cambridge, Paper 1 Q11 JO7

10

fim

2rm
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The diagram shows a glass window
consisting of a rectangle of height im and
width Z2rm and a semicircle of radius rm.
The perimeter of the window is 8 m.

(i) Express hin terms of r. [2]

(i) Show that the area of the window, A m?,
is given by

_ o 1
A =8r— 2P — s [2]
Given that r can vary,

(iii) find the value of r for which A has a
stationary value [4]

(iv) determine whether this stationary value
is a maximum or a minimum. [3]
Cambridge, Paper 1 Q8 J04

11 The functions f and g are defined as follows:

f:x—ax—-2x.xER
g:ix—2x+3,xER

(i) Find the set of values of x for which
f(x) = 15 [3]

(ii) Find the range of I and state, with a
reason, whether f has an inverse. [4]

(iii) Show that the equation gi(x) = 0 has
no real solutions. [3]

(iv) Sketch, in a single diagram, the graphs
of y = g(x) and y = g '(x), making clear
the relationship between the graphs. [2]
Cambridge, Paper 1 Q10 J04

12 Determine the set of values of the constant
k for which the line y = 4x + k does not
intersect the curve y = x* [3]
Cambridge, Paper 1 Q1 NO7

13 Find the set of values of k for which the line
y = kx — 4 intersects the curve y = x* — 2x
at two distinct points. [4]
Cambridge, Paper 1 (2 J09

14 Find the value of the constant c for which
the line y = 2x + ¢ is a tangent to the curve
¥ = dx [4]
Cambridge, Paper 1 Q1 JO7
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Trigonometry 1

After studying this chapter you should be able to

e sketch and use graphs of the sine, cosine and tangent functions for angles of any size and using
either degrees or radians

o use the exact values of the sine, cosine and tangent of 30°, 45°, 60° and related angles.

THE TRIGONOMETRIC FUNCTIONS

The general definition of an angle

A line can rotate from its initial position OF; about the point O to any =
other position OP,

The amount of rotation is measured by the angle between OF, and OF, i.e.

an angle is a measure of the rotation of a line about a fixed point. 0 eF,

The anticlockwise sense of rotation is taken as positive and clockwise rotation is negative.
It follows that an angle formed by the anticlockwise rotation of OP is a positive angle.

The rotation of OF can be more than one revolution, so an angle can be as big as we want to make it.
F

=Y

If #is any angle, then # can be measured either in degrees or in radians and in either case 6 can take
all real values.

The trigonometric functions

Since angles are no longer restricted in size, we also need general definitions for the sine, cosine and
tangent of an angle that are valid for angles of all values.

If OFis drawn on x- and y-axes as shown
and, for all values of 0, the length of OFis r and the coordinates of P are (x, ),
then the sine, cosine and tangent functions are defined as follows.

& sing =2
FP(x, v) &
cos ) ==X
-
) 3 tan 0 = 2.
X
H i
() X X
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THE TRIGONOMETRIC RATIOS OF 30°, 45°, 60°

The sine, cosine and tangent of 307, 45” and 60° can be expressed exactly in surd form and are worth
remembering.

This triangle shows that

sin 45° = L_
V2
| cos 45° = l_
V2
tan 45° = 1

And this triangle gives

oo ‘.,§ o 1
sin 60 *“T sin 30 *—*E

g | o V3
cos 60° = > cos 30 5
tan 60° = V3, tan 30° = ig

THE SINE FUNCTION

From the definition f(#) = sin 6, and measuring # in radians, P(x, ¥)
we can see that:

for0=6= %m—, (OPis in the first quadrant;
v is positive and increases in value from t
0 to ras 6 increases from 0 to 5 .

Now ris always positive, so sin fincreases from 0 to 1.

For % 7= = m, OPis the second quadrant; P(x, )

again y is positive but decreases in value from r to 0,
y F

so sin # decreases from 1 to 0. D\

()

For m= 0= g- , OP is the third quadrant;

y is negative and decreases from () to —r,

so sin # decreases from 0 to —1. /ﬂh?}\
Y r

Plx, )
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For % 7= 0= 27, OPis the fourth quadrant;
y is still negative but increases from —rto 0,

so sin @ increases from —1 to 0. @\

Plx, y)
For 68 = 27, the cycle repeats itself as OF travels round the quadrants again.
For negative values of ¢, OF rotates clockwise round the quadrants in the order 4th, 3rd, 2nd, 1st,
etc. So sin ! decreases from 0 to —1, then increases to 0 and on to 1 before decreasing to zero and
repeating the pattern.

This shows that sin @ is positive for 0 < 6 < v and negative when =< 0 < 2w
Also, sin 6 varies in value between —1 and 1 and the pattern repeats itself every revolution.

A plot of the graph of {(#/) = sin # confirms these observations.
sin & A

1F

\ [

—3n 21 -=n e T 27 37 4 g

A graph of this shape is called a sine wave and shows the following properties of the sine function.

The curve is continuous (i.e. it has no breaks).

—1=<sinf=<1

The shape of the curve from # = 0 to 0 = 27 is repeated for each complete revolution. Any function
with a repetitive pattern is called periodic or cyclic. The width of the repeating pattern, as measured
on the horizontal scale, is called the period.

The period of the sine function is 2.
Other properties of the sine function shown by the graph are as follows.
sin #=0 when #=nw wherenisan integer.
The curve has rotational symmetry about the origin so, for any angle «

sin (—a) = —sina, eg sin(—30") = —sin30° = —3

An enlarged section of the graph for sin 04

0 = 0 = 27 shows further relationships. 1k

The curve is symmetrical about the
line 0 = %;:IT, SO _
e

sin (7 — @) = sin «
e.g. sin 130° = sin (180" — 130%) = sin 50°

The curve has rotational symmetry
about 6 = 7 —1r

Y

S0 sin (7 + «) = —sin «a

and sin (27 — a) = —sin «
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The graph of f(6#) = sin k0

The following table gives pairs of corresponding values of #and f(#) = sin 2¢
T T 3 Sbm | 3w i
0 Yl ls|T|T|T|T|7T|*=
T 3 DT i
20 0 5 T 5 2 5 3w 5 41
f(0) 0 1 0 | 0 1 0 —1 0
Plotting these points gives this graph.
f(8) = sin 2604
& & o b=
3x T g 37 in 2 )
1 1 i 4

=
eI

9

2a)

The graph has the following properties.
2

(2) f(6) = sin 20is a cyclic and its period is ( ie.
(b) The greatest and least values are 1 and —1.

(c) The shape is a sine wave.
(d) Within the range 0 = 0 = 27 there are two complete curve patterns compared with only one for
the basic function [(#) = sin 0, i.e. the complete cvele appears with twice the [requency.

ESE‘ so that

When the graph of {(#) = sin 30 is plotted we find that the function is cyclic with a period

three complete cycles occur between 0 and 2. In fact, the graph of the function {(#) = sin k( is a sine

1“—2£ and a frequency k times that of {(#) = sin 0

wave with a period o p

The graph of f(#) = sin (0 — a)

For the function () = sin (0 — «) where « is a positive constant, we have

f(6) =0 whensin (8 — «) =0, m 2w, 3,
whenf0=0+ao 7w+ a, 27+ @ 37+ ¢,

ie.

() =1 whensin (6 — @) = Z, 5’-233
ie. when H=q2—T+rr,5?ﬂ+tI,”+
f(6) = —1 when sin (0 — @) = % %’”‘
ie. when {}:?’Tw+a,?—273+ - A
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So when a = "41, the graph of {e3)'

f(0) = sin ({} - %) is the same shape
as the graph of y = sin # but moved

by % along in the positive direction of

G
the x-axis. 0 / - :

So for any positive value of «, the graph M \\
of f(#) = sin (# — «) is the same shape

as the graph of y = sin ¢ but moved by
« along in the positive direction of the x-axis.

When (/) = sin (## + «), the graph is the same shape as graph of y = sin # but moved by a along in
the negative direction of the x-axis.

The graph of f(#) = k + sin 0

For any graph, v = {(x), the graph of v = [(x) + k where k is a constant, has the same shape as the
graph of v = {(x) but moved by k units in the direction of the positive y-axis. When & is negative, the
movement is in the opposite direction.

The diagram shows the graphs of {(6) = 0.5 + sin @ and {(#) = —0.7 + sin 0
f{(x)

\ 0.5
N
\\7 \I{H}—D5+bm
R f(6) = sin 0
f(6) = —0.7 + sin &

The graphs of f(#) = —sin # and f(#) = sin (—6)

Comparing the equation y = f(x) [1] VA y = 1(x)
with the equation y = —{(x) [2]
shows that, for the same value of x, the value of yin [2] is minus the >

value of yin [1].

So the curves y = f(x) and y = —f(x) taken together are symmetrical y = —f(x)
about the x-axis.

fx) 4

m 97 ¢ H(#) = —siné

o

f(6) = sin@
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Comparing the equation y = {(x) [1]
with the equation y = f(— X) (2]

shows that, for the same value of y, the value of x in [2]
is minus the value of xin [1].

So the curves y = {(x) and y = {(—x) taken together are symmetrical about the y-axis.

f) 4
T 27 4 (@) = sin (—&)
=
X
f(6) = sin @
The Graph of f(#) = k sin 0
Comparing the equation y = {(x) [1] VA
with the equation y =k {(x) (2] y = Ri(x)
shows that, for the same value of x, the value of yin [2] — )
is k times the value of yin [1]. d
So the curve y = k f(x) is the curve y = {(x) stretched by
k units parallel to the y-axis. o
X
1) 4 f(x) = 3 sin 6
f(x) = sin &
"

These facts about the graph y = sin # also applytoy = cos fand y = tan ¢

Examples 9a

1 Find the exact value of sin %w.

Siﬂ% sin fa

T Sln(ﬂ'“i‘ﬂﬂ') 511137? 5

Y

IGCSE files&documents telegram channel



join now:https://t.mel/igcse_files

Trigonometry 1 85

2 Sketch the graph of y = 2 — S sin @ for 0 < 6 < 2.
Start with the graph of y = %sin 8, then the graph of v = - -1; sin #. Finally move the graph 2 units up the y-axis.

3_

3 Sketchthe graphsofy=1+sinf andy= ffor — 7= 0= =

Hence state the number of solutions of the equation ¢ = 1 + sin 6.

Y y=0

There is one solution. There is only one point of intersection.
Exercise 9a
Find the exact value of 9 sin—120° 10 sin —Efr
1 sin 120° 2 sin -2

Sketch each of the following curves for values of

3 sin 300 4 sin —210° ¢ in the range 0 = 0 = 37

5 Write down all the values of @ between () and

6 for which sin 6 = 1 1 y=sinz0 12 y=sin(~9
6 Write down all the values of # between () and 13 y=sin(7— 6 14 y= —sinf
—4 7 for which sin § = —1
15 y=1-sing@ 16 y=-2 +siné@
Express in terms of the sine of an acute angle
7 sin 125° 8 sin 2907 17 3 - 4sin @ 18 2sin 30
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THE COSINE FUNCTION

For any position of P, cos 0 = % P(x, y)
When Pis in the first quadrant, x decreases from rto 0 as .
@ increases, so cos ) decreases from 1 to 0. b
X
When Pis in the second quadrant, x decreases from 0 to —r, P(x, ¥)

50 cos 0 decreases from 0 to —1.

When Pis in the third quadrant, cos @increases from —1 to 0,

Ax,y)

and when Fis in the fourth quadrant, cos ¢ increases from 0 to 1.

The cycle then repeats itself, and we get this graph of {(6) = cos 0 Px, )

cos Ha

==

The properties of this graph are as follows.
The curve is continuous.
—]1=cosfi=1

It is periodic with a period of 2.

It is the same shape as the sine wave but is moved a distance El 7 to the left. Such a move of a sine
wave is called a phase shift.

cos =0 when 6=..—1m 37 57 2, ...
The curve is symmetrical about €/ = 0, so cos (—a) = cos «
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The curve has rotational symmetry about 6 = 3, so
cos (m— @) = —Cos «
Further considerations of symmetry show that

cos(m+a)=—cosa and cos (27— a)=cos a

1 Write in terms of the cosine of an acute angle 6 On the same set of axes, sketch the graphs
v=cosfandy=cos3f for0=0=2xw

(a) cos 123° (b) cos 250°
(¢) cos (—20%) (d) cos (—154%) 7 Sketch the graphs of f(f) = cos 46 for
() = @ = m. Hence find the values of #in this
2 Find the exact value of range for which {(6) = 0
o 3
(a) cos 150 (b) cosjw 8 Sketch, for 0 = 8= 27 the graphs of
5

(c) cosgm (d) cosbm (a) 5—4cos# (b) 2+ 3cos @

3 Sketch each of the following curves. (c) cos4d
. _ 1
@ y=cos(6+m (b) y=cos(6-3m) 9 Sketch the graph of y = cos (6 — 3 ) for
(©) yv=cos(—0) values of # between — and 7. Use the sketch

to find the values of # in this range for which

4 Sketch the graphof vy =3 cos 2dfor0 = 0= 7. (a) cos (H — W)

1

4
s
5 On the same set of axes, sketch the graphs (b) cos (ﬁ 4 )
y=cosfandy=3cosf for0= 0= 27 (¢) cos(8—17)

1
—]
0

il

THE TANGENT FUNCTION

For any position of P, tan 0 = %

As OP rotates through the first quadrant, x decreases from r to 0, while y increases from 0 to r. This

means that the fraction - increases from 0 to very large values indeed. In fact, as 6 — L 7, tan 6 — ~.

% 2
Looking at the behaviour of ; in the other quadrants shows that in the second quadrant, tan 0 is

negative and increases from —oc to 0; in the third quadrant, tan # is positive and increases from 0 to
~o; and in the fourth quadrant, tan f is negative and increases from —oc to (). The cycle then repeats
itself and we can draw the graph of {(#) = tan ¢
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tan ¢ 4

=)

-2 2

From the graph we can see that the properties of the tangent function are different from those of the
sine and cosine functions.,

It is not continuous, being undefined when 0 = ... —% 7 %:rr, %

The range of values of tan # is unlimited.

e

It is periodic with a period of 77 (not 27 as in the other cases).
The graph has rotational symmetry about # = (), so

tan (—a) = —tan a

The graph has rotational symmetry about 0 = % , giving
tan (7 — @) = —tan «
The cycle repeats itself from ¢ = #to 27, s0

tan (7 + @) = tan « and tan 27 — a) = —tan «

Example 9¢c

- mas the tangent of an acute angle.

Express tan

tan(—l{%w] = tan (2w+ -ﬁ-ﬂ'): tan [

m)

:tﬂﬂ(ﬁ—%ﬂ')

b | Gz

P . . e

= —tan IT T : : 2n g
1 Find the exact value of 2 Write in terms ol the tangent of an acute angle
(a) tanZm (b) tan 120° (a) tan220° (b) tan 7
(¢) tan -2 (d) taniw (¢) tan310° (d) tan—ZIm
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3 Sketch the graph of v = tan  for values of 4 Sketch, for 0 = 0 = 27, the graphs of
in the range 0 to 2. From this sketch find the (a) tan 20 (b) —tané (c) 1+ tan 0
values of ¢ in this range for which
(a) tan @ =1 (b) tan = —1 5 Using the basic definitions of sin #, cos # and
tan @, show that, for all values of #,

(¢) tang =10 (d) tan = x _

tan g = 3100

cos

RELATIONSHIPS BETWEEN sin 6, cos 6§ AND tan ¢

Because each trigonometric function is a ratio of two of the three quantities x, y and r, we expect to
find several relationships between sin 6, cos # and tan 6. Here is a summary of the results so far.

If the graph of cos (is shifted by %'?T to the right we get the graph of sin ¢.

So cns(f}'— -:37?) = sin

|~

w] = COS (,lﬂ'— ﬂ)

But COos (ﬂ— : 5

e

Therelore COS [%w = H] = sin #

Two angles that add up to 5 7 (i.e. 90°) are called complementary angles.

L.e. the sine of an angle is equal to the cosine of the complementary angle and vice-versa.

y

Ft

X

Now sin 0 = ::-:}56‘:% and tan H:E

sin 0 _

e = tan #

S

- ===
= |

sin 0

l.e. for all values of 8 tan 0 =
cos 0

sin + ve All + ve
We have also seen that the sign of each trigonometric ratio depends on

the size of the angle, i.e. the quadrant in which Pis. We can summarise
the sign of each ratio in a quadrant diagram.

tan + ve cos + ve

Examples 9d
1 Give all the values of x between 0 and 360° for which sin x = —0.3
The value given for x by a calculator is —17.5°. Sin x A
From the graph, we see that, when sin x = —(0.3,
the values of x in the specified range are
180° + 17.5° and 360° — 17.5°. S B

When sinx = —0.3, x = 197.5° and 342.5° /

When the range of values is given in degrees,
the answer should also be given in degrees
and the same applies for radians.
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2 Find the smallest positive value of # for which cos 6 = (.7 and tan @ is negative.

If cos # = 0.7, the possible values of ¢ are cos B
45.6°, 314.4°, ... -~ .
0.7 - K- :

Now tan #1is positive if #is in W\ /(:\
the first quadrant and cos + s T
negative if @is in the tan + \/
fourth quadrant. :

cos +
Therefore the required tan —

value of fis 314.4°,

3 The function f(x) is such that f(x) =1 — 2sinxfor 0 = x = 27

(a) Sketch the graph of {(x) and use your sketch to give the maximum and minimum
values of f(x).

(b) Solve the equation f(x) = 0

(a) [ ) A Start with a sketch of y = 2 sin x:
4 foc) 4
3 2
2 i L
1 \ 5 1 I ] ‘5{
9 \\l_/ T F 219 i |
- | 2 2 _of
— A
Then reflect this curve in the x-axis
) , o to give the graph of y = —2 sin x and
The maximum value of {(x) is 3 and the minimum move it up the y-axis by 1 unit.
value is —1.
(by 1—-2sinx=20
: 1
= sSiNx = =
2
x =T 2T
6 6

4 f(x)isdefinedbyf(x)=2+acos 2x— mfor0l=x=7
The maximum value of {(x) is 5.

(a) Find the value of @ and state the minimum value of f(x).
(b) Sketch the graph of f(x).

