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Achieve Your Potential 
The authors have developed specific content in MyMathLab® 
to ensure you have many resources to help you achieve success 
in mathematics - and beyond! The MyMathLab features described 
here will help you: 

e Review math skills and concepts you may have forgotten 

e Retain new concepts as you move through your math course 

¢ Develop skills that will help with your transition to college 
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Skills for Success 
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support your continued success in 

college. These modules provide 

tutorials and guidance on a variety 

of topics, including transitioning to 

college, online learning, time 

management, and more. 

Additional content is provided 

to help with the development of 

professional skills such as resume 

writing and interview preparation. 



Getting Ready 

Are you frustrated when you 

know you learned a math 

concept in the past, but you 

can’t quite remember the skill 

when it’s time to use it? 

Don’t worry! 

The authors have included 

Getting Ready material so you 

can brush up on forgotten 

material efficiently by taking a 

quick skill review quiz to pinpoint 

the areas where you need help. 
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Then, a personalized homework assignment provides additional 

practice on those forgotten concepts, right when you need it. 

Simplify. [3.1] 

» Skill Maintenance Skill Maintenance 

77. (1 — 4i)(7 + 6i) 

Find the x-intercepts and the zeros of the function. 

79. f(x) = 2x7 — 13x —7 [3.2] 

80. h(x) = x° — 3x* + 3x — 1 [4.4] 

81. h(x) = x*— x* [4.1] 

(x) = 2° + x? - 12x [4.1] 

6x? — l6x = 0 [4.1] 

84, 3x’ — 6 = 5x [3.91 

As you work through your math 

course, these MyMathLab® 
assignments support ongoing 

review to help you maintain 

essential skills. 

The ability to recall important 

math concepts as you continually 

acquire new mathematical skills 

will help you be successful in 

this math course and in your 

future math courses. 
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Preface 

This Algebra and Trigonometry textbook is known for enabling students to “see the math” 
through its 

¢ focus on visualization, 
¢ early introduction of functions, 
¢ complete, optional technology coverage, and 
* connections between math concepts and the real world. 

With the new edition, we continue to innovate by positioning the review material 
as a more effective tool for teachers and students. Chapter R from the previous edition 
has been condensed into 25 Just-In-Time review topics that are placed at the back of the 
book. This new review feature is designed to give each student the opportunity to be 
successful in this course by providing a quick review of topics from intermediate algebra 
that will be built upon in new college algebra topics. The review can be used in an indi- 
vidualized instruction format since some students will require more review than others. 
Treating the review in this manner will allow more time to cover the college algebra 
topics in the syllabus. 

On the other hand, some instructors might choose to review some or all of the topics 
with the entire class at the beginning of the course or in a just-in-time format as each is 
needed. We think instructors will appreciate the flexibility that the Just-In-Time feature 
offers. 

Additional resources in the MyMathLab courses reflect the themes of just-in-time 
review and concept retention. For example, new Cumulative Review assignments allow 
students to synthesize and retain concepts learned throughout the course. 

Our overarching goal is to provide students with a learning experience that will not 
only lead to success in this course, but also prepare them to be successful in the math- 
ematics courses they take in the future. 

» Content Changes to the Fifth Edition 

¢ Just-In-Time Review Review of prerequisite algebra topics is now presented when 
students need it most. 

¢ A set of 25 numbered, short review topics creates an efficient review of interme- 
diate algebra topics. 

¢ This feature is placed at the back of the text. Just-In-Time icons are positioned 
throughout the text next to the example where review of an intermediate algebra 
topic would be helpful. 

¢ Informed Exercises We have analyzed the MyMathLab usage data, which has 
helped us revise our exercises for this new edition. The goal is to ultimately improve 
the quality and quantity of exercises that matter the most to instructors and students. 

¢ Symmetry and Transformations These topics are now presented in two sections 
rather than one. 

» Emphasis on Functions 

Functions are the core of this course and are presented as a thread that runs throughout 
the course rather than as an isolated topic. We introduce functions in Chapter 1, whereas 

many traditional college algebra textbooks cover equation-solving in Chapter 1. Our 
approach of introducing students to a relatively new concept at the beginning of the 

xi 
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course, rather than requiring them to begin with a review of material that was previously 

covered in intermediate algebra, immediately engages them and serves to help them avoid 

the temptation to neglect studying early in the course because “I already know this.” 

The concept of a function can be challenging for students. By repeatedly expos- 

ing them to the language, notation, and use of functions, demonstrating visually how 

functions relate to equations and graphs, and also showing how functions can be used 

to model real data, we hope to ensure that students not only become comfortable with 

functions but also come to understand and appreciate them. You will see this emphasis 

on functions woven throughout the other themes that follow. 

Classify the Function Exercises With a focus on conceptual understanding, 
students are asked periodically to identify a number of functions by their type (linear, 
quadratic, rational, and so on). As students progress through the text, the variety of func- 
tions with which they are familiar increases and these exercises become more challeng- 
ing. The “classifying the function” exercises appear with the review exercises in the Skill 
Maintenance portion of an exercise set. (See pp. 266 and 356.) 

» Visual Emphasis 

Our early introduction of functions allows graphs to be used to provide a visual aspect to 
solving equations and inequalities. For example, we are able to show students both alge- 
braically and visually that the solutions of a quadratic equation ax” + bx + c = 0 are 
the zeros of the quadratic function f(x) = ax’ + bx + c,as wellas the first coordinates 

of the x-intercepts of the graph of that function. This makes it possible for students, par- 
ticularly visual learners, to gain a quick understanding of these concepts. (See pp. 182, 
185, 227, 285, and 344.) 

Visualizing the Graph Appearing at least once in every chapter, this feature pro- 
vides students with an opportunity to match an equation with its graph by focusing on 
the characteristics of the equation and the corresponding attributes of the graph. (See pp. 
143, 198, and 280.) In addition to this full-page feature, many of the exercise sets include 
exercises in which the student is asked to match an equation with its graph or to find an 
equation of a function from its graph. (See pp. 145, 146, 236, and 330.) In MyMathLab, 
animated Visualizing the Graph features for each chapter allow students to interact with 
graphs on an entirely new level. 

Side-by-Side Examples Many examples are presented in a side-by-side, two- 
column format in which the algebraic solution of an equation appears in the left column 
and a graphical solution appears in the right column. (See pp. 176, 290-291, 360, and 361.) 
This enables students to visualize and comprehend the connections among the solutions 
of an equation, the zeros of a function, and the x-intercepts of the graph of a function. 

Technology Connections This feature appears throughout the text to demonstrate 
how a graphing calculator can be used to solve problems. The technology is set apart 
from the traditional exposition so that it does not intrude if no technology is desired. 
Although students might not be using graphing calculators, the graphing calculator win- 
dows that appear in the Technology Connection features enhance the visual element of 
the text, providing graphical interpretations of solutions of equations, zeros of functions, 
and x-intercepts of graphs of functions. (See pp. 21, 181, and 360.) A graphing calculator 
manual providing keystroke-level instruction, written by author Judy Penna, is available 
online. 

» Making Connections 

Zeros, Solutions, and x-Intercepts We find that when students understand the 
connections among the real zeros of a function, the solutions of its associated equation, and 
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the first coordinates of the x-intercepts of its graph, a door opens to a new level of mathemat- 
ical comprehension that increases the probability of success in this course. We emphasize 
zeros, solutions, and x-intercepts throughout the text by using consistent, precise terminol- 
ogy and including exceptional graphics. Seeing this theme repeated in different contexts 
leads to a better understanding and retention of these concepts. (See pp. 176 and 185.) 

Connecting the Concepts This feature highlights the importance of connecting 
concepts. When students are presented with concepts in visual form—using graphs, an 
outline, or a chart—rather than merely in paragraphs of text, comprehension is stream- 
lined and retention is enhanced. The visual aspect of this feature invites students to stop 
and check their understanding of how concepts work together in one section or in several 
sections. This check in turn enhances student performance on homework assignments 
and exams. (See pp. 73, 185, and 253.) 

Annotated Examples We have included over 1070 annotated examples designed 
to fully prepare the student to work the exercises. Learning is carefully guided with the 
use of numerous color-coded art pieces and step-by-step annotations. Substitutions and 
annotations are highlighted in red for emphasis. (See pp. 179 and 352.) 

Now Try Exercises Now Try Exercises are found after nearly every example. This 
feature encourages active learning by asking students to do an exercise in the exercise set 
that is similar to the example the student has just read. (See pp. 182, 272, and 328.) 

Synthesis Exercises These exercises appear at the end of each exercise set and 
encourage critical thinking by requiring students to synthesize concepts from several 
sections or to take a concept a step further than in the general exercises. For the Fifth 
Edition, these exercises are assignable in MyMathLab. (See pp. 32, 255, 333, and 380.) 

Real-Data Applications We encourage students to see and interpret the mathemat- 

ics that appears every day in the world around them. Throughout the writing process, we 
conducted an energetic search for real-data applications, and the result is a variety of exam- 
ples and exercises that connect the mathematical content with everyday life. Most of these 
applications feature source lines and many include charts and graphs. Many are drawn 
from the fields of health, business and economics, life and physical sciences, social science, 
and areas of general interest such as sports and travel. (See pp. 39 (“Food Stamp Program”), 
66 (“Words in Languages”), 133 (“Peace Corps Volunteers”), 187 (“Funding for Afghan 

Security”), 236 (“Vinyl Album Sales”), 331 (“Alternative-Fuel Vehicles”), 559 (“Vietnam 

Veterans Memorial”), 648 (“Cosmetic Surgery”), 657 (“Top Auction Art Sales”), 736 (“The 

Ellipse at the White House”), and 812 (“The Economic Multiplier; Super Bowl XLVII”).) 

» Ongoing Review 

The most significant change to the Fifth Edition is the new Just-in-Time Review feature, 
designed to provide students with efficient and effective review of basic algebra skills. 

mea New! Just-In-Time Review Chapter R has been condensed into 25 numbered, 

mee short review topics to create an efficient review of intermediate algebra topics. This 

En feature is placed at the back of the book. 

¢ Just-In-Time icons are placed throughout the text next to the example where review of 
an intermediate algebra topic would be helpful. (See pp. 35, 99, 115, 171, 232, and 319.) 

e The coverage of each topic contains worked-out examples and a short exercise set. 
Answers to all exercises appear at the back of the book. 

* Worked-out solutions to all exercises are included in the Student Solutions Manual. 
« Students can find additional review support in the MyMathLab course for College 

Algebra with Integrated Review and in the Getting Ready MyMathLab. 
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Mid-Chapter Mixed Review This review reinforces understanding of the math- 

ematical concepts and skills covered in the first half of the chapter before students move 

on to new material in the second half of the chapter. Each review begins with at least 

three true/false exercises that require students to consider the concepts they have studied 

and also contains exercises that drill the skills from all prior sections of the chapter. They 

are available as assignments in MyMathLab. (See pp. 125-126 and 256-257.) 

Collaborative Discussion and Writing Exercises appear in the Mid-Chapter Mixed 

Review as well. These exercises can be discussed in small groups or by the class as a 

whole to encourage students to talk about the key mathematical concepts in the chapter. 
They can also be assigned to individual students to give them an opportunity to write 

about mathematics. (See pp. 202 and 257.) 
A section reference is provided for each exercise in the Mid-Chapter Mixed 

Review. This tells the student which section to refer to if help is needed to work the 
exercise. Answers to all exercises in the Mid-Chapter Mixed Review are given at the 

back of the book. 

Study Guide This feature is found at the beginning of the Summary and Review 
near the end of each chapter. Presented in a two-column format and organized by section, 
this feature gives key concepts and terms in the left column and a worked-out example in 
the right column. It provides students with a concise and effective review of the chapter 
that is a solid basis for studying for a test. In MyMathLab, these Study Guides are accom- 
panied by narrated examples to reinforce the key concepts and ideas. (See pp. 214-220 
and 381-387.) 

Exercise Sets There are over 7060 exercises in this text. The exercise sets are en- 
hanced with real-data applications and source lines, detailed art pieces, tables, graphs, 
and photographs. In addition to the exercises that provide students with concepts pre- 
sented in the section, the exercise sets feature the following elements to provide ongoing 
review of topics presented earlier: 

¢ Skill Maintenance Exercises. These exercises provide an ongoing review of con- 
cepts previously presented in the course, enhancing students’ retention of these 
concepts. These exercises include Vocabulary Reinforcement, described next, and 
Classifying the Function exercises, described earlier in the section “Emphasis on 
Functions.” A section reference is provided for each exercise. This tells the student 
which section to refer to if help is needed to work the exercise. Answers to all Skill 

Maintenance exercises appear in the answer section at the back of the book. (See pp. 
133, 210, 283, and 347.) 

¢ Enhanced Vocabulary Reinforcement Exercises. This feature checks and reviews 

students’ understanding of the vocabulary introduced throughout the text. It 
appears once in every chapter, in the Skill Maintenance portion of an exercise set, 
and is intended to provide a continuing review of the terms that students must know 
in order to be able to communicate effectively in the language of mathematics. (See 
pp. 84, 154, 214, and 283.) 

- Enhanced Synthesis Exercises. These exercises are described under the Making 
Connections heading and are also assignable in MyMathLab. 

Review Exercises These exercises in the Summary and Review supplement the 
Study Guide by providing a thorough and comprehensive review of the skills taught in 
the chapter. A group of true/false exercises appears first, followed by a large number 
of exercises that drill the skills and concepts taught in the chapter. In addition, three 
multiple-choice exercises, one of which involves identifying the graph of a function, are 
included in the Review Exercises for every chapter. Each review exercise is accompanied 
by a section reference that, as in the Mid-Chapter Mixed Review, directs students to the 
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section in which the material being reviewed can be found. Collaborative Discussion 
and Writing exercises are also included. These exercises are described under the Mid- 
Chapter Mixed Review heading on p. xiv. (See pp. 220-223 and 388-390.) 

Chapter Test The test at the end of each chapter allows students to test themselves 
and target areas that need further study before taking the in-class test. Each Chapter 
Test includes a multiple-choice exercise involving identifying the graph of a function. 
Answers to all questions in the Chapter Tests appear in the answer section at the back of 
the book, along with corresponding section references. (See pp. 223-224 and 391-392.) 

/ pomain ~=——<is—sés~—«Ss«&RReVie@w ICONS. Place next to the concept that a student is currently studying, a re- 
id ot TAA | view icon references a section of the text in which the student can find and review topics 
| on which the current concept is built. (See pp. 267 and 324.) 
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BREAK THROUGH 
To improving results 

Get the most out of 

MyMathLab’ [allel 
MyMathLab creates personalized experiences to help each student 

achieve success and provides powerful tools so instructors can create 

the perfect learning experiences for their courses. 

Personalized Support 
for Students 

| | Ex. Score: 0 of 2 pt 

~~ The function fis defined as follows. 
: 4x ifx#0 

4 ifx=0 

ta) co @) Find the domain of the function. 
“were (b) Locate any intercepts. 
Ri (c) Graph the function. 

(d) Based on the graph, find the range. 
(e) Is £ continuous on its domain? 

* MyMathLab comes with many 

learning resources—e Text, 

animations, videos, and more— 

all designed to support you as 

you complete your assignments. 

f(&) = 

* Whether you’re doing homework 

or working from the adaptive 

study plan, you'll receive immediate 

feedback, so you'll know exactly 

where you need help. 

| @ The domain of the function fis {”]. 
| (Clype your enswer m interval notation.) 

{ 

Enter your snswer in the answer box, then click Check Answer. 

parts remaining 

Data-Driven Reporting 
for Instructors 

¢ MyMathLab’s comprehensive online 

gradebook automatically tracks 

students’ results on tests, quizzes, 

‘Course 101 - Yost Course 1 Section + : 73% 

Ceneee 101. Tost Courva 1 Section 2 68% 28% 1% | 

| 

h k d F h d | | Course 104 - Test Courke 1 - Bection 3 | 67% 25% 9% 

n. omework, and in the study pla | eo esi wie 

A : ‘Course 101 - Tost Course 1 Section 5 ae 77% 14% 

* The Reporting Dashboard makes = 
a ; 4 2 Course 101» Test Course 1 < Section 6 65% 22% 412% 

it easier than ever to identify ee ss 
Cs 10} Teo Course $8400 19% 42% 23% 

topics where students are 

struggling or specific students who 

may need extra help. 



Resources for Success 

My ath ane Online Cou SE (access code required) 

MyMathLab delivers proven results in helping individual students succeed. It provides engaging 

experiences that personalize, stimulate, and measure learning for each student. And, it comes from an 

experienced partner with educational expertise and an eye on the future. MyMathLab helps prepare 

students and gets them thinking more conceptually and visually through the following features: 

ae - — ia 

ei the ao| «Adaptive Study Plan 
rou have eared 0 of 687 mstary sins rion roars The Study Plan makes studying more efficient and 
Practice these objectives and then take a Quiz Me to prove mastery and earn more points 7 _? 

| oe : effective for every student. Performance and activity 
What to work on next 

cvicuieee te are assessed continually in real time. The data and 
wg? Wdentify types of numbers. Practica Quiz Me 0 of LMP analytics are used to provide personal ized content— 

j © A mare certs to precise and mace ee reinforcing concepts that target each student's 
GR.L Real Number System 

Eee esc ea iar a Ges) . «i. strengths and weaknesses. 
Find ebsolute values. Practice Quiz Me Oof 1 MP 

im Calculate with real numbers Practice | Quiz Me O of 1 mP 

Use the properties of real numbers. Practice | Quiz Me G of 1 MP 

} 

MyMathLab® 
win KNEWTON Adapove learning 

. 
Assignment 

@ Section P.1 Homework 

95/08/14 
11:59pm 

Section P.2 Homework 

05/08/14 

Getting Ready > |= 

Students refresh prerequisite topics through 

assignable skill review quizzes and personalized 

homework integrated within MyMathLab. 

Section P.3 Homework 

action P.4 Homework 

® 

@ 

@ 

® 

@s 

is) 

2 

i) 

uction 1,4 Homewor 
11:59pm 

06/20/14 
11;59pm 

Section 1,5 Homework 

1 Mid-Chapter Chack Point Homework 

action 1.6 Homework PEARSON ; eer are 

6eqe6068600606 6 

Solve. ‘ % 
on < Video Assessment 
Ess Video assessment is tied to key author example videos to check 
oort mete students’ conceptual understanding of important math concepts. 

doit = & 
Ze Ar Asoo 

Seerecermony 
0.08 

Enhanced Graphing Functionality > 
New functionality within the graphing 

utility allows graphing of 3-point quadratic 

functions, 4-point cubic graphs, and 
transformations in exercises. 

> 01:10 / 06:51 

Playback trouble? 

Skills for Success Modules are integrated within the MyMathLab course to help 
students succeed in collegiate courses and prepare for future professions. 

Skill Maintenance These exercises support ongoing review at the 

course level and help students maintain essential skills. 



Instructor Resources 
Additional resources can be downloaded from 
www.pearsonhighered.com or hardcopy resources 
can be ordered from your sales representative. 

Ready to Go MyMathLab® Course 
Now it is even easier to get started with MyMathLab. 

The Ready to Go MyMathLab course option includes 
author-chosen preassigned homework, integrated review, 
and more. 

TestGen® 

TestGen® (www.pearsoned.com/testgen) enables 
instructors to build, edit, print, and administer tests using 
a computerized bank of questions developed to cover all 
the objectives of the text. 

PowerPoint® Lecture Slides 

Feature presentations written and designed specifically for this 
text. These lecture slides provide an outline for presenting 
definitions, figures, and key examples from the text. 

Annotated Instructor’s Edition 

Includes all answers to the exercise sets, usually on the 
page on which the exercises appear. Sample homework 
assignments are indicated by a blue underline within 
each end-of-section exercise set and may be assigned In 
MyMathLab. ° 

Instructor’s Solutions Manual 
(Download Only) 
Written by Judy Penna, this resource contains worked-out 
solutions to all exercises in the exercise sets, Mid-Chapter 
Mixed Reviews, Chapter Reviews, and Chapter Tests, as 
well as solutions for all the Just-In- Time exercises. 

Online Test Bank (Download Only) 
Contains four free-response text forms for each chapter 
following the same format and having the same level of 
difficulty as the test in the main text and two multiple- 
choice test forms for each chapter. It also provides six 
forms of the final examination, four with free-response 
questions and two with multiple-choice questions. 

Student Resources 
Additional resources to help student success. 

Author Example Videos 
Ideal for distance learning or supplemental instruction, 
these videos feature authors Judy Beecher and Judy Penna 
working through and explaining examples in the text. 
Assignable in MyMathLab with new Video Assessment 
questions. 

New! Video Notebook 

The new Video Notebook contains fill-in-the-blank work- 
sheets to accompany the video examples presented by the 
authors. Key definitions, theorems, and procedures are also 
included. After filling in the worksheet while watching the 
video, the student has an excellent study guide for review 
and test preparation. This is available in print or as a PDF or 
Word document in MyMathLab. 

Student’s Solutions Manual 

Written by author Judy Penna, this resource contains 

completely worked-out solutions with step-by-step 

annotations for all the odd-numbered exercises in the 
exercise sets, Mid-Chapter Mixed Reviews, and Chapter 
Reviews, as well as solutions for all the Chapter Test 

exercises and the Just-In-Tlme exercises. 

Graphing Calculator Manual 
Contains keystroke level instruction for the Texas 
Instruments TI-84 Plus using MathPrint OS. Mirrors the topic 
order in the main text to provide a just-in-time mode of 
instruction. 



To the Student 
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Success can be planned. Combine goals and good study habits to create a plan for success that 

works for you. The following list contains study tips that your authors consider most helpful. 

Skills for Success 

> 

Se 

be 

Set goals and expect success. Approach this class experience with a positive attitude. 

Communicate with your instructor when you need extra help. 

Take your text with you to class and lab. Each section in the text is designed with 

headings and boxed information that provide an outline for easy reference. 

Ask questions in class, lab, and tutoring sessions. Instructors encourage them, and 

other students probably have the same questions. 

Begin each homework assignment as soon as possible. If you have difficulty, you will 

then have the time to access supplementary resources. 

Carefully read the instructions before working homework exercises and include all 

steps. 

Form a study group with fellow students. Verbalizing questions about topics that you do 

not understand can clarify the material for you. 

After each quiz or test, write out corrected step-by step solutions to all missed questions. 

They will provide a valuable study guide for the midterm exam and the final exam. 

MyMathLab has numerous tools to help you succeed. Use MyMathLab to create a 

personalized study plan and practice skills with sample quizzes and tests. 

Knowing math vocabulary is an important step toward success. Review vocabulary 

with Vocabulary Reinforcement exercises in the text and in MyMathLab. 

If you miss a lecture, watch the video in the Multimedia Library of MyMathLab that 
explains the concepts you missed. 

In writing this textbook, we challenged ourselves to do everything possible to help you learn the 

concepts and skills contained between its covers so that you will be successful in this course and in 

the mathematics courses you take in the future. We realize that your time is both valuable and lim- 

ited, so we communicate in a highly visual way that allows you to learn quickly and efficiently. We 

are confident that, if you invest an adequate amount of time in the learning process, this text will be 
of great value to you. We wish you a positive learning experience. 

Judy Beecher 

Judy Penna 

Marv Bittinger 



Together, Italy, Spain, and the United States 

consume 58% of the world’s olive oil. The 

percentage consumed in Italy is 3} times the 

percentage consumed in the United States. 

The percentage consumed in Spain is 3 of the 

percentage consumed in Italy. (Source: 

www.OliveOilEmporium.com) Find the 

percent of the world’s olive oil consumed in 

each country. 

1.3 

Visualizing the Graph 

Mid-Chapter Mixed Review 

1.4 
i) 

1.6 

Study Guide 

Review Exercises 

Chapter Test 



pe CHAPTER 4 ~~ Graphs, Functions, and Models 

Introduction to Graphing 

Plot points. 

Determine whether an ordered pair is a solution of an equation. 

> 

ie 

» Find the x- and y-intercepts of an equation of the form Ax + By = C. 

» Graph equations. 

» Find the distance between two points in the plane and find the midpoint of a segment. 

be Find an equation of a circle with a given center and radius, and given an equation of a 

circle in standard form, find the center and the radius. 

® Graph equations of circles. 

» Graphs 

Graphs provide a means of displaying, interpreting, and analyzing data in a visual 
format. It is not uncommon to open a newspaper or a magazine and encounter 

graphs. Examples of bar, line, and circle graphs are shown below. 

Women Serving in the U.S. Air Force 

0.6% Ha Waij 

Many real-world situations can be modeled, or described mathematically, us- 
ing equations in which two variables appear. We use a plane to graph a pair of 
numbers. To locate points on a plane, we use two perpendicular number lines, 
called axes, that intersect at (0, 0). We call this point the origin. The horizontal 
axis is called the x-axis, and the vertical axis is called the y-axis. (Other variables, 
such as a and b, can also be used.) The axes divide the plane into four regions, 
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SECTION 1.1 Introduction to Graphing 3 

called quadrants, denoted by Roman numerals and numbered counterclockwise 
from the upper right. Arrows show the positive direction of each axis. 

Each point (x, y) in the plane is described by an ordered pair. The first num- 
ber, x, indicates the point’s horizontal location with respect to the y-axis, and the 
second number, y, indicates the point’s vertical location with respect to the x-axis. 

We call x the first coordinate, the x-coordinate, or the abscissa. We call y the 
second coordinate, the y-coordinate, or the ordinate. Such a representation is 
called the Cartesian coordinate system in honor of the French mathematician 
and philosopher René Descartes (1596-1650). 

In the first quadrant, both coordinates of a point are positive. In the second 
quadrant, the first coordinate is negative and the second is positive. In the third 
quadrant, both coordinates are negative, and in the fourth quadrant, the first co- 
ordinate is positive and the second is negative. 

EXAMPLE 1. Graph and label the points (—3,5), (4,3), (3,4), (—4, -2), 

(3,=4), 074), (435 0)h and (03.0): 

Solution To graph or plot (—3,5), we note that the x-coordinate, —3, tells us 
to move from the origin 3 units horizontally in the negative direction, or 3 units to 
the left of the y-axis. Then we move 5 units up from the x-axis.* To graph the other 
points, we proceed in a similar manner. (See the graph at left.) Note that the point 
(4, 3) is different from the point (3, 4). 

» Solutions of Equations 

Equations in two variables, like 2x + 3y = 18, have solutions (x, y) that are or- 
dered pairs such that when the first coordinate is substituted for x and the second 
coordinate is substituted for y, the result is a true equation. The first coordinate in 
an ordered pair generally represents the variable that occurs first alphabetically. 

EXAMPLE 2 _ Determine whether each ordered pair is a solution of the equation 
2 3y = 18, 

Solution We substitute the ordered pair into the equation and determine 
whether the resulting equation is true. 

a) Dao V haa, 
T 

2635) Hist )ee 18 We substitute — 5 for x and 7 

SAH al for y (alphabetical order). 

Bh 18 FALSE 

The equation 11 = 18 is false, so (—5, 7) is not a solution. 

*Here the notation (—3, 5) represents an ordered pair. This notation can also represent an open 

interval. See Just-In-Time 6 review. The context in which the notation appears usually makes the 

meaning clear. 
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y-intercept: 

(0, 4) 

x-intercept: 

(250) 

Graphs, Functions, and Models 

b) AR sy = 18 
ae 

2(3) -- 3(4)' © 18 We substitute 3 for x and 4 for y. 

(Sa 

18 18 TRUE 

The equation 18 = 18 is true, so (3, 4) is a solution. 
Now Try Exercise 11. 

» Graphs of Equations 

The equation considered in Example 2 actually has an infinite number of solutions. 
Since we cannot list all the solutions, we will make a drawing, called a graph, that 
represents them. On the following page are some suggestions for drawing graphs. 

TO GRAPH AN EQUATION 

To graph an equation is to make a drawing that represents the solutions of 
that equation. 

Graphs of equations of the type Ax + By = C are straight lines. Many such 
equations can be graphed conveniently using intercepts. The x-intercept of the graph 
of an equation is the point at which the graph crosses the x-axis. The y-intercept is 
the point at which the graph crosses the y-axis. We know from geometry that only 
one line can be drawn through two given points. Thus, if we know the intercepts, we 
can graph the line. To ensure that a computational error has not been made, it is a 
good idea to calculate and plot a third point as a check. 

x- AND y-INTERCEPTS 

An x-intercept is a point (a, 0). To find a, let y = 0 and solve for x. 

A y-intercept is a point (0, b). To find b, let x = 0 and solve for y. 

EXAMPLE 3. Graph: 2x + 3y = 18. 

Solution The graph is a line. To find ordered pairs that are solutions of this equa- 
tion, we can replace either x or y with any number and then solve for the other vari- 
able. In this case, it is convenient to find the intercepts of the graph. For instance, if x 
is replaced with 0, then 

2.2 Dee oy = 18 

oy = 18 

V6: Dividing by 3 on both sides 



Suggestions for 

Drawing Graphs 

. Calculate solutions and 

list the ordered pairs in 
a table. 

. Use graph paper. 

. Draw axes and label 

them with the 

variables. 

. Use arrows on the axes 

to indicate positive 
directions. 

. Scale the axes; that is, 
label the tick marks on 
the axes. Consider the 
ordered pairs found in 
part (1) above when 

choosing the scale. 
. Plot the ordered pairs, 

look for patterns, and 
complete the graph. 
Label the graph with 
the equation being 
graphed. 

SECTION 1.1 = Introduction to Graphing D 

Thus, (0,6) is a solution. It is the y-intercept of the graph. If y is replaced with 0, 
then 

2x toe Oe — a8 

ke US 

x= 9) Dividing by 2 on both sides 

Thus, (9, 0) is a solution. It is the x-intercept of the graph. We find a third solution 
as a check. If x is replaced with 3, then 

2:3 + 3y = 18 
6 + 3y = 18 

oy SS al2 Subtracting 6 on both sides 

ae Dividing by 3 on both sides 

Thus, (3, 4) is a solution. 
We list the solutions in a table and then plot the points. Note that the points ap- 

pear to lie on a straight line. 

oe “\ (3,4) y-intercept 3 

Eee she leanne oe. (oe 

me 

=3 x-intercept 

SV 9 

Were we to graph additional solutions of 2x + 3y = 18, they would be on the 
same straight line. Thus, to complete the graph, we use a straight-edge to draw a 
line, as shown in the figure. This line represents all solutions of the equation. Every 
point on the line represents a solution; every solution is represented by a point on 

the line. Now Try Exercise-17. 

When graphing some equations, it is convenient to first solve for y and then 
find ordered pairs. We can use the addition and multiplication principles to solve 
for y. 
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JUST EXAMPLE 4 Graph: 3x — 5y = —10. 

TIME Solution We first solve for y: 

ae 3x — 5y = —10 
= by oa) Subtracting 3x on both sides 

y = ix +2, Multiplying by —! on both sides 

By choosing multiples of 5 for x, we can avoid adding and subtracting fraction val- 

ues when calculating y. For example, if we choose —5 for x, we get 

ater P= eb) 2S 2 = KL 

The following table lists a few points. We plot the points and draw the graph. 

OO: | Bee On 

a y=tx+2 

> 
9 Seite Sy EG 

Now Try Exercise 29. 

In the equation y = 2x + 2 in Example 4, the value of y depends on the value 
chosen for x, so x is said to be the independent variable and y the dependent 
variable. 

Technology Connection 

Plot! Plot2. Plot3 We can graph an equation on a graphing calculator. Many calculators 

Vas require an equation to be entered in the form “y = .” In sucha case, if the 
\3= equation is not initially given in this form, it must be solved for y before it is 
ae entered in the calculator. For the equation 3x — 5y = —10 in Example 4, 
\Yo= we enter y = 3x + 2 on the equation-editor, or y = , screen in the form 

Biss y = (3/5)x + 2, as shown in the window at left. 
Next, we determine the portion of the xy-plane that will appear on the 

calculator’s screen. That portion of the plane is called the viewing window. 
The notation used in this text to denote a window setting consists of 

four numbers [L, R, B, T], which represent the Left and Right endpoints of 
the x-axis and the Bottom and Top endpoints of the y-axis, respectively. The 
window with the settings | —10, 10, —10, 10] is the standard viewing window. 
On some graphing calculators, the standard window can be selected quickly 
using the ZSTANDARD feature from the ZOOM menu. 
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Xmin and Xmax are used to set the left and right endpoints of the x-axis, 
respectively; Ymin and Ymax are used to set the bottom and top endpoints of 
the y-axis, respectively. The settings Xscl and Yscl give the scales for the axes. 
For example, Xscl = 1 and Yscl = 1 means that there is 1 unit between tick 

—jo;4111 id tuAah en A marks on each of the axes. In this text, scaling factors other than 1 will be 
listed by the window unless they are readily apparent. 

After entering the equation y = (3/5)x + 2 and choosing a viewing 
window, we can then draw the graph shown at left. 

EXAMPLE 5 Graph: y = x? — 9x — 12. JUST 
IN 

Ales Solution Note that since this equation is not of the form Ax + By = C, its 
é graph is not a straight line. We make a table of values, plot enough points to obtain 

an idea of the shape of the curve, and connect the points with a smooth curve. It is 
important to scale the axes to include most of the ordered pairs listed in the table. 
Here it is appropriate to use a larger scale on the y-axis than on the x-axis. 

Om Ome 

= (1) Select values for x. 

(2) Compute values for y. 
Now Try Exercise 39. 

Technology Connection 

A graphing calculator can be used to create a table of ordered pairs that are 
SERGUE solutions of an equation. For the equation in Example 5, y = x* — 9x — 12, 
Tbistart = —3 we first enter the equation on the equation-editor screen. Then we set up a 
apres Ask table in AUTO mode by designating a value for TBLSTART and a value for ATBL. 
pia er The calculator will produce a table starting with the value of TBLSTART and 

continuing by adding ATBL to supply succeeding x-values. For the equation 
y = x* — 9x — 12, we let TBLSTART = —3 and ATL = 1. Wecan scroll up 
and down in the table to find values other than those shown here. 
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» The Distance Formula 

Suppose that an architect must determine the distance between two points, A and B, 

on opposite sides of a lane of the Panama Canal. One way in which he or she might 

proceed is to measure two legs of a right triangle that is situated as shown in the 

following figure. The Pythagorean equation, c> = a” + b’, where c is the length of 
the hypotenuse and a and bare the lengths of the legs, can then be used to find the 
length of the hypotenuse, which is the distance from A to B. 

ER aie Sete Sea A 

= = Se 

Architect 

A similar strategy is used to find the distance between two points 
in a plane. For two points (x,, y,) and (x, y.), we can draw a right 
triangle in which the legs have lengths |x, — x,| and |y, — y,|. 

The $5.25 billion expansion of the Panama Canal will 

soon double its capacity. A third canal lane is scheduled to 

open in 2015. (Source: Panama Canal Authority) 
YM 

(x), V;) 
<——_ —\— J 

RV 

Using the Pythagorean equation c? = a’? + b’, we have JUST 
IN 

—— 2 ‘ ; : : TIME d= | 365 = Oe | ate ly. Maal os Substituting d for c, |x. — x| 
Ee for a,and|y, — y,| for bin 

the Pythagorean equation 

Because we are squaring, we can use parentheses to replace the absolute-value 
symbols: 

Ge ay (or ah) pee rae) 2 

Taking the principal square root, we obtain the distance formula. 

THE DISTANCE FORMULA 

The distance d between any two points (x,, y;) and (x, y)) is given by 

d= V (x, —h)> Sa vie 
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The subtraction of the x-coordinates can be done in any order, as can the sub- 
traction of the y-coordinates. Although we derived the distance formula by con- 
sidering two points not on a horizontal line or a vertical line, the distance formula 
holds for any two points. 

EXAMPLE 6 Find the distance between each pair of points. 

a) Nees 2)eand (S56) 1) (SS Sie ae) 

Solution We substitute into the distance formula. 

a) d= V(x; = at) = yn) Dida VES a cps Oo yy 

= V[3 - (-2)P + (-6 - 2) = V[-1- (-1)P + (-5 - 2)? 
= V5? + (-8)? = V/25 + 64 = V0? + (-7)? = Vo +49 
= V89 = 9A = 49 =7 

mt OL eo oe ec: a I 2 39 a: A 

V/89 = 9.4 

(3, 0) 

Now Try Exercises 41 and 49. 

EXAMPLE 7 The point (—2,5) is ona circle that has (3, —1) as its center. Find 
the length of the radius of the circle. 

Solution Since the length of the radius is the distance from the center to a point 
on the circle, we substitute into the distance formula: 

d= V(x. — m4) + (» — n) 
a V[3 ag (= 2)" are ge Be Substituting r for d, (3, — 1) 

for (x2, 2), and ( — 2,5) for 
(x), y;). Either point can 
serve as (x), y;). 

= V8 4 (69 = VIE +36 
= Vel = 7.8. Rounded to the nearest tenth 

The radius of the circle is approximately 7.8. 
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» Midpoints of Segments 

The distance formula can be used to develop a method of determining the mid- 

point of a segment when the endpoints are known. We state the formula and leave 

its proof to the exercises. 

THE MIDPOINT FORMULA 

If the endpoints of a segment are (x, y,) and (x), yz), then the coordinates 
of the midpoint of the segment are 

(2 Xe Via 22) y 
(X25 Yo) > 

Z 2 

(x V1) 

Note that we obtain the coordinates of the midpoint by averaging the coordi- 
nates of the endpoints. This is a good way to remember the midpoint formula. 

EXAMPLE 8 Find the midpoint of the segment whose endpoints are (—4, —2) 
and (2,5). 

Solution Using the midpoint formula, we obtain 

oa 3**)-(2 2) = ( 13) 
i ang bs Oe 

EXAMPLE 9 The diameter of a circle connects the points (2, —3) and (6, 4) on 
the circle. Find the coordinates of the center of the circle. 

YK 

(6, 4) 

Os=3) 

Solution Since the center of the circle is the midpoint of the diameter, we use the 
midpoint formula: 

— (33 re 
5) By or os ay fs ie ae fc: 2 2 Bake res Near 

The coordinates of the center are (4, ) Now Try Exercise 73. 



A) 

(x, y) 

RV 
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» Circles 

A circle is the set of all points in a plane that are a fixed distance r from a center 
(h, k). Thus if a point (x, y) is to be r units from the center, we must have 

— V(x = h)? + (y = ke: Using the distance formula, 

a V(x —-x)’+(m-n) 

Squaring both sides gives an equation of a circle. The distance r is the length of a 
radius of the circle. 

THE EQUATION OF A CIRCLE 

The standard form of the equation of a circle with center (h, k) and 
radius r is 

(xh + (y— bP =P. 

EXAMPLE 10 Find an equation of the circle having radius 5 and center (3, —7). 

Solution Using the standard form, we have 

i xA— 331 sees aa) (2 lass Substituting 

(GANS) eeo (yer Fy S126. 

EXAMPLE 11.) Graph the circle (x + 5)? + (y — 2)? = 16. 

Solution We write the equation in standard form to determine the center and 

the radius: 

esos) aap sete 
The center is (—5, 2) and the radius is 4. We locate the center and draw the circle 
using a compass. 

aN 

| (n+ 57 + (y— 2) = 16 : 

6 

5 

4 

3 

2 

1 

9 mewE 
—1 

me 

am, 

Now Try Exercise 87. 
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Technology Connection 

When we graph a circle, we select a viewing window in which the distance 
between units is visually the same on both axes. This procedure is called 
squaring the viewing window. We do this so that the graph will not be 
distorted. A graph of the circle x* + y° = 36 ina nonsquared window is 

shown in Fig. 1. 

x? + y* = 36 

8 

Figure 1. Figure 2. 

On many graphing calculators, the ratio of the height to the width of 
the viewing screen is 3. When we choose a window in which Xscl = Yscl 
and the length of the y-axis is § the length of the x-axis, the window will be 
squared. The windows with dimensions | —6, 6, —4, 4], | —9, 9, —6, 6], and 
[—12, 12, —8, 8] are examples of squared windows. A graph of the circle 
x? + y* = 36 ina squared window is shown in Fig. 2. Many graphing 
calculators have an option on the ZOOM menu that squares the window 
automatically. 

To graph a circle, we select the CIRCLE feature from the DRAW menu and 
enter the coordinates of the center and the length of the radius. The graph of 
the circle (x — 2)? + (y + 1)* = 16 is shown here. For more on graphing 
circles with a graphing calculator, see Section 7.2. 

Ge 2)) ar byk == 16 
6 

Circle(2,—1,4) fb 

—gjUttitit 



SECTION 1.1 = Introduction to Graphing 13 

WACSUEL Palate 
the Graph 

Match the equation with its graph. 

l. y = —x? + 5x - 3 

2s 3% —15ye = 15 

QO ol Dr SG) ee 

AV a OX == 3 

25 
Sai ty 

6. 15y — 6x = 90 

8.5(433)2 (yp = 1)? = Ie 

oO + ONereOy— 15 

10K = ox 14 

-4 

Answers on page A-1 
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1.1 | Exercise Set 

Use this graph for Exercises 1 and 2. 

yx 

ee 5 e 
Ae Al D 
ecase @ 3 

K 2 . 
1 ef F 

if : Net Ale < 

ne ee ee ee 
: B 

=2 ® r 
os =% e 
e- 4 

1. Find the coordinates of points A, B, C, D, E, 
and F. 

2. Find the coordinates of points G, H, I, J, K, 

arnel JL, 

Graph and label the given points. 

3. (4,0), (—3, -5), (-1,4), (0, 2), (2, -2) 

4. (1,4), (—4, -2), (—5, 0), (2, -4), (4, 0) 

(5 Tye 5e1 e203), ye On) 

6. (4,0), (4, -3), (—5, 2), (—5, 0), (—1, -5) 

Express the data pictured in the graph as ordered pairs, 
letting the first coordinate represent the year and the second 
coordinate the amount or percent. 

1) 

7. Sprint Cup Series: Tony Stewart in the Top 5 

Number of races 

~2008 2009 +2010 + «2011+«22012'~=C«013~ 
Year 

, Source: ESPN NASCAR 

8. Women Serving in the Marines 

Percentage who 
are women 

Pw web OD NI 

1960 1970 1980 1990 2000 2011 

Year 

Source: U. S. Department of Veterans Affairs, Rutgers University 

Use substitution to determine whether the given ordered 

pairs are solutions of the given equation. 

J. (1,9), (O82 ye =e 

10. (4,8), (-1,6); y = —4x + 10 

1. (23), (143)s 6 - 4y = 1 
121 (15,26), (3.0). ey = 

13. (—3,-4), (0,2); 2a + 5b = 3 

14. (0,3), (41); 3m + 4n = 6 

i 15. (—0.75;2:75) 2.1 a 

16. (2, —4), (4, -5); 5x + 2y° = 70 

Find the intercepts and then graph the line. 

175k = OV aD 18. 2x 4 — 8 

LSS 2k y= 20S Ave 

Day oe PRAMS ass eS RS Goes 

Graph the equation. 

2a0 Vo i DAY i at 

28a go 26..% dy = 4 

y= eae 28. 3y — 2x = 3 

29.54 = 2y = 8 30. y =2.— 3x 

31, x —4Ay = Si OX et 

33. 2x + 5y = —10 34. 4x — 3y = 12 

35. = x 36. y = x? 

37. yieex = S 38. y= 4 ee 

39. y= =x? + 2x43 AQ. y= x? + 2x = 1 

Find the distance between the pair of points. Give an exact 
answer and, where appropriate, an approximation to three 
decimal places. 

41. sn and (5, 9) 

42. (—3,7) and (2. 10) 

43. ait —8) and (1, —13) 

44, (—60,5) and (—20, 35) 



45. (6, —1) and (9,5) 

465(—4, 7 ).and(—1, 3) 

47. (- 8,77) and (8 Sao) 

48. (2,35) and (3, —28) 
49. (~3,—4) and (—3,3) 
50. (—3, 7) and (3,3) 
SI 4.2, 3) -and (2:15--6:4) 

52. (0.6, -1.5) and (—8.1, 1.5) 

53. (0,0) and (a, b) 

S4i (7, 5)-and{ =r) 

55. The points (—3, —1) and (9, 4) are the endpoints of 
the diameter of a circle. Find the length of the radius 
of the circle. 

56. The point (0, 1) is on a circle that has center (—3, 5). 
Find the length of the diameter of the circle. 

The converse of the Pythagorean theorem is also a true 
statement: If the sum of the squares of the lengths of two 
sides of a triangle is equal to the square of the length of the 
third side, then the triangle is a right triangle. Use the dis- 
tance formula and the Pythagorean theorem to determine 
whether the set of points could be vertices of a right triangle. 

D7 45), (OfL rand (8, =>.) 

BS 3). (2, 1),and (6,9) 

Bom 4.5 ),(0,5), ands, —4) 

60. The points (—3, 4), (2, —1), (5,2), and (0,7) are 
vertices of a quadrilateral. Show that the quadrilat- 
eral is a rectangle. (Hint: Show that the quadrilateral’s 
opposite sides are the same length and that the two 
diagonals are the same length.) 

Find the midpoint of the segment having the given 
endpoints. 

6145-9) and (=12, —3) 

62s? wand 9,5) 

63. (0,4) and (-2,0) 

64. (0,0) and (-3.3) 

65. (6.1, —3.8) and (3.8, —6.1) 

(—0.5, —2.7) and (4.8, —0.3) 

(=6,5) and (—6,.8) 

(it-2 pand(—1,2) 

66. 

67. 

68. 

SECTION 141.4 = Introduction to Graphing 15 

69. (—2,-2) and ( —3,3) 

70. (3,3) and (- 2 4) 

71. Graph the rectangle described in Exercise 60. Then 
determine the coordinates of the midpoint of each 
of the four sides. Are the midpoints vertices of a 
rectangle? 

—) 

72. Graph the square with vertices (—5, —1), (7, —6), 
(12,6), and (0, 11). Then determine the midpoint of 
each of the four sides. Are the midpoints vertices of a 
square? 

73. The points Ge —4) and (V2, 3) are endpoints of 
the diameter of a circle. Determine the center of the 

circle. 

74, The points (—3, V5) and (1, V2) are endpoints of 
the diagonal of a square. Determine the center of the 
square. 

Find an equation for a circle satisfying the given conditions. 

75. Center (2,3), radius of length 3 

76. Center (4, 

77. Center (—1, 4), passes through (3, 7) 

78. Center (6, 

79. The points (7, 13) and (—3, —11) are at the ends of 
a diameter. 

80. The points (—9,4), (—2,5)) (= 833) and 
(—1, —2) are vertices of an inscribed square. 

5), diameter of length 8.2 

—5), passes through (1, 7) 

81. Center (—2, 3), tangent (touching at one point) to 
the y-axis 

82. Center (4, —5), tangent to the x-axis 

Find the center and the radius of the circle. Then graph 
the circle. 

83.7 fy =4 

84. x? + 7 = 81 
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85. x + (y = 3)? = 16 

86, (x + 2)? + ¥ = 100 

87. (x — 1)? + (y — 5)? = 36 

88. (x — 7)? + (y + 2)? = 25 

89. (x + 4)? + (y+ 5) =9 

90. (x +1)? + (y-— 27 = 6 

Find the equation of the circle. Express the equation in 
standard form. 

» Synthesis 

To the student and the instructor: The Synthesis exercises 
found at the end of every exercise set challenge students to 
combine concepts or skills studied in that section or in pre- 
ceding parts of the text. 

95. If the point (p, q) is in the fourth quadrant, in which 
quadrant is the point (q, —p)? 

Find the distance between the pair of points and find 
the midpoint of the segment having the given points as 
endpoints. 

1 
96. (« +) and (« +h, : ) 

a ae Ip 

97. (a, Va) and (a + h,Va+ h) 

Find an equation of a circle satisfying the given conditions. 

98. Center (—5, 8) with a circumference of 107 units 

99. Center (2, —7) with an area of 3677 square units 

100. Find the point on the x-axis that is equidistant from the 
points (=4,.-3)-and (15). 

101. Find the point on the y-axis that is equidistant from 
the points (—2, 0) and (4, 6). 

102. Determine whether the points (—1, —3), (—4, —9), 
and (2, 3) are collinear. 

103. An Arch of a Circle in Carpentry. Matt is 
remodeling the front entrance to his home and 
needs to cut an arch for the top of an entranceway. 
The arch must be 8 ft wide and 2 ft high. To draw the 
arch, he will use a stretched string with chalk 

attached at an end as a compass. 

(4,0) (?, 2) 

a) Using a coordinate system, locate the center of 
the circle. 

b) What radius should Matt use to draw the arch? 

104. Consider any right triangle with base b and height h, 
situated as shown. Show that the midpoint of the 
hypotenuse P is equidistant from the three vertices of 
the triangle. 
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Determine whether each of the following points lies on the W/o 
unit circlesxt ty? =. 1, 105. (2 -+) 106. (0, —1) 

Me | V2 V2 1 V3 
2 Unit circle: 107. | — 4 0 a 

x2 + Ge = 1 2 : 

109. Prove the midpoint formula by showing that 

xy t%) Yat Yo\, bes 
a ey ( eee is equidistant from the points 

(x), y,) and (X, yo). 

Functions and Graphs 

Determine whether a correspondence or a relation is a function. 

Find function values, or outputs, using a formula or a graph. 

Graph functions. 

Determine whether a graph is that of a function. 

Find the domain and the range of a function. 

a ol, Aa ATES f Solve applied problems using functions. 

We now focus our attention on a concept that is fundamental to many areas of 
mathematics—the idea of a function. 

» Functions 

Used-Book Co-op. A community center operates a used-book co-op, and the pro- 
ceeds are donated to summer youth programs. The total cost of a purchase is $2.50 
per book plus a flat-rate surcharge of $3. If a customer selects 6 books, the total cost 
of the purchase is 

$2.50(6)\\-> $3, ore S18: 

We can express this relationship with a set of ordered pairs, a graph, and an equation. 
A few ordered pairs are listed in the following table. 

y 

$30 
e 

Ordered ; 25 A 

% y Pairs: (x,y) | Correspondence rw ° 
S 20+ - 
= e 

1 5.50 | (1,5.50) 1> 5.50 zsh is 
2 Mere 60.)| (2,8) 2->8 Al ey 
4 | 13.00 | (4,13) 4>13 ° 

L @ 
7 | 20.50 | (7,20.50) 7 > 20.50 : 

10 | 28.00 | (10,28) 10 > 28 (Sea 
Number of books 
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The ordered pairs express a relationship, or a correspondence, between the first 

coordinate and the second coordinate. We can see this relationship in the graph as 

well. The equation that describes the correspondence is 

Wi 250K, where x is a natural number. 

This is an example of a function. In this case, the total cost of the purchase y is a 

function of the number of books purchased x; that is, y is a function of x, where x is 

the independent variable and y is the dependent variable. 
Let’s consider some other correspondences before giving the definition of a 

function. 

First Set Correspondence Second Set 

To each person there corresponds that person’s DNA. 

To each blue spruce sold there corresponds its price. 

To each real number there corresponds the square of that number. 

In each correspondence, the first set is called the domain and the second set 
is called the range. For each member, or element, in the domain, there is exactly 
one member in the range to which it corresponds. Thus each person has exactly one 
DNA, each blue spruce has exactly one price, and each real number has exactly one 
square. Each correspondence is a function. 

ron 

FUNCTION 

A function is a correspondence between a first set, called the domain, 

and a second set, called the range, such that each member of the domain 
corresponds to exactly one member of the range. 

It is important to note that not every correspondence between two sets is a 

function. 

EXAMPLE 1 _ Determine whether each of the following correspondences is a 
function. 

a) —6 SS 

eugene 

—3 i =) 9 

2 a 

0 —> 0 

b) APPOINTING SUPREME COURT 

PRESIDENT JUSTICE 

George H. W. Bush. 7 Samuel A. Alito, Jr. 

William Jefferson A ><—> Stephen G. Breyer 

Clinton >< ® _ Ruth Bader Ginsburg 

George W. Bush <____ _-7 Elena Kagan 

John G. Roberts, Jr. 

Barack H. Obama —— > Sonia M. Sotomayor 

Clarence Thomas 
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Solution 

a) This correspondence is a function because each member of the domain corre- 
sponds to exactly one member of the range. Note that the definition of a func- 
tion allows more than one member of the domain to correspond to the same 
member of the range. 

b) This correspondence is not a function because there is at least one member of 
the domain who is paired with more than one member of the range (William 
Jefferson Clinton with Stephen G. Breyer and Ruth Bader Ginsburg; George W. 
Bush with Samuel A. Alito, Jr., and John G. Roberts, Jr.; Barack H. Obama with 

Elena Kagan and Sonia M. Sotomayor). Now Try Exercises 5 and 7. 

EXAMPLE 2 _ Determine whether each of the following correspondences is a 
function. 

DOMAIN CORRESPONDENCE RANGE 

a) Years in which a presidential The person elected A set of presidents 
election occurs 

b) All automobiles produced Each automobile’s A set of VINs 
in 2014 VIN (Vehicle Identifi- 

cation Number) 

c) The set of all professional The tournament The set of all PGA 
golfers who won a PGA won tournaments in 2013 
tournament in 2013 

d) The set of all PGA The winner of the The set of all golfers 
tournaments in 2013 tournament who won a PGA 

tournament in 2013 

Solution 

a) This correspondence is a function because in each presidential election exactly 

one president is elected. 

b) This correspondence is a function because each automobile has exactly one VIN. 

c) This correspondence is not a function because a winning golfer could be paired 
with more than one tournament. 

d) This correspondence is a function because each tournament has only one win- 
ning golfer. : Now Try Exercises 11 and 13. 

When a correspondence between two sets is not a function, it may still be an 
example of a relation. 

RELATION 

A relation is a correspondence between a first set, called the domain, 

and a second set, called the range, such that each member of the domain 

corresponds to at least one member of the range. 
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=5 
Op ene 5 

2——> 4 

Figure 1. 

—2—> 5 

5 eee 

0o—>_ii1 

2 

Cn 

Figure 3. 

JUST 
IN 

TIME 

y =f(x) =x? — 9x — 12 

All the correspondences in Examples 1 and 2 are relations, but, as we have 

seen, not all are functions. Relations are sometimes written as sets of ordered pairs 

(as we saw earlier in the example on the total cost of a purchase of used books) in 

which elements of the domain are the first coordinates of the ordered pairs and 

elements of the range are the second coordinates. For example, instead of writing 

—3-— +9, as we did in Example I(a), we could write the ordered pair (—3, 9). 

EXAMPLE 3 Determine whether each of the following relations is a function. 

Identify the domain and the range. 

a) {(9, —5), (9,5), (2, 4)} 
b) {(~2,5), (5,7); (01), (4, -2)} 
c) {(—5,3), (0,3), (6, 3)} 
Solution 

a) The relation is not a function because the ordered pairs (9, —5) and (9, 5) have 
the same first coordinate and different second coordinates. (See Fig. 1.) 

The domain is the set of all first coordinates: {9, 2}. 

The range is the set of all second coordinates: {—5, 5, 4}. 

b) The relation is a function because no two ordered pairs have the same first coor- 
dinate and different second coordinates. (See Fig. 2.) 

The domain is the set of all first coordinates: {—2, 5, 0, 4}. 

The range is the set of all second coordinates: {5,7, 1, —2}. 

c) The relation is a function because no two ordered pairs have the same first coor- 
dinate and different second coordinates. (See Fig. 3.) 

The domain is {—5, 0, 6}. 

The range is {3}. Now Try Exercises 15 and 17. 

» Notation for Functions 

Functions used in mathematics are often given by equations. They generally require 
that certain calculations be performed in order to determine which member of the 
range is paired with each member of the domain. For example, in Section 1.1 we 
graphed the function y = x? — 9x — 12 by doing calculations like the following: 

for x = —2, y = (—2)? — 9(-—2) -— 12 = 10, 

forx = 0,y = 0 — 9:0 — 12 = —12, and 

forx = 1,y = P — 9+1— 12 = —20, 

A more concise notation is often used. For y = x° — 9x — 12, the inputs 
(members of the domain) are values of x substituted into the equation. The outputs 
(members of the range) are the resulting values of y. If we call the function f, we 
can use x to represent an arbitrary input and f(x)—read “f of x,” or “fat x,” or 
“the value of f at x”—to represent the corresponding output. In this notation, the 



Technology Connection 

We can find function values 

with a graphing calculator. 
Below, we illustrate finding 
f(—7) from Example 4(b), 
first with the TABLE feature set 

in ASK mode and then with the 

VALUE feature from the CALC 

menu. On both screens, we see 
that f(—7) = 108. 

Y1=2X2-X+3 

SECTION 1.2 Functions and Graphs 21 

function given by y = x? — 9x — 12 is written as f(x) = x’ — 9x — 12 and the 
above calculations would be 

fl =2) = (-2)¢ <9(— 2) = 12) a0, 

FO = 0 96 0.— 12 = 12, and 

fQ) =P = 9-1 12. = —20. Keep in mind that f(x) 
does not mean f* x. 

Thus, instead of writing “when x = —2, the value of y is 10,” we can simply write 
“f(—2) = 10,” which can be read as “f of —2 is 10” or “for the input —2, the out- 
put of fis 10.” The letters g and h are also often used to name functions. 

EXAMPLE 4 A function fis given by f(x) = 2x? — x + 3. Find each of the 
following. 

a) f(0) b) f(-7) 
c) f(5a) d) 7(G@— 4) 

Solution Wecan think of this formula as follows: 

A) —2) - (@) +3. 
Then to find an output for a given input, we think: “Whatever goes in the blank 
on the left goes in the blank(s) on the right.” This gives us a “recipe” for finding 
outputs. 

a) af (@)) 92 (0) ap 83 

=0-0+3=3 

D7 at 
= 2-49+7+3 = 108 

ef (Ga= 262) = Sos 

SSB ar = ap 

= 50a* — 5a + 3 

d) f(@ =4)-= 2(@ — 4)? — (a= 4) + 3 

Wg Sar ralo Nadia — 4) 3 

= 27 = 16a + 32-4 a 4S 
? ~ 

— Wg ata Oo, Now Try Exercise 21. 

» Graphs of Functions 

We graph functions in the same way that we graph equations. We find ordered 
pairs (x, y), or (x, f(x)), plot points, and complete the graph. 

EXAMPLE 5. Graph each of the following functions. 

EY Cah i ote ies 

b) 4h) =a 

c) f(x) = Vx+4 
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Solution We select values for x and find the corresponding values of f(x). Then 

we plot the points and connect them with a smooth curve. 

a) f(x) = x7 — 5 

f(x) | (%Ff(*)) 

4 

=! =e =\)) 

5 | f(x) = Vx +4 
4p : 
3b ee 

a 

Now Try Exercise 31. 

Function values can also be determined from a graph. 

EXAMPLE 6 For the function f(x) = x* — 6, use the graph at left to find each 
of the following function values. 

a) f(-3) b) fli) 
Solution 

a) To find the function value f(—3) from the graph, we locate the input —3 on 
the horizontal axis, move vertically to the graph of the function, and then move 
horizontally to find the output on the vertical axis. We see that f(—3) = 3. 

b) To find the function value f(1), we locate the input | on the horizontal axis, 
move vertically to the graph, and then move horizontally to find the output on 
the vertical axis. We see that f(1) = —5. 

Now Try Exercise 35. 



Nota 

function 

Since 3 is paired with more than one 

member of the range, the graph does 
not represent a function. 
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We know that when one member of the domain is paired with two or more 
different members of the range, the correspondence is not a function. Thus, when 
a graph contains two or more different points with the same first coordinate, the 
graph cannot represent a function. (See the graph at left. Note that 3 is paired with 
—1, 2, and 5.) Points sharing a common first coordinate are vertically above or be- 
low each other. This leads us to the vertical-line test. 

THE VERTICAL-LINE TEST 

If it is possible for a vertical line to cross a graph more than once, then the 
graph is not the graph of a function. 

To apply the vertical-line test, we try to find a vertical line that crosses the 
graph more than once. If we succeed, then the graph is not that of a function. If we 
do not, then the graph is that of a function. 

EXAMPLE 7 Which of graphs (a)-(f) (in red) are graphs of functions? In graph 

(f), the solid dot shows that (—1, 1) belongs to the graph. The open circle shows that 
(—1, —2) does not belong to the graph. 

a) y t b) y c) YN 

or 8 eV 

d) ON oO — SS 

RV R 

Solution Graphs (a), (e), and (f) are graphs of functions because we cannot 

find a vertical line that crosses any of them more than once. In (b), the vertical line 

drawn crosses the graph at three points, so graph (b) is not that of a function. Also, 
in (c) and (d), we can find a vertical line that crosses the graph more than once, so 

these are not graphs of functions. Now Try Exercises 43 and 47. 