(a) The maximum value of cos (2x — ) is 1, and so the maximum value of
acos (2x — misa

Therefore the maximum value of [(x) is 2 + a,
2+a=5=a=3
The minimum valueof 2 + acos 2x — m)is2 +a(—-1)=2—-a

minimum value of f(x) is —1.
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(b) f(x)a Start with a sketch of f(x)a
vy =cos (&x — m)
5 1
-
X
O Stretch this curve by 3 units
1 parallel to the y-axis to give
the graph of y = 3 cos (2x — 7)
Move the second curve
2 units up parallel to
the y-axis. >
'
=3
1 Within the range —27 = 6 = 2, give all the 7 Sketch the graph of y = 2 sin (:r - é—'r) for
values of # for which OD=x=7
(a) sinf=04 (b) cos @=—-05 Hence find the values of x for which
(©) tan @ =12 ZEin(x—%)sﬂintherangeﬂ%xﬂw
values of # for which for 0 = x = 360
(a) tan @ = —0.8 (b) sin 6= —0.2 9 Sketch the graphofy =1+ 2sinx
(c) cos f=0.1 forO=sx=s7

State the maximum and minimum values of y.
3 Find the smallest angle (positive or negative)

for which 10 Sketch the graph of f(x) = 3 — sin 2x
(a) cos #=0.8andsin# =0 for 0 <x = 2m
(b) sin @ = —0.6 and tan § = 0 11 Thefunctionf:x+ 3 + acosxfor(=<x=<=2xw
(c) tan # = sin -EIETI' Find the range of values of a for which the
_ equation f(x) = (0 has no solution.
4 Using tan 6 = &%, show that the equation

cos 12 Sketch the graphsof y = 6and y = 2 cos 6
tan # = sin  can be written as

sin 6 (cos # — 1) = 0, provided that cos 6 # 0

Hence find the values of # between ) and 2+
for which tan # = sin ¢

for values of #in therange —w= 0=

State the number of solutions of the
equation 2 cos 6 = @

Repeat this question with 8 measured in

5 Sketch the graph of y = sin 26. Use your degrees. Will the solutions be the same?

sketch to help find the values of 8 in the range

I T —— 13 Measuring the angles in radians, sketch

graphs to show, approximately, the value of

6 Sketch the graph of y = cos 36. Hence find the 0 for which
values of #in the range () = 6 = 24 for which (a) 260 =4sin# (b) sin # = (F
cos 38 = —1 (¢) cosf=0-1

IGCSE files&documents telegram channel



join now:https://t.me/j

files

Trigonometry 2

After studying this chapter you should be able to

o use the identities SM-% = tan ¢ and sin? 0 + cos? 0 = 1
cos ¢
e find all the solutions of simple trigonometric equations lying in a specified interval
e use the notations sin ', cos ', tan ' to denote the principal values of the inverse trigonometric

relations.

TRIGONOMETRIC IDENTITIES

In this chapter we look at some trigonometric identities and some of their uses. Remember that an
identity is the equivalence between two different forms of the same expression. One such identity is
on page 89, that is

THE PYTHAGOREAN IDENTITY

For any angle 6, Ya

sin 0 = £! cos 0 =2 and tan 0 = 4
r ¥ X

Also, in right-handed triangle OPQ, x* + y* = r* (Pythagoras) Q0 X ﬁ;\l

Therefore, (cos #)* + (sin 6)* = (%]ﬂ - (y-)z & +ﬁ =1

r

e
Lo
=Y

Using the notation cos® @ to mean (cos #)%, etc., we have
cos” 0 + sin® 0= 1

These identities can be used to

e simplify trigonometric expressions

e eliminate trigonometric terms from pairs of equations

e derive a variety of further trigonometric relationships

e calculate other trigonometric ratios of any angle for which one trig ratio is known
e solve some trigonometric equations.

Examples 10a

: . in 0
1 Simplif 2o
P 1 — cos® 0
sin 0 53 sin
1 —cos?6 sin?@
= _1 Using sin® @ + cos* 6 = 1
sin ¢ :

2 Eliminate # from the equations x = 2 cos fand y = 3 sin 0
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_ X ing=2
ce::-sﬂ—zandsmﬁ 5

Using cos® # + sin* 6 = 1 gives
X2 }’)E _
AV 2] =
3 +(5) =

= 9x2 + 4y% = 36

In Example 2, both x and y initially depend on 6, a variable angle. Used in this way, # is called a parameter, and is a
type of variable that plays an important part in the analysis of curves and functions.

3 IlfsinA = — % and A is in the third quadrant, find cos A without using a calculator.

There are two ways of doing this problem. The first method involves drawing a quadrant diagram and working
out the remaining side of the triangle, using Pythagoras’ theorem.

From the diagram, x = —2/2

—_—

cos A =

~ | e
ro
)

o

The second method uses the identity
cos* A + sin® A = 1 giving

EDSEA-F%T: 1

. 2V 2
S

]

Ialfe o]

— CoOsA ==+ Hr,"l

. 3 i s ;
As A is between wand = 7, cos A is negative, i.e.

cos A =-—-=——=

4 Prove that (1 — cmsA}(l e ) =sinAtan A
cos A

Because the relationship has yet to be proved, we must not assume it is true by using the complete identity in
our working. The left- and right-hand sides must be isolated throughout the proof, preferably by working on only
one of these sides. Start with the more complicated side. It often helps to express all ratios in terms of sine
and/or cosine as, usually, these are easier to work with.

Consider the left-hand side:

(1 —cnsAj(l + 1 )

1 cos A
_|._ — —
cos A : ( ] cosA

cos A cos A

1
cos A

— CcOs A

_ 1 —cos?A _sin* A

= cos* A +sin‘d =1
cos A cos A

= sin A!E;i} = sin A tan A = right-hand side
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1 Without using a calculator, complete the 9 x=-9 5
following table. 5";
Y= cos o
sin® | cos | tan 0 | type of angle
(a) - sl 10 x=1+sin#
r = y=cos
(b) : obtuse
- 11 x=1-sind
C b
(c) - acute y=1+ cos 6
(d) straight line o
12 x =
cos
Simplify the following expressions. v=bsind
9 sin® A(1 — cos® A) 13 x=2+tan o
2 SR
cos” A(1 — sin- A) V=X e
3 sin 0
V(1 — cos® #) Prove the following identities.
4 Sin6 , cosf 14 l+tan®o _ 1
cos # sinf tan @ cos #sin
5 ya + tan” 6) 15 C08°A —SinA _ 0 4 4 cos A
J(1 — sin? Ff;'j cos A — sin A
6 tan ¢ 16 12080y
cos V1 + tan® ¢ e
- sin #tan® ¢ 17 sin A = l1—cos A
1 + tanZ @ 1 +cosA sin A

(Hint Multiply top and bottom of left-hand side

Eliminate 6 from the following pairs of equations. by (1 — cos A).)

8 x=4cosf - Tk

y1+cosA_ 2
1 + cos A

sind  sinA

v =4sin #

SOLVING EQUATIONS

We can now solve more equations by using the Pythagorean identities.

Examples 10b

1 Solve the equation 2 cos® # — sin # = 1 for values of #in the range 0 to 2.

The given equation is quadratic, but it involves the
sine and the cosine of #, so we use cos® # + sinf g = |
to express the equation in terms of sin # only.

2cos* f#—sin =1
= 2(1 — sin? §) — sin 6 = 1

=% 2sinf@+sinf—1=10
= @2sinf—1)sine+1)=0
> sinH:% or —1
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lfsinf@=30=cm o7
, 0

fsinf=—1,0=3n

| en
o]
=

Ty i,

-5‘;-1-—-

Therefore the solution of the equation is # =

2 (a) Explain why cos x = () is not a possible solution of the equation 1 = sin x tan x

(b) Solve the equation 1 = sin x tan x for values of x from 0 to 360°.

(a) Usingtan x = 20X
COSs X
tea 2
1 = sin x tan x = ] =310 X
COS X

Both sides of an equation can be multiplied by any number except zero. We can
simplify the equation by multiplying by cos x provided that cos x # (). S0 we must
exclude any values of x for which cos x = () from the solutions.

W 2 :
(b) 1= ?;si = cos x = sin® x

= cos‘x+cosx—1=0

This equation is a quadratic equation and does not factorise, so we use the formula, giving

cosx =+(—1=+/5)

o

cos x = 0.618... Do not correct this value, leave it in your calculator.
= x =51.8° or 3082° cos x # 0 for either value of x
or cos x = —1.618 and there is no value of x for which this is true.

Exercise 10b

Solve the following equations for angles in the 7 sin® 0= 7]1—
range (0 = # = 360°

A 8 4cos’0+5sinf=23
1 sin 6 =—= ,

2 9 S5cosf—4sin* =2
2 cosf=10

Solve the following equations for angles in the

3 tanf@=—V3 range — 7= = 7
4 sinﬂ'z—% 10 2cos@—4sin8+2=0
5 cosf=—3 11 2sin fcos # + sin 6 =0
6 tan@ =1 12 /3 tan 0= 2sin §
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EQUATIONS INVOLVING MULTIPLE ANGLES

Many trigonometric equations involve ratios of a multiple of 0, for example

cos 20 = -l- tan 30 = —2

Note that cos 20 = % o cos 0= ]T ete.

Simple equations like this can be solved by finding first the values of the multiple angle and then, by
division, the corresponding values of 0.

However, if values of !are required in the range « = 0 = (3, then values of the multiple angle, & say,
must be found in a range that is multiplied by the same factor, i.e. ka = k0 = Rf3

e.g. if values of 0 are required for 0 = = 360°
then 26 must be found in the range 0 = 26 = 720°

3 0 must be found in the range 0 = 3 6 = 180°, and so on.

Examples 10c

1 Find the values of #in the range —7 = 0 = 7, for which cos 20 = :

=

1
2

As values of # are required in the range — 7= 0 = 7, we want values of x (i.e. 2#) in the range 27 =x = 27

Using 26 = x gives cos x =

In the range — 27 = x = 27 the solutions of cos x = % are

] 3
i A ’\ ______ /\\/[\
But x = 20, therefore 20 = *1m, *27 : A :
T G \/ \/

2 Find the solution of the equation tan (%H = 9{]“) = 1 for which 0 = 0 = 540°

= 9=+

Using % @ — 90° = x gives tan x 4
tan (iﬁ = QD") = tan x
3
As #is required in the range () = ¢ = 540" we must find x in the range

2(0) = 90° = x = 3 (5407) — 90° i.e. —90° = x = 90°

The solution of the equation tanx = 1is -0 X
x = 45°

But X = %H — 90°

S0 50— 90° = 45°

=3 0 = 135°

ie. 6 = 405°
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Find the solutions of the following equations, for Solve the equations for values of ¢ in the range
values of #in the range () = 0 = 180" —180° = 0 = 180°
1 tan26=1 7 tan26=1.8

8 sindd=07
9 cos;0=085

2 cos3f=—-0.5
3 sin % f=- %

Solve the equations for values of #in the range
4 cos (20— 45°) = 0 s dsw

10 tand48= —v3

5 sin (164 30°) = —1
(4 ) 11 cns{ﬁ+i—w}=.

| —

6 tan (68— 60°) =0 12 tan (20— gm)= -1

THE INVERSE TRIGONOMETRIC FUNCTIONS

The function f is given by f: x — sinx forx € K

The inverse mapping is given by sin x — x but this is not a function because one value of sin x maps
to many values of x, so f{(x) = sin x does not have an inverse function for the domain x € B

f(x) A

=Y

If we now look at the function f: x — sin x for — % TSEX<= % T, it is a one—one function so the inverse

mapping, sin x — x, is such that one value of sin x maps to only one value of x. Therefore [: x — sin x

for — FT=X= %’JT{IGEE have an inverse, so [ ! exists.

The equation of the graph of [ is v = sin x [or — % TEXS % mand the curve y = {!(x) is obtained by
reflecting v = sin x in the line y = x

Therefore interchanging x and y gives the equation of this curve,
Le.siny = x, so y = the angle between — 3 7 and = whose sine is x.

Using sin ! to mean ‘the angle between — "17 7 and :}frwhﬂse sine is’,

we have y = sin 'x

Thus if f:x— sin x — =

b |

1
2
then f-l:x¥—sin~!'x -1

=

N3
=

X

It is important to realise that sin ' x is an angle, and that this angle

is in the interval | — 1, £ 7. The angles in this interval are called

the principal values of sin ' x.

So, for example, sin ' (.5 is the angle between — % 7 and %ﬂ whose sine is 0.5,

i.e. sin '0.5 = %w
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Now consider the function given by f:x+—cosx, 0 =x= 7

y =cos x

-
1 \i F” I
—1k .

¥ =cCosX

f is a one—one function so f ' exists and it is denoted by cos ' where cos ' x means ‘the angle

between () and 7whose cosine is x’.

Thus if
then

f:x— cos x

f-l:x— cos ! x

Note that cos ! x is an angle in the interval 0 = x = 7. The angles in this interval are called the

principal values of cos ' x.

So, for example, cos ' (=0.5) =x = x=%27
f 1

Similarly, if f: x — tan x for — % TSX< 'E—r then
exists and is written tan ! where tan ! x means

‘the angle between — % 7 and %TT whose tangent is x'.

The angles between — % and % sr are called the

principal values of tan ' x.

Note that the domain of tan ' x is all values of x.

Exercise 10d

Find the value, in terms of #, of 9
1 tan'V3 10
2 sin"! (~1)sin"! (3]
3 cos !0
1 sin"(—%ﬁu) iis
5 cos™! (—3)
6 tan' (—1)
7 sin’ ('I__)

/2
8 cos™! (%)
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R R ] T —— = = - - T

[ ot o o w m e w =
"

tan ! 1

i(x)=4—-2cosxforQO=sx=qan

(a)

(b) State whether f has an inverse,
Give a reason for your answer.

Sketch the graph of v = f(x)

f:xn—atan%x

(a) Sketch the graph of v = f(x)
for—r=x=2w

(b)

Explain why, for the domain
—g = x = 2, [ does not have an
inverse.

State the domain for which f does have
an inverse.

(c)
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Mixed exercise 10

1 Eliminate « from the equations x = cos «, 9 Prove that
y = 1 (cos A + sin A)? + (cos A — sin A)* = 2
sin «

10 Simplifv (1 + cos A1 — cos A).
2 lf cos B = 0.5, find possible values for sin 8 implify ( )1 )

and tan 8, giving your answers in exact form. 11 Find the solution of the equation

tan # = 3 sin @ for values of #in the range

3 Simplify the expression _180° = 9 < 180°

P 1 + 7 ] 7 Hence solve the
cos b 1_ cos l 12 The function f(x) is given by
; B = = ' + =x=
equation el T cai® 4 for f(x) =(asinbx) +clforO=sx= 7w

f(x) has a maximum value 8 and a minimum
value of —2,

values of #in the range (0 = 6= 2x

4 On the same set of axes, sketch the graphs of

There are four values of x for which [(x) = (
y=2sinxandy=xfor —m=x=mx

Find the values of a, b and c.
Hence give the number of solutions of the
equation 2 sin x = x 13 Solve the equation cos 36 = %1? giving

values of # from 0 to 180°.
5 Solve the equationtan '1 = 36— 1

14 Find, in the range — 180" = # = 1807, the
values of # that satisfy the equation
2cos® #—sinf =1

6 Find the values of # for which
tan (3& - %:rr) = lin the interval [ —, 7].

7 Eliminate # from the equations x — 2 = sin 8, 15 Find the solutions, in the range from 0 to =,

v+ 1=cos#6

f(x)=1—cosxforl=x=46

(a) State the maximum value of # for which
! exists.

(b) Find the value of f (1).
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of the equation tan (26 — $a ) = 1 V3

fix—1—2sinix

(a) Sketch the graph of y = f(x)
for 27 =x=2w

(b) Give a domain for f for which ! exists.
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Sequences and series

After studying this chapter you should be able to

e recognise arithmetic and geometric progressions

e use the formulae for the nth term and for the sum of the first n terms to solve problems involving
arithmetic or geometric progressions

e Use the condition for the convergence of a geometric progression, and the formula for the sum to
infinity of a convergent geometric progression

e Use the expansion of (a + b)" where n Is a positive integer.

Sequences

A sequence is an ordered set of numbers, for example 2, 4, 6, 8, 10.
There is a first term, a second term and so on,
A sequence is also called a progression.

ARITHMETIC PROGRESSIONS

Each term of the sequence 5, 8, 11, 14, 17, ... 29 is 3 more than the term before it.
So this sequence can be writtenas 5, 5+ 3, 5+2X3, 5+3X3, 5+4X3, ..5+8XJ.
This sequence is an example of an arithmetic progression,

An arithmetic progression (AP) is a sequence where each term differs from the next term by a
constant called the common difference.

For example, the first six terms of an AP whose first term is 8 and whose common difference is —3 are
8 92—, =% —T,

The first four terms of an AP whose first term is ¢ and whose common difference is d are
aa+da+ 2d a+ 3d.

The nth termisa + (n — 1)d.

S0 an AP with n terms can be written as
a, (ﬂ + d)i (’ﬂ T Ed)ﬂ vee g [‘tlr * {" - I}JI

Examples 11a

1 The eighth term of an AP is 11 and the 15th term is 21. Find the common difference, the
first term of the series, and the nth term.

The first term of the series is @ and the common difference is d, so the eighth termisa + 7d,

a+ 7d= 11 [1]
and the 15th term is a + 14d,
a+ 14d = 21 [2]

: B _ 10 =
[2] — [1] gives 7d = 10 =% d=-anda=1

so the first term is 1 and the common difference is %

Hence the nthtermisa+ (n— 1) d=1+ (n— 1) 10 % (10n — 3)

i
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2 The nth term of an AP is 12 — 4n. Find the first term and the common difference.

The nth term is 12 — 4n, so the first term (n = 1) is 8.
The second term (n = 2) is 4.

Therefore the common difference is —4.

THE SUM OF AN ARITHMETIC PROGRESSION

The first ten even numbers is an AP,
Writing the sum of the AP first in normal, then in reverse, order gives

S= 24+ 44 6+ 8+ ...+18+20
§S=20+18+16+14+ ...+ 4+ 2

Adding gives 25=224+224+224+ 22+ ... + 22 + 22
As there are ten terms in this series, so
25 =10 X 22 = S=110
Applying this method to a general AP gives formulae for the sum, which can be quoted and used.

S, is the sum of the first n terms of an AP with last term /,

Therefore .= @a + {a+d)+ @2 o o (@=d) o+ !
reversing S, = [ + (I =) + {=2d)y + ».. +la+td)+ @
adding 25, = (@a+D + (@a+D + (@+D + ... + (@+D + (@a+)

as there are n terms, 25, = n(a + [)
=N S, = %" (a +10)
ie. S, = (number of terms) % (half the sum of the first and last terms)
Also, because the nth term, /, is equal to a + (n — 1)d,
S, = ynla+ a+ (n — 1)d]
i.e S, = —;—n[ﬂa + (n — 1)d]

Either of these formulae can now be used to find the sum of the first n terms of an AP.

Examples 11a cont.
3 Find the sum of the following sequences.

(a) an AP of 11 terms whose first term is 1 and whose last term is 6

4 2 2 10
® 350 -5.. -3
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(@) We know the first and last terms, and the number of terms, so use S, = L n(a + 1)

2 2
120 _2  _1
(B) 5.5 0 =5 ae =3
This is an AP where a = 3, d = — £
10

% XL (” — ]) e —-% =, n=24a Using nthterm=a + (n — 1)d

4 The sum of the first ten terms of an AP is 50 and the fifth term is three times the second
term. Find the first term and the sum of the first 20 terms.

a is the first term and o is the common difference, and there are n terms. Using § = %H[Eﬂr + (n — 1)d] gives
Sm =50 = 5(2{1 + gd) [].]
Using u, =a+ (n — 1)dgives

u; =a+4d and wu, = a + d where u,, is the nth term

Therefore a + 4d = 3(a + d) [2]
From[l]and [2]:d=1 and a =:%
So the first term is 31 and the sum of the first 20 terms is 5,, where

Sy = 10(1 + 19 X 1) = 200

5 The sum of the first n terms of a progression is given by S, = n(n + 3)

Find the fourth term of the progression and show that the terms are in arithmetic

progression.

If the terms of the progression are a,, a,, a,, ... , a,
then S, =a,t+a,+ ...+ a,=n(n+ 3)
So Sy =a,+a,+a;+a,=28

and S =a,+a,+a; =18

S5i— 8 =a,=28 - 18
Hence the fourth term, ay, is 10.
Now Sos=aqy+a+ ...+a,_,+a,=nln+ 3)
and S;1=aq+a+t..+a,_=0n—-1)(n+2) replacing n with n — 1
Hence the nth term, a,, is given by S, — S5,
d,=nn+3)—(n—-1n+2)=2n+2
Replacing n by n — 1 gives the (n — 1)th term
ie. a_,=2n—-1D+2=2n
Then a,—a,.,=02n+2)—2n=2

i.e. there is a common difference of 2 between successive terms, showing that the
progression is an AP.
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1 Write down the fifth term and the nth term of 6 Find the sum, to the number of terms given,

the following APs.

(a) first term 5, common difference 3
(b) first term 6, common difference —2
(c) first term p, common difference g
(d) first term 10, last term 30, 11 terms
(e) 1,5,...

® 21..

(g) —4,—1,..

Find the sum of the first ten terms of each AP
given in question 1.

The ninth term of an AP is 8 and the fourth
term is 20, Find the first term and the common
difference,

The sixth term of an AP is twice the third
term and the first term is 3. Find the common
difference and the tenth term.

The nth term of an AP is % (3 — 1)

Write down the first three terms anc the 20th
term.

10

of each of the following APs.
(a) 1+ 2% + ..., six terms
(b) 3+5+...,eight terms

(¢) a +a,+ a; + ... + agwhere
a,=2n + 1

d 4+6+8+..+20
(e) S, = n"— 3n, eight terms

The sum of the first n terms of an AP is S,
where S, = n? — 3n. Write down the fourth
term and the nth term.

The sum of the first n terms of a progression
is given by S, where S, = n (3n — 4). Show
that the progression is an AP.

In an arithmetic progression, the eighth term
is twice the fourth term and the 20th term

is 20. Find the common difference and the
sum of the terms from the eighth to the 20th
inclusive,

The sum of the first n terms of a progression
is S, where S, = 2n* — n

Prove that the progression is an AP, stating
the first term and the common difference.

GEOMETRIC PROGRESSIONS
The sequence
1283, Lo Q5 0305,
is such that each term is half the preceding term. The sequence can be written
1 ]2 1y 144 145
12, 12(3). 12(3), 12(3) 12(3) 12(3)" .-

This sequence is an example of a geometric progression (GP). A geometric progression is one where
each term is a constant multiple of the term immediately before it. This constant multiple is called the
common ratio and it can have any value.

Hence, if a GP has a first term of 3 and a common ratio of —2, the first four terms are

3, 3(=2), 3(=2)% 3(—=2)°
ie. 3, —6, 12, —24

When a GP has a first term @, and a common ratio r, the first four terms are a, ar, ar®, ar® and the nth
iS art 1!

ie. a GP with n terms can be written a, ar, ar?, ..., ar" !
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THE SUM OF THE FIRST n TERMS OF A GEOMETRIC PROGRESSION

The sum of the first eight terms, S, of the GP with first term 1 and common ratio 3 is given by

S = 1 + 13 + 133 + 13)® + ... + 133

= 38 = I ¥ ¥ + I <+ + 3 + 38
Hence S,—-3S. = 1 + 0 + 0 + 0 + + 0 - 3
S0 Se(1—-3) =1-38

2 o 4 =8 _ 88—

1< 3 2
This process can be applied to any GP.
The sum, S, of the first n terms of a GP with first term @ and common ratio r
is given by S, =a+ar+ ... +arr %+ qr-’
Multiplying by r gives rS, = ar+arr+ .. +ar 1+ ar

n

Hence 3 iy = g

= 3.1 =) =afl ~ 1)
4 S.= a(l — r")
l1—r

a(r — 1)

If r > 1 the formula can be written =

Examples 11b

1 The fifth term of a GP is 8, the third term is 4, and the common ratio is positive.
Find the first term, the common ratio, and the sum of the first ten terms.

For a first term @ and common ratio r, the nth term is ar” !

Therefore art = 8 (n=15)
and ar* =4 (n=3)
dividing gives ré =
= r=+v2 and a=2

n
Using the formula S, = H(:_ 11) gives

=10
5 2[{"_2} 1 _ 62 _ 150 3s.t)
Ja . 1 v =1

2 The sum of the first n terms of a series is 3" — 1. Show that the terms of this series are in
geometric progression and find the first term and the common ratio.
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If the series is a+a + ... +a,

then S =a,+a+..+4,.,+a, =3-1
and Sn 1 =a; + a; + ... G gk ¢ 1:3ﬂ 1 -1
thereforeS, — S, _, gives a, =3F—-1-3""1=1)

ie. thenthtermis -3 '=3F"13-1)=(2)3*"!
The first term is given by n = 1 =% a=23")=2
Similarly @, _, = (2)3" * S0 a, ~a, | =

showing that successive terms in the series have a constant ratio of 3.
Hence this series is a GP with first term 2 and common ratio 3.

Exercise 11b

1 Write down the fifth term of the following GPs. 3 The sixth term of a GP is 16 and the third term
is 2. Find the first term and the common ratio.

(a) 2,4,8, ...
(b) 2,1 1 4 Find the common ratio, given that it is
’ negative, of a GP whose first term is 8 and
(¢) 3, 6,12, ... whose fifth term is %
d) first term 8, common ratio — = .
(@) e 073 5 The nth term DfaGFIS[—%)n
1 :
(e) firstterm 3, last term g7, six terms Write down the first term and the tenth term.
2 Find the sum, to the number of terms given, of 6 Find the sum to n terms of the following
the following GPs. progressions.
(a) 3+ 6+ ...,sixterms 3 3 5
(A) X, %00 (b) «x, ]‘x’
(b) 3—6+ ..., eight terms © 1,v,v2 ...
¢) 1++24+1+ ..., 20terms .
© 2 M : 7 Find the sum of the first n terms of the GP
(d) first term 5, common ratio % five terms 2 + % + ';T —
l - T |
(e) first term 3, common ratio — 3, ten terms 8 The sum of the first three terms of a GP is 14. If
(f) first term 1, common ratio —1, the first term is 2, find the sum of the first five
2001 terms terms, given that the common ratio is positive.

THE SUM TO INFINITY OF A GEOMETRIC PROGRESSION

Any GP can be written as a, ar, ar?, ...
8 e
1=r

The sum of the first n terms, S,, is given by S, =
When —1 < r < 1, as n gets larger, r" gets closer to zero, so ”li_grgﬂ rm =10

Gl ="

l—r

( This is not true when r > 1 or r < —1, because
| B as n gets larger r" does not get closer to zero.

So lim S, = lim =
m— oo 11— 00

lim 5, is called the sum to infinity and is denoted by 5.,

t— oo

foraGP, §. = i E = provided that | r| <1
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Examples 11c

lFindthesumtﬂinﬁnitynftheGPl,—%_+%,—.ﬁlq,+.
| 1 I - 3 1y 1y
L=gti et =Lt (=gl +(=g) + (-3 +
a=1 and rz—%
_a __ 1 _4
L i

Y=

2 The first term of a GP is 1. The third term is the mean of the first and second terms.
The GP has a sum to infinity. Find the common ratio and the sum to infinity.

a=1sotheGPis 1, r,r2 rs ...
r‘?:%(] +7)
= 2ri—r—1=10
@r+ Dr—-1) =0

The GP has a sum to infinity, . r= —

B | —

1 2

8= = =i

= I=F N 3
i= {5

1 Find the sum to infinity of the progressions. The remaining questions involve APs and GPs.

(a) 4, % % 5 Find the sum of the progression
2, —(2D3), )3y, —2)3), ..., )3)".
(b) 20,10, +5, —25, + .. (2)(3), (2(3)7, —(2)(3) (2)3)
5 § 5 6 The fourth term of an AP is 8 and the sum of
(c) 100 100" 1000° the first ten terms is 40.
d 3,-1,+ % B % ‘o Find the first term and the tenth term.
‘ 7 The second, fourth and eighth terms of an AP

2 The sum to infinity of a GP is twice the first are the first three terms of a GP.
term. Find the common ratio. Find the common ratio of the GP.

3 The sum to infinity of a GP is 16 and the sum 8 Find the value of x for T‘”hi‘:h the l?umhers +
of the first four terms is 15. Find the first four X+ 1,x + 3,x + 7 are in geometric progression.
terms. 9 The second term of a GP is % and the sum to

infinity is 4.
4 Find the sum to infinity of the GP , _
e Find the first term and the common ratio of
lt_Ea 31_55“' thEGP
Series

A series is formed when the terms of a progression are added together.
For example, 1, 5,9, 13, ... is a progression,
and 1 +o0+9+ 13 +....is d series;

We now look at the series formed when (a + b)" is expanded, where n is a positive integer. The sum of
two terms, such as a + b is called a binomial.
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Pascal’s Triangle
We can expand, for example, (a + b)" by multiplying out the brackets, but a quicker method is to use
Pascal’s Triangle.

First look at these expansions:

(a+b)=a+b

(a + b)’ =a + 2ab + V

(a + b)* = a® + 3a’b + 3ab* + b*

(a + b)* = a* + 4a@°b + 6a’V’ + 4ab® + bt
Notice that the powers of ¢ and b form a pattern.

From the expansion of (a + b)* you can see that the first term is a* and then the power of a decreases
by 1 in each succeeding term while the power of b increases by 1. In all the terms, the sum of the
powers of a and b is 4. There is a similar pattern in the other expansions.

Now look at just the coefficients of the terms. Writing these in a triangular array gives
1 1
1 2 1
1 \\T”fﬂ/a 1
1 4 N6 4 1
This array is called Pascal’s Triangle and it also has a pattern:

each row starts and ends with 1 and each other number is the sum of the two numbers in the row
above it as shown.

Now you can write down as many rows as you need.

For example to expand (a + b)°, go as far as row 6:

1 6 15 20 15 b 1

Using what we know about the pattern of the powers and using row six of the array gives

(a + b)® = a® + 6a’b + 15a*h? + 20a’L® + 15a%b* + 6ab® + b°

THE BINOMIAL THEOREM

We could use Pascal’s Triangle to expand (a + b)" for any positive integer n, but this can take lots of time.
The binomial theorem gives a method for expanding (a + b)".

The binomial theorem states that when n is a positive integer,

nin—1) =ik nn— 1)(n— 2)

n—3L3
5% 1 TEaR & P T B

(a+ b)'=a"+ na" 'b+

The right-hand side of this identity is called the series expansion of (a + b)". The coefficients of the
powers of a and b are called binomial coefficients. The denominators of these coefficients involve the
product of all the positive integers from the power of b down to 1. We can write these using factorial
notation.

The product 4 < 3 X 2 X 1is called 4 factorial and is written 4!
S'means 8 X 7T X6 X5 x4 x3x2x1
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nin— 1)xn—2) _ min — 1)t — 2)
TR I %1 can be written as 3

or even more concisely as ( g)

n(n — (n— 2)(n — 3)(n — 4)(n — 5)

The binomial coefficient

n
So ( E) means s
Therefore we can write the expansion of (a + b)" as
N — n-—1 n n—2 n n—3h n R 1
(a + b)" = a" + na b+(2)a bﬂ+[3)a b5+[4)a bt + ...+ b

Notice that

1 the expansion of (a + b)"is a finite series with n + 1 terms,

-Dn-2)...n—r+1
n(n )(n 3' - ), has r factors in the numerator,

2 the coefficient of ¥, i.e.

3 the term containing b” is the third term, the term in /* is the fourth term, and so on,
4 the coefficients are symmetrical, i.e. the coefficient of " "b"is equal to the coefficient of ab" "
(vou can see this in Pascal’s Triangle).

To expand (1 + x)' in ascending (i.e. going up) powers of x as far as the term in x’ we replace n with
10, a with 1 and b with x to give

(1 + 20 = 1) + 10(1)°x + D22 (1 + P28 ()70 + .+ x]

=1+ 10x + 45x% + 12003 + ... + x0

To expand (1 + x)" in descending (i.e. going down) powers of x as far as the term in x*, first write
(1 +x)Y as (x + 1)'Y. Then replace n with 10, a with x and b with 1 to give

(1+20" = (e + 1) = 169 + 1069° (1) + 222 o (12 + 2228 g7 (17 +

= x0 4+ 10x° + 45x% + 120x" + ... + 1

The worked examples show how other expressions can be expanded.

Examples 11d

1 Write down the first three terms in the expansion in ascending powers of x of

@ (1-3)° ® @-20°

(a) Use (a + b)" and replace a with 1, b with — % and n with 10.

(1—_2__) =1+ 10)1)° (- 3) + 2“;]9(1)3( )"3
=l—5x+4—453x‘3+...

(b) Use (a + b)" and replace a with 3, b with —2x and n with 8.

(3~ 20* =3° + 83)'(-29 + S5 L (-2 +
=38 — 16(37)x + 112(35)x2 + ...
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2 Find the fourth term in the expansion of (a — 2b)*" as a series in ascending powers of b.

The fourth term in the expansion of (a + b)" is l”% |a" 36 so replace b with —2b and n with 20.

The fourth term is (2??) a'(—2b) = 2“32 129;113 a'(—8b%) = —9120a'7b?

3 Write down the first three terms in the binomial expansion of
1 —20(1 +1x)"”

The third term in the binomial expansion is

10 10)(9 2
(1 + ]E.r] =1+ (10) (%I) + ( ,jr( ) (%I) + ...  the term containing x%, so start by expanding

w Il L ¥
(1 +41x] as far as the term in x°.

=I+5x+£f1—5x2+...

- 1 - - 45
1-29(1+3x) =A—-20(1+5x+2x°+ ...)
p | We do not write down the
=14+ 5x+ Tﬁxz + .o —=2x— 10x% + ... product of —2x and '%r'*. as

terms in x* are not required.,

=1+3x+§f+...

1 Write down the first four terms in ascending 3 Write down the binomial expansion of each
power of x of the binomial expansion of function as a series of ascending powers of x

. as far as, and including, the term in x*
(a) (1 + 30" 5

- — 9 i 3 10
B (1 - 20 (@ (d+x0-x) ) (b) (1 —=x)(1+ 2x)
2+x(1 -2 1 + x)%(1 — 5x)™
© @+ © @+x(1-3) @ A+x°0-50)
A (1-% 20 4 Find the first three terms and the last term
( ( 3) in the expansion of (1 + 2x)"
5_.3Y
(e) (3 = Zx) 5 Find the coefficient of x* in the expansion
. 318
' 9 of [ x + —)
(M) [% + zx) [x+ 2
| 6 The coefficient of x* in the expansion of
Write down the term indicated in the binomial (1 + 2x*)(a + x)" is 47. Find the value of a
expansion of each of the following functions. given that it is positive.
(a) (1 - 4x)7, third term 7 The coefficients of b? and b? in the expansion

: + fi Fi .
(h) [] — E)m, second term of (a + b)" are equal. Find the value of a

2
: 8 Find the first three terms in the expansion of
2 — x)15, 12tl 2
) (e—x)eylethiomn (1 + b)°. Use the substitutionx =1 + b, to
(d) (p— 2¢)", fifth term find the coefficient of b* in the expansion of
4 -5 225
(e) (3a + 2b)%, second term ( +b-2b)
(M (1 — 2x)'2, the term in x* 9 There is no term in x in the expansion of
(1 — x)(1 — cx)". Find the value of c.

(8) (2 ok i)g, the term in x°
: 10 Find the coefficient of x! in the expansion of

(h) (a + b)% the term in a* (1 + x)(1 + 2xH)10
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Integration

After studying this chapter you should be able to

e understand integration as the reverse process of differentiation, and integrate (ax + b)" (for any
rational n except —1), together with constant multiples, sums and differences

e solve problems involving the evaluation of a constant of integration

e evaluate definite integrals (including simple cases of ‘improper’ integrals)

e use definite integration to find: the area of a region bounded by a curve and lines parallel to the axes,
or between two curves; a volume of revolution about one of the axes.

DIFFERENTIATION REVERSED

When x* is differentiated with respect to x the derivative is 2x.
So if the derivative of an unknown function is 2x then the unknown function could be X2

This process of finding a function from its derivative, which reverses the operation of differentiating,
is called integration.

The constant of integration

As seen above, 2x is the derivative of x*, but it is also the derivative of x* + 3, x* — 9 and, in fact, the
derivative of x* + K, where K is any constant.

Therefore the result of integrating 2x, which is called the integral of 2x, is not a unique function but is
of the form

x? + Kwhere K is any constant

K is called the constant of integration.
This is written fﬁx dy=x%2+K
where f dx means ‘the integral of ... with respect to x’.

Integrating any function reverses the process of differentiating, so for any function f(x) we have

f%f(x} dx = f(x) + K

For example, because differentiating x* with respect to x gives 3x* we have f?;xf dx =x*+K
and it follows that f.ﬂ dx = %xﬂ + K

It is not necessary to write %Hin the second form, as K represents any constant in either expression.

1

I."r---l +K
+:-1

In general, the derivative of x" " 'is (n + 1)x" so fx” dx =

so to integrate a power of x, increase that power by 1 and divide by the new power.

This rule can be used to integrate any power of x except —1.
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Integrating a sum or difference of functions

We know that a function can be differentiated term by term. Therefore, as integration reverses

differentiation, integration also can be done term by term.

Integration

111

Examples 12a
1 =

1 Find theintegralof 1 + x7 + = VX

fi

f(l +x?+x—1§—»-ﬁ)dx= (1+x7+x E—xfl')dx

Il

1dr+fx7dx+fx‘2dx—fx%dx
L
_ 1..3 1 S ¢
—I+§I +_—1I 3
)
— 1o ] 2 3
— g S8 L
YT XT3

Integrating (ax + b)"
Look at the function f(x) = (2x + 3)°

To differentiate f(x) we make a substitution

ie. u=2x+3 = f(x) = u
giving dix @2x + 3)" = (4)(2)(2x + 3)°

Hence f@)(z)(zx +3Pdx = @x+ 3" +K

f(Zx + 3P dx = (2}1(4) Cx+ 3+ K dividing by (2)(4)

Therefore f(x) = (ax + b)" " ! gives the general result

f(ux-{- b)" dx = (ﬂ)(ﬂl_,r [y @x+ by + K
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Integrate with respect to x
: 1
1 x 2 g
3 vx 4 x3
5 -]- 6 x?
y2
) 1
T % B —
v.X
8 145 10 x+ X
- 1
.I'E
 + 1
13 *—— 14 x(1 +x
> (1 +x)

Finding the constant of integration

When ﬁ =
dx

15 2-390 +5¢9 16 2 =t
1 — 2x 1+ x4+

T 18 =

19 (1 — x)* X)L Fxi)-.X)
l — '.-"I_ 3

21 IE*" 22 (x + 3)2

23 (1 + x)? 24 (1 + 3x)°

25 (2 — 5x)° 26 (3x + 5)3

27 (2x—9) ? 28 /[(dx + 1)

2x, we know that y = x* + K, which is not the equation of a particular curve.