» Finding Domains of Functions 

When a function f whose inputs and outputs are real numbers is given by a for- 
mula, the domain is understood to be the set of all inputs for which the expression 
is defined as a real number. When an input results in an expression that is not 
defined as a real number, we say that the function value does not exist and that the 

number being substituted is not in the domain of the function. 
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EXAMPLE 8 Find the indicated function values, if possible, and determine 

Technology Connection whether the given values are in the domain of the function. 

: 1 
When we use a graphing calcu- a) fh and ((3) ory) = 

lator to find function values 2d aS 
and a function value does not b) g( 16) and g( —7), for g(x) = Vx +5 
exist, the calculator indicates ‘ 
this with an ERROR message. Solution 

In the following tables, we Z paar al 
see in Example 8 that f(3) for a) fly — i os ee 

oe ee 3 in a p Since f(1) is defined, 1 is in the domain of f. 

exist. Thus, 3 and —7 are not l l 

in the domains of the corre- Lea)=S 3-3 - 0 

sponding functions. 
Since division by 0 is not defined, f(3) does not exist and the number 3 is not in 

the domain of f. 

b) o(16) = V16+$5=445=9 

Since g(16) is defined, 16 is in the domain of g. 

g(-7)=V-74+5 

Since V —7 is not defined as a real number, g(—7) does not exist and the num- 
ber —7 is not in the domain of g. ——— 

As we see in Example 8, inputs that make a denominator 0 or that yield a nega- 
tive radicand in an even root are not in the domain of a function. 

EXAMPLE 9 Find the domain of each of the following functions. 

1 re ae 
a) f(x) = b) Ax) =e 
pats y= 7 ene pen a GS) 

¢) fixy= x + |x| d) ox) = Vx-—1 

JUST Solution 

TIME a) Because x — 7 = 0 when x = 7, the only input that results in a denomina- 
tor of 0 is 7. The domain is {x|x # 7}. We can also write the solution using 
interval notation and the symbol U for the union, or inclusion, of both sets: 
(Cech eh okie. one 

b) We can substitute any real number in the numerator, but we must avoid inputs 
that make the denominator 0. To find those inputs, we solve x” + 2x — 3 = 0, 
or (x + 3)(x — 1) = 0. Since x? + 2x — 3 is 0 for —3 and 1, the domain con- 
sists of the set of all real numbers except —3 and 1, or {x|x # —3andx # 1}, 
or (ours Wise Wicca): 

c) We can substitute any real number for x. Thus the domain is the set of all real 
numbers, R, or (—©o, oo). 

d) Because the index is odd, the radicand, x — 1, can be any real number. Thus x 
can be any real number. The domain is all real numbers, R, or (— 00, 00). 

Now Try Exercises 55, 57, and 61. 
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» Visualizing Domain and Range 

= 

Domain = the set of a function’s inputs, found on the horizontal axis 
(x-axis); 

Keep the following in mind regarding the graph of a function: 

Range = the set of a function’s outputs, found on the vertical axis 
(y-axis). 

Consider the graph of function f, shown at left. To determine the domain of 
f, we look for the inputs on the x-axis that correspond to a point on the graph. We 
see that they include the entire set of real numbers, illustrated in red on the x-axis. 
Thus the domain is (—oo, oo). To find the range, we look for the outputs on the 

y-axis that correspond to a point on the graph. We see that they include 4 and all 
real numbers less than 4, illustrated in blue on the y-axis. The bracket at 4 indi- 
cates that 4 is included in the interval. The range is {y|y = 4}, or (—ov, 4]. 

Let’s now consider the following graph of function g. The solid dot shows that 
(—4, 5) belongs to the graph. The open circle shows that (3, 2) does not belong to 
the graph. 

Domain: | 

[—4, 3) © 

We see that the inputs of the function include —4 and all real numbers be- 
tween —4 and 3, illustrated in red on the x-axis. The bracket at —4 indicates 
that —4 is included in the interval. The parenthesis at 3 indicates that 3 is not 
included in the interval. The domain is {x|—4 = x < 3}, or [—4,3). The out- 
puts of the function include 5 and all real numbers between 2 and 5, illustrated 
in blue on the y-axis. The parenthesis at 2 indicates that 2 is not included in the 
interval. The bracket at 5 indicates that 5 is included in the interval. The range 

Rie Naat as a a at OP Lo 

EXAMPLE 10 Using the graph of the function, find the domain and the range 

of the function. 

a) f(x) = 5x +1 . b) f(x) = Vx+4 

Ouik) eax d) f(x) = 

C= an 8 f): f= V4 3 e 
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Domain = all real numbers, 

(—oo, co); range = all real 
numbers, (— oo, co) 

Since the graph does not touch 
or cross either the vertical line 

x = 2 or the x-axis, y = 0, 2 is 
excluded from the domain and 

0 is excluded from the range. 
Domain — (—6o;2)'U)' (2; o6); 
range = (—oo0,0) U (0, co) 

Solution 

b) 

fix) = Vx +4 

Domain = [ —4, co); Domain = all real numbers, 

range = | 0), 00) (—oo, 00); range = all real 

numbers, (— oo, oo) 

e) f) | fl) = x4 — 2x2 -3 

YVR 

5 

‘r| f(x) = V4 — (x — 3) 
3F 

Domain = all real numbers, Domain = [1, 5); 
+ 

(—€0, 60); range) = | —4, oo) range = 0,2 

Now Try Exercises 71 and 77. 

Always consider adding the reasoning of Example 9 to a graphical analysis. 
Think, “What can I input?” to find the domain. Think, “What do I get out?” to 
find the range. Thus, in Examples 10(c) and 10(e), it might not appear as though 
the domain is all real numbers because the graph rises steeply, but by examining 
the equation we see that we can indeed substitute any real number for x. 

» Applications of Functions 

EXAMPLE 11° Linear Expansion of a Bridge. The linear expansion L of 

the steel center span of a suspension bridge that is 1420 m long is a function of the 
change in temperature t, in degrees Celsius, from winter to summer and is given by 

L(t) = 0.000013 + 1420° t, 

where 0.000013 is the coefficient of linear expansion for steel and L is in meters. 
Find the linear expansion of the steel center span when the change in temperature 
from winter to summer is 30°, 42°, 50°, and 56° Celsius. 
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Solution Using a calculator, we compute function values. We find that 

L(30) = 0.5538 m, 
L(42) = 0.77532 m, 
L(50) = 0.923 m, and 

L(56) = 1.03376 m. 

CONNECTING THE CONCEPTS 

FUNCTION CONCEPTS 

Formula for f: f(x) = 5 + 2x* = x*. 

For every input, there is exactly one output. 

(1, 6) is on the graph. 

For the input 1, the output is 6. fico 5-4 

fll) = 6 
Domain: set of all inputs = (— oo, co) 

Range: set of all outputs = (—oo, 6] 

12 Exercise Set 

In Exercises 1-14, determine whether the correspondence 7. PAINTING ARTIST 

is a function. 
Night Watch 

law Ltt sme, 
b ‘ P. s Old Guitarist Vincent van Gogh 

as Irises, Saint-Remy 
c—>z 0 S ; Claude Monet 

Starry Night 

a ee sone 5 The Water-Lily Pond Pablo Picasso 
—2—>4 Le 4 
. - Sunflowers Rembrandt van Rijn 

2 > Mona Lisa hie 
9— > 8 Leonardo da Vinci 

Woman with a Parasol 

5. m ie A a poe A An Elephant 
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8. 

10. 

th: 

12. 

iS: 

14. 
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ACTOR PORTRAYING 

JAMES BOND MOVIE TITLE 

Sean Connery ——————> Goldfinger, 1964 

On Her Majesty's 
Secret Service, 1969 

Roger Moore Diamonds Are eee Forever, 1971 

Moonraker, 1979 

Timothy Dalt on For Your Eyes Only, 
1981 

The Living Daylights, 
1987 

Pierce Brosnan =————_> GoldenEye, 1995 

oer = The World Is Not 
Enough, 1999 

Daniel Craig ———————_ Quantum of Solace, 
2008 

George Lazenby 

DOMAIN CORRESPONDENCE RANGE 

. Asetofcars Eachcar’s A set of 

inaparking license letters and 
lot number numbers 

A set of A doctor A set of 

people in a person doctors 

a town uses 

The integers _ Five times A subset of 

less than 9 the integer integers 

A set of An instrument A set of 

members of — each person instruments 
arockband plays 

A set of A student sitting A set of 

students in in a neighboring students 

a class seat 

A set of bags Each bag’s A set of 

of chips on weight weights 

a shelf 

Determine whether the relation is a function. Identify the 
domain and the range. 

Var 

16. 

Wee 

18. 

{(2, 10), (3, 15), (4, 20)} 

1(3; 1); (551,75 1)} 

(7,3) 3 (= 251) =2,4)5.(0,7)} 

tle) (1s 3), Cl), C19) | 

20. 

21. 

23. 

24. 

25. 

26. 

28. 

{(—2, 1), (0, 1), (2,1), (4,1), (~3, )} 

{(5, 0), (3,1), (0,0), (5, -1), (3, =2)} 
Given that g(x) = 3x* — 2x + 1, find each of the 

following. 

a) g(0) b) g(—1) 
c) g(3) d) g(—x) 
jing (deat) 

. Given that f(x) = 5x* + 4x, find each of the 
following. 

a) f(0) by fi- 1) 
c) f(3) d) f(t) 
e) f(t — 1) 
Given that g(x) = x”, find each of the following. 

a) g(2) b) g(-2) 
c) g(—x) d) g(3y) 
e) g(2 +h) 

Given that f(x) = 2|x| + 3x, find each of the 
following. 

a) f(1) b) f(—2) 
c) f(—x) d) f(2y) 
e) f(2 — h) 
Given that 

4 

Saar 
find each of the following. 

a) g(5) b) g(4) 
c) g(—3) d) g(—16.25) 
e) rae aie) 

Given that 

x {== 
find each of the following. 

a) f(2) b) f() 
c) f(—16) d) f(—x) 

HG) 
ele 

Find h(0), h(2), and h(—x) for 

h(x) S42 Ve = 1, 
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Graph the function. 

1 
Bo) = seas 30. f(x) = Vx-1 

31. f(x) = —x? +4 32. f(x) =x + 1 

38x) — Vet l 34. f(x) =x — ae 

In each of Exercises 35-40, a graph of a function is shown. 
Using the graph, find the indicated function values; that is, 
given the inputs, find the outputs. 

35. h(1), h(3), and h(4) 

36. t(—4), t(0), and t(3) 

i 
yA 

5) 

(—4, 3) *¥(0,3) (3, 3) (—2, 4) 
9 ep 

(2.4, —2.6176) 

In Exercises 41-48, determine whether the graph is that of 
a function. An open circle indicates that the point does not 
belong to the graph. 

41. , 

42. y 

& 
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43. y 

45. 

47. yp 48. 

Find the domain of the function. 

49, om — x A 

BO ce ae 15% 82 | 

i = |6—- x| 

53. f(x) =4-— a wv Sy a <9 l| 

Rf 

55. f(x) = 5 i : 

56. f(x) = ~ : ; 

57. f(x) = ses 

i FAL al + 9) 

59. f(x) = Wx+10-1 

60. f(x) = W4-x 

SX 

= 

4 3 
36 ME => 7 

62. = 
Mee 3x7 — 10x — 8 

63. f(x) = —|2| 5 == (18.5 

mG 

64, f(x) = x? — 2x 

In Exercises 65-72, determine the domain and the range of 
the function. 

65554 

BD) 

4 

RV 2 i: 
| 

68. 
(Gals) 

3 mae 

asd al) 

69. YA 
Se 

ale 

SH 

2e 

TF 

1 ee 1 SS) —— 1s 

Se oe oe ts 

ney be 

ee a a 

Sit g 
Sake 

70. 



71. 

72. 

In Exercises 73-84, graph the given function. Then visually 
estimate the domain and the range. 

Tie 

7d: 

dd 

Tied 

80. 

81. 

82. 

83. 

84. 

85. 

f(x) = |x| TA (A) anole 1 
f(x) 3x = 2 76. f(X)e= 5 =" 3x 

1 1 
NCS orange 18%) ers, 

C= Ca ana 

Decreasing Value of the Dollar. In 2014, it took 
$23.63 to equal the value of $1 in 1913. In 2000, it 
took only $17.39 to equal the value of $1 in 1913. 
The amount that it takes to equal the value of $1 in 
1913 can be estimated by the linear function V 
given by 

V(x) = 0.4306x + 11.0043, 

where x is the number of years since 1985. Thus, 
V(10) gives the amount that it took in 1995 to equal 
the value of $1 in 1913. 

86. 

87. 

88. 
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© 48 
eo ‘deal 

Source: usinflationcalculator.com 

a) Use this function to predict the amount that it 
will take in 2018 and in 2025 to equal the value 
of $1 in 1913. 

b) When will it take approximately $32 to equal the 
value of $1 in 1913? 

Population of the United States. The population 
P of the United States in 1960 was 179,323,175. In 
2010, the population was 308,745,538. The popula- 
tion of the United States can be estimated by the 
linear function P given by 

P(x) = 2,578,409x + 151,116,864, 
where x is the number of years after 1950. Thus, 
P(20) gives the population in 1970. 

a) Use this function to estimate the population in 
1980 and in 2018. 

b) When will the population be approximately 
400,000,000? 

Boiling Point and Elevation. The elevation E, in 
meters, above sea level at which the boiling point of 
water is t degrees Celsius is given by the function 

E(t) = 1000(100 — t) + 580(100 — ft)”. 

At what elevation is the boiling point 99.5°? 100°? 

Windmill Power. Under certain conditions, the 

power P, in watts per hour, generated by a windmill 
with winds blowing v miles per hour is given by 

P(v) = 0.015v°. 

Find the power generated by 15-mph winds and 
35-mph winds. 
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» Skill Maintenance 

To the student and the instructor: The Skill Maintenance 
exercises review skills covered previously in the text. You 
can expect such exercises in every exercise set. They provide 

excellent review for a final examination. Answers to all skill 
maintenance exercises, along with section references, 

appear in the answer section at the back of the book. 

Use substitution to determine whether the given ordered 
pairs are solutions of the given equation. 

89/5352) N(x 3) Soy Si 

90. (0-7), (Sli y= 05x 1+ 711.1) 

99, a2) J (sag) 15xe= 10y. = 32,,[1.1) 

Graph the equation. [1.1] 

Oy aca l)” 

OA Nae OV ol) 

93. y = 4x — 6 

95 a) ee 4 

» Synthesis 

Find the domain of the function. 

96. f(x) = Wax +543 

Wise Se Il 

x 
97. f(x) = 

98. 

99. 

100. 

101. 

102. 

103. 

Meas LO. 
f(x) = iz (xe 2 iie =o) 

f(x) = Vx — V4—x 

Give an example of two different functions that have 
the same domain and the same range, but have no 
pairs in common. Answers may vary. 

Draw a graph of a function for which the domain 
is [—4, 4] and the range is [1,2] U [3, 5]. Answers 
may vary. 

Suppose that for some function g, 
g(x 33) —'2x + 1. Bindee(—= Bh): 

Suppose f(x) = |x + 3| — |x — 4|. Write f(x) 
without using absolute-value notation if x is in each 
of the following intervals. 

a) W=160; =) 

b) [—3, 4) 

c) [4, co) 

Linear Functions, Slope, and Applications 

® Determine the slope of a line given two points on the line. 

Solve applied problems involving slope, or average rate of change. 

® Find the slope and the y-intercept of a line given the equation y = mx + b, or 

f(x) = mx + b. 

® Graph a linear equation using the slope and the y-intercept. 

*® Solve applied problems involving linear functions. 

In real-life situations, we often need to make decisions on the basis of limited in- 
formation. When the given information is used to formulate an equation or an in- 
equality that at least approximates the situation mathematically, we have created a 
model. One of the most frequently used mathematical models is linear. The graph 
of a linear model is a straight line. 

» Linear Functions 

Let's examine the connections among equations, functions, and graphs that are 
straight lines. First, examine the graphs of linear functions and nonlinear functions 
shown here. Note that the graphs of the two types of functions are quite different. 
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Nonlinear Functions 

Linear function: 

y=mx+b 

VY 
oll ae 

4F 

Al ( = D3) 
( sil) j (0, ) 

1 ote 1 4 | 4 1 = 

56=4=3=2-1 Wee ped aoe) a —i+ 
—2r 

—3- y= tx a2 Y 

—4- 

Vertical line: x = a 

(not a function) 

SE (4, 5) 
4HE 

3L x=A4 

AP 
IF (4, 0) 

past (ee eee! ee | he | oo 

= il | Paget) 5x 

—2F 

—3+ (4, —3) 

—4AE 

—5Fr 

We begin with the definition of a linear function and related terminology, 
which are illustrated with graphs below. 

LINEAR FUNCTIONS 

A function fis a linear function if it can be written as 

TAX a hee to, 

where m and b are constants. 

If m = 0, the function is a constant function f(x) = b.Ifm = 1 and 
b = 0, the function is the identity function f(x) = x. 

Constant function: 

y =0-x +b, ory = b (Horizontal line) 

Identity function: 

y=1-x+0,ory =x 

HORIZONTAL LINES AND VERTICAL LINES 

Horizontal lines are given by equations of the type y = b or f(x) = b. 
(They are functions.) 

Vertical lines are given by equations of the type x = a. (They are not 
functions.) 
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Total costs, in thousands 

Ww uw oO 

150 

Graph A: Linear function 

Total costs of Quality Foods 
in location A 

10 20 3005405 501 60) 70) a80ike 

Months 

Graphs, Functions, and Models 

» The Linear Function f(x) = mx + b 
and Slope 

To attach meaning to the constant m in the equation f(x) = mx + b, we first 

consider an application. Suppose Quality Foods is a wholesale supplier to res- 

taurants that currently has stores in locations A and B ina large city. Their total 

operating costs for the same time period are given by the two functions shown in 
the following tables and graphs. The variable x represents time, in months. The 

variable y represents total costs, in thousands of dollars, over that period of time. 
Look for a pattern. 

Graph B: Nonlinear function 

Total costs of Quality Foods 

in location B 

Total costs, in thousands 

eo) [=] i=) 

10 20 30 40 50 60 70 80% 

Months 

We see in graph A that every change of 10 months results in a $50 thousand 
change in total costs. But in graph B, changes of 10 months do not result in con- 
stant changes in total costs. This is a way to distinguish linear functions from non- 
linear functions. The rate at which a linear function changes, or the steepness of its 
graph, is constant. 

Mathematically, we define the steepness, or the slope, of a line as the ratio of 
its vertical change (rise) to the corresponding horizontal change (run). Slope repre- 
sents the rate of change of y with respect to x. 

SLOPE 

The slope m of a line containing points (x,, y,) and (x, yz) is given by 

ve rise 
(X25 Yo) 

run y2 

fs the change in y a a oa 

the change in x 

ey aioe tee Vena 

Xx. — xX, Xx, ~ X2 



Care te Sss>C 

BEE 

m =| 

Technology Connection 

We can animate the effect of 
the slope m in linear functions 
of the type f(x) = mx witha 
graphing calculator. Graph the 
equations 

Vil = ais Yo — 2x, 

Vt Ge andy) — 10x 

by entering them as 
y, = {1,2,5, 10}x. What 
do you think the graph of 
y = 128x will look like? 

Clear the screen and graph 
the equations 

yak Vi See 

y3 = —4x, and y, = —10x. 

What do you think the graph 
of y = —200x will look like? 
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EXAMPLE 1. Graph the function f(x) = —}x + 1 and determine its slope. 

Solution Since the equation for fis in the form f(x) = mx + b, we know that 
it is a linear function. We can graph it by connecting two points on the graph with 
a straight line. We calculate two ordered pairs, plot the points, graph the function, 
and determine the slope: 

2 
Oe alo a: 

2 
ee lan rae at aaa 

Paitsw (aes (9, = 5); 

Slope = m = 
Qe ara 

ose oA ee) hee ee 

8 6 3 

The slope is the same for any two points on a line. Thus, to check our work, we note 

that f(6) = —3-6 + 1 = —4 + 1 = —3. Using the points (6, —3) and (3, —1), 
we have 

salle ies) 2 2 
mn — — — # 

k easel 8 ea 3 

We can also use the points in the opposite order when computing slope: 

=3 55 (aap eee 
6 — 3 3 3 

Note too that the slope of the line is the number m in the equation for the func- 

tion, f(x) = —#x + 1 

“th slope of the line given by f(x) = mx + bis m. 
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If a line slants up from left to right, the change in x and the change in y have 
the same sign, so the line has a positive slope. The larger the slope, the steeper the 
line, as shown in Fig. 1. If a line slants down from left to right, the change in x and 
the change in y are of opposite signs, so the line has a negative slope. The larger 
the absolute value of the slope, the steeper the line, as shown in Fig. 2. Considering 
y = mx when m = 0, we have y = 0x, or y = 0. Note that this horizontal line is 
the x-axis, as shown in Fig. 3. 

PS =D 

ps Oey yx 

Figure 1. Figure 2. Figure 3. 

HORIZONTAL LINES AND VERTICAL LINES 

If a line is horizontal, the change in y for any two points is 0 and the 
change in x is nonzero. Thus a horizontal line has slope 0. (See Fig. 4.) 

If a line is vertical, the change in x is 0. Thus the slope is not defined 
because we cannot divide by 0. (See Fig. 5.) 

Horizontal lines Vertical lines 

yn yA 

(x1) ¥1) hie) (x1) ¥2) 

(Xp, yy) 

Ss S 

) ) ¥ ( ) os I yy X1> m i = x, m as Dee 
] 

Q } J 

x xX) 
0 

0 m Is not 

defined. 

Figure 4. Figure 5. 

Note that zero slope and an undefined slope are two very different concepts. 
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EXAMPLE 2 Graph each linear equation and determine its slope. 

5 

a) x= 2 b Baca aE ie 

Solution 

a) Since y is missing in x = —2, any value for y will do. 

Figure 6. Choose any number for y; x must be —2. 

The graph is a vertical line 2 units to the left of the y-axis. (See Fig. 6.) The slope 
is not defined. The graph is not the graph of a function. 

b) Since x is missing in y = 3, any value for x will do. 

Choose any number for x; y must be 3. 

The graph is a horizontal line 3, or 23, units above the x-axis. (See Fig. 7.) The 
slope is 0. The graph is the graph of a constant function. 

Figure 7. Now Try Exercises 17 and 23. 

» Applications of Slope 

Slope has many real-world applications. Numbers like 2%, 4%, and 7% are often 
used to represent the grade of a road. Such a number is meant to tell how steep a 
road is on a hill or a mountain. For example, a 4% grade means that the road rises 
(or falls) 4 ft for every horizontal distance of 100 ft. 

y Road grade = 5 
(Expressed as a percent) 
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The 2014 Olympic downhill course at Rosa Khutor Alpine Resort, located 

40 km from Sochi, Russia, has the largest vertical drop ever built for an Olympic 

event. With a run of nearly 3500 m and a vertical drop of over 1075 m, the result- 

ing grade, or slope, is approximately 31%. (Source: “Sochi’s Gold Medal Ski Resort,” 

by Brian Pinella, sochimagazine.com) 

The concept of grade is also used with a treadmill. During a treadmill test, a 
cardiologist might change the slope, or grade, of the treadmill to measure its effect 
on heart rate. 

Another example occurs in hydrology. The strength or force of a river depends 
on how far the river falls vertically compared to how far it flows horizontally. 

EXAMPLE 3 Curb Ramps. Curb ramps provide independent access to 
sidewalks for those who use wheelchairs. Guidelines for the grade of a curb ramp 
suggest a grade between 5.9% and 8.3%. A federal law states that every vertical rise 
of 1 ft requires a horizontal run of at least 12 ft. (Source: Federal Highway Admin- 
istration, Office of Planning, Environment, and Realty) Find the grade of the curb 
ramp shown in the following figure. 

42 in. x 

. ee Sains 1 
Solution § The grade, or slope, is given by m = ———- = — = 7.1%, 

42 in. 14 
————~ 
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AVERAGE RATE OF CHANGE 

Slope can also be considered as an average rate of change. To find the 
average rate of change between any two data points on a graph, we 
determine the slope of the line that passes through the two points. 

EXAMPLE 4 Food Stamp Program. The number of people participating in 
the federal Supplemental Nutrition Assistance Program has increased from 17.2 mil- 
lion in 2000 to 47.6 million in 2013. The following graph illustrates this upward trend. 
Find the average rate of change in the number of people using food stamps from 2000 
to 2013. 

Enrollment in the Federal Supplemental Nutrition Assistance Program 

y 

a a ay (2013, 47.6) 
45 CO Gee eet 

40 
35 
30 bos Picasa 
25 ---(2000, 17.2). 
20 fins Mee ‘ 

Number of participants 

(in millions) 

| a 
2001 2008522005 2007 2009 20 hie 20138 

Year 

Source: U.S. Department of Agriculture 

Solution We use the coordinates of two points on the graph. In this case, we use 
(2000, 17.2) and (2013, 47.6). Then we compute the slope, or average rate of change, 

as follows: 

Slope = Average rate of change 

_ Change in y 

a Change in x 

Bee oe WR 

2013 — 2000 
30.4 
to) 
cabw ee 

The result tells us that each year from 2000 to 2013, the number of participants 
in the federal Supplemental Nutrition Assistance Program increased an average of 
2.3 million. The average rate of change over this 13-year period was an increase of 

2.3 million participants per year. 



40 CHAPTER 1 — Graphs, Functions, and Models 

EXAMPLE 5 Oil Imports. Increased oil production in the United States has 

resulted in decreased imports of crude oil. The total number of barrels imported 

in 2008 was 3,590,000. This number had decreased to 2,810,000 barrels in 2013. 

(Source: U.S. Census Bureau) Find the average rate of change in crude oil imports 

from 2008 to 2013. 

Crude Oil Imports 

y 
4,000,000 

5 2,810,000 
3,000,000 + ----#4-- i nea ee, 

2,000,000 

1,000,000 
Number of barrels 

2008 2009 2010 20OIk™= Lolz, 2013 * 

Year 

Source: U.S. Census Bureau 

Solution Using the points (2008, 3,590,000) and (2013, 2,810,000), we compute 
Technology Connection the slope of the line containing these two points: 

Change in 
We can use a graphing calcula- Slope = Average rate of change = cela aan: 

tor to explore the effect of the Change in x 

constant b in linear equations _ 2,810,000 — 3,590,000 _ —780,000 _ 

of the type f(x) = mx + b. a 3013 — 2008 + 5 = —156,000. 

Begin with the graph of 
y = x. Now graph the lines 
Yy=xrsandy=x-—4 
in the same viewing window. 

The result tells us that each year from 2008 to 2013, the number of barrels of im- 
ported crude oil decreased on average 156,000 barrels. The average rate of change 
over the 5-year period was a decrease of 156,000 barrels per year. 

Try entering these equations Now Try Exercise 47. 

asy = x + {0,3, —4} and 
compare the graphs. How do : 
the last two lines differ from » Slope-intercept Equations of Lines 

y = xt What do you think the Compare the graphs of the equations 
line y = x — 6 will look like? 

Clear the first set of equa- i 5 DA Vee Oat 

pone and graph y = —0.5x, Note that the graph of y = 3x — 2 isa shift of the graph of y = 3x down 2 units 

y = —0.5x + 3, and and that y = 3x — 2 has y-intercept (0, —2). That is, the graph is parallel to 
a= 0.5% — 4 in the same = 3x and it crosses the y-axis at (0, —2). The point (0, —2) is the y-intercept of 
viewing window. Describe the graph. 
what happens to the graph of 

y = —0.5x when a number b y 
is added. ; 

(0, 0) 
1 sale a! ae 1 i > 

| y-INTERCEPT | 
too | 

REVIEW SECTION 1.1 | = 3x 
ae a | A (0, -2) 

i 

SS 
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THE SLOPE-INTERCEPT EQUATION 

The linear function f given by 

f(x) = mx +b 

is written in slope-intercept form. The graph of an equation in this form 
is a straight line parallel to f(x) = mx. The constant m is called the slope, 
and the y-intercept is (0, b). 

We can read the slope m and the y-intercept (0, b) directly from the equation 
of a line written in slope-intercept form y = mx + b. 

EXAMPLE 6 Find the slope and the y-intercept of the line with equation 
Vee LIN sae OO. 

Solution 

5 oe 2) Mee ois) 
Ne gp ee 

Slope = —0.25; y-intercept = (0, —3.8) 
Now Try Exercise 49. 

Any equation whose graph is a straight line is a linear equation. To find the 
slope and the y-intercept of the graph of a nonvertical linear equation, we can solve 
for y, and then read the information from the equation. 

EXAMPLE 7 Find the slope and the y-intercept of the line with equation 

Skea OV. ai, Se); 

Solution We solve for y: 

3x — 6y -7=0 
OY ieee Adding —3x and 7 on both sides 

—i(—6y) = —2(—3x 7) Multiplying by —{ 

ee 5X = z. Using a distributive law 

Thus the slope is 5, and the y-intercept is (0, —; ip 
—— pO Cia oe 
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» Graphing f(x) = mx + b Using mand b 

We can also graph a linear equation using its slope and y-intercept. 

EXAMPLE 8 Graph: y = —3x + 4. 

Solution This equation is in slope-intercept form, y = mx + b. The y-intercept 

is (0, 4). We plot this point. We can think of the slope (m = —}) as =" 

rise changeiny —2 <— Move2 units down. 

San change in x 3° <— Move 3 units to the right. 

Starting at the y-intercept and using the slope, we find another point by moving 
2 units down and 3 units to the right. We get a new point, (3, 2). In a similar man- 
ner, we can move from (3, 2) to find another point, (6, 0). 

We could also think of the slope (m oa —$) as 3. Then we can start at (0, 4) 
and move 2 units up and 3 units to the left. We get to another point on the graph, 
(—3, 6). We now plot the points and draw the line. Note that we need only the 
y-intercept and one other point in order to graph the line, but it’s a good idea to find 
a third point as a check that the first two points are correct. 

Now Try Exercise 63. 

» Applications of Linear Functions 

We now consider an application of linear functions. 

EXAMPLE 9 Estimating Adult Height. There is no proven way to predict a 
child’s adult height, but a linear function can be used to estimate it, given the sum 
of the child’s parents’ heights. The adult height M, in inches, of a male child whose 
parents’ total height is x, in inches, can be estimated with the function 

M(x) = 0.5x + 2.5. 

The adult height F, in inches, of a female child whose parents’ total height is x, 
in inches, can be estimated with the function 

Fi (ein 0 5x 5: 

(Source: Jay L. Hoecker, M.D., MayoClinic.com) Estimate the height of a female 
child whose parents’ total height is 135 in. What is the domain of this function? 

Solution We substitute in the function: 

F(135) = 0,5(135) — 2.5 = 65. 

Thus we can estimate the adult height of the female child as 65 in., or 5 ft 5 in. 
Theoretically, the domain of the function is the set of all real numbers. How- 

ever, the context of the problem dictates a different domain. Thus the domain 
consists of all positive real numbers—that is, the interval (0, oo). A more realistic 
domain might be 100 in. to 170 in.—that is, the interval [ 100, 170]. 

Now Try Exercise 73. 
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Visualizing 
the Graph 

Match the equation with its graph. 

1 y= 20 

Pigs he Ii eee is) 

1 
3 SS SS S59 — al 

y 3 

5 
A SS = 

3 

SP) Brae We es 

4 | 65 = 2x H ‘ 

: 
Th yo 1 

epee ae M72 345% 

—2 

8. 3y = —4x eat eae 
—4 

ileal a) ei 0 hate te 
9, x = —-10 

10 rag i = oe cP = 
y 2 

5 10 15 20 25 30x 

Answers on page A-3 
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413. é€Exercise Set 

In each of Exercises 1-4, the table of data lists input-output 6. 
values for a function. Answer the following questions for 
each table. 

a) Is the change in the inputs x the same? 
b) Is the change in the outputs y the same? 
c) Is the function linear? 

5. ye 

Rv 



i (OF 4 yand (1,2) 

123) 7 rand.(5, =1)} 

13. (4, -9) and (4, 6) 

14] 6,—1) and (2,—13) 

15. (0.7, —0.1) and (—0.3, —0.4) 

16. (—3 ~4) and (3,7) 
17. (2, -2) and (4, —2) 

18. (—9, 8) and (7, —6) 

19. (4-3) and (43) 
20. (—8.26, 4.04) and (3.14, —2.16) 

2G, is )and)(—85—5) 

223) and (77,2) 

23. (=10)—7):and (—10,7) 

245(\ 25-4) and (0.56, —4) 

25. f(4) = 3andf(—2) = 15 

26. f(—4) = —S5andf(4) = 

27. f($) = zandf(-1) = —4 
28. (8) = —1and(-3) = 8 
29) {(—6) = = and f(0) == 

fei eee 
Determine the slope, if it exists, of the graph of the given 
linear equation. 

SL yee Oke 

32. y= —2x +7 

ERE 6 = 

345 4 

35. f(x) = —5x +3 

36. y= 3 

3] eee ek 

384 = "6 

20 ye 0.7, 

AV js OR 

SECTION 1.3 

41. 

42. 

43. 

44, 

45 Linear Functions, Slope, and Applications 

Electric Bicycle Sales. Worldwide electric bicycle 
sales, with 92% of the market in China, totaled 
$8.4 billion in 2013. By 2020, total sales are expected 
to reach $10.8 billion. (Source: “Electric Bicycle Sales 
Expected to Climb,” by Catherine Green, Los Angeles 
Times, July 27, 2013) Find the expected average rate 
of change in worldwide sales of electric bicycles from 
2013 to 2020. 

RABE saemegs 

Population Loss. 
Michigan, decreased from 1,027,974 in 1990 to 
701,475 in 2012 (Source: U.S. Census Bureau). 

Find the average rate of change in the population of 
Detroit, Michigan, over the 22-year period. 

The population of Detroit, 

Population Loss. The population of Cleveland, Ohio, 
decreased from 478,403 in 2000 to 390,928 in 2012 
(Source: U.S. Census Bureau). Find the average rate of 

change in the population of Cleveland, Ohio, over the 
12-year period. 

~ Cleveland 

Fireworks Revenue. Revenue from display fireworks 
in the United States increased from $141 million 
in 1998 to $320 million in 2012 (Source: American 

Pyrotechnics Association). Find the average rate of 
change in the revenue from fireworks in the United 
States from 1998 to 2012. 
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Growing Almonds. In 2003, 550,000 acres of farm- 

land in California were devoted to growing almonds. 
By 2012, the number of acres used to grow almonds 
had increased to 810,000. (Source: USDA National 

Agricultural Statistics Service) Find the average rate of 
change in the number of acres in California used 
to grow almonds from 2003 to 2012. 

46. 

47. 

48. 

Chicken Consumption. The annual per-capita con- 
sumption of chicken in the United States was 42.5 Ib 
in 1990. By 2011, this amount had increased to 58.4 lb. 

(Source: Economic Research Service, U.S. Department 

of Agriculture) Find the average rate of change in per- 
capita consumption of chicken from 1990 to 2011. 

Whole-Milk Consumption. The annual per-capita 

consumption of whole milk in the United States was 
25.3 gal in 1970. By 2011, this amount had decreased 
to 5.5 gal. Find the average rate of change in per-capita 
consumption of whole milk from 1970 to 2011. 

Minimum Wage. In 1938, the minimum wage in the 

United States was $0.25. By 2009, the minimum wage 
had increased to $7.25. (Source: U.S. Department of 
Labor) Find the average rate of change in the mini- 
mum wage from 1938 to 2009. 

Find the slope and the y-intercept of the line with the given 
equation. 

AD ee 2x Sigh 

SOR fi) a Ok oS 

51. x = —2 

Sle.) = 5 

Bo. ee =k 

DA Ve 3x 

Bp OY are FS) a hM0) 

56. 2x — 3y = 12 

D7: 

58. 

ao. 

60. 

61. 

62. 

Se 

x = 10 

SD es =) 

BK to 

Aya Wt nee) 

(X= OBer x 

Graph the equation using the slope and the y-intercept. 

63. 

64. 

65. 

66. 

67. 

68. 

69. 

70. 

rae 

ee at ak 
y= 5xt1 

Ee) ase = ol 

fle) == —224r5 

on Aye 20 

2x + 3y = 15 

Khe eho 

Oy eae Sen) 

Whales and Pressure at Sea Depth. Whales can with- 
stand extreme atmospheric pressure changes because 
their bodies are flexible. Their rib cages and lungs 
can collapse safely under pressure. Sperm whales can 
hunt for squid at depths of 7000 ft or more. (Sources: 
National Ocean Service, National Oceanic and 
Atmospheric Administration) 

The function P, given by 

P(d) = | as 

gives the pressure, in atmospheres (atm), at 

a given depth d, in feet, under the sea. Find 
P(0), P(33), P(1000), P(5000), and P(7000). 
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73. 

74. 
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Stopping Distance on Glare Ice. The stopping dis- 
tance (at some fixed speed) of regular tires on glare 
ice is a function of the air temperature F, in degrees 
Fahrenheit. This function is estimated by 

D(F) = 2F + 115, 
where D(F) is the stopping distance, in feet, when the 
air temperature is F, in degrees Fahrenheit. 

a) Find D(0°); D(—20°), D(10°),; and D(32°). 
b) Explain why the domain should be restricted to 

[—57.5°, 32°]. 

Reaction Time. Suppose that while driving a car, you 

suddenly see a deer standing in the road. Your brain 
registers the information and sends a signal to your 
foot to hit the brake. The car travels a distance D, in 
feet, during this time, where D is a function of the 
speed r, in miles per hour, of the car when you see 
the deer. That reaction distance is a linear function 
given by 

a) Find the slope of this line and interpret its mean- 
ing in this application. 

b) Find D(5), D(10), D(20), D(50), and D(65). 
c) What is the domain of this function? Explain. 

Straight-Line Depreciation. A contractor buys a new 
truck for $38,000. The truck is purchased on January 1 
and is expected to last 5 years, at the end of which 
time its trade-in, or salvage, value will be $16,500. If 

the company figures the decline or depreciation in val- 
ue to be the same each year, then the salvage value V, 
after t years, is given by the linear function 

V(t) = $38,000 — $4300t, for0 St S 5S. 

a) Find V(0), V(1), V(2), V(3), and V(5). 
b) Find the domain and the range of this function. 

UES 

76. 
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Total Cost. Richard is considering relocating to an 
assisted living facility. He learns that there is an initial 
community fee of $2250 and a monthly charge of 
$3380 for level-one care. Write an equation that can be 
used to determine the total cost C(t) for t months of 
level-one care. Then find the total cost for 20 months. 

Total Cost. Superior Cable Television charges a 
$95 installation fee and $125 per month for the 
Star plan. Write an equation that can be used to deter- 
mine the total cost C(t) for t months of the Star plan. 
Then find the total cost for 18 months of service. 

In Exercises 77 and 78, the term fixed costs refers to the 
start-up costs of operating a business. This includes machin- 
ery and building costs. The term variable costs refers to 
what it costs a business to produce or service one item. 

Tis 

78. 

Max’s Custom Lacrosse Stringing experienced fixed 
costs of $750 and variable costs of $15 for each 
lacrosse stick that was restrung. Write an equation 
that can be used to determine the total cost when 
x sticks are restrung. Then determine the total cost 
of restringing 32 lacrosse sticks. 

Soosie’s Cookie Company had fixed costs of $1250 
and variable costs of $4.25 per dozen gourmet cookies 
that were baked and packaged for sale. Write an equa- 
tion that can be used to determine the total cost when 
x dozens of cookies are baked and sold. Then deter- 
mine the total cost of baking and selling 85 dozen 
gourmet cookies. 



48 CHAPTER 1 — Graphs, Functions, and Models 

» Skill Maintenance Find the slope of the line containing the given points. 

Sara yand (ana ny If f(x) = x2 — 3x, find each of the following. 85.:(4,a°) and (a +h (a + hy) 
79, f() [1.2] 86. (r,s + t) and (r,s) 

80. f(5) [1.2] Suppose that f is a linear function. Determine whether each 

of the following statements is true or false. 

8 Seagal 87. fle — d) = fle) ~ fd) 
$2.0f(=2) alle] a8. fe 

83. f(a + h) [1.2] Let f(x) = mx + b. Find a formula for f(x) given each of 
the following. » Synthesis 89, f(x + 2) = f(x) +2 

84. Grade of Treadmills. A treadmill is 5 ft long and 
is set at an 8% grade. How high is the end of the 90. f(3x) = 3f(x) 

treadmill? 

Mid-Chapter Mixed Review 

Determine whether each of the following statements is true or false. 

aa) 2 
1. The x-intercept of the line that passes through (- x 3) and the origin is (- & 0). [1.1] 

2. All functions are relations, but not all relations are functions. [1.2] 

3. The line parallel to the y-axis that passes through (—5, 25) is y = —5. [1.3] 

4. Find the intercepts of the graph of the line —8x + 5y = —40. [1.1] 

For each pair of points, find the distance between the points and the midpoint of the segment having the 
points as endpoints. {1.1] 

SH! ema” | 
DGG, 1 5) and (357) 6. (-32) and (;.-2) 

45 Sn 

7. Find an equation for a circle having center (—5, 2) 8. Find the center and the radius of the circle 
and radius 13. [1.1] (c= 3 ay ee a 

Graph the equation. 

1 9. 3x — 6y = 6 [1.1] 10. y = 75% eu3. [123] 

1. y= 2-7 [1.1] 122 oo a ee 
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13. Given that f(x) = x — 2x’, find f(—4), f(0), and f(1). [1.2] 

: Se SP 
14, Given that g(x) = ame find g(—6), g(0), and g(3). [1.2] 

Find the domain of the function. [1.2] 

15. g(x) =x +9 16. f(x) 

Graph the function. [1.2] 

LS fo) ee = 2X 19.99(x) = 2 — I 

20. Determine the domain and the range of the function 
shown in the following figure. [1.2] 

Find the slope of the line containing the given points. [1.3] 

ere! one 
2-243) andi(=2..=5 } 224 (lO 1 )yand ( $653)) 23; (= +) and (2 +) 

| To 78 

Determine the slope, if it exists, and the y-intercept of the line with the given equation. [1.3] 

1 
24. f(x) = See + 12 25. y= —6 

26 — a7 2h Oia Oy. re > 0 

Pere) | F-lefeye- Lei =m Plivevers-ifelab-larem gi alate) 

To the student and the instructor: The Collaborative Discussion and Writing exercises are meant to be answered with one or 
more sentences. They can be discussed and answered collaboratively by the entire class or by small groups. 

28. Explain as you would to a fellow student how the 29. Discuss why the graph of a vertical line x = a cannot 
numerical value of the slope of a line can be used represent a function. [1.3] 
to describe the slant and the steepness of that 
line. [1.3] 

30. Explain in your own words the difference 31. Explain how you could find the coordinates of a 

between the domain of a function and the range point 4 of the way from point A to point B. [1.1] 

of a function. [1.2] 
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» Determine equations of lines. 

Given the equations of two lines, determine whether their graphs are parallel or 

perpendicular. 

» Model a set of data with a linear function. 

» Slope-iIntercept Equations of Lines 

In Section 1.3, we developed the slope-intercept equation y = mx + b, or f(x) = 
mx + b. If we know the slope and the y-intercept of a line, we can find an equation 

of the line using the slope-intercept equation. 

EXAMPLE 1 A line has slope —4 and y-intercept (0, 16). Find an equation of 
the line. 

Solution We use the slope-intercept equation and substitute —3 for m and 
16 for b: 

y=mx tb 

= —Zx “On Or 

Now Try Exercise 7. 

EXAMPLE 2 A line has slope —; and contains the point (—3, 6). Find an equa- 
tion of the line. 

Solution We use the slope-intercept equation, y = mx + b, and substitute —4 

form: y = — x + b. Using the point (—3, 6), we substitute —3 for x and 6 for y 
in y = —3x + b. Then we solve for b. 

y=mx +b 

y= —ix + b Substituting —} for m 

si —3 C=3) 4 2 Substituting —3 for x and 6 for y 

6=2+)b 

4=b Solving for b. The y-intercept is (0, b). 

The equation of the line is y = —}x + 4, or f(x) = —3x + 4. 

Now Try Exercise 13. 
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» Point-Slope Equations of Lines 

Another formula that can be used to determine an equation of a line is the point- 
slope equation. Suppose that we have a nonvertical line and that the coordinates of 
point P, on the line are (x;, y,). We can think of P, as fixed and imagine another 

point P on the line with coordinates (x, y). Thus the slope is given by 

iste at B 

Kis xy 

Multiplying by x — x, on both sides, we get the point-slope equation of the line: 

ie err = m*(x — x) 

Ve AA) 

POINT-SLOPE EQUATION 

The point-slope equation of the line with slope m passing through 

(x1, ¥1) is 

y— yy = m(x — x). 

If we know the slope of a line and the coordinates of one point on the line, we 

can find an equation of the line using either the point-slope equation, 

yy = m(x — x), 
or the slope-intercept equation, 

y= mx + b. 

EXAMPLE 3 Find an equation of the line containing the points (2,3) and 

(1, —4). 

Solution We first determine the slope: 

ee 
mM canna — a yi 

( "| 

Using the Point-Slope Equation: We substitute 7 for m and either of the points (2, 3) or 
(1, —4) for (x,, y,) in the point-slope equation. In this case, we use (2, 3). 

y-y = mx - x) Point-slope equation 

Voor 2) Substituting 

re 1 

Vr ne okl On 

Pees wae it 
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Using the Slope-Intercept Equation: We substitute 7 for m and either of the points (223) 

or (1, —4) for (x, y) in the slope-intercept equation and solve for b. Here we use 

@.25) 
y= mx t+ b Slope-intercept equation 

=—A="7 «1b Substituting 

—4=7+b 

—-ll=b Solving for b 

We substitute 7 for m and —11 for bin y = mx + b to get 

Va ies le Or 

f(x) = 7x — 11. 

» Parallel Lines 

Can we determine whether the graphs of two linear equations are parallel without 
graphing them? Let’s look at three pairs of equations and their graphs. 

ea 
i 5F 
i 4b 

Le dle 
} 2 
tor 

| a | {= eel > 

eres 
| 2; ee 
f -4r 
| of 

x=-—4 

x= -2.5 

Parallel Parallel Not parallel 

If two different lines, such as x = —4 and x = —2.5, are vertical, then they 
are parallel. Thus two equations such as x = a, and x = a), where a, # 4), have 

graphs that are parallel lines. Two nonvertical lines, such as y = 2x + 4 and 
y = 2x — 3, or, in general, y = mx + b, and y = mx + by, where the slopes are 
the same and b, # by, also have graphs that are parallel lines. 

PARALLEL LINES 

Vertical lines are parallel. Nonvertical lines are parallel if and only if they 
have the same slope and different y-intercepts. 

» Perpendicular Lines 

Can we examine a pair of equations to determine whether their graphs are perpen- 
dicular without graphing the equations? Let’s look at the following pairs of equa- 
tions and their graphs. 



Slope| = : 

Figure 7. 

_ 
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Perpendicular Not perpendicular Perpendicular 

If one line is vertical and another is horizontal, they are perpendicular. For ex- 
ample, the lines x = 5 and y = —3 are perpendicular. Otherwise, how can we tell 

whether two lines are perpendicular? Consider a line AB , as shown in the figure at 
left, with slope a/b. Then think of rotating the line 90° to get a line AB, perpendic- 
ular to AB . For the new line, the rise and the run are interchanged, but the run is 
now negative. Thus the slope of the new line is —/)/ a, which is the opposite of the 
reciprocal of the slope of the first line. Also note that when we multiply the slopes, 
we get 

This is the condition under which lines will be perpendicular. 

PERPENDICULAR LINES 

Two lines with slopes m, and m, are perpendicular if and only if the 
product of their slopes is —1: 

mM, — ale 

Lines are also perpendicular if one is vertical (x = a) and the other is 
horizontal (y = b). 

If a line has slope my, the slope m, of a line perpendicular to it is —1/my,. The 
slope of one line is the opposite of the reciprocal of the other: 

EXAMPLE 4 _ Determine whether each of the following pairs of lines is parallel, 
perpendicular, or neither. 

a) Nyse Qa NOK OY ea cient ho 

Dyk 8S ky 

c) x+l=yyt 3x=4 

Solution We use the slopes of the lines to determine whether the lines are paral- 
lel or perpendicular. 

a) We solve each equation for y: 

Vea as y = —Ex — 3. 

The slopes are 5 and —3. Their product is —1, so the lines are perpendicular. 

(See Fig. 1.) 
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b) Solving each equation for y, we get 

Ni SON a ee l= ea: 

We see that m,; = —2 and m, = —2. Since the slopes are the same and the 
y-intercepts, (0, 4) and (0, —5), are different, the lines are parallel. (See Fig. 2.) 

c) Rewriting the first equation and solving the second equation for y, we have 

PS oer Lh Ve Saree: 

We see that m, = 2 and m, = —3. Since the slopes are not the same and their 

product is not —1, it follows that the lines are neither parallel nor perpendicular. 
(See Fig. 3.) Now Try Exercises 35 and 39. 

EXAMPLE 5 _ Write equations of the lines (a) parallel to and (b) perpendicular 

to the graph of the line 4y — x = 20 and containing the point (2, —3). 

Solution We first solve 4y — x = 20 for y to get y = {x + 5. We see that the 
slope of the given line is }. 

a) The line parallel to the given line will have slope ;. We use either the slope- 
intercept equation or the point-slope equation for a line with slope ; and con- 
taining the point (2, —3). Here we use the point-slope equation: 

YN = m(x — x) 

y~(-3) = 3-2) 
yor ge= aX = 

Y= 4x 
b) The slope of the perpendicular line is the opposite of the reciprocal of }, or —4. 

Again we use the point-slope equation to write an equation for a line with slope 
—4 and containing the point (2, —3): 

Figure 3. 

RIN bR|- 

y— y= m(x — x) 
y— (3) = ~4(x — 2) 

yt+3=—-4x + 8 
Vee aN es we Now Try Exercise 43. 

Summary of Terminology about Lines 

TERMINOLOGY MATHEMATICAL INTERPRETATION 

Slope = Laliegss aie 

= Ay X2 

Slope-intercept equation y=mx+t+b 

Point-slope equation = y= mx =e) 

Horizontal line 

Vertical line 

Parallel lines = mM, b, # by; 

= Gy,.X% = Qa, F a> 

Perpendicular lines 



Creating a Mathematical Model 

1. Recognize 

real-world 

problem. 

Collect data. 

Analyze data. 

Construct model. 

Test and refine 

model. 

§ 
v 

Explain and 

predict. 
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» Mathematical Models 

When a real-world situation can be described in mathematical language, we have a 
mathematical model. For example, the natural numbers constitute a mathematical 
model for situations in which counting is essential. Situations in which algebra can 
be brought to bear often require the use of functions as models. 

Mathematical models are abstracted from real-world situations. The math- 
ematical model gives results that allow one to predict what will happen in that real- 
world situation. If the predictions are inaccurate or the results of experimentation 
do not conform to the model, the model must be changed or discarded. 

Mathematical modeling can be an ongoing process. For example, finding a 
mathematical model that will provide an accurate prediction of population growth 
is not a simple problem. Any population model that one might devise would need 
to be reshaped as further information is acquired. 

» Curve Fitting 

We will develop and use many kinds of mathematical models in this text. In this 
chapter, we have used linear functions as models. Other types of functions, such as 
quadratic, cubic, and exponential functions, can also model data. These functions 

are nonlinear. 

Cubic function: 

y =a0+ tx? + ox+da>0 

M y 

Quadratic function: 

y =ax? +bx +oa>0 

RV 

Exponential function: 

y =ab*,a,b>0,bFl 

yy 

In general, we try to find a function that fits, as well as possible, observations 
(data), theoretical reasoning, and common sense. We call this curve fitting; it is 

one aspect of mathematical modeling. 
Let’s look at some data and related graphs, or scatterplots, and determine 

whether a linear function seems to fit the set of data. 
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Gross Domestic Product 

Year, x (GDP) (in trillions) Scatterplot 

1990, 0 $ 6.0 U.S. Gross Domestic Product It appears that the data points can be 

1995, 5 He) ea represented or modeled by a linear 

2000, 10 10.3 ae = function. 
a 

2005, 15 13.1 2 wide g The graph is linear. 
2010, 20 15.0 chal " 
2011, 21 15.5 eel ‘ 

cq 2012, 22 16.2 a 
A, a 

a Om 

Sell Oxo) 
» ioe 

0 bs 

RV 

Sources: Bureau of Economic Analysis, U.S. Department of Commerce 

Estimated Number 

of Alternative-Fueled 
Vehicles (in thousands) Scatterplot 

1995, 0 % YA It appears that the data points cannot 

1997, 2 280 3 @ 12007 . be modeled accurately by a linear 
1999, 4 322 ® & 1o00b function. 

en : a : : 800 ae The graph is nonlinear. 

2005, 10 592 eon eh _* 
2007, 12 696 a, 00 eer 
2009, 14 826 = S 2008 © 
2011, 16 F a Peet ee i 

Qu 204 6.8 10 12 14 16x 
Year 

Source: U.S. Energy Information Administration 

Looking at the scatterplots, we see that the data on gross domestic product 

seem to be rising in a manner to suggest that a linear function might fit, although a 
“perfect” straight line cannot be drawn through the data points. A linear function 
does not seem to fit the data on alternative-fueled vehicles. 

EXAMPLE 6 _ U.S. Gross Domestic Product. The gross domestic product 
(GDP) of a country is the market value of final goods and services produced. Market 
value depends on the quantity of goods and services and their price. Model the data 
in the table above on the U.S. Gross Domestic Product with a linear function. Then 
estimate the GDP in 2018. 

Solution We can choose any two of the data points to determine an equation. 
Note that the first coordinate is the number of years since 1990 and the second 
coordinate is the corresponding GDP in trillions of dollars. Let’s use (5, 7.7) and 
(21, 15.5). 
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We first determine the slope of the line: 

: Bt a7 
ones 16 ies Oia clad 

Then we substitute 0.4875 for m and either of the points (5, 7.7) or (21, 15.5) for 
(x), y:) in the point-slope equation. In this case, we use (5, 7.7). We get 

Vey ea m(x roa Point-slope equation 

y= 17 = OV A87S (x= 95); Substituting 

which simplifies to 

i= WASTIKeI 2625, 

where x is the number of years after 1990 and y is in trillions of dollars. 

U.S. Gross Domestic Product 
YA J 

$16- B’ 
a” 

SN 14+ fo 

Z Ca 
& 12- or 

= 10 a $ fi 

= 3 
fo A, ra 6 

oO 4b 

py 

0 1 = 1 i 1 = 

5 OS 2 02 ee SO ers 

Year 

Next, we estimate the GDP in 2018 by substituting 28 (2018 — 1990 = 28) for x 
in the model: 

Vi 04S) ted 5.2025, Model 

0.4875(28) + 5.2625 Substituting 

LS:9125) = AS9 1 

We estimate that the gross domestic product will be $18.91 trillion in 2018. 
Now Try Exercise 61. 

In Example 6, if we were to use the data points (0, 6.0) and (20, 15.0), our 
model would be 

y = 0.45x + 6.0, 

and our estimate for the GDP in 2018 would be $18.60 trillion, about $0.31 trillion 
less than the estimate provided by the first model. This illustrates that a model and 
the estimates that it produces are dependent on the data points used. 

Models that consider all the data points, not just two, are generally better 
models. The model that best fits the data can be found using a graphing calculator 
and a procedure called linear regression. This procedure is explained in the fol- 
lowing Technology Connection. ~ 
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Technology Connection 

CHAPTER 1 

Figure 2. 

EDIT TESTS 

1:1-Var Stats 

2:2-Var Stats 

3:Med-Med 

EBLinReg(ax + b) 

5:QuadReg 

6:CubicReg 

7\QuartReg 

Figure 3. 

LinReg 
=ax+b 
= .4700585176 
= 5.72636541 

r2 = 996098034 
r= .9980471101 

y 
a 
b 

Figure 4. 

Figure 5. 

Graphs, Functions, and Models 

We now consider linear regression, a procedure that can be used to model a 
set of data using a linear function. Although discussion leading to a complete 
understanding of this method belongs in a statistics course, we present the 
procedure here because we can carry it out easily using technology. The 
graphing calculator gives us the powerful capability to find linear models 
and to make predictions using them. 

Consider the data presented before Example 6 on the gross domestic 
product. We can fit a regression line of the form y = mx + b to the data using 
the LINEAR REGRESSION feature on a graphing calculator. 

First, we enter the data in lists on the calculator. We enter the values of the 
independent variable x in list L1 and the corresponding values of the dependent 
variable y in L2. (See Fig. 1.) The graphing calculator can then create a scatterplot 
of the data, as shown at left in Fig. 2. 

When we select the LINEAR REGRESSION feature from the STAT CALC menu, we 
find the linear equation that best models the data. It is 

y = 0.4700585176x + 5.72636541. Regression line 

(See Figs. 3 and 4.) We can then graph the regression line on the same graph as 
the scatterplot, as shown in Fig. 5. 

To estimate the gross domestic product in 2012, we substitute 28 for x in 
the regression equation. Using this model, we see that the gross domestic prod- 
uct in 2018 is estimated to be about $18.89 trillion. (See Fig. 6.) 

Y1(28) 
18.8880039 

Figure 6. 

Note that $18.89 trillion is closer to the value $18.91 trillion found with the 
data points (5, 7.7) and (21, 15.5) in Example 6 than to the value $18.60 tril- 
lion found with the data points (0, 6.0) and (20, 15.0) following Example 6. 

The Correlation Coefficient 

On some graphing calculators with the DIAGNOSTIC feature turned on, a 
constant r between —1 and 1, called the coefficient of linear correlation, 
appears with the equation of the regression line. Though we cannot develop a 
formula for calculating r in this text, keep in mind that it is used to describe 
the strength of the linear relationship between x and y. The closer |r| is to 1, 
the better the correlation. A positive value of r also indicates that the regression 
line has a positive slope, and a negative value of r indicates that the regression 
line has a negative slope. As shown in Fig. 4, for the data on gross domestic 
product just discussed, r = 0.9980471101, which indicates a good linear 
correlation. 
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The following scatterplots summarize the interpretation of a correlation 
coefficient. 

a 

—_ 

pon e r=0.91 sd r= 0.42 : 
All points on the High positive Low positive 
regression line correlation correlation 

7 y 

r=-1 ‘ f= SOO ie y=-042 * 
All points on High negative Low negative 
regression line correlation correlation 

41.4 = _ Exercise Set 

Find the slope and the y-intercept of the graph of the linear 5. 
equation. Then write the equation of the line in slope- 
intercept form. 

ile 2. 

Write a slope-intercept equation for a line with the given 
characteristics. 

7. m = &, y-intercept (0, 4) 
= —3, y-intercept (0, 5) 

= —4, y-intercept (0, —7) 
= 2, y-intercept (0, —6) 
= —4.2, y-intercept (0,2) 

= —4, y-intercept (0, — 3) 

= 3, passes through (3, 7) 

= —3, passes through (5, 6) 

| 

S 

= = = 3 (s" Sees 

| 

0, passes through (—2, 8) 
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16. m = —2, passes through (—5, 1) 

17. m = —3, passes through (—4, —1) 

18. m = %, passes through (—4, —5) 

19. Passes through (—1, 5) and (2, —4) 

20. Passes through —3,}) and (Gi, >| 

21. Passes through (7, 0) and (—1, 4) 

= )ianda— 1,5) 

23. Passes through (0, —6) and (3, —4) 

—5,0) and (0,2) 

25. Passes through (—4, 7.3) and (0, 7.3) 

26. Passes through (—13, —5) and (0, 0) 

( 
22. Passes through ( 

( 
24. Passes through ( 

( 

Write equations of the horizontal lines and the vertical lines 
that pass through the given point. 