To find the equation of the curve we need to know the coordinates of a point on the curve.

Example 12b
dy
dx
Find the equation of the curve.

dy ;
= =3 + 2x - y—f(?: 2x) dx
y=3x+x+K

(I,5)isonthecurveso 5=3+1+K sy

y=3x+x*+1

The equation of a curve is such that —— = 3 + 2x and (1, 5) is a point on the curve.,

K=1

Exercise 12b

1 The equation of a curve is such that
d .
Y~ 3x— 4x®

a —_—
and the curve passes through (1, 2).
Find the equation of the curve.

2 The equation of a curve is such that
dy _

———— ==

clx
and the curve passes through (4, —1).

Find the equation of the curve.

2+ 3/

3 The equation of a curve is such that

dx x=

IGCSE files&documents telegram channel

and the curve passes through (3, —1).
Find the equation of the curve.

4 The equation of a curve is such that
D _ 9v(1 + 3)

——1 =

dx

and the curve passes through (1, 8).
Find the equation of the curve.

5 The equation of a curve is such that
d ;
Y~ - 30

dx
and the point (2, 10) lies on the curve.
Find the equation of the curve.
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USING INTEGRATION TO FIND AN AREA

The area shown in the diagram is bounded by the curve y = [(x), the x-axis and the lines x = aand x = b

o i y =109
0 : ' hx
r=4a x=b

This area can be estimated by dividing the area into thin vertical strips and treating each strip, or
element, as being approximately rectangular.

Y Y i

> =
X X
The sum of the areas of the rectangular strips then gives an approximate value for the area.

The thinner the strips are, the better the approximation is.

Every strip has one end on the x-axis, one end on the curve and two vertical sides, so all the strips
have the same type of boundaries. We call these strips elements.

Look at an element bounded on the left by the vertical line through Ya
any point P(x, y) on the curve, then
/ﬁ\\f’[x. y)
the width of the element represents a small increase in
the value of x and so can be called éx. . \__/
Also, if A represents the part of the area up to the vertical line
through P, then
=
the area of the element represents a small increase in the =9 e 25BN

value of A and so can be called 6A.
The element is approximately a rectangle of height y and width ox.
Therefore, for any element 0A = y ox
oA

The equation 54 = y dx can be written as <= = y
This becomes more accurate as ax gets smaller, giving ﬁrlrirn“ —ﬁ% =y
. 64 . dA dA
B | S
oaMe P 0 ax Y

Hence A = fydx

The boundary values of x defining the total area are x = a and x = b and we show this by writing

b
total area = iyl:h‘
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DEFINITE INTEGRATION

The area bounded by the x-axis, the lines x = a and x = b and the )

curveyszfisgivenbyAzfﬁxzdx, e. A=xX+K

From this area function we can find the value of A corresponding
to a particular value of x.

Hence using x = a gives A,=a*+K

and using x = b gives A, =b+K

Then the area between x = a and x = b is given by 4, — A4, where
A== +B) - @+B=t~a°

— A, is called the definite integral from a to b of 3x* and is denoted by

f 3x? dx, j.e. L Il = (XN ens— Vg

The right-hand side of this equation is usually written in the form [xj]f,' where a and b are called the
boundary values or limits of integration; b is the upper limit and a is the lower limit.

v
f v dx is called the definite integral from a to b of y with respect to x.
il

Whenever a definite integral is calculated, the constant of integration disappears.

A definite integral can be found in this way only if the function to be integrated is defined for every
value of x from a to b, for example

—lf dx cannot be found directly as i is undefined when x = 0
1 X x5

Example 12c
4

Evaluate f izdx
1 X

*'!]_ 4+
f—gdx Efxfdx
1 X 1

S (PR . WU SR (B N (N C P | — 3
[-x )i ={-4}—{-1}=-1+1=3
Evaluate each of the following definite integrals.
2 R 0 2
1 fx’*dx 2 fw"xﬁdx '.rf (1 — %) dx g [ 3xtly,
i 1 1 J1 T
4 : 9 0 : ["1 .
3 fz (x* + 4) dx 4 L VX dx 9 f1(2 + 3x)* dx 10 |, (3 - 2x)dx
)
3 4 .
5L (42— Ddx 6 [ (¢ -30dx
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FINDING AREA BY DEFINITE INTEGRATION

The area bounded by a curve y = {(x), the lines x = a, x = b, and the x-axis, can be found from the
definite integral

L Haoyax

Example 12d

Find the area of the shaded region shown in the diagram.

The required area starts at the y-axis, i.e. at x = 0 and ends where the ¥
curve crosses the x-axis, i.e. where x = 1

1 p
Area=£(l - x)dx = [x—%

The area is % of a square unit.

Exercise 12d

In each question find the area with the given 3 The x-axis, thelines x = —1, x = 1, and the
boundaries. curve x> + 1.
1 The x-axis, the curve y = x* + 3 and the lines Ya
x=1,090=2 47
Ya

10- 1
84 9 -

- \ |/

4 -
2-
. | Y T 0 5 X
3 " 9 2 & ¥
4 The curve y = x* + x, the x-axis and the line
2 The curve y = /X, the x-axis and the lines =3
x=4,x=9 Ya
Ya 15-
4_

- / Ly
2 -
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9 The positive x- and y-axes and the curve 7 The curvey = 4 — x? the positive y-axis and
y=4-x° the negative x-axis.

2%

| L ¥ | -
—4 4
8 The x-axis, the lines x = 1 and x = 2, and the
sl
curvey = ;x' + 2x
6 Thelines x = 2, x = 4, the x-axis and the curve YA
-},! —_— :“3 B_
Ya -
60- il
504
2_
40
O >
30- R
204 —94
101
- el > 9 The x-axis and the lines x = 1, x = 5 and
X .
2 4 y = 2x. Check the result by sketching the

required area and finding it by calculating the
area of a trapezium.

The meaning of a negative result

Ya Look at the area bounded by y = 4x°, the x-axis and the lines

- (a) x=1landx=2 (b) x=-2andx= -1

This curve is symmetrical about the origin so the two shaded areas are equal.

Ya

(a) The area of A is

e =] s
1

/ =[ 1=16-1=15

(b) The area of B is

-1 =
f_jydx= f i A dx

-y

0 ‘_}r'ir*_

This integral has a negative value because,

w “A] l from —1 to —2, the value of y that gives
the length of the strip is negative. An area

=1-16 cannot be negative so the minus sign just

=B means that the area is below the x-axis.

The actual area is 15 square units.
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Example 12e

Find the area enclosed between the curve vy = x(x — 1)(x — 2) and the x-axis.

The curve crosses the x-axisat x = 0, x = 1 and x = 2. The area enclosed between the curve and the x-axis is the
sum of the areas A and B.

Ya
y=x(x = Dix —2)

1 1
The area of A is Lydx =L(ﬁ—3x'=’-’+2x}dx
]

ZE_' z]:l
[4 XJ—I_I{: 4

2 2
The area of B is j;ydx =b£(_x3—3x3+2r}dx

=[§—x3+x2]fz(4—3+4)—( -141)=~1

o | —

The negative sign means that the area of B is below the x-axis. The actual area of B is 41 of a square unit.

The total area is {l 44

A .
3 E) square unit = 35 square unit

1

Find the area below the x-axis and above the (b) the area below the x-axis and above the
curvey = x* — 1 curve

Bl i aren Bounded Ty thecumrey= 1= (c) the total area between the curve and the

the x-axis and the lines x = 2 and x = 3 ATAxIS.
Find the area between the x and y axes and 5 Repeat question 4 for the curve y = x(4 — x°)
the curve y = (1 — x)*
6 Find
Sketch the curve y = x(x* — 1), showing 9 A
where it crosses the x-axis. (a) L (x—2)dx (b) L (x — 2) dx

g 0
Fig © [ Gc-2ax

(a) the area enclosed above the x-axis and
below the curve Interpret your results with a sketch.

Finding the area between a curve and the y-axis

The area between a curve and the y-axis can be found by subtracting the area between a curve and
the x-axis from the area of a rectangle. The next worked example shows how to do this.
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Examples 12f

1 Find the area enclosed by the curve y = x* + 1, the y-axis and the line y = 9

y=x"+ landy = 9 intersect where 9 = x* + 1,i.e. wherex = 2

Area between the curve, the x-axis, x = 0and x = 2 is

Lg(x:* + 1) dx
and the area of rectangle OABCis 18.
Therefore the shaded area is
la—fgxu Ndr =18—|% ¢4l
=18 —6=12

Finding compound areas

Compound areas can also be found by subtracting one area from another.

Examples 12f cont.

2 Find the area between the curve y = x” and the line y = 3x as shown in the diagram.

.|y o e o e
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The line and curve meet where x* = 3x, i.e. wherex = 0 and x = 3
3

Area between the curve, the x-axis. x = 0 and x = 3 is I x2 dx
|

3
and the area between the line, the x-axis, x = 0 and y = 3 is f} 3x dx

theshadedareaisi:Sxdx—Lﬁdx=u[](3x—x2)d_r

- b - -5 -84

2

3 Find the area between the curve y = x* and y = 4x — 3x°
shown in the diagram.

The curves meet where X3 =4x — 3x°
== P+ 3 ~4 =0

= M+ =4 =1

= x=0 or x=1 or x=—4

The diagram shows the area between the curves fromx =0tox =1
1
The area between y = X7, the x-axis and the line x = 1 is L x3 dx

1
and the area between y = 4x — 3x?, the x-axis and the line x = 1 is fu (4x—= 3 dx.

The required area is

[cx—3x ax — [ dr= ['ax -3¢ —x) dx= [2¢ — 20 - L] = 2

1 Find the shaded area in the diagram that is 2 Calculate the area bounded by the curve
enclosed by the curve y = x(2 — x), the y-axis v = Jx, the y-axis and the line y = 3
and the line v = 1 Va
Vi
4_
1
2 -
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3 Find the area bounded by 6 Calculate the area in the first quadrant between

E — i e —
(a) the x-axis, the line x = 2 and the curve the curve y* = x and the lines x =9,y = 0

y = x2 Ya
Vi 9
104 4+
8- 3 as
6+ &
4- &
T T T T T =
2 OO 2 4 6 8 10 <X
0 2 x : :
7 Find the area between the x-axis, x = —1 and
the curve y = (1 — x)?
(b) the y-axis, the line y = 4 and the curve VA
y =x° .
34
Ya
10- 27
B...
6 \
| | I .
4 -1 0 1 2 X
2- —47
0 X
- 8 Evaluate the area between the liney = x — 1

and the curve

4 A region in the xy-plane is bounded by the (@ y=x(1-x
lines y = 1 and x = 2 and the curve y = iﬁ
X
Find its area.
Ya
2 -
} =
0 9 X

5 Find the area between the curves y = 1 — x*
andy=1-—x

Y
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9 Calculate the area of the region of the xy-plane 10 Calculate the area between the curves y = x°
between the curvesy = (x + 1)(x — 2)and y = x and y = x(2 — x)

=
X
X
Improper integrals
In this diagram the shaded area is bounded by the curve y = {(x), ¥
the x-axis and the two lines x = @ and x = b. Both vertical lines
intersect the curve, so the area is clearly defined and can be /\
b

evaluated using I f(x) dx. / S~y = f(x)
But the area may not always be so clear. 1
For example, the area bounded by the curve y = 3:1.5, the x-axis and 0 = b >

the line x = 1. In this case a = | and, as the x-axis is an asymptote
to the curve, b is infinitely large and therefore indeterminate,

We cannot be sure what happens to the area as x — ~c, so we will
first take a large, finite value for b, b = X say.

Finding this area gives

X
1 —-11X 1
e = | e = LT S
-]]‘xgdx I]l = X 1

Now as X approaches infinity, 1 approaches 0.

X

Therefore the value of the area converges to 1, and we say that *
f __IE dx is convergent and equal to 1.
1 X
Now consider the area bounded by the same curve y = x% the
y-axis and the line x = 1
This time the y-axis is an asymptote, and we are not sure what
happens to the area as x — 0, so we take a very small value
for a, a = Z say.
Integrating as before gives
1 = i
fiﬂ_dx:[_l T B oz 1 X
z X" X |z Z

1
As Z — (), % — oo, 80 the value of the area becomes infinitely large, so 1; ﬁ dx is indeterminate,
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FEach of these cases is an example of an improper integral and
they show that some, but not all, improper integrals can be
found. Any definite integral that has one of its limits at a value
of x where there is an asymptote, is an improper integral,
whether or not the limit is zero or infinity.

YA

1
. . -1
An example of this type is f TR ax.

Exercise 12g

2
Find the value, if it exists, of each of the 3 lf e
following integrals. 0 v
g 1 [ L
! fl .X'a dx 2 WX
"1 1 1
2 i Fdx 5 : de

VOLUME OF REVOLUTION

When an area is rotated about a straight
line, the three-dimensional object formed / ‘\ N

is called a solid of revolution, and its
volume is a volume of revolution.

The line about which rotation takes place is always an axis of symmetry for the solid of revolution.
Also, any cross-section of the solid that is perpendicular to the axis of rotation is circular.

Look at the solid of revolution formed when the shaded area is rotated about the x-axis.

Vi Ya
¥=14X)
h—l""-.—"-
9, ; 0 X

To calculate the volume of this solid we can divide it into ‘slices’ by
making cuts perpendicular to the axis of rotation.

0 ¥ If the cuts are close together, each slice is approximately a cylinder.
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Think about an element formed by one cut
through the point P(x, v) and the other cut
distant éx from the first.

The volume, &V, of this element is approximately
that of a cylinder of radius y and ‘height’ éx,

ie. SV=mPox = ‘;—Ezmﬁ
giving % =

Therefore V= f my* dx

When the equation of the rotated curve is y = {(x), this integral can be evaluated. For example when
y=af V= ffr{x-?)f dx

When the area is rotated about the y-axis, we can use a similar method based on slices perpendicular

to the y-axis, giving V = f:vr:n:2 dy

Examples 12h

1 Find the volume generated when the area between y = x°, the line x = 2 and the x-axis is
rotated about the x-axis.

We are integrating with respect to x so the limits of the integral are YA
the limits of x, i.e. x = 0 and x = 2
2 2 4+
V=f-:ry3dx =£ﬂx4dx
0
1 r,r-' 32
= |zmx’| ==—=20.1 3s.L 9
[5 o 5 82 =
Therefore the volume generated is 20.1 cubic units.
] I -

2 The area defined by the inequalities y = x* +1, x = 0, y = 2 is rotated completely about
the y-axis. Find the volume of the solid generated.

Ya Va

P 5
y=x+1

| ]

0 .7 0 2

Rotating the shaded area about the y-axis gives the solid shown. This time we use horizontal cuts to form
approximate cylinders with radius x and thickness &y.
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EVZTT_IEE}’;’*%:HIE y

dy_ .. _
dy—mr"E so V flmédy °

We cannot integrate x* with respect to y so we need to =

oy
express x° in terms of y. '

Using the equation of the curve, y = x* + lgives ¥’ =y — 1
s .
v=n| G- Ddy=m[1 -y
1
=7[@-2 - (3-1)] =37

The volume of the solid is %ﬂ' cubic units.

3 Find the volume generated when the area between the Ya
curve y* = x and the line y = x is rotated completely
about the x-axis.

The defined area is shown in the diagram.

=Y

When this area rotates about Ox, the solid generated is bowl-shaped on the outside, with a conical hole inside.
The cross-section this time is not a simple circle but is an annulus, i.e. the area between two concentric circles,

For a typical element the area of cross-section is
Y — Ty’

Therefore the volume of an element is given by
3V = m{y? — y,t} &x

v, =vxandy, = x

g1

1
V=g | e—x%dy= w[:"x?-'—.lr‘lﬁ= T
]

1
2 3 6
The volume generated is ¢ 7 cubic units.
The volume in Example 3 can also be found by calculating separately
(1) the volume given when the curve y* = x rotates about the x-axis;
(2) the volume of a cone with base radius 1 and height 1 and subtracting it from (1).

The method in which an annulus element is used, however, applies whatever the shape
of the hollow interior.
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In each of the following questions, find the In each of the following questions, the area
volume generated when the area shown by the bounded by the curve and line(s) given is
following diagrams is rotated completely about rotated about the y-axis to form a solid. Find the
the x-axis. volume generated.
1 YA S y=xt,y=4
4
y=x(4 - x) 6 y=4—-x5y=0
; T y=xyv=1Ly=2forx=0
8 Find the volume generated when the area
enclosed between y = /x and x = 1 is rotated
i - about the x-axis.
0O 2 X
9 (a) The area enclosed between the line
y = x* and the line y = 2x is rotated
2 about the x-axis.
27 Find the volume generated.
y Z:T Ya
0 1 > X
3 YA
4.-
. (b) Find the volume generated when the area
- : : . .
- given in (a) is rotated about the y-axis.
2-
-
-2 {j . A
4 Vi
2 =*+/x
’/y.i:"‘#——
"'-.._.\_-—-‘-h-.
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Mixed exercise 12

Integrate with respect to x 10 The area between the curve
o1 . v=(x—1(x—2)+ 1andthe line
II-_;\Z- 2 VX 2}’=I+1
. Ya
sy x — 1
VX + — 4
ol VX x* 1
= 1
» VX P
Evaluate
J"ﬁ " ; f < v 1
6 — X dx 7 % — - ]dx
y PR ! ( VE P
T Ol T T ;
Find the areas specified in questions 8 to 10. / . t
8 Bounded by the x- and y-axes and the curve
y=1-x
Vi 11 Find the volume generated when the area
defined in question 8 is rotated about the
6- X-axis.
12 (a) Find the volume generated when the
\ area defined in question 9 is rotated
O \é * about the x-axis.
(b) Find the volume generated when the
] area defined in question 9 is rotated
9 Bounded by the curve y = (x + 4)? and the about the y-axis.
x-and y-axes.
VA 13 Evaluate f 1 dx
1 (1 4 x)°
_r,.;l_ _|£: 0| }-3:1’
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Vectors

After studying this chapter you should be able to

i 1
L

| X
e use standard notations for vectors, i.e. [i] xi + M, [}’
- \Z/

e carry out addition and subtraction of vectors and multiplication of a vector by a scalar, and interpret
these operations in geometrical terms

e use unit vectors, displacement vectors and position vectors

e calculate the magnitude of a vector and the scalar product of two vectors

e use the scalar product to determine the angle between two directions and to solve problems
concerning perpendicularity of vectors.