27. (0, -3) #4 re 76) 

29. (4-1) 30. (0.03, 0) 

31. Find a linear function h given h(1) = 4 and 
h(—2) = 13. Then find h(2). 

32. Find a linear function g given g( —}) = —6and 
g(2) = 3. Then find g(—3). 

33. Find a linear function f given f(5) = 1 and 
f(—5) = —3. Then find f(0). 

34. Find a linear function h given h(—3) = 3 and 
h(0) = 2. Then find h(—6). 

Determine whether the pair of lines is parallel, perpendicu- 
lar, or neither. 

35. y= x = 11, 36. y = —3x + 1, 
y=-%x-11 y= —zxt] 

37. y = =x — 4, 38. y = $x — 8, 
y= ix +4 Vy =o Lox 

BI Ge i, ae tay, 025 25h) = = 3, 

2x WAV 3 2x toy = 4 

ee aXe AZ.) eae Xs 

Ai S = X Vg el ee 

Write a slope-intercept equation for a line passing through 
the given point that is parallel to the given line. Then write 
a second equation for a line passing through the given point 
that is perpendicular to the given line. 

B35) y= x | 

Aa = 1.6) x) = 2x 9 

45. (-7,0), y = —0.3x + 43 

46. (—4,—5), 2x y= —4 

Type PON ry te 

48. (8,-2), y = 4.2(x — 3) +1 

49 0(Siyse,) eae 

50. (4,-5), y= —1 

Determine whether each of the following statements is true 

or false. 

51. The lines x = —3 and y = 5 are perpendicular. 

52, The lines y = 2x — 3 andy —= =2xa—) 3 ate 
perpendicular. 

2 
53. The lines y = 2x + 4and y = éx — 4are parallel. 

54. The intersection of the lines y = 2 and x = —jis 
3 

(aaa 
55. The lines x = —1l and x = 1 are perpendicular. 

56. The lines 2x + 3y = 4and 3x — 2y = 4are 
perpendicular. 

In Exercises 57-60, determine whether a linear model 
might fit the data. 

SWE 58. 

S| 4 =| G aa® 

& 9 S % 5 ions 
5 a Year 

By 60. 

= Fi 20 i 
| J a a § a 

&° “elt a = ace “a ." 

CE ee 2 ee Soe a Sf le anc tea 
n Year a Year 

61. Internet Use. The following table illustrates the 
growth in worldwide Internet use. 

a) Model the data with a linear function. Let the 

independent variable represent the number 
of years after 2006; that is, the data points are 
(0, 1.093), (3, 1.802), and so on. Answers may 
vary depending on the data points used. 

b) Using the function found in part (a), estimate the 

number of world Internet users in 2017 and in 
2020. 
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Number of World Internet 
Year, x Users, y (in billions) 

1.093 

1.319 

1.574 

1.802 

eel 

2.267 

2.497 

2.749 

Source: Internet and Facebook World Stats 

Cremations. The following table illustrates the 
upward trend in America to choose cremation. 

a) Model the data with a linear function. Let the 

independent variable represent the number of 
years after 2005. Answers may vary depending on ~ 
the data points used. 

b) Using the function found in part (a), estimate the 

percentage of deaths followed by cremation in 
2011 and in 2016. 

ue 

Percentage of Deaths 
Year, x Followed by Cremation, y 

2005, 0 32.2% 

2006, 1 33:5 

2007, 2 34.3 

2008, 3 Gish 

2009, 4 36.7 

2010, 5 40.6 

Source: Cremation Association of North America 

Electricity Use. Data on the average annual house- 
hold use of electricity, in kilowatt-hours, are listed 
in the following table. Model the data with a linear 
function and predict the average annual household 
electricity use in 2019. Answers may vary depending 

on the data points used. 

Annual Electricity Use 
Year, x (in kilowatt-hours) 

2010, 0 11,504 

2011, 1 11,280 

AAD. 2 10,837 

2013, 3 10,819 

Source: Energy Information Administration 

SECTION 1.4 

64. 

65. 

66. Accessing the Internet by Smartphone. 

Equations of Lines and Modeling 61 

Median Household Income. Data on the median 
household income in the United States (adjusted 
for inflation) are listed in the following table. Model 
the data with a linear function, estimate the median 
household income in 2009, and predict the median 
household income in 2017. Answers may vary 
depending on the data points used. 

Median Household Income 
Year, x | in the United States 

2006, 0 $54,892 

2008, 2 53,644 

2010, 4 51,893 

2012, 6 51,017 

Source: U.S. Census Bureau 

Bottled Water. Data on the per-capita consump- 
tion, in gallons, of bottled water in the United States 
are given in the following table. Model the data 
with a linear function and predict the per-capita 
consumption of bottled water in 2017. Answers may 
vary depending on the data points used. 

Per-Capita Consumption of 
Year, x Bottled Water (in gallons) 

2009, 0 27.6 

2010, 1 28.3 

AQ, 2 29) 

AYN 3 30.8 

2013, 4 32.0 

Source: Beverage Marketing Corporation 

Data on 

the percentage of adults who access the Internet by 
smartphone are given in the following table. Model 
the data with a linear function and predict the per- 
centage of adults in 2016 who will access the Internet 
using a smartphone. 

Percentage of Adults Who Access 
the Internet with a Smartphone 

31% 

43 

47 

55 

63 

Source: Pew Internet and American Life Project 
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i i 72. Find an equation of the line passing through the point 
> 

. 

AL OL EL (4,5) and perpendicular to the line passing through 
Find the slope of the line containing the given points. the points (—1, 3) and (2, 9). 

SA Via kanal) a1) 73. Road Grade. Using the following figure, find the 

685550 and. (—5)—1) 123) road grade and an equation giving the height y as a 

, wh ey function of the horizontal distance x. 
Find an equation for a circle satisfying the given conditions. 

69. Center (0, 3), diameter of length 5 [1.1] Zi 

70. Center (—7, —1), radius of length ? [1.1] 
920.58 m 

x 

» Synthesis 13,740 m 

71. Find k so that the line containing the points (—3, k) 
and (4, 8) is parallel to the line containing the points 
(5,3) and (1, —6): 

Linear Equations, Functions, Zeros, and Applications 

® Solve linear equations. 

» Solve applied problems using linear models. 

» — Find zeros of linear functions. 

An equation is a statement that two expressions are equal. To solve an equation 

in one variable is to find all the values of the variable that make the equation true. 
Each of these values is a solution of the equation. The set of all solutions of an 
equation is its solution set. Some examples of equations in one variable are 

Uisgece Sy = sey 3(x.— 1) = 4x + 5, 

Nee as 

Heap 
x? — 3x +2=0, and the 

» Linear Equations 

The first two equations above are linear equations in one variable. We define such 
equations as follows. 

A linear equation in one variable is an equation that can be expressed in 
the form mx + b = 0, where mand bare real numbers and m = 0. 



4 i ssc 

BEE 

m 4 

Sy "oo | ae han ine. Sheil 

Note to the student and the 
instructor: We assume that 

students come to a College 
Algebra course with some 
equation-solving skills from 
their study of Intermediate 
Algebra. Thus a portion of 
the material in this section 
might be considered by 
some to be review in nature. 

We present this material 
here in order to use linear 

functions, with which 
students are familiar, to lay 
the groundwork for zeros 
of higher-order polynomial 
functions and their 
connection to solutions of 

equations and x-intercepts 
of graphs. 
eae 
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Equations that have the same solution set are equivalent equations. For ex- 
ample, 2x + 3 = 5 and x = 1 are equivalent equations because | is the solution 
of each equation. On the other hand, x* — 3x + 2 = 0andx = 1 are not equiva- 
lent equations because 1 and 2 are both solutions of x* — 3x + 2 = 0 but 2 is not 
a solution of x = 1. 

To solve a linear equation, we find an equivalent equation in which the variable 
is isolated. The following principles allow us to solve linear equations. 

EQUATION-SOLVING PRINCIPLES 

For any real numbers a, b, and c: 

The Addition Principle: fa = bistrue,thena + c = b + cis true. 

The Multiplication Principle: Ifa = bis true, then ac = bc is true. 

EXAMPLE 1 Solve: = = | = 2 

Solution When we have an equation that contains fractions, it is often convenient 
to multiply both sides of the equation by the least common denominator (LCD) of 
the fractions in order to clear the equation of fractions. We have 

3 y 
= Li 
4 5 

PRON ee Gace wl A es PS 
4 

) 
BUS ee 20 Nee 

The LCD is 4 ° 5, or 20. 

Multiplying by the LCD on both sides 
to clear fractions 

Cie 

15h = LUI 28 

15x20: =F 205 = 28 ar 320 Using the addition principle to add 
20 on both sides 

15x = 48 

15x _ 48 Using the multiplication principle to multiply 
ise. ie by ;5 or divide by 15, on both sides 

48 
Nia ary 

1S 

» ihe Simplifying. Note that }x — 1 = /and 
ye oe x = ‘© are equivalent equations. 
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3 W 
Check: = =f == 

4 5 

3 ‘ 16 is yi 

4 i) 

p> 
5 

W Wt 
a = Uwe 
5 5 

US 
The solution is a 

Technology Connection 

16 
Substituting a for x 

Now Try Exercise 15. 

We can use the INTERSECT feature on a graphing calculator to solve equations. 
We call this the Intersect method. To use the Intersect method to solve the 

Intersection ii 

X = 3.2 Ly=14 

equation in Example 1, for instance, we graph y; = x — land y, = 4. The 

value of x for which y, = y, is the solution of the equation 3x —1=2 This 
value of x is the first coordinate of the point of intersection of the graphs of 
y, and y>. Using the INTERSECT feature, we find that the first coordinate of this 
point is 3.2. We can find fraction notation for the solution by using the 
> Frac feature. The solution is 3.2, or . 

EXAMPLE 2 Solve: 2(5 — 3x) = 8 — 3(x + 2). 

Solution We have 

Ci 

26 = 3x) 

OR ROX 

LOOX 

10) 6% = 6X 

10 

Or r2 

8 
) 

Ww | oO 

= 8 eg ( aero) 

==) — Be — (65 

= Bi 

Oe OX 

=2 8x 

Saigaae owen oy 

= 3x 

ee 
3 

= x. 

Using the distributive 
property 

Collecting like terms 

Using the addition 
principle to add 6x on 
both sides 

Using the addition 
principle to add —2, or 
subtract 2, on both sides 

Using the multiplication 
principle to multiply 
by 4, or divide by 3, on 
both sides 
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We can use the TABLE feature 
on a graphing calculator, 
set in ASK mode, to check 
the solutions of equations. 
In Example 2, for instance, 
let y) = 2(5 — 3x) and 
Voi O (0 2) 
When $ is entered for x, 
we see that y; = y», or 
2(5 — 3x) = 8 — 3(x + 2). 
Thus, § is the solution of 
the equation. (Note that 
the calculator converts § to 
decimal notation in the table. ) 
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Check: 2 (St 33%) 28 ai 2) 
ee eee ee 
2(5— 3-8) ?8-3($+ 2) Substituting § for x 

Nat) |e Se) 
2(-3) | 8-14 

a =6 TRUE 

8 
The solution is —. Now Try Exercise 27. 

» Special Cases 

Some equations have no solution. 

EXAMPLE 3 Solve: —24x + 7 = 17 — 24x. 

Solution We have 

oe eee NW) ee Ws 

DA DAN 2A 7 — 24x Adding 24x 

Hee NE, We get a false equation. 

No matter what number we substitute for x, we get a false sentence. Thus the equa- 

tion has no solution. Now Try Exercise 11. 

There are some equations for which any real number is a solution. 

1 1 
EXAMPLE 4 Solve: 3 — aC = Ae + 3. 

Solution We have 

& | | Se aie Se) 

Adding }x eS II be & eo es) 

2 = 3: We get a true equation. 

Replacing x with any real number gives a true sentence. Thus any real number is a 
solution. This equation has infinitely many solutions. The solution set is the set of 
real numbers, {x|x is a real number}, or (—oo, 00). 

Now Try Exercise 3. 

» Applications Using Linear Models 

Mathematical techniques are used to answer questions arising from real-world 
situations. Linear equations and functions model many of these situations. 
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The following strategy is of great assistance in problem solving. 

FIVE STEPS FOR PROBLEM SOLVING 

1. Familiarize yourself with the problem situation. If the problem is 
presented in words, this means to read carefully. Some or all of the 
following can also be helpful. 

a) Make a drawing, if it makes sense to do so. 
b) Make a written list of the known facts and a list of what you wish to 

find out. 
c) Assign variables to represent unknown quantities. 
d) Organize the information in a chart or a table. 
e) Find further information. Look up a formula, consult a reference 

book or an expert in the field, or do research on the Internet. 
f) Guess or estimate the answer and check your guess or estimate. 

2. Translate the problem situation to mathematical language or sym- 
bolism. For most of the problems you will encounter in algebra, this 
means to write one or more equations, but sometimes an inequality or 

some other mathematical symbolism may be appropriate. 
3. Carry out some type of mathematical manipulation. Use your 

mathematical skills to find a possible solution. In algebra, this 
usually means to solve an equation, an inequality, or a system of 
equations or inequalities. 

4. Check to see whether your possible solution actually fits the problem 
situation and is thus really a solution of the problem. Although you 
may have solved an equation, the solution(s) of the equation might not 
be solution(s) of the original problem. 

5. State the answer clearly using a complete sentence. 

EXAMPLE 5 Words in Languages. There are about 232,000 words in the 
Japanese language. This is 19% more than the number of words in the Russian lan- 
guage. (Source: Global Language Monitor) How many words are in the Russian 
language? 

Solution 

1. Familiarize. Let’s estimate that there are 200,000 words in the Russian 
language. Then the number of words in the Japanese language would be 

200,000 + 19% + 200,000 = 1(200,000) + 0.19(200,000) 

= 1.19(200,000) = 238,000. | 

Since we know that there are actually 232,000 words in the Japanese language, 
our estimate of 200,000 is too high. Nevertheless, the calculations performed 
indicate how we can translate the problem to an equation. We let x = the 
number of words in the Russian language. Then x + 19%x, or 1+ x + 0.19x, or 
1.19x, is the number of words in the Japanese language. 
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2. Translate. We translate to an equation: 

Number of words 
in Japanese language 232,000. 

y | | 
Ls 232,000. 

3. Carry out. We solve the equation, as follows: 

exe 232,000 

232,000 
Naan oer creas Dividing by 1.19 on both sides 

1.19 

x = 195,000: 

4. Check. 19% of 195,000 is 37,050, and 195,000 + 37,050 = 232,050. Since 

232,050 ~ 232,000, the answer checks. (Remember: We rounded the value 

of x.) 

5. State. There are about 195,000 words in the Russian language. 

Now Try Exercise 33. 

EXAMPLE 6 Convenience Stores. In 2014, there were 151,282 convenience 

stores in the United States. The total number of convenience stores in Texas and in 

California was 26,379. There were 4003 more convenience stores in Texas than in 

California. (Source: 2014 NACS/Nielsen Convenience Industry store count) Find the 

number of convenience stores in Texas and in California. 

Solution 

1. Familiarize. The number of convenience stores in Texas is described in terms 

of the number in California, so we let x = the number of convenience stores in 

California. Then x + 4003 = the number of convenience stores in Texas. 

2. Translate. We translate to an equation: 

Number of convenience Number of convenience 

stores in California plus stores in Texas iS 237%. 

y ' Y tag 
Se ar eae 008 = 26,379. 

3. Carry out. We solve the equation, as follows: 

Mt 1 ANOS en ZO 5a 2) 

2x +: 4003 = 26,379 Collecting like terms 

DG 2203/6 Subtracting 4003 on both sides 

x = 11,188. Dividing by 2 on both sides 

If x = 11,188, then x + 4003 = 11,188 + 4003 = 15,191. 

4. Check. Ifthere were 15,191 convenience stores in Texas and 11,188 in California, 

then the total number of convenience stores in Texas and in California was 

15,191 + 11,188, or 26,379. Also, 15,191 is 4003 more than 11,188. The answer 

checks. 

5. State. In 2014, there were 15,191 convenience stores in Texas and 11,188 con- 

venience stores in California. Now Try Exercise 57. 

In some applications, we need to use a formula that describes the relationships 
among variables. When a situation involves distance, rate (also called speed or 
velocity), and time, for example, we use the following formula. 
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THE MOTION FORMULA 

The distance d traveled by an object moving at rate r in time t is given by 

d=ret. 

EXAMPLE 7 Airplane Speed. Delta Airlines’ fleet includes B737/800's, each 
with a cruising speed of 517 mph, and Saab 340B’s, each with a cruising speed of 
290 mph (Source: Delta Airlines). Suppose that a Saab 340B takes off and travels at 
its cruising speed. One hour later, a B737/800 takes off and follows the same route, 
traveling at its cruising speed. How long will it take the B737/800 to overtake the 
Saab 340B? 

Solution 

1. Familiarize. We make a drawing showing both the known information and 
the unknown information. We let t = the time, in hours, that the B737/800 

travels before it overtakes the Saab 340B. Since the Saab 340B takes off 1 hr be- 

fore the 737, it will travel for t + 1 hr before being overtaken. The planes will 

have traveled the same distance, d, when one overtakes the other. 

B737/800 

517 mph thr 
| 
| 

| 
+ 1 B737/800 

| overtakes Saab 340B 
290 mph din 7 ) -52ab 340B 

aaa, here. 

| 

We can also organize the information in a table, as follows. 

d = whi 2 
a 

Distance Rate Time 

B737/800 d 517 t —> d= 517t 

Saab 340B d 290 be 1) (> d= 290(F 41) 

a 

2. Translate. Using the formula d = rt in each row of the table, we get two 
expressions for d: 

AS 517 and dt = 2900 1). 

Since the distances are the same, we have the following equation: 

517t = 290(t + 1). 



SECTION 1.5 

3. Carry out. We solve the equation, as follows: 

Gs 

ot 

22/t = 

{= 

I| 290(t + 1) 

290t + 290 

290 

1.28. 
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Using the distributive property 

Subtracting 290t on both sides 

Dividing by 227 on both sides and rounding 

to the nearest hundredth 

4. Check. If the B737/800 travels for about 1.28 hr, then the Saab 340B travels 

for about 1.28 + 1, or 2.28 hr. In 2.28 hr, the Saab 340B travels 290(2.28), or 
661.2 mi; and in 1.28 hr, the B737/800 travels 517( 1.28), or 661.76 mi. Since 

661.76 mi ~ 661.2 mi, the answer checks. (Remember: We rounded the value 

of t.) 

5. State. About 1.28 hr after the B737/800 has taken off, it will overtake the Saab 

340B. Now Try Exercise 41. 

For some applications, we need to use a formula to find the amount of interest 

earned by an investment or the amount of interest due on a loan. 

THE SIMPLE-INTEREST FORMULA 

The simple interest J on a principal of P dollars at interest rate r for t years 

is given by 

I = Prt. 

EXAMPLE 8 _ Student Loans. Damarion’s two student loans total $28,000. 

One loan is at 5% simple interest and the other is at 3% simple interest. After 1 year, 

Damarion owes $1040 in interest. What is the amount of each loan? 

Solution 

1. Familiarize. We let x = the amount borrowed at 5% interest. Then the 
remainder of the $28,000, or 28,000 — x, is borrowed at 3%. We organize the 
information in a table, keeping in mind the formula J = Prt. 

= 

Amount Interest 

Borrowed Rate 

5% Loan 0G 5%, or 0.05 

3% Loan DS8000 ax 3%, or 0.03 

Total 28,000 

L Ae 

Time 

1 year 

1 year 

Amount of 

Interest 

x(0.05) ( 1 Ni 

or 0.05x 

(28,000 — x)(0.03)(1), 
or 0.03(28,000 — x) 

1040 
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2. Translate. The total amount of interest on the two loans is $1040. Thus we can 

translate to the following equation: 

Interest on Interest on 
1040 

5% loan plus 3% loan | : | 

0.05x +  0.03(28,000 — x) = 1040. 

3. Carry out. We solve the equation, as follows: 

0.05x + 0.03(28,000 — x) = 1040 

0.05x + 840 — 0.03x = 1040 Using the distributive property 

0.02x + 840 = 1040 Collecting like terms 

0.02% = 200 Subtracting 840 on both sides 

x = 10,000. Dividing by 0.02 on both sides 

If x = 10,000, then 28,000 — x = 28,000 — 10,000 = 18,000. 

4. Check. The interest on $10,000 at 5% for 1 year is $10,000(0.05)(1), or $500. 
The interest on $18,000 at 3% for 1 year is $18,000(0.03)(1), or $540. Since 
$500 + $540 = $1040, the answer checks. 

5. State. Damarion borrowed $10,000 at 5% interest and $18,000 at 3% interest. 

Now Try Exercise 55. 

Sometimes we use formulas from geometry in solving applied problems. In 
the following example, we use the formula for the perimeter P of a rectangle with 
length / and width w: P = 21 + 2w. 

EXAMPLE 9 Solar Panels. In December 2009, a solar energy farm was 
completed at the Denver International Airport. More than 9200 rectangular so- 
lar panels were installed (Sources: Woods Allee, Denver International Airport; 
www.solarpanelstore.com; The Denver Post). A solar panel, or photovoltaic panel, 
converts sunlight into electricity. The length of a panel is 13.6 in. less than twice 
the width, and the perimeter is 207.4 in. Find the length and the width of a panel. 

Solution 

1. Familiarize. We first make a drawing. Since the length of the panel is described 
in terms of the width, we let w = the width, in inches. Then 2w — 13.6 = the 
length, in inches. 

2. Translate. We use the formula for the perimeter of a rectangle: 

P= 21+ 2w 

207.4 = 2(2w — 13.6) + 2w. Substituting 207.4 for Pand 2w — 13.6 for! 
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. Carry out. We solve the equation: 

207.4 = 2(2w — 13.6) + 2w 
207.4 = 4w — 27.2 + 2w Using the distributive property 

207.4 = 6w — 27.2 Collecting like terms 

234.6 = 6w Adding 27.2 on both sides 

39:1 = w; Dividing by 6 on both sides 

If w = 39.1, then 2w — 13.6 = 2(39.1) — 13.6 = 78.2 — 13.6 = 64.6. 

. Check. The length, 64.6 in., is 13.6 in. less than twice the width, 39.1 in. Also, 

2 °64.61n, + 2° S9ain, = 9129.2 in, + 78.2 in. = 207-4 in, 

The answer checks. 

. State. The length of the solar panel is 64.6 in., and the width is 39.1 in. 
Now Try Exercise 49. 

EXAMPLE 10 Cab Fare. Metro Taxi charges a $2.50 pickup fee and $2 per 
mile traveled. Grayson’s cab fare from the airport to his hotel is $32.50. How many 
miles did he travel in the cab? 

Solution 

1. Familiarize. Let's guess that Grayson traveled 12 mi in the cab. Then his fare 
would be 

$2.50 + $2°12 = $2.50 + $24 = $26.50. 

We see that our guess is low, but the calculation shows us how to translate the 
problem to an equation. We let m = the number of miles that Grayson trav- 
eled in the cab. 

. Translate. We translate to an equation: 

Pickup Cost per Number of Total 
fee plus mile times milestraveled is charge 

2.50 a 2 ‘ m = 52.50: 

. Carry out. We solve the equation: 

220 4+ 2m = 32.50 

2m = 30 Subtracting 2.50 on both sides 

im = 115, Dividing by 2 on both sides 

. Check. If Grayson travels 15 mi in the cab, the mileage charge is $2+ 15, or 
$30. Then, with the $2.50 pickup fee included, his total charge is $2.50 + $30, 
or $32.50. The answer checks. 

. State. Grayson traveled 15 mi in the cab. Now Try Exercise 65. 



72 CHAPTER 141 — Graphs, Functions, and Models 

» Zeros of Linear Functions 

An input for which a function’s output is 0 is called a zero of the function. We will 

restrict our attention in this section to zeros of linear functions. This allows us to 

become familiar with the concept of a zero, and it lays the groundwork for working 

with zeros of other types of functions in succeeding chapters. 

ZEROS OF FUNCTIONS 

An input c of a function f is called a zero of the function if the output for 
the function is 0 when the input is c. That is, c is a zero of fif f(c) = 0. 

LINEAR FUNCTIONS 

REVIEW SECTION 1.3 Recall that a linear function is given by f(x) = mx + b, where m and b are 
constants. For the linear function f(x) = 2x — 4, we have f(2) =2-2 —4=0, 
so 2 is a zero of the function. In fact, 2 is the only zero of this function. In general, 
a linear function f(x) = mx + b,withm # 0, has exactly one zero. 

Consider the graph of f(x) = 2x — 4, shown at left. We see from the graph 
that the zero, 2, is the first coordinate of the x-intercept of the graph. Thus when 
we find the zero of a linear function, we are also finding the first coordinate of the 
x-intercept of the graph of the function. 

For every linear function f(x) = mx + b, there is an associated linear equa- 
tion mx + b = 0. When we find the zero of a function f(x) = mx + b, we are 
also finding the solution of the equation mx + b = 0. 

EXAMPLE 11 Find the zero of f(x) = 5x — 9. 

Vv isualizing the Solution 

We find the value of x for which f(x) = 0: 

We graph f(x) = 5x — 9. a) Setting f(x) = 0 

ox = 9 Adding 9 on both sides 

oe Dividing by 5 on 
ie e or 1.8. both sides 

The zero is 2 , or 1.8. This means that 

f(3) = 0, or f(1.8) = 0. Note that the zero of 
the function f(x) = 5x — 9 is the solution of the 
equation 5x — 9 = 0. 

> 
The x-intercept of the graph is ( 3, 0 ) 

or (1.8, 0). Thus, 2, or 1.8, is the zero of the 
function. 

Now Try Exercise 73. 
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Technology Connection 

We can use the ZERO feature on a graphing calculator to find the zeros of a 
function f(x) and to solve the corresponding equation f(x) = 0. We call 
this the Zero method. To use the Zero method in Example 11, for instance, 
we graph y = 5x — 9 and use the ZERO feature to find the coordinates of the 
x-intercept of the graph. Note that the x-intercept must appear in the window 
when the ZERO feature is used. We see that the zero of the function is 1.8. 

LAE IE IPMN MEGS AAS a gmap 

CONNECTING THE CONCEPTS _ 

Zeros, Solutions, and Intercepts 

The zero of a linear function f(x) = mx + b, withm # 0, is the solution of 
the linear equation mx + b = 0 and is the first coordinate of the x-intercept 
of the graph of f(x) = mx + b. To find the zero of f(x) = mx + b, we solve 
f(x) = 0,or mx + b = 0. 

ZERO OF THE FUNCTION; 

FUNCTION SOLUTION OF THE EQUATION 

Linear Function To find the zero of f(x), 
f(x) = 2x — 4, or we solve f(x) = 0: 

Ox 4 

2x 

x= 

The solution of 2x — 4 = 0 is 2. 
This is the zero of the function 

f(x) = 2x — 4: That is, f(2) = 0. 

Vie ee 

ZERO OF THE FUNCTION; 

x-INTERCEPT OF THE GRAPH 

The zero of f(x) is the first coordinate of 
the x-intercept of the graph of y = f(x). 

f(x) =2x-4 

x-intercept 

(2, 0) 
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Technology Connection 

An equation such as x — 1 = 2x — 6 can be solved using the Intersect 
method by graphing y, = x — land y, = 2x — 6 and using the INTERSECT 
feature to find the first coordinate of the point of intersection of the graphs. 
The equation can also be solved using the Zero method by writing it with 0 on 

10 liggrerag eiag one side of the equals sign and then using the ZERO feature. 

SOlVe sect led 

The Intersect Method 

Graph y, = x — land y, = 2x — 6. 

Point of intersection: (5, 4) 
Solution: 5 

The Zero Method 

First, add —2x and 6 on both sides of the equation to get 0 on one side: 

5e— = Wee — 

= Mh = A526. = |, 

Graph v3; = x%.— 1 = 2x 6. 

ZO 

Solution: 5 

Intersection 

Exercise Set 

Solve. Tay ale ny ee 

14x + 5 = 2) 18. 5-418 

Pea) aN NO ce eee 

3. 23 —2x = —2x + 23 20. 5x —-4=2x+5 
4.¢y+3=4 21. 3x -5 =2x +1 
5. 4x +3= 22. 4x +3 =2x -7 
6. 3x — 16 = 23.44 = SS x= 2 

i 24. 5x +1=9x%-—7 
So eee 29. 5X — 2 + 3x = 26 +6 — 4% 

9.3 —tx=3 26. 5x —- 17 -2x =6x-1—x 
10. 10x — 3 = 8 + 10x 272 7 3x <6 p= ean oomeee) 
Dele Ag 28. 4(5y + 3) = 3(2y — 5) 
Ve Se a ae 29. 3(x + 1) = 5 — 2(3x + 4) 
135 8= 5% 23 30:64 (32-2), = 2 3 (ey) 
14. 9 = 4x — 8 S124) = 3 = SOx) 
1527-2 =% 32) Se '5)) +4 Dae) 
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SECTION 1.5 

New Words in the English Language. During the 
nineteenth century, 75,029 new words entered the 
English language. This is about 46.9% more than 
the number of new words in the seventeenth century. 
(Source: Philip Durkin and Katherine Martin, Oxford 
University Press; “English by the Book,’ National 
Geographic, December 2013) Find the number of 
new words that appeared in the English language in 
the seventeenth century. 

X ’ x ean gion Y 

immunize 

Photograns, 

Ice 
CTe 

am 

Calorie Intake. The average worldwide daily calorie 
intake per person has increased from 2200 to 2800 
calories since the early 1960s. The average daily 
calorie intake per person in the United States is 3688. 
This is about 86.4% more than the average daily calo- 
rie intake per person in Haiti. (Sources: UN Food and 
Agriculture Organization; World Health Organiza- 
tion) Find the average daily calorie intake per person 
in Haiti. 

Amount Borrowed. Kea borrowed money from her 
father at 5% simple interest to help pay her tuition at 
Wellington Community College. At the end of 1 year, 
she owed a total of $1365 in principal and interest. 
How much did she borrow? 

Amount of an Investment. Khalid makes an invest- 
ment at 4% simple interest. At the end of 1 year, the 

total value of the investment is $1560. How much 

was originally invested? 

Angle Measure. In triangle ABC, angle B is five times 
as large as angle A. The measure of angle C is 2° less than 
that of angle A. Find the measures of the angles. (Hint: 
The sum of the angle measures is 180°.) 

B 
YG 

5 
A G 

Angle Measure. In triangle ABC, angle B is twice 
as large as angle A. Angle C measures 20° more than 
angle A. Find the measures of the angles. 

Clothing Trade Deficit. Imports of clothing to the 

United States totaled $84.916 billion in 2012. This 
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40. 

amount was $1.459 billion less than twenty-five 
times the clothing exports that year. (Source: Bureau 
of Economic Analysis, U.S. Department of Com- 
merce) Find the amount of clothing exports from the 
United States in 2012. 

Foreign Trade. In 2012, the total value of exports 

from the United States was $2,210,585,000,000. 
That year, exports were $837,965,000,000 more than 
half of the U.S. imports. (Source: U.S. Bureau of 
Economic Analysis, U.S. Department of Commerce) 
Find the value of imports to the United States in 
2012. 

41. 

42. 

43. 

44. 

Train Speeds. 
a station and travels due north at a speed of 60 mph. 
One hour later, an Amtrak passenger train leaves the 
same station and travels due north on a parallel track 
at a speed of 80 mph. How long will it take the pas- 
senger train to overtake the freight train? 

A Central Railway freight train leaves 

Distance Traveled. A private airplane leaves Midway 

Airport and flies due east at a speed of 180 km/h. 
Two hours later, a jet leaves Midway and flies due east 
at a speed of 900 km/h. How far from the airport will 
the jet overtake the private plane? 

Income Taxes. In 2010, 40.9% of federal tax returns 

had zero or negative tax liability. This amount is 
15.7% more than the percentage of filers who had 
zero or negative tax liability in 2000. (Source: The 
Tax Foundation) Find the percentage of tax filers in 
2000 who had zero or negative tax liability. 

Salary Comparison. The average annual salary of a 
restaurant manager is 24.8% less than the average an- 
nual salary of an office manager. The average annual 
salary of a restaurant manager is $48,533. (Source: 
www.salary.com) Find the average annual salary of 

an office manager. 
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45. 

46. 

47. 

48. 

49. 

50. 
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Commission vs. Salary. Juliet has a choice between 
receiving a monthly salary of $1800 from Furniture 
by Design or a base salary of $1600 and a 4% com- 
mission on the amount of furniture she sells during 
the month. For what amount of sales will the two 
choices be equal? 

Sales Commission. Edward, a consumer electronics 

salesperson, earns a base salary of $1270 per month 
and a commission of 6% on the amount of sales he 

makes. One month Edward received a paycheck 
for $3154. Find the amount of his sales for the 

month. 

Studying Abroad. In the 2012-2013 school year, 
approximately 820,000 foreign students studied in 
the United States. The number of U.S. students who 
studied abroad that same year was about seven- 
twentieths of the number of foreign students who 
studied in the United States. (Source: Pew Research 

Center) Find the number of U.S. students who 

studied abroad during the 2012-2013 school year. 

Population Density. The population density in 
China is 365.3 persons per square mile. The popula- 
tion density in the United States is approximately 
one-fourth of the density in China. (Source: The 
World Almanac 2014) Find the population density in 
the United States. 

Soccer-Field Dimensions. The width of the soccer 
field recommended for players under the age of 12 
is 35 yd less than the length. The perimeter of the 
field is 330 yd. (Source: U.S. Youth Soccer) Find the 

. dimensions of the field. 

Poster Dimensions. Marissa is designing a poster 

to promote the Talbot Street Art Fair. The width of 
the poster will be two-thirds of its height, and its 
perimeter will be 100 in. Find the dimensions of the 
poster. 

51. 

bl. 

Soe 

56. 

Ds 

58. 

. Flying with a Tailwind. 

y. Investment Income. 

Test-Plot Dimensions. Morgan's Seeds has a rectan- 
gular test plot with a perimeter of 322 m. The length 
is 25 m more than the width. Find the dimensions of 
the plot. 

Garden Dimensions. The children at Tiny Tots Day 
Care plant a rectangular vegetable garden with a pe- 
rimeter of 39 m. The length is twice the width. Find 
the dimensions of the garden. 

Flying into a Headwind. An airplane that travels 
450 mph in still air encounters a 30-mph headwind. 
How long will it take the plane to travel 1050 mi into 
the wind? 

An airplane that can travel 
375 mph in still air is flying with a 25-mph tailwind. 
How long will it take the plane to travel 700 mi with 
the wind? 

Katie invested a total of $5000, 
part at 3% simple interest and part at 4% simple 
interest. At the end of 1 year, the investments had 
earned $176 interest. How much was invested at each 
rate? 

Student Loans. Anton's two student loans total 

$9000. One loan is at 5% simple interest and the 
other is at 6% simple interest. At the end of 1 year, 
Anton owes $492 in interest. What is the amount of 

each loan? 

Patents. In 2013, IBM (International Business Ma- 

chines) received 2133 more patents than Samsung. 
Together, they received 11,485 patents. (Source: IFI 
Claims Patent Services) How many patents did each 
company receive? 

Books about Presidents. There are 5493 print and 
e-books written about both George Washington and 
Abraham Lincoln. There are 1675 more books about 
Lincoln than about Washington. (Source: Bowker 
Books in Print) How many books have been written 
about each president? 



59. 

60. 

61. 

62. 

63. 

SECTION 1.5 

Ocean Depth. The average depth of the Pacific 
Ocean is 14,040 ft, and its depth is 8890 ft less than 
the sum of the average depths of the Atlantic and 
Indian Oceans. The average depth of the Indian 
Ocean is 272 ft less than four-fifths of the aver- 
age depth of the Atlantic Ocean. (Source: Time 
Almanac 2010) Find the average depth of the Indian 
Ocean. 

Calcium Content of Foods. Together, one 8-oz serv- 
ing of plain nonfat yogurt and one 1-oz serving of 
Swiss cheese contain 676 mg of calcium. The yogurt 
contains 4 mg more than twice the calcium in the 
cheese. (Source: U.S. Department of Agriculture) 
Find the calcium content of each food. 

Water Weight. Water accounts for 55% of a woman's 
weight (Source: ga.water.usgs.gov/edu). Lily weighs 
135 lb. How much of her body weight is water? 

Water Weight. Water accounts for 60% of a man’s 
weight (Source: ga.water.usgs.gov/edu). Jake weighs 
186 lb. How much of his body weight is water? 

Traveling Upstream. A kayak moves at a rate of 
12 mph in still water. If the river’s current flows at a 
rate of 4 mph, how long does it take the boat to travel 
36 mi upstream? 

Linear Equations, Functions, Zeros, and Applications TE 

64. Traveling Downstream. Angelos kayak travels 
14 km/h in still water. If the river’s current flows at a 
rate of 2 km/h, how long will it take him to travel 
20 km downstream? 

. Hourly Wage. Rosalyn worked 48 hr one week and 
earned a $1066 paycheck. She earns time and a half 
(1.5 times her regular hourly wage) for the number 
of hours she works in excess of 40. What is Rosalyn’s 
regular hourly wage? 

. Cab Fare. City Cabs charges a $1.75 pickup fee 
and $1.50 per mile traveled. Diegoss fare for a cross- 
town cab ride is $19.75. How far did he travel in 
the cab? 

. Olive Oil. Together, Italy, Spain, and the United 

States consume 58% of the world’s olive oil. The 
percentage consumed in Italy is 37 times the percent- 
age consumed in the United States. The percentage 
consumed in Spain is § of the percentage consumed 
in Italy. (Source: www.OliveOilEmporium.com) Find 
the percent of the world’s olive oil consumed in each 

country. 
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NFL Stadium Elevation. The elevations of the 31 
NEL stadiums range from 3 ft at Mercedes-Benz 
Superdome, New Orleans, Louisiana, to 5280 ft at 
Sports Authority Field at Mile High, Denver, Colorado. 
The elevation of Sports Authority Field at Mile High is 
275 ft higher than seven times the elevation of Lucas 
Oil Stadium in Indianapolis, Indiana. What is the 
elevation of Lucas Oil Stadium? 

Find the zero of the linear function. 

69. 

70. 

al 

72, 

73. 

74, 

75. 

76. 

Tas 

78. 

79. 

80. 

81. 

82. 

83. 

84. 

f(s) =e 5 

f(x) = 5x + 20 

jean rae ul 

f(x) 98 = & 

TAX) =i ex 

Te) Se ey, 

tS) Sele 

fia) = 8x +2 

if ( 4) = x6 

f(x) =4+x 

fe) = 20 = x 

eae SS 

eas 210 
f(s) =32>9 

TS eee Ace LD 

f(x) =4-x 
In each of Exercises 85-90, use the given graph to find each 
of the following: (a) the x-intercept and (b) the zero of the 
function. 

85. 86. 

» Skill Maintenance 

91. 

92. 

93: 

94. 

95; 

96. 

Write a slope-intercept equation for the line 
containing the point (—1, 4) and parallel to the line 
3x + 4y = 7. [14] 

Write an equation of the line containing the points 
(54) andi(3)—2)" [14] 

Find the distance between (2, 2) and (—3, —10). [1.1] 

Find the midpoint of the segment with endpoints 
i 33 

(—3,3) and (-3,5). [1.1] 

Giverthaty (3) = = ~ , find f(—3), f(0), and 

Hove Le] 

Find the slope and the y-intercept of the line with 
the equation 7x — y = 5. [1.3] 

» Synthesis 

State whether each of the following is a linear function. 

oF; 

98. 

3 

ice) ea: 

3 
SHAN Sxl 
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99, f(x) =x? +1 104. Bestsellers. One week 10 copies of the novel 
3 The Last Song by Nicholas Sparks were sold for 

100. f(x) =—x - (2.4)? every 7.9 copies of David Baldacci’s Deliver Us 

4 from Evil that were sold (Source: USA Today 
Best-Selling Books). If a total of 10,919 copies Solve. 

Wik, 8 ee eke 29a le ae of the two books were sold, how many copies of 
each were sold? 

as Be ie ae ay ie 105. Running vs. Walking. A 150-lb person who runs at 
6 mph for 1 hr burns about 720 calories. The same 

103. Packaging and Price. Dannon recently replaced person, walking at 4 mph for 90 min, burns about 
its 8-oz cup of yogurt with a 6-o0z cup and reduced 480 calories. (Source: Fitsmart, USA Weekend, July 

the suggested retail price from 89 cents to 71 cents 19-21, 2002) Suppose a 150-Ib person runs at 6 mph 
(Source: IRI). Was the price per ounce reduced by for 75 min. How far must the person walk at 4 mph 
the same percent as the size of the cup? If not, find in order to burn the same number of calories burned 
the price difference per ounce in terms of a percent. running? 

Solving Linear Inequalities 

» Solve linear inequalities. 

» Solve compound inequalities. 

® Solve applied problems using inequalities. 

An inequality is a sentence with <, >, =, or = as its verb. An example is 
3x — 5 < 6 — 2x. To solve an inequality is to find all values of the variable that 
make the inequality true. Each of these values is a solution of the inequality, and 
the set of all such solutions is its solution set. Inequalities that have the same solu- 
tion set are called equivalent inequalities. 



80 CHAPTER 1 ~~ Graphs, Functions, and Models 

JUST » Linear Inequalities 

oles The principles for solving inequalities are similar to those for solving equations. 

PRINCIPLES FOR SOLVING INEQUALITIES 

For any real numbers a, b, and c: 

The Addition Principle for Inequalities: 

If aess-biis true, then ai-ec bee cistrue: 

The Multiplication Principle for Inequalities: 

a) Ifa < bandc > Oare true, then ac < bc is true. 

b) Ifa < bandc < Oaretrue, then ac > bc is true. 

(When both sides of an inequality are multiplied by a negative number, 
the inequality sign must be reversed.) 

Similar statements hold fora = b. 

First-degree inequalities with one variable, like those in Example 1 below, are 
linear inequalities. 

EXAMPLE 1. Solve each of the following. Then graph the solution set. JUST 

TIME ad) a OX bets Fe = 10 4 

5,6 Solution 

ayox = 5 =< brew 

5h =. 0 Using the addition principle for inequalities; adding 2x 

ep tee | Using the addition principle for inequalities; adding 5 

SoS u Using the multiplication principle for inequalities; 

multiplying by 4, or dividing by 5 

Technology Connection 
Any number less than + isa solution. The solution set is {x|x = 2} or ( eae +). 

TeenecEs ample 1a), we The graph of the solution set is shown below. 

can graph y, = 3x — 5and 

yy = 6 — 2x. The graph = 
shows that for x < 2.2, or 

x < 4 the graph of y, lies ae sae eG ae 
below the graph of y,, pau ee b) 13 — 7x = 10x — 4 
Dies Spy 

ty eee, Subtracting 10x 

Vy = 3x— 5, yy = 6 — 2x Sie 17, Subtracting 13 

i Sl Dividing by —17 and reversing the inequality sign 

The solution set is {x|x = 1}, or (—oo, 1]. The graph of the solution set is 
shown below. 

Intersection < 

X = 2.2 : V> 
SO ee eal OL oy 8 Ae 5 

Now Try Exercises 1 and 3. 
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EXAMPLE 2 Find the domain of the function. 

a) f(x) = Vx — 6 biG == 
lease < 

Solution 

a) The radicand, x — 6, must be greater than or equal to 0. We solve the inequality 
Dame iene | 

a= Or 0 

= 6: 

The domain is {x|x = 6}, or [6, co). 

b) Any real number can be an input for x in the numerator, but inputs for x must 

be restricted in the denominator. We must have 3 — x = Oand V3 — x # O. 

Thus, 3 — x > 0. We solve for x: 

Seat cea 8) 

vee) Subtracting 3 

he S&S 3, Multiplying by —1 and reversing the inequality sign 

The domain is {x|x < 3}, or (—oo, 3). 
Now Try Exercises 17 and 21. 

» Compound Inequalities 

When two inequalities are joined by the word and or the word or, a compound 
inequality is formed. A compound inequality like 

SE LN Oy AUG) eX on Ones /. 

is called a conjunction, because it uses the word and. The sentence 

aD pee Xa a, 

is an abbreviation for the preceding conjunction. 
Compound inequalities can be solved using the addition and multiplication 

principles for inequalities. 

EXAMPLE 3 Solve —3 < 2x + 5 < 7. Then graph the solution set. 

Solution We have 

eo ee, 

Oo) eee Subtracting 5 

=4-< x = 1. Dividing by 2 

The solution set is {x|-4 < x = 1}, or (—4, 1]. The graph of the solution set is 

shown below. 

Now Try Exercise 23. 
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Technology Connection 

To check the solution to 
Example 4, we graph 

VigwaX = o>) 7; 
and y; = 1. Note that for 

ibaa — Lore = 3), 
iy Or Vi? ys: 

Y3 
Liiit 1g 

A compound inequality like 2x — 5 = —7or2x — 5 > 1 is called a dis- 

junction, because it contains the word or. Unlike some conjunctions, it cannot be 

abbreviated; that is, it cannot be written without the word or. 

EXAMPLE 4 Solve 2x — 5 < —7or2x — 5 > 1. Then graph the solution set. 

Solution We have 

DN a) Of ee Ke aa 

BG kg 2% 6 Adding 5 

SS Il OF oo > Sh, Dividing by 2 

The solution set is {x|x < —lorx > 3}. We can also write the solution set 
using interval notation and the symbol U for the union, or inclusion, of both 
sets: (—oo, —1] U (3, co). The graph of the solution set is shown below. 

Now Try Exercise 35. 

» An Application 

EXAMPLE 5 Income Plans. For her interior decorating job, Natalia can be 
paid in one of two ways: 

Plan A: $250 plus $10 per hour; 

Plan B: $20 per hour. 

Suppose that a job takes n hours. For what values of n is plan B better for Natalia? 

Solution 

1. Familiarize. Suppose that a job takes 20 hr. Then nm = 20, and under plan A, 
Natalia would earn $250 + $10+ 20, or $250 + $200, or $450. Her earnings 
under plan B would be $20 20, or $400. This shows that plan A is better for 
Natalia if a job takes 20 hr. If a job takes 30 hr, then n = 30, and under plan A, 
Natalia would earn $250 + $10 +30, or $250 + $300, or $550. Under plan B, 
he would earn $20 + 30, or $600, so plan B is better in this case. To determine 
all values of n for which plan B is better for Natalia, we solve an inequality. Our 
work in this step helps us write the inequality. 

2. Translate. We translate to an inequality: 

Income from plan Bis greater than Income from plan A 

Vv Vv V 
20n > 250 + 10n. 

3. Carry out. We solve the inequality: 

20n = 250 + 10n 

10n > 250 Subtracting 10n on both sides 

if) = Ms). Dividing by 10 on both sides 
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4. Check. For n = 25, the income from plan A is $250 + $1025, or $250 + $250, 
or $500, and the income from plan B is $20+ 25, or $500. This shows that 
for a job that takes 25 hr to complete, the income is the same under either 
plan. In the Familiarize step, we saw that plan B pays more for a 30-hr job. 
Since 30 > 25, this provides a partial check of the result. We cannot check all 
values of n. 

5. State. For values of n greater than 25 hr, plan B is better for Natalia. 

1.6 Exercise Set 

Now Try Exercise 45. 

- 

Solve and graph the solution set. 

ll, 4kee = 3) S Dee se 7 , Bye se ll 2 Sexe = § 

a gear © SX Ses — © Gh 8) Se eae SE / 

5, Ah = Ae SS se Ses (hy. soe = TS Ge aS 

Fe IA SY pS yeas 8 

O), se = 7 SS Spear & 

Sax = Je. 6a 

10. 12 — 8y = l0y — 6 

1 ti a A gi a Neat ir 

BO, Ss peo =: 

13. —3x = -, a3 2x 

14. —2x = 3 ar ea 

Bea re) ee a) (X= 3) 

160 (are 2) x(x + 1) 

Find the domain of the function. 

17. (dV 717 

18. g(x) = Vx+ 8 

19S fe (VA se 2 

20. f(x) = V2x+3-4 

21. g(x) a 
4+x 

22. h(x) = —— 
Gia X 

Solve and write interval notation for the solution set. Then 

graph the solution set. 

230 Taal nats DM see oP a 

DAE e) ee ei hae fl 26 a X= A 7 

27 ee A 2B 5 ee 2 15 

PALE ONE ae eS Be) 50 et SS 3 

3. 

a2. 

Bo: 

34. 

35. 

36. 

Ove 

38. 

39. 

40. 

41. 

42. 

43. 

=4 = 6,— 2x 4 

oo) SSS Pee BS ys) 

—5 <4(3x+1)<7 

< -3(x — 3) <1 

ae Ss =O ore — lS © 

WI 

20 <8 OF Sais tezalO 

Ne Da San ALOT LN arg cae 

SX TIES OTK LS 

2p 20 =< —0,8: 07 26 =" 20 2 08 

i CaN a ON OR ae Bre Tao gens me Oi ae! 

x+14<5 —-forx+ 142} 

x—-9<—-jorx-—9>34 

World Rice Production. The three countries with the 

most rice production are China, India, and Indonesia. 
The equation y = 9.06x + 410.81 provides a good 
estimate of world rice production in millions of metric 
tons, where x is the number of years after 1980. (Source: 
www.geohive.com) For what years will world rice 
production exceed 820 million metric tons? 
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44. 

45. 

46. 

47. 

48. 

49. 

50. 

ale 
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Social Security Disability. The equation 
y = 0.326x + 7.148 can be used to estimate the num- 

ber of people, in millions, collecting Social Security 
disability payments, where x is the number of years 
after 2007 (Source: Social Security Administration). 

For what years will the number of people collecting 
disability payments be more than 12 million? 

Moving Costs. Acme Movers charges $200 plus 
$45 per hour to move a household across town. Leos 
Movers charges $65 per hour. For what lengths of 
time does it cost less to hire Leo’s Movers? 

Investment Income.  Jalyn plans to invest $12,000, 
part at 4% simple interest and the rest at 6% simple 
interest. What is the most that she can invest at 4% 
and still be guaranteed at least $650 in interest per 
year? 

Investment Income. Dillon plans to invest $7500, 
part at 4% simple interest and the rest at 5% simple 
interest. What is the most that he can invest at 4% 
and still be guaranteed at least $325 in interest per 
year? 

Investment Income. A foundation invests $150,000 
at simple interest, part at 7%, twice that amount at 
4%, and the rest at 5.5%. What is the most that the 

foundation can invest at 4% and be guaranteed at 
least $7575 in interest per year? 

Investment Income. A university invests $1,400,000 

at simple interest, part at 5%, half that amount at 
3.5%, and the rest at 5.5%. What is the most that the 
university can invest at 3.5% and be guaranteed at 
least $68,000 in interest per year? 

Income Plans. Karen can be paid in one of two ways 
for selling insurance policies: 

Plan A: A salary of $750 per month, plus a commis- 
sion of 10% of sales; 

Plan B: A salary of $1000 per month, plus a commis- 
sion of 8% of sales in excess of $2000. 

For what amount of monthly sales is plan A better 
than plan B if we can assume that Karen’ sales are 
‘always more than $2000? 

Income Plans. Curt can be paid in one of two ways 
for selling furniture: 

Plan A: A salary of $900 per month, plus a commis- 
sion of 10% of sales; 

Plan B: A salary of $1200 per month, plus a commis- 

sion of 15% of sales in excess of $8000. 

52. 

> 

For what amount of monthly sales is plan B better 

than plan A if we can assume that Curt’ sales are 

always more than $8000? 

Income Plans. Jeanette can be paid in one of two 

ways for painting a house: 

Plan A: $200 plus $12 per hour; 
Plan B: $20 per hour. 

Suppose a job takes n hours to complete. For what 
values of n is plan A better for Jeanette? 

Skill Maintenance 

Vocabulary Reinforcement 

In each of Exercises 47-50, fill in the blank(s) with the 
correct term(s). Some of the given choices will not be 
used; others will be used more than once. 

Doe 

54. 

Do: 

56. 

constant domain 

function distance formula 

any exactly one 
identity 
x-intercept 

midpoint formula 
y-intercept 

range 

A(n) is a correspondence 

between a first set, called the A 

and a second set, called the 4 

such that each member of the 

corresponds to member of the 
Se) 

pate + Yr 
The ( ee 2) (1.1] 

2 2 

A(n) is a point (a, 0). [1.1] 

A function fis a linear function if it can be written 
as f(x) = mx + b, where mand b are constants. 
If m = 0, the function is a(n) 
function f(x) = b.Ifm = land b = 0, the 
function is the function 
CAS eb 

» Synthesis 

Solve. 

Biola op XG 

DO ike en ee ee an 

99:3 Ae by a5: Teas y, 

60.7 = 10" Sy 16 = y 10 
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Chapter 1 Summary and Review 

STUDY GUIDE 

KEY TERMS AND CONCEPTS EXAMPLES 

i =og gle] Bia be-te)eltleugle)\iageyre)-7.\-) lice) 

Graphing Equations Graph: y = 4 — x’. 

To graph an equation is to make a draw- 

ing that represents the solutions of that 

equation. We can graph an equation by 

selecting values for one variable and 

finding the corresponding values for 
the other variable. We list the solutions 
(ordered pairs) in a table, plot the points, 
and draw the graph. 

Intercepts Graph using intercepts: 2x — y = 4. 

An x-intercept is a point (a, 0). etyl— 0: 

To find a, let y = 0 and solve for x. 
2x—-0=4 

A y-intercept is a point (0, b). as 
To find b, let x = 0 and solve for y. 2x = 4 

Kies We can graph a straight line by plot- 

ting the intercepts and drawing the line The x-intercept is (2, 0). 
containing them. 

Let x = 0: £ 
y-intercept= 

2:0 —-y=4 (0,4) 

-y= 4 

1) adel 

The y-intercept is (0, —4). 

Distance Formula Find the distance between (—5, 7) and (2, —3). 

The distance d between any two points ae V2 (—5)2 + (-3 — 7) 
(x, y,) and (x, y2) is given by = V7 + (10) 

d= V(x hier (yx Made = V49 + 100 

= V149 ~ 12.2 

Midpoint Formula Find the midpoint of the segment whose endpoints are 

If the endpoints of a segment are (x), y;) (—10, 4) and (3, 8). 

and (x», y>), then the coordinates of the (2 +x y+ 2) < (= +3 4+ *) 

midpoint of the segment are nie 5 aor we 

many) a gy 

i = ions 
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Circles 

The standard form of the equation of a 

circle with center (h, k) and radius r is 

(x—h)? + (y—ky =P. 

Find an equation of a circle with center (1, —6) and radius 8. 

(xh) + (y—kP =P 
GH) yes) ear 

(x — 1)? + (y + 6)? = 64 

I 

I 

Given the circle 

(x 9)? (y — 2)? = 121, 

determine the center and the radius. 

Writing in standard form, we have 

[x — (-9)? + (y — 2)? = 12. 

The center is (—9, 2), and the radius is 11. 

SECTION 1.2: FUNCTIONS AND GRAPHS 

Functions 

A function is a correspondence between 

a first set, called the domain, and a sec- 
ond set, called the range, such that each 
member of the domain corresponds to 

exactly one member of the range. 

The Vertical-Line Test 

If it is possible for a vertical line to cross 

a graph more than once, then the graph 

is not the graph of a function. 

Domain 

When a function f whose inputs and 

outputs are real numbers is given by a 

formula, the domain is the set of all in- 
puts for which the expression is defined 
as a real number. 

Consider the function given by 

For the input —3, the output is 2: 

ay = 2. 
The point (—3, 2) is on the graph. 

Domain: Set of all inputs = R, or (— 00, 00). 

Range: Set of all outputs: {y|y = —1}, or [—1, oo). 

This is not the graph 

of a function because 

a vertical line can 

cross it more than 

once, as shown. 

yn This is the graph 

of a function because no 

vertical line can cross it 

more than once. 

Find the domain of the function given by 

a al 

image mn cca s 10) 

Division by 0 is not defined. Since x + 5 = 0 when 

x = —5and x — 10 = 0 when x = 10, the domain of h is 

{x|x isa real number andx # —5Sandx # 10}, 
of (007s) U (35510) UO) Glokacs): 



Slope 

Parise Bayx =) Vi Ys 

Winey cheven e oy Lae te a 

Slope can also be considered as an 

average rate of change. To find the 

average rate of change between two data 
points on a graph, determine the slope of 

the line that passes through the points. 

Slope-Intercept Form of an Equation 

f(x) = mx + b 

The slope of the line is m. 

The y-intercept of the line is (0, b). 

To graph an equation written in slope- 

intercept form, plot the y-intercept and 

use the slope to find another point. Then 

draw the line. 

Horizontal Lines 

The graph of y = b, or f(x) = b, isa 
horizontal line with y-intercept (0, b). 

The slope of a horizontal line is 0. 

Vertical Lines 

The graph of x = ais a vertical line with 

x-intercept (a, 0). The slope of a vertical 

line is not defined. 

SECTION 1.3: LINEAR FUNCTIONS, SLOPE, AND APPLICATIONS 

Summary and Review 

The slope of the line containing the points (3, —10) and (—2, 6) is 

i 6:3 (c= 10) 
wr — — 

X> os x 

In 2000, the population of Flint, Michigan, was 124,943. By 
2012, the population had decreased to 100,515. Find the aver- 

age rate of change in population from 2000 to 2012. 

100,515 — 124,943 
Average rate of change = m = 

2012 — 2000 
—24,428 

= ——— = —2036 
12 

The average rate of change in population over the 12-year 

period was a decrease of about 2036 people per year. 

Determine the slope and the y-intercept of the line given by 
5x — Ty = 14. 

We first find the slope-intercept form: 

5x — 7y = 14 
= Ve OX el A Adding —5x 

5 1 
Va N cane a Multiplying by = 

I 

The slope is 3, and the y-intercept is (0, —2). 

2 
Graph: f(x) = ae + 4, 

We plot the y-intercept, (0, 4). 
Think of the slope as 4*. From the 

y-intercept, we find another point by 

moving 2 units down and 3 units to 

the right to the point (3, 2). We then 

draw the graph. 

Graph x = 3 and 

determine its slope. 
Graph y = —4 and 

determine its slope. 

The slope is 0. The slope is not defined. 

87 
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SECTION 1.4: EQUATIONS OF LINES AND MODELING 

Slope-Intercept Form of an Equation Write the slope-intercept equation for a line with slope —Z and 

y=mxt+ b, or f(x) eh y-intercept (0, 4). 

= a; Using the slope-intercept form 
The slope of the line is m. y er sik he iat R 

The y-intercept of the line is (0, b). Tae + 4 Substituting —3 for m and 4 for b 

Beebe eso p ee ou mLoL an Equa tn Write the slope—-intercept equation for a line that passes 

Vai a ee =X) through (—5, 7) and (3, —9). 

The slope of the line is m. We first determine the slope: 

The line passes through (x), y;). Sea =16 5 
m = =! 2, 
~3-(-5) 8 

Using the slope—intercept form: We substitute —2 for m and 

either (—5, 7) or (3, —9) for (x, y) and solve for b: 

y=mx+t+b 

7 = —2 (5) +b Using (—5, 7) 

7= 10+ b 

—3 = b, 

The slope-intercept equation is y = —2x — 3. 

Using the point-slope equation: We substitute —2 for m and 
either. (5,7) or (3; 9) for (a4, yu 

y= yi = m(x— x) 

y= (GQ) == 2 = 3) Using (3, —9) 

Ve Tee =e 

Vs 

The slope-intercept equation is y = —2x — 3. 

Parallel Lines Write the slope-intercept equation for a line passing through 

Vertical lines are parallel. Nonvertical (—3, 1) that is parallel to the line y = 3x + 5. 
lines are parallel if and only if they have The slope of y = $x + 5 is 4, so the slope of a line 
the same slope and different y-intercepts. parallel to this line is also 5. We use either the slope-intercept 

. : : > : . 2 
equation or the point—slope equation for a line with slope 5 

and containing the point (—3, 1). Here we use the point-slope 

equation and substitute ; for m, —3 for x,, and 1 for J. 

yy Sone = x) 
‘ 

hs ak = eae) 

1 : ae a = [tee 
i 3 

% 
Ve Re ane, Slope-intercept form 
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Perpendicular Lines Write the slope-intercept equation for a line that passes 
Two lines are perpendicular if and only through (—3, 1) and is perpendicular to the line y = $x + 5. 

if the product of their slopes is —1 or if The slope of y = $x + 5 is 3, so the slope of a line perpen- 
one line is vertical (x = a) and the other dicular to this line is the opposite of the reciprocal of §, or —3 
is horizontal (y = b). Here we use the point-slope equation and substitute —3 for m, 

—3 for x,, and 1 for y,. 

y— yy = m(x — x) 

y-1=-5[x- (-3)] 
2 Pela) 

ee Doe 
2 D; 

3 I 

Deere 

Equation-Solving Principles SOlves2 (3x ae /)h 15 = (X ar 1). 

Addition Principle: Ifa = b is true, then 23% = 7) = 15 = (4 + 1) 

a+c= 6 + cistrue. : ue hs 
Ox 4c al Sea 1 Using the distributive 

Multiplication Principle: Ifa = b is true, property 

then ac = bc is true. Ok eg 4s Collecting like terms 

6x = 14+ x= 14—x + x Adding x on both sides 

7x — 14 = 14 

7x —- 14+ 14= 14+ 14 Adding 14 on both sides 

7x = 28 

[Rm mes Pinte ; ie = mm Dividing by 7 on both sides 

x= 4 

Check: 2(3x — 7) = 15 — (x +1) 
ee 

2(3°4-—7) ?15-(441) 

2(12-7) | 15-5 
HOS 10 

10 10 TRUE 

The solution is 4. 

Special Cases Solve:.2, Fal xe x= 9. 

Some equations have no solution. pills tare n bee Sa) 

Doe Nike VWikem— Nise — Le Nes Subtracting 17x 
on both sides 

2=—-9 False equation 

We get a false equation; thus the equation has no solution. 

(continued ) 
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There are some equations for which any 

real number is a solution. 

Zeros of Functions 

An input c of a function fis called a zero 
of the function if the output for the func- 

tion is 0 when the input is c. That is, 

cis a zero of fif f(c) = 0. 

A linear function f(x) = mx + 5b, with 
m # 0, has exactly one zero. 

1 1 
SOlVG Sis = ae ero: 

Z 2 

1 1 
ies iets easier) 

Z Z 

l Lael 1 Adding 3x on 
5 seh ion ae ae both sides 

is) True equation 

We get a true equation. Thus any real number is a solution. The 

solution set is 

{x|xisarealnumber}, or (—oo, 00). 

Find the zero of the linear function 

5 
TUN == x. A): 

8 

We find the value of x for which f(x) = 0: 

5) 
ao 40 = 0 Setting f(x) = 0 

5 
ae = 40 Adding 40 on both sides 

om 8 ‘ 
5 : on = 5 > 40 Multiplying by ; on both sides 

x = 64. 

> 
The zero of f(x) = oe 40 is 64. 

SECTION 1.6: SOLVING LINEAR INEQUALITIES 

Principles for Solving 

Linear Inequalities 

Addition Principle: 

lig’ < bis true, thena +c <b +c 
is true. 

Multiplication Principle: 

Ifa < bandc > Oare true, then 

ac < bcis true. 

Ifa < bandc < Oare true, then 

ac > bc is true. 

Similar statements hold fora = b. 

Solve 3x — 2 = 22 — 5x and graph the solution set. 

DN Sak) eae 

She Dae Bye Ss DP — Bae ae Bye Adding 5x on both sides 

Che = 2S WP 

Meee Pea oy, See Adding 2 on both sides 

8x = 24 

8x _ 24 Dividing by 8 on both sides 

lA ww a 

The solution set is 

{x|~ = 3}. or (—o0, 3]. 

The graph of the solution set is as follows. 

= =4 3:2 2 aes 



Compound Inequalities 

When two inequalities are joined by the 

word and or the word or, a compound 
inequality is formed. 

A Conjunction: 

lL << Be = DN aie see = VO = AQ, we 

1S re?) () 4 (|) 

A Disjunction: 

oe = | = =l7/ ores = i > 7 

Solve: 8x — 1 

Summary and Review 91 

Solver l= 3x — 20)="40. 

Il << Bee = BO s= 410) 

Deo e160) 

<a ase) 

Adding 20 

Dividing by 3 

The solution set is 

1s eae 20 Orel 752.0\|3 

SS =I OF ike — i > 7. 

Wwe lse=—l7 of Se=— il SF 

84 — 16) or foue 2 fe Adding 1 

ey) or eS I Dividing by 8 

The solution set is 

REVIEW EXERCISES 

Answers to all of the review exercises appear in the answer 
section at the back of the book. If you get an incorrect 
answer, restudy the objective indicated in red next to the 
exercise or the direction line that precedes it. 

Determine whether each of the following statements is true 
or false. 

1. If the line ax + y = c is perpendicular to the line 

a PY =. 0, then = 1. [1.4] 

2. The intersection of the lines y = 5 andx = —S is 
(—5,4). [1.3] 

NV) 3 = 

3. The domain of the function f(x) = see does 

not contain —3 and 0. [1.2] 

4, The line parallel to the x-axis that passes through 
1 re aL it 

( ae 7) ise— —;. [C3] 

5. The zero of a linear function fis the first coordi- 
nate of the x-intercept of the graph of y = f(x). 

[1.5] 

6. Ifa < bistrueandc # 0, then ac < bc is 
true. [1.6] 

Use substitution to determine whether the given ordered 
pairs are solutions of the given equation. [1.1] 

7. (3,4), (0,—-9); 2x — 9y = —18 

SOR, ey 7 

{Xe 2 ope or (160, 2 NIE looy 

Find the intercepts and then graph the line. [1.1] 

9X ea anO 10210 = 35% ="2y, 

Graph the equation. [1.1] 

De ce 

Sey) a 

12. 2x — 4y = 8 

14. Find the distance between (3,7) and (—2, 4). [1.1] 

15. Find the midpoint of the segment with endpoints 
(3,7) and (—2, 4). [1.1] 

16. Find the center and the radius of the circle with 
equation (x + 1)* + (y — 3)* = 9. Then graph 
the circle. [1.1] 

Find an equation for a circle satisfying the given 
conditions. [1.1] 

17. Center: (0, —4), radius of length 5 

18. Center: (—2, 6), radius of length V3 

19. Diameter with endpoints (—3, 5) and (7, 3) 

Determine whether the correspondence is a function. [1.2] 

20. —6——> 1 21. h — =r 

—l|—~> 3 i — ?>s 

2<S10 j ees 
[AZ k 
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Determine whether the relation is a function. Identify the 

domain and the range. [1.2] 

mth Uh) somes 
Dae 2.7 (7-22) (052), (Ie 4) 
24. Given that f(x) = x* — x — 3, find each of the 

following. [1.2] 

a) f(0) Dales) 
Ceiar-= 1) d) f(—x) 

aah 
25. Given that f(x) = ae find each of the 

x 
following. [1.2] 

a) f(7) byaieee 1) 

Os) d) f(-2) 
26. A graph of a function is shown. Find f(2), f(—4), 

and f(0). [1.2] 

Determine . the graph is that ie ey [1.2] 
YR 

Find the domain of the function. [1.2] 

1h, Wh CP ea Pee es ae 

eV 

32. f(x) == +2 

8. 10) = arers 

1G) ae 
Graph the function. Then visually estimate the domain and 
the range. [1.2] 

bbe i = W161 

36. g(x) = |x - 5] 

37. a =. —7 

38. h(x) = x* + x 

In Exercises 39 and 40, the table of data contains 
input-output values for a function. Answer the following 
questions. [1.3] 

a) Is the change in the inputs, x, the same? 
b) Is the change in the outputs, y, the same? 
c) Is the function linear? 

oo: aye 40. 
x y : 
=> 8 20 11.8 

=2) LoL 30 24.2 

eal 14 40 36.6 

0 17 50 49.0 

1 20 60 61.4 

2 Dp) 70 73.8 

3 26 80 86.2 

Find the slope of the line containing the given points. [1.3] 

41. (2,—-11), (5, —6) 

42. (5,4), (—3,4) 

43. (3,3), (2,0) 
44, Coffee Consumption. The U.S. annual per-capita 

consumption of coffee was 26.8 gal in 1990. By 2011, 
this amount had decreased to 24.7 gal. (Source: Eco- 
nomic Research Service, U.S. Department of Agri- 
culture) Find the average rate of change in per-capita 
coffee consumption from 1990 to 2011. [1.3] 

Find the slope and the y-intercept of the line with the given 
equation. [1.3] 

45. y= —4x-6 

AOS = 2h = peas) 

47. Graph y = — {x + 3 using the slope and the 
y-intercept. [1.3] 



48. Total Cost. Clear County Cable Television charges 
a $110 installation fee and $85 per month for basic 
service. Write 2n equation that can be used to deter- 
mine the total cost C(t) of t months of basic cable 
television service. Find the total cost of 1 year 
of service. [1.3] 

49. Temperature and Depth of the Earth. The function T 
given by T(d) = 10d + 20 can be used to determine 
the temperature T, in degrees Celsius, at a depth d, in 
kilometers, inside the earth. [1.3] 

a) Find T(5), T(20), and T(1000). 
b) The radius of the earth is about 5600 km. 

Use this fact to determine the domain of the 
function. i 

Write a slope-intercept equation for a line with the follow- 
ing characteristics. [1.4] 

50. m = —%, y-intercept (0, —4) 

51. m = 3, passes through (—2, —1) 

52. Passes through (4, 1) and (—2, —1) 

53. Write equations of the horizontal line and the vertical 
line that pass through ( =A. 2) > [¥4] 

54. Find a linear function h given h(—2) = —9 and 
h(4) = 3. Then find h(0). [1.4] 

Determine whether the lines are parallel, perpendicular, 
or neither. [1.4] 

Stee —_ 3, 

On ay 2. 

06-9) 2 
est BEE ete ee 

57. y=3xt+7, 

y=—3x-4 

Given the point (1, —1) and the line 2x + 3y = 4: 

58. Find an equation of the line containing the given 
point and parallel to the given line. [1.4] 

59. Find an equation of the line containing the given 
point and perpendicular to the given line. [1.4] 

60. Female Medical School Graduates. Data in the 
following table show the number of female medical 
school graduates for years 2005-2011. Model the data 
with a linear function, where the number of female 

medical school graduates W is a function of the year 
x and where x is the number of years after 2005. Then 
using this function, estimate the number of female 
graduates in 2008 and predict the number of female 
graduates in 2018. Answers may vary depending on 
the data points used. [1.4] 

Summary and Review 93 

1. Ae 

Female Medical School Graduates 
in the United States, W 

Source: The Kaiser Foundation 

Solve. [1.5] 

61 

62. 

63. 

64. 

65. 

66. 

67. 

68. 

69. 

70. 

ty feel 

ee eee A rat! 

5 (eam tana) 

An — 3) = s(n 5) 

Lee 
Dee =e oar 

Xl Ome RS ex. 

Production of Quarters. In 2013, the U.S. Mint 
produced 1455 million quarters. This was a 156% 
increase over the number of quarters produced in 
2012. (Source: U.S. Mint) How many quarters were 

produced in 2012? [1.5] 

Amount of Investment. James makes an investment 

at 5.2% simple interest. At the end of 1 year, the total 
value of the investment is $2419.60. How much was 
originally invested? [1.5] 

Flying into a Headwind. An airplane that can 
travel 550 mph in still air encounters a 20-mph 
headwind. How long will it take the plane to travel 
1802 mi? [1.5] 
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Find the zero of the function. [1.5] 

JAK 

72. 

733 

74. 

ioe 0x 718 

f(s)=x-4 
el = 10x 

{CaN te ees 

Solve and write interval notation for the solution set. Then 
graph the solution set. [1.6] 

75. 

76. 

Tis 

78. 

ThE 

80. 

81. 

82. 

83. 

84. 

2a ee Xf) 

Bee) care 

5 pe ut alee 

Seen ie VM 

Deal On, — 320) 

Xa Sa 82 OF 200 te Oto 

Homeschooled Children in the United States. The 

equation y = 0.073x + 0.848 can be used to esti- 
mate the number of homeschooled children in the 

United States, in millions, where x is the number of 

years after 1999 (Source: Department of Education's 
National Center for Education Statistics). For what 

years will the number of homeschooled children 
exceed 2.3 million? [1.6] 

Temperature Conversion. The formula 
C = 3(F — 32) can be used to convert Fahrenheit 
temperatures F to Celsius temperatures C. For what 
Fahrenheit temperatures is the Celsius temperature 
lower than 45°C? [1.6] 

The domain of the function 

Se aee. 

Ca 8 — 4x 

is which of the following? [1.2] 

Ane) 
Bra aeco,2,) )(2, 100) 
Gri s0c, 3) (3, 2) 10 (23.60) 
De Con 3 iC)! (= 35.00) 

The center of the circle described by the equation 
(x — 1)? + y* = 9 is which of the following? [1.1] 

A. (1,0) 
B. (1,0) 
C. (0, -3) 
Die3) 

85. 

> 

86. 

= —ix — 2 is which of the The graph of f(x) 
following? [1.3] 

Synthesis 

Find the point on the x-axis that is equidistant from 
the points (1,3) and (4, —3). [1.1] 

Find the domain. {1.2} 

87. 

aa 

89. 

90. 

AN 

92. 

93. 

94. 

WA ll => 8s 
SF 88. f(x) Soe f(x) = 

Collaborative Discussion 
and Writing 
Discuss why the graph of f(x) = —2x + 4 is steeper 
than the graph of g(x) = 3x — 6. [1.3] 

As the first step in solving 

O85 eal mano 

Tenia multiplies by } on both sides. What advice 
would you give her about the procedure for solving 
equations? [1.5] 

Is it possible for a disjunction to have no solution? 
Why or why not? [1.6] 

Explain in your own words why a linear function 
f(x) = mx + b, with m # 0, has exactly one 
zero. [1.5] 

Why can the conjunction 3 < x andx < 4be 
written as 3 < x < 4, but the disjunction x < 3 or 
x > 4 cannot be written as3 > x > 4? [1.6] 

Explain in your own words what a function is. 
[1.2] 
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1. Determine whether the ordered pair Gs a) is a solu- 
tion of the equation 5y — 4 = x. 

2. Find the intercepts of 5x — 2y = —10 and graph 
the line. 

3. Find the distance between (5, 8) and (—1,5). 

» . Find the midpoint of the segment with endpoints 
(256) and {—4,3). 

5. Find the center aneithe radius of the circle 

(Cady a (iy. —"5)7 = 36, 

6. Find an equation of the circle with center (—1, 2) 
and radius V 5. 

7. a) Determine whether the relation 

{(~4, 7), (3,0), (5), (0 7) } 
is a function. Answer yes or no. 

b) Find the domain of the relation. 

c) Find the range of the relation. 

8. Given that f(x) = 2x* — x + 5, find each of the 
following. 

a) f(-1) b) f(a + 2) 

\o 

a) f(0) b) f(1) 
. Using the graph below, find f(—3). —_ So 

11. Determine whether each graph is that of a function. 
Answer yes or no. 

a) YR b) y 

1 — 

. Given that f(x) = 2 , find each of the following. 

Find the domain of the function. 
1 

12. = fl) = — 
13: ¢&) =x 42 

147 h(x) =V 25 = 4 

15.ca)eGraph: Mf (ase eee os 
b) Visually estimate the domain of f(x). 
c) Visually estimate the range of f(x). 

Find the slope of the line containing the given points. 

16. (—2,3), (—2,5) 

17. (4, -10), (—8, 12) 

18. (—5,6), (3,6) 

19. Declining Number of Those Who Smoke. Daily use 
of cigarettes by U.S. 12th graders is declining. In 1995, 
21.6% of 12th graders smoked daily. This number had 
decreased to 9.3% in 2012. (Source: Monitoring the 
Future, University of Michigan Institute for Social Re- 
search and National Institute on Drug Abuse) Find the 
average rate of change in the percent of 12th graders 
who smoke daily from 1995 to 2012. 

20. Find the slope and the y-intercept of the line with 
Cquation sik 2) a) 

21. Total Cost. An electrician charges a basic rate of $65 
for a service call plus $48 per hour for labor. Write an 
equation that can be used to determine the cost C(t) 
of hiring an electrician to do repair work. Then find 
the total cost, not including parts, if the repair work 
takes 2.25 hr. 

22. Write an equation for the line with m = —3 and 

y-intercept (0, —5). 

23. Write an equation for the line that passes through 
(=> A) and 37-2) 

24. Write the equation of the vertical line that passes 
through ( 311 ). 

25. Determine whether the lines are parallel, perpendi- 
cular, or neither. 

Zee wo) =— 12, 

VE X= 

26. Find an equation of the line containing the point 
(1, 3)rand parallel to the line x) 2y = —6. 
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Find an equation of the line containing the point 
(—1, 3) and perpendicular to the line x + 2y = —6. 

Weekly Earnings. Data in the following table show 
an increase in the average weekly earnings of U.S. 
production workers from 2000 to 2012. Model the 

data with a linear function and using this function, 
predict the average weekly earnings of U.S. produc- 
tion workers in 2016 and in 2020. Answers may vary 
depending on the data points used. 

As Sea 
Average Weekly Earnings of 

Year, x U.S. Production Workers 

2000, 0 $481.36 

AO, 2 507.03 

2004, 4 52928 

2006, 6 567.89 

2008, 8 608.11 

2010, 10 637.18 

ZOIDS 2 666.99 

Source: Bureau of Labor Statistics, U.S. Department 
of Labor 

Solve. 

ZOO ll 

502 hat Xk Kt 2.5 

aL: 

323 

D3: 

34. 

35. 

29-4 =3y + 6 
2(4x + 1) = 8 — 3(x — 5) 

Parking-Lot Dimensions. The parking lot behind 
Kai's Kafé has a perimeter of 210 m. The width is 
three-fourths of the length. What are the dimensions 
of the parking lot? 

Pricing. Kokona’s Juice Bar prices its bottled juices 
by raising the wholesale price 50% and then adding 
25¢. What is the wholesale price of a bottle of juice 
that sells for $2.95? 

Find the zero of the function f(x) = 3x + 9. 

Solve and write interval notation for the solution set. Then 
graph the solution set. 

36, 08m he i 0 

Bln =I KZ Mee ar BAY 

Bi3, Dee = I = Bar she ap © 22 we 

39. Moving Costs. Morgan Movers charges $200 plus 
$40 per hour to move households across town. 
McKinley Movers charges $75 per hour for crosstown 
moves. For what lengths of time does it cost less to 
hire Morgan Movers? 

40. The graph of g(x) = 1 — 3x is which of the 
following? 

A. am B. a 

» Synthesis 

41. Suppose that for some function h, h(x + 2) = }x. 
Find h(—2). 



A blouse that is size x in Japan is size s(x) 

in the United States, where s(x) = x — 3. 

A blouse that is size x in the United States is 

size t(x) in Australia, where t(x) = x + 4. 

(Source: www.onlineconversion.com) Find 

a function that will convert blouse sizes in 

Japan to blouse sizes in Australia. 



98 CHAPTER 2 More on Functions 

Increasing, Decreasing, and Piecewise Functions; Applications 

® Graph functions, looking for intervals on which the function is increasing, decreasing, 

or constant, and estimate relative maxima and minima. 

» Given an application, find a function that models the application. Find the domain of the 

function and function values. 

» Graph functions defined piecewise. 

Because functions occur in so many real-world situations, it is important to be able 

to analyze them carefully. 

» Increasing, Decreasing, and 

Constant Functions 

On a given interval, if the graph of a function rises from left to right, it is said to 
be increasing on that interval. If the graph drops from left to right, it is said to be 
decreasing. If the function values stay the same on the interval, the function is 
said to be constant. 

(-1, 5) <A h(x) = 5 — (x + 1) 

! 1 1 Ls 

S48 354 ox 

—3 — —3r 

—4 = —4 

—5F —5+ 

Gea oS ae =< Constant 
Increasing Decreasing Decreasing Increasing 

We are led to the following definitions. 

INCREASING, DECREASING, AND CONSTANT FUNCTIONS 

A function f is said to be increasing on an open interval J, if for all a and 
bin that interval, a < b implies f(a) < f(b). (See Fig. 1 on the following 
page.) 

A function fis said to be decreasing on an open interval I, if for all a and b 
in that interval, a < bimplies f(a) > f(b). (See Fig. 2.) 

A function fis said to be constant on an open interval J, if for all a and bin 
that interval, f(a) = f(b). (See Fig. 3.) 
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(0, f(b)) 

(a, f(a)) (a, f(a) (b, f(b)) 

f(a) (0, f(b) 
he 

Ob lat el 
. Shes 
x a 

<— ] ——>) «—_ | ——} c———— I} 

For a < b in I, f(a) < f(b); For a < b in I, f(a) > f(b); For all a and b in I, f(a) = f(b); 
f is increasing on I. f is decreasing on I. f is constant on I. 

Figure 1. Figure 2. Figure 3. 

EXAMPLE 1 Determine the intervals on which the function in the figure at left 
is (a) increasing; (b) decreasing; (c) constant. 

Solution When expressing interval(s) on which a function is increasing, 
decreasing, or constant, we consider only values in the domain of the function. 
Since the domain of this function is (— 00, co), we consider all real values of x. 

a) As x-values (that is, values in the domain) increase from x = 3 to x = 5, the 

y-values (that is, values in the range) increase from —2 to 2. Thus the function is 

increasing on the interval (3, 5). 

b) As x-values increase from negative infinity to —1, y-values decrease; y-values 
also decrease as x-values increase from 5 to positive infinity. Thus the function 
is decreasing on the intervals (—oo, —1) and (5, oo). 

c) As x-values increase from —1 to 3, y remains —2. The function is constant on 

the interval (—1, 3). Now Try Exercise 5. 

In calculus, the slope of a line tangent to the graph of a function at a particu- 
lar point is used to determine whether the function is increasing, decreasing, or 
neither. If the slope is positive, the function is increasing; if the slope is negative, the 
function is decreasing; if the slope is 0, the function is constant. Since slope cannot 
be both positive and negative at the same point, a function cannot be both increas- 
ing and decreasing at a specific point. For this reason, increasing, decreasing, and 
constant intervals are expressed in open-interval notation. In Example 1, if [3, 5] 
had been used for the increasing interval and | 5, oo) for a decreasing interval, the 
function would be both increasing and decreasing at x = 5. This is not possible. 

>» Relative Maximum and Minimum Values 

Consider the graph shown below. Note the “peaks” and “valleys” at the x-values ¢), c), 

and c3. The function value f(c,) is called a relative maximum (plural, maxima). 
Each of the function values f(c,) and f(c3) is called a relative minimum (plural, 
minima). 

Relative | 
vi minimum 

| 
| 
| 
| 
l 

Cy Ge Ga x 
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Technology Connection 

We can approximate relative 
maximum and minimum 
values with the MAXIMUM and 
MINIMUM features from the CALC 
menu on a graphing calculator. 
See the online Graphing Calcu- 
lator Manual for more infor- 
mation on this procedure. 

Ola 00% — 01x 2 

Maximum 

X = —.0816657 _Y = 2.0041105 

V¥= Ole? = 0.6%" = 01x + 2 

Minimum 

X = 4.0816679 _Y = —1.604111 

=3 

—————_ 

RELATIVE MAXIMA AND MINIMA 

Suppose that fis a function for which f(c) exists for some c in the domain 

of f. Then: 

f(c) isa relative maximum if there exists an open interval I 
containing c such that f(c) > f(x), for all xin IJ where x # cand 

f(c) isa relative minimum if there exists an open interval I 
containing c such that f(c) < f(x), for all xin J where x # c. 

Simply stated, f(c) is a relative maximum if (c, f(c)) is the highest point in 
some open interval, and f(c) is a relative minimum if (c, f(c)) is the lowest point 
in some open interval. 

If you take a calculus course, you will learn a method for determining exact 
values of relative maxima and minima. In Section 3.3, we will find exact maxi- 
mum and minimum values of quadratic functions algebraically. 

EXAMPLE 2 Using the graph shown below, determine any relative maxima or 
minima of the function f(x) = 0.1x° — 0.6x* — 0.1x + 2 and the intervals on 
which the function is increasing or decreasing. 

VK 

1 ! i > 

=l0=8=6e4 6 8 10 x 

(4.082, — 1.604) 

| f (x)= 0.1%? — 0.6x? —0.1x + 2 

Solution We see that the relative maximum value of the function is 2.004. It 
occurs when x = —0.082. We also see the relative minimum: —1.604 at x = 4.082. 

We note that the graph starts rising, or increasing, from the left and stops 
increasing at the relative maximum. From this point, the graph decreases to the 
relative minimum and then begins to rise again. The function is increasing on the 
intervals 

(—oo, —0.082) and (4.082, oo) 

and decreasing on the interval 

(—0.082, 4.082). 

Let’s summarize our results. 

Relative Maximum 2.004 at x = —0.082 

Relative Minimum — 1.604 at x = 4.082 

Increasing (oo, =F (4.082, oo) 

Decreasing (—0.082, 4.082) 

Now Try Exercise 15. 
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» Applications of Functions 

Many real-world situations can be modeled by functions. 

EXAMPLE 3 Car Distance. Two nurses, Kiara and Matias, drive away from a 
hospital at right angles to each other. Kiara’s speed is 35 mph and Matias’s is 40 mph. 

a) Express the distance between the cars as a function of time, d(t). 

b) Find the domain of the function. 

Solution 

a) Suppose 1 hr goes by. At that time, Kiara has traveled 35 mi and Matias has trav- 
eled 40 mi. We can use the Pythagorean theorem to find the distance between 
them. This distance would be the length of the hypotenuse of a right triangle 
with legs measuring 35 mi and 40 mi. After 2 hr, the triangle’s legs would mea- 
sure 2+ 35, or 70 mi, and 2 40, or 80 mi. Noting that the distances will always 
be changing, we make a drawing and let t = the time, in hours, that Kiara and 

Matias have been driving since leaving the hospital. 

Matiass 43. 
distance, 

A40t 

d(t) 

After t hours, Kiara has traveled 35t miles and Matias 40t miles. We now use 

the Pythagorean theorem: 

[d( ei? = (351) + (408). 

Because distance must be nonnegative, we need consider only the positive 
square root when solving for d(t): 

d(t) = V/(35t)? + (408) 
V1225F + 16007 
28257 

PLAIO LO | t | Approximating the root to two decimal places 

Zen bey Sincet = 0, |t| = t. 

Usd)» "53 lot = 0. 

b) Since the time traveled, t, must be nonnegative, the domain is the set of non- 

negative real numbers [0, co). Now Try Exercise 25. 
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EXAMPLE 4 Area of Office Space. A community college has 30 ft of dividers 

with which to set off a rectangular area for a student testing center. If a corner of the 

math lab is used for the testing center, the partition need only form two sides of a 

rectangle. 

a) Express the floor area of the office space as a function of the length of the 

partition. 

b) Find the domain of the function. 

c) Using the graph shown below, determine the dimensions that maximize the area 

of the floor. 

= S 

250 (NB, 225), 

wn So 

‘a a Sa a a Ge | 

‘(cee ee ae | > 

Oo LORS] 202520 x 

Solution 

a) Note that the dividers will form two sides of a rectangle. If, for example, 14 ft of 
dividers are used for the length of the rectangle, that would leave 30 — 14, or 16 ft 
of dividers for the width. Thus if x = the length, in feet, of the rectangle, then 

30 — x = the width. We represent this information in a drawing, as shown below. 

The area, A(x), is given by 

A(x) = «(30.— x) Area = length + width. 

= 30x — x’. 

The function A(x) = 30x — x* can be used to express the rectangle’s area as a 
function of the length. 

b) Because the rectangle’s length and width must be positive and only 30 ft of di- 
viders are available, we restrict the domain of A to {x|0 < x < 30}—that is, 
the interval (0, 30). 

c) On the graph of the function shown at the top of the page, the maximum value 
of the area on the interval (0, 30) appears to be 225 when x = 15. Thus the 
dimensions that maximize the area are 

Length = x = 15 ft and 

Width = 30'= 4 = 30 — 15 — 15 ft. 
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wa 6 SCs Functions Defined Piecewise 

~ Sometimes functions are defined piecewise using different output formulas for 
Ce different pieces, or parts, of the domain. 

EXAMPLE 5 for the function defined as 

Mea le tOrXa— 2, 

HCA ee es, LOE eee 

x, TORE Ga 3 

find f(—5), f(—3), f(0), f(3),f(4), and (10). 
Solution First, we determine which part of the domain contains the given input. 
Then we use the corresponding formula to find the output. 

Since —5 < —2, we use the formula f(x) = x + 1: 

(3s a 

Since —3 < —2, we use the formula f(x) = x + 1 again: 

eo) = py 

Since —2 = 0 = 3, we use the formula f(x) = 5: 

f(0) = 5. 
Since —2 = 3 < 3, we use the formula f(x) = 5a second time: 

{G) =>. 
Since 4 > 3, we use the formula f(x) = x’: 

f(4) = 4 = 16. 

Since 10 > 3, we once again use the formula f(x) = x*: 

f(10) = 10° = 100. 

EXAMPLE 6 Graph the function defined as 

1 
52 4p Sha moire ge <3} 

TABLE 1. g(x) X83 

=56. Ona 
x 

= i 
Ce) Sete Solution Since the function is defined in two pieces, or parts, we create the 

3 2 graph in two parts. 

0 3 a) We graph g(x) = +x + 3 only for inputs x less than 3. That is, we use 
g(x) = 3x + 3 only for x-values in the interval (— oo, 3). Some ordered pairs 

28 | that are solutions of this piece of the function are shown in Table 1. 
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TABLE 2. 

(a=) 

TABLE 3. 

TABLE 4. 

x 

(O<xs52) | f(xy) =4-4 
ee ee 

33 
l 3 

2 0 
a ——) 

More on Functions 

b) We graph g(x) = —x only for inputs x greater than or equal to 3. That is, we 

use g(x) = —x only for x-values in the interval [3, co). Some ordered pairs 

that are solutions of this piece of the function are shown in Table 2. 

yA 

5 
g(x) = 4x + 3, forx <3 ls 

qis
eco

aaa
 

(a) ] 

> 
ety I 8) G8 ae) x 

1 

ae 

ao 
fl (b) 

5 > 

g(x) — =x, torx=3 | 

Now Try Exercise 39. 

EXAMPLE 7 _ Graph the function defined as 

4, fon Ye 0) 

fle) =4 4 eS tor =<, 

2x 6. 10ny 

Solution We create the graph in three pieces, or parts. 

a) We graph f(x) = 4 only for inputs x less than or equal to 0. That is, we use 
f(x) = 4 only for x-values in the interval (— oo, 0]. Some ordered pairs that are 
solutions of this piece of the function are shown in Table 3. 

b) We graph f(x) = 4 — x’ only for inputs x greater than 0 and less than or equal 
to 2. That is, we use f(x) = 4 — x* only for x-values in the interval (0, 2]. 
Some ordered pairs that are solutions of this piece of the function are shown in 
Table 4. 

c) We graph f(x) = 2x — 6 only for inputs x greater than 2. That is, we use 
f(x) = 2x — 6 only for x-values in the interval (2, 00). Some ordered pairs 
that are solutions of this piece of the function are shown in Table 5. 

| f(x) =4—x?, for 0<x=2 
A 

Now Try Exercise 43. 
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JUST EXAMPLE 8 Graph the function defined as 
IN 

TIME 2 
Nate ah 

| 18 f(x) = x 
, torn = —2, 

a= 2) 

3 forx = —2. 

Solution When x # —2, the denominator of (x? — 4)/(x + 2) is nonzero, so 
we can simplify: 

ee ef) 
y = == Xe 

sear 2 ge se D 

Thus, 

ieee — <2, Ord t= Gao: 

The graph of this part of the function consists of a line with a “hole” at the point 
(—2, —4), indicated by the open circle. The hole occurs because the piece of the 
function represented by (x* — 4)/(x + 2) is not defined for x = —2. By the defi- 
nition of the function, we see that f(—2) = 3, so we plot the point (—2, 3) above 
the open circle. Now Try Exercise 47. 

A piecewise function with importance in calculus and computer program- 
ming is the greatest integer function, f, denoted f(x) = [x], or int(x). 

Technology Connection GREATEST INTEGER FUNCTION 
f(x) = [x] = the greatest integer less than or equal to x. 

To graph the greatest integer 
function 

io= [xl The greatest integer function pairs each input with the greatest integer 

on a graphing calculator, select less than or equal to that input. Thus x-values 1, 15, and 1.8 are all paired with the 

the greatest integer function y-value 1. Other pairings are shown below. 

from the MATH NUM menu. a 

Notice that the graph does : : ane : ao « : i es 
not show the open dots at the a a eee a. he ee a aes 
endpoints of segments. —34 —0.25 0.99 24 

EXAMPLE 9 Graph f(x) = [x] and determine its domain and range. 

Solution The greatest integer function can also be defined as a piecewise func- 
tion with an infinite number of statements. 

a) {Of 38 

2), fOr 2 ae le 

i, ior =| Se < @ 

OF tor 0) ==2 een, 

1, for 1 

2) 

3 

IA be “aN iS 

, Word Se < By 

foros = x= 4, 

We see that the domain of this function is the set of all real numbers, (—oo, co), 

and the range is the set of all integers, {.. .; —3; —2, 1,0, 1, 2;.3, «2. }. 

— Now Try Exercise 51. 
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ya | Exercise Set 

Determine the intervals on which the function is 
(a) increasing; (b) decreasing; (c) constant. 

De 

7.-12. Determine the domain and the range of each of 
the functions graphed in Exercises 1-6. 

Using the graph, determine any relative maxima or minima 
of the function and the intervals on which the function is 
increasing or decreasing. 

13. {@)==s532—3 14. iQ) = = 2h 

MW. 

4+ (2.5, 3.25) 

15. f(x) = fx3 = $x? =e ae PD) 

y 

4 

(—0.667, 2.370) 

16. 

Graph the function. Estimate the intervals on which 
the function is increasing or decreasing and any relative 
maxima or minima. 

| Vale ee 18. fa) = 4 =x 

195 f(s) == or [ec 20. f(x) = |x +3| -—5 

21. f(x) = x? — 6x + 10 

22. f(x) = —x* = 8x — 9 



23. 

SECTION 2.1 

Lumberyard.  Rick’s lumberyard has 480 yd of fenc- 
ing with which to enclose a rectangular area. If the 
enclosed area is x yards long, express its area as a func- 
tion of its length. 

24. 

20. 

26. 

Triangular Flag. A seamstress is designing a 
triangular flag so that the length of the base of the 
triangle, in inches, is 7 less than twice the height h. 
Express the area of the flag as a function of the 
height. 

Blimp Distance. The Goodyear Blimp can be seen 
flying at an altitude of 3500 ft above the Motor 
Speedway during the Indianapolis 500 race. The 
slanted distance directly to the Pagoda at the start- 
finish line is d feet. Express the horizontal distance h 
as a function of d. 

3500 ft 

Rising Balloon. A hot-air balloon rises straight up 
from the ground at a rate of 120 ft/min. The balloon 
is tracked from a rangefinder on the ground at point P, 
which is 400 ft from the release point Q of the basket. 
Let d = the distance from the balloon to the range- 
finder and t = the time, in minutes, since the bal- 
loon was released. Express d as a function of t. 

Increasing, Decreasing, and Piecewise Functions; Applications 

Ze 

28. 

29. 

107 

Rate is 

120 ft/min. 
= ; 

Inscribed Rhombus. A rhombus is inscribed in a 
rectangle that is w meters wide with a perimeter of 
40 m. Each vertex of the rhombus is a midpoint of a 
side of the rectangle. Express the area of the rhombus 
as a function of the width of the rectangle. 

Ww 

Carpet Area. A carpet installer uses 46 ft of linen 
tape to bind the edges of a rectangular hall runner. If 
the runner is w feet wide, express its area as a func- 
tion of the width. 

Golf Distance Finder. A device used in golf to esti- 
mate the distance d, in yards, to a hole measures the 
size s, in inches, that the 7-ft pin appears to be ina 
viewfinder. Express the distance d as a function of s. 

d (in yards) 



108 

30. Gas Tank Volume. 

31. Swimming Areas. 

RDA, 

CHAPTER 2 More on Functions 

A gas tank has ends that are 
hemispheres of radius r feet. The cylindrical midsec- 
tion is 6 ft long. Express the volume of the tank as a 

function of r. 

ee 

Se 

A summer camp has 240 ft of 
float line with which to rope off three adjacent rec- 
tangular areas of a lake for swimming lessons, one 
for each of three levels of swimming ability. A beach 
forms one side of the swimming areas. Suppose the 
width of each area is x yards. 

a) Express the total area of the three swimming areas as a 
function of x. 

b) Find the domain of the function. 

c) Using the graph of the function shown be- 
low, determine the dimensions that yield the 
maximum area. 

4000 (30, 3600) 
yi 

\ 

1000 ¥ 

[ee eee Pe SS 
0 10 20 30 405060 x 

Play Space. A car dealership has 24 ft of dividers 
with which to enclose a rectangular play space ina 
corner of a customer lounge. The sides against the 
wall require no partition. Suppose the play space is 
x feet long. 

a) Express the area of the play space as a function of x. 
b) Find the domain of the function. 

c) Using the graph shown below, determine the 
dimensions that yield the maximum area. 

V/ 

200 
i (12, 144) 

150 oN 

100 

50 

1 SS 4 — i 
O54) 8) 2 6 20624 

33. Volume of a Box. From a 12-cm by 12-cm piece of 
cardboard, square corners are cut out so that the sides 
can be folded up to make a box. 

i, 
> ae 

a) Express the volume of the box as a function of the 
side x, in centimeters, of a cut-out square. 

b) Find the domain of the function. 

c) Using the graph of the function shown below, de- 
termine the dimensions that yield the maximum 
volume. 

150 (2, 128) 
e 

100 ‘ti 

50 \ 
et i Has a ~ 

Ot 2 8 25 6k 
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34. Office File. Designs Unlimited plans to produce a 
one-component vertical file by bending the long side 
of an 8-in. by 14-in. sheet of plastic along two lines to 
form aL shape. 

ae “= i 

a) Express the volume of the file as a function of the 
height x, in inches, of the file. 

b) Find the domain of the function. 

c) Using the graph of the function shown below, deter- 
mine how tall the file should be in order to maxi- 
mize the volume that the file can hold. 

(3.5, 196) 
oo 

J 

OIE to. (67 

For each piecewise function, find the specified function 
values. 

35. o( es itr se S ih. 

BAG Seton al 

g(—4), g(0), g(1), and g(3) 
ae Sei, Or a¢ S =P, 

Site tx + 6, forx > —2 

f(—5), f(~2),f(0), and f(2) 
—3x — 18, forx < —5, 

37, h(x) = (Me for sees x 1), 

od, forex =.) 

h(—5), h(0), h(1), and h(4) 

—5x,— 8, forx < —2, 

ix +5, for-2=x=4, 

lO ats forse iA 

f(-4), f(—2), f(4), and f(6) 
Graph each of the following. 

38. f(x) = 

= nos forx < 0, 

eM x + 3, forx = 0 

Increasing, Decreasing, and Piecewise Functions; Applications 

1 
ax 2etornx = 0, 

40. f(x) = : 
He) oe force 10) 

3 
= Xed fOr 4 

ATF (x eee ee 
se en LON 4 

2h tl Ole <a, 
42. h(x) = { 

TeX Ot =a 

Ri ior. =.) 

437 f(%) Konig fi 3 5 44; 

5X, fon * 4 

4, for = —2 

4A Sf (6)\ ak bel dor 2) <nweges3) 

—1 forx= 3 

4x — 1, forx < 0, 

45. g(x) = 4 3, fom0s=s7 Gisele 

= Dee. {Oneal 

2 
ge = & 

WlOni a 
46. f(x) =< x +3 

5; forx = —3 

on for x = 5, 

47. — = 25 
sts s S forx~ 5 

Ne) 

Nee eo pee 
=, forx = —1, 

48. f(x) = x+1 
Vy for x =2=1 

49. f(x) = [x] 50. f(x) = 2[x] 

aes) had ea 52. h(x) = 5[x] — 2 

53.-58. Find the domain and the range of each of the 
functions defined in Exercises 39-44. 

Determine the domain and the range of the piecewise 
function. Then write an equation for the function. 

59. YA 60. | 

4 ——— 

i 

—4 '—2 DB - 

Cee ee ; 

109 
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» Skill Maintenance 

65. Given f(x) = 5x? — 7, find each of the following. 
[1.2] 

a) f(—3) b) f(3) 
c) f(a) d) f(a) 

66. Given f(x) = 4x° — 5x, find each of the following. 
[1.2] 

a) f(2) b) f(—2) 
c) f(a) d) f(—a) 

67. Write an equation of the line perpendicular to the 
graph of the line 8x — y = 10 and containing the 
point (—1,1). [1.4] 

68. Find the slope and the y-intercept of the line with 
equation 2x — 9y + 1 = 0. [1.4] 

» Synthesis 

69. Parking Costs. A parking garage charges $3 for up 
to (but not including) 1 hr of parking, $6 for up to 
2 hr of parking, $9 for up to 3 hr of parking, and so 
on. Let C(t) = the cost of parking for tf hours. 

a) Graph the function. 
b) Write an equation for C(t) using the greatest 

integer notation [tf]. 

70. If [x + 2] = —3, what are the possible inputs 
for x? 

71. If ({x])” = 25, what are the possible inputs 
for x? 

72. Minimizing Power Line Costs. A power line is con- 

structed from a power station at point A to an island 

at point I, which is 1 mi directly out in the water from 

a point B on the shore. Point B is 4 mi downshore 

from the power station at A. It costs $5000 per mile 
to lay the power line under water and $3000 per mile 
to lay the power line under ground. The line comes to 

the shore at point S downshore from A. Let x = the 

distance from B to S. 

a) Express the cost C of laying the line as a function 
of x. 

b) At what distance x from point B should the line 
come to shore in order to minimize cost? 

73. Volume of an Inscribed Cylinder. A right circular 
cylinder of height h and radius r is inscribed in a 
right circular cone with a height of 10 ft and a base 
with radius 6 ft. 

a) Express the height h of the cylinder as a function 
of r. 

b) Express the volume V of the cylinder as a function 
of r. 

c) Express the volume V of the cylinder as a function 
of h. 
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The Algebra of Functions 

® Find the sum, the difference, the product, and the quotient of two functions, 

and determine the domains of the resulting functions. 

» Find the difference quotient for a function. 

» The Algebra of Functions: Sums, 
Differences, Products, and Quotients 

We now use addition, subtraction, multiplication, and division to combine func- 

tions and obtain new functions. 

Consider the following two functions f and g: 

f(x) = x +2 "and p(x) = x + 1. 

Since f(3) = 3 + 2 = 5and g(3) = 3* + 1 = 10, we have 

f (3) Shag (8) a0 15) 

f() —2(3)-—= 5: — 103="—5, 

f(3)+g(3) = 5+10 = 50, 

and 

JO)e mS 30) 
g(3) elon. 

In fact, so long as x is in the domain of both f and g, we can easily compute 

F(x) + g(x), f(x) ~ g(x), f(x) g(x), and, assuming g(x) # 0, f(x)/g(x). We 
use the notation shown below. 

SUMS, DIFFERENCES, PRODUCTS, AND QUOTIENTS 
OF FUNCTIONS 

If fand gare functions and x is in the domain of each function, then: 

(fe) (x) Sey sre), 
(i= Sas 7 sie), 
(fg) (x) = f(x) g(x) 
(f/g)(x) = f(x)/g(x), provided g(x) # 0. 

EXAMPLE 1. Given that f(x) = x + land g(x) = Vx + 3, find each of the 
following. 

a) (f + g)(x) byt g)() Cf ig) (=a) 
Solution 

a) (f + g)(x) = f(x) + g(x) 
eae Maer XS This cannot be simplified. 
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| Uj aP SaNGs) = s2 ae il ae Weese 8) 

b) We can find (f + g)(6) provided 6 is in the domain of each function. The do- 

main of f is all real numbers. The domain of g is all real numbers x for which 

x +3 = 0,orx = —3. This is the interval [—3, co). We see that 6 is in both 

domains, so we have 

f(6)=6+1=7, g(6)= V6+3= V9 =3, and 
CPT g KO) = FUG) eta BA eer reel) 

Another method is to use the formula found in part (a): 

C22) (6) = 6 NV 63 7 Nr 1 

To find (f + g)(—4), we must first determine whether —4 is in the domain of 
both functions. We note that —4 is not in the domain of g, [| —3, oo). That is, 
\’ —4 + 3 is nota real number. Thus, (f + g)(—4) does not exist. 

Now Try Exercise 15. 

It is useful to view the concept of the sum of two functions graphically. In the 
graph below, we see the graphs of two functions / and g and their sum, f + g. 
Consider finding (f + g)(4), or f(4) + g(4). We can locate g(4) on the graph 
of gand measure it. Then we add that length on top of f(4) on the graph of f. The 
sum gives us (f + g)(4). 

~~ Cc 

r(f + g)(4) 

orFN WR AA N C a= 
Oiled ot OS <eu7) 8. 9° LOTS 14 rene 

With this in mind, let’s view Example 1 from a graphical perspective. Let’s 
look at the graphs of 

f(x) =F 1 g(x = Vx-r 3, and 

(feta) (se) 8 Nese 3: 

See the graph at left. Note that the domain of fis the set of all real numbers. The 
domain of gis {—3, oo). The domain of f + g is the set of numbers in the intersec- 
tion of the domains. This is the set of numbers in both domains. 

Hanan of f <tr (—o, 00) 
—5-4-3-2-1 0 123 45 

Homan of g <<} -+$- $+ + ++ + 44 [= 3h 00) 

= eA Sa Ol fy epee 5 

Domain of f + g 9 <+-—+-—~#—+ + +++ + +> [—3, ~) 
—-5-4-3-2-1 0 1 2 3 4 5 

Thus the domain of f + g is [—3, 00). 
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We can confirm that the y-coordinates of the graph of (f + g)(x) are the 
sums of the corresponding y-coordinates of the graphs of f(x) and g(x). Here we 
confirm it for x = 2. 

f(x) =x+1 g(x) = Vx 
Oa) he Oe 

(fee) On reotlae 9 \/ xe ch 5 

(Gite 2) (2) 2 al ae V2 ES 

5 — f(2) 8 (2) 
Let’s also examine the domains of f — g, fg, and f/g for the functions 

f(x) = x + Land g(x) = Vx + 3 of Example 1. The domains of f — g and fg 

are the same as the domain of f + g, | —3, co), because numbers in this interval are 

in the domains of both functions. For f/g, g(x) cannot be 0. Since Vx + 3 = 0 
when x = —3, we must exclude —3 and the domain of f/g is (—3, oo). 

DOMAINS OF f + g,f — g, fg, and f/g 

If fand gare functions, then the domain of the functions f + g, f — g, and 
fg is the intersection of the domain of fand the domain of g. The domain 
of f/g is also the intersection of the domains of f and g with the exclusion 
of any x-values for which g(x) = 0. 

EXAMPLE 2 Given that f(x) = x° — 4 and g(x) = x + 2, find each of the 
following. 

a) The domain of f + g,f — g, fg, and f/g 

b) (f + g)(x) 
c) (f — g)(x) 
d) (fg)(x) 
e) (f/g)(x) 
f) (gg)(x) 
Solution 

a) The domain of f is the set of all real numbers. The domain of g is also the set of 
all real numbers. The domain of f + g, f — g, and fg is the set of numbers in 
the intersection of the domains—that is, the set of numbers in both domains, 

which is again the set of real numbers. For f/g, we must exclude —2, since 
g(—2) = 0. Thus the domain of f/g is the set of real numbers excluding —2, or 
(Seq, = Orkney 

ba 2) 4) =f @) Fe = 2 (x 4 2) Sa 

Gi a9 ah Ca ale tal Ce Le 

Dea eae 2) 2 as 
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g(x) 
=e ea Note that g(x) = Owhenx = —2, so (f/g)(x) is 

an oe) not defined when x = —2. 

Oe) 
= Factoring 

50 ae 

= 2 Renin iro = =x emoving a factor of 1: Sate toe 

Thus, (f/g)(x) = x — 2 with the added stipulation that x # —2 since —2 is 

not in the domain of (f/g) (x). 

F) (ge)(x) = g(x)+g(x) = [g()P = (x + 2% = + ax +4 

» Difference Quotients 

In Section 1.3, we learned that the slope of a line can be considered as an average 
rate of change. Here let’s consider a nonlinear function f and draw a line through 
two points (x, f(x)) and (x + h, f(x + h)) as shown below. 

YA 

The slope of the line, called a secant line, is 

f(x + h) — f(x) 
so a I = Ke 

which simplifies to 

f(x + h) — flx) 5 Difference quotient 

This ratio is called the difference quotient, or the average rate of change. In cal- 
culus, it is important to be able to find and simplify difference quotients. 

EXAMPLE 3 For the function f given by f(x) = 2x — 3, find and simplify the 
difference quotient 

f(x + h) — f(x) ; 



Solution 

f(x + h) — f(x) 
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PAB I ie GN (PR a met 2) 

h h 
Substituting 

Dee => Dy —= 3) = Dee ae 2} 

h 

2h 

h 

Removing parentheses 

2 Simplifying 

Now Try Exercise 47. 

1 
EXAMPLE 4 For the function f given by f(x) = x find and simplify the differ- 

ence quotient 

fs +h) ~ f(x) 
h 

Solution 

F(x + h) = fle) _ 
h 

1 it 

se & 
Substituting 

h 

1 
Leek Sh etcp of and 

xt+thx x x+h 1 xth 
=) + h). h zis x(x ) 

5 x +h 

Ca CeyyNe ealocmm 1c) 

h 

Mia (eae I) 

+h 
ees ) Subtracting in the numerator 

h 

Sp og Oooh 

x(x Fh) 
i Removing parentheses 

=i 

x(x + h) Simplifying the numerator 

h 

7 1 Multiplying by the 
x(x + h) 7 reciprocal of the divisor 

sot (Ik 

Kok ean 
=) 

: h)h Rewriting —h* las—1eh 
ROO (FO se 

=| 1 

x(a) xe ae) 
Now Try Exercise 55. 
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EXAMPLE 5 For the function f given by f(x) = 2x° — x — 3, find and sim- 

plify the difference quotient 

f(x + h) = f(x) 
h 

Solution We first find f(x + h): 

fe h) = 2s hy = & +h) —3 Substituting x + h for x 
in f(x) = 2x7 = x= 3 

=O te | (a Pilea 

xt et On 

Then we have 

FG4h) = fle) © [2 aah 2h — hh — 3 Se) 

h h 

ele GrAnen Ol eee ae 2k 

= h 

Cea a ae 
h 

h(4x+2h-1) 4x+2h-1 
a ee ee 

hel 1 

| y ty J Exercise Set 

Given that f(x) = x? — 3 and g(x) = 2x + 1, find each U7 f (C= 2S 0 (x) = Si — Sx 
of the following, if it exists. 18. f(x) = —x + 1, g(x) = 4x -2 

i vi ae . oie 19) fQ) =a 3, (xr Vxt+4 

; oe UB 20. f(x) =x + 2, e(x) = Vxe— 1 
5. (f/g)(-3) 6. (f — g)(0) = 2 

21. fx 2g (4 ox 
7. (fe) (—3) 8. (f/g)(—V3) : 
9 (g — (-1) 10. (g/)(-4) Be ee 
, i Avi al 23. f(x) ea gg em eee 

Given that h(x) = x + 4and g(x) = Vx — 1 find 
each of the following, if it exists. 24. f(x) = Vx, g(x) = V2—x 

Woe 2)\( 24) 12. (gh)(10) 25. f(x) =x + 1, g(x) = |x| 

13. (g/h) (1) 14, (h/g)(1) 26. f(x) = 4]x|, g(x) =1- x 
15. (e+ hy) 16. (hg)(3) 27. f(x) = x°, g(x) = 2x* + 5x — 3 

For each pair of functions in Exercises 17-34: 28.2 f( 2) ate 24 0) one 

a) Find the domain off f+ef—safeft f/g, 4 l 
and g/f. 29. Ps) rarer 6) ae 

b) Find (f + g)(x), (f — 8)(x), Gg) (x) (ff) (x), 
(f/g)(x), and (g/f)(x). 
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1 47. Total Cost, Revenue, and Profit. In economics, func- 31. — ins = — ? > 4 5) 

Te) x § Ba) Basie tions that involve revenue, cost, and profit are used. 
' For example, suppose that R(x) and C(x) denote 

32) f(x) = Vere. g(x) == the total revenue and the total cost, respectively, of 

ie producing a new grocery cart for Ogata Wholesalers. 
3 Then the difference 

pee eras SV P(x) = R(x) ~ C(x) 
represents the total profit for producing x tools. Given 

34. f(x) = ere g(x aXe R(x) = 60x — 0.4x* and C(x) = 3x + 13, 

find each of the following. 

a) P(x) 
b) R(100), C(100), and P(100) 

48. Total Cost, Revenue, and Profit. Given that 

R(x) = 200x — x? and C(x) = 5000 + 8x 

for a new tablet produced by Visual Communications, 
find each of the following. (See Exercise 47.) 

a) P(x) 
b) R(175), C(175), and P(175) 

In Exercises 35-40, consider the functions F and G as shown 
in the following graph. 

For each function f, construct and simplify the difference 
35. Find the domain of F, the domain of G, and the quotient 

domain of F + G. fle +h) — f(x) 

36. Find the domain of F — G, FG, and F/G. h : 

37. Find the domain of G/F. 49. f(x) = 3x —5 50. f(<) =4al 

38. Graph F + G. ei) jE aCe 525 (x exces 

= 1 1 
aeons 53. f(a Bs sol 54, f(x) = ee afk 
40. Graph F — G. 

In Exercises 41-46, consider the functions F and G as shown 55. f(x) = ne 56. f(x) = oS 

in the following graph. 3x Us: 

] 1 
57. f(x) = we 58. f(x) = Te 

59. f(x) =x +1 60. f(x) =x — 3 

GL cf 4 or 625 fia) coe 

632 f(x) = 3x = 2xte1 64 f(x) 5x ae 

65. f(x) =4 + 5|x| 66. f(x) = 2|x| + 3x 

67. f(x) =x 68. f(x) = x° — 2x 

baie | Bg 
41. Find the domain of F, the domain of G, and the 69. f(x) = 70. f(x) = 

: BG ie 48) PLE e9 domain of F + G. 

42. Find the domain of F — G, FG, and F/G. > Skill Maintenance 

43. Find the domain of G/F. Graph the equation. [1.1], [1.3] 

44. Graph F + G. Tiyan — 1 72. 2x + y= 4 

45, Graph G — F. ay = 3 GA etka 

46. Graph F — G. 
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» Synthesis h = {(=4, 13), (-1,7), (0,5), (3.0). (3,-5) }, and 

75. Write equations for two functions fand g such that the Vs Ge —7), (=2, —5), (0, 3), (3,0); (5, 2), (9 6) ye 

domain of f — g is 77. Find the domain of (h/g)(x) given that 

xix * —7andx # 3}. 5 x*-— 1 
a h(x) = =e eand 9) = ee 

76. For functions h and f, find the domain of h + f, axe= ei eS) 

h — f, hf andh/f if: 

The Composition of Functions 

» Find the composition of two functions and the domain of the composition. 

» Decompose a function as a composition of two functions. 

» The Composition of Functions 

In real-world situations, it is not uncommon for the output of a function to de- 
pend on some input that is itself an output of another function. For instance, the 

amount that a person pays as state income tax usually depends on the amount of 
adjusted gross income on the person’s federal tax return, which, in turn, depends 
on his or her annual earnings. Such functions are called composite functions. 

To see how composite functions work, suppose a chemistry student needs a 
formula to convert Fahrenheit temperatures to Kelvin units. The formula 

c(t) = 3(t — 32) 

Technology Connection gives the Celsius temperature c(t) that corresponds to the Fahrenheit temperature f. 

The formula 

With the TABLE feature, we can k(c(t)) = c(t) + 273 

convert Fahrenheit tempera- 
tures, x, to Celsius tempera- gives the Kelvin temperature k(c(f)) that corresponds to the Celsius temperature 
tures, y,, using c(t). Thus, 50° Fahrenheit corresponds to 

y, = 3(x — 32). c(50) = 2(50 — 32) = 2(18) = 10° Celsius 

We can also convert Celsius and 10° Celsius corresponds to 
temperatures, y,, to Kelvin 
units, y,, using k(c(50)) = k(10) = 10 + 273 = 283 Kelvin units, 

» Yo = yy + 273. which is usually written 283 K. We see that 50° Fahrenheit is the same as 283 K. 
This two-step procedure can be used to convert any Fahrenheit temperature to 
Kelvin units. 

oF c€ 4 

Fahrenheit Celsius Kelvin 

ane ’ Freezing point 
of water 

| Absolute zero 
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A student making numerous conversions might look for a formula that converts 
directly from Fahrenheit to Kelvin. Such a formula can be found by substitution: 

k(c(t)) = c(t) + 273 

5 é 
= gate == SUA) te 273 Substituting 5 (t — 32) for c(t) 

5 160 Sys a 
° 9 

002457 
9 3 2 

DE 297 
= eth a Simplifying 

Since the formula found above expresses the Kelvin temperature as a new function 
K of the Fahrenheit temperature f, we can write 

Dhiita 2297 
MO == 

") 

where K(t) is the Kelvin temperature corresponding to the Fahrenheit temperature, t. 
Here we have K(t) = k(c(t)). The new function K is called the composition of k and 
c and can be denoted k ° c (read “k composed with c,” “the composition of k and c,” or 
“k circle c”). 

COMPOSITION OF FUNCTIONS 

The composite function f° g, the composition of f and g, is defined as 

(fog)(x) = flg(x)), 
where x is in the domain of gand g(x) is in the domain of f 

EXAMPLE 1. Given that f(x) = 2x — 5 and g(x) = x? — 3x + 8, find each 
of the following. 

a) (fe g)(x) and (g°f)(x) b) (f°g)(7) and (g°f)(7) 
c) (g°g)(1) d) (fef)(x) 
Solution Consider each function separately: 

ie) = 2x5 This function multiplies each 
input by 2 and then subtracts 5. 

and 

g(x) = x — 3x+ 8. This function squares an input, subtracts three times 
the input from the result, and then adds 8. 

a) To find (f° g)(x), we substitute g(x) for x in the equation for f(x): 

(fe g)(x) = f(g(x)) jC ee ae x? — 3x + 8is 
the input for f. 

4 

=e =. 3h 4.8) = 5 f multiplies the input by 2 
and then subtracts 5. 

= 2x? — 6x + 16 —5 

= 2x? — 6x + 11. 
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Technology Connection 

We can check our work in 

Example 1(b) using a graphing 
calculator. We enter the 

following on the equation- 
editor screen: 

Vip ex= 

and 

Vn = x — 3x + 8. 

Then, on the home screen, we 

find (f° g)(7) and (ge f)(7) 
using the function notations 
YUCY2(7) and Y2(Y1(7)), 
respectively. 

(ay PID oe EG Re Dae aaa 

Y1(¥2(7)) 

Y2(¥1(7)) 

(fog)(x) = 2x* — 6x +11 

(g of )(x) = 4x? — 26x + 48 

6 

More on Functions 

To find (g° f)(x), we substitute f(x) for x in the equation for g(x): 

(gof)(x) = g(f(x)) = g(2x — 5) 

= (5) O(a 5) 8 

2x — 5is the 
input for g. 

g squares the 
input, subtracts 

three times the 

input, and then 

adds 8. 

Ax? = 20K 25 Oot aloe tas 
= 4x” — 26x + 48. 

b) To find (f° g)(7), we first find g(7). Then we use g(7) as an input for f: 

Ce eie= (a2) — fla ara ees) 
f(36) = 2°36 — 5 

= 72 = 5 '=-67. 

To find (g° f)(7), we first find f(7). Then we use f(7) as an input for g: 

(g27)(7) STSECR = B27 3) 
= 9(0) 2194 33. rg 

1G ed ate Or OL. 

We could also find (f° g)(7) and (g°f)(7) by substituting 7 for x in the 
equations that we found in part (a): 

(feg)(x) = 2x” — 6x + 11 

SS 

(feg)(7) = 2-7 = 6-7 +11 = 67; 

(gof)(x) = 4x* — 26x + 48 

(g°f)(7) =4+7 — 26-7 + 48 = 62. 

CP (gers CP) =e (eh) era ews oS) 
as lees ae eae 2) 
= —3-+6+8 

= 36 — 18 + 8 = 26 

CR ea Cones) 
= 2(2x —5) —5 
=4x-10-5=4x —15 

Now Try Exercises 1 and 15. 