,xi +yj + zk, AB, a

VECTORS

A vector is a quantity which has both magnitude and a specific direction in space.

A scalar quantity is one that is fully defined by magnitude alone. Length, for example, is a scalar
quantity, as the length of a piece of string does not depend on its direction when it is measured.

A vector can be represented by a straight line segment where the length of the line represents the
magnitude and the direction of the line represents the direction of the vector.

The vector can be denoted by E where A and B are the end points of the line and the arrow shows
the direction, i.e. from A to B. A vector in the opposite direction is denoted by BA. The vector can also
be denoted by, for example, a.

b B B

PROPERTIES OF VECTORS

The modulus of a vector

The modulus of a vector a is its magnitude and is written |a or ai.e. |al is the length of the line
representing a.

Equal vectors
Two vectors with the same magnitude and the same direction are equal.

ie. a=b<& [|a] = |b| and
the directions of a and b are the same.

It follows that a vector can be represented by

any line of the right length and direction,

regardless of position, i.e. each of the lines

in the diagram opposite represents the vector a. \
i |
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Negative vectors

If two vectors, a and b, have the same magnitude but opposite directions then
b=-a

i.e. —ais a vector of magnitude |al and in the direction opposite to that of a.

a and b are called equal and opposite vectors,

Multiplication of a vector by a scalar

If 4 is a positive real number, then 4a is a vector in the same direction as a and of magnitude 4|a.

[t follows that —Aa is a vector in the opposite direction, with magnitude 4/a].

P

Addition of vectors

[f the sides AB and BC of a triangle ABC represent the vectors p and q then
the third side AC represents the vector sum, or resultant, of p and q, which
is denoted by p + q.

Note that p and q follow each other round the triangle (in this case in the
clockwise sense), whereas the resultant, p + q, goes the opposite way
round (anticlockwise in the diagram).

The order in which the addition is performed does not matter, as we can A
see from a parallelogram ABCD.

Because the opposite sides of a parallelogram are equal and parallel, AB and DC both represent
a and BC and AD both represent b.

In AABC AC=a+b and in AADC AC=h +4

Thereforea +b =b + a

POSITION VECTORS AND DISPLACEMENT VECTORS

Usually a vector has no specific location in space and is called a displacement vector. Some vectors,
however, are constrained to a specific position, e.g. the vector OA where O is a fixed origin.

OA gives the position vector of A relative to O.

This displacement is unique and cannof be represented by any other line of equal length and direction.
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Vectors such as OA, representing quantities that have a specific A

location relative to the origin, are called position vectors. /\&\H
A vector that gives the displacement of one point relative to another

point that is not the origin is called a displacement vector. 0

N N In this diagram, O is the origin.
OA gives the displacement of A from O so OA is the position vector of A.

ABis a displacement vector as it gives the displacement of B from A.

THE LOCATION OF A POINT IN THREE DIMENSIONS

Any point P in a plane can be located by giving its distances from Va
a fixed point O, in each of two perpendicular directions. These
distances are the Cartesian coordinates of the point. D — =

To locate a point in three dimensions we start from a fixed point, e |
(). Any other point can be located by giving its distances from O o
in each of three mutually perpendicular directions, i.e. we need
three coordinates to locate a point in 3-D. So we use the familiar
x- and y-axes, together with a third axis Oz. Then any point has
coordinates (x, y, z) relative to the origin O.

b o = e e e e e o=

t'ﬁ
=Y

Cartesian unit vectors
A unit vector is a vector whose magnitude is one unit. YA

Now when
iis a unit vector in the direction of Ox (0,1, 0
j is a unit vector in the direction of Oy Y

i (1,0,0)
k is a unit vector in the direction of Oz k e

then the position vector, relative to O, of any point P can be given 0.0, 1)

in terms of i, j and k,

e.g. the point distant “
3 units from O in the direction of Ox
4 units from O in the direction of Oy
5 units from O in the direction of Oz

has coordinates (3, 4, 5) and OP = 3i + 4j + 5k

=Y

i i3
This can also be written as OF = [4]
5

When P is any point (x, y, z) and OP =r
then r=xi+)y+zk

or =

'_":".
4
Z |

and r is the position vector of P.

Displacement vectors can be given in the same way.

For example, the vector 3i + 4j + 5k can represent the position
vector of the point P(3, 4, 5) but it can equally well represent
any vector of length and direction equal to those of OF.

Unless a vector is specified as a position vector it is taken to be a displacement vector.
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OPERATIONS ON CARTESIAN VECTORS

Addition and subtraction

To add or subtract vectors given in i j k form, the coefficients of i, j and k are added or subtracted
separately,

e.g. ifv, =3i+2j+2kandwv, =i + 2§ — 3k

then v, +v, =i+ 2j+2k)+(+ 2 - 3k)
=B+ IN+2+Dj+2 -3k
=4i+4j—k

and vi— Vv, =@ -Di+2-2)j+ 2 —{-3})k
= 2i + 5k

Modulus
The modulus of v, where v = 121 — 3j + 4Kk, is the length of OP where Pis the point (12, —3, 4).

Using Pythagoras twice we have Ya
OB? = OA? + AB? = 122 + 4¢
OP? = OB? + BP? = (122 + 42) + (—3)? o 12 A
OP =122 + 42+ 32 =13 i )
For any vector v = ai + bj + ¢k
v =V + b+ z )

Parallel vectors

Two vectors v, and v, are parallel if v, = Av,

e.d. 2i — 3j — ks parallel to 4i — 6j — 2k A=2)
and i+ j+ kis parallel to —3i — 3j — 3k (A= -3)

Equal vectors
When two vectors v, = q)i + byj + ¢;k and v, = a,i + b,j + ¢,k are equal then

a=a and b,=b, and ¢, =c¢,

Examples 13a

1 Given the vector v where v = 5i — 2j + 4k, state whether each of the following vectors is
parallel to v, equal to v or neither.

(a) 10i — 4j + 8k

(b) —5(—10i + 4j — 8k)
(¢) —5i+ 2j — 4k

(d) 4i —2j + 5k
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(a) 10i — 4j + 8k = 2(51 — 2j + 4k) (A =2)
10i — 4j + 8k is parallel to v.

(b) —5(—10i + 4j — 8k) = 5i — 2j + 4k
— 3(—10i + 4j — 8k) is equal to v.

(¢) —-5i+2)—4k=—(5i — 2 + 4k) A=-1)
—5i + 2j — 4k is parallel to v.

(d) 4i — 2j + 5k is not a multiple of 51 — 2j + 4k.
4i — 2j + 5k is not equal or parallel to v.

2 A triangle ABC has its vertices at the points A(2, —1, 4), B(3, —2,5) and C(—1, 6, 2).

Find, in the form ai + bj + ck, the vectors AB, BC and CA and hence find the perimeter of
the triangle.

AB = AO + OB C(-1,6,2)
AB = OB — OA i
= (31— & + dk) — (21 —§ +4k) (2,-1,4) B
:i—j—|—k {.31_215J
BC =0C—- 0B
= (—i+ 6j + 2k) — (3i — 2j + 5k) 0
= —4i + 8 — 3k The coordinate axes are not drawn in this
diagram as they complicate the diagram
aj' - aﬁ o ‘5& when two or more points are illustrated.
The origin should always be included,
= (zi — ]+ 4!{] — (_i + ﬁj =+ 2"{) however, as it provides a reference point.
= 31— 7j + 2k AB is ‘clockwise’, AO and OB are

‘anticlockwise’,

Hence AB =|AB =/ + (-1)2+ (12 =3

Bl = !B_éI ={(—42 + 82 + (—3* =89
CA = [CA| =@+ T2 + (2 = /62
The perimeter = 3 + v8) + /62 = 19.0 units (3s.f.)

Two-dimensional problems can be solved by using the same principles as for three-dimensional cases
but the working tends to be easier because it involves fewer terms.

Examples 13a cont.

3 Given thatp =i+ 3j, q = 4i — 2j, OA = 2p and OB = 3q, find A
(a) |0A
(b) |0B 2
(c) |AB
0
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(a) |OA| = 2Ji + 3§ = 2V1Z + 32 = 2/10 = 6.32 units (3 s.£)

(b) |OB| = 3/4i — 2| = 3/4% + (=2) = 6/5 = 13.4 units (3 5.£)

(¢) AB=AO + OB = OB — OA = 3(4i — 2j) — 2(i + 3j) = 10i — 12

AB| = y10% + 127 = 2/61 = 15.6 units (3s.f.)

1 Write down, in the form ai + bj + ck, the 7 Which of the following vectors are equal
vector represented by OP when Pis a point to b?
with coordinates {a) 94 4 ]-2j
(a) (3,6,49 (b (1, =2;~=7) (b) —i— 6
& A= (¢) AEilEis (5, —6)
2 OP represents a vector r. Write down the (d) AFif Fis (6,0)

coordinates of Pwhen

(a) r=51—T7j+2k

8 When 5}3 = JPO_A', find the value of A for

which OD + OB is parallel to the x-axis.

(b) r=1i+4j
. 9 Which of the following vectors are parallel to
(o) r=]—k 3i — j — 2Kk?
3 Find the length of the line OF when Pis the (a) b6i—3j— 4k (b) —9i+ 3j+ 6k
polnt © -3i—-j—2k (d) —2@3i+j+2K
() (=2,-2,1)

10 Given that a = 4i + j — 6k, state whether

4 Find the modulus of the vector V when each of the following vectors is parallel or
equal to a or neither.

(a) &+ 2j— 10k
(b) —4i—j+ 6k
(©) 22+ 5j - 3K)

(a) V=2i—-4j+ 4k
(by V=6i+2j— 3k
(¢) V=11i—-T -6k

5 fa=i+j+kb=2i—-j+ 3k,

¢ = —i+3j— kfind 11 The triangle AB(C has its vertices at the
points A(—1, 3,0), B(—3,0,7), ((—1, 2, 3).
(a) a+b (b) a-c Find in the form ai + bj + ck the vectors
() a+b+ec (d) a—2b + 3c representing
(a) AB (b) AC (¢) CB

E Greltiohe Aty Ci=&=uik—ilpan0 12 Find the lengths of the sides of the triangles

OB =b =1+ 6j described in question 11.
6 :’-.f’m;:h of the following vectors are parallel 13 Find |a — b| wherea =1 —j + 2k, b = 2i — |
0 a:
(@) i+ 3 (b) —i+ 3 14 A, B, C and D are the points (0, 0, 2),
) _ ) _ (—1,3,2),(1,0,4)and (—1, 2, —-2)
(¢) 121 — 4j (d) —4+ 12 respectively. Find the vectors representing
(e) i-3 AB, BD, CD, AD.
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F/ F
E Acm
k a1
5 B
J
g 2 y

OABCDEF(G is a cube of side 3 em. O is the
origin and unit vectors i, j, and k are parallel
to OA, OG and OF respectively.

Express each of the vectors aEi", 0OC and EE'
in terms of i, j, and k.

16

ABCDEF is a triangular prism with the
dimensions shown in the diagram. O is

the origin and the midpoint of AB. G is the
midpoint of DE. The unit vectors i, j, and k
are parallel to OB, OG and OC respectively.

Express each of the vectors ﬁ] EF and FA in
terms of i, j, and k.

FINDING A UNIT VECTOR

The vector v = 6i + 2j + 3k represents OP.

v is V6% + 22 + 32 i.e. OPis 7 units long.
l

17

Vectors 133

0 'il 3cm A

OABCDE is a triangular prism with the
dimensions shown on the diagram. The unit
vectors i, j, and k are parallel to OA, OC and
OD respectively.

Express each of the vectors ﬁf EB and EA in
terms of i, j, and k.

OABCDE is a cube with a side of 6 cm.

FPand () are the midpoints of DC and BC

respectively. The unit vectors i, j, and k are

parallel to OA, OG and OF respectively.

(a) Express each of the vectors ﬁﬁ, E}E
and @ in terms of i, j and k.

(b) Calculate the perimeter of triangle OFQ.

[
-

Therelore v is a vector of unit magnitude and is denoted by v

kA
Ivi

i.e. V=

In general
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Example 13b

Find the vector aﬁgiven that OPis of length 5 units and is in the direction of the vector
2i —j + 4k.

. . o c 21 —j+ 4k L e, &
The unit vector in the direction of 2i — j + 4k = = —(2i — j + 4k)
vd+1+16 V21
OP=—2_(2i —j+ 4K)

v2l

Exercise 13b

1 Find a unit vector in the direction of each of 3 Relative to an origin O, the position vectors of
the vectors. points A and B are OA = —i + 2j + k and
(a) 2i+2j—k (b) 6i—2j— 3k OB = i — aj + k respectively.
(©) 3i+ 4k (d) i+ 8+ 4k (a) Find the unit vector in the direction
of AB in terms of a.
(e) 3i+4j -
(b) Find the value of a for which |[AB| = 2
2 Relative to an origin O, the position vectors of 4 Relative to an origin O, the position vectors of
E‘f“ts A and Bare OA = 3i + 2j — kand points A and B are OA = i + 2j + 3k and
OB =1 — j + 2k respectively. OB = i — 3j + bk respectively.
Find the unit vector in the direction of AB. Find the values of b for which |AT3[ =5

THE ANGLE BETWEEN TWO VECTORS

There are two angles between two lines, i.e. « and 180" — a.

The angle between two vectors, however, is defined as the angle %
between their directions when the lines representing them both
converge or both diverge (see diagrams a and b).

|

b
(a) (b)

In some cases one of the lines may have to be extended in order to mark the correct angle
(see diagram c).

THE SCALAR PRODUCT

The scalar product of two vectors a and b is denoted by a . b and defined as a
ab cos 0 where 0 is the angle between a and b.

i.e. a.b=abcos i

As ab cos 0 = ba cos ¢ it follows thata.b =b.a b
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Parallel vectors

If a and b are parallel then

either a.b=abcos0 or a.b=abcosw
<l a
L g >
b b 7.8
______ > > < il i
£l
L.e. for like parallel vectors a.b=ab

and for unlike parallel vectors a.b=-ab

In the special case whena = b
a.b=a.a=a’ (sometimes a.ais written a%)
For the unit vectors i, j and k,

i.izj.j=k.k=1

Perpendicular vectors

B | —

If a and b are perpendicular then 0 = - , > a.b=abcos %?T =)

L.e. for perpendicular vectorsa . b = 0
For the unit vectors i, j and k,

i.j=j.k=k.i=0

CALCULATING a . b IN CARTESIAN FORM

Whena=xi+ y,j + z;k and b = x,1 + y,j + 2.k
a.b=(ax;+ 1y + 212y

j.e. Cai + yj + z,K) . ol + wj + 2.k) = x5 + iy + 2125

So 21 — 3+ 4K) . (i + 3j — 2k) = () + (-3)(3) + @)(-2) = —15

135

Examples 13c

1 Find the scalar product of a = 2i — 3] + 5k and b = i — 3j + k and hence find the angle
between a and b.

a.b=02)1)+(—3)(—3)+BG)X1) =16
But a.b =|a||b| cos 6

la| =v4 +9+4+25=V38and|b| =Vl +9+1=VI1

a.b 16
SOM NG
la| [b|] 11.38

6 = 38.5° (1d.p.)

Hence cos @ =
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2 Relative to an origin O, the position vectors of points A and B are OA =i+ 2 + 3k
and OB =i — 3j + 2k respectively. State whether angle AOB is acute, obtuse or a right-

angle.,
0. 0B=1-6+6=1
|OA| % |OB| X cos ZAOB = 1

SO cos SAOB = _1_ which is positive.
0OA| | OB|

/AQOB is acute.

2 2
3 Find the value of a for which the vectors ( - 1) and ( ﬂ') are perpendicular.
1 —2

| 2
_1J.( 2)=4—a-2
1 =g
The vectors are perpendicular when4 —a — 2 =0
a=2
1 Calculate a. b if 4 Inatriangle ABC, AB = i + 2j + 3k and

(a) a=2i— 4j + 5k, b=1i+ 3+ 8k BC=—-1+4j
(b) a=3i-T7j+ 2Kk, b=5i+j— 4k Find the cosine of angle ABC.
(c) a=2i- 3j+ 6k, b=i+} Find the vector AC and use it to calculate the

angle BAC.
What conclusion can you draw in part b?

5 Show thati + 7j + 3k is perpendicular to both
2 Find p . q and the cosine of the angle between i—j+2kand?2i+j-— 3k

and q if
p B 6 Show that 13i + 23j + Tk is perpendicular to

(a) p=2i+4+Kk, i+j+k both 2i +j — Tk and 3i — 2§ + k.

Il

q
(b) p=—i+3j—2k q=1i+]j-6k 7 The magnitudes of two vectors p and q are 5
(c) p= -2i+5j, q=1+]j and 4 units respectively.
(d) p=2i+]j, q=j- 2k The angle between p and q is 30,

Find (a) p.q

3 The cosine of the angle between two vectors
8 (b) the magnitude of the vectorp — q

v, and v, is f]u

Ifv, = 6i + 3j — 2k and v, = —2i + Aj — 4Kk, 8 Calculate the acute angle between the vectors
find the positive value of 4 ( EJ ' EJ'J
—1jand| —1
3 p=1
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11

9 The diagram shows a cube where the length

of each edge is 4 cm.

E D

G

A b

(a) Expressinterms of i, jand k the
vectors

(i) AE
(ii) AG
(b) Given that # is the midpoint of AB, find
the angles of the triangle AEH.

OABCDEF(G is a cube where the length of
each edge is 4cm.

D i

H is the point where the diagonals of the
face BCDG meet.

(a) Expressinterms of i, jand k the
vectors

(i) AE
(i) AH
(b) Find the angle EHA.

In triangle OAB, O is the origin,
OA = 4i — 3j + 4k and OB = i + 6j — 2k

(a) Show that triangle OAB is isosceles.

(b) Find angle AOB correct to the nearest
degree.

(¢c) Hence or otherwise find the area of
triangle OAB.
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The points A, 5, C have position vectors
a=2i+j—k b=3i+4— 2k,
c=5i—j+ 2k

respectively, relative to a fixed origin O.

(a) Calculate the scalar product
(a — b).(c — b)and hence calculate

the angle ABC.

(b) Given that ABCD is a parallelogram:
(i) determine the position vector of D;
(ii) calculate the area of ABCD.
(¢) The point E lies on BA produced so
that BE = 3BA
Write down the position vector of £,

The line CE cuts the line AD at X. Find
the position vector of X.

D

S5cm

The diagram shows a right circular cylinder.
The height of the cylinder is 5 cm and the
radius of the base is 5cm. AB and EF are
parallel diameters of the circular ends.

CD and GH are parallel diameters and are
perpendicular to AB and EF respectively.
The unit vectors i, j, and k are parallel to OA,
OG and OF respectively,

Calculate the size of angle AOD.

E

4cm

i Jom A

OABCDE is a triangular prism with the

dimensions shown on the diagram. P is the
midpoint of AB. The unit vectors i, j, and k
are parallel to OA, OC and OD respectively.