Example | illustrates that, as a rule, (f° g)(x) # (g°f)(x). We can see this 
graphically, as shown in the graphs at left. 

EXAMPLE 2 Given that f(x) = Vx and (i) ee 

a) Find fog and gof. 

b) Find the domain of f° g and the domain of g° f. 

Solution 

a) (fea iiea i f @(x) sei (eee) Vg es 
(ge f)G) = (FG) = e( Va) = Va = 3 



BS 
6b 
5b 

at | Fea) =Vx-3 
3 
Al 
it 

L ies SEE 
ieee es at a6 78 29 Ox 
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Figure 1. 
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b) Since f(x) is not defined for negative radicands, the domain of f(x) is 
{x|x = O}, or [0, 00). Any real number can be an input for g(x), so the domain 
Ole (xis (ooo) 

Since the inputs of f° g are outputs of g, the domain of f° g consists of the 
values of x in the domain of g, (—oo, co), for which g(x) is nonnegative. (Re- 
call that the inputs of f(x) must be nonnegative.) Thus we have 

g(x) =0 
ae 0) Substituting x — 3 for g(x) 

be lV 8 

We see that the domain of fo g is {x|x = 3}, or [3, 00). 

We can also find the domain of f° g by examining the composite function 

itself, (f° g)(x) = Vx — 3. Since any real number can be an input for g, the only 
restriction on f° g is that the radicand must be nonnegative. We have 

Sa SV EY) 

Niza. 

Again, we see that the domain of f° gis {x|x = 3}, or [3, co). The graph in Fig. 1 
confirms this. 

The inputs of g° f are outputs of f, so the domain of g° f consists of the values 
of x in the domain of f, [0, 00), for which g(x) is defined. Since g can accept any 
real number as an input, any output from fis acceptable, so the entire domain of f 
is the domain of g° f. That is, the domain of go f is {x|x = 0}, or [0, 00). 

We can also examine the composite function itself to find its domain. 
First, recall that the domain of fis {x|x = 0}, or [0, 00). Then consider 
(go f)(x) = Vx — 3. The radicand cannot be negative, so we have x = 0. As 
above, we see that the domain of g°f is the domain of f, {x|x = O}, or [0, co). 
The graph in Fig. 2 confirms this. 

1 5) 
EXAMPLE 3. Given that f(x) = ate, and g(x) = a find f° g and g°f and 

the domain of each. 

Solution We have 

eens) = se) =1({) == ee 

Values of x that make the denominator 0 are not in the domains of these func- 
tions. Since x — 2 = 0 when x = 2, the domain of fis {x|x # 2}. The denomi- 
nator of g is x, so the domain of gis {x|x # O}. 

The inputs of f° g are outputs of g, so the domain of f° g consists of the values 
of x in the domain of g for which g(x) # 2. (Recall that 2 cannot be an input of f) 
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Since the domain of gis {x|x # 0}, 0 is not in the domain of f° g. In addition, we 

must find the value(s) of x for which g(x) = 2. We have 

g(x) =2 
5 5 
eer, Substituting — for g(x) 
x x 

eae Oh: 

D 
-=x. 
2 

This tells us that 3 is also not in the domain of f° g. Then the domain of f° g is 

{x|x # Oandx # 31 or (—co, 0) U (0,3) UG, 00). 

We can also examine the composite function f°g to find its domain. 
First, recall that 0 is not in the domain of g, so it cannot be in the domain of 
(feg)(x) = x/(5 — 2x). We must also exclude the value(s) of x for which the de- 
nominator of f° g is 0. We have 

Se ea) 

5 = 2x 

5 
—-=x. 
2 

Again, we see that 3 is also not in the domain, so the domain of f° g is 

{x|x 4 Oandx # 3}, or(—00,0) U (0,3) U (3 00). 

Since the inputs of g° f are outputs of f, the domain of g° f consists of the values 
of x in the domain of f for which f(x) # 0. (Recall that 0 cannot be an input of g.) 
The domain of fis {x|x # 2}, so 2 is not in the domain of ge f. Next, we deter- 
mine whether there are values of x for which f(x) = 0: 

f(x) = 0 
ies oe 
are 0 Substituting sa 5 for f(x) 

1 
(et 2) ie 5 =x) Multiplying by x — 2 ce 

1= 0. False equation 

We see that there are no values of x for which f(x) = 0, so there are no additional 
restrictions on the domain of ge f. Thus the domain of g° f is 

{x|x # 2}, or (—0o, 2) U (2, 0). 

We can also examine g° f to find its domain. First, recall that 2 is not in the do- 
main of f, so it cannot be in the domain of (g°f)(x) = 5(x — 2). Since 5(x — 2) 
is defined for all real numbers, there are no additional restrictions on the domain of 

g°f. The domain is 

{x|x - 2*, or (—00,.2) LU (23.60). 

Now Try Exercise 23. 

» Decomposing a Function 
as a Composition 

In calculus, one often needs to recognize how a function can be expressed as the 
composition of two functions. In this way, we are “decomposing” the function. 
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EXAMPLE 4 If h(x) = (2x — 3)°, find f(x) and g(x) such that h(x) = 
(fo g)(x). 
Solution ‘The function h(x) raises (2x — 3) to the 5th power. Two functions 
that can be used for the composition are 

f(x) =x? and g(x) = 2x — 3. 

We can check by forming the composition: 

h(x) = (feg)(x) = f(g(x)) = f(2x — 3) = (2x — 3)’. 
This is the most “obvious” solution. There can be other less obvious solutions. For 

example, if 

Hoo= (x + 7) “and! -¢(x) = 2x — 10, 

then 

h(x) = (feg)(x) = fla(x)) 
Sie 10) 

= [ax - 10 + 7 = (2x -3)° 

EXAMPLE 5 If h(x) = 

(fog)(x). 
Solution Two functions that can be used are 

ea find f(x) and g(x) such that h(x) = 

(x) = : and g(x) = (x + 3)’. 

We check by forming the composition: 

i 
= ° = = + 3 3) = SSS h(x) = (feg)(x) = fle(x)) = f(e + 3)") (x + 3) 

There are other functions that can be used as well. For example, if 

f(x) = “ andae (x) = wet 3; 

then 

h(x) = (foa)(x) = flats) =f + 3) = Baa 
Now Try Exercise 41. 

2.3 Exercise Set 

Given that f(x) = 3x + 1, g(x) = x’ — 2x — 6, and PA hon =3)) 8. (hog)(3) 

h(x) = x°, find each of the following. 9. (g°g)(—2) 10. (g°g)(3) 

1. (fog)(-1) | CRAIN PD) 11. (ho h)(2) 12. (hoh)(-1) 

3. (he f)(1) 4. (geh)(2) 13. (fof)(—4) 14. (fof)(1) 
5. (g°f)(5) 6. (fog) (5) 15. (he h)(x) 16. (Fof)(x) 
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Find (f° g)(x) and (g° f)(x) and the domain of each. 

Vache) = vet oe (ae) 

NS Jil ihe GE) ols 
Cs Ga) =e ey ae il 

20x) =a ee) ao 

iat (x= x — B(x) = 4x = 3 

Dee \e—edx —  10n e() = 2 = 7 

23. fx) = => a(x) = 5 

28. f(x) => els) = = 
ated 

25a eo, SE (X) 5 

26m =e eel x) =o 12 

27. f(x) = 2x + 1, g(x) = Vx 
28. f(x) = Vx, g(x) = 2 — 3x 

29, f(x) = 20, g(x) = 0.05 

30. f(x) = x4, g(x) = Wx 

Sli Ve 5, e (x) x — 5 

32. f(x) = x — 2, g(x) = Vx +2 

Sse x + 2t¢(x) = V3 — x 

SA a) = 1 = oe oe) = Vx — 25 

Neate ] 
SE AGS Ss ever 109 a cearage 

36. f(x) = ——, g(x) = 
a7 eae Sx rox 7, o(x) = x 1 

38. f(x) =x — 1, g(x) =x + 2x? -— 3x -9 

Find f(x) and g(x) such that h(x) = (f° g)(x). Answers 
may vary. 

39. h{x) = (4 + 3x)? 

40. h(x) = Vx? - 8 

41. h(x) = ear 

BO) rg 
43. h(x) = 7 7 

45. 

46. 

47. 

48. 

49. 

50. 

ae 

52. 

53: 

Wey = (2)? a) es re 

he) — 2 = ie h(a I) 

Ripple Spread. A stone is thrown into a pond, cre- 
ating a circular ripple that spreads over the pond in 
such a way that the radius is increasing at a rate of 

3 ft/sec. 

a) Find a function r(t) for the radius in terms of t. 
b) Find a function A(r) for the area of the ripple in 

terms of the radius r. 
c) Find (A °r)(t). Explain the meaning of this 

function. 

The surface area S of a right circular cylinder is given 
by the formula § = 2arh + 271’. If the height is 
twice the radius, find each of the following. 

a) A function S(r) for the surface area as a function 
of r 

b) A function S(h) for the surface area as a function 
of h 

Blouse Sizes. A blouse that is size x in Japan is size 
s(x) in the United States, where s(x) = x — 3.A 
blouse that is size x in the United States is size t(x) 
in Australia, where t(x) = x + 4. (Source: www. 
onlineconversion.com) Find a function that will 



convert blouse sizes in Japan to blouse sizes in 
Australia. 

54. A manufacturer of tools, selling rechargeable drills to 
a chain of home improvement stores, charges $6 more 
per drill than its manufacturing cost m. The stores 
then sell each drill for 150% of the price that it paid 
the manufacturer. Find a function P(m) for the price 
at the home improvement stores. 

»> Skill Maintenance 

Consider the following linear equations. Without graphing 
them, answer the questions in Exercises 55-62. [1.3], [1.4] 

a)y=x b) y= —5x + 4 

oc) y=3xt1 d) y = —0.1x + 6 

Mid-Chapter Mixed Review Ws 

e) y= 3x —-5 Hives =H 

g) 2x — 3y = 6 h) 6x + 3y = 9 

55. Which, if any, have y-intercept (0, 1)? 

56. 

Ds 

58. 

59. 

60. 

61. 

62. 

Which, if any, have the same y-intercept? 

Which slope down from left to right? 

Which has the steepest slope? 

Which pass(es) through the origin? 

Which, if any, have the same slope? 

Which, if any, are parallel? 

Which, if any, are perpendicular? 

» Synthesis 

63. 

64. 

Mid-Chapter Mixed Review 

Let p(a) represent the number of pounds of grass 
seed required to seed a lawn with area a. Let c(s) rep- 
resent the cost of s pounds of grass seed. Which com- 
position makes sense: (c° p)(a) or (p°c)(s)? What 
does it represent? 

Write equations of two functions f and g such that 
feg = g°f = x. (In Section 5.1, we will study 
inverse functions. If fog = ge f = x, functions f 
and gare inverses of each other.) 

Determine whether the statement is true or false. 

1. f(c) isa relative maximum if (¢, f(c)) is the highest 
point in some open interval containing c. [2.1] 

3. In general, (fo g)(x) ~ (g°f)(x). [2.3] 

4. Determine the intervals on which the function is 

(a) increasing; (b) decreasing; (c) constant. [2.1] 

Rv 

. If fand gare functions, then the domain of the func- 
tions f + g, f — g, fg, and f/g is the intersection of 
the domain of fand the domain of g. [2.2] 

. Using the graph shown below, determine any 
relative maxima or minima of the function and the 

intervals on which the function is increasing or 
decreasing. [2.1] 

(—1.29, 6.30) 

;: (2952.30) 
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6. Determine the domain and the range of the function 7. Window Design. Lucas is designing a window for 

graphed in Exercise 4. [2.1] the peak of an A-frame house. The base is 4 ft more 

than the height h. Express the area of the window as a 

function of the height. [2.1] 

8. For the function defined as 9. Graph the function defined as 

Kone, AOUX =) 5; De sae ele ee 

FR) ie BP for 3 a, ey ne {Ole ) ae 

5X; forixi = (0; 

F(-5), f(-3),f(- 1), and f(6). [2.1] 
Given that f(x) = 3x — land g(x) = x? + 4, find each of the following, if it exists. [2.2] 

10. A fetg)t1) 11. (fg)(0) 

12. (g ~ f)(3) 13. (g/f)(3) 
For each pair of functions in Exercises 14 and 15: 

a)Find the domains of ff + of — gfe St f/g and g/f. 

b)Find (f + g)(x), (fF ~ g)(x), (fg)(x), GA) (*), (f/g)(%), and (g/f) (x). [2.2] 
14 (oe) 92x be (x)= x — 4 15. f(x) =x Gee) Vx 

For each function f, construct and simplify the difference quotient 

f(x + h) — fx) 
h se 

16. f(x) = 423 172 fey Oe 

Given that f(x) = 5x — 4, g(x) = x° + land h(x) = x? — 2x + 3, find each of the following. [2.3] 

18. (f° g)(1) 19. (g°h)(2) 

20. (f° f)(0) 21. (he f)(—1) 
Find (f° g)(x) and (g° f)(x) and the domain of each. [2.3] 

22. f(x) = Be g(x) = 6x +4 23. f(x) = 3x + 2, g(x) = Vx 

betelir-lolele- idiom ByE-vottC-t-Jolam-lare mudi itare 

24. If g(x) = b, where b is a positive constant, describe 25. If the domain of a function fis the set of real numbers 
how the graphs of y = h(x) and y = (h — g)(x) and the domain of a function g is also the set of real 
will differ. [2.2] numbers, under what circumstances do (f + g)(x) 

and (f/g)(x) have different domains? [2.2] 

26. If fand gare linear functions, what can you say about 27. Nora determines the domain of f° g by examining 
the domain of f° g and the domain of go f? [2.3] only the formula for (f° g)(x). Is her approach valid? 

Why or why not? [2.3] 
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» Determine whether a graph is symmetric with respect to the x-axis, the y-axis, 

and the origin. 

» Determine whether a function is even, odd, or neither even nor odd. 

» Symmetry 

Symmetry occurs often in nature and in art. For example, when viewed from 
the front, the bodies of most animals are at least approximately symmetric. This 

< means that each eye is the same distance from the center of the bridge of the 
nose, each shoulder is the same distance from the center of the chest, and so on. 
Architects have used symmetry for thousands of years to enhance the beauty of 
buildings. 

A knowledge of symmetry in mathematics helps us graph and analyze equa- 
tions and functions. 

Consider the points (4, 2) and (4, —2) that appear on the graph of x = y’, 
as shown below. Points like these have the same x-value but opposite y-values and 
are reflections of each other across the x-axis. If, for any point (x, y) on a graph, 
the point (x, —y) is also on the graph, then the graph is said to be symmetric with 
respect to the x-axis. If we fold the graph on the x-axis, the parts above and below 

the x-axis will coincide. 
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Consider the points (3, 4) and (—3, 4) that appear on the graph of y = ie a Sy 

as shown below. Points like these have the same y-value but opposite x-values and 

are reflections of each other across the y-axis. If, for any point (x, y) on a graph, 

the point (—x, y) is also on the graph, then the graph is said to be symmetric with 

respect to the y-axis. If we fold the graph on the y-axis, the parts to the left and 

right of the y-axis will coincide. 

Consider the points ( —3,V7) and (3, =a 7) that appear on the graph of 
x* = y’ + 2, as shown below. Note that if we take the opposites of the coordinates 
of one pair, we get the other pair. If, for any point (x, y) on a graph, the point 
(—x, —y) is also on the graph, then the graph is said to be symmetric with respect 
to the origin. Visually, if we rotate the graph 180° about the origin, the resulting 
figure coincides with the original. 

ALGEBRAIC TESTS OF SYMMETRY 

x-axis: If replacing y with —y produces an equivalent equation, then the 
graph is symmetric with respect to the x-axis. 

y-axis: If replacing x with —x produces an equivalent equation, then the 
graph is symmetric with respect to the y-axis. 

Origin: If replacing x with —x and y with —y produces an equivalent 
equation, then the graph is symmetric with respect to the origin. 
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EXAMPLE 1. Test y = x° + 2 for symmetry with respect to the x-axis, the 
y-axis, and the origin. 

Algebraic Solution 

x-Axis: 

We replace y with —y: 

=x ob i2 

= =D 

y= —x* — 2. Multiplying by —1 on both sides 

The resulting equation is not equivalent to the original equation, 
so the graph is not symmetric with respect to the x-axis. 

y-Axis: 

We replace x with —x: 

pea 

ames) gt? 
Vee x? + 2. Simplifying 

The resulting equation is equivalent to the original equation, so the 
graph is symmetric with respect to the y-axis. 

Origin: 
We replace x with —x and y with —y: 

Si) SD at ate 
Pea 

pt x +2 Simplifying 

The resulting equation is not equivalent to the original equation, 
so the graph is not symmetric with respect to the origin. 

Visualizing the Solution 

Let’s look at the graph of y = x? + 2. 

Note that if the graph were folded 
on the x-axis, the parts above and below 
the x-axis would not coincide. If it were 
folded on the y-axis, the parts to the left 
and right of the y-axis would coincide. If 
we rotated it 180° about the origin, the 
resulting graph would not coincide with 
the original graph. 

Thus we see that the graph is not 
symmetric with respect to the x-axis or 
the origin. The graph is symmetric with 
respect to the y-axis. 

Now Try Exercise 11. 
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EXAMPLE 2 Test x? + y’ = 5 for symmetry with respect to the x-axis, the 

y-axis, and the origin. 

Algebraic Solution 
Visualizing the Solution 

x-Axis: y-Axis: 

We replace y with —y: We replace x with —x: 

eo ye = ee ae 

xe en =5 (ey ceray er 5 
Rey). igs pes area 

The resulting equation is The resulting equation is 
equivalent to the original equivalent to the original 
equation. Thus the graph is equation, so the graph is 
symmetric with respect to symmetric with respect to 
the x-axis. the y-axis. 

Origin: 

We replace x with —x and y with —y: 

2 tat 
‘ ie 2 From the graph of the equation, we 

(ape (—y)* =5 see symmetry with respect to both axes 
atcha 5 and with respect to the origin. 

The resulting equation is equivalent to the original equation, so Now Try Exercise 21. 

the graph is symmetric with respect to the origin. 

» Even Functions and Odd Functions 

eee ecoure Now we relate symmetry to graphs of functi for Determining y y to graphs of functions. 

Even Functions and Odd 
Functions 

Given the function f(x): EVEN FUNCTIONS AND ODD FUNCTIONS 

1. Find f(—x) and simplify. If the graph of a function fis symmetric with respect to the y-axis, we 
If f(x) = f(—x), then f say that it is an even function. That is, for each x in the domain of f, 
is even. FA) Ea) ; 

2. Find —f(x), simplify, and If the graph of a function fis symmetric with respect to the origin, we 
compare with f(—) say that it is an odd function. That is, for each x in the domain of f, 
from step (1). If f(—x) = f(—x) = —f(x). 

- —f(x), then fis odd. [ a4 

Except for the function 
f(x) = 0, a function cannot : ah 
a botevenand odd. Thus An algebraic procedure for determining even functions and odd functions is 
io) = Ombre eet shown at left. Below we show an even function and an odd function. Many func- 
step (1) that f(x) = f(—x) tions are neither even nor odd. 

(that is, fis even), we need 
not continue. 
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EXAMPLE 3 Determine whether each of the following functions is even, odd, 
or neither. 

a) f(x) = 5x’ — 6x = 2x 

b) h(x) = 5x® — 3x? — 7 

a) Algebraic Solution 

Visualizing the Solution 

Fx) = 5x’ = 6x? — 2x 

1. f(—x) = 5(—x)’? — 6(—x)? — 2(—x) 

5(=x ) —o(-x > 2x 

(<x)? = (-1ex) = (-1)?x7 = -97(-x)? = -0 
Ok or Gx 2x 

We see that f(x) # f(—x). Thus, fis not even. 

Dae) (5x — 6x 22x) 

= =5x’ + 6x° + 2x 

We see that f(—x) = —f(x). Thus, fis odd. 

vk Pel it ot 
f(x) = 547 - 6x? — 

We see that the graph appears to 
be symmetric with respect to the origin. 
The function is odd. 

b) Algebraic Solution 
Visualizing the Solution 

Nea Sep ey) 

Sie t Sha OT 

We see that h(x) = h(— x). Thus the function is even. 

We see that the graph appears to 
be symmetric with respect to the y-axis. 
The function is even. 

Now Try Exercises 39 and 41. 
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Exercise Set 

Determine visually whether the graph is symmetric with 
respect to the x-axis, the y-axis, and the origin. 

i YK a, Y 

ae i x x 

3. YK 4 a 

ee > > 
Xx ae 

5% VK 6 YA 

? > > 
x x 

First, graph the equation and determine visually whether it 
is symmetric with respect to the x-axis, the y-axis, and the 
origin. Then verify your assertion algebraically. 

Soy =| 

LO ey 

1D bees ht 

hist aa \\all es 

Oa Aa > 

Ll 5) =x = 3 

iy oe ee oY Saar oo ae 

Determine whether the graph is symmetric with respect to 
the x-axis, the y-axis, and the origin. 

1S ove oy 0 16. 6x + 7y = 0 

W030 = 2y = 3 18. 5y = 7x* — 2x 

19. y = |2x| 20, Y =2x 

Die tly, 2 oy? = 5x +12 

233) = ae + 24, 3x = |y| 

25. xy =.12 26a 

Find the point that is symmetric to the given point with 
respect to the x-axis, the y-axis, and the origin. 

27. (—5,6) 28. (4,0) 

roe (107) 30. (1,3) 
31. (0,—4) 32. (8, -3) 

Determine visually whether the function is even, odd, or 
neither even nor odd. 

YA 

i \ . oe 

YA 

So: A 34. 

—- 

ae 

37. YK 38. YA 

> = 

We % x 

Determine whether the function is even, odd, or neither 
even nor odd. 

39. f(x) = —3x° + 2x 

&V 

oo: YA 36. 

eV 

40. f(x) = 7x7 + 4x -—2 

ALO FR) = 5x a ra . 

43. f(x) = x? 44, f(x) = Wx 

45. f(x) =x — |x| 46. f(x) == 

47, f(x) =8 48. f(x) = Vie 41 



» Skill Maintenance 

a ator y= 21h 

49. Graph: f(x) = 4 3, Otel ce 

ee fOt <a De [2.1] 

50. Peace Corps Volunteers. Since 1961, there has been a 

total of 6688 Peace Corps volunteers from the Uni- 
versity of California—Berkeley and the University of 
Wisconsin-Madison. The number of volunteers from 
the University of California—Berkeley is 464 more 
than the number of volunteers from the University 
of Wisconsin—Madison. (Source: Peace Corps 2014) 

Find the number of Peace Corps volunteers from each 
university. [1.5] 

Peace Corps Cambodia 
Group 1 

» Synthesis 

Determine whether the function is even, odd, or neither 
even nor odd. 

Sh (Cy Ses 

+1 
Se) 

~-— 1 

Transformations 

stretchings, and shrinkings. 

» Given the graph of a function, graph its transformation under translations, reflections, 
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Determine whether the graph is symmetric with respect to 
the x-axis, the y-axis, and the origin. 

53. x= y*(2 =o) 54. (x? + eye = 2xy 

Vy 

55. Show that if fis any function, then the function E 
defined by 

f(x) + fl=x) 
2 E(x) = 

is even. 

56. Show that if fis any function, then the function O 
defined by 

is odd. 

57. Consider the functions E and O of Exercises 55 and 56. 

a) Show that f(x) = E(x) + O(x). This means that 
every function can be expressed as the sum of an 
even function and an odd function. 

bet i= 4 11 WV 10 Expressifias 
a sum of an even function and an odd function. 

Determine whether the statement is true or false. 

58. The product of two odd functions is odd. 

59. The sum of two even functions is even. 

60. The product of an even function and an odd function 
is odd. 

» Transformations of Functions 

The graphs of some basic functions are shown on the following page. Others can 

be seen on the inside back cover. 
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Identity function: Squaring function: Square root function: Coens function: 

y=X yan y= Vx yar 

YR yy 

1 1 L 1 1 1 ) Eo | at 1 1 1 SS! i 1 es 1 SS 

L L x iG 

Cube root function: Reciprocal function: Absolute-value function: 

TS =i y= |x| 
Na 

YK y 

These functions can be considered building blocks for many other functions. 
We can create graphs of new functions by shifting them horizontally or vertically, 
stretching or shrinking them, and reflecting them across an axis. We now consider 
these transformations. 

» Vertical Translations and 

Horizontal Translations 

Suppose that we have a function given by y = f(x). Let’s explore the graphs of the 
new functions y = f(x) + band y = f(x) — b,forb > 0. 

Consider the functions y = $x", y = $x* + 5, and y = ¢x* — 3 and com- 
pare their graphs. What pattern do you see? Test it with some other functions. 

ete | Le Oe: 

The effect of adding a constant to or subtracting a constant from f(x) in 
y = f(x) isa shift of the graph of f(x) up or down. Such a shift is called a vertical 
translation. 



Figure 1. 
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VERTICAL TRANSLATION 

For b > 0: 

the graph of y = f(x) + bis the graph of y = f(x) shifted up b units; 

the graph of y = f(x) — bis the graph of y = f(x) shifted down b units. 

Suppose that we have a function given by y = f(x). Let’s explore the graphs of 
the new functions y = f(x — d) and y = f(x + d), ford > 0. 

Consider the functions y = $x‘, y = 3(x — 3)4, and y = 3(x + 7)* and 
compare their graphs. What pattern do you observe? Test it with some other 
functions. 

The effect of subtracting a constant from the x-value or adding a constant to 
the x-value in y = f(x) is a shift of the graph of f(x) to the right or to the left. 
Such a shift is called a horizontal translation. 

HORIZONTAL TRANSLATION 

Ford = 0: 

the graph of y = f(x — d) is the graph of y = f(x) shifted right d units; 

the graph of y = f(x + d) is the graph of y = f(x) shifted left d units. 

EXAMPLE 1. Graph each of the following. Before doing so, describe how each 
graph can be obtained from one of the basic graphs shown on the preceding pages. 

anc 16 b) h(x) = |x — 4| 

c) g(x) —VxiF 2 dL) shite) = Ve 3 

Solution 

Since g(x) = a) To graph g(x) = x? — 6, think of the graph of f(x) = x’. 
) = x7 shifted. or f(x) — 6, the graph of g(x) = x? — 6 is the graph of f(x 

translated, down 6 units. (See Fig. 1.) 

Let’s compare some points on the graphs of fand g. 

Points on f: (oa), (0,0), (2, 4) 

Corresponding | 
points on g: (Fo 353.) (DEG) (27x) 

We note that the y-coordinate of a point on the graph of g is 6 less than the 
corresponding y-coordinate on the graph of f. 
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, think of the graph of f(x) = |x|. Since h(x) = he aie =a b) To graph h(x) = |x — 4 

a pee f(x — 4), the graph of h(x) = |x — 4] is the graph of f(x) = |x| shifted 
aK right 4 units. (See Fig. 2.) 

Let’s again compare points on the two graphs. 

Points on f: (—4, 4), (0, 0), (6, 6) 

Corresponding 

OWES oN points on h: (0, 4), (4, 0), (10, 6) 
(0,0) 4 (4, 0) 

Noting points on f and h, we see that the x-coordinate of a point on the graph of 
his 4 more than the x-coordinate of the corresponding point on f- 

c) To graph g(x) = Vx + 2, think of the graph of f(x) = Vx. Since g(x) = 
f(x + 2), the graph of g(x) = Vx + 2 is the graph of f(x) = Vx, shifted left 
2 units. (See Fig. 3.) 

Figure 2. 

AE | Be ves? YA 

: gx) = Vx+2 a f(x) = Vx 

3 
SS BE \ 

2 
aie 

= 

dae eh 4 6 8 101214 x 

Rous: Figure 4. 

d) To graph h(x) = Vx + 2 — 3, think of the graph of f(x) = Vx. In part (c), 

we found that the graph of g(x) = Vx + 2 is the graph of f(x) = Vx shifted 
left 2 units. Since h(x) = g(x) — 3, we shift the graph of g(x) = Vx + 2 
down 3 units. Together, the graph of f(x) = Vx is shifted left 2 units and down 
3 units. (See Fig. 4.) 

Now Try Exercises 3 and 15. 

» Reflections 

Suppose that we have a function given by y = f(x). Let’s explore the graphs of the 
new functions y = —f(x) and y = f(—x). 

Compare the functions y = f(x) and y = —f(x) by looking at the graphs of 
y = 3x‘ and y = —x* shown on the left below. What do you see? Test your ob- 
servation with some other functions y, and y, where y) = —y. 

Compare the functions y = f(x) and y = f(—x) by looking at the graphs 
of y = 2x*° — x* + 5 and y = 2(—x)? — (—x)* + 5 shown on the right below. 
What do you see? Test your observation with some other functions in which x is 
replaced with —x. 

y= 2(— x? — (— x) +5 | 



g(x) = (— x)? — 4(— x)? | 
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Given the graph of y = f(x), we can reflect each point across the x-axis to 
obtain the graph of y = —f(x). We can reflect each point of y = f(x) across the 
y-axis to obtain the graph of y = f(—x). The new graphs are called reflections 
of y = f(x). 

The following photographs illustrate reflection. 

REFLECTIONS 

The graph of y = —f(x) is the reflection of the graph of y = f(x) 
across the x-axis. 

The graph of y = f(—x) is the reflection of the graph of y = f(x) across 
the y-axis. 

If a point (x, y) is on the graph of y = f(x), then (x, —y) is on the graph 
of y = —f(x), and (—x, y) is on the graph of y = f(—x). 

EXAMPLE 2 Graph each of the following. Before doing so, describe how each 
graph can be obtained from the graph of f(x) = x° — 4x*. 

aye) = (=x)? 0 4( =x)” b) hx) = 44 — x 

Solution 

a) We first note that 

f(—x) = (—%)* = 4(—x)° = g(x). 
Thus the graph of g is a reflection of the graph of f across the y-axis. (See the 
figure at left.) If (x, y) is on the graph of f, then (—x, y) is on the graph of g. For 
example, (2, —8) is on fand (—2, —8) is ong. 
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b) We first note that 

3) (On aes exis) faa 

= —x? + 4,7 

=A i 

= h(x). 

Thus the graph of h is a reflection 
of the graph of facross the x-axis. 
(See the figure at right.) If (x, y) is on 
the graph of f, then (x, —y) is on the Roe 
graph of h. For example, (2, —8) is on 
fand (2, 8) is on h. 

—_ 5 
» Vertical and Horizontal Stretchings 

and Shrinkings 

Suppose that we have a function given by y = f(x). Let’s explore the graphs of the 
new functions y = af(x) and y = f(cx). 

Consider the functions y = f(x) =x —xy = (x — x) = wil), 
y= 2(x— x) = 2f(x), and -y = —2(< =) = = af) and comparesneu, 
graphs. What pattern do you observe? Test it with some other functions. 

Consider any function f given by y = f(x). Multiplying f(x) by any constant a, 
where |a| > 1, to obtain g(x) = af(x) will stretch the graph vertically away from 
the x-axis. If 0 < |a| < 1, then the graph will be flattened or shrunk vertically 

toward the x-axis. If a < 0, the graph is also reflected across the x-axis. 

VERTICAL STRETCHING AND SHRINKING 

The graph of y = af(x) can be obtained from the graph of y = f(x) by 

=f ce ae 

B m3 

mos 

stretching vertically for |a| > 1, or 

shrinking vertically for0 < |a| < 1. 

For a < 0, the graph is also reflected across the x-axis. (The y-coordinates 
of the graph of y = af(x) can be obtained by multiplying the y-coordinates 
of y = f(x) bya.) 



| y= flx aK y = f(x) ah 

e222) 
\ e Dita 

(=5,0) ) 1+ (0,0) (4,0) 
it i i 1 I i A he 

ea eh 2 3 , 5 

—2r 

—3F 

—4F e 

—5 (e2) —A4) 
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Consider the functions y = f(x) = x* — x,y = (2x)? — (2x) = f(2x),y = 

(Fx)? = (3 x) = f($x), and y = (—}x)? = (—} x) = f (-}x) and compare 
their graphs. What pattern do you observe? Test it with some other functions. 

PARISIEN 

Uae 

The constant c in the equation g(x) = f(cx) will shrink the graph of y = f(x) 
horizontally toward the y-axis if |c| > 1. If 0 < |c| < 1, the graph will be 
stretched horizontally away from the y-axis. If c < 0, the graph is also reflected 
across the y-axis. 

HORIZONTAL STRETCHING AND SHRINKING 

The graph of y = f(cx) can be obtained from the graph of y = f(x) by 

shrinking horizontally for |c| > 1, or 

stretching horizontally for 0 < |c| <1. 

For c < 0, the graph is also reflected across the y-axis. (The x-coordinates 
of the graph of y = f(cx) can be obtained by dividing the x-coordinates of 
the graph of y = f(x) byc.) 

EXAMPLE 3 Shown at left is a graph of y = f(x) for some function f No for- 
mula for fis given. Graph each of the following. 

a) g(x) = 2f(x) b) h(x) = 7 f(x) 
d) s(x) = (4x) e) t(x) = f(-2*) 
Solution 

c)irtx) = f(2s) 

a) Since |2| > 1, the graph of g(x) = 2f(x) is a vertical stretching of the graph 
of y = f(x) by a factor of 2. We can consider the key points(—5, 0), (—2, 2), 
(0,0), (2, —4), and (4, 0) on the graph of y = f(x). The transformation mul- 
tiplies each y-coordinate by 2 to obtain the key points (—5, 0), (—2, 4), (0, 0), 
(2, —8), and (4, 0) on the graph of g(x) = 2f(x), as shown below. 

(—5, 0) ; (0,0) (4,0) 
4 = 4 1_> 

—6-5-4-3-2-1 ]| 1 23 f 5 6 x 
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b) Since |4| < 1, the graph of h(x) = 3 f(x) is a vertical shrinking of the graph 

of y = f(x) by a factor of 3. We again consider the key points (—5, 0), (—2, 2), 
(0,0), (2, -4), and (4,0) on the graph of y = f(x). The transformation 
multiplies each y-coordinate by 5 to obtain the key points (—5, 0), (—2, 1), 
(0, 0), (2, —2), and (4, 0) on the graph of h(x) = 3 f(x). The graph is shown 

on the left below. 

c) Since |2| > 1, the graph of r(x) = f(2x) is a horizontal shrinking of the graph 
of y = f(x). We consider the key points (—5, 0), (—2, 2), (0, 0),(2, —4), and 
(4, 0) on the graph of y = f(x). The transformation divides each x-coordinate 
by 2 to obtain the key points (—2.5, 0), (—1, 2), (0,0), (1, —4), and (2,0) on 
the graph of r(x) = f(2x). The graph is shown on the right above. 

Since |}| < 1, the graph of s(x) = f(4x) is a horizontal stretching of the 
graph of y = f(x). We consider the key points (—5, 0), (—2, 2), (0, 0), (2, —4), 
and (4,0) on the graph of y = f(x). The transformation divides each 
x-coordinate by 5 (which is the same as multiplying by 2) to obtain the key 
points (—10, 0), (—4, 2), (0, 0), (4, —4), and (8, 0) onthegraphofs(x) = f(kx). 
The graph is shown below. 

d = 

e) The graph of t(x) = yl —5 x) can be obtained by reflecting the graph in part (d) 
across the y-axis. 

YA 
4-r 

a (4, 2) 
2 

(Gs; l (10, 0) 
i 1 

10-9 ne 

t(x) = f(- 5x) - —4 

(-4, —4) —5 

Now Try Exercises 59 and 61. 
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EXAMPLE 4 Use the graph of y = f(x) shown at left to graph 

Vo Oi = oe ke 

Solution 

ay 

—5F (Qa) 

© Shift 3 units 

to the right 

aN ‘Al y=foe-3) 
pip ee?) 
27 @ Stretch bya 

(20) F (3, 0) (7, 0) factor of 2 vertically 

SSN 
=1- 
—2- 

-—3 te 

Fale G4) 

”” [ (5, -8) 
a” 

| y= he 3) ek 
rt | y= = Tle 3} 

AL ob (5, 9) 

gb (5, 8) 8 

7+ 7 
6F 6 

BE \ 5 
4r 4 

Bile 3 

Be Shift up (2,1) 2F 

(—2,0) IF 1 (7, 1) 

rae See 7 
=il [= 

a5) —3F 

—SF Gy, —4) —5h 

Now Try Exercise 63. 
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Summary of Transformations of y = f(x) 

Vertical Translation: y = f(x) + b 

Fong 210: 

the graph of y = f(x) + bis the graph of y = f(x) 
shifted up b units; 

the graph of y = f(x) — bis the graph of y = f(x) 
shifted down b units. 

Horizontal Translation: y = f(x + d) 

For d > 0: 

the graph of y = f(x — d) is the graph of y = f(x) 
shifted right d units; 

the graph of y = f(x + d) is the graph of y = f(x) 
shifted left d units. 

Reflections 

Across the x-axis: 

The graph of y = —f(x) is the reflection of the graph of y = f(x) 
across the x-axis. 

Across the y-axis: 

The graph of y = f(— x) is the reflection of the graph of y = f(x) 
across the y-axis. 

Vertical Stretching or Shrinking: y = af(x) 

The graph of y = af(x) can be obtained from the graph of y = f(x) by 

stretching vertically for |a| > 1, or 

shrinking vertically for0 < |a| < 1. 

For a < 0, the graph is also reflected across the x-axis. 

Horizontal Stretching or Shrinking: y = f(cx) 

The graph of y = f(cx) can be obtained from the graph of y = f(x) by 

shrinking horizontally for |c| > 1, or 

stretching horizontally for 0 < |c| < 1. 

For c < 0, the graph is also reflected across the y-axis. 



i) PA ER eE es 

SECTION 2.5 

Visualizing 
the Graph 

Match the function with its graph. 
Use transformation graphing tech- 
niques to obtain the graph of g from 

the basic function f(x) = |x| shown 
at top left. 

Lex) = = 2 |x| 

Re xe aoa 

3. g(x) = -]5x 

4, g(x) = |2x| 

7. a(x) = —Flx- 4 

8. g(x) = |x| — 3 

9, ¢(x) = -[x| - 2 

Answers on page A-10 

Transformations 143 



144 CHAPTER 2 More on Functions 

Exercise Set Se 
Describe how the graph of the function can be obtained from 
one of the basic graphs on p. 134. Then graph the function. 

ib iGo) = ee aa 2. g(x) =e +5 

Bete) = ie = 3 Ae Ce = =e? 

5. h(x) = -Vx 659(x) = Vix =) 

TS ae 8. g(x) = — 

oF h(x) — 3 8 105 f(x) = 2x 1 

11. h(x) =$\x| -—2 12 Foe — |x) 2 

1S OUR) = (= 2p Vs eo) es aa 

1s Ca Geter leg) <4 

i, CO) = eee 18. h(x) = (—x)° 

) 19. f(x) = Vx +2 Dy fl SA 

21. f(x) = Wx —2 yh, Oy = ane 

Describe how the graph of the function can be obtained 
from one of the basic graphs on p. 134. 

23. g(x) = |3x| 24. f(x) = Wx 

25. h(x) = = 265) — |x 9h 4 

28. f(x) = 5 - = = 3 

29. g(x) = |}x| —4 

30. f(x) = 3x? — 4 

Sieg) = = 

EG) = (ney = & 

oes = 
Xeateeo 

S44. 2(x) = VX © 

Bom \i—=—— (ke = 3) 5 

36. f(x) = 3(x + 4)* = 3 

The point (—12, 4) is on the graph of y = f(x). Find the 
corresponding point on the graph of y = g(x). 

37. g(x) = Ef(x) 
38. g(x) = f(x — 2) 

aan’? 

Al. g( 

a <6) 2702) 
43. g(x) = 4f(x 

44. g(x) = f(x) 
Given that f(x) = x° + 3, match the function g with a 
transformation of f from one of A-D. 

II AC eae 7 Oa eee 

AGw (x)= 19% tae Br faye! 

AZ Ae (20) a= (ee C; 2F(%) 

AS. ¢(x) = 2x +6 D.. 7 (32) 

Write an equation for a function that has a graph with the 
given characteristics. 

49. The shape of y = x’, but upside-down and shifted 
right 8 units 

50. The shape of y = Vx, but shifted left 6 units and 
down 5 units 

51. The shape of y = |x 
2 units 

, but shifted left 7 units and up 

52. The shape of y = x°, but upside-down and shifted 
right 5 units 

53. The shape of y = 1/x, but shrunk horizontally by a 
factor of 2 and shifted down 3 units 

54. The shape of y = x’, but shifted right 6 units and up 
2 units 

55. The shape of y = x’, but upside-down and shifted 
right 3 units and up 4 units 

56. The shape of y = |x|, but stretched horizontally by 
a factor of 2 and shifted down 5 units 

57. The shape of y = Vx, but reflected across the y-axis 
and shifted left 2 units and down 1 unit 

58. The shape of y = 1/.x, but reflected across the x-axis 
and shifted up 1 unit 



A graph of y = f(x) follows. No formula for f is given. In 
Exercises 59-66, graph the given equation. 

59. g(x) = —2f(x) 

60. g(x) = > f(x) 

61. g(x) = f(—3x) 
62. g(x) = f(2x) 

63. g(x) = —->f(x —1) +3 

64. 9(x) = —3f(x+ 1) —-4 

65. g(x) = f(—x) 

66. g(x) = f(x) 
A graph of y = g(x) follows. No formula for g is given. 
In Exercises 67-70, graph the given equation. 

67, Bienes 2)at 1 

68. h(x) = 38(—-*) 
69. h(x) = g(2x) 

TO = 2e(x = 1) "3 
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The graph of the function f is shown in figure (a) below. In 
each of Exercises 71-78, match the function g with one of 
the graphs (a)-(h) that follow. Some graphs may be used 
more than once and some may not be used at all. 
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For each pair of functions, determine if g(x) = f(—*). 

Ths les) ae eee mache aah 
aay ne Bio Bebe a ake Ns 

SOx y= ax eee eaSix = 17, 
Cet eee Se 17 

A graph of the function f(x) = x° — 3x* is shown below. 
Exercises 81-84 show graphs of functions transformed from 
this one. Find a formula for each function. 

| NO af 

2b 

ne L(0, 0) (3, 0) 
nao IN OE 4a 

(a =? : © (2, —4) 

81 82. 

> Skill Maintenance 

Determine algebraically whether the graph is symmetric 
with respect to the x-axis, the y-axis, and the origin. {2.4} 

85. y = 3x4 -— 3 

86.°° =x 

87. 2x — 5y = 0 é 

Solve. [1.5] 

88. Federal Tax Rules. The number of pages of USS. federal 
tax rules that explain the tax code and regulations totaled 
74,608 in 2014 (for tax year 2013). This number was an 
increase of 84.2% over the number of pages in 1995 (for 
tax year 1994). (Source: Wolters Kluwer, CCH: 2014) 

Find the number of pages of federal tax rules in 1995. 

89. Guns with Airline Passengers. In 2013, the Transpor- 

tation Security Administration found 1828 guns with 

travelers preparing to board an airplane. This number 

was 418 less than twice the number of guns discovered 

in 2010. (Source: Transportation Security Administra- 

tion data by Northwestern University Medill National 

Security Journalism Initiative) How many guns were 

found with airline travelers in 2010? 

90. Acres of Pumpkins. In 2012, 16,200 acres of pump- 

kins were harvested in Illinois. This amount was about 
54.5% of the total number of acres of pumpkins har- 
vested in Michigan, Ohio, and Illinois. (Source: U.S. 
Department of Agriculture) Find the total number 
of acres of pumpkins harvested in Michigan, Ohio, 

and Illinois. 

» Synthesis 

Use the following graph of the function f for Exercises 91 
and 92. 

91. Graph: y = |f(x)|. 92. Graph: y = f(|x]|). 

Use the following graph of the function g for Exercises 93 
and 94. 

93. Graph: y = g(|x|). 94. Graph: y = |g(x)|. 

95. If (—1, 5) is a point on the graph of y = f(x), find b 
such that (2, b) is on the graph of y = f(x — 3). 

96. The graph of f(x) = |x| passes through the points 
(—3, 3), (0, 0), and (3, 3). Transform this function 
to one whose graph passes through the points (5, 1), 
(8, 4), and (11, 1). 



SECTION 2.6 Variation and Applications 147 

Variation and Applications 

» Find equations of direct variation, inverse variation, and combined variation 

given values of the variables. 

® Solve applied problems involving variation. 

We now consider applications involving variation. 

» Direct Variation 

The median hourly wage for an elevator and escalator installer/repairer is $35 per 
hour (Source: U.S. Bureau of Labor Statistics). In 1 hr, $35 is earned; in 2 hr, $70 is 

earned; in 3 hr, $105 is earned; and so on. This gives rise to a set of ordered pairs: 

(EBay (270) (S105), *(4, 140) eeand.coon: 

Note that the ratio of the second coordinate to the first coordinate is the same 

number for each pair: 

SD pirat 0 Le 35. —— =) 35, 5 35.) and so on, 
1 y) 3 4 

Earnings for Elevator and Escalator Installer/Repairer 

Earnings 

Time (in hours) 

Whenever a situation produces pairs of numbers in which the ratio is con- 
The graph of y = kx, k > 0, stant, we say that there is direct variation. In this case, the amount earned E varies 
always goes through the directly as the time worked ft: 
origin and rises from left E 
to right. Note that as x — = 35(aconstant), or E = 35t, 

increases, y increases. That b 

is, the function is increasing or, if we use function notation, E(t) = 35t. This equation is an equation of direct 
on the interval (0, oo ). The variation. The coefficient, 35, is called the variation constant. In this case, it is the 
constant k is also the slope rate of change of earnings with respect to time. 
of the line. 

DIRECT VARIATION 

If a situation gives rise to a linear function f(x) = kx, or y = kx, where k 
is a positive constant, we say that we have direct variation, or that y 
varies directly as x, or that y is directly proportional to x. The number k 
is called the variation constant, or the constant of proportionality. 
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EXAMPLE 1. Find the variation constant and an equation of variation in which 

y varies directly as x, and y = 32 when x = 2. 

Solution We know that (2, 32) is a solution of y = kx. Thus, 

y= kx ay 

32 =k-2 Substituting 80 

ad =k Solving for k 
p) Alb 

16 = k. Simplifying 20+ 

The variation constant, 16, is the rate of change of y with respect to x. The equation 
of variation is y = 16x. Now Try Exercise 1. 

EXAMPLE 2 Water from Melting Snow. The number of centimeters W of 
ier ais water produced from melting snow varies directly as S, the number of centimeters 

| of snow. Meteorologists have found that under certain conditions 150 cm of snow 
will melt to 16.8 cm of water. To how many centimeters of water will 200 cm of snow 
melt under the same conditions? 

Scmof | 

snow 
Solution We can express the amount of water as a function of the amount of 
snow. Thus, W(S) = kS, where k is the variation constant. We first find k using the 

| given data and then find an equation of variation: 

W(S) = ks W varies directly as S. 

W(150) = k+ 150 Substituting 150 for S 

16.8 = k+ 150 Replacing W(150) with 16.8 

16.8 
a Solving for k 
150 

OND = Ie. This is the variation constant. 

The equation of variation is W(S) = 0.1128. 

W(S) = 0.1128 

i i 4 — {| 

150 200 2505 
| 

50-100 

Next, we use the equation to find how many centimeters of water will result 
from melting 200 cm of snow: 

W(S) = 0.1128 

W(200) = 0.112(200) Substituting 

= 22:4. 

Thus, 200 cm of snow will melt to 22.4 cm of water. 

Now Try Exercise 17. 



Time (in hours) 
~ (20, 1) 1 

ii ec ) 

pe eee es 

Speed (in miles per hour) 

The graph of y = k/x, 
k > 0, is like the one shown 
below. Note that as x 
increases, y decreases. That 
is, the function is decreasing 
on the interval (0, co). 

VA 
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» Inverse Variation 

Suppose a bus is traveling a distance of 20 mi. At a speed of 5 mph, the trip will 
take 4 hr; at 10 mph, it will take 2 hr; at 20 mph, it will take 1 hr; at 40 mph, it will 

take 5 hr; and so on. We plot this information on a graph, using speed as the first 
coordinate and time as the second coordinate to determine a set of ordered pairs: 

(5,4), (10,2), (20,1), (40,4), andso on. 

Note that the products of the coordinates are all the same number: 

54 ="20" 41052 = 20; "20 1 = 20s 0- 0. weandisoron 

Whenever a situation produces pairs of numbers in which the product is con- 
stant, we say that there is inverse variation. In this case, the time varies inversely 
as the speed, or rate: 

20 
rt = 20(aconstant), or t= ae 

or, if we use function notation, t(r) = 20/r. This equation is an equation of 
inverse variation. The coefficient, 20, is called the variation constant. Note that 

as the first number increases, the second number decreases. 

INVERSE VARIATION 

If a situation gives rise to a function f(x) = k/x, or y = k/x, where k is 
a positive constant, we say that we have inverse variation, or that y varies 

inversely as x, or that y is inversely proportional to x. The number k is 
called the variation constant, or the constant of proportionality. 

EXAMPLE 3 Find the variation constant and an equation of variation in which 

y varies inversely as x, and y = 16 when x = 0.3. 

Solution We know that (0.3, 16) is a solution of y = k/x. We substitute: 

k 

yx 

lLé= >= Substituting 
0.3 

(0.3)16 =k Solving for k 

48 = 

The variation constant is 4.8. The equation of variation is y = 4.8/x. 

Now Try Exercise 3. 

There are many real-world problems that translate to an equation of inverse 

variation. 



150 CHAPTER 2 More on Functions 

EXAMPLE 4 Filling a Swimming Pool. The time t required to fill a swim- 

ming pool varies inversely as the rate of flow r of water into the pool. A tank truck 

can fill a pool in 90 min at a rate of 1500 L/min. How long would it take to fill the 

pool at a rate of 1800 L/min? 

Solution We can express the amount of time required as a function of the rate 
of flow. Thus we have t(r) = k/r. We first find k using the given information and 
then find an equation of variation: 

k 
t(r) = on t varies inversely as r. 

k 
t(1500) = —— Substituting 1500 for r 

1500 

90 E Replacing (1500) with 90 = acin wi 1500 yaa 
90-1500 =k Solving for k 

135,000 — whe This is the variation constant. 

The equation of variation is 

135,000 t(r) = ——, . 

Next, we use the equation to find the time that it would take to fill the pool at a 
rate of 1800 L/min: 

135,000 (r) = 
135,000 

t(1800) = Substituting 
1800 

(oO: 

Thus it would take 75 min to fill the pool at a rate of 1800 L/min. 

Now Try Exercise 15. 

Let’s summarize the procedure for solving variation problems. 

SOLVING VARIATION PROBLEMS 

1. Determine whether direct variation or inverse variation applies. 
2. Write an equation of the form y = kx (for direct variation) or y = k/x 

(for inverse variation), substitute the known values, and solve for k. 
3. Write the equation of variation, and use it to find the unknown value(s) 

in the problem. 
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» Combined Variation 

We now look at other kinds of variation. 

a as 

y varies directly as the nth power of x if there is some positive constant k 
such that 

y = kx". 

y varies inversely as the nth power of x if there is some positive constant k 
such that 

YS ete 
x 

y varies jointly as x and z if there is some positive constant k such that 

y = kxz. 

There are other types of combined variation as well. Consider the formula for 
the volume of a right circular cylinder, V = arh, in which V, r, and h are variables 

and 7 is a constant. We say that V varies jointly as h and the square of r. In this 
formula, 7 is the variation constant. 

EXAMPLE 5 Find an equation of variation in which y varies directly as the 
square of x, and y = 12 when x = 2. 

Solution We write an equation of variation and find k: 

yak 

(hu Aiea Substituting 

12=k-4 

3 =k. 

Tiissyi= 3x Now Try Exercise 27. 

EXAMPLE 6 Find an equation of variation in which y varies jointly as x and z, 
and y = 42 whenx = 2andz = 3. 

Solution We have 

y = kxz 

42 = k-2°3 Substituting 

42 = k+6 

7 =k. 

Thus, y = 7xz. Now Try Exercise 29. 

EXAMPLE 7 Find an equation of variation in which y varies jointly as x and 
z and inversely as the square of w, and y = 105 when x = 3,z = 20, and w = 2. 
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Solution We have 

XZ = ke 
yf ee 

3.° 20 
iS —— Ks 52 Substituting 

105 = k+15 

7 =k. 

Zz 7XZ ; 
Thus, y = 7 7 ON ies Now Try Exercise 33. 

w w 

EXAMPLE 8 Volume ofa Tree. The volume of wood V ina tree varies jointly 

as the height h and the square of the girth g. (Girth is distance around.) If the volume 

of a redwood tree is 216 m?* when the height is 30 m and the girth is 1.5 m, what is 
the height of a tree whose volume is 344 m° and whose girth is 1.6 m? 

Solution We first find k using the first set of data. Then we solve for h using the 
second set of data. 

V = khg’ 

216 = k+30°1.5° 
216 31k 730"2.25 

216 = k+67.5 

3.2 =k 

Thus the equation of variation is V = 3.2hg’. We substitute the second set of data 
into the equation: 

344 = 3.2-h-1.6 

344 = 3.2-h-2.56 

344 = 8.192-h 

42 = h. 

The height of the tree is about 42 m. 

Exercise Set 

Find the variation constant and an equation of variation 7. y varies inversely as x, and y = 32 when x = b 
for the given situation. 

8. ies di = = 
1. y varies directly as x, and y = 54 when x = 12 Y VALISS CUICCLY 28 ae 

9: ies di =; = 
. y varies directly as x, and y = 0.1 when x = 0.2 ee ee aS ee ee 

10. ies | =} = 
. y varies inversely as x, and y = 3 when x = 12 J) NAUIESITINGISEIY: 38 70 5 ee 

11. y varies inversely as x, and y = 1.8 when x = 0.3 

' 12. y varies directly as x, and y = 0.9 when x = 0.4 

2 

3 

4. y varies inversely as x, and y = 12 whenx = 5 

5. y varies directly as x, and y = 1 whenx = 7 

6 . y varies inversely as x, and y = 0.1 when x = 0.5 



13. 

14. 

15. 

16. 

ee 

18. 

Child’s Allowance. The Harrisons decide to give 
their children a weekly allowance that is directly 
proportional to each child’s age. Their 6-year-old 
daughter receives an allowance of $5.50. What is their 
9-year-old son's allowance? 

Sales Tax. The amount of 
sales tax paid on a product 
is directly proportional to 
the purchase price. In Iowa, 
the sales tax on a Nook 
Glowlight™ that sells for 
$119 is $7.14. What is the 
sales tax on an e-book that 
sells for $21? 

Rate of Travel. The time t required to drive a fixed 
distance varies inversely as the speed r. It takes 5 hr 
at a speed of 80 km/h to drive a fixed distance. How 
long will it take to drive the same distance at a speed 
of 70 km/h? 

Beam Weight. The weight W that a horizontal beam 
can support varies inversely as the length L of the 
beam. Suppose an 8-m beam can support 1200 kg. 
How many kilograms can a 14-m beam support? 

Fat Intake. The maximum number of grams of fat 
that should be in a diet varies directly as a persons 
weight. A person weighing 120 lb should have no 
more than 60 g of fat per day. What is the maximum 
daily fat intake for a person weighing 180 lb? 

House of Representatives. The number of representa- 
tives N that each state has varies directly as the number of 
people P living in the state. If California, with 38,040,000 
residents, has 53 representatives, how many representa- 

tives does Texas, with a population of 26,060,000, have? 

19 

20. 

21. 

22. 

23. 

24. 
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. Work Rate. The time T required to do a job varies 
inversely as the number of people P working. It 
takes 5 hr for 7 bricklayers to build a park wall. 
How long will it take 10 bricklayers to complete 
the job? 

Pumping Rate. The time t required to empty a 
tank varies inversely as the rate r of pumping. If 
a pump can empty a tank in 45 min at the rate of 
600 kL/min, how long will it take the pump to empty 
the same tank at the rate of 1000 kL/min? 

Hookes Law. Hooke’s law states that the distance d 
that a spring will stretch varies directly as the mass m 
of an object hanging from the spring. If a 3-kg mass 
stretches a spring 40 cm, how far will a 5-kg mass 
stretch the spring? 

Relative Aperture. The relative aperture, or f-stop, 
of a 23.5-mm diameter lens is directly proportional 
to the focal length F of the lens. If a 150-mm focal 
length has an f-stop of 6.3, find the f-stop of a 
23.5-mm diameter lens with a focal length of 
80 mm. 

Musical Pitch. The pitch P of a musical tone varies 
inversely as its wavelength W. One tone has a pitch of 
330 vibrations per second and a wavelength of 3.2 ft. 
Find the wavelength of another tone that has a pitch 
of 550 vibrations per second. 

i 

Weight on Mars. 
Mars varies directly as its weight E on Earth. A 
person who weighs 95 Ib on Earth weighs 35.9 lb on 
Mars. How much would a 100-lb person weigh 

on Mars? 4 

The weight M of an object on 
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Find an equation of variation for the given situation. 

29: 

26. 

27. 

28. 

29. 

30. 

SI. 

32, 

33. 

34. 

3D. 

36. 

O7e 

y varies inversely as the square of x, and y = 0.15 
when x = 0.1 

y varies inversely as the square of x, and y = 6 when 

oe 8) 

y varies directly as the square of x, and y = 0.15 
when x = 0.1 

y varies directly as the square of x, and y = 6 when 

A ——3 

y varies jointly as x and z, and y = 56 when x = 7 

andz = 8 

y varies directly as x and inversely as z, and y = 4 
when x = 12 andz = 15 

y varies jointly as x and the square of z, and y = 105 
when x = l4andz = 5 

y varies jointly as x and z and inversely as w, and 
y =$whenx = 2,2 = 3,andw =4 

y varies jointly as x and z and inversely as the product 
of wand p, and y = 3 when x = 3,z = 10, w = 7, 
and p = 8 

y varies jointly as x and z and inversely as the square 
of w, and y = 4 whenx = 16,z = 3,andw = 5 

Intensity of Light. The intensity I of light from a 
light bulb varies inversely as the square of the dis- 
tance d from the bulb. Suppose that I is 90 W /m* 
(watts per square meter) when the distance is 5 m. 

How much farther would it be to a point where the 
intensity is 40 W/m’? 

Atmospheric Drag. Wind resistance, or atmos- 

pheric drag, tends to slow down moving objects. 
Atmospheric drag varies jointly as an object’s surface 
area A and velocity v. If a car traveling at a speed of 
40 mph with a surface area of 37.8 ft” experiences a 
drag of 222 N (Newtons), how fast must a car with 
51 ft? of surface area travel in order to experience a 
drag force of 430 N? 

Stopping Distance of a Car. The stopping distance 
d of a car after the brakes have been applied varies 
directly as the square of the speed r. If a car traveling 
60 mph can stop in 200 ft, how fast can a car travel 
and still stop in 72 ft? 

38. 

39: 

40. 

> 

Weight of an Astronaut. The weight W of an object 

varies inversely as the square of the distance d from the 

center of the earth. At sea level (3978 mi from the center 

of the earth), an astronaut weighs 220 Ib. Find his weight 

when he is 200 mi above the surface of the earth. 

Earned-Run Average. A pitcher's earned-run average E 
varies directly as the number R of earned runs allowed 
and inversely as the number I of innings pitched. In 
2013, Jon Lester of the Boston Red Sox had an earned- 

run average of 3.75. He gave up 89 earned runs in 213.1 

innings. How many earned runs would he have given 
up had he pitched 235 innings with the same average? 
Round to the nearest whole number. 

Boyles Law. The volume V of a given mass of a gas 
varies directly as the temperature T and inversely as 
the pressure P. If V = 231 cm’ when T = 42° and 
P = 20 kg/cm’, what is the volume when T = 30° 
and P = 15kg/cm’? 

Skill Maintenance 

Vocabulary Reinforcement 

In each of Exercises 41-45, fill in the blank with the correct 
term. Some of the given choices will not be used. 

41. 

42. 

43. 