(a) Calculate the size of the angle EOP.
(b) Calculate the area of triangle OEP.
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TRIGONOMETRIC RATIOS OF 30°, 60°, 45°

30° 60° 45°
: 1 V3 1
sin 5 5 i
V3 1 1
cos 5 5 =
tan "'“_-!'-: \ E 1
V3

TRIGONOMETRIC FUNCTIONS

f(x) = sin x
The sine function, [(x) = sin x
is defined for all values of x
is periodic with a period 2«
has a maximum value of 1 when x = (2n + 1) 7
and a minimum value of —1 when x = [Zn + %} T

is zerowhen x = nw

f(x) = cos x
The cosine function, f(x) = cos x
is defined for all values of x
is periodic with a period 27
has a maximum value of 1 when x = 2nw
and a minimum value of —1 whenx = (2n + 1w

is zero when x = £ (2n + D7

f(x) = tan x
The tangent function, y = tan x
is undefined for some values of x,
these values being all odd multiples of 3 7,
is periodic with a period .

INVERSE TRIGONOMETRIC FUNCTIONS

The inverse trigonometric functions are sin ' x, cos ' x, tan ' x.

sin” ! x means ‘the angle in the range — 37 = 6 = ;7 whose sine is x’".

1
2
= whose cosine is x',

cos ' x means ‘the angle in the range 0 = 0 =

aw
7<= = L7 whose tangent is x'.

tan ' x means ‘the angle in the range — ;

(g
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Trigonometric identities

sin? 0+ cos? 0= 1

ARITHMETIC PROGRESSIONS

In an arithmetic progression, each term differs from the preceding term by a constant (called the
common difference).

An AP with first term a, common difference d and n terms is
aa+da+?2d,.. B {a+ (n— 1)d
The sum of the first n terms is given by

S, = Ln(a + ) where [ is the last term

i

2
= 3n{2a + (n — Dd)

GEOMETRIC PROGRESSIONS

In a geomeltric progression each term is a constant multiple of the preceding term. This multiple is
called the common ratio.

A GP with first term a, common ratio r and n terms is
a,arar-, .. ar-—

The sum of the first n terms is given by

Snza{l—r’*]
I =7

The sum to infinity is given by S = 5 4 - provided that —1 <r <1

The binomial theorem

If nis a positive integer then (a + b)" can be expanded as a finite series, where

(a + b)" = @" + na” 1.{}-1-(”

2

).:1" 2 b2 + (g)aﬂ S+ ...+ b

and where

(n) _ nin—1}n—2)...(n—r+ 1)
4 !

In particular, (1 +x)"=1+ nx+ (”)xﬁ + (”]f’ + ...+ x°

2 3,
INTEGRATION
Standard integrals
Function Integral
X" ”}rlx’*—h(ni—lj

n 1 i A+1 —
(ax + b) a(n+1)“*mf+b} ,n#—1
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Area
The area bounded by the lines x = a and x = b and
the curve y = f(x) is given by

i)
Area = f f(x) dx
Volume of revolution

The volume formed by rotating the area bounded by the
curve y = f(x), the lines x = g and x = b and the x-axis

==
is given by 0 a b x
b
Volume = f my* dx
i
A ;"}, — 100 Ya
—]
L E—
) X () x
VECTORS

A vector is a quantity with both magnitude and direction and can be represented by a line segment.

If lines representing several vectors are drawn ‘head to tail’ in order, then the line (in the opposite
sense) which completes a closed polygon represents the sum of the vectors (or the resultant vector).

A position vector has a fixed location in space.

Cartesian unit vectors

i, jand k are unit vectors in the directions of Ox, Oy and Oz respectively. VA

Any vector can be given in the form ai + bj + ck.

(a,i + bjj + c;k) = (a,i + bjj + c.k) = (a, £ ani + (b = by)j + (¢, £ ¢ )k A

lai + b + ckl = Va? + b? + ¢

For two vectors v, = a,i + bjj + c;kand v, = a,i + b,j + ¢,k

v, and v, are parallel if v; = Av,
i.e. a; = Aas, by = Abs, ¢; = Ay

v, and v, are equal if @, = @y, b, = by, ¢, = ¢,

The scalar product of two vectors

If 0is the angle between two vectors a and b then
a.b=lal Ibl cos @

a and b are perpendicular = a.b = 0

lfa=xi+yj+zkandb = xi + yjj + z,kthen

a.b=xx;+wy»+ 22
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Summary 3 141

1 Find the value of the coefficient of x*in the 1 (i F

R
expansion of [% + %] . [3]

Cambridge, Paper 1 Q1 NOS

Prove the identity

1+smx+ r::t::s_x _ 2 (4]
COsS X l1+sinx cosx

Cambridge, Paper 1 Q2 NO8

The first term of an arithmetic progression

is 6 and the fifth term is 12. The progression

has n terms and the sum of all the terms is 90.

Find the value of n. [4]
Cambridge, Paper 1 Q3 NO8&

b 0 i D/

The diagram shows a semicircular prism
with a horizontal rectangular base ABCD. The
vertical ends AED and BFC are semicircles of
radius 6 cm. The length of the prism is 20 cm.
The mid-point of AD is the origin O, the mid-
point of BCis M and the mid-point of DC is N,
The points E and F are the highest points of
the semicircular ends of the prism. The point
P lies on EF such that £P = 8 cm

Unit vectors i, j and k are parallel to OD, OM
and OF respectively.

(i) Express each of the vectors PA and PN in
terms of 1, j and k. [3]

(ii) Use a scalar product to calculate
angle APN. [4]
Cambridge, Paper 1 Q4 NOS8

Solve the equation 3 tan(Z2x + 157) = 4 for
0" =x=180° [4]
Cambridge, Paper 11 Q1 NO9

The equation of a curve is v = 3 cos 2x. The
equation of a line is x + 2y = . On the same
diagram, sketch the curve and the line for
Osx=w [4]
Cambridge, Paper 11 Q2 NO9
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The diagram shows a cube OABCDEFG in
which the length of each side is 4 units. The
unit vectors i, jand k are parallel to ﬁ, 0C
and OD respectively. The mid-points of OA
and DG are P and () respectively and K is the
centre of the square face ABFE.

(i) Express each of the vectors PR and P_d
in terms of i, j and k. [3]

(ii) Use a scalar product to find
angle OPR. [4]
(iii) Find the perimeter of triangle POR,
giving your answer correct to 1 decimal
place. [3]
Cambridge, Paper 1 Q10 NO7

e W

O

The diagram shows part of the curve

y=x-+ %which has a minimum point at M.

The line y = 5 intersects the curve at the
points A and B,

(i) Find the coordinates of A, Band M. [5]

(ii) Find the volume obtained when the
shaded region is rotated through 360°
about the x-axis. [6]

Cambridge, Paper 13 Q9 J10

9 (i) Find the sum to infinity of the geometric
progression with first three terms (0.5,
0.5% and 0.5° [3]
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(ii) The first two terms in an arithmetic
progression are 5 and 9. The last term in
the progression is the only term which
is greater than 200. Find the sum of all
the terms in the progression. [4]

Cambridge, Paper 1 Q7 J09

10 (i) Show that the equation
2 tan® # cos # = 3 can be written in the
form2cos*f+3cosf@—2=0 [2]

(ii) Hence solve the equation
2tan* f#cos A= 3, for0° = #=360° [3]
Cambridge, Paper 1 Q2 JO8

11 The function f is defined by
f(x) =a + bcos Zx, for 0 = x = 7. It is given

that f(0) = ~1and f( ;o) = 7
(i) Find the values of a and b. [3]

(ii) Find the x-coordinates of the points
where the curve vy = f(x) intersects the

x-axis. [3]
(iii) Sketch the graph of y = {(x). [2]
Cambridge, Paper 1 Q8 JO7
12 VA
/'—— Y= SX%
0 I i x
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13

14

The diagram shows the curve y = 3x". The

shaded region is bounded by the curve, the

x-axis and the lines x = 1 and x = 4. Find

the volume of the solid obtained when this

shaded region is rotated completely about

the x-axis, giving vour answer in terms of 7

(4]

Cambridge, Paper 1 Q2 JO7

Prove the identity

1—tan®x _ 1 oz
L 1 — 2sin*x [4]

Cambridge, Paper 1 Q3 JO7

Relative to an origin O, the position vectors
of the points A, B, Cand D are given by

e U . T B (A
OA=[ 3],DB=(—1],DC=(2, and
e ¥ \ 3 p.'

L

sy —1

0D = ( U)
q

where p and g are constants. Find

(i) the unit vector in the direction

of AB (3]
(ii) the value of p for which angle

AOC = 90° [3]
(iii) the values of g for which the length

of AD is 7 units. [4]

Cambridge, Paper 1 Q9 J04
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List of formulae

Algebra
For the quadratic equation ax® + bx + ¢ = 0:
g CHEVD —da¢
2a

For an arithmetic series:

n(a+10=+n{2a+ (n— Dd

u,=a+ (n— 1), By :

B | —

For a geometric series:

1 a@ -
W == r:L*‘” y *S'.I'r 7 1 —r

(r# 1), So=7— (<D

Binomial expansion:

(a+ b)" = a" + (?) a b+ [g) a' b+ [’3?) a' b+ ... + b, where n is a positive integer

and [?) !

)
4 ”27 D Rl — g{n— s x* ..., where n is rational and |x| < 1

(1 +xXy'=1+nx+

Trigonomelry
Arc length of circle = rf (# in radians)

Area of sector of circle = 5 r?0 (¢ in radians)

tan @ = sin
cos
costf+sinff=1, 1 + tan® 0 = sec* §, cot? @+ 1 = cosec? ¢

sinfA = B)=sinAcosB = cosAsinB
cos(A = B)=cosAcosB + sinAsinB

_ tan A ftan B
tan(A = B) = 1 = tan A tan B

sin 24 = 2sin A cos A

cos2A =cos? A —s5in2A=2cos24A—-1=1—-2sin% A

_ 2tan A
bR =T — tantA

Principal values:

e =sin 'yl
STSsin xsg7

0=cos 'x=m

. —1
—%TTE:IEIH x{%ﬂ'
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Differentiation
f(x)
x.rr

In x

sin x
cOs X

tan x

uv

s
v

If x = [(f) and y = g(¢) then

Integration

f(x)

sin x
cOs X

sect x

J dx
[ (X)

f(x)

e

Vectors

f a=aji+ aj+ ak and

u@dx=uu—f

du
Udx

—=dx = In [f()| + ¢

" (x)
15
1
X
E.T:'
COS X
—sin x
sect x
dv du
HE + UEI:
du _ dv
Pax  Ydx
UE
dy dy  dx

dx dr ~ dt

ff(x)dx
]

n+ 1

+c¢c (n# —1)
In x| + ¢

e

—COS X + C
sinx 4 ¢

fanx + ¢

dx

a.b = ab, + a,b, + asb, = |al|b| cos 0

Numerical integration

Trapezium rule:

b
f [(x) dx = %h{yﬂ +2(y; +yo + ... + yn-1) + yn}, where h =
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Sample examination papers

Time allowed 1 hour 45 minutes

Answer all the questions. Give non-exact numerical answers correct to 3 significant figures, or 1 decimal
place in the case of angles in degrees, unless a different level of accuracy is specified in the question. The
use of an electronic calculator is expected, where appropriate. You are reminded of the need for clear
presentalion in your ansiwers.

The number of marks is given in brackels [ | at the end of each question or part question.

The total number of marks for this paper is 50,

Note: The number of marks for each question reflects the amount of working required in the answer.

Sample paper 1
Q1 The function f is defined by
f(x) = x° for all real values of x,
and the function g is defined by

g(x) =4 — x  for all real values of x.

(i) Find
(a) fg(x) (b) gt(x) [2]
(ii) State the range of each of (a) fg(x) and (b) gf(x). [2]

Q2 The diagram shows points A and B on the circumference of a circle
with centre O and radius 4 cm. The angle AOB is 0 radians.
The area of the sector AOB is 12¢cm?, Find

(i) 6 (2]
(ii) the perimeter of the sector AUB. [2] 0
A B
Q3 Solve the equations
y=3=—2x
XPxy+yt=3 [5]

Q4 (i) The second term of an arithmetical progression is 30 and the fifth term is 15.
Find the common difference and the first term. [3]

(ii) The second term of a geometrical progression is 10 and the sum to infinity is 45.
Find the two possible values of the common ratio. (4]

Q5 The points A, B, C have coordinates (—2, 3), (1, —4), (8, —1) respectively.
(i) Show that AB is perpendicular to BC. [3]

(ii) Find the point at which the line through B parallel to AC meets the x-axis. [5]
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/

In the diagram, OABCDEFG is a cuboid in which OA = 6 units, OC = 4 units and OD = 2 units.

Unit vectors i, j, k are parallel to OA, OC, OD respectively. The mid-points of OA and EF are L and
M respectively.

(i) Express each of the vectors LM and CM in terms of i,j, k. (4]
(ii) Show that the acute angle between the directions of LM and CM is 48.87,

correct to the nearest 0.1°. [4]

Q7 (i) Solve the equation

2sin (20 + 10°) = 1 for 0° = 0 = 360° (5]
(ii) Prove the identity
sin A l+cosdA_ 2 N
l +cos A g sinA  sinA’ (cosa+—L) [4]

Q8 A curve has equation

16
= 4+ —_—
¥=xTg
(i) Find the coordinates of the stationary points on the curve. (6]
(ii) Determine whether each of the stationary points is a maximum point or a
minimum point. [ 3]
Q9 (i) (a) Write down the first three terms in the binomial expansion of (1 — 2x)*. (34
(b) Hence deduce the value of 0.98% to three decimal places. 2]

(ii) Show that
(x + ) — (x — y)F = 10xly + 20023 + 28

and deduce the value of (V2 + 1)° — (V2 — 1)°. (5]
Q10 A curve has equation Vi
9
— + — B
y=1 % 10

(i) Find the area of the region bounded by the curve, the
lines x = 1, x = 3 and the x-axis. [4]

(ii) Find the volume generated when the area found
in part (i) is rotated through 360" about the x-axis. [7]

8
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Sample paper 2

Q1 A sector with an angle of % 7 radians is cut from a circle of radius 12 cm. Calculate
(i) the perimeter of the sector [2]
(ii) the area of the sector. (2]

(Leave 7 in your answers.)

Q2 (i) The fourth term of an arithmetic progression is 21 and the common difference is —3.
Find the first term and the sum of all the positive terms. [3]

(ii) The sum to infinity of a geometric progression is five times the first term.
Find the common ratio. [2]

Q3 The coordinates of the points A, B, Care (—1, 2), (5, 1), (3, —4) respectively. Find the equation of
the line through B and the mid-point of AC in the form ax + by = ¢, where a, b, ¢ are constants to
be found. (5]

Q4 Solve the equation
X —73-8=0 [6]

Q5 (i) Sketch the graph of the curve with equation y = 2 cos (x — 45°) = —1 for 0" = x = 360° [3]
(ii) Solve the equation
2cos(x—45°)=-1 for 0°=x=< 360° (4]

Q6 A spherical balloon is being inflated at a steady rate of 8cm’s !, Find the rate of increase of the
surface area of the balloon when its radius is 4 cm.

(For a sphere: Volume 73, Surface area = 47r?). [7]

Q7 The function f is defined by
f(x) = 4x for all real values of x,

and the function g is defined by

g(x) =3¢ +1  for all real values of x.

Find the inverse functions ! and g ! and verify that (fg) ' = g 'f! [8]
Q8 The diagram shows a curve C with equation Ya

y=5+4x — x° N
and a line [ with equation

y =9 =%

(i) Find the x-coordinates for the intersections

of Cand L. [4]

(ii) Find the area of the region enclosed between ¢

=Y

a’
Cand . 6] [ O \ =
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Q9 The points A and B have position vectors 3i — 4j and i — 2j + 2k respectively, relative to an

origin O.
(i) Find the lengths of OA and OB. [3]
(i) Find the scalar product of OA and a&: and find the angle AOB. (4]

(iii) Find the position vector of M, the mid-point of AB and verify that
OA? + OB? = 2(AM? + OM?) (4]

Q10 (i) Find the coordinates of stationary points on the curve with equation

y=3¢+12x—-23 + 1 i
(ii) Determine the nature of the stationary points. [3]
(iii) Sketch the curve. [3]
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P1 Answers

Numerical answers that are not exact are given 39
correct to 3 significant figures or 1 decimal place in 4 25
the case of angles in degrees, unless a different level o 2
of accuracy is specified in the question. 6 %
7 192
Chapter 1 8 81
Exercise 1a » ?nﬂ
1 x=—-2o0rx=-3 10
2 x=2o0rx= -3 11 l%
3 x=3o0rx= -2 12 2
3
* x=mRhrEe oA 13 x = —8.12 0r 0.123
5 x=1lorx=3 14 x=—0.732 or 2.73
6 x=lorx=-3 15 x = —1.620r 0.618
U &=mlorXos=—y 16 x = 0.366 or —1.37
8 x=2o0rx=7 17 x = —2.62 or —0.382
9 x=1lorx=-5 18 x =128 or —(.781
10 x=8o0orx= -9 19 x=0.449 or —4.45
11 ~=1.3 20 x = —0.768 or 0.434
12 —=i1,~4 21 x=1.120r —-3.12
13 1,5 22 x=2300r —1.30
14 2, -5 23 x = —0.640 or 0.390
15 -2,7 24 x=2.350r —0.851

16 2,7
Exercise 1d
Exercise 1b

1 x=-3.41 or —0.586
1 x=20rx=>5 2 x=—0.781 or 1.28
2 x=3o0orx=-5 3 x=-47%or —0.209
3 x=4orx= -1 4 x=1.690r —1.19
4 x=30orx=4 5 x=3.73 or 0.268
5 x=zorx=—1 6 x=1850r —1.35
8 v=—lory=—8 7 x=0.768 or —0.434
7 x=0o0rx=2 8 x=—0.768 or 0.434
8 I=—1DTI=—% 9 x=-0.260 or —1.540
2 - 10 x=2.7810r0.719
13 izaziz _ll 11 x=18830r —0.133
2 12 x=0.804 or —1.554
11 x=0orx= -6