44. 

relative maximum 

relative minimum 

even function 

odd function 

constant function solution 
composite function zero 
direct variation perpendicular 
inverse variation parallel 

Nonvertical lines are if and 
only if they have the same slope and different 
y-intercepts. [1.4] 

An input c of a function f is a(n) of 
the function if f(c) = 0. [1.5] 

For a function f for which f(c) exists, f(c) is a(n) 
if f(c) is the lowest point in 

some open interval. [2.1] 

If the graph of a function is symmetric with respect 
to the origin, then fis a(n) [2.4] 

. An equation y = k/x is an equation of 
~ [2:6] 

Synthesis 

. In each of the following equations, state whether y 
varies directly as x, inversely as x, or neither directly 
nor inversely as x. 

a) 7xy = 14 bye yl 
c)) =2e+ 3y' = 0 d) x =2y 

G 
e) —=2 

Ji 
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47. Volume and Cost. An 18-oz jar of peanut butter in 48. Describe in words the variation given by the equation 
the shape of a right circular cylinder is 5 in. high and kp 
3 in. in diameter and sells for $2.89. In the same store, ON as aces 
a 22-02 jar of the same brand is 5} in. high and 3+ in. 
in diameter. If the cost is directly proportional to vol- 49 
ume, what should the price of the larger jar be? If the 
cost is directly proportional to weight, what should 
the price of the larger jar be? 

. Area of a Circle. The area of a circle varies directly 
as the square of the length of a diameter. What is the 
variation constant? 

Chapter 2 Summary and Review 

STUDY GUIDE 

KEY TERMS AND CONCEPTS 

Increasing, Decreasing, and 

Constant Functions 

A function fis said to be increasing on 

an open interval I if for all a and b in that 

interval, a < bimplies f(a) < f(b). 

A function fis said to be decreasing on 

an open interval J if for all a and b in that 

interval, a < bimplies f(a) > f(b). 

A function fis said to be constant on an 

open interval I if for all a and b in that 
interval, f(a) = f(b). 

Relative Maxima and Minima 

Suppose that fis a function for which 

f(c) exists for some c in the domain of 

je Then: 

f(c) is a relative maximum if there 
exists an open interval J containing c 

such that f(c) > f(x) for all x in I, where 

x # c,and 

f(c) isa relative minimum if there 
exists an open interval I containing c 

such that f(c) < f(x) for all x in J, 

Wihele x 20. 

SECTION 2.1: INCREASING, DECREASING, AND PIECEWISE FUNCTIONS; APPLICATIONS 

EXAMPLES 

Determine the intervals on which the function is (a) increasing; 

(b) decreasing; (c) constant. 

a) As x-values increase from —5 to —2, y-values increase from 

—4 to —2; y-values also increase as x-values increase from 

—1 to 1. Thus the function is increasing on the intervals 

(—5, -2) and (-1, 1). 
b) As x-values increase from —2 to —1, y-values decrease from 

—2 to —3, so the function is decreasing on the interval 

(a 

c) As x-values increase from 1 to 5, y remains 5, so the function 

is constant on the interval (1, 5). 

Determine any relative maxima or minima of the function. 

y 

(—1.09, 4.05) 7 

2.3.4.5..8 % 

0.76, —2.34) 

We see from the graph that the function has one relative 

maximum, 4.05. It occurs when x = —1.09. We also see that 

there is one relative minimum, —2.34. It occurs when x = 0.76. 
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Some applied problems can be modeled 

by functions. 

To graph a function that is defined 
piecewise, graph the function in parts as 

defined by its output formulas. 

Greatest Integer Function 

f(x) = [x] = the greatest integer less 
than or equal to x. 

See Examples 3 and 4 on pages 101 and 102. 

Graph the function defined as 

Ngo = Be soe ge KM 
f(s)= 

x+1, forx = 1. 

We create the graph in two parts. First, we graph 

f(x) = 2x — 3 for inputs x less than 1. Then we graph 
f(x) = x + 1 for inputs x greater than or equal to 1. 

The graph of the greatest integer function is shown below. Each 

input is paired with the greatest integer less than or equal to 

that input. 

SECTION 2.2: THE ALGEBRA OF FUNCTIONS 

Sums, Differences, Products, 

and Quotients of Functions 

If fand gare functions and x is in the 

domain of each function, then: 

(f + g)(x) = f(x) + g(x), 
(f — g)(x) = f(x) — g(x), 
(fg)(x) = f(x) + g(x), 
( f/8)(x) = f(x)/g(x), 

provided g(x) # 0. 

Domains of f + g, f — g, fg, and f/g 

If fand g are functions, then the domain 

of the functions f + g, f — g, and fg is 
the intersection of the domain of fand 

the domain of g. The domain of f/g is 
also the intersection of the domain of f 

and the domain of g, with the exclusion 

of any x-values for which g(x) = 0. 

Given that f(x) = x — 4and g(x) = Vx + 5, find each of 
the following. 

(x) = f(x) -g(x) = (x - 4)Vx +5 

a) (f + g)(x) b) Gp 2100) 

c) (fg)(x) d) (f/g)(x) 

UN Ghar eo CF eam (ES) New (Ma cee Mais sihs 

B) Gf 7) (5) ee ed oe Vr 

(fg 

e 

For the functions f and g above, find the domains of 

f+ gf— gfe and f/g. 
The domain of f(x) = x —_4 is the set of all real num- 

bers. The domain of g(x) = Vx + 5 is the set of all real 

numbers for which x + 5 = 0, or x = —5, or [—5, 00). Then 
the domain of f + g, f — g, and fg is the set of numbers in the 
intersection of these domains, or | —5, co). 

Since g(—5) = 0, we must exclude —5. Thus the domain 
of f/g is |=5, 00) excluding -=-5, 0% (—5,.00y), 
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The difference quotient for a function For the function f(x) = x? — 4, construct and simplify the 
F(x) is the ratio difference quotient. 

Je eh) = f(x) f(x +h) -— f(x) _ [(x +h) - 4] - (2 -4) 
h h 7 h 

iteexhiceds) sat tat 

h 

Rae haa) 

st leas 
= 2x +h 

SECTION 2.3: THE COMPOSITION OF FUNCTIONS 

The composition of functions, f° g, is Given that f(x) = 2x — land g(x) = Vx, find each of the 
defined as following. 

(fe g)(x) = f(g(x)), a) (feg)(4) b) (g°g)(625) 

where x is in the domain of g and g(x) o) (fo ay(x) NE a 
is in the domain of f e) The domain of f° g and the domain of go f 

a) (fe g)(4) = fle(4)) = f(V4) = f(2) = 2-2-1 = 
4 l= 3 

b) (g2g)(625) = g(g(625)) = g(V625) = g(25) = 
V25=5 

c) (fegi(x) = fle(x)) = f(Vx) =2Ve-1 
d) (ge f)(x) = g(f(x)) = g(2x — 1) = V2x-1 
e) The domain and the range of f(x) are both (—oo, oo), and 

the domain and the range of g(x) are both [0, oo). Since the 
inputs of f° g are outputs of g and since f can accept any real 

number as an input, the domain of f° g consists of all real 

numbers that are outputs of g, or [0, 00). 

The inputs of g° f consist of all real numbers that are in the 
domain of g. Thus we must have 2x — 1 = 0, or x = 3, so 

the domain of g° f is [3 00). 

When we decompose a function, If h(x) = V3x + 7, find f(x) and g(x) such that 
we write it as the composition of two h(x) = (feg)(x). 

functions. This function finds the square root of 3x + 7, so one de- 
composition is f(x) = Vx and O(N) = 3% FZ, 

There are other correct answers, but this one is probably 

the most obvious. 
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SECTION 2.4: SYMMETRY 

Algebraic Tests of Symmetry Test y = 2x° for symmetry with respect to the x-axis, the 

x-axis: If replacing y with —y produces y-axis, and the origin. 

an equivalent equation, then the graph is x-axis: We replace y with —y: 
symmetric with respect to the x-axis. a 

i Aa 
y-axis: If replacing x with —x produces 3 ae 

) = —2x', by -1 
an equivalent equation, then the graph is ie 2% Multiplying by 

symmetric with respect to the y-axis. The resulting equation is not equivalent to the original equa- 

Origin: If replacing x with —x and y with tion, so the graph is not symmetric with respect to the x-axis. 

—y produces an equivalent equation, then y-axis: We replace x with —x: 

the graph is symmetric with respect to the Ee eae 

origin. y= 2x) 
l= —2x3. 

The resulting equation is not equivalent to the original equa- 

tion, so the graph is not symmetric with respect to the y-axis. 

Origin: We replace x with —x and y with —y: 

The resulting equation is equivalent to the original equation, so 

the graph is symmetric with respect to the origin. 

Even Functions and Odd Functions Determine whether each function is even, odd, or neither. 

If the graph of a function is symmetric a) o(x) = 2x? = 4 by hee) = x = 3x — x 
with respect to the y-axis, we say that it eae ; 
: : : . a) We first find ¢( — nd simplify: 
is an even function. That is, for each x in ) : g(—x) a implify 

the domain of f, f(x) = f(—x). g(—x) = 2(—x)* -— 4 

If the graph of a function is symmetric = 2x" — 4: 

with respect to the origin, we say that it e <r 
snail NTE eae g(x) = g(—x), so gis even. Since a function other than 

fre domamore(an = Ve f(x) = 0 cannot be both even and odd and g is even, we 

< need not test to see if it is an odd function. 

b) We first find h(—x) and simplify: 

NaC e) © 8(— a) te) 
= =x? + 3x9 + & 

h(x) # h(—x), so h is not even. 

Next, we find —h(x) and simplity: 

—h(x) = —(x° — 3x° — x) 

= —x? + 3x° + x. 

h(—x) = —h(x), so h is odd. 
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SECTION 2.5: TRANSFORMATIONS 

Vertical Translation Graph g(x) = (x — 2)? + 1. Before doing so, describe how 
For b > 0: the graph can be obtained from the graph of f(x) = x’. 

the graph of y = f(x) + bis the First, note that the graph of h(x) = (x — 2)* is the 
graph of y = f(x) shifted up b units; graph of f(x) = x? shifted right 2 units. Then the graph of 
the graph of y = f(x) — bis the g(x) = (x — 2)? + Lis the graph of h(x) = (x — 2)? shifted 
graph of y = f(x) shifted down up | unit. Thus the graph of gis obtained by shifting the graph 

b ere of f(x) = x? right 2 units and up 1 unit. 

Horizontal Translation - 

For d > 0: J 

the graph of y = f(x — d) is the a EER ERE 
graph of y = f(x) shifted right 33 
d units; s 

the graph of y = f(x + d) is the g(x) =(x-2P +1 
graph of y = f(x) shifted left d units. 

Reflections Graph each of the following. Before doing so, describe how 

The graph of y = —f(x) is the reflec- each graph can be obtained from the graph of f(x) = x* — x. 

tion of y = f(x) across the x-axis. aes) — DACA (See (Sea) 

The graph of y = f(—x) is the reflec- a) Note that 
tion of y = f(x) across the y-axis. ; 

If a point (x, y) is on the graph of ee Zt a 
y = f(x), then (x, —y) is on the graph ok ek 
of y = —f(x), and (—x, y) is on the =x-« 

graph of y = f(—x). = 9(x). 

Thus the graph is a reflection of the graph of f(x) = x° — x 
across the x-axis. 

f(x) =x7—% 
yr 

g(x) =x — x? 

b) Note that 

iS ee) ena): 

Thus the graph of h(x) = (—x)* — (~—x) isa reflection of 
the graph of f(x) = x? — x across the y-axis. 

BG) =<) 2 Gs) 
/ fear —x 

ya if 
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Vertical Stretching and Shrinking 

The graph of y = af(x) can be obtained 
from the graph of y = f(x) by: 

stretching vertically for |a| > 1, or 

shrinking vertically for0 < |a| < 1. 

For a < 0, the graph is also reflected 
across the x-axis. 

(The y-coordinates of the graph of 

y = af(x) can be obtained by multiply- 
ing the y-coordinates of y = f(x) by a.) 

Horizontal Stretching and Shrinking 

The graph of y = f(cx) can be obtained 
from the graph of y = f(x) by: 

shrinking horizontally for |c| > 1, 

or 

stretching horizontally for 

OF cna 

For c < 0, the graph is also reflected 

across the y-axis. 

(The x-coordinates of the graph of 

y = f(cx) can be obtained by dividing 
the x-coordinates of y = f(x) byc.) 

A graph of y = g(x) is shown below. Use this graph to graph 

each of the given equations. 

a) f(x) = g(2x) ) 
oie = ose) ) 

a) Since |2| > 1, the graph of f(x) = g(2x) is a horizontal 
shrinking of the graph of y = g(x). The transformation 

divides each x-coordinate of g by 2. 

b a Since |—2| > 1, the graph of f(x) = —2g(x) is a vertical 
stretching of the graph of y = g(x). The transformation 
multiplies each y-coordinate of g by 2. Since —2 < 0, the 
graph is also reflected across the x-axis. 

c) Since |5| < 1, the graph of f(x) = 3 g(x) is a vertical 

shrinking of the graph of y = g(x). The transformation 

multiplies each y-coordinate of g by 5. 

(continued ) 



Direct Variation 

If a situation gives rise to a linear func- 

tion f(x) = kx, or y = kx, where k is 
a positive constant, we say that we have 

direct variation, or that y varies directly 

as x, or that y is directly proportional 

to x. The number k is called the 

variation constant, or the constant 

of proportionality. 

Inverse Variation 

If a situation gives rise to a function 

f(x) = k/x, or y = k/x, where kis a 
positive constant, we say that we have 

inverse variation, or that y varies 

inversely as x, or that y is inversely 

proportional to x. The number k is 

called the variation constant, orthe 

constant of proportionality. 

SECTION 2.6: VARIATION AND APPLICATIONS 

Summary and Review 

d) Since |3| < 1, the graph of f(x) = g(}x) is a horizontal 
stretching of the graph of y = g(x). The transformation 

divides each x-coordinate of g by 5 (which is the same as 
multiplying by 2). 

Find an equation of variation in which y varies directly as x, 

and y = 24 when x = 8. Then find the value of y when x = 5. 

First, we have 

y = kx y varies directly as x. 

24=k:8 Substituting 

3=k Variation constant 

The equation of variation is y = 3x. Now we use the equation 

to find the value of y when x = 5: 

y= oes 

pea) 

=I15: 

Substituting 

When x = 5, the value of y is 15. 

Find an equation of variation in which y varies inversely as 

x,and y = 5 when x = 0.1. Then find the value of y when 

a UP 

First, we have 

k 
LV i ieee y varies inversely as x. 

x 

) = = Substituting 
0.1 

0.5=k Variation constant 

aS 
The equation of variation is y = ex Now we use the equation 

to find the value of y when x = 10: 

mos 
y~ x 

0.5 
= Substituting 

10 

=7).09; 

When x = 10, the value of y is 0.05. 

161 
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Combined Variation 

y varies directly as the nth power of x if 

there is some positive constant k such that 
First, 

y = kx". 

y varies inversely as the nth power of x if y 

there is some positive constant k such that 

k 8 
aa 

y varies jointly as x and z if there is some 8 

positive constant k such that 

y = kxz. 1 

The equation of variation is y = 4 ae ORs 

REVIEW EXERCISES 

Determine whether the statement is true or false. 

1. The greatest integer function pairs each input with 
the greatest integer less than or equal to that input. 
[2.1] 

2. In general, for functions fand g, the domain of fo g = 
the domain of ge f. [2.3] 

3. The graph of y = (x — 2)’ is the graph of y = x? 
shifted right 2 units. [2.5] 

4, The graph of y = —x” is the reflection of the graph of 
Vex actoss the x-axis. [2.5] 

Determine the intervals on which the function is 
(a) increasing, (b) decreasing, and (c) constant. [2.1] 

yA 

Graph the function. Estimate the intervals on which the 
function is increasing or decreasing and estimate any relative 
maxima or minima. [2.1] 

Gey =e = | 

8. f(x) = 2- |e 

we have 

3) = k- 

= 2k 

9: 

10. 

11. 

Find an equation of variation in which y varies jointly as w 

and the square of x and inversely as z, and y = 8 when 

Ve = 3. se = 2, anal Z = ©: 

Substituting 

oc8 
6 

Variation constant 

2 
wx? 4wx* 

Zz 

Fenced Patio. Syd has 48 ft of rolled bamboo fence 
to enclose a rectangular patio. The house forms one 
side of the patio. Suppose two sides of the patio are 
each x feet. Express the area of the patio as a function 
of x. [2.1] 

Inscribed Rectangle. A rectangle is inscribed in a 
semicircle of radius 2, as shown. The variable x = 
half the length of the rectangle. Express the area of 
the rectangle as a function of x. [2.1] 

YA 

Minimizing Surface Area. A container firm is de- 
signing an open-top rectangular box, with a square 
base, that will hold 108 in’. Let x = the length of a 
side of the base. 

x 

a) Express the surface area as a function of x. [2.1] 
b) Find the domain of the function. [2.1] 
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c) Using the following graph, determine the Given that f(x) = 2x — 1, g(x) = x? + 4,and 
dimensions that will minimize the surface area Gaia Gye wa find each of the following. [2.3] 

ae ai 28. (f°g)(1) 29. (g2f)(1) 
30. (ho f)(—2) 31. (g°h)(3) 
32. (feh)(—1) 33. (he g)(2) 
34. (fe f)(x) 35. (he h)(x) 

eT OMTERD OAS For each pair of functions in Exercises 36 and 37: 

Couey, , Ee ist a) Find (f° g)(x) and (ge f)(x). [2.3] 
raph each of the following. [2.1] b) Find the domain of f° g and the domain of g°f. [2.3] 
A errs fOr. A, 4 

12. f(x) = eo tor A 20-1) an) ia, 

xe forx <<) 37. f(x) = 3x? + 4x, g(x) = 2x - 1 
ie = a ie pe 

sae, Ix], ; a g r ae Find f(x) and g(x) such that h(x) = (f°g)(x). [2.3] 

a eae: 38. h(x) = V5x + 2 
Kort 

ai a 39. h(x) = 4(5x — 1)? + 9 vee eee orx ~ —1 (x) (Sxocmaly) 

3. feet 4 Graph the given equation and determine visually whether it 

is symmetric with respect to the x-axis, the y-axis, and the 
15. f(x) = [x] origin. Then verify your assertion algebraically. [2.4] 

16. f(x) = [x - 3] AN thy =a AP y= en 

17. For the function in Exercise 13, find f(—1), f(5), 42.x t+ y= 3 PEL BE es 

f(-2), and f(—3). [2.1] 14 NI ree a 

18. For the function in Exercise 14, find f(—2), f(—1), Determine visually whether the function is even, odd, or 
f(0), and f(4). [2.1] neither even nor odd. [2.4] 

Given that f(x) = Vx — 2 and g(x) = x* — 1, find 46. YA 47. YA 
each of the following if it exists. [2.2] 

—_—_" 
19. (f — g)(6) 20. (fg)(2) 
21. (f + g)(-1) ~ : 
For each pair of functions in Exercises 22 and 23: 

a) Find the domains off. g f + & f — g fg,and f/g. [2.2] 

b) Find (f + g)(x), (f — g)(x), Ufg)(), and AS. yA 49. yA 

(f/g)(x). [2.2] 

22. f(x) = = g(x) = 3 — 2x 

Doan) — 3x or 4x, o(x) = 2x — | 

24. Given the total-revenue and total-cost functions 

R(x) = 120x — 0.5x? and C(x) = 15x + 6, find 
the total-profit function P(x). [2.2] 

RV RV 

For each function f, construct and simplify the difference In Exercises 50-55, test whether the function is even, odd, 
quotient. [2.2] or neither even nor odd. [2.4] 

DD f(x) = we sp 7 50. f(x) = Qo x? 

Oe GH CO eae 51. f(x) =x -— 2x + 4 
4 Te, 5 

27. f(x) =— SO (Xe aaa 
x 
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Se gC) = ee 
DAN oy lo x 

55. f(x) = a 

Write an equation for a function that has a graph with the 
given characteristics. [2.5] 

56. The shape of y = x’, but shifted left 3 units 

57. The shape of y = \/x, but upside down and shifted 

right 3 units and up 4 units 

58. The shape of y = |x|, but stretched vertically by a 
factor of 2 and shifted right 3 units 

A graph of y = f(x) is shown below. No formula for f is 
given. Graph each of the following. [2.5] 

VA 

ye) 

60. y = f(2x) 

62. y = 3 + f(x) 

> 

x 

595 i= (Kewl) 

GL. y= = 27x) 

Find an equation of variation for the given situation. [2.6] 

63. y varies directly as x, and y = 100 when x = 25. 

64. y varies directly as x, and y = 6 when x = 9. 

65. y varies inversely as x, and y = 100 when x = 25. 

66. y varies inversely as x, and y = 6 when x = 9. 

67. y varies inversely as the square of x, and y = 12 
when x = 2. 

68. y varies jointly as x and the square of z and inversely 
as w, and y = 2 whenx = 16,w = 0.2, andz = }. 

69. Pumping Time. The time t required to empty a tank 
varies inversely as the rate r of pumping. If a pump 
can empty a tank in 35 min at the rate of 800 kL/min, 
how long will it take the pump to empty the same 
tank at the rate of 1400 kL/min? [2.6] 

70. Test Score. The score N ona test varies directly as 
the number of correct responses a. Sam answers 
29 questions correctly and earns a score of 87. What 
would Sam’s score have been if he had answered 
25 questions correctly? [2.6] 

ia 

72. 

73. 

74. 

Power of Electric Current. The power P expended 
by heat in an electric circuit of fixed resistance varies 
directly as the square of the current C in the circuit. 
A circuit expends 180 watts when a current of 6 am- 
peres is flowing. What is the amount of heat expended 
when the current is 10 amperes? [2.6] 

For f(x) = x + land g(x) = Vx, the domain of 
(g°f)(x) is which of the following? [2.3] 

AL l= Vico) B. [=1,0) 
C0 sca) Dx. (a Core) 

For b > 0, the graph of y = f(x) + bis the 
graph of y = f(x) shifted in which of the following 
ways? [2.5] 

A. Right b units 
C. Up b units 

B. Left b units 

D. Down 0 units 

The graph of the function f is shown below. 
Vy 

Y= IQ) 5 

4 

3 

2 

1 

RV 

The graph of g(x) = —3f(x) + 1 is which of the 
following? [2.5] 

A. B. YA 

3) 

4 

3 

ee eh all a Saree en Ue ey BE rs 

3 
—4 
=5 

C VA D. YA 

ey 

4 

3 

bat We ecl (lee Saas A 
ny) 

> 
x 



iS 

76. 

Fis 

78. 

4, 

Synthesis 

Prove that the sum of two odd functions is odd. 

215124] 

Describe how the graph of y = —f(— x) is obtained 
from the graph of y = f(x). [2.5] 

Collaborative Discussion 
and Writing 

Given that f(x) = 4x° — 2x + 7, find each of the 
following. Then discuss how each expression differs 
from the other. [1.2], [2.5] 

a) fixe )cr 2 
by (Gere) 

©) f(x) + f(2) 
Given the graph of y = f(x), explain and con- 
trast the effect of the constant c on the graphs of 
y = f(cx) and y = cf(x). [2.5] 

Chapter Test | 

. Determine the intervals on which the function is 

(a) increasing; (b) decreasing; (c) constant. 

. Graph the function f(x) = 2 — x’. Estimate the 
intervals on which the function is increasing or 
decreasing and estimate any relative maxima or 

minima. 

. Triangular Pennant. A softball team is designing a 
triangular pennant such that the height is 6 in. less 
than four times the length of the base b. Express the 
area of the pennant as a function of b. 

Graph: 

x, forx < —1l, 

f(x) = 4 |x (Ope we ae i, 

Wixt el eLOl xe al 

> 

Test 165 

79. Consider the constant function f(x) = 0. Determine 
whether the graph of this function is symmetric 
with respect to the x-axis, the y-axis, and/or the 
origin. Determine whether this function is even or 
odd. [2.4] 

80. Describe conditions under which you would know 
whether a polynomial function 

Tee) = Gee Ve ay) SE aye ae ea, 

is even or odd without using an algebraic procedure. 
Explain. [2.4] 

81. If y varies directly as x*, explain why doubling x 
would not cause y to be doubled as well. [2.6] 

82. If y varies directly as x and x varies inversely as z, how 
does y vary with regard to z? Why? [2.6] 

5. For the function in Exercise 4, find f( —; ) ,f(5), and 

Neat: 
Given that f(x) = x° — 4x + 3 and g(x) = V3 —- x, 
find each of the following, if it exists. 

6. (f + g)(-6) Tale 58 =) 
8. (fg)(2) 9. (f/g)(1) 

For f(x) = x* and g(x) = Vx — 3, find each of the 
following. 

10. The domain of f 

11. The domain of g 

12. The domain of f + g 

13. The domain of f — g 

14. The domain of fg 

15. The domain of f/g 

16. (f + g)(x) 

17. (f — g)(x) 

18. (fg)(x) 

19. (f/g)(x) 
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For each function, construct and simplify the difference 
quotient. 

20. f(x) =x +4 21 f(x) Sar 8 

Given that f(x) = x" = 1, 9(x) = 4x + 3, and 
h(x) = 3x* + 2x + 4, find each of the following. 

22. (g°h)(2) 23. (f°g)(—1) 

24. (he f)(1) 25. (g°g)(x) 
For f(x\= Vx=5 and ox) =x + 1: 

26. Find (f° g)(x) and (g° f)(x). 

27. Find the domain of (f° g)(x) and the domain of 

(g°f)(x). 
28. Find f(x) and g(x) such that 

h(x) = (feg)(x) = (2x — 7)". 
29. Determine whether the graph of y = x* — 2x’ is 

symmetric with respect to the x-axis, the y-axis, and 
the origin. 

30. Test whether the function 

f(x) = == Sa Peal 
is even, odd, or neither even nor odd. Show your work. 

31. Write an equation for a function that has the shape of 
y = x’, but shifted right 2 units and down 1 unit. 

32. Write an equation for a function that has the shape of 
y = x’, but shifted left 2 units and down 3 units. 

33. The graph of a function y = f(x) is shown below. 
No formula for fis given. Graph y = —} f(x). 

y 
y = f(x) { 

4 

34, Find an equation of variation in which y varies 
inversely as x, and y = 5 when x = 6. 

35. Find an equation of variation in which y varies 
directly as x, and y = 60 when x = 12. 

36. Find an equation of variation where y varies jointly as 
x and the square of z and inversely as w, and y = 100 
when x = 0.1, z = 10, and w = 5. 

37. The stopping distance d of a car after the brakes have 
been applied varies directly as the square of the speed 
r. Ifa car traveling 60 mph can stop in 200 ft, how 
long will it take a car traveling 30 mph to stop? 

38. The graph of the function fis shown below. 

y= fix) 

fon 
—_——> 

BG JIANG DE MUS 

sh 
=3 

+4 

=5 

7N MY 

5 
4 
3 
2 

The graph of g(x) = 2f(x) — 1 is which of the 
following? 

A. > ve 3 > My 

5 
4 
3 
2 

» Synthesis 

39. If (—3, 1) is a point on the graph of y = f(x), 
what point do you know is on the graph of 
y = f(3x)? 



The number of U.S. forces in Afghanistan 

decreased to approximately 34,000 in 2014 

from a high of about 100,000 in 2010. The 

amount of U.S. funding for Afghan security 

forces also decreased during this period. 

The function 

f(x) = -1.321x7 + 5.156x + 5.517 

can be used to estimate the amount of U.S. 

funding for Afghan security forces, in billions 

of dollars, x years after 2009 (Sources: U.S. 

Department of Defense; Brookings Institution; 

International Security Assistance Force; ESRI). 

Find the amount of U.S. funding for Afghan 

security forces in 2011 and in 2013. 
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The Complex Numbers 

» Perform computations involving complex numbers. 

Some functions have zeros that are not real numbers. In order to find the zeros of 

such functions, we must consider the complex-number system. 

» The Complex-Number System 

We know that the square root of a negative number is not a real number. For ex- 
ample, VV —1 is not a real number because there is no real number x such that 
x? = —1. This means that certain equations, like x7 = —1 or x* + 1 = 0, do not 
have real-number solutions, and certain functions, like f(x) = x* + 1, do not 
have real-number zeros. Consider the graph of f(x) = x° + 1. 

We see that the graph does not cross the x-axis and thus has no x-intercepts. 
This illustrates that the function f(x) = x? + 1 has no real-number zeros. Thus 
there are no real-number solutions of the corresponding equation x* + 1 = 0, 

We can define a nonreal number that is a solution of the equation x* + 1 = 0. 

THE NUMBER i 

The number i is defined such that 

iS] VW-1 and ? = —1. 

To express roots of negative numbers in terms of i, we can use the fact that 

Veep = oat 8) = Vee = iVp 

when p is a positive real number. 

EXAMPLE 1 Express each number in terms of i. 

any 27 by vic = 10 
d) —V-64 e) V—48 
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Solution 

A Wi BY Sie SY a 
EA Hine A/F < iis not under 

4 i | the radical. 

b) V-16 = V-1-16 = V-1- V6 
=j+-4=4i 

Ce Ng SVs SBP 13 
Seis tor Vv 131 

d) =V64 = SV S64 = =a ey 64 
= -j-8 = —8) 

ny ie 
iVien3 
i-4V3 
4iV'3, or 4V3i 

The complex numbers are formed by adding real numbers and multiples of i. 

e) V—48 = V-1:48 

COMPLEX NUMBERS 

A complex number is a number of the form a + bi, where a and bare real 

numbers. The number a is said to be the real part of a + bi and the num- 
ber b is said to be the imaginary part of a + bi.* 

Note that either a or b or both can be 0. When b = 0,a + bi = a+ Oi = a, 

so every real number is a complex number. A complex number like 3 + 4i or 17i, 
in which b ¥ 0, is called an imaginary number. A complex number like 177 or 
—4i, in which a = 0 and b ¥ 0, is sometimes called a pure imaginary number. 
The relationships among various types of complex numbers are shown in the fol- 
lowing figure. 

Imaginary numbers: Real numbers: 
a+ bi,b#0 a+ bi,b=0 

+ =i, 44,5 + 21,V7i 7, V2, -8.7, m ©, V3, -18 

Imaginary numbers: Pure imaginary numbers: Irrational numbers: Rational numbers: 
a+ bi,.a#0,b#0 a+ bi,a=0,b#0 5 i 

; : : V3 Sie 18 
4 -i,542i 25, V7i ¥2, 5 

*Sometimes bi is considered to be the imaginary part. 
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Technology Connection 

When set in a + bi mode, 

most graphing calculators can 
perform operations on com- 
plex numbers. The operations 
in Example 2 are shown in 
the following window. Some 
calculators will express a com- 
plex number in the form (a, b) 
rather than a + bi. 

(8 +6i)+(3+2i) 

(4+5i)—(6—3i) 

eS = 

| m3 

| 

4 = aE =2z 

Technology Connection 

We can multiply complex 
numbers on a graphing calcu- 
lator set in a + bi mode. The 
products found in Example 3 
are shown below. 

Vi 1625 

(1+2i)(1 +31) 

3-71) 

Quadratic Functions and Equations; Inequalities 

» Addition and Subtraction 

The complex numbers obey the commutative, associative, and distributive laws. 

Thus we can add and subtract them as we do binomials. We collect the real parts 

and the imaginary parts of complex numbers just as we collect like terms in 

binomials. 

EXAMPLE 2 Add or subtract and simplify each of the following. 

arise On (BF 27) Bb) (4 51) = (6 = 37) 

Solution 

a) > (Ohces67 ls (Sechelt = (Beta Saas 06s 2?) 
Collecting the real parts and the imaginary parts 

(a (GF 2)r = 1h 8s 

(4 — 6) + [5i — (-33)] 
Note that 6 and —3i are both being subtracted. 

Now Try Exercises 11 and 21. 

I b) (4 + 5i) — (6 — 3i) 

ae og) 

» Multiplication 

When Va and \/b are real numbers, Vas Vb = V ab, but this is not true when 

Va and Vb are not real numbers. Thus, 

A/D NEG EIN) AEN 2/15 4/5 
= iV2+i1V'5 
= i 10 = =1\/10 — = i0 is correct! 

But 
ep a es (—2)(—5) — V10 is wrong! 

Keeping this and the fact that i? = —1 in mind, we multiply with imaginary num- 
bers in much the same way that we do with real numbers. 

EXAMPLE 3 Multiply and simplify each of the following. 

AY Vitam N/a bee aeons c) (3 - 7i) 

Solution 

aye V 16 = 1 V6 V1 0s 
= j+4-i°5 
= 10 

== 1-30. i eel 
= —20 

Dy Glee 20) (let 31) =o ot 2 6i- Multiplying each term of one number 
by every term of the other (FOIL) 

=1+3i+ 2i-6 f= -1 

=—5 + 5 Collecting like terms 

c) (3 — 7i)? = 3? — 2°3°7i + (7i)? Recall that(A — B)? = A? — 24B + BY, 
= 9 — 423 + 497 

= 9 — 42i — 49 = =] 

= —40 — 42: 
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Recall that —1 raised to an even power is 1, and —1 raised to an odd power is 

—1. Simplifying powers of i can then be done by using the fact that 7 = —1 and 
expressing the given power of i in terms of i. Consider the following: 

p= V1, 

beet en Neen) es I ah 
i® _ ae = (=1)° = —, 

Sie) ot Werk ee = lt 
P= (7 a= 1) a= 

Note that the powers of i cycle through the values i, —1, —i, and 1. 

EXAMPLE 4 Simplify each of the following. 

a) i>” b) j8 

©) i? dni. 

Solution 

a) 7 = Poi = (7)¥-i = (-1)¥8-i = 1-1 =i 
b) 78 = GA = (ay =-] 

c) j75 ae HEA = Gaees = (—1)?” +i — 7 

a) ® = (7) = (-1)=1 
These powers of i can also be simplified in terms of i* rather than i*. Consider 

i’ in Example 4(a), for instance. When we divide 37 by 4, we get 9 with a remain- 
der of 1. Then 37 = 4-9 + 1,s0 

1) ed al, ie let 9, 

The other examples shown above can be done in a similar manner. 

» Conjugates and Division 

Conjugates of complex numbers are defined as follows. 

CONJUGATE OF A COMPLEX NUMBER 

The conjugate of a complex number a + biis a — bi. The numbers 
a + bianda — biare complex conjugates. 

Each of the following pairs of numbers are complex conjugates: 

oot ian -o.— 6/7 | 14 Siang 14.<F of, fand)8rend= 37. 

The product of a complex number and its conjugate is a real number. 
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EXAMPLE 5 Multiply each of the following. 

a) (5 + 7i)(5 — 7i) b) (8i)(—8i) 

Solution 

a) (5 + 7i)(5 — 7i) = 5° — (7i)? Using (A + B)(A — B) = 4” — B 

= 25 — 497 

= 25 = 49(=1) 

= 25 + 49 

74 

b) (8i)(—8i) = —647 

= —64(—1) 

= 64 
Conjugates are used when we divide complex numbers. 

EXAMPLE 6 Divide 2 — 5iby1 — 6i. 

Solution We write fraction notation and then multiply by 1, using the conjugate 
of the denominator to form the symbol for 1. 

Ze te Ot vi + 61 Note that 1 + 6i is the conjugate 
t =361 i. 1°67, 1 "Gi of the divisor, 1 — 6i. 

Technology Connection s (ele?) 
(Ci=-67) (lec 67) 

With a graphing calculator set Soe Ope wed = 3012 
ina + bi mode, we can divide = 2 

teat 
complex numbers and express 
the real and imaginary parts ih Zeb 7hse 30 ee 
in fraction form, just as we did ae 65 
in Example 6. 2 ae 7 

~~ 3T 
(2—5i)/(1 —6i) » Frac 

2 a i) Writing th he f b hese einen = 1.6 t tient i j a7 Aa riting the quotient in the forma + bi 

ac 3 | Exercise Set 

Express the number in terms of i. Simplify. Write answers in the form a + bi, where a and b 
ey Da) 9] are real numbers. 

Ay Son 4. 100 P8231 a Ce 8) 

by as A ae ie: 12. (—6 — 5i) + (9 + 2i) 

as A ee ee 13. (4 — 9i) + (1 — 31) 

Saya AY Seer 14. (7 — 2i) + (4 — 5i) 



15. 

16. 

LZ; 

18. 

19. 

20. 

21. 

22. 

23. 

24. 

ZS. 

26. 

27. 

28. 

29. 

30. 

Sk 

32. 

33. 

34. 

30. 

36. 

D1. 

38. 

39. 

40. 

41. 

42. 

43. 

44, 

45. 

46. 

47. 

48. 

49. 

50. 

(U26taS8 \ecin (= 81-157) 

(Tesi et (6 87) 

Wiest) Ceo 1) 

Sy ()) ale 

(= 

(3+ V-16) + (2+ 

en 
( 

V SES se ey SS) 
10 + 7i) — (5 + 3i) 

(—3 — 4i) — (8 — 3) 

(13 + 94) — (8 + 23) 
C722) == 6) 

(6 — 4i) — (-5 + i) 

(8 — 3i) — (9 — i) 

(—5 + 2i) — (-4 — 33) 

(—6 + 7i) — (-5 — 2i) 

(4 - i —(2+ 2 

St 

i927) (1 

Demo) (2 

=-57\(8 — 21) 

ae tas) (oe 28) 

Spel) 

8 — 3i)(—2 — 5i) 

7 — 4i)(—3 — 33) 

Uy Sov Coe Copal) Cou or ae moni a 

3+ V-16)(2 + V-25) 

—~ V=16)(2 + V-9) 

seep + di) 

Boi (59-291) 

51. 

32. 

53% 

55. 

7. 

59. 

61. 

63. 

65. 

67. 

69. 

AM 

73. 

1D 

Wie 

SECTION 3.1 

(dari) (3 ins ) 
(Crees) (or 

) (7 — 5i nie 5i) 

(eon 

(C2537): 

(1 —=537)4 

(Sik ae 

(3.4 41) 

3 

511i 

S) 

Lett 

Asie if 

Sao) ed 

Sieh 

A SPOS I 

DREN/ Or 
Dae ot 

L+i 
Gist: 
4— 21 

Mane L 

Simplify. 

7: 

81. 

83. 

85. 

87. 
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54. (6 — 8i)(6 + 8i) 

Boar 247) 

58. (—3 + 23)? 

60) (2577 

62, (—4 — 21)" 

64. (6 + 5i)? 

68. 

Slaw! 
IA tee 

=f sp Di 

es 
a= Ui 

N/ 5403} 
| eee 

12% 

74, 

l1-i 

(1+ 7) 

34+ 2i 6+2i 
, a 
l-i l1-i 

76. 

84, i” 

$6;.(=9)° 

88. (2i)° 

» Skill Maintenance 

89. Write a slope-intercept equation for the line con- 
taining the point (3, —5) and perpendicular to the 
line 3x — 6y = 7. [1.4] 

Given that f(x) = x? + 4 and g(x) = 3x + 5, find each 
of the following. [2.2] 

90. The domain of f — g 

91. The domain of f/g 

92. s6haue) (2) 

93. (f/g)(2) 
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94. For the function f(x) = x* — 3x + 4, construct 97. The conjugate of a product is the product of the 

and simplify the difference quotient conjugates of the individual complex numbers. 

f(x + h) — f(x) [2.2] Letz =a-+t biandz =a — bi. 

h Pen 98. Find a general expression for 1 /z. 

99. Find a general expression for zz. 
» Synthesis 

100. Solve z + 6z = 7 for z. 
Determine whether the statement is true or false. 

95. The sum of two numbers that are conjugates of each 101. Multiply and simplify: 
other is always a real number. ee -F At)) oe ae 

96. The conjugate of a sum is the sum of the conjugates 
of the individual complex numbers. 

Quadratic Equations, Functions, Zeros, and Models 

» Find zeros of quadratic functions and solve quadratic equations by using the principle of 

zero products, by using the principle of square roots, by completing the square, and by 

using the quadratic formula. 

® Solve equations that are reducible to quadratic. 

® Solve applied problems using quadratic equations. 

» Quadratic Equations and 

Quadratic Functions 

In this section, we will explore the relationship between the solutions of quadratic 
equations and the zeros of quadratic functions. We define quadratic equations and 
quadratic functions as follows. 

QUADRATIC EQUATIONS 

A quadratic equation is an equation that can be written in the form 

an bx 6 = 0, gies 0 

where a, b, and c are real numbers. 

QUADRATIC FUNCTIONS 

A quadratic function fis a function that can be written in the form 

f(x) = ax? + bx +6, a #0, 

where a, b, and c are real numbers. 

A quadratic equation written in the form ax” + bx + c = 0 is said to be in 
standard form. 
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| ZEROSOFAFUNCTION The zeros of a quadratic function f(x) = ax? + bx + care the solutions of 

Retias ce et aT] the associated quadratic equation ax? + bx + c = 0. (These solutions are some- 
tn ES BAL De _ times called roots of the equation.) Quadratic functions can have real-number 

or imaginary-number zeros and quadratic equations can have real-number or 
imaginary-number solutions. If the zeros or solutions are real numbers, they are 
also the first coordinates of the x-intercepts of the graph of the quadratic function. 

The following principles allow us to solve many quadratic equations. 

EQUATION-SOLVING PRINCIPLES 

The Principle of Zero Products: If ab = 0 is true, then a = 0 or b = 0, 
and ifa = 0orb = 0, then ab = 0. 

The Principle of Square Roots: If x? = k, thenx = Vkorx = —Vk. 

EXAMPLE 1 Solve: 2x* — x = 3. 

Visualizing the Solution 

The solutions of the equation 
2x* — x = 3, or the equivalent equa- 
tion 2x* — x — 3 = 0,are the zeros 
of the function fix) = 2x — « — 3. 
They are also the first coordinates 
of the x-intercepts of the graph of 
ACB Ww he = be 

Subtracting 3 on both sides 

Factoring 

Kees. O Ce 0) Using the principle 
of zero products 

2X = 
f(x) = 2x2 — x -— 3 

Oo 

~~ Qo 

The solutions are —1 and 5. 

Now Try Exercise 3. 

WD NID NIW WIW PL. 3. TRUE 

3 
The solutions are —1 and 3. 
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JUST EXAMPLE 2 Solve: 2x? —10=0. 

Algebraic Solution 
Visualizing the Solution 

We have 

2 = The solutions of the equation 

rey 2x* — 10 = Oare the zeros of the 
Adding 10 on both sides function f(x) = Dy =, TO Note 

Dividing by 2 on both sides that they are also the first coordinates 

Using the principle of of the x-intercepts of the graph of 

square roots 

We can check both solutions 

at once. 

0 | O TRUE 

The solutions are ay 5) and — V5, Of at WK, 

The solutions are — V5 and 75) 

Now Try Exercise 7. 

We have seen that some quadratic equations can be solved by factoring 
and using the principle of zero products. For example, consider the equation 
2 eS Ror Ie as = (); 

7 — 3x -4=0 

(x + 1)(x — 4) =0 Factoring 

Kt = C0 Or xe Maa) Using the principle of zero products 

Two real-number zeros So alr x = 4. 
Two x-intercepts 

The equation x7 — 3x — 4 = 0 has two real-number solutions, —1 and 4. These 
are the zeros of the associated quadratic function f(x) = x* — 3x — 4 and the 
first coordinates of the x-intercepts of the graph of this function. (See Fig. 1.) 

Next, consider the equation x” — 6x + 9 = 0. Again, we factor and use the 
principle of zero products: 

Figure 1. 

g(x) = x*-—6x +9 

x -—6x+9=0 
(nO) (ered) ee 0) Factoring 

Keo = 0. OF 43.10 Using the principle of zero products 

Nea om Gf ee — 

The equation x? — 6x + 9 = 0 has one real-number solution, 3. It is the zero 
of the quadratic function g(x) = x° — 6x + 9 and the first coordinate of the 
x-intercept of the graph of this function. (See Fig. 2.) 

122456789 
(3, 0) 

One real-number zero 

One x-intercept 

Figure 2. 



h(x) = x2 + 13 

No real-number zeros 

No x-intercepts 

Figure 3. 

f= x > 6x — 10 

SECTION 3.2 Quadratic Equations, Functions, Zeros, and Models R77 

The principle of square roots can be used to solve quadratic equations like 
2 
C5 e— 20): 

~~ +13=0 
x = 13 

be Ser NaN Using the principle of square roots 

pga eM ALEyE V=13 = V-1-Vi3 = i- VB = VI13i 

The equation has two imaginary-number solutions, ~\/13i and V/13i. These are 
the zeros of the associated quadratic function h(x) = x* + 13. Since the zeros are 
not real numbers, the graph of the function has no x-intercepts. (See Fig. 3.) 

» Completing the Square 

Neither the principle of zero products nor the principle of square roots would yield 
the exact zeros of a function like f(x) = x? — 6x — 10 or the exact solutions of 
the associated equation x° — 6x — 10 = 0. If we wish to find exact zeros or solu- 
tions, we can use a procedure called completing the square and then use the prin- 
ciple of square roots. 

EXAMPLE 3 Find the zeros of f(x) = x? — 6x — 10 by completing the 
square. 

Solution We find the values of x for which f(x) = 0; that is, we solve the associ- 
ated equation x* — 6x — 10 = 0. Our goal is to find an equivalent equation of the 
form x? + bx + c = din which x* + bx + cisa perfect square. Since 

2 2 

e+o+(2) =(2+2), 
2 2 

the number c is found by taking half the coefficient of the x-term and squaring it. 
Thus for the equation x* — 6x — 10 = 0, we have 

i 6x = 0810 
x — 6x 10 Adding 10 

x —.6x +9 = 10 + 9 Adding 9 to complete the square: 

O)-Geer 
Because x” — 6x + 9 is a perfect square, we are able to write it as (x — 3), the 
square of a binomial. We can then use the principle of square roots to finish the 
solution: 

x7 -— 6x +9=19. 

(x= 3)? =19 Factoring 

KES SUE V19 Using the principle of square roots 

x=3t V19. Adding 3 

Therefore, the solutions of the equation are 3 + V19 and 3 — V19, or simply 

3 + \/19. The zeros Oly cje—ec — 0x1 10 are alsor3 V/19 and3 — V/19, 

or3 + V19. 
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We can find decimal approximations for 3 + V19 using a calculator: 

3+ V19 ~ 7.359 and 3 — V19 ~ -1.359. 

Now Try Exercise 31. 

Before we can complete the square, the coefficient of the x*-term must be 1. 

The zeros are approximately 7.359 and — 1.359. 

Technology Connection When it is not, we divide by the x*-coefficient on both sides of the equation. 

Approximations for the zeros EXAMPLE 4 Solve: 2x? — 1 = 3x. 

of the quadratic function Soluti en 

Example 3 can be found using x7 — 1 = 3x 

the Zero method. 2x? — 3x -1=0 Subtracting 3x. We are unable 
, to factor the result. 

P= = Ge = 10) 
10 2x? eye = 1 Adding 1 

L Ne: 1 2 eae 
rte copneae es = Dividing by 2 to make the x*-coefficient 1 

—1QO;/4LLttriiib tii iii yw 1) 49 y) » 

2 tr al Completing the square: +(—})= 
x Xie =e 3 32 _ 9 eo 45 

Zero 2 I6 2 16 —jand(—7) = yg; adding j¢ 
X = 7.3588989 LY=6 5 get tan) emma Na Nie aee earl | Mies Wpears actoring and simplifyin j 16 8 plitying 

3 \/17 Using the principle of square roots and the 
x — i a ne quotient rule for radicals 

10]! See 3 17 3 

Roy aha ee Adding 
4 4 

Sac 
Zero x= 

X = = 1.358899 4 

The solutions are 

BW ily ay I: 34 V17 
== ad 5 OS 

Now Try Exercise 35. 

4 4d 4 

To solve a quadratic equation by completing the square: 

1. Isolate the terms with variables on one side of the equation and 
arrange them in descending order. 

2. Divide by the coefficient of the squared term if that coefficient 
is not 1. 

3. Complete the square by taking half the coefficient of the first- 
degree term and adding its square on both sides of the equation. 

4, Express one side of the equation as the square of a binomial. 
Use the principle of square roots. 

6. Solve for the variable. 
a 
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» Using the Quadratic Formula 

Because completing the square works for any quadratic equation, it can be used to 
solve the general quadratic equation ax” + bx + c = 0 for x. The result will be a 
formula that can be used to solve any quadratic equation quickly. 

Consider any quadratic equation in standard form: 

axe + bx +c=0, a ¥ 0. 

For now, we assume that a > 0 and solve by completing the square. As the steps 
are carried out, compare them with those of Example 4. 

ax? + bx +c=0 Standard form 

2 

b 

Adding me to complete the square 
a 

Factoring on the left; finding a 

common denominator on the 

4 
right: ite peieon: Lee 

a a 4a 4a’ 

Using the principle of square roots 
and the quotient rule for radicals. 
Sincea > 0,V4a’* = 2a. 

F b 
Adding — Sa 

a 

ax? + bx = —c Adding —c 

(erage am Dividing b 
x yee % ividing by a 

b NG : b 
Halt of— is == and (=) =. Lhus we add ——: 

2a 2a 4a 4a 

‘ by @. 
er ke = 3 

4a a 4a 

b. \2 4ac b? 
Xetra ee 8 Varin arts re 

2a 4a 4a 

b \? b* — 4ac 
<a = 5 

2a 4a 

b b? — 4ac 
x+—=H 

2a 2a 

b “i V b* — 4ac 
a aig 

2a 2a 

—b + VB — 4ac 
= : 

2a 

It can also be shown that this result holds ifa < 0. 

THE QUADRATIC FORMULA 

The solutions of ax” + bx + c = 0,a # 0, are given by 

ees Vb? — 4ac 
x 

2a 
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EXAMPLE 5. Solve 3x? + 2x = 7. Find exact solutions and approximate solu- 

tions rounded to three decimal places. 

Solution After writing the equation in standard form, we are unable to factor, so 

we identify a, b, and c in order to use the quadratic formula: 

3x? + 2x = 7 

3x? + 2x —-7 = 0; 

at=3, (he 7. 

We then use the quadratic formula: 

—b + VP’ — 4ac 
ene 2a 

- —2+ on 43) G7) Substituting 

_ 2+ Vax ed _ -2 + V8 
6 

6 
ee ee 2 _ 2{-1t V2) 6 Fe, Os. 

Poy) eV 
2 3 : 

The exact solutions are 

-1- V2 -1+ V22 
ANG ee 

3 3 

Using a calculator, we approximate the solutions to be —1.897 and 1.230. 

Now Try Exercise 41. 

EXAMPLE 6 Solve: x* + 5x +8=0. 

Algebraic Solution 

| Vv isualizing the Solution 

To find the solutions, we use the quadratic for- 
mula. For x” + 5x + 8 = 0, we have The graph of the function 

bt ea ret f(x) = x° + 5x + 8 has no x-intercepts. 

—b + Vb — 4ac 

2a 

Va A138) 
= oa Substituting 

T2550 

Be f(x) = x2+5x+8 

| wn fata 

We Be Ae 5 
The solutions are iand 3 == ji, 

y 2 2 

N Thus the function has no real-number 
zeros and there are no real-number solutions 
of the associated equation x* + 5x + 8 = 0. 

Now Try Exercise 47. 



Technology Connection 

We can solve the equation 

3x? + 2x = 7in Example 5 
using the Intersect method. 
We graph y, = 3x” + 2x and 
Y2 = 7 and use the INTERSECT 
feature to find the coordinates 
of the points of intersection. 
The first coordinates of these 
points are the solutions of 
the equation y, = y», or 
Sieh r= 7 

y= 3x2 + Ds = Ip 

TOM 

= Intersection 
X = —1.89680. 

28 Intersection 
X = 1.2301386~ LY= 7 

The solutions are 

approximately —1.897 and 
1.230. We could also write the 

equation in standard form, 
3x? + 2x — 7 = 0,and use 

the Zero method. 
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» The Discriminant 

From the quadratic formula, we know that the solutions x, and x, of a quadratic 
equation are given by 

_ SOR Wir = ere Ura beac 

a 2a , 2 
xX} and x, = 

The expression b* — 4ac shows the nature of the solutions. This expression is 
called the discriminant. If it is 0, then it makes no difference whether we choose 

b 
the plus sign or the minus sign in the formula. That is, x, = — lene there is 

a 
just one solution. In this case, we sometimes say that there is one repeated real 
solution. If the discriminant is positive, there will be two real solutions. If it is nega- 
tive, we will be taking the square root of a negative number; hence there will be two 
imaginary-number solutions, and they will be complex conjugates. 

DISCRIMINANT 

For ax? + bx + c = 0, where a, b, and c are real numbers: 

b* — 4ac = 0 —> One real-number solution; 

b* — 4ac > 0 —> Two different real-number solutions; 

b* — 4ac < 0 —> Two different imaginary-number solutions, 
complex conjugates. 

In Example 5, the discriminant, 88, is positive, indicating that there are two 
different real-number solutions. The negative discriminant, —7, in Example 6 in- 
dicates that there are two different imaginary-number solutions. 

» Equations Reducible to Quadratic 

Some equations can be treated as quadratic, provided we make a suitable substitu- 
tion. For example, consider the following: 

x = 5x +4=— 0 

(ea) dcr waar Ain 0h pee eR) 

uw—5ut+4=0. Substituting u for x? 

The equation uw? — 5u + 4 = 0can be solved for u by factoring or using the quad- 
ratic formula. Then we can reverse the substitution, replacing u with x, and 
solve for x. Equations like the one above are said to be reducible to quadratic, or 

quadratic in form. 
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EXAMPLE 7 Solve: x’ — 5x7 +4 = 0. 

Visualizing the Solution 

We let u = x’ and substitute: 

2 sles The solutions of the given equation are the 
5. ae ae. as é 2 

u OY aie ae aU) Substituting u for x Soteceal = pend ayo Getta 

(GN) 4 0 Factoring zeros occur at the x-values —2, —1, 1, and 2. 

ws l= 0 ie 4s) Using the 
principle of f(x) = x4 — 5x2+4 
zero products y 

Al 
= 1 or u = 4. 

Don’t stop here! We must solve for the original 
variable. We substitute x* for u and solve for x: 

> 

Using the principle 
of square roots 

The solutions are —1, 1, —2, and 2. 

Now Try Exercise 79. 

JUST EXAMPLE 8 Solve: ?/°? — 22) — 3 = 0. 

bli Solution We let u = t'/* and substitute: 

pe 2 3 0 
(Gey2 a p1/3 = 3 — 0 

uv —2u-3=0 Substituting u for t'/? 

(al) Ge—3) ="0 Factoring 

nr 1 ='0 On ue S10 Using the principle of zero products 

i'l C06 ik 3! 

Now we must solve for the original variable, t. We substitute t!/* for u and solve 
for t: 

phos meat or ers 

(ge \3 — (=1)? or (Fs )3 = Cubing on both sides 

aa or te 

The solutions are —1 and 27. Now Try Exercise 87. 

» Applications 

EXAMPLE 9 Museums in China. The number of museums in China in- 
creased from approximately 2000 in the year 2000 to over 3500 by the end of 2012. In 
2012, a record 451 new museums opened. For comparison, in the United States, only 
20-40 new museums were opened per year from 2000 to 2008. The function 

h(x) = 30.992x? + 4.108x + 2294.594 

can be used to estimate the number of museums in China, x years after 2005. (Source: 
The Economist/www.economist.com) Use this function to answer the following. 
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a) Estimate the number of museums that will be in China in 2017 if the number of 

new museums that open per year continues at the same rate. 

b) In what year was the number of museums in China 2600? 

Solution 

a) For 2017, x = 2017 — 2005 = 12. We substitute 12 for x and find h(12): 

h(x) = 30.992x” + 4.108x + 2294.594 

h(12) = 30.992(12)? + 4.108(12) + 2294.594 
h(12) = 4462.848 + 49.296 + 2294.594 ~ 6807. 

In 2017, there will be approximately 6807 museums in China. 

b) We substitute 2600 for h(x) and solve for x: 

h(x) = 30.992x? + 4.108x + 2294.594 

2600 = 30.992x" + 4.108%x + 2294.594 
0 = 30.992x" + 4.108x — 305.406. 

We then use the quadratic formula, with a = 30.992, b = 4.108, and c= 
—305.406: 

Bogle b? — Aac 

ie 2a 

~4,108 + V(4.108)? — 4(30.992)(—305.406) 
es 2(30.992) 

_ —4.108 + V37,877.44667 
ae 61.984 
x — 3.074 or x — —3.206. 

Because we are looking for a year after 2005, we use the positive solution. 
Thus there were about 2600 museums in China 3 years after 2005, or in 2008. 

Now Try Exercise 97. 

EXAMPLE 10 Sales of New Homes. Sales of new homes have increased in re- 
cent years. The function 

ioe en ba ean 2 xe 37,109 

can be used to estimate the sales of new homes, in thousands, in the United States, 

where x is the number of years after 2009 (Source: IHS Global Insight). In what year 
were the number of sales of new homes about 563,400, or 563.4 thousands? 

Solution We substitute 563.4 for h(x) and solve for «x: 

563.4 = 22.1x? — 72.2x + 371.9 

0 = 22.1x* — 72.2x — 191.5. 

We then use the ec formula, with a = 22.1,b = —72.2,andc = —191.5: 

72) \/(=72.2)? = 4(22.1)(—191.5) 

I 

= 2(22.1) Substituting 

72.2 + V 22,141.44 
x — 

44.2 

GeO vest 7 

Because we are looking for a year after 2009, we use the positive solution. Thus 
there were about 563,400 sales of new homes 5 years after 2009, or in 2014. 

Now Try Exercise 95. 
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EXAMPLE 11 Train Speeds. Two trains leave a station at the same time. One 

train travels due west, and the other travels due south. The train traveling west trav- 

els 20 km/h faster than the train traveling south. After 2 hr, the trains are 200 km 

apart. Find the speed of each train. 

Solution 

1. Familiarize. First, we make a drawing. We let r = the speed of the train 
traveling south, in kilometers per hour. Then r + 20 = the speed of the train 
traveling west, in kilometers per hour. We use the motion formula d = rt, 
where d is the distance, r is the rate (or speed), and t is the time. After 2 hr, the 

train traveling south has traveled 2r kilometers, and the train traveling west has 
traveled 2(r + 20) kilometers. We add these distances to the drawing. 

Di (Tate 0) 

Php 
200 

2. Translate. We use the Pythagorean theorem, a* + b* = c’, where a and b are JUST 

ite the lengths of the legs of a right triangle and c is the length of the hypotenuse: 

| 25 | [2(r + 20)]? + (2r)? = 2007. 

3. Carry out. We solve the equation: 

(2 rte 20) ate (on) = 200 

4(r? + 40r + 400) + 4r? = 40,000 

4r° + 160r + 1600 + 417 = 40,000 
8r? + 160r + 1600 = 40,000 Collecting like terms 

8r? + 160r — 38,400 = 0 Subtracting 40,000 

r’ + 20r — 4800 = 0 Dividing by 8 

(r + 80)(r — 60) = 0 Factoring 

r+ 80 = 0 or r— 60 = 0 Principle of zero products 

= OUlmOh t=O: 

4. Check. Since speed cannot be negative, we need check only 60. If the speed 
of the train traveling south is 60 km/h, then the speed of the train traveling 
west is 60 + 20, or 80 km/h. In 2 hr, the train heading south travels 60 «2, 
or 120 km, and the train heading west travels 80 - 2, or 160 km. Then they are 

120° + 1607, or V40,000, or 200 km apart. The answer checks. 

5. State. The speed of the train heading south is 60 km/h, and the speed of the 
train heading west is 80 km/h. Now Try Exercise 101 
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CONNECTING THE CONCEPTS 

Zeros, Solutions, and Intercepts 

The zeros of a function y = f(x) are also the solutions of the equation 
f(x) = 0, and the real-number zeros are the first coordinates of the 
x-intercepts of the graph of the function. 

ZERO OF THE FUNCTION; 
FUNCTION SOLUTION OF THE EQUATION x-INTERCEPTS OF THE GRAPH 

Linear Function To find the zero of f(x), we solve The zero of f(x) is the first coordinate 
ica f(x) = 0: of the x-intercept of the graph of 

: 0 Vii): 
2x = 4 f(x) =2x-4 

are Pe 

VS Te 

The solution of the equation 
2x — 4 = Ois 2. This is the zero 
of the function f(x) = 2x — 4; 6 x 
that is, f(2) = 0. x-intercept 

(2, 0) 

Quadratic Function To find the zeros of g(x), we solve The real-number zeros of g(x) are the 
g(x) = x* — 3x — 4,0r g(x) = 0: first coordinates of the x-intercepts of the 

i Seg a feo ES SEO fale) 

Coe 1) (re 4) 0 

xt 1=0 Of eae 

Xi OF: x= 

The solutions of the equation 
x’ — 3x — 4 = Oare—1 and 4. 
They are the zeros of the function g(x); 
that is, g(—-1) = Oand g(4) = 0. 