13 x=0.804 or —1.554

12 x=0o0rx=10 14 x=0.724 or 0.276

18 x=00rx=3 15 x = 7.873 or 0.127

14 x=5o0orx= -4 16 x = 3.303 or —(.303

15 x=20rx=—%

16 x=2o0rx=—1 Exercise le

1¥ x=Uorx=1 1 20r -2

18 x=0o0rx=2 e —1.73orl.73

19 x=3orx= -1 3 141 or —1.41

20 x=-lorx=1 4 0,1.802 or —1.802
* 5 loor~—1.5

Exercise 1c 6 0,0.707 or —0.707

F 7 0.167

5 1 8 0.577 or —0.577
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9 0.707, —0.707, 0.447 or —0.447 10 @ | 6 | _6
10 lor -1 ;
11 245, —2.45, 1.414, —1.414 y | | -4
12 2,65, —2.65, 1 or —1 11 x=5y=-1
13 inrf—l 12 # | 1 | (0
14 3 y ‘ 1 ‘ 2
15 2.049, -2.049, 1.94 or —1.94 A i
16 There are no real values of x as x* is negative. 13 x=~1,y= _%
Exercise 1f 14 x=1,y=-3
2
14 15 X ‘ -1 2
2 _ﬁ 1 1
3 1 8 4 ‘ =iy 1
4 - 23
4 3 16 x=1,y=3
5 —3 17 x -3 6
6 2 .
-3 -
7 real and different :
8 not real 18 » | 1
9 real and different :
10 real and equal y —2 3
11 real and different 19 5 _1 9
12 real and equal :
13 real and different y 7 *%
14 not real 1
15 real and different 20 ¥ 0
16 real and equal % . 1
17 k= *12 1
18 a=2! o= : 33
19 p=12 y I —4
22 g°=4p
22 X —1 ?%
Elxerclse 1g y 9 I
X ‘ -2 1 :
y | -1 | 2 Mixed exercise 1
2 X = —}_TJ,? = 3 ] _1,6
g #=2y=3 2 6.74 or —0.742
E 3 0281or—-1.78
G =1 7 4 0.786 0r —2.12
y 4 1 5 1;1
6 -13
5 X 2 1 54
2 7 1.300r —-2.30
y -3 2 8§ —6,2
i 9 0.7320r—-2.73
6 X 5 -2 10 -2, -2
y ! - 11 02
12 8.220or —1.22
| X 1 2 13 0
y 9 14 lor -1
15 1.88
8 1 3 16 x=+2240r=1.73
4 17 x=4,y=5o0orx=-22,y= 3l
Y 18 x=2,y=50o0rx=4,y=9
9 x=1,y=5 19 (a) 6;4,2 OREHETERAL
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20 (a) not real (h) real and different Exercise 3b
(c) real and equal (d) real and different 1 (@) y=3x—3

z; g--l (b) 5x+y—6=0
() x—4y—-4=10
d y=5
Chapter 2 (€) 2x+5y—21=0
Exercise 2a () 15c+40y+32=0
2 (a) Ix—-2y+2=10
1 {ﬂ) 5,. {[}j 1r411 {C} 351_ (hj Dy — 2_}"‘!‘ 7=
2 @ (34) ® (3  © (33 (© x=3
3 (@) 104,(31) 3 acandd
4 x+y—-7=0
£y 4 ATy e
(b) -’3*24~( 5 1) 5 @ x+2y—-5=0
(©) 283,(=2,-3) (b) 16x — 6y + 19 =0
4 8.06 (©) 10x— 16y +23=0
5 3‘:61 6 2x+y=0
6 &~-4) 7 4x—5y=0
8 (b) (—33 —3) (c) 175 square units 8 5x—4y=10
9 (a) 7.63 (b) (0, 4;) 9 x+2y—1l1=0
© 2% 10 3x—-4y+19=0
(=5 -3 Exercise 3¢
Exercise 2b 2 1square units
1 (@ 3 ) 3 © 3 3 (-3.3) (=5,0),(6,0)
(d 2 (e) —14 N 6 4 10x—26y—1=0
@ -1 ) -3 M % 5 x+3y—11=0, (3,14
2 (a) yes (b) no 6 y=2x—-3
\ Eﬂg yes - Eg yes . 7 (a) V20 (b) x—2y+1=0
a) paralle perpendicular i % id 26\ [ 97 9% B
(¢) perpendicular (d) neither 8 (353 Md(~5 %)~ ~%) ot o 5)
(e) parallel (£ *ﬁ)
1t 110
Exercise 2¢ 9 (@ (1,2),06,2),3,6) (b) 8
1 a=0,b=4
2 (b) 22;square units Chapter 4
® /a ++ b i Exercise 4a
P+tqp+tgq
8 (2525 1 @ 7 (b) °F © Z
9 (a—-22+((b-1)2= ‘ ;
et ) 7 © 3T ® =
11 b(d - b) = ac 2 (a) 30° (b) 180° (c) 18°
12 b%=8a- 16 (d) 60° (e) 150° (H) 15°
(g) 210° (h) 135° (i) 20°
Chapter 3 (G) 270° (k) 80° 1) 45°
_ (m) 108° (n) 22.5°
Exercise 3a 3 (a) 0.6 (b) 0.82 © 1.62
1 (@) y=2x (b) y+ 2x=0 (d) 4.07 (e) 0.25 M 2.04
(¢) 3y=x (d) 4y +x=10 (g) 6.46
(e) v=0 M x=0 4 (a) 974° (b) 190.2° (c) 57.3°
2 (@) 2y+x=0 (b) 2x — 3y =0 (d) 119.7° (e) 286.5° (0 360.0°
(©) 2x+y=0 5 (a) 0.932 (b) 0.939
3 @ 5x—-y—17T=0 (®) x+Ty+11=0 (¢) 9.89 (d) —0.801
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Exercise 4b
2m 207
1 5 cm 2 5 cm
3 24drad 4 0.692rad
5 15 cimn 6 25 cm
o m
T 47cm 8 60 CIm
w
9 75cm 10 85.6cm
Exercise 4c
1 4.19cm? 2 75.4cm?
3 %T 4 096rad
5 1207 .2 6 12cm, 222 ¢m
3 T 2ar
T bcm 8 4/3cm
9 8Bcm 10 0.283rad
11 (a) 12cm? (b) 23.2¢cm?

12 14.5mm?, 139 mm?*
13 (a) 15.2cm
14 19.6cm, 108 cm?

Exercise 4d
3 17.8cm?

6 @ 7
7 @ B0

z
8 0.989¢cm*

9 10.2cm
10 57.1cm?®
11 (a) l.6rad
12 236cm?

Summary exercise 1
1 (i) 6.67cm

2 P=18 —6V3 + 27

3 (i) 61.1cm

4 ({Hy-3=-3(x-2

(b) 32.5¢m?

(hy 53.0cm*

(i) 10.3cm?

(iii) 281 cm?

(i) B(0,9),D(4, —3) (iii) 40

5 (6.2,9.6)

6 (@ 2,m=1
7 (i) 58.0cm?
8 B(6,5), C(12,8)

(i) C(—1,

6) (i) D5, 12)

9 () 25.9cm (i) 15.3cm?

10 () (4,6) (i) (6, 10) (i) 40.9

11 () 473 (i) 48/3 — 247

12 (i) 21.5em? (i) 20.6cm

13 () (=3, 11), (2, 6) (i) y=x+9

Chapter 5

Exercise 5a
1 vyes
2 vyes
3 no, undefned when x =0
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4 no
5 ves, x=10

6 no, undefined when x < 0

Exercise 5b
1 -4, -24
2 25,217
3 1, not defined, 12
YE]
4 1,?
5 (a f(x)=-3 (b) f(x)= -5
(¢) f(x)=0 (d) 0<fx) a%
6 (a) 54,20 (b) Ya
.
7 (a) 0,2,4,5,5 (b) f()a
57
s 5 p
() 0=fx)=5
Exercise 5c¢
1 (@ 1 (b) 3 (c) 4
2 (a) f(x)igf- M) f)=-2 (o) () =<1
3 (a) \h (b)
4.§_t,/
I x
() Y (d) Ya
| 65
4
\: /
| -
_i_\/ % - \ >
| RS
(e) Va (H Ya
\ | /
/ i
x I
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4 (a) Ya

\1\,,4/:-

P1 Answers

2 (a)

(h) Ya
\ 1 l
) A

e |

153

N\ f(x) and £ (x)

N\

(ﬁ" ')

(c) (b)
N x
(c)
(e) Y (D Ya
/ N 2\
-3 3 % (d)
; =5 1 _2
Exercise 5d Exercise 5e
1 (a) y4 (h) VA 1 (a) ; (b)
10 1ok /
3_ -1 *
6F 5l f _Eiz'jf”
! R 463
2} =5 g 5 x /
“3-2-10] 1 2 3 x R\
Al ~10 ()
(c)
W 2 bandd
3 (& MNxy=x=-1)
(b) no

IGCSE files&documents telegram channel

(© ) =Vx—1
d) ') =Vx+4,x= -4
(e) Fl ) =Vvx—-1,x=0
] 1
4 (a) —3 (b) 3
(c) thereisn’t one
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Exercise 5f (€) g(0s
1 @ x+1PxeR (b A-xPxeER 6-
() -2x, xR (d) 1-x°
(e) 2xX*+ 1, xR
2 (a) 125 (b) 15 41
() -1 (d) -1
3 (@) (1+x)° (b) 2(1 + x)? 9-
(c) 1+ 4x*
4 g =xh(x)=2-x 2
5 g)=x h)=(x+1) O 2 4 6 X
6 (a) f(x)=gh(), g() = x% h(x) =3x — 2 8 100 <02
(b) f(x) = gh(x), g(x) = x*, h(x) = 2x + 1 9 (a) 6 (b) 3 =f(x) =21
(©) () = gh(x), () = x!, h(x) = 5x — 6
(d) f(x) = g)h(x), g(x) =x = 1, h(x) =x* = 2
Chapter 6
Mixed exercise 5 Exercise Ba
1 (a) 16 (b) pY 1 x<l 2 x> -2
W 8 ¥l 4 x>4
ki 5 x<3 6 x}%
o 7 x> -3 8 x< -3
i 9 .r:::%
2
~—————,  Exercise 6b
~2~1a—=1=03
© Fl)=1-Jx 1 x>2andx<1
T 4 ; 2 x=Handx=-3
2 (a) ;whenx=3 ) = 15 8 —4d<y<?
(b) — % whenx =7 )= -4 4 x=landxs -1
(¢) —9whenx= -2 f(x)= -9 5 x>2+V7Tandx<2-V7
8 —i<x<s
3 3 = 3% 4-9 2 2
@ (b) 4~ 9x i
o
(©) 1,_% (d) %(1"‘.1‘) 8 .I:}.laﬂd.r{ 5
| 9 x-l:z:jandxzé—ﬁ
4 ) ¥4 (b) 4(2x ~ 3)° 10 x>4andx < —2
! 11 _;.(—3—fﬁ)&x&'%{—fﬂ-l—ﬁﬁ)
w. 12 x>T7andx < —1
1 1 L L =
_g/{{} 5 10 x 13 (a) p=Y%andp=1
g (b) p=5andp =1
14 =2<ag<b

15 p{-Lp}%
16 —-6=k=6
Exercise 6¢
(@ 5-V20 <kh<5+v20 (b) k= i3

2
3 (a) -8 by -1
5 k<625

20| 2 4 6 x

B @) M=t gl =5 Mixed exercise 6

6 (a) 2 (b) x=2o0r4 1 %<l

7 (a) 175 (b) 1.5 2 x>3
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3
I}E
x>3dand x < =2
- 3
3-:1.1'{2
~J13 < x< /13

x>3+V2andx<3-v2

-2 <x<T
all values of x
x>6andx<1
k=3and k=1
k= —-9and —1

Chapter 7

Exercise 7a

!

=B ) | e W e

oC =]

9

10

11
12
13

14

15
16

5x°

— x4

HER ER

=]

Exercise 7b

1
2

.

10

32 =2x+5
6x + —

IGCSE files&documents telegram channel

11

12

13

14

15

16

17

18
19

20

21

22

23

24

25

26

27

28

D B2~

D~ 2

Y - 2y

Exercise 7c¢

1

“w e

e oL =~ O N =

10

12
13
14
15
16

2
| 1
3 9
| SO
i
X
6; :
l: =1
|
B 5
11;—T]-
-5 1
3,31
4;_*3
A2
27 4
2, — 1

(2,2) and (-2, 4)
(1,0) and (- 1, t)
(3,0) and (-3, 18)

(—1,-2)and (1, 2)

(1, ~185)

P1 Answers

1535
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2 6
17 (=2.9) © ~5-2
18 (0, =5 (d) 16(4x — 2)°
19 (1,-2)and (—1,2) € -3CGx—1)2
: O =
Exercise 7d (% + 2)?
4 x>2 3 (a}ﬂ—y=36r3{aﬁ—2)3
5 x< —landx =2 dx
Exercise 7e *i’fl 3»"1‘1 = o
1 6(3x+1) (c) _F+2x%
2 —4(3 - x)° '
4 6x(x*+ 1) 5 (@ 5 (b) 6
5 21(2 + 3x)° 6 (@ 1 (b) ““1'51 =
6 —18@2 - 6x)° 7 (@ -3 (b) (—4%0)and (2,0)
T 42— 5) ? (c) —=5and5
8 —2x(x®+ 3)?2 8 (a) (1,10)and (-1, 6)
2 2
g 2 ®) (3 7g)and (-3 8)
2y 3*”;‘ 4 9 (a) 4 — 2 (b) 6(3x + 4)
W o 3
(1 L 31’2}5 (_C_) - ZkE{k’f - 1_)3
T 10 1-2
4 -x) 11 (-2, 4)
12 (xilljg + 1 12 land -1
13 —10(4 — 2x)° ii 51’9) and (s, 11)
14 4x(2 + 3) dy 1
15 21(3x — 4)° 15 (@ gz=1+8Ex+ 1)
16 4x( + 4) ®) ©, D
1? _12};‘{-1 = zx..qu lﬁ a = 2! b ] _3
18 —12x%(2 — x)3 : g
19 $z -2 7@ ® oy
20 3(2x — D — x)? dy S
21 6x(2 — 3x%) 2 18 (a) o 3x* which is = 0 for all values of x
22 Ax(4 — x*)° (b) 1.2 units per second
23 %@- —3) 19 (b) 0.021875 units per second
24 Jx-17-1
Chapter 8
Exercise {1 Exercise 8a
1 0.6 unit.s per second I ) y=2%—5 (b) 2y +x+5=0
2 0.01 units per second 2 (a) y=4x-—2 (b) 4y +x+8=0
3 0.5 units per second 3 () y+x+2=0 b3 y=x
_1 1 —_ =
; Egé;:;'?cms 1 4 (@ y=5 (b) x=10
6 0.0804cm’s ! 5 (@ y+x=3 (b) y=x—1
e 6 (a) y=19x+26 (h) 19y + x + 230 =0
cm’s 7 dy+x+12=0
. . 8 y=7Tx-29
Mixed exercise 7 9 yrx=1,2y=2¢—3 (51
, ’ L L
£ Sl | 10 dy—x+1=04dy+x—5=0
2 (3) —3x*—3x

Lwms i Lok
{hjgxfui-g.rl
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11 y=5x—-1,3y+9x+19=10
12 y=Tx—-4,y+5x+28=10
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13 (2,8),y=8x—8
4 (3 -3)

15 v+x+1=10
16 2y=x+ 2

I R=g
18 8y +121=10

19 (1,-1)

20 p=12,9=8;(-2, 24)

| =1

Exercise 8b

]
16 (3 —2V3)
17 (1,2)

18 (4, 10), (—4,6)

Exercise 8c

1 (1, 1)max
2 (-1, —2)min: (1, 2) max
3 (3, 6)min; (=3, —6) max
4 (0, 0) max; (4, — 22| min
5 (0,0)min
6 (—-l, —-%) min
7 (—1,1)max; (0, 0) min; (1, 1) max
8 (2, —48) min
9 (%, - %) min
10 (—1,4) max; (1, —4) min
11 (—2, —16) min; (0, 0) max; (2, —16) min
12 (-2, 8) min; (2, 8) min
13 =% 2
14 22
15 ;27
16 8
17 7

IGCSE files&documents telegram channel

P1 Answers

18 =% 0P

i 5

157

19 5x'+ 3x* + 4 = 0 has no real roots so there is

no stationary point
20 a=1,b=-2.¢c=3
21 p=¢g=1,r=2(-1,0)
22 ﬂ=%,b=2,c=ﬁ

23 (b) 40
24 1243, max

s

=

S Ul e W e

1Ly = 11x - 6; (%, 7)
91
x+2y+9=10

3 )
(2, 14), (-2, —14)
(=2, 16) max, (2, —16) min

Mixed exercise 8
2y=x—1;(— =
y=3x+6,y=3x+ 2

YA

7 min 2, max —2

Y a

=
X

/)

Summary exercise 2

1@ yy y=f®

(i) gf(x) = —9x* + 30x — 16
(i) B =9 (x—=3F
(iv) h"1{)=3+,/09—-x)

2 () gx}i= -120% +3) 2 X 2x

(i) y-3=2(x-1
(iii)y —0.018

=Y
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3 ) =2(x—-2)*+3 Chapter 9
(i) =3 )
(iii) fis not one—one Exercise 9a
(i\") A=2 1 1 1.5
~147) = x =3\ .- .
W g'w=2- /(52 g =2 2 0
£ ¥ ‘ =
(i) 10 3 _%1‘;3
5 () 2(x—3)P*-11 g4 1
(i) f= —11 5 5o
(iii) -1<x<7 E"T;E’*‘Tﬁ:
(iv) k=22 B oot
8 (0 2Ax—3)—5 ¢ sin 56"
(D) A=1% 8 —sin 70°
{:f") _.5 =i=1 9 —sin 60°
(iv) gis one—one ]
10 —-sin-w
14D .5 6
i M 11y
7 () x=2orl; 1F
8 () () =90x+2)° 0.5
(i) 10y =LXE5=2 43 .
3 () y (1

9 @ ') =-122x+ 3)*

) 05
i) 100 =& Ej’f 0<x=2

(i) yy

<
>
-

> |
‘ 13
(iv) x=1 YA
10 () h=4-3r2+m)
o
) 5= "
(iv) maximum
Il ) X< —-3,X39
(ii) f(x) = —1, no, not one-one 14
(v) YA
=
X
:
X
15
VA
2 =
1
12 k<-4 0 T x & 2z = 3 x
13 k>20rk< -6 =1k "
]
12 3
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16 OEER
Vi L
i_ /\ /\
] | .
o I A A I vzxa
_]-
_]_
=
e (¢) Ya

AN

5 S
At 4y
5,
3
2 2r
l E
1 L
| | | I i | : __' L —p
0 \:/ m i 27\ o= 37 x 2 6 woom 6
2 2 ] _1 ’
_I -
_E 2
18 _at
VA
5
2 5%
] Jcosd
0 % T 3T ’.'r cos #
I I "
(&)
_2 L
Exercise 9b 6 v
1 (a) —cos57 (b) —cos 70° I
(c) cos 20° (d) —cos 26°
2 (a) - % (b) 0
© ~— ) 1
‘.E Ya
3 {a) Ya

/ ﬂ
!
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Va 1or :
5 sl E
7 O I E L 276
2 =3[ |
: ~10} :
| ] | =

0 : \:r/ i 2n 8 (€ va
-1t " 10F : :

5-

=

[ | -

T

A\

o
Laly -
['.J -
a3k
ta|f |
ea (M |-
h\
~
Y

0 . T £ x| 27 8 -10F
05T
_] = .
" Exercise 9d
};‘— 1 (a) 0.412rad, 2.73rad, —5.87rad, —3.55 rad
4 2 2 4
(-b) _Eﬂ-' _Eﬂ'l Eﬂ:_i'?l-
Opr (c) 0.876rad, 4.02rad, —2.27rad, —5.41 rad
, , e 2 (a) 141.3° 321.3°, 501.3°, 681.3°
z ZF\ x 0 (b) 191.5%, 348,57, 551.5%, 708.5°
st (c) 84.3°, 275.7°, 444.3°, 635.7°
3 (a) 36.9°
- (b) —36.9°
3% (¢) 0.464rad
®) =% 4 0,7 2%
5 11.8° 78.2° 191.8°, 258.2°
(] %‘JT, T, % T
Exercise 9c¢ 7 va z
1 (a) 1 (b) —V3 21
(¢) V3 (d) —1
2 (a) tan40° (b) —tan 2 = >
(¢) —tan 50° (d) —tan % )
1 8§ g
3 (@) ;T (b) 3 i3
(c) 0, m 2w (d) %'IT.,%T.F
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8 ya 13 (a)
5 -
) /\/\/
4
3t [
| 1 h
2F 4 X
l -
() 50 100 150 200 250 300 350 ’{;*
9 Vi
4-.
(b)
Eﬁ/\
=
() X
max 3, min 1
10 y,
4_
\_/\/\ -
e
{‘:} Vi
0 i-
11 -3 <a<3
12 Va
oY i ¢ X
T
X
Chapter 10
Exercise 10a
There is one solution. 1 sin 0 oo b an 0
Y ~iin e 12
(a) 13 13 s
J 4 3
(b) 5 ~3 ~3
7 24 7
(c) 2% % 24
: =
U % (d) 0 +1 0
2 tan' A
_9 3 1
4 1
sin fcos
Yes, except the units for the first should be in 5 1
radians and the units for the second should he cos® 6
in degrees. 6 tand
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7 sind 9 %‘
: -
| xzj_-:"' ) 1o 10 (a) f(x)a
9 (& +5) =
Y- -

10 (x—1)+y=1

H -0+ -1F=1 i

12 X(b* — y°) = a*b®

13 y(x*—4x+5)=4

2_

Exercise 10b R
1 60, 120° O x
2 90°, 270 (b) ves, one—one
3 120°, 300° 11 () G0y :

4 194.5°,345.5° L6 i
5 120°, 240° : ¥+ i
6 45°, 225° 1, i :
7 J0°,:150°% 210°,330° :
8 190.1°, 349.9° 0| x
9 41.9°,318.1° —27 .