Exercise Set | 

Solve. 6. 10x’.— 16x + 6 = 0 

In (2x 3)(3x = 2)i= 0 ieee ng 

2A 2a) (5x = 2)—_0 ee ey 

Bx, 20 0.0 pe ey 

4,x°+ 6x+8=0 10, 2x2 —001= 0 

5. 3x7 +x-2=0 11. 5x? + ms S | ° 
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12.42 + 12 =.0 

132x4 16 = 0 

14 + 25 = 0 

152% = 6x 

16. 18x + 9x? = 0 

17. 3y° — 5y° — 2y = 0 

1893f + 2¢= 57 

1 Rereeee oat a ios A 
(Hint: Factor by grouping.) 

20830 tak ene 0 
(Hint: Factor by grouping.) 

In Exercises 21-28, use the given graph to find each of the 
following: (a) the x-intercept(s) and (b) the zero(s) of the 

function. 27. yA 
5E 

ils is 

1 

oss 1 7 

28. 

22. 

®Y 

Solve by completing the square to obtain exact solutions. 

23. 29. x° + 6x =7 30. x7 + 8x = -15 

31k Soe — 9 S256 = ey, 

S30 oes = 0 34. x7 + 6x + 13 =0 

35. 3x° + 5x —-2=0 36. 2x? — 5x -3 =0 

Use the quadratic formula to find exact solutions. 

374R = Ox 15 38. 7° + 4x = 5 

24. 39. 5m” + 3m = 2 40. 2y°=3y—2—90 

Al. 3x7 + 6 = 10x 42. 3° + 8t+3=0 

43.x°+x+2=0 44,.x°°+1=x 

45. 5¢ — 8t = 3 AG), 5x QRS 

47, 3x° + 4 = 5x 48, 2F — 5¢=1 

49. x? — 8 +5=0 50. x* — 6x +3 = 0 

51. 3x7 +x =5 52. 5x7 + 3x = 1 
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53. 2x7 + 1 = 5x 54. 4° +3=x 

55. 5x7 + 2x = -2 56. 3x? + 3x = —4 

For each of the following, find the discriminant, b? — 4ac, 
and then determine whether one real-number solution, two 
different real-number solutions, or two different imaginary- 
number solutions exist. 

57. 4x? = 8x + 5 58 Ax 212X1-9)= 0 

59. x7 + 3x +4=0 60. x7 —-2x+4=0 

61. 5 — 7t=0 62. 5 — 4t = 11 

Find the zeros of the function. Give exact answers and 
approximate solutions rounded to three decimal places 
when possible. ; 

63. f(x) =x? + 6x +5 

2 6457 f(x) tte 

65. f(x) =x? = 3x —3 

66. f(x) = 3x" 8x + 2 

67. f(x) =x —5x+1 

682 f(x) = x? — 3x — 7 

CI, 2k 5 

AV ious (C2) — a ee 

ele 2x eer 4 

Iso 3) ice Ds alae a ae 

les, (Mas peo eee a 

TA ua Ox Ox eal 

pss Wy ects eile Ps cea | 

TGA eed) AN = 55 

7 Teme (oe ea bX eS 

78a) = 6x 3 

Solve. 

79ex axe + 2 =10 

80. x* + 3 = 4x’ 

81. x' + 3x? = 10 

83, 7) P4y— 5 = 0 

$4.7 by 16 = 0 

5.x —3Vx-4=0 
( Hint: beni — Vx.) 

86. 2x —9Vx+4=0 
87. mel io am/3 -s, 8 = 0 

(Hint: Let u = m\/3.) 
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BS Wael 6 — 10 

89. x!/2 — 3x/44+2=0 

90. x!/2 — 41/4 = -3 

91. (2x — 3)? = 5x — 3) +6 = 0 
(Hint: Let @ ="2x-— 3.) 

CPN Ghean ee eres ea 

93a (2t eet) ed ( 2 tk ou —0 

94, 12 = (m* — 5m)? + (mm? — 5m) 

Funding for Afghan Security. The number of U.S. forces 
in Afghanistan decreased to approximately 34,000 in 2014 
from a high of about 100,000 in 2010. The amount of US. 
funding for Afghan security forces also decreased during this 
period. The function 

f(x) ll 32 5 56x 7 

can be used to estimate the amount of U.S. funding for 
Afghan security forces, in billions of dollars, x years after 
2009 (Source: U.S. Department of Defense; Brookings Insti- 
tution; International Security Assistance Force; ESRI). Use 
this function for Exercises 95 and 96. 

95. In what year was the amount of U.S. funding for 
Afghan security forces about $10.5 billion? 

96. In what year was the amount of U.S. funding for 
Afghan security forces about $5.0 billion? 

Multigenerational Households. After declining between 
1940 and 1980, the number of multigenerational American 
households has been increasing since 1980. The function 

Hie. 801012 "0.5834 5.27, 

can be used to estimate the number of multigenerational 
households in the United States, in millions, x years after 
1940 (Source: Pew Research Center). Use this function for 
Exercises 97 and 98. 

97. In what year were there 40 million multigenerational 
households? 

98. In what year were there 55 million multigenerational 
households? 
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Time of a Free Fall. The formula s = 16t’ is used to 
approximate the distance s, in feet, that an object falls freely 
from rest in t seconds. Use this formula for Exercises 99 

and 100. 

99. The Taipei 101 Tower, also known as the Taipei 
Financial Center, in Taipei, Taiwan, is 1670 ft tall. 
How long would it take an object dropped from the 
top to reach the ground? 

a 

100. At 630 ft, the Gateway Arch in St. Louis is the tallest 
man-made monument in the United States. How 
long would it take an object dropped from the top to 
reach the ground? 

101. The length of a rectangular poster is 1 ft more than 
the width, and a diagonal of the poster is 5 ft. Find 
the length and the width. 

102. One leg of a right triangle is 7 cm less than the 
length of the other leg. The length of the hypotenuse 
is 13 cm. Find the lengths of the legs. 

103. One number is 5 greater than another. The product 
of the numbers is 36. Find the numbers. 

104. One number is 6 less than another. The product of 
the numbers is 72. Find the numbers. 

105. Box Construction. An open box is made from a 
10-cm by 20-cm piece of tin by cutting a square 
from each corner and folding up the edges. The area 
of the resulting base is 96 cm’. What is the length of 
the sides of the squares? 

pam cm a : 

106. Petting Zoo Dimensions. At the Glen Island Zoo, 

170 m of fencing was used to enclose a rectangular 
petting area of 1750 m’. Find the dimensions of the 
petting area. 

Quadratic Functions and Equations; Inequalities 

107. Dimensions of a Rug. Find the dimensions of a 

rectangular Persian rug whose perimeter is 28 ft and 

whose area is 48 ft’. 

108. Picture Frame Dimensions. The rectangular frame 
on a picture is 8 in. by 10 in. outside and is of uni- 
form width. What is the width of the frame if 48 in* 
of the picture shows? 

10 in. 

State whether the function is linear or quadratic. 

109. f(x) = 4 — 5x 110. f(x) = 4— 5x* 

1D1 f(x) =e 112, f(x) =2374 6 

113. f(x) =12% = Gé6y “4 fo) 2 

» Skill Maintenance 

Cost of a Super Bowl Ad. The cost of a 30-sec Super Bowl 
ad has increased more than 70% since 2004. The function 

C(x) = 0.17x + 2.25 
can be used to estimate the cost of a 30-sec ad, in millions 
of dollars, x years after 2004 (Source: Katar Media). Use 
this function for Exercises 115 and 116. [1.2] 

115. Estimate the cost of a 30-sec Super Bowl ad in 2014. 

116. When will the cost of a 30-sec Super Bowl ad reach 
$5.0 million? 

Determine whether the graph is symmetric with respect to 
the x-axis, the y-axis, and the origin. [2.4] 

117. 3x° + 4 = 5 1189? =" 6x2 
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Determine whether the function is even, odd, or neither 127 (60 70 = Bx) 0 
even nor odd. [2.4] 1 1 1 
ES fio as aes eS) ea ieem cet) eas ) = 

1990 x N32 S10 

130. x2 + V5x — V3 =0 
» Synthesis 131. 22 + (f— 4)? = 5i(f—A) + 24 
For each equation in Exercises 121-124, under the given 132. 9t(t + 2) — 3t(t — 2) = 2(t + 4)(t + 6) 
condition: (a) find k and (b) find a second solution. i 

2 ae, Mae 133 VeX = BS NS kee P21 Kx 17x + 33 = 0; one solution is 3 

IR oe Suc earairal MES Oo aetcee bite Aland 
2 

123. x* — kx + 2 = 0; one solution is 1 + i 135. ( 7 2) + 3y + oa 
y y 

124, x* — (6 + 3i)x + k = 0; one solution is 3 

120. f(x) = 4x* + 2x — 3 

122. kx” — 2x + k = 0; one solution is —3 

136. Solve} at? + vot + x) = 0 for t. 
Solve. 

PCI) ae aan 

126, (x + 1)? = (x — 1)? + 26 

Analyzing Graphs of Quadratic Functions 

® Find the vertex, the axis of symmetry, and the maximum or minimum value of 

a quadratic function using the method of completing the square. 

® Graph quadratic functions. 

» Solve applied problems involving maximum and minimum function values. 

» Graphing Quadratic Functions of the 

Type f(x) = a(x - h)? +k 

The graph of a quadratic function is called a parabola. The graph of every parabola 
evolves from the graph of the squaring function f(x) = x° using eomsuemairaows. 

We get the graph of f(x) = a(x — h)? + k from the graph of f(x) = x° as TRANSFORMATIONS ag) elm Sap 

follows: 
__ REVIEW SECTION 2.5 

f(x) ] x 

f(x) = ax Vertical stretching or shrinking with a reflection 
\ across the x-axis ifa < 0 

f(x) | a(x — h)? _ Horizontal translation 

f(x) = = a(x = h)? + k. Vertical translation 

Consider the following graphs of the form f(x) = a(x — h)’ + k. The point 
(h, k) at which the graph turns is called the vertex. The maximum or minimum 

value of f(x) occurs at the vertex. Each graph has a line x = h that is called the 

axis of symmetry. 
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fix) =2(x + 3-2 
= 2x -(-3)P + (-2) 

Quadratic Functions and Equations; Inequalities 

| f(x) = 2@-—17" +3 

Sa y 

5 5) 

4 4 

3 3 Vertex: (1, 3) 

2 2 he 
1 1 Minimum = 3 

ele omelet eae ene aS hh es ee TSS 
=H , 1 2 3A a Peete yan eee 12 3) 54a ex 

veer, =f Minimum Me oe =! 

(HS 2) 

(h, k) 
eee 
‘Minimum = k 

Maximum = k | 

(h, k) 

| foe 26 1 ts 

x=1 

Vertex: 

The graph of the function 
f(x) = a(x — h)? + kisa parabola that 

¢ opens up if a > 0 and down if a < 0; 

has (h, k) as the vertex; 

has x = has the axis of symmetry; 

has k as a minimum value (output) if 

G => WR 

has k as a maximum value ifa < 0. 

As we saw in Section 2.5, the constant a serves to stretch or shrink the graph 
vertically. As a parabola is stretched vertically, it becomes narrower, and as it is 
shrunk vertically, it becomes wider. That is, as |a| increases, the graph becomes 
narrower, and as |a| gets close to 0, the graph becomes wider. 

If the equation is in the form f(x) = a(x — h)? + k, we can learn a great 
deal about the graph without actually graphing the function. 

| unction f(x) = 3(x = 1)? =) g(x) = —3(x +5)? +7 

= 3(x— 4)? + (-2) = et ee 

Vertex ee) (—5, 7) 

Axis of Symmetry xe “hee so 

Maximum None (3 > 0, so the 7 (—3 < 0, so the graph 

graph opens up. ) opens down. ) 

Minimum —2; (3.22 0;.80 the None (—3 < 0, so the 

graph opens up.) graph opens down.) 

Enis eal 

Note that the vertex (h, k) is used to find the maximum or minimum value of 
the function. The maximum or minimum value is the number k, not the ordered 
pair (h, k). 
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» Graphing Quadratic Functions of the 
Type f(x) = ax*® + bx +c,a#O 

We now use a modification of the method of completing the square as an aid in 
graphing and analyzing quadratic functions of the form f(x) = ax* + bx + ¢, 
a0: 

EXAMPLE 1 Find the vertex, the axis of symmetry, and the maximum or mini- 
mum value of f(x) = x* + 10x + 23. Then graph the function. 

Solution Toexpress f(x) = x’ + 10x + 23inthe form f(x) =a(x — h)? + k, 
we complete the square on the terms involving x. To do so, we take half the coef- 
ficient of x and square it, obtaining (10/2)*, or 25. We now add and subtract that 
number on the right side: 

f(x) =x? 10x + 23 = 4 + 10x 425 — 25 23. 

Since 25 — 25 = 0, the new expression for the function is equivalent to the 
original expression. Note that this process differs from the one we used to complete 
the square in order to solve a quadratic equation, where we added the same number 
on both sides of the equation to obtain an equivalent equation. Instead, when we 
complete the square to write a function in the form f(x) = a(x — h)* + k, we 
add and subtract the same number on the one side. The entire process is shown 
below: 

Far lO 23 Note that 25 completes 
the square for x” + 10x. 

= x’ + 10x + 25 — 25 + 23 Adding 25 — 25, or 0, on 
the right side 

= (ae a Oe 25) 2 5et 23 Regrouping 

= (x + a = ys Factoring and simplifying 

= [x - (=5)ilr tinal) Writing in the form 
f(x) = a(x — hy? +k 

Keeping in mind that this function will have a minimum value sincea > 0(a = 1), 
from this form of the function we know the following: 

Vertex:? (=5) =2); 

Axis of symmetry: x — —5; 

Minimum value of the function: —2. 

To graph the function, we first plot the vertex and find several points on either 
side of it. Then we plot these points and connect them with a smooth curve. We see 
that the points (—4, —1) and (—3, 2) are reflections of the points (—6, —1) and 
(—7, 2), respectively, across the axis of symmetry, x = —5S. 

1) = 10x 23 

<— Vertex 

i RV 
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The graph of f(x) = x? + 10x + 23,0r f(x) = [x — (—5)}? + (—2), shown 

above, is a shift of the graph of y = x” left 5 units and down 2 units. 
Now Try Exercise 3. 

Keep in mind that the axis of symmetry is not part of the graph; it is a charac- 

teristic of the graph. If you fold the graph on its axis of symmetry, the two halves of 

the graph will coincide. 

EXAMPLE 2 Find the vertex, the axis of symmetry, and the maximum or mini- 
mum value of g(x) = x°/2 — 4x + 8. Then graph the function. 

Solution We complete the square in order to write the function in the form 
g(x) = a(x — h)? + k. First, we factor 5 out of the first two terms. This makes the 
coefficient of x° within the parentheses 1: 

ne 
Cd ye a 

l Factoring } out of the first two terms: 
Se (R= SxS, e ke 3 2 

2 ee ALN) melee OL eae ae OX 
2 2 2 

Next, we complete the square inside the parentheses: Half of —8 is —4, and 
(—4)* = 16. We add and subtract 16 inside the parentheses: 

g(x) = §(x? — 8x + 16 — 16)-+ 8 

=e (x? =o OK 16) i. Les 8 Using the distributive 
law to remove —16 from 
within the parentheses 

= F(x? — 8x + 16) —8 + 8 

= +(x = 4)? Teal), or 5(x — A)? Factoring and simplifying 

We know the following: 

Vertex: (4, 0); 

Axis of symmetry: x = 4; 

Minimum value of the function: 0. 

Finally, we plot the vertex and several points on either side of it and draw the graph 
of the function. The graph of g is a vertical shrinking of the graph of y = x? along 
with a shift right 4 units. Now Try Exercise 9. 

EXAMPLE 3 Find the vertex, the axis of symmetry, and the maximum or mini- 
mum value of f(x) = —2x* + 10x — 3. Then graph the function. 

Solution We have 

23 
f(x) = —2x* + 10x — = 

=D (5x) > Factoring —2 out of the 
first two terms 

= —2(x = 5X rae = ra = 4 Completing the square 

inside the parentheses 
25 2 25 ma 2 4 = —2(x ROX ) 2( 4 ) 2 Using the distributive law 

to remove —* from within 
the parentheses 



2x? + lox — 22 

SECTION 3.3 = Analyzing Graphs of Quadratic Functions 193 

This form of the function yields the following: 

Vertex: (3 1 ) g 

Axis of symmetry: x = 3; 

Maximum value of the function: 1. 

The graph is found by shifting the graph of f(x) = x? right 3 units, reflecting it 
across the x-axis, stretching it vertically, and shifting it up 1 unit. 

Now Try Exercise 13. 

In many situations, we want to use a formula to find the coordinates of the 

vertex directly from the equation f(x) = ax* + bx + c. One way to develop 
such a formula is to observe that the x-coordinate of the vertex is centered be- 

tween the x-intercepts, or zeros, of the function. By averaging the two solutions of 
ax? + bx + c = 0, we find a formula for the x-coordinate of the vertex: 

—b — Vb* — 4ac —b+ Vb* — 4ac 

2a 2a 
x-coordinate of vertex = 5 

OD b 

By ea 
ear Pha ia 
- es 

< 2a 

: b 
We use this value of x to find the y-coordinate of the vertex, s( = 2) 

| {=a tox te 

—b +Vb? — 4ac 0 

THE VERTEX OF A PARABOLA 

The vertex of the graph of f(x) = ax” + bx + cis 

We calculate the We substitute to find 
x-coordinate. the y-coordinate. 
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Technology Connection 

We can use a graphing 
calculator to do Example 4. 
Once we have graphed 
y= —x + 14x — 47, we see 
that the graph opens down 
and thus has a maximum 
value. We can use the MAXIMUM 
feature to find the coordinates 
of the vertex. Using these 
coordinates, we can then find 
the maximum value and the 
range of the function along 
with the intervals on which 
the function is increasing or 

decreasing. 

=e 4 14g 47 M 
5 

| 
Maximum 

X=7 Y=2 
0 

Quadratic Functions and Equations; Inequalities 

EXAMPLE 4 For the function f(x) = —x* + 14x — 47: 

a) Find the vertex. 

b) Determine whether there is a maximum or a minimum value and find that value. 

c) Find the range. 

d) On what intervals is the function increasing? decreasing? 

Solution There is no need to graph the function. 

a) The x-coordinate of the vertex is 

Since 

Chis Se 1447 49 98 a7) 

the vertex is (7, 2). 

b) Since a is negative (a = —1), the graph opens down so the second coordinate 

of the vertex, 2, is the maximum value of the function. 

c) The range is (—oo, 2]. 

d) Since the graph opens down, function values increase as we approach the vertex 
from the left and decrease as we move to the right from the vertex. Thus the 

function is increasing on the interval (— oo, 7) and decreasing on (7, 00). 

Now Try Exercise 31. 

» Applications 

Many real-world situations involve finding the maximum or the minimum value 

of a quadratic function. 

EXAMPLE 5 Maximizing Area. A landscaper has enough stone to enclose a 
rectangular koi pond next to an existing garden wall of the Englemans’ house with 
24 ft of stone wall. If the garden wall forms one side of the rectangle, what is the 
maximum area that the landscaper can enclose? What dimensions of the koi pond 
will yield this area? 
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a = the width of the koi pond, in feet. Then (24 — 2w) feet of stone is available 
for the length. Suppose the koi pond were 1 ft wide. Then its length would be 
24 — 2-1 = 22 ft, and its area would be (22 ft)(1 ft) = 22 ft”. If the koi pond 
were 2 ft wide, its length would be 24 — 2-2 = 20 ft, and its area would be 
(20 ft)(2 ft) = 40 ft’. This is larger than the first area we found, but we do not 
know if it is the maximum possible area. To find the maximum area, we will 
find a function that represents the area and then determine its maximum value. 

| PROBLEM-SOLVING STRATEGY _ | Solution We will use the five-step problem-solving strategy. 

REVIEW SECTION 1.5 | 1. Familiarize. We first make a drawing of the situation, using w to represent 

2. Translate. We write a function for the area of the koi pond. We have 

A(w) = (24 = 2w)w A = lw;l = 24 -— 2w 

= —2w* + 24w, 

where A(w) is the area of the koi pond, in square feet, as a function of the 
width w. 

3. Carry out. To solve this problem, we need to determine the maximum value 
of A(w) and find the dimensions for which that maximum occurs. Since A is a 
quadratic function and w” has a negative coefficient, we know that the function 
has a maximum value that occurs at the vertex of the graph of the function. The 
first coordinate of the vertex, (w, A(w)), is 

b 24 24 
w= = SS 6. 

2a 2(=3) —4 

Thus, if w = 6ft, then the length ] = 24 — 2-6 = 12 ft, and the area is 
(12 ft)(6 ft). = 72 ft. 

4. Check. As a partial check, we note that 72 ft? > 40 ft’, the larger of the two 
areas that we found in the Familiarize step. We could also complete the square 
to write the function in the form A(w) = a(w — h)? + k, and then use this 
form of the function to determine the coordinates of the vertex. We get 

AW \e— —2(W = 6) 72: 

This confirms that the vertex is (6, 72), so the answer checks. 

5. State. The maximum possible area is 72 ft” when the koi pond is 6 ft wide and 

12 ft ong 
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s(t) = —16t? + 100t + 20 

| 

epee ey Seg Ae 

EXAMPLE 6 Height of a Rocket. A model rocket is launched with an initial 

velocity of 100 ft/sec from the top of a hill that is 20 ft high. Its height, in feet, f sec- 

onds after it has been launched is given by the function s(t) = — 16f + 100¢ + 20. 

Determine the time at which the rocket reaches its maximum height and find the 

maximum height. 

Solution 

1.,2. Familiarize and Translate. We are given the function in the statement of the 

problem: s(t) = —16t? + 100¢ + 20. 

3. Carry out. We need to find the maximum value of the function and the value of 
t for which it occurs. Since s(t) is a quadratic function and ? has a negative co- 
efficient, we know that the maximum value of the function occurs at the vertex 
of the graph of the function. The first coordinate of the vertex gives the time ¢ 
at which the rocket reaches its maximum height. It is 

b 100 100 
f=-—=- = = 33125. 

2a 2(-16) —32 

The second coordinate of the vertex gives the maximum height of the rocket. 
We substitute in the function to find it: 

5(3.125) = —16(3.125)? + 100(3.125) + 20 = 176.25. 

4. Check. As a check, we can complete the square to write the function in the 

form s(t) = a(t — h)* + k and determine the coordinates of the vertex from 
this form of the function. We get 

5 (0) eel O (tes 125 )o eI o.25, 

This confirms that the vertex is (3.125, 176.25), so the answer checks. 

5. State. The rocket reaches a maximum height of 176.25 ft. This occurs 
3.125 sec after it has been launched. Now Try Exercise 41. 

EXAMPLE 7 Determining the Height of an Elevator Shaft. Jared drops 
a screwdriver from the top of an elevator shaft. Exactly 5 sec later, he hears the sound 

of the screwdriver hitting the bottom of the shaft. The speed of sound is 1100 ft/sec. 
How tall is the elevator shaft? 

Solution 

1. Familiarize. We first make a drawing and label it with known and unknown 
information. We let s = the height of the elevator shaft, in feet, t, = the time, 
in seconds, that it takes for the screwdriver to hit the bottom of the elevator 
shaft, and t; = the time, in seconds, that it takes for the sound to reach the top 
of the elevator shaft. This gives us the equation 

ft = 5. (1) 
2. Translate. Can we find any relationship between the two times and the dis- 

tance s? Often in problem solving you may need to look up related formulas in 
a physics book, another mathematics book, or on the Internet. We find that the 
formula 

5 = 16 

gives the distance, in feet, that a dropped object falls in t seconds. The time ty 
that it takes the screwdriver to hit the bottom of the elevator shaft can be found 
as follows: 

Vs Taking the positive = 2 oie 2 = Se 16h Ok 16 bi aS Omwb ies a square root (2) 



Technology Connection 

We can solve the equation in 
Example 7 graphically using 
the Intersect method. It will 
probably require some trial 
and error to determine an 
appropriate window. 

Intersection 
0 \X = 350.62555_1_1_Y = 5 —1 J) 599 
0 

4. 

5. 
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To find an expression for f,, the time that it takes the sound to travel to the top 
of the well, recall that Distance = Rate+ Time. Thus, 

s 
s= 1100t,, or | = ’ 3 ey ©) 2 1100 (3) 

We now have expressions for t; and t,, both in terms of s. Substituting into 
equation (1), we obtain 

Vs s 
Ltt = Om OL eat = 

4 1100 
5. (4) 

. Carry out. We solve equation (4) for s. Multiplying by 1100, we get 

275V/s + s = 5500, or s + 275V/s — 5500 = 0. 
This equation is reducible to quadratic with u = Vs. Substituting, we get 

W275 5500 0: 

Using the quadratic formula, we can solve for u: 

—b + Vb’ — 4ac 
Uu — 

2a 

~275 + V275? — 4+1+(—5500) We want only the positive 
crue d+] solution. 

275 + V97,625 
2 

lon os 

Since u ~ 18.725, we have 

Vs ~ 18.725 
s =~ 350.6. Squaring both sides and rounding to the nearest tenth 

Check. To check, we can substitute 350.6 for s in equation (4) and see that 

t, + t) ~ 5. We leave the computation to the student. 

State. The height of the elevator shaft is about 350.6 ft. 
Now Try Exercise 55. 
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ECT Palate 
the Graph 

Match the equation with its graph. 

Ty, = 3k 

D2 3) =-6 

6. (% —1)* 4-3) = 4 

FE ae ea | 

Soy = ly 

ee) 

10. y= —3x? + 6x — 2 

Answers on page A-14 
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3.3 Exercise Set 

In Exercises 1 and 2, use the given graph to find each of the 
following: (a) the vertex; (b) the axis of symmetry; and 
(c) the maximum or the minimum value of the function. 

de 

In Exercises 3-16, (a) find the vertex; (b) find the axis of sym- 

metry; (c) determine whether there is a maximum or a mini- 

mum value, and find that value; and (d) graph the function. 

3. fix) =x ex + 12 AMo( uta 1 7x — 8 

5. fi exe 7st 12 Gea ra ox 416 

Taf knw = At 5 

So f(x) ek 6 

x? 

PED eos Ian 

2 x 
0S Maer ee 

Mie gee eon 8 

( Qe f(y OX 14 

de ees te en OX a3 

14 Co 8S 

(Gy Ca on eee ae 

Tot (= 30> — 3a 1 

In Exercises 17-24, match the equation with one of the 
graphs (a)-(h) that follow. 

a) 

182 = (ees 

20k aes 

D2 ine (eae) 

24 yee ee eA 

Wipes dC ee 

1950) 4) a 

24. y= (4 3)? 4 

230 (kes) 

In Exercises 25-30, determine whether the statement is true 

or false. 

25. The function! f(x) ="= 3x oes has a 
maximum value. 
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26. The vertex of the graph of f(x) = ax’ + bx + cis 
b oe 

27. The graph of h(x) = (x + 2)’ can be obtained by 
translating the graph of h(x) = x’ right 2 units. 

28. The vertex of the graph of the function 
iz (og) poe) oe is (—4y 

29. The axis of symmetry of the function 

FOr 2) = 4asa = 2. 

30. The minimum value of the function 

Oe (oa is), 

In Exercises 31-40; (a) find the vertex; (b) determine 

whether there is a maximum or a minimum value, and find 
that value; (c) find the range; and (d) find the intervals on 

which the function is increasing and the intervals on which 
the function is decreasing. 

31 fe Ox 

B22 afore a = 5 

SSrmh ee get 4x — 16 

34. f(x) = 4x7 -— 3x +3 

35. f(x) = —3x° + 5x — 8 

36. f(x) = —2x° — 24x — 64 

37 fie) =1ox ee Ox +S 

38 f(x) = —3x et 24x — 49 

39. o(x) = —4e0-= 12n +9 

A0 Wo x) — lx 6K 5 

41. Height ofa Ball. A ball is thrown directly upward 
from a height of 6 ft with an initial velocity of 
20 ft/sec. The function s(t) = —16t* + 20t + 6 gives 
the height of the ball, in feet, t seconds after it has been 
thrown. Determine the time at which the ball reaches its 
maximum height and find the maximum height. 

42. Height of a Projectile. A stone is thrown directly 
upward from a height of 30 ft with an initial velocity 
of 60 ft/sec. The height of the stone, in feet, t sec- 
onds after it has been thrown is given by the function 
s(t) = —16¢? + 60t + 30. Determine the time at 
which the stone reaches its maximum height and find 
the maximum height. 

43. Height of a Rocket. A model rocket is launched 
with an initial velocity of 120 ft/sec from a height 
of 80 ft. The height of the rocket, in feet, t seconds 
after it has been launched is given by the function 
s(t) = —16t? + 120t + 80. Determine the time at 
which the rocket reaches its maximum height and 
find the maximum height. 

44, 

45. 

46. 

47. 

48. 

49. 

- 
a 

Height of a Rocket. A model rocket is launched with 
an initial velocity of 150 ft/sec from a height of 40 ft. 
The function s(t) = —16¢? + 150t + 40 gives the 
height of the rocket, in feet, f seconds after it has been 
launched. Determine the time at which the rocket 
reaches its maximum height and find the maximum 

height. 

Maximizing Volume. Mendoza Manufacturing 
plans to produce a one-compartment vertical file by 
bending the long side of a 10-in. by 18-in. sheet of 
plastic along two lines to form aL] -shape. How tall 
should the file be in order to maximize the volume 

that it can hold? 

= 18 in. = 

Maximizing Area. A fourth-grade class decides 
to enclose a rectangular garden, using the side of 
the school as one side of the rectangle. What is the 
maximum area that the class can enclose with 32 ft of 
fence? What should the dimensions of the garden be 
in order to yield this area? 

Maximizing Area. The sum of the base and the height 
of a triangle is 20 cm. Find the dimensions for which 
the area is a maximum. 

Maximizing Area. The sum of the base and the 
height of a parallelogram is 69 cm. Find the dimen- 
sions for which the area is a maximum. 

Minimizing Cost. Designs for #1 Canines has deter- 
mined that when x hundred wooden doghouses are 
built, the average cost per doghouse is given by 

C(x) = 0.1x? — 0.7x + 1.625, 
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where C(x) is in hundreds of dollars. How many 
doghouses should be built in order to minimize the 
average cost per doghouse? 

56. Finding the Height of a Cliff. A water balloon is 
dropped from a cliff. Exactly 3 sec later, the sound of 
the balloon hitting the ground reaches the top of the 

Maximizing Profit. In business, profit is the difference clitt. How high'is the cliff? (Hint: See Example 7:) 
between revenue and cost; that is, 

Total profit = Total revenue — Total cost, 
» Skill Maintenance 

P(x) = R(x) — C(x) For each function f, construct and simplify the difference 
. quotient 

where x is the number of units sold.-Find the maximum Hany ore 
profit and the number of units that must be sold in order to euler 

yield the maximum profit for each of the following. h 

50. R(x) = 5x, C(x) = 0.001x? + 1.2x + 60 57. f(x) = 3x —7 S80 f( 0) ie rent 
51. R(x) = 50x — 0.5x*, C(x) = 10x + 3 A graph of y = f(x) follows. No formula is given for f. 

Graph each of the following. [2.5] 
52) R(x) = 20x — 0.1x*, C(x) = 4x + 2 

53. Maximizing Area. A berry farmer needs to separate 
and enclose two adjacent rectangular fields, one for 
blueberries and one for strawberries. If a lake forms 
one side of the fields and 240 yd of fencing is avail- 
able, what is the largest total area that can be enclosed? 

59. g(x) = -2f(x) 60. g(x) = f(2x) 
» Synthesis 

61. Find c such that 

Hie) ee Oy ano merare 

has a maximum value of —225. 

54. Norman Window. A Norman window is a rectan- 62. Find b such that 
gle with a semicircle on top. Sky Blue Windows is f(x) = —4x2 + bx + 3 
designing a Norman window that will require 24 ft of pa a BETS 
trim on the outer edges. What dimensions will allow 
the maximum amount of light to enter a house? 63, Grantee) (oye lee) aaa 

64. Find a quadratic function with vertex (4, —5) and 
containing the point (—3, 1). 

65. Minimizing Area. A 24-in. piece of string is cut into 

two pieces. One piece is used to form a circle while the 
other is used to form a square. How should the string 

y be cut so that the sum of the areas is a minimum? 

[* = a 

i ee ey 

55. Finding the Depth of a Well. Two seconds after a Mie. 

chlorine tablet has been dropped into a well, a splash is 8 

heard. The speed of sound is 1100 ft/sec. How far is the “oo 

top of the well from the water? (Hint: See Example 7.) 
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Mid-Chapter Mixed Review 

Determine whether the statement is true or false. 

1. The product of a complex number and its conjugate 2. Every quadratic equation has at least one 

is areal number. [3.1] x-intercept. [3.2] 

3. Ifa quadratic equation has two different real-number 4. The vertex of the graph of the function 

solutions, then its discriminant is positive. [3.2] fee) SS (et AV v5 is (495) af3ra4 

Express the number in terms of i. [3.1] 

By Wh 6. V5 7 aN E16 gy 

Simplify. Write answers in the form a + bi, where a and b are real numbers. [3.1] 

9. (3 — 2i) + (—4 + 3i) 10. (—5 + i) — (2 — 4i) 

D1 2)931) (415i) 12 aS ale 
=2 se By 

Simplify. [3.1] 
1a 1 es 15 af at 16. (2i)° 

Solve. [3.2] 

170 43x —4=0 18. 2x* + 6 = —7x 

195 434 20. x7 + 1000 

21. Find the zeros of f(x) = 4x? — 8x — 3 by completing the square. Show your work. [3.2] Wi P 8 q y 

In Exercises 22-24, (a) find the discriminant b? — 4ac, and then determine whether one real-number solution, two different 

real-number solutions, or two different imaginary-number solutions exist; and (b) solve the equation, finding exact solutions 
and approximate solutions rounded to three decimal places, where appropriate. [3.2] 

22 Bx — 5. = 0 23. 4x7 128 +9 = 0 

2A, 3x? + 2x = —1 

Solve. [3.2] 

15 t= 5x — 6 = "0 26. 2x —5Vx+2=0 
27. One number is 2 more than another. The product of the numbers is 35. Find the numbers. [3.2] 

In Exercises 28 and 29, (a) find the vertex; (b) find the axis of symmetry; (c) determine whether there is a maximum or 

a minimum value, and find that value; (d) find the range; (e) find the intervals on which the function is increasing or 
decreasing; and (f) graph the function. [3.3] 

DEV Aye — Ox 4 29. f(x) = —2x* — 4x —5 

30. The sum of the base and the height of a triangle is 16 in. Find the dimensions for which the area is a maximum. [3.3] 

betel | F:lefeye-1ai om Pl ivelitti(elam-laremueldiire 

31. Is the sum of two imaginary numbers always an 32. The graph of a quadratic function can have 0, 1, or 2 
imaginary number? Explain your answer. [3.1] x-intercepts. How can you predict the number of 

x-intercepts without drawing the graph or 
(completely) solving an equation? [3.2] 

33. Discuss two ways in which we used completing the 34. Suppose that the graph of f(x) = ax* + bx + chas 
square in this chapter. [3.2], [3.3] x-intercepts (x,, 0) and (x, 0). What are the 

x-intercepts of g(x) = —ax* — bx — c? Explain. [3.3] 
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ac I | ~ Solving Rational Equations and Radical Equations 

® Solve rational equations. 

» Solve radical equations. 

» Rational Equations 

Equations containing rational expressions are called rational equations. Solving 
such equations involves multiplying on both sides by the least common denomina- 
tor (LCD) of all the rational expressions to clear the equation of fractions. 

EXAMPLE 1 Solve: ~ ; aki 0) 

Algebraic Solution 

Visualizing the Solution 

We have 

The solution of the given equation is the 
The LCD is 

5 + Bao ies 0 PP Gre: zero of the function 

=e seas 2) Multiplying by 
6 + = 6:0 the LCD on both 

3 2 sides to clear fractions 

KR = BY =) 
6 an 6 = 0 

3 PD 

2(x — 8) + 3(x — 3) =0 
Be = IS a7 ee Y = 

So 2) — 

By 

x= 

The possible solution is 5. 

5¢ = ts 
Check: 

The zero of the function is 5. Thus 

the solution of the equation is 5. 

Now Try Exercise 3. 

The solution is 5. 
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Technology Connection 

We can use the Zero method to solve the equation in Example 1. We find the 
zero of the function 

(Oa 
The zero of the function is 5. Thus the solution of the equation is 5. 

f= 3 36 8) 
ar 5 

CAUTION! Clearing fractions is a valid procedure when solving rational 
equations but not when adding, subtracting, multiplying, or dividing 
rational expressions. A rational expression may have operation signs but it 
will have no equals sign. A rational equation always has an equals sign. For 

9G Fe. Neem ; ; x8 x 3 
example, 5 ae 7 oe rational expression but : + Adee 0 

is a rational equation. 

i Oe gett 
To simplify the rational expression ; + a first find the 

LCD and write each fraction with that denominator. The final result is 
usually a rational expression. 

; RS iets. Keo 
To solve the rational equation 5 4 ae 0, we first multiply 

by the LCD on both sides to clear fractions. The final result is one or more 
numbers. As we will see in Example 2, these numbers must be checked in 
the original equation. 

When we use the multiplication principle to multiply (or divide) on both sides 
of an equation by an expression with a variable, we might not obtain an equivalent 
equation. We must check the possible solutions obtained in this manner by substi- 
tuting them in the original equation. The next example illustrates this. 

5 

Sea 9 

x-3 %x*-3 

Solution The LCDisx — 3. 

2, 
iG 9 

Sf ENN = (x — 3))2 ( limes ( ier 

x = 9 

Ke oe 07 = 3 Using the principle of square roots 

EXAMPLE 2 Solve: 

The possible solutions are —3 and 3. We check. 



Technology Connection 

We can use a table on a graphing 
calculator to check the possible 
solutions in Example 2. We enter 

y\ 

When x = —3, we see that 

y, = —1.5 = y2, so —3 is a solu- 

tion. When x = 3, we get ERROR 
messages. This indicates that 3 is 

not in the domain of y, or y) and 

thus is not a solution. 

Technology Connection 

We can use a table on a graphing 
calculator to check the possible 
solution in Example 3. We enter 

2 1 
eee SO) tea 

We see that y; = y2 
when x = —3, or —2.5, so —3 

is the solution. 
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Check: POYe 3: For 3: 

neo) ie hes 
x-3 x-3 x-3 x-3 

alk eee CDP peu? 
si ils lence ee) RSE) Ce hese 

bs ilies TRUE he NOT DEFINED 
=6 = 0 0 

The number —3 checks, so it is a solution. Since division by 0 is not defined, 3 is 
not a solution. Note that 3 is not in the domain of either x”/(x — 3) or 9/(x — 3). 

Now Try Exercise 9. 

1 4 
EXAMPLE 3 Solve: ++ — ; 

3x +6 x*-4 x-2 

Solution We first factor the denominators in order to determine the LCD: 

2 1 4 i The LCD is 

3 (ete?) ie xe 2) ee ee 3(/4 2) (= 2). 

I 
2 1 4 

3(x + 2)(x i 55 + Cee =) Cae 21 me) er er 
Multiplying by the LCD to clear fractions 

2( = 2) to 4 2) 

ge == Ay ae 3) = Ise qe 2A! 

ee SS ise ae De 

—10x = 25 

5 
C= 

2 

The possible solution is —}. This number checks. It is the solution. 
Now Try Exercise 21. 

» Radical Equations 

A radical equation is an equation in which variables appear in one or more 

radicands. For example, 

Nee a Ne oe al 

is a radical equation. The following principle is used to solve such equations. 

THE PRINCIPLE OF POWERS 

For any positive integer n: 

Ifa = bis true, then a” = 0b” is true. 
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Technology Connection 

EXAMPLE 4 Solve: V3x +1 = 4. 

Solution We have 

Oo S oo — 
to II fe 

b Using the principle of powers; squaring both sides 

3X le — 16 

3x = 15 

v= 25 

Check: V3x+1=4 
V3-5+1?4 
V15 +1 

V16 
4 4 TRUE 

The solution is 5. Now Try Exercise 31. 

In Example 4, the radical was isolated on one side of the equation. If this had 
not been the case, our first step would have been to isolate the radical. We do so in 
the next example. 

We can use the Intersect method to solve the equation in Example 4. We graph 

y, = V3x + land y. = 4 and then use the INTERSECT feature. We see that the 
solution is 5. 

=110 

Intersection 

ea Y=4 
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EXAMPLE 5 Solve: 5+ Vx+7=x. 

Algebraic Solution 
Visualizing the Solution 

We first isolate the radical and then use the principle of powers. 

BeAr ee) ee When we graph y = 5 + Vx+7 
and y = x, we find that the first coor- 

WAN Sane, 5 dinate of the point of intersection of 
the graphs is 9. Thus the solution of 

5 te We se 7 = see, 

Subtracting 5 on 
both sides 

(Vv eae he = (x — Syn Using the principle 
of powers; squaring 

both sides 

ae ee VO 5 
=x = ily 218 Subtracting x and 7 

OFX 9 2) Factoring 

Vee ea ONO. Xa) 

hin FOF, Se 

The possible solutions are 9 and 2. 

Check: For 9: 

Bab NW ge ae 7 = ge Soe 

Sar We) se 7 e 

SG 
Sich Note that the graphs show that the 

9 | 9 TRUE equation has only one solution. 

5 8 10 12 14 16 x} ei ir cal ES 

t 
| 

} | | } } i 
oe oe ee ee ee 

For 2: Now Try Exercise 55. 

Siac We ae 7 == se 

Be Oe ieee 
52/9 
543 

8 2 FALSE 

Since 9 checks but 2 does not, the only solution is 9. 
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Technology Connection 

We can use a graphing calculator to solve the equation We can also use the ZERO feature to get this result, 

in Example 5. We can graph y, = 5 + Vx + 7 and as shown in the window below. To do so, we first write 

y) = x. Using the INTERSECT feature, we see in the the equivalent equation 5 + Vx + 7 — x = 0. The 
zero of the function f(x) =5 + Vx +7 — xis9, 
so the solution of the original equation is 9. 

window below that the solution is 9. 

Vy Dor Wma 1 Vn = & pS Ban Seay i he 

1S 

Intersection 
X=9 

Technology Connection 

We check the possible solution 
in Example 6 on a graphing 
calculator. 

= Va ON «ES, y,=4 

Since y; = y2 when 
x = 4, the number 4 checks. It 

is the solution. 

15 

When we raise both sides of an equation to an even power, the resulting equa- 
tion can have solutions that the original equation does not. This is because the 
converse of the principle of powers is not necessarily true. That is, if a” = b” is 
true, we do not know that a = b is true. For example, (—2)? = 2’, but —2 # 2. 
Thus, as we saw in Example 5, it is necessary to check the possible solutions in the 
original equation when the principle of powers is used to raise both sides of an 
equation to an even power. 

When a radical equation has two radical terms on one side, we isolate one of 
them and then use the principle of powers. If, after doing so, a radical term re- 
mains, we repeat these steps. 

EXAMPLE 6 Solve: Vx —3+ Vx+5=4. 
Solution We have 

Viti= 3 4 “Vx ee Isolating one radical 

(Vx = ae = (4 => BNA X Pats ie Using the principle of 
powers; squaring both sides 

Nemec oh =. cease Sota natant casieec) 

Sd NE Ee ee Combining like terms 

=24/= =8\V 4 5 Isolating the remaining 
radical; subtracting x and 
21 on both sides 

Fe aA a a Dividing by —8 on both sides 

oo ( Von 5 Using the principle of 
powers; squaring both sides 

bee Si ca) 

4 = %. Subtracting 5 on both sides 

The number 4 checks. It is the solution. Now Try Exercise 65. 
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Exercise Set 

Solve. 8 x 24 
ZS erie es 3 er, 1 oil Suge ger re ae ail ge ae D x + 8 

Besar 97 ehh ues - 18 ee & O18 1 

% BOs) test: PPE ha bts x? — 3x +9 x +3 +27 
3 - = 15 pg a he ae) 

4 5 3 2 x 4 32 
Die = Lea wie 

keine eee) i aa | 1 x-4 x+4 #16 
5.-+-=-+-> 66s Ss 

EE eee eine henttaakot 7 1 ) 
28. = = eee ee gk earns Beer Oe ie eed eae eared 

Bye a DG se = II Be ap os 1 l 6 

2 2) 0 = => 
16 49 = oan 9. aaa 10. Berea sid DO GX ae 6x 

30. = 6 12 = ae 
lle > 12 eal scar! hoe LOT a aes 15% 

31. V3x—4=1 39 N/A es 

ee ae 33, V2x — 5 = 34, V3x + 2=6 
+3 y -—9 

4 - 35a 7 36. V5 — x =1 
3 2 4m-—4 

hie en vers, 375 ek 38. V2 — 7x =2 ae 

; : 39 5 40. W/2x+1=—-5 
x 

SR oss 41, Wx -1=1 42, W3x+4=2 

Ox 5 43, Vy = 14 44. Vm+1-5=8 

ere aha aT 45. Vb+3-2=1 46. Vx -—4+1=5 

2 1 16 AT. N/ 7 Pe eA 48. Vy -5-2=3 
17) + = ——_ 
re Pee nee 1, Ve I = eae BOON See ek = 7 

ee eS 51. V2 -x-4=6 52. V5 —-x+2=8 oe = 
ea ae 53, 6x bo Fk = 5 54. Vx 68 

‘ty a 55 Wx 4 ee 56. Neel Lee 
xt+2 x +x+2x 

aM $= Bae 5 = ge oN oO 
3y 5 ee AE) 

0. ete = 59, Vx t7=x4+1 60. 6x ee =e 
yey. 

; 3 61. V3x +3=xFt1 
1 

21. ———— - —=—— = Race ee. 
Be Om exces 161 = ger 4 62. Vix ts — x 9 

1 1 5 (3, WW Die ce Il = ee — Il 

a5 TRS ety eae 64, Voix ae 

2 3 4 650 Oe Ves 
23: - = 

Sx+5 x1 x- 1 66. Vx — Vx —5=1 
An 1 er eee 67. V3x— 5 V 2x $341 =0 

Bi Ommer eae x2 C23 aN fem 
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69. Vx — V3x -3=1 

di, VEN = Vee =i 
71. V2y-5- Vy-3=1 

72. V4p + 54+ Vp+5=3 

730 \/ a Ve — 

74. Vy+7+ Vy+16=9 

Fs pb 6a otis Vie NY, 0 Ola IS, mae 

76. V6x +6=57+ V21 — 4x 

Tie = 2 

7S oe? 

[at 3 

80. m/? = -7 

Solve. 

81. St = 2 for T 

(A chemistry formula for gases) 

i a= ey 
ES [ttm 3p 

83. 

84. 

85. 

86. 

87. 

88. 

89. 

90. 

(A formula from optics) 

fey een 
we. 4 

(An electricity formula) 

A 
= [Stora 

6 

(A geometry formula) 

1 
= = = , for R, 

R Z 
i 
R 

(A formula for resistance) 

uy 
if 
=—+ — fort A een 

(A formula for work rate) 

A 
— {a- 1, for P 

P 

(A compound-interest formula) 

1 
— 2m for g - 

(A pendulum formula) 

I = af ak i f a oe - or p 

(A formula from optics) 

Vee es 

Oe ae 
(A formula for escape velocity) 

» Skill Maintenance 
Find the zero of the function. [1.5] 

ST ik) = (oe a 

92. f(x) = —3x +9 

Solve. [1.5] 

93. Pork Production. Together, China and the United 
States, the top two pork producers worldwide, 
produced 64,308,000 metric tons of pork in 2013. 
China produced 1,260,000 metric tons more than 
five times the number of metric tons produced by 
the United States. (Source: United Nations Food and 

Agriculture Organization) How many metric tons of 
pork did each country produce in 2013? 

ao 
ty 

94. Sports Injuries. In 2012 in the United States, there 
were 172,470 injuries among soccer players ages 19 

and under. This was about 44% more than the number 
of injuries among baseball players ages 19 and under. 
(Source: Safe Kids Worldwide, based on hospital ER 
reports, 2012) How many baseball players ages 19 and 
under were injured in 2012? 

» Synthesis 
Solve. 

VEG) 

98. \/15 + V2x+80=5 

99, 2/3 = x 
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Solving Equations and Inequalities with Absolute Value 

» Solve equations with absolute value. 

» Solve inequalities with absolute value. 

» Equations with Absolute Value 

Recall that the absolute value of a number is its distance from 0 on the number 

line. We use this concept to solve equations with absolute value. 
JUST 

IN 
TIME 

For a > 0 and an algebraic expression X: 

|X| =a isequivalentto X= —a or X= a. 

EXAMPLE 1 Solve: |x| = 5. 

Algebraic Solution 
Visualizing the Solution 

We have 

iy) =e The first coordinates of the points of intersec- 
tion of the graphs of y = |x| and y = 5 are 
—5 and 5. These are the solutions of the 
equation |x| = 5. 

Kg OX — 6. Writing an equivalent 
statement 

The solutions are —5 and 5. 

To check, note that —5 and 5 are both 5 units 

from 0 on the number line. 

5 units 5 units 

Now Try Exercise 1. 

EXAMPLE 2 Solve: |x — 3] —1 = 4. 
Solution First, we add 1 on both sides to get an expression of the form |X| = a: 

ys) = L=4 

ie 3 = 5 

rote = Oe OF tX_. 3° 5 |X| = ais equivalent 
= -aorX =a. 

C= =). oF x = 8. Adding 3 
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Check: For =2: For 8: 

ix —=3|=b=4 [x= 3) ii 
ee eee prea ees al 
oe 3)| = alee 'g: "3 4 

|—5| -1 [51 ae 
eg | Sell! 

4 4 TRUE 4 4 TRUE 

The solutions are —2 and 8. 

When a = 0, |X| = a is equivalent to X = 0. Note that fora < 0,|X| = a 
has no solution, because the absolute value of an expression is never negative. We 
can use a graph to illustrate the last statement for a specific value of a. For exam- 
ple, if we let a = —3 and graph y = |x| and y = —3, we see that the graphs do 
not intersect, as shown below. Thus the equation |x| = —3 has no solution. The 

solution set is the empty set, denoted W. 

» Inequalities with Absolute Value 

Inequalities sometimes contain absolute-value notation. The following properties 
are used to solve them. 

For a > 0 and an algebraic expression X: 

|X| <a isequivalentto -—a < X < a. 

|X| > a@_ is equivalentto X < —aorX >a. 

Similar statements hold for |X| < aand |X| = a. 

For example, 

|x| < 3 is equivalent to -—3 < x < 3; 

|y| = Lis equivalent toy < —lory=1; and 

|2x + 3] S 4is equivalent to -—4 S 2x + 3 < 4. 

EXAMPLE 3 Solve and graph the solution set: |3x + 2| < 5. 

Solution We have 

[3x 2 = 5 

SO Ske ea) Writing an equivalent inequality 

=] St SR Subtracting 2 
a ee ae I Dividing by 3 
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The solution set is { x| —$<cx<] \ or ( 41 ). The graph of the solution set is 
shown below. 

| 
wIN 

SE ea Pye Ny ail Xe Shee 

Now Try Exercise 45. 

EXAMPLE 4 Solve and graph the solution set: |5 — 2x| = 1. 

Solution We have 

es ee 

Bese 1 aap be El Writing an equivalent inequality 

aX SO) 07, ig ea! Subtracting 5 

BS) or a. Dividing by —2 and reversing 
the inequality signs 

The solution set is {x|x = 2 orx = 3}, or (—o0o, 2] U [3, 00). The graph of the 
solution set is shown below. 

Soi At SiO GRP en we eo Ome 4: Be 

Now Try Exercise 47. 

Solve. I), = |e oS GB) as Ds = |e = 2) = 7 

1. |x| =7 2. |x| = 45 31.7 — |2x —1| =6 32.5 — |4x + 3| =2 

Sh ka) =U Beals Solve and write interval notation for the solution set. 

Sy ix — 2 6. |x| = -2 Then graph the solution set. 

7. |x| = -10.7 8.) | lee? 33. |x| <7 34. |x| = 4.5 

9. |3x| = 1 10. |5x| = 4 35. |x| = 2 36. |x| <3 

11. (8x| = 24 12. |6x| = 0 Sie es) 2s aes 38. |x| >7 

is ep = 14. |x-—7| =5 esl) eee 40. |x| = 2 

15. |x + 2| =6 16. |x + 5| = 41. [3x] <1 42. |5x| = 4 

ea 1 18. |7x — 4| = 43. |2x| = 6 44. |4x| > 20 

19. [kx — 5] =17 20. |}x — 4| = 13 asa + 8| < 9 46. |x + 6| = 10 

2 a merase spa, Jive 3b Da i aaa 47. |x + 8] 29 48. [x +16] >10 

23, |x + 3|-2=8 De Wes cil oa 49. |x — 4] <2 50. |x — 0.5| = 0.2 

25. |3+1|-4=-1 26. |2x-1|-5=-3 51. |2x + 3| =9 SP Nicaea <aile 
53, |x =95) 20.1 54 le 7 |= 04 

Dds, Vale eS aod aay 285x442 =5 
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55 il Gxendx| 208 56, /6-= 2x = 0 67. A(n) is a correspondence such that 
2 5 3 1 each member of the domain corresponds to at least 

57. |x + 3] =3 58. |x + a] <3 one member of the range. [1.2] 

59. eo’ es 60. 205 4 a 68. A(n) is a correspondence such that 
3 3 6 each member of the domain corresponds to exactly 

6 sears 620 (on 520 one member of the range. [1.2] 

63,17) = —4 64, [2x +1| > z= 69. __—————_—aare given by equations of the type y = 8, 

i or f(x) = b. [1.3] 

» Skill Maintenance 70. Nonvertical lines are if and only if they 
: have the same slope and different y-intercepts. [1.4] 

Vocabulary Reinforcement 
71. A function fis said to be onan 

In each of Exercises 65-72, fill in the blank with the correct open interval I if, for all a and b in that interval, 

term. Some of the given choices will not be used. a < bimplies f(a) > f(b). [2.1] 

distance formula symmetric with respect 72. For an equation y = f(x), if replacing x with —x 
midpoint formula to the x-axis produces an equivalent equation, then the graph is 
function symmetric with respect . [2.4] 
relation to the y-axis ; 
x-intercept symmetric with respect > Synth esis 

y-intercept to the origin 
perpendicular increasing Solve. 

parallel decreasing 73. |3x —1| > 5x -2 
horizontal lines constant 
vertical lines 74. |x + 2| = |x —5| 

65. A(n) is a point (0, b). [1.1] Pe \P Al ps aie 8 
66. The isd = V (x5 Se ee 76. |x| + |x + 1| < 10 

[1.1] 77 Naas et || ON en 

Chapter 3 Summary and Review 

STUDY GUIDE 

KEY TERMS AND CONCEPTS EXAMPLE 

SECTION 3.1: THE COMPLEX NUMBERS 

The number i is defined such that Express each number in terms of i. 
i= V—landi#? = -1. OS ae VB V9 5 SA 21/5. = 15, or Var 

V-36 = 1°36 = —V-1: V36 = -i-6 = -6i 



A complex number is a number of the 

form a + bi, where a and bare real 

numbers. The number a is said to be the 

real part of a + bi, and the number b is 

said to be the imaginary part of a + bi. 

To add or subtract complex numbers, 

we add or subtract the real parts, and we 

add or subtract the imaginary parts. 

When we multiply complex numbers, 

we must keep in mind the fact that 
2 
P= ll. 

Note that Va : Vb 5 V ab when Wh 

and Vb are not real numbers. 

The conjugate of a complex number 

a+ biisa — bi. The numbers a + bi 

and a — bi are complex conjugates. 

Conjugates are used when we divide 

complex numbers. 

A quadratic equation is an equation that 

can be written in the form 

ax’ + bx + c= 0; a 0, 

where a, b, and c are real numbers. 

A quadratic function f is a function that 

can be written in the form 

fearon + bx @ 0, 

where a, b, and c are real numbers. 

The zeros of a quadratic function 

f(x) = ax’ + bx + care the solutions 
of the associated quadratic equation 

ax? + bx +c = 0. 

rome) ecersmeley. Vel 7 wale telly ug ie), (oma oe], (ous le), bt lel ml ea (ele) 4B) 

Summary and Review 

Add or subtract. 

(Sor Ane (6:— 81) P= (Sree 5) (47087) 

= 2 —- 4i; 

(6 — 7i) — (10 + 3i) = (6 — 10) + (—7i — 3%) 
= —4 — 10 

Multiply. 

VAN) 1008 ee V1 00 

= i-2-i-10 

= 4°20 

=-1-20 #=-1 

= —20; 

(2 S)Ge 1) = 6 2i— bp se 

6137 = 5) II 

= 16) 137 sD 

= tl ley 

Divide. 

2S ina pa 2h 3 — iis the conjugate 
Ee, eee a ee of the divisor, 3 + i. 

DSS ie iia ye 
i Gran, 

—15-li-2 , 
7 Ge i ae 
_ 13-1 
eal 

13 11 

Poe 

3x2 — 2x + 4 = Oand5 — 4x = x’ are examples of 

quadratic equations. The equation 3x7 — 2x + 4 = Ois 

written in standard form. 

The functions f(x) = 2x” + x + land f(x) = 5x* — 4are 
examples of quadratic functions. 

215 
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The Principle of Zero Products 

Ihab —' Oisitrueythenva:— 0/07 by —. 05 

and ifa = 0 orb = 0, then ab = 0. 

The Principle of Square Roots 

Ifx? = k, thenx = Vkorx = airs 

To solve a quadratic equation by 

completing the square: 

iL. Isolate the terms with variables on 

one side of the equation and arrange 

them in descending order. 

. Divide by the coefficient of the 

squared term if that coefficient 

is not 1. 

. Complete the square by taking half 

the coefficient of the first-degree 

term and adding its square on both 
sides of the equation. 

Express one side of the equation as 

the square of a binomial. 

Use the principle of square roots. 

6. Solve for the variable. 

Quadratic Functions and Equations; Inequalities 

Solve: 3x? — 4 = 11x. 

3x7 — 4 = 11x 

3x — De 4 0 Subtracting 11x 
on both sides to get 
0 on one side of the 
equation 

(3x + l\ix—4) =0 Factoring 

ane tO Of ira.) Using the principle 
of zero products 

aug == 1, x= 4 

1 
X=" = Oh x=4 

3 

1 
The solutions are — A and 4. 

Solve: 3x? — 18 = 0. 

3x7 — 18 = 0 

3x "18 

c= 6 

x= V6 or x= -V6 

Adding 18 on 
both sides 

Dividing by 3 on 
both sides 

Using the principle of 
square roots 

The solutions are We eiaval = Wes or = Wee 

Solve: 2x* — 3 = 6x. 

2x? — 3 = 6x 

2x* — 6x -3 = 0 

2x* — 6x = 3 

3 
x? — 3x = 

2 

, gued 
Ge" 30 Ge SS SS Sg 

2, 4 

Subtracting 6x 

Adding 3 

Dividing by 2 to make the 
x°-coefficient 1 

Completing the square: 

1(-3) = —Sand 
(3 = 3 ; adding 7 
Factoring and simplifying 

3 /15 Using the principle of square 
x = + roots and the quotient rule 

2 2 for radicals 

3 < V 158 3 N15 
XG — Te — 

2 y) 2 

The solutions are 5 
a Vise = Wie 

and nO 

2 er 



The solutions of ax? + bx + c = 0, 

a ~ 0, can be found using the quadratic 
formula: 

Sher Nb ine 
2a 

x= 

Discriminant 

For ax* + bx + c = 0, where a, b, andc 

are real numbers: 

b* — 4ac = 0 > One real-number 

solution; 

b* — 4ac > 0 > Two different 

real-number solutions; 

b? — 4ac < 0 > Two different 
imaginary-number 

solutions, complex 

conjugates. 

Equations reducible to quadratic, or 

quadratic in form, can be treated as 

quadratic equations if a suitable substitu- 

tion is made. 

Summary and Review 

Solve: x* — 6 = 3x. 

x7 — 6 = 3x 

x? — 3x — 6 0 Standard form 

a=1,b= -3,c = -6 

ar A Vb? — 4ac 

2a 

ae e Se NEED) 
+ S| | 

8 ae Ye 
re 2 

3 + V33 
= Se Exact solutions 

Using a calculator, we approximate the solutions to be 4.372 
and — 1.372. 

For the equation above, x — 6 = 3x, we see that b? — 4ac 

is 33. Since 33 is positive, there are two different real-number 

solutions. 

For 2x° — x + 4 = 0, witha = 2,b = —l,andc = 4, the 
discriminant, (—1)* — 4-2-4 = 1 — 32 = —31, is negative, 
so there are two different imaginary-number (or nonreal) 

solutions. 

For x’ — 6x + 9 = 0, witha = 1,b = —6,andc = 9, the 
discriminant, (—6)* — 4°1:9 = 36 — 36 = 0, is 0 so there is 

one real-number solution. 

Solve: x* — x* — 12 = 0. 

x§- x -12=0 

uw—u-—12=0 

(u— 4)(u +3) =0 

u—-4=0 or u+3=0 

u=4 or u= -—3 

y= or 3 

me \/3i Solving for x 

The solutions are 2, —2, \/3i, and — N/ Bi. 

Letum x. Then = (x4)? = x7 

Substituting 

Solving for u 

= aD OF x 

217 
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SECTION 3.3: ANALYZING GRAPHS OF QUADRATIC FUNCTIONS 

Graphing Quadratic Equations 

The graph of the function 

f(«) = a(x — h)? + kisa parabola 
that: 

* opens up if a > 0 and down if 

a <& Op 

« has (h, k) as the vertex; 
¢ has x = has the axis of symmetry; 
¢ has k as a minimum value (output) 

ifa > 0; 
¢ has k asa maximum value if a < 0. 

We can use a modification of the 

technique of completing the square as an 

aid in analyzing and graphing quadratic 

functions. 

The Vertex of a Parabola 

The vertex of the graph of 

WiCae ax’ + bx + cis 

(4-4) 
We calculate the We substitute to 

x-coordinate. find the y-coordinate. 

Find the vertex, the axis of symmetry, and the maximum or 

minimum value of f(x) = 2x° + 12x + 12. 

VO) =r le F2 

= AC ea) Note that 9 completes 
the square for 
x’ + 6x. 

= 2(x° + 6x + 9-9) 4 12 Adding 9 — 9, 
or 0, inside the 

parentheses 

= "2x = 6x1 9) 2 Or 2 singe tbe 
distributive law 

to remove —9 

from within the 

parentheses 

=O ets) eG 

= 2[x — (-3)P + (-6) 
The function is now written in the form 

f(x) = a(x — h)* + kwitha = 2,h = —3,andk = —6. 
Because a > 0, we know the graph opens up and thus the func- 

tion has a minimum value. We also know the following: 

Vertex (Hale): (e-s4=0)s 

Axis of symmetry x = h: x = —3; 

Minimum value of the function k: —6. 

To graph the function, we first plot the vertex and then find 

several points on either side of it. We plot these points and 

connect them with a smooth curve. 

F(x) = 2x? + 12x + 12 

Find the vertex of the function f(x) = —3x* + 6x + 1. 

b = 6 1 

2a 2(-3) 

FL) = 3 Ree 691 a aad 

The vertex is (1, 4). 



Some applied problems can be solved by 

finding the maximum or minimum value 
of a quadratic function. 

SECTION 3.4: SOLVING RATIONAL EQUATIONS AND RADICAL EQUATIONS 

A rational equation is an equation 

containing one or more rational 

expressions. When we solve a rational 

equation, we usually first multiply by the 
least common denominator (LCD) of 

all the rational expressions to clear the 
fractions. 

CAUTION! When we multiply by an 

expression containing a variable, we 

might not obtain an equation equivalent 

to the original equation, so we must 

check the possible solutions obtained 

by substituting them in the original 

equation. 

A radical equation is an equation that 

contains one or more radicals. We use 

the principle of powers to solve radical 

equations. 

For any positive integer n: 

If a = bis true, then a” = b” is true. 

CAUTION! If a” = b’ is true, it is not 

necessarily true that a = b, so we must 

check the possible solutions obtained by 

substituting them in the original equation. 

Summary and Review 

See Examples 5-7 on pp. 194-197. 

Solve. 

5 pe B 
Ker X= A 8D 

5 2 _*X—3  TheLCDis 
xt+2 (x+2)(x—-2) x%-—2 (* + 2)(x - 2). 

5 4 

Ce n(- ot. CPC =| 
ge = 3 

B= 2D 
= (x + 2)(x — 2): 

5(x — 2) — 4 = (x + 2)(x — 3) 
Spe ah ee 

5x —-14=x*-x-6 

=x 16x 18 

0 = (x — 2)(x — 4) 
xe — 0) or xe a0 

x=2 oF x=4 

The number 2 does not check, but 4 does. The solution is 4. 

Solves \/ Xicgte-2e te Nt) te, 

Wiese 2 ar Wie = Il = 3 

Wire ae) = 3 Wie = Il 

(Vx +2)? = (3 - Vx-1)? 
a9 a le ey) 

a8 ip DF = toy —— Woe = I ar 3% 

6 = -6Vx 1 

Isolating one radical 

Isolating the 
remaining radical 

Dividing by —6 

The number 2 checks. It is the solution. 

219 
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We use the following property to solve 

equations with absolute value. 

For a > 0 and an algebraic expression X: 

|X| = a_ is equivalent to 
Ne 4: 0f Xe — 10 

The following properties are used to 

solve inequalities with absolute value. 

For a > 0 and an algebraic expression X: 

|X| <a _ isequivalentto —a < X <a. 

|X| > a_ is equivalent to 
Ne aad Olean G, 

Similar statements hold for 

[xl =a and |X| =a. 

REVIEW EXERCISES 

Determine whether the statement is true or false. 

SECTION 3.5: SOLVING EQUATIONS AND INEQUALITIES WITH ABSOLUTE VALUE 

Quadratic Functions and Equations; Inequalities 

Solve: |x + 1] = 4. 

lIx+1|=4 

ec | 4a om xi 4 

Xn OF x= 

Both numbers check. The solutions are —5 and 3. 

Solve: |x =a <3. 

atae VAL se.) 

BeOS, Sas OSS) 

=< <= Ss Adding 2 

The solution set is {x|—1 < x < 5}, or (—1,5). 

|3x| = 6 

Xe Ot Ol Ok. 

BES =) OP 22 Dividing by 3 

The solution set is {x|x < —2 orx = 2}, or 
(00; =2);W)i2co)s 

Find the zero(s) of the function. [3.2] 

1. We can use the quadratic formula to solve any 10. f(x) =x axel 
uadratic equation. [3.2 q q Ba : 11. f(x) = x + 2x = 15 

Zane tunction ((x) = —3(x Fea)" =1 has a Ee 
maximum value. [3.3] AC mes ae 

So) 
3. For any positive integer n, if a” = b” is true, then TSI) ge ate 

a,= bistrue. [3.4] Solve 

4, An equation with absolute value cannot have two 143 > = [3.4] 
negative-number solutions. [3.5] Lee) 6 

Solve. [3.2 3 8 [3.2] oe interim 
5. (2y + 5)(3y — 1) =0 ts aot 

7 +4x-5=0 

. 3x? + 2x = 8 

ao 15 

ce 10 =) 

16. V5x + 1—1= V3x [3.4] 

17, Wie a a 

. |x —4| =3 [3.5] 

19. |2y 47) = 9 [3.5) 



Solve and write interval notation for the solution set. 
Then graph the solution set. [3.5] 

205% | 2815 

Dir ae a= 10 

Ome 6X eS 

23. |xn+4| =2 

24. Coles: oe ri [3.4] 
MeN = P 

Express in terms of i. [3.1] 

Bey \ i= A() 

ZONE '12 SN 20 

Whee) 
DS Ne ae eres 

—\Vi —64 

Simplify each of the following. Write the answer in the form 
a + bi, where a and bare real numbers. [3.1] 

28. (6 + 2i) + (—4 — 3i) 

29. (3 — 5i) — (2 — i) 

30. (6 + 2i)(—4 — 3i) 
De = By 

331 | : 
jh > By 

B2ere 

Solve by completing the square to obtain exact solutions. 
Show your work. [3.2] 

330 3x — 18 

34, 3x? — 12x -6 = 0 

Solve. Give exact solutions. [3.2] 

35. 3x’ + 10x = 8 

362t-= 2r'+ 10:°='0 

ey GF A) ae ah 

38. x =2Vx-1 

39. 5 — 3yv' +1=0 

AU) a ty 230 

Alepi 2) spa 2 \( pi 3), =, 0 

42. x° + 5x’ — 4x — 20 = 0 

In Exercises 43 and 44, complete the square to (a) find 

the vertex; (b) find the axis of symmetry; (c) determine 

Summary and Review 22) 

whether there is a maximum or minimum value and 

find that value; (d) find the range; and (e) graph the 
function. [3.3] 

43, f(x) = —4x° + 3x - 1 

44, f(x) = 5x* = 10x +°3 

In Exercises 45-48, match the equation with one of the 
figures (a)-(d) that follow. [3.3] 

a) 

fecelineta 1 meat 

Jpealmalan Gamat 

d) 

AS yea 2)? 

46. y= (x +3)? -4 

47. y =—2(x + 3)? +4 

48. y = —}(x — 2)? +5 

49. Legs of a Right Triangle. The hypotenuse ofa right 
triangle is 50 ft. One leg is 10 ft longer than the other. 
What are the lengths of the legs? [3.2] 

50 ft Site Li) 

x 

50. Bicycling Speed. Harry and Rebecca leave a camp- 
site, Harry biking due north and Rebecca biking due 
east. Harry bikes 7 km/h slower than Rebecca. After 
4 hr, they are 68 km apart. Find the speed of each 
bicyclist. [3.2] 
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51. Sidewalk Width. A 60-ft by 80-ft parking lot 
is torn up to install a sidewalk of uniform width 
around its perimeter. The new area of the parking 
lot is two-thirds of the old area. How wide is the 
sidewalk? [3.2] 

52. Maximizing Volume. The Garcias have 24 ft of 
flexible fencing with which to build a rectangular 
“toy corral” If the fencing is 2 ft high, what dimen- 
sions should the corral have in order to maximize its 
volume? [3.3] 

53. Dimensions of a Box. An open box is made from 
a 10-cm by 20-cm piece of aluminum by cutting a 
square from each corner and folding up the edges. 
The area of the resulting base is 90 cm’. What is the 
length of the sides of the squares? [3.2] 

+ pian Val, es Wale 
4 

5 + V33 ae 17 
C ; D. ; 

55. Solve: V4x + 1 + V2x = 1. [3.4] 

There are two solutions. 
There is only one solution. It is less than 1. 
There is only one solution. It is greater than 1. 
There is no solution. DOR > 

56. 

> 

Quadratic Functions and Equations; Inequalities 

The graph of f(x) = (x — 2)* — 3 is which of the 

following? [3.3] 

—5—4-3-2-1 x x 

YA , yA 

5 

4 4 

3 3 

2 7 

I} 1 

a 

Sate a 5 UL Ss ae Bs) x SS ail ee eS G 

a) ee, 

=p! > 

—4 —4 

= 5) —5 

Synthesis 

Solve. 

We 

58. 

Sh 

60. 

61. 

62. 

63. 

64. 

65. 

V Vx = 2 [3.4] 

(=A) = 3i 134) 

(x — 1)? = 4 [3.4] 

(2y — 2)? + y—1 =5 [3.2] 

Vet 2+ Vet —2=0 Bal 

At the beginning of the year, $3500 was deposited 
in a savings account. One year later, $4000 was 

deposited in another account. The interest rate was 
the same for both accounts. At the end of the second 
year, there was a total of $8518.35 in the accounts. 
What was the annual interest rate? [3.2] 

Find b such that f(x) = —3x* + bx — lhasa 
maximum value of 2. [3.3] 

Collaborative Discussion 
and Writing 
Is the product of two imaginary numbers always an 
imaginary number? Explain your answer. [3.1] 

Is it possible for a quadratic function to have one real zero 
and one imaginary zero? Why or why not? [3.2] 



66. If the graphs of 

f(x) = a(x — hy)’ + ky 
and 

g(x) = a(x — hy)’ + ky 

have the same shape, what, if anything, can you con- 
clude about the a’s, the h’s, and the k’s? Explain your 
answer. [3.3] 

67. Explain why it is necessary to check the possible solu- 
tions of a rational equation. [3.4] 

3 _ Chapter Test 

Test Dip ap) 

68. Explain in your own words why it is necessary to 
check the possible solutions when the principle of 
powers is used to solve an equation. [3.4] 

69. Explain why |x| < p has no solution for p = 0. [3.5] 

70. Explain why all real numbers are solutions of 
(xh por p,— 0, [3.5] 

Solve. Find exact solutions. 

Deh (X85) = 0 

. 6x? — 36 = 0 

Tac A = 0 

x -—5x+3=0 

. 2° — 3t+4=0 

x +5Vx — 36 =0 
3 2 

Ae Ta Seer 

9. Vxt+4-2=1 

LOM ce ee Ne A 

11. |x + 4| =7 

12249 — 3) = 5 

2 

3 

Ax x 3 = 

5 

6 

7 

=2 

Solve and write interval notation for the solution set. 
Then graph the solution set. 

Toes) = 4 

iW Bete il 

Poa ea 5 | 02 

162 }33—2x| =7 

1 1 1 
. Solve — + — = —for B. 17 er B C 

18. Solve R = V 3np for n. 

19. Solve x? + 4x = 1 by completing the square. Find 
the exact solutions. Show your work. 

20. The tallest structure in the United States, at 2063 ft, 

is the KTHI-TV tower in Blanchard, North Dakota 

(Source: The Cambridge Fact Finder). How long 
would it take an object falling freely from the top to 
reach the ground? (Use the formula s = 16t*, where s 
is the distance, in feet, that an object falls freely from 
rest in t seconds.) 

Express in terms of i. 

2S N\/ —45 

Dee Nee 

Simplify. 

23. (5 — 2i) — (2 + 3i) 

24. (3 + 4i)(2 — i) 

1-i 
25. 

6 + 2i 

26. i? 

Find the zeros of each function. 

pris epee Ve = SBS ke: 

285, fle) el 7 

29. For the graph of the function 
f(x) = —x? + 2x + 8; (a) find the vertex; (b) find 
the axis of symmetry; (c) state whether there is a 
maximum or a minimum value and find that value; 
(d) find the range; and (e) graph the function. 

30. Maximizing Area. A homeowner wants to fence a 

rectangular play yard using 80 ft of fencing. The side 
of the house will be used as one side of the rectan- 
gle. Find the dimensions for which the area is a 
maximum. 
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31. The graph of f(x) = (x — 1)? — 2 is which of the > Synthesis 
following? 

A. 
32. Find a such that f(x) = ax* — 4x + 3hasa 

A B. YH 
x maximum value of 12. 
5 

4 

3 

2 

1 
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APPLICATION _ this problem appe: as Exercise 47 in Section 4.1. 

| Polynomial Functions and Models 

4.2 Graphing Polynomial Functions 

Visualizing the Graph 

4. 6 Polynomial Division; The Remainder 
Theorem and the Factor Theorem 

Vinyl record albums are making a comeback. 

Sales of vinyl albums rose 32% from 2012 to 

2013. The sales data over the years 2001 to 

2013 are modeled by the quartic function 

x) = —0.000913x* + 0.248x* — 0.1515x? : 
fi) Mid- -Chapter Mixed Review 

1 O:2456%0-- 1.2779, 
4.4 Theorems about Zeros of 

where x is the number of years after 2001 and ~ Polynomial Functions = 

f(x) is the number of albums in millions 4.5 Rational Functions © 

(Source: Nielsen SoundScan). Find the CL Visualizing the Graph 

number of vinyl albums sold in 2008 and in 7 

2012, and estimate the number sold in 2016. 
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Polynomial Functions and Models 

» Determine the behavior of the graph of a polynomial function using the leading-term test. 

» Factor polynomial functions and find their zeros and their multiplicities. 

» Solve applied problems using polynomial models. 

There are many different kinds of functions. The constant, linear, and quadratic 
functions that we studied in Chapters | and 3 are part of a larger group of func- 

tions called polynomial functions. 

POLYNOMIAL FUNCTION 

A polynomial function P is given by 

Pl ae a ee ae ee ane aan 

where the coefficients a, a, —, . . . 5 4, dg are real numbers and the exponents 
are whole numbers. 

JUST The first nonzero coefficient, a,, is called the leading coefficient. The term 

IME a,x" is called the leading term. The degree of the polynomial function is n. Some 
0 | examples of polynomial functions follow. 

POLYNOMIAL LEADING LEADING 

FUNCTION EXAMPLE DEGREE TERM COEFFICIENT 

Constant f(x) =3 (f(x) = 3 = 3x°) 0 3 3 

Linear f(x) =ox4+5 (f(x) =3x+5 =x! +5) l ox $ 

Quadratic TS AM Xo s3 2 4x? 4 

Cubic fe) Se a aS 3 - 1 

Quartic Ot aaX ee le ena 2.9% — 1.7 4 = =] 

The function f(x) = 0 can be described in many ways: 

co = Ox" =x? = Ox 

and so on. For this reason, we say that the constant function f(x) = 0 has no 
degree. 

Functions such as 

2 
f= +5, on 2egaiene wabdiy satel ue Cie 

are not polynomial functions because the exponents —1 and } are not whole 
numbers. 

From our study of functions in Chapters 1-3, we know how to find or at 
least estimate many characteristics of a polynomial function. Let’s consider two 
examples for review. 
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Quadratic Function 

Function: f(x) = x? — 2x — 3 

(eae ely) (4G 83,) 

ZCLOS Lae 

x-intercepts: (—1, 0), (3, 0) 

y-intercept: (0, —3) 

Minimum: —4 atx = 1 

Maximum: None 

-s Domain: All real numbers, (—0o, co) 
(x) =x? -2x-3 fl ae ee 3) Range: [—4, oo) 

Function: g(x) = x + 2x7 — 11x — 12 

(Geese Oeste (nes 23) 

LELOS P= 42-1, 3 

a-intercepts:4( —4,.0)),( = 1, 0) (3, 0) 

y-intercept: (0, —12) 

Relative minimum: —20.7 atx = 1.4 

Relative maximum: 12.6 atx = —2.7 

Domain: All real numbers, (— 00, oo) 

Range: All real numbers, (—oo, co) 

Oe x3 + 2x*- llx- 12 
= G+ 4x 1% = 3) 

All graphs of polynomial functions have some characteristics in common. 
Compare the following graphs. How do the graphs of polynomial functions differ 
from the graphs of nonpolynomial functions? Describe some characteristics of the 
graphs of polynomial functions that you observe. 

Polynomial Functions 

Ey ori f(x) =x? + 3x41 [NCD) SE se BF oP 58 = II 

VA YX 
SF 

4r 

3r 

D) iL 
|e ee a ES SES > i > ee es ee ee ees > 

per ia alr NO Rem Brae oe S523 1 Bey 
= 

—4F f(x) = 3 : 5 3 

f(x) = —x4+ 2x? 
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Nonpolynomial Functions 

YR 

SF 

if 
She) = Vad I 

| es) 

Teale U algend 

| 
Ww 

| ane ama (a Ga 

— 7 You probably noted that the graph of a polynomial function is continuous; 
_ that is, it has no holes or breaks. It is also smooth; there are no sharp corners. 

“| Furthermore, the domain of a polynomial function is the set of all real numbers, 
| REVIEW SECTION 1.2 

(coo)! 

VY YA YA 

y = f(x) y = g(x) y = h(x) 

— 

> = > 
x Se x 

a 

A continuous function A discontinuous function A discontinuous function 

The domain of a polynomial function is the set of all real numbers, 
(oeh03;): 

» The Leading-Term Test 

The behavior of the graph of a polynomial function as x becomes very large 
(x— > 00) or very small (x—> — oo) is referred to as the end behavior of the graph. 
The leading term of a polynomial function determines its end behavior. 

YA 

x becomes x becomes 

very small very large 

0 <— x | x 5 x 
> 

x 

Using the graphs shown on the following page, let’s see if we can discover 
some general patterns by comparing the end behavior of even- and odd-degree 
functions. We also note the effect of positive and negative leading coefficients. 
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Even Degree 

g(x) = 3x5 + 3 

yy 

10- 
8 

6 

4 
2h 

a 1 Ee es Ee > 

eer tee  e 
—4- 

—6-F 

—8- 

—10F 

g(x) = —x4- 2x3 +x-1 g(x) =1—x — x! 

1 > lL > 

2x 3 x 

UL ek al ae oe fx) = 5x°— 20x +1 

We can summarize our observations as follows. 

THE LEADING-TERM TEST 

If a, x" is the leading term of a polynomial function, then the behavior of 
the graph as x —> 00 or as x > —oo can be described in one of the four 
following ways. 

The “™ portion of the graph is not determined by this test. 
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EXAMPLE 1 
with one of the graphs A-D that follow. 

ay ES See = Os) 

ii ae 

Solution 

LEADING DEGREE OF 

TERM LEADING TERM 

a) 3x? 4, even 

b) —5x° 3, odd 

c) x 5, odd 

d) —x°® 6, even 

Using the leading-term test, match each of the following functions 

b) fe) oe ee 

d) fx) = a ede 

SIGN OF 

LEADING COEFFICIENT GRAPH 

Positive D 

Negative B 

Positive A 

Negative C 

» Finding Zeros of Polynomial Functions 

Let’s review the meaning of the real zeros of a function and their connection to the 
x-intercepts of the function’s graph. 

LOL GILL IRAE LLM LEE DLE PIS SWE Ia dae a as 

eo 
FUNCTION 

Quadratic Polynomial 

Rix) =a = 2x. — 8 

= (xr 2) (x 4); 

or 

ee 2 (ae a) 

CONNECTING THE CONCEPTS 

Zeros, Solutions, and Intercepts 

ZEROS OF THE FUNCTION; 

SOLUTIONS OF THE EQUATION 

To find the zeros of g(x), we solve 

g(x) = 0: 
x7 — 2x -8 = 

(x + 2)(x — 4) =0 

C210) 07 RX 

ets x=4 

The solutions of x° — 2x — 8 = Oare 
~—2 and 4. They are the zeros of the 
function g(x); that is, 

g(—2) =0 and g(4) =0. 

ZEROS OF THE FUNCTION; 

x-INTERCEPTS OF THE GRAPH 

The real-number zeros of g(x) 
are the x-coordinates of the 
x-intercepts of the graph of 

ite (er). 

g(x) =x? — 2x — 8 

(continued ) 
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Cubic Polynomial To find the zeros of h(x), we solve h(x) = 0: The real-number zeros of h(x) 
h(x) ee Void hates Metauiest are the x-coordinates of the 

Dba y Mnele sions aye rT: x-intercepts of the graph of 
(% + 3)(x + 1)(x = 2) = 0 y = h(x). 

US SF SH) Gee es a) Rao = 10 Oren al 40) Sonex — 2) 0 

or koa ROT to ak OF: gaa 

Vat 3) (xt 1) (xe— 82) The solutions of x? + 2x? — 5x — 6 = Oare 

—3, —1, and 2. They are the zeros of the function 
h(x); that is, 

h(—3) = 0, 

h(—1) = 0, and 

Hie) "0. [HEM mb ae BO — Beas 

The connection between the real-number zeros of a function and the x- 
intercepts of the graph of the function is easily seen in the preceding examples. If c is 
a real zero of a function (that is, f(c) = 0), then (c, 0) is an x-intercept of the graph 
of the function. 

EXAMPLE 2 Consider P(x) = x° + x* — 17x + 15. Determine whether 
P(x) = x3 + x2-—17x+ 15 

each of the numbers 2 and —5 is a zero of P(x). 

Solution We first evaluate P(2): 

P(2) = (2)? 2)" = 1 7(2\er 15 = 7, Substituting 2 into 
the polynomial 

Since P(2) # 0, we know that 2 is not a zero of the polynomial function. 
ze We then evaluate P(—5): 

P(—-5) = 5) Sle (-—5)? illo Se toh 0) Substituting —5 into 
the polynomial 

Since P(—5) = 0, we know that —5 is a zero of P(x). 
Now Try Exercise 23. 

Let’s take a closer look at the polynomial function 

Hix ee ke 16 

(see Connecting the Concepts above). The factors of h(x) are 

x + 3, Kala Me ANG = 82s 

and the zeros are 

mek Si Wi charlie, 

We note that when the polynomial is expressed as a product of linear factors, each 
factor determines a zero of the function. Thus if we know the linear factors of a 
polynomial function f(x), we can easily find the zeros of f(x) by solving the equa- 
tion f(x) = 0 using the principle of zero products. 
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JUST 
IN 

TIME 

ge) = eee 2) 

EXAMPLE 3 Find the zeros of 

Via Cs eee Cs — ONE m9) 

5(x— 2) (« Fed). 

Solution To solve the equation f(x) = 0, we use the principle of zero products, 

solving x — 2 = Oand x + 1 = 0. The zeros of f(x) are 2 and —1. 

I 

| 7p eee 

EXAMPLE 4 Find the zeros of 

(x)= eet Go) ee ae 2) 

== (xi— 1)7(x 2). 

Solution To solve the equation g(x) = 0, we use the principle of zero products, 
solving x — 1 = Oandx + 2 = 0. The zeros of g(x) are 1 and —2. —__—__p 

Let’s consider the occurrences of the zeros in the functions in Examples 3 and 
4 and their relationship to the graphs of those functions. In Example 3, the factor 
x — 2 occurs three times. In a case like this, we say that the zero we obtain from 
this factor, 2, has a multiplicity of 3. The factor x + 1 occurs one time. The zero 
we obtain from this factor, —1, has a multiplicity of 1. 

In Example 4, the factors x — 1 and x + 2 each occur two times. Thus both 
zeros, 1 and —2, have a multiplicity of 2. 

Note, in Example 3, that the zeros have odd multiplicities and the graph 
crosses the x-axis at both —1 and 2. But in Example 4, the zeros have even multi- 
plicities and the graph is tangent to (touches but does not cross) the x-axis at —2 
and 1. This leads us to the following generalization. 

EVEN MULTIPLICITY AND ODD MULTIPLICITY 

If (x — c)*,k = 1, isa factor of a polynomial function P(x) and 
(x — c)**1 is not a factor and: 

* ifk is odd, then the graph crosses the x-axis at (c, 0); > 

« ifk is even, then the graph is tangent to the x-axis at (c, 0). 
ex ohael J 

Some polynomials can be factored by grouping. Then we use the principle of 
zero products to find their zeros. 
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IN 

TIME 

Technology Connection 

y =x? — 2x* — 9x + 18 

SECTION 4.1 ~~ Polynomial Functions and Models 

EXAMPLE 5 Find the zeros of 

f(x) = x? — 2x? — 9x + 18. 

Solution We factor by grouping, as follows: 

f(x) = x? — 2x* — 9x + 18 

cals =D) 9 (x72) Grouping x* with —2x” and —9x with 
18 and factoring each group 

= (x — 2)(x* = 9) Factoring out x — 2 

= (x — 2)(x + 3)(x — 3). Factoring x? — 9 

233 

Then, by the principle of zero products, the solutions of the equation f(x) = 0 are 
2, —3, and 3. These are the zeros of f(x). 

Using the Zero method, we can determine the zeros of the function in 
Example 5. The window at left shows the calculator display when we find the 
leftmost zero. The other zeros, 2 and 3, can be found in the same manner. 

Find the real zeros of the function f given by f(x) = 0.1x° — 0.6x? — 
0.1x + 2. Approximate the zeros to three decimal places. 

We use a graphing calculator to create a graph that clearly shows the 
curvature. It appears that there are three zeros, one near —2, one near 2, and 
one near 6. We use the ZERO feature to find them. The zeros are approximately 
— 1.680, 2.154, and 5.526. 

y = 01x? — 016x2 = 0.1K + 2 

Other factoring techniques can also be used. 

EXAMPLE 6 Find the zeros of 

af (emits Ai aed 5: 

Solution We factor as follows: 

Ge ee le 4k een x een 9). 

We now solve the equation f(x) = 0 to determine the zeros. We use the principle 

of zero products: 

(x* — 5)(x° + 9) =0 

x= 5=0 oF x +9 =0 

p= 5 or oe =2. 

x= +V5 or K="E NV HO = '231. 

The solutions are + V5 and +3i. These are the zeros oF f(s). 
Now Try Exercise 37. 
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Only the real-number zeros of a function correspond to the x-intercepts of its 

graph. For instance, the real-number zeros of the function in Example 6, — V5 and 

V/s, can be seen on the graph of the function below, but the nonreal zeros, —3i and 

3i, cannot. 

as fe) =x ar 45 

Every polynomial function of degree n, with n = 1, has at least one zero 
and at most n zeros. 

This is often stated as follows: “Every polynomial function of degree n, with 
n = 1,has exactly n zeros.” This statement is compatible with the preceding state- 
ment, if one takes multiplicities into account. 

» Polynomial Models 

Polynomial functions have many uses as models in science, engineering, and busi- 
ness. The simplest use of polynomial functions in applied problems occurs when 
we merely evaluate a polynomial function. In such cases, a model has already been 
developed. 

EXAMPLE 7 Ibuprofen in the Bloodstream. The polynomial function 

M(t) = 0.5t* + 3.45P — 96.657 + 347.7t 

can be used to estimate the number of milligrams of the pain relief medication 
ibuprofen in the bloodstream t hours after 400 mg of the medication has been 
taken. Find the number of milligrams in the bloodstream at t = 0, 0.5, 1, 1.5, 

and so on, up to 6 hr. Round the function values to the nearest tenth. 

Solution Using a calculator, we compute function values: 

ae M(t) = 0.5t4 + 3.45t3 — 96.65t? + 347.7t; ht M(3.5) = 255.9, 
500; | eee M(0.5) = 150.2, M(4) = 193.2, 

_ M1) = 255, M(4.5) = 126.9, 

M(1.5) = 318.3,  M(5) = 66, 

M(2) = 344.4, M(5.5) = 20,2; 

M(2.5) = 338.6, M(6) = 0. 

74 M(3) = 306.9, 
Now Try Exercise 49. 
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Recall that the domain of a polynomial function, unless restricted by a state- 

ment of the function, is (— oo, oo ). The implications of the application in Example 7 
restrict the domain of the function. If we assume that a patient had not taken any 
of the medication before, it seems reasonable that M(0) = 0; that is, at time 0, 
there is 0 mg of the medication in the bloodstream. After the medication has been 
taken, M(t) will be positive for a period of time and eventually decrease back to 
0 when t = 6 and not increase again (unless another dose is taken). Thus the re- 
stricted domain is [0, 6]. 

Technology Connection 

We can evaluate the function in Example 7 with the TABLE feature of a graphing 
calculator set in AUTO mode. We start at 0 and use a step-value of 0.5. 

As discussed above, the domain of M(t) is [0, 6]. To determine the range, 
we find the relative maximum value of the function using the MAXIMUM feature. 

The maximum is about 345.76 mg. It occurs approximately 2.15 hr, or 2 hr 
9 min, after the initial dose has been taken. The range is about | 0, 345.76]. 

y = 0.5x4 + 3.4523 
= 96:60%. 4 347.7% 

Maximum 

X = 2.1485504 _Y = 345.76165 

Exercise Set © 

Determine the leading term, the leading coefficient, and In Exercises 11-18, select one of the following four sketches 

the degree of the polynomial. Then classify the polynomial to describe the end behavior of the graph of the function. 

function as constant, linear, quadratic, cubic, or quartic. a) b) Ate 

iixuleey ome we bene Nu fe ne 

Gi tox 10s4 ssl oo 

| h(x) = 0.9x — 0.13 : i \ 
f(x) = -6 a / \ 

oe PN DAW Pw bv 

= 

g(x) = 305x° + 4021 
OY Cay beeen 

(~) = 24x? + 5x? — x + § | 

h De AS 4x4 et ee Ok 
53) == Bie ar 7a EX 

) 13. f(x) = —x° + 3x' ~ 2 
f(X) = 2% 

Ce: rene ae 

put sy 14. f(x) = 3 — 2x x Byes 
x) = 4x" -— 35 

a ; isa) ee a 
10S ie) ee 
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16s3f (x) eh. 31. f(x) = (x — 9)° 

17 x) = 10 haa ED id Col CS ye 

ISSii ee nSeianct a 530i ise oe  Uirtee a 

In Exercises 19-22, use the leading-term test to match the BA, fix) = Xx 13) (on Ae 

function with one of the graphs (a)-(d) that follow. 35. f(x) = B(x — 3)2(x + 4)%x! 

b) yn , . 
5 36, fic = (x= od 6) 

t Bk ee 
of ee 2 

fe Nee ae Se 38. (ai — 10x =- 
“54-3-2-1,[12345 x ; 

Hh fas aa =) 39.7 fe eane Sau 
wn a 

: he 3 RRO ee fe 40 flee = 2x 

Ae Ce a ee 

ADR naa x — ABS 

Determine whether the statement is true or false 

43. If P(x) = (x — 3)*(x + 1)%, then the graph of 
the polynomial function y = P(x) crosses the 
x-axis at (3,0). 

44, If P(x) = (x + 2)?(x — })°, then the graph of 
the polynomial function y = P(x) crosses the 
x-axis at G. O}. 

Dasa 

eae: 5 _ 92 
en a eee 45. If P(x) = (x — 2)°(x + 5)°, then the graph of 
20: f(x) = 2x" =o + 1 y = P(x) is tangent to the x-axis at (—5, 0). 

Me fxyHx +x 3 46. If P(x) = (x + 4)*(x — 1)’, then the graph of 
eG ee ed y = P(x) is tangent to the x-axis at (4, 0). 

47. Vinyl Album Sales. Vinyl record albums are making 
a comeback. Sales of vinyl albums rose 32% from 2012 
to 2013. The sales data over the years 2001 to 2013 are 
modeled by the quartic function 

23. Use substitution to determine whether 4, 5, and —2 

are zeros of 

f(x) = & — 9x" + 14x $24. 

24. Use substitution to determine whether 2, 3, and —1 f(x) = —0.000913x* + 0.0248x? 

are zeros of — 0.1515x* + 0.2136x + 1.2779, 

Nee eee cals 6. where x is the number of years after 2001 and f(x) 
25. Use substitution to determine whether 2, 3, and —1 is the number of albums in millions (Source: Nielsen 

ate vero of SoundScan). Find the number of vinyl albums sold in 
2008, in 2012, and in 2016. 

g(x) =x" Oe + 8x? + 6x19) 

26. Use substitution to determine whether 1, —2, and 3 

“ are zeros of 

C(x) Se = Bx Sx — 

Find the zeros of the polynomial function and state the 
multiplicity of each. 

27. f(x) = (xe +3) (« = 1) 

28. f(x) = (x +5) (e— 4) (x + 1) 

29 f(x) = =2(6 = AN 4 ie 4 aC) 

(x) = (x +4)(x + 7)(x + 7) + 5) 



48. 

49. 

50. 

ra 

Railroad Miles. The greatest combined length of 
US.-owned operating railroad track existed in 1916, 
when industrial activity increased during World War I. 
The total length has decreased ever since. The data 
over the years 1900 to 2011 are modeled by the quar- 
tic function 

f(x) = —0.002391x* + 0.949686x? 

— 123.648199x* + 4729.3635x 

+ 198,846.4097, 

where x is the number of years after 1900 and f(x) is 
in miles (Source: Association of American Railroads). 

Find the number of miles of operating railroad track 
in the United States in 1916, in 1960, in 2000, and in 
2016. 

Dog Years. 

than that of a human. The cubic function 

Ae je 00102554 — 0.340119%- 

+ 7,397499x + 6.618361, 

where x is the dog’s age, in years, approximates 
the equivalent human age in years. Estimate the 
equivalent human age for dogs that are 3, 12, and 
16 years old. 

Threshold Weight. Ina study performed by Alvin 
Shemesh, it was found that the threshold weight W, 
defined as the weight above which the risk of death 
rises dramatically, is given by 

w(h) = (44). 

where W is in pounds and h is a person’s height, in 

inches. Find the threshold weight of a person who is 

Sittin tall. 

Projectile Motion. A stone thrown downward with 

an initial velocity of 34.3 m/sec will travel a distance 

of s meters, where 

s(t) = 4.97 + 34.3t 

and t is in seconds. If a stone is thrown downward at 

34.3 m/sec from a height of 294 m, how long will it 

take the stone to hit the ground? 

A dog’s life span is typically much shorter 

SECTION 4.1 

52. 

53. 

54. 

55. 

257, Polynomial Functions and Models 

Games in a Sports League. If there are x teams in a 
sports league and all the teams play each other twice, a 
total of N(x) games are played, where 

NU) ox 

A softball league has 9 teams, each of which plays the 
others twice. If the league pays $110 per game for the 
field and the umpires, how much will it cost to play 
the entire schedule? 

Prison Admissions. Since 2006, total admissions to 

state and federal prisons have been declining (Source: 
Bureau of Justice Statistics). The quartic function 

p(x) = 6.213x* = 432.347 

+ 1922.987x? + 20,503.912x 
+ 638,684.984, 

where x is the number of years after 2001, can be 
used to estimate the number of admissions to state 
and federal prisons from 2001 to 2012. Estimate the 
number of prison admissions in 2003, in 2006, and 
in 2011. 

Obesity. The percentage of adults who are obese is 
rising (Source: Gallup-Healthways Well-Being Index). 
The cubic function 

icc) =O 02x = 0r764n5 

+ 1.595x + 25.494, 

where x is the number of years after 2008, can be used 
to estimate the percentage of adults who are obese. 
Using this function, estimate the percentage of adults 
who were obese in 2009 and in 2013. 

Interest Compounded Annually. When P dollars is 
invested at interest rate i, compounded annually, for 
t years, the investment grows to A dollars, where 

A = P(1 + i)* 

Trevor's parents deposit $8000 in a savings account 
when Trevor is 16 years old. The principal plus inter- 
est is to be used for a truck when Trevor is 18 years 
old. Find the interest rate i if the $8000 grows to 
$9039.75 in 2 years. 
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56. Interest Compounded Annually. When P dollars is 60. The diameter of a circle connects the points (—6, 5) 

invested at interest rate i, compounded annually, for and (—2, 1) on the circle. Find the coordinates of the 
t years, the investment grows to A dollars, where center of the circle and the length of the radius. [1.1] 

A= P(1 + at. Solve. 
When Sara enters the 11th grade, her grandparents 61. 2y-32=1-y+t5 [16] 
deposit $10,000 in a college savings account. Find the 
interest rate i if the $10,000 grows to $11,193.64 in 62. (Oe = 2) (Ee Xe ans eG 

2 years. 63,[ea Ol = "7 18a 

° ° i 2 > Skill Maintenance oo torareliessraltd 
Find the distance between the pair of points. {1.1] oe Synthesis 

Fare 2)end (Os -1) Determine the degree and the leading term of the polyno- 
58. (4, 2) and (—2, —4) mial function. 

= 3 
59. Find the center and the radius of the circle 5 alia el des) gees) 

(x — 3)? + (y+ 5)? = 49, [1.1] 665 f(x) = (10 Be) Go aa) 

Graphing Polynomial Functions 

® Graph polynomial functions. 

® Use the intermediate value theorem to determine whether a function has a real zero 

between two given real numbers. 

» Graphing Polynomial Functions 

In addition to using the leading-term test and finding the zeros of the function, 
it is helpful to consider the following facts when graphing a polynomial 
function. 

If P(x) is a polynomial function of degree n, the graph of the function has: 

¢ at most 7 real zeros, and thus at most n x-intercepts; 

¢ at most n — | turning points. 

(Turning points on a graph, also called relative maxima and minima, 
occur when the function changes from decreasing to increasing or from 
increasing to decreasing.) 
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EXAMPLE 1. Graph the polynomial function h(x) = —2x* + 3x°. 

Solution 

1. First, we use the leading-term test to determine the end behavior of the graph. 
The leading term is —2x*. The degree, 4, is even, and the coefficient, —2, is 
negative. Thus the end behavior of the graph as x —> 00 and as x —> —oo can 
be sketched as follows. 

2. The zeros of the function are the first coordinates of the x-intercepts of the 
graph. To find the zeros, we solve h(x) = 0 by factoring and using the prin- 
ciple of zero products. 

= 8x 10 
ae (2a =a) Factoring 

=< = 0 or 2x—3=0 Using the principle of zero products 

3 
x=0 or x= 

iS) 

The zeros of the function are 0 and 3. Note that the multiplicity of 0 is 3 and the 
multiplicity of } is 1. The x-intercepts are (0,0) and (3 0 Ni 

3. The zeros divide the x-axis into three intervals: 

enon (0,2) ae (3, 

3 

0. 2 
Se 

$54 —3 = 2 10 ON Ie 34 a 

The sign of h(x) is the same for all values of x in each of the three intervals. 
That is, h(x) is positive for all x-values in an interval or h(x) is negative for 
all x-values in an interval. To determine which, we choose a test value for x 
from each interval and find h(x). 

Interval (— oo, 0) (0,3) (3, 00) 

Test Value, x =1 1 2 

Function Value, h(x) =) ] =3 

Sign of h(x) - } = 

Location of Points on Graph Below x-axis Above x-axis Below x-axis 

— i + ; _ 

< t oo 

i Ae Oi tO 2 se aS is 

This test-point procedure also gives us three points to plot. In this case, we have 
Gay) 0le 1), and (2,.=8), 
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4. To determine the y-intercept, we find h(0): 

Bo ox 

h(0) = —2:0* + 3°0° = 0. 

The y-intercept is (0, ()). 

5. A few additional points are helpful when completing the graph. 

h(x) = —2x4 + 3x3 

(Ear = 5) 

ON NN FW NY 

6. The degree of h is 4. The graph of h can have at most 4 x-intercepts and at most 
3 turning points. In fact, it has 2 x-intercepts and 1 turning point. The zeros, 0 
and 3, each have odd multiplicities: 3 for 0 and 1 for 3. Since the multiplicities 
are odd, the graph crosses the x-axis at 0 and 5. The end behavior of the graph is 
what we described in step (1). As x —> oo and also as x —> —00, h(x) > —oo. 

The graph appears to be correct. Now Try Exercise 23. 

The following is a procedure for graphing polynomial functions. 

To graph a polynomial function: 

1. Use the leading-term test to determine the end behavior. 
2. Find the zeros of the function by solving f(x) = 0. Any real zeros are 

the first coordinates of the x-intercepts. 

3. Use the x-intercepts (zeros) to divide the x-axis into intervals and 

choose a test point in each interval to determine the sign of all func- 
tion values in that interval. 

4. Find f(0). This gives the y-intercept of the function. 

5. If necessary, find additional function values to determine the general 
shape of the graph and then draw the graph. 

6. Asa partial check, use the facts that the graph has at most n x-inter- 
cepts and at most n — 1 turning points. Multiplicity of zeros can also 
be considered in order to check where the graph crosses or is tangent 
to the x-axis. 
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EXAMPLE 2 Graph the polynomial function 

f(x) = 2x7 + x? — 8x — 4, 

Solution 

1. The leading term is 2x°. The degree, 3, is odd, and the coefficient, 2, is positive. 
Thus the end behavior of the graph will appear as follows. 

A a 

2. To find the zeros, we solve f(x) = 0. Here we can use factoring by grouping. 

TS 2x? + x? — 8k —4=0 
Im 

TIME Bees ol) —34(2xe2 1) 0 Factoring by grouping 

(2x + 1)? — 4) = 0 
(ESS MICE = Cs ara ees 10) Factoring a difference of squares 

The zeros are —3, —2, and 2. Each is of multiplicity 1. The x-intercepts are 

(—2, 0), (—3, 0), and (2, 0). 
3. The zeros divide the x-axis into four intervals: 

NO Bw 

ly Vv 

Interval (=Coy=2) (-2, —}) | (2) | (2, oo) 

Test Value, x —3 =a 1 3 

Function 
Value, f(x) 25 3 =9 35 

Sign of f(x) = | = - 7 

Location of 
Points on Graph Below x-axis Above x-axis Below x-axis Above x-axis 

- + = + 

= ao ene 
<i OO et > 

36 sh el Ouee 2eys eas 

The test values and corresponding function values also give us four points on 
{nemapne (3525), (1,3), (1.—9) and (3,35). 
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4. To determine the y-intercept, we find f(0): 

fore ee 

f(0) = 220) +07 =) Sais I > 

The y-intercept is (0, —4). 

5. We find a few additional points and complete the graph. 

6. The degree of fis 3. The graph of f can have at most 3 x-intercepts and at most 
2 turning points. It has 3 x-intercepts and 2 turning points. Each zero has a 
multiplicity of 1; thus the graph crosses the x-axis at —2, —5, and 2. The graph 
has the end behavior described in step (1). As x > —oo, h(x) — —oo, and as 
x —> 00, h(x) — oo. The graph appears to be correct. 

Now Try Exercise 33. 

Some polynomials are difficult to factor. In the next example, the polynomial 
is given in factored form. In Sections 4.3 and 4.4, we will learn methods that facili- 
tate determining factors of such polynomials. 

EXAMPLE 3_ Graph the polynomial function 

g(x) = x* — 7x3 + 12x* + 4x — 16 

= (6 ING 2) a 

Solution 

1. The leading term is x*. The degree, 4, is even, and the coefficient, 1, is positive. 
The sketch below shows the end behavior. 

Ne 
2. To find the zeros, we solve g(x) = 0: 

(xacro Vitec a) )ee Aare 

The zeros are —1, 2, and 4; 2 is of multiplicity 2; the others are of multiplicity 1. 
The x-intercepts are (—1, 0), (2, 0), and (4, 0). 
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3. The zeros divide the x-axis into four intervals: 

(—oo,-1), (-1,2), (2,4), and (4,00). 

We choose a test value for x from each interval and find g(x). 

Interval (cor) (1,2) (2, 4) (4, co) 

Test Value, x = jl 25 1 3 4.25 

Function 
Value, g(x) ~ 13.9 =6 mat ~ 6.6 

Sign of g(x) rt = = + 

Location of 
Points on Graph Above x-axis Below x-axis Below x-axis Above x-axis 

ae 27) ae 
OO Ot 

SS Se ny 

The test values and the corresponding function values also give us four points 
on theeraph:) (— 1225; 13.9), (1,6), (3; =4), andi( 4.25, 6.6). 

4. To determine the y-intercept, we find g(0): 

GOS 66 ee Ng ae ie 

g(0) = 0° — 7-0 +-12:0 + 4:0 — 16 = —16. 

The y-intercept is (0, — 16). 

5. We find a few additional points and draw the graph. 

(—1.25, 13.9) 

ex) =a" Tet 12x? + 4x 16 

L¢(0.5, —11.8) 

/ 
(—0.15, —16.3) —16#(0, —16) 

1 
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6. The degree of gis 4. The graph of g can have at most 4 x-intercepts and at most 

3 turning points. It has 3 x-intercepts and 3 turning points. One of the zeros, 2, 

has a multiplicity of 2, so the graph is tangent to the x-axis at 2. The other zeros, 
—1 and 4, each have a multiplicity of 1 so the graph crosses the x-axis at —1 
and 4. The graph has the end behavior described in step (1). As x — 00 and as 
x —> —00, g(x) —> oo. The graph appears to be correct. 

Now Try Exercise 19. 

» The Intermediate Value Theorem 

Polynomial functions are continuous, hence their graphs are unbroken. The do- 
main of a polynomial function, unless restricted by the statement of the func- 
tion, is (—00, co). Suppose two polynomial function values P(a) and P(b) have 
opposite signs. Since P is continuous, its graph must be a curve from (a, P(a)) to 
(b, P(b)) without a break. Then it follows that the curve must cross the x-axis at 
at least one point c between a and 5; that is, the function has a zero at c between a 
and b. 

aN 

P(a)+ (a, P(a)); 
Pa) > 0 

(c, P(c)); Pl 

mena 
P(b)- 

| 

(b, P(b)); 
P(b 

THE INTERMEDIATE VALUE THEOREM 

For any polynomial function P(x) with real coefficients, suppose that for 
a # b, P(a) and P(b) are of opposite signs. Then the function has at least 
one real zero between a and b. 

The intermediate value theorem cannot be used to determine whether 

there is a real zero between a and b when P(a) and P(b) have the same 
sign. 

EXAMPLE 4 Using the intermediate value theorem, determine, if possible, 
whether the function has at least one real zero between a and b. 

a) f(x) =x +2 -64 a=-4b=- 

b) f@) = $Y 66 c= = be 

c) g(x) 
d) ee) =e = eg = 

Solution We find f(a) and f(b) or g(a) and g(b) and determine whether they 
differ in sign. The graphs of f(x) and g(x) provide visual checks of the conclusions. 

a) f(—4) = (-4)? + (-4)? - 6(-4) = —24, 

Hae)! (2 — 6a) 

ley aS rel ay al x Cie =D =a 
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Note that f(—4) is negative and f(—2) is positive. By the intermediate value 
theorem, since f(—4) and f(—2) have opposite signs, then f(x) has at least one 
zero between —4 and —2. The following graph confirms this. 

YA 

S| fsx tx? bx 
—10F 

DP) al) el) ol) 
f(@).=3 + 6 =66).=18 

Both f(—1) and f(3) are positive. Thus the intermediate value theorem does 
not allow us to determine whether there is a real zero between —1 and 3. Note 
that the graph of f(x) above shows that there are two zeros between —1 and 3. 

a s(-4) =H) — (4) 
Py el (a a EF 

Sia) = ala) Wa) as 
Since g ( —}) and g ( 5) have opposite signs, g(x) has at least one zero between 

—; and 5. The following graph confirms this. 

Drea (i) Se 
g(2) =4@)'- 2 = -§ 
Both g(1) and g(2) are negative. Thus the intermediate value theorem does not 
allow us to determine whether there is a real zero between 1 and 2. Note that the 
graph of g(x) above shows that there are no zeros between | and 2. 

‘Now Try Exercises 39 and 43. 
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WECTIE LTP éTale, 
the Graph 

Match the function with its graph. 

Le FUG) eects 

2 f(x) —-3 + 6x = 3 

3.. f(x) =x = 4 + 3x74 Ax — "4 

4, f(x) = Seb 4 

B.A) ke = AX 

6.f(%) =e aan Oxt 

7. f(x) = — 3x +2 

9. f(x) = + 7x +6 

10. f(x) = : 

Answers on page A-17 
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42 - Exercise Set 

For each function in Exercises 1-6, state: LO f= 34 de oe 42 
a) the maximum number of real zeros that the function 11. f(x) = x4 — 2x3 + 12x? + x — 20 

can have; 
b) the maximum number of x-intercepts that the graph of 12. f(x) = —0.3x' © O.NIx® = 0.25" ae 

the function can have; and SOX 
¢) the maximum number of turning points that the graph 

of the function can have. 

Lf =x — x 46 

70, pla) ems sal ne i ee il SI 

3. f(x) = x! = 2° + 4x -— 2 

Graph the polynomial function. Follow the steps outlined in 
the procedure on p. 240. 

132 fey =e = 2 

14a x 4x x 

152 4(0 = 
Lis VAG aWest ree eee 5) xe 16. f(x) = x2 - 5x +4 

6. f(x) = —3x* + 2° -—x-—4 17. h(x) = x3 — 4x3 

In Exercises 7-12, use the leading-term test and your 18. f(x) = - x 
knowledge of y-intercepts to match the function with one of 
the graphs (a)-(f) that follow. 19S) xa A(x el) (2) 

20:7 f(x) = x(a 1) 3 5S) 

21. g(x) = —}x° — 3x? 22. f(x) = 3x3 + 3x? 

23. (a — 2 2A Vi) nee 

25. f(x) = —}(x — 2)(«+ 1/7 = 1) 

LS Ea) = (be Gees 3) 

27. g(x) = =x" — 1)? 4)? 

28a ex (3) (XS) (ee) 

I Gal == OE Orae ii 

B0ine (x ee = OK 

Stee (ed) 

Blix w=" (ore e2)? 

chal une an ke See Se 

“) Bae eee 18 

Boni (x) = On = 8x 4c 2 

Ia es Sees 36. h(x) = x a 5x° + 4x 
S22 o2 Pree eas 

Graph each piecewise function. 

x nO Oh = 2. 

oh ON Ss tOr 2 ae 

“gd es Vv eet eae ee for =! 

Law) es 
8) f(x) S -0.5x° = x° + 4x* — 5x? = 7x? i, eelObats< 2, 

iS BSat( x) yeti? Le for = 2° =..0, 

>], forx = 0 Dene ee A x ie Or x 
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Using the intermediate value theorem, determine, if c) Yn 

possible, whether the function f has at least one real zero See Aor 
between a and b. Bee oe 

BOT ei BO 1 ee ee 

AO. f(x) =P 453 = 9 1B a be —543-2-1,/12345.. x 
42 

ALS ga ee a a) ak ee ee, 
-4 

42 f(a) Sx 224 a= 2b 3 = 

A3e f(a) % — 2x 65a — 25) 3 

ALM oe Ta 

AS(x = 6 = Ox 4a = 4,0 — 5 

AGN eae Lae 3 

» Skill Maintenance 

In Exercises 47-52, match the equation with one of the 
graphs (a)-(f) that follow. 

47. y=~x [1.1] 48. x = —4 [1.3] 

49. p= 2Ax =.6.[4.4] 50. 3xhay = sOtLkh] 

51. y= 1 => [RU ya amie sad Bb 

Solve. 

53. 2x —4 = 4 — 3x [1.5] 

54. x — x? — 12x = 0 [4.1] 

55. 6x7 — 23x — 55 = 0 [3.2] 

56. 3x + 10 =i + 2x [1.5] 

Polynomial Division; The Remainder Theorem 
and the Factor Theorem 

® Perform long division with polynomials and determine whether one polynomial 

is a factor of another. 

Use synthetic division to divide a polynomial by x — c. 

Use the remainder theorem to find a function value f(c). 

Use the factor theorem to determine whether x — c is a factor of f(x). 

In general, finding exact zeros of many polynomial functions is neither easy nor 
straightforward. In this section and the one that follows, we develop concepts that 
help us find exact zeros of certain polynomial functions with degree 3 or greater. 

Consider the polynomial 

h(x) = + 2x? bx 6 == (Ores) ee ee) 
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fe The factors are 

y nO ae Xe) eal ae Xe 

and the zeros are 

= 3}. =ll, @inal 2. 

When a polynomial is expressed in factored form, each factor determines a zero of 
the function. Thus if we know the factors of a polynomial, we can easily find the 
zeros. The “reverse” is also true: If we know the zeros of a polynomial function, we 
can find the factors of the polynomial. 

» Division and Factors 

When we divide one polynomial by another, we obtain a quotient and a remainder. 

If the remainder is 0, then the divisor is a factor of the dividend. 

EXAMPLE 1 Divide to determine whether x + 1 and x — 3 are factors of 

x? + 2x? — 5x — 6. 

Solution We divide x? + 2x? — 5x — 6byx + 1. 

Quotient 

r+ x-6 

x + 1)3 +4 97? = — 6 < Dividend me eA Sys 6 

Be i Xe Xe 
Divisor —— aes 

fe SNe 

r+ x 

= = © 

=O = 6 

0 < Remainder 

Since the remainder is 0, we know that x + 1 is a factor of x° + 2x” — 5x — 6.In 

fact, we know that 

Kage kOe a cata (es XI 6). 

We divide x? + 2x* — 5x — 6byx — 3. 

ee 0 

oan) DX = 6 

x? — 3x? 

5x7 — 5x 

5x? — 15x 

OO 

Oke = 30) 

24 <— Remainder 

Since the remainder, 24, is not 0, we know that x — 3 is not a factor of 

x? + 2x? — 5x — 6. i 

When we divide a polynomial P(x) by a divisor d(x), a polynomial Q(x) is 
the quotient and a polynomial R(x) is the remainder. The quotient Q(x) must 
have degree less than that of the dividend P(x). The remainder R(x) must either 
be 0 or have degree less than that of the divisor d(x). 
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As in arithmetic, to check a division, we multiply the quotient by the divisor 

and add the remainder, to see if we get the dividend. Thus these polynomials are 

related as follows: 

P(x) = d(x): Qe) Re). 

Dividend Divisor Quotient Remainder 

For instance, if P(x) = x° + 2x? — 5x — 6 and d(x) = x — 3, as in Exam- 

ple 1, then Q(x) = x* + 5x + 10 and R(x) = 24, and 

P(x) = aay Q(x) + R(x) 

x + 2x2 — 5x — 6. =" = 3)*(x* + 5x + 10) + 24 

= x° + 5x? + 10x — 3x? — 15x — 30 + 24 

x3 + 2x? — 5x — 6. 

» The Remainder Theorem 

and Synthetic Division 

Consider the function 

AS + 2x? — 5x =-6. 

When we divided h(x) by x + 1 and x — 3 in Example 1, the remainders were () 
and 24, respectively. Let’s now find the function values h(—1) and h(3): 

h( =D (21) 21 5( 1) — 6 =o 

h(3)*= 3)" + 26)? — 5(3) —6 = 24. 

Note that the function values are the same as the remainders. This suggests the 
following theorem. 

THE REMAINDER THEOREM 

If a number c is substituted for x in the polynomial f(x), then the result 
f(c) is the remainder that would be obtained by dividing f(x) by x — c. 
That is, if f(x) = (« — c)> Q(x) + R, then f(c) = R. 

Proof (Optional). The equation f(x) = d(x)+Q(x) + R(x), where d(x) = 
x — ¢,is the basis of this proof. If we divide f (x) by x — c, we obtain a quotient Q(x) 
and a remainder R(x) related as follows: 

f(x) = (x — ¢)+ Q(x) + R(x). 
The remainder R(x) must either be 0 or have degree less than x — c. Thus, R(x) 
must be a constant. Let's call this constant R. The equation above is true for any re- 
placement of x, so we replace x with c. We get 

PE) SO re) SO ete 
Ors OCe tie 

= R. 

II 

Thus the function value f(c) is the remainder obtained when we divide f (x) 
bygone 
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ace 225 

EE 4 

The remainder theorem motivates us to find a rapid way of dividing by x — c 
in order to find function values. To streamline division, we can arrange the work 
so that duplicate and unnecessary writing is avoided. Consider the following: 

(Ai — 3x4 eee a7) (x 12), 

A. 4x? + 5x + 11 B. Ae bseng i 

2 ay eee, t=) i eae 
Ax? — 8x? 2 atid) 

5x7 + x 5+ 1 

5x? — 10x 5 — 10 

lix + 7 ll+ 7 

llx — 22 ie 2 

29 29 

The division in (B) is the same as that in (A), but we wrote only the coefficients. 

The red numerals are duplicated, so we look for an arrangement in which they are 
not duplicated. In place of the divisor in the form x — c, we can simply use c and 
then add rather than subtract. When the procedure is “collapsed,” we have the al- 
gorithm known as synthetic division. 

C. Synthetic Division 

2) A 3 1 7 The divisor is x — 2; thus we 
eG 49 use2 in synthetic division. 

4 Sale] 29 

We “bring down” the 4. Then we multiply it by the 2 to get 8 and add to get 5. We 
then multiply 5 by 2 to get 10, add, and so on. The last number, 29, is the remain- 
der. The others, 4, 5, and 11, are the coefficients of the quotient, 4x? + 5x + 11. 
(Note that the degree of the quotient is 1 less than the degree of the dividend when 
the degree of the divisor is 1.) 

When using synthetic division, we write a 0 for a missing term in the dividend. 

EXAMPLE 2 Use synthetic division to find the quotient and the remainder: 

(Ce eee a = Gea 6), 

Solution First, we note that x + 3 = x — (—3). 

=o 42 7 0 =5 Note: We must write a 0 
ee, 9 for the missing x-term. 

2 yeweds! is] 

The quotient is 2x* + x — 3. The remainder is 4. Now Try Exercise 13. 

We can now use synthetic division to find polynomial function values. 

EXAMPLE 3. Given that f(x) = 2x° — 3x* + x? — 2x? + x — 8, find f(10). 

Solution By the remainder theorem, f(10) is the remainder when f(x) is di- 