10 _TT,_%TI'., %'rr.?r ; _"%" ;

11 '“TT,"‘"%TF.,U, %?T,'rr : 6 :

12 -7, _%'m 0, %,;.T‘ - (b) no, not one—one

) —T=x=a

Exercise 10c Mixed exercise 10

1 225° 112.5° : 1
2 40°, 80°, 160°
3 none 2 sinf
4 67.5° 157.5° _
5 none 3 Siﬂz g’ 4
6 60° 4
7 —-149.5°, —59.5°, 30.5°, 120.5°
8 —105.2°, —74.8°, 14.8°, 45.2°, 134.8°, 165.2°
9 +63.6°
| 5 2 11
l
11 ﬁi s
1 13
Exercise 10d 4
1l
1 3 5 m+4
_ﬁ 1.2
29 17 5 7 19 31
EIZ 6 ™ T T T o™ 5T
2 7 (x-22+(@+1)2=1
B 8 (a) m (b) ~}
10 sin= A

11 £70.5° =180°
12 a=5,b=4,¢=3
13 10°, 1107, 130°
14 -90°, 30°, 150°

1 5
15 T

o0 =] & 1 o W e
|
e E R ERE

e B
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(a)

flx)a

(b) eg. —m=x=7

Chapter 11

Exercise 11a

!

& N e W

(@) 17,3n + 2

(b) —2,8 — 2n

(¢) p+4g,p—qg+ng (d) 18,2n+ 8

(e) 17,4n -3
(8) 8,3n—-7
(a) 185

(d) 190

(g) 95

(b)
(e)

a=272,d=-24

d=3; 30
1 A, _al
I,E,l}, BE
(a) Eﬁi

(d) 108

7T 4,2n-4

9
10

1, 182

(b)
(e)

h—n
® 025"

—30
190

(c) 5(Zp + 9q)
) -3

80 (c) 80
40

First term = 1, common difference = 5

Exercise 11b

1

(a) 52

(d) 1

(a) 189
(d) 781/125

(b)
(e)
(b)
(e)

IGCSE files&documents telegram channel

1

1

27 i
—255 © 2-(3)
341/1024 () 1

P1 Answers
Exercise 11c
1 (a) 6 (b) 131
(c) % (d) =
2 3
3 84 2, 1or24, =12, 6, -3
2
4 3
5 59048
6 16, -8
T 2
8 1
9 a=2=* 1-"'5, r= Ti- (2 * *.-"_)

Exercise 11d

1 (a) 1+ 36x + 594x% + 5940x*
(b) 1 — 18x + 144x2 — 672x3
(c) 1024 + 5120x + 11520x2 + 15360x3
20 1940 J80
{d) I_TI"‘TI‘?_TI‘;
672 . 1512 1890
e) 128 — + s
© X x2 x
.:..i'_ 7 .:ﬁ L, E 2 4 .1 T
M (2.) Tgrx g Ty (30
2 (a) 336x (b) —10x
(c) —21840x" (d) 3360p°g*
(e) 16(3a)'b (f) 7920x!
() 63x° (h) 56a°b®
3 (@) 1—8x+27x° (b) 1 + 19x + 160x?
(€) 2 — 19x + 85x2 (d) 1 — 68x + 2136x2
4 1+ 18x+ 144 + ... +512¢*
5 8 6 1
7 3 8 -10
9 - 10 200
Chapter 12
Exercise 12a
1 ¥ +K
2 —ix'+K
3 ix+K
4 —sx?+K
5 -2x*+K
6 2¢ + K
7 3x*+K
8 %x* K
9 x+3xX+K
10 22+ 30+ K

163
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11 ®-2x+K Exercise 12e¢
4
12 x—iﬂa’ 13
2 15%
13 x—é—K 1“
3 L
3
14 %xz+%f"-+~K
4 VA

15 2r+ (22 -5+ K

16 2/F+2x +K

1.5 X
| R BN
2= X
18 2% +2x + (2 + K
B W () 4 OF © 3
19 x-x+1d+K i 2
\ 5 VA
] .
21 —l+£+g 3
X v X 9 -
22 —(x + 3)"! )
23 2(1 +x) : : 1 .
o AR 53 = =i 1 3 x
24 5 (3x+ 1)° 7 4
25 L (5x - 2)° o
_3—
1
20 ﬁ{3x+5)" it
27 (2x — 9):

28 L(4x + 1)

Exercise 12b

1 y=%x—x‘4+%

y=2x+2x — 25
= _i},__
y=X== 3

2
3

4 y=x2+23+5
5 y=%-5(2- 3%

Exercise 12c¢ Exercise 12f
1 4 2 2(8/2-1) 14
i 2
3 26% 4 122 - 3
5 15 6 —2 3 (a) & (b) 1
7T 2 8 62 -4 4 175
[ ]
9 1 10 1% 5 1
6 18
Exercise 12d
4 &
Answers are in square units. 7 3V2
1 5 ¥ 12 g 22 8 (@ 3 (b) 3
4 131 5 51 6 60 9 43
! 7 10 ;
7 5: 8 4; 9 24 ;
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Exercise 12g

]
e

3 22
5 does not exist

Exercise 12h

2 does not exist

4 does not exist

) 8F

256
(b) =T

512
1 227
2 v,}:r.r
3 ﬁ:’:—;ﬂ‘
4 24
5 B
6 B
i %W{l’ﬁ—l}
W
' 2 32
=
9 (@ =
Mixed exercise 12
1 e+ lig
; X
2 %IE-FK
2 R T +
g Loy
4 x4
5 %xf{f—5)+x
6 9
3
7 33
3
8 3
16
9 3
0
10 5F
Qar
11 2
12 (a) 8«
K 1
13 1
Chapter 13

Exercise 13a
1 (a) 3i+ 6j+ 4k

(c) i— 3k
2 (a) b,~-1.2)
() (0, 1,-1)
3 ) v21 (b) 5
4 (a) 6 (b) 7
5 (a) 3i+ 4k
(c) 2i+ 3j+ 3k
6 b,dande
7 C
8 1=1

IGCSE files&documents telegram channel

(b) i- 2§ -7k
(b) (1,4,0)

(c) 3

(c) V206
(b) 2i — 2§ + 2k
(d) —6i+ 12j — 8k

11

12
13
14

15

16

17
18

P1 Answers 165

b, e and f
(a) neither (b) parallel
(c) equal
(a) —2i—3j+ 7k (b) —j—+ 3k

(©) —2i—2j+ 4k
V62,v10,2/6

AB = —1i+3j BD = —j + 4k,

CD = —2i + 2j — 6k, AD = —i + 2j — 4k
OB = 3i + 3j, OC = 31 + 3j + 3k,

GF =3i—- 3j+ 3k

OF = 2i + 3j, EF = —2j + 4k,

FA = —2i — 3j — 4k

OFE = 5j + 4k, EB = 3i — 4k, EA = —3i — 5j — 4k

(a) OP = 3i + 6j + 6k, 00 = 6i + 6j + 3k,
PO = —3i — 3k
(b) 22.2 cm

Exercise 13b

1

2

3

4

(@ si+3j—3k
(©) i+zk

3s | 43
(&) Eh+2)

® 1-2)- 3K
1 8 s 4

]. - iy
— (=21 — 3j + 3k
a-"22( . )
1
2 —(a+ 2)f),a= -2
va* + 4a + B( ( 2
3

Exercise 13c

1

L W -] & W

10

11
12

13
14

(a) 30
(b) 0;aand b are perpendicular

(c) =1

@ 7,447 (b) 14, /%

(©) 3,258 d 1,1

4

~Z:33.2°

(a) 103 (b) V41 — 203
67.80°

(@) () 4j — 4k (i) 4i + 4§

(b) A=90°,E=195°H=705°
(@) (i) 4k — 4i (i) —2i + 4j + 2k
(b) 70.5°

(b) 122°

(a) 17,40.2°

(b) 4i — 4j + 3k, V206
(¢) —5j +k, 1 (10i - 7j + 5k)

(a) 60.0° (b) 10.8cm?

(c) 17.3 square units
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Summary exercise 3 Sample paper 1
1 3.75 1 ()@ @-x? (b) 4 — x*
3 8 (i) (@) fgx) =10 (b) gf(x) =4
4 (i) PA = —6i — 8 — 6k, PN = 6i + 2j — 6k e W1s dh 14cm
(i) 99° 3 .D,@ -1 .
) i 4 ({) —-535 (ii) ey
5 19.1° or 109.1 5 (i) (—9,0)
6 f(x)4 6 (i) 3i+2j+2k,6i—2j+ 2k
7 (D) 10°, 70°, 190°, 250°
2- 8 (O (-4-8),1428)
(ii) max, min
9 (i) (a) 1 —16x+ 112x2
0 5 % (h) 0.851
(i) 82
— 21 10 (i) 8 unit® (ii) 407 unit’
5 5 Sample paper 2
7 (QEE:WE ﬁ6=( 3) 1 () 24+3q7 (i) 277 cm?
(i) 61.9° (i) 12.8cm ; x(f' ziﬂllgﬁ (if) 5
8 (i) A(1,5), B(4,5), M2, D) g =i 5
(i) 187 5 o 5%
9 (32 (i) 5150 "
10 (i) 60° and 300° ol /
11 () a=3andb=—4 | |

(i) x = 0.36 and 2.78 0 950 N\ 180 2707 360 x
(i) y, ok
T
—~9 1

(ii) 165°, 285°

4cm®s !

2%, 2x — 2

(i) 1,4 (i) 42
1 (i) 5,3

-2} (i) 10 (i) 11,42.8°

2 Gii) 21 — 3j + k

(iii) bor —7 10 () (-1, -6),@,2]1) (ii) min, max

bl
v
Y

L P4

12 427

e L =1 &N

14 (@ 3
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Index

A
angles 25, 79
angle between two vectors 134
complementary 89
equations involving multiple 96
radians 25-6, 27, 28-9
arcs
length of 27-8
and radians 25
area
finding by definite integration
115, 116=17, 117-19, 121-2
sector of a circle 28-9, 30
using integration to find 113
arithmetic progressions (APs) 100-1
sum of an AP 101-2
asymptotes 43

B
bhinomial theorem 107-9

&
Cartesian coordinates 11
Cartesian unit vectors 129
finding 133-4
operations on 130-2
chain rule 60-1, 62
chords 54
circular measure
area of a sector 28-9, 30
length of an arc 27-8
radians 25-6
commaon difference 100
complementary angles 89
completing the square 3-4, 5
composite functions 46-7
constant of integration 110
constants, differentiating 567
contact, point of 54
coordinate geometry
Cartesian coordinates 11
equation of a straight line 18-20
finding the equation of a straight
line 20-2
gradients 13-15
intersection 23
length of a line joining two points
11-12
midpoint of a line joining two
points 12-13
cosine function 79, 867, 89-00
cubic functions 42
curves
differentiation 55-62
equation of a line 18
equations of tangents and normals
65—-6
finding areas bounded by 113-22
finding the equation of the curve
112
gradient 54-5
intersection 23
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intersection of a straight line and
acurve 51-2
sketching curves of functions 40-3
stationary values 67
turning points 68-72
cyclic functions 81, 82

[
definite integration 114
finding area by 115-22
derivative of a function 55, 110
derivatives of a function 55
differentiation 55
the chain rule 60=1, 62
differentiating constants and
multiples of x 56-7
differentiating x"with respect
tox 56
equations of tangents and
normals 65-6G
gradients of tangents and
normals H57-8
increasing and decreasing
functions 59
reversed 1110
discriminants 7
displacement vectors 128, 129
domains 38-9, 39-4()

E
elements 113
equal vectors 127, 130
equations 1
equation of a normal 65
equation of a straight line
1820, 20-2, 51-2
equation of a tangent 65-6
finding the equation of the curve
112
involving multiple angles Y96
quadratic 1-9
solving using Pythagorean
identities 94-5
expressions 1

F
factorising of guadratic equations 1-3
formulae 143-4
functions 38
composite 46-7
cubic 42-3
domain of a function 38-9
gradient (derived) function 55, 57
increasing and decreasing 59
integrating 110-12
inverse 44-6
inverse trigonometric 97-8
polynomial 42-3
quadratic 40-1
range of the function 3940
rational 43
trigonomic 79-91

(3
geometric progressions 103
sum of the first n terms of a GP
104-5
sum to infinity of a GP 105-6
gradient function 55, 57
dgradients 54
curves 54-5
of straight lines 13-15, 16, 54
of tangents and normals 57-8

I
identities, trigonomic 92-3, 94-5
improper integrals 121-2
inequalities 49
manipulating 49
solving linear 49-50
solving quadratic 50-1
integration 110
constant of 110,112, 114
definite 114
finding an area using 113
finding area by definite integration
115-21
integrating a sum or difference of
functions 111
volume of revolution 122-4
intersection
of any curve and a straight line 52
of lines or curves 23
of a straight line and a parabola
51-2
inverse functions 44-6
inverse trigonomic functions 97-8

L
linear inequalities 49-50
lines
chords 54
equation of a straight line
1820, 20-2
gradient of a straight line 13-15,
16, 54
intersection 23, 51-2
length of aline joining two points
11-12
midpoint of a line joining two
points 12-13
normals 54
tangents 54
see also curves, vectors

M
mappings 37, 38

domain and range 3540
maximum points 68, 69, 70
minimum points 68, 649, 70
modulus of a vector 127, 130

N
negative vectors 128
normals 54
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equation of a normal 65
gradients of 57-8

0
origin (0) 11

P
parabolas 41
intersection of a line and a
parabola 51-2
parallel lines, gradient of 15
parallel vectors 130, 135
parameters 93
Pascal’s Triangle 107
periodic functions 81, 82
perpendicular lines
equation of 22
gradient of 15, 16
perpendicular vectors 135
phase shifts 86
point of contact 54
point of intersection 23
polynomial functions 42-3
position vectors 129
progressions 100
arithmetic 100-2
binomial theorem 107-9
geometric 103-5, 105-6
Pascal’s Triangle 107
series 106
Pythagoras’ theorem 11
Pythagorean identities 92-3, 94-5

Q

quadratic equations 1
completing the square 3-4
equations that are quadratic in a

function of x 6

formula for solving 5
properties of the roots of 6-8
solution by factorising 1-3
solution of one linear and one
quadratic equation 9

guadratic functions 40-1

quadratic inequalities 50-1
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R
radians 25-6, 27, 79
range of the function 39
rational functions 43
real roots 7-8
revolution, volume of 122
roots of a quadratic equation 1
finding 1-5
properties of 6-8
rotation 79

S
scalar product of two vectors 1346
scalar quantities 127
sectors of a circle, area of 28-9
SeUences see progressions
series 106
simultaneous equations, solution
where one is linear and the other is
quadratic 9
sine function 79, 80-=5, 89-90
sine waves 81, 82, 86
solids of revolution 122
square, completing the 34,5
stationary points 67, 68, 69
stationary values 67
straight lines
defining 18
equation of a straight line 18-20
finding the equation of a straight
line 20-2
gradients of 13-15, 16, 54
intersection of a straight line and
a parabola 51-2
length of a line joining two points
11-12
midpoint of a line joining two
points 12-13

ik
tangent function 79, 87-8, 89-9(
tangents 54
equation of a tangent 65-6
gradients of 54-5, 57-8

three dimensions, location of a point
in 129
touch, meaning of the term in
mathematics 54
trapezium rule 144
trigonometry
circular measure 25-9
cosine function 86-7
equations involving multiple angles
96
inverse trigonometric functions
97-8
Pythagorean identities 92-3, 94-5
relationships between sine, cosine
and tangent functions 89-91
sine function 80-5
tangent function 87-8
trigonometric functions 79
triconometric identities 92
trigonomic ratios of 307, 407, 60" 80
turning points 68
distinguishing between 69-72

U

unit vectors 129
finding 133-4
operations on 130-2

W

vectors 127
the angle between two 134
Cartesian unit vectors 129-32
finding a unit vector 133-4
position and displacement 128-9
properties of 127-8
the scalar product 134-6

volume of revolution 122-4

X
x-axis 11

Y
y-axis 11
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for Cambridge International A Level

Pure Mathematics
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Nelson Mathematics for Cambridge International A Level directly matches
the latest syllabus, with clear explanations and plenty of practice. A step-by-step
approach focuses on the development of core skills, for strong assessment potential.

e Fully prepare for exams - comprehensive coverage of the course

e Develop advanced skills — worked examples and differentiated activities build
confidence and extend performance

e Progress to the next stage - clear conceptual understanding eases the transition
to university study
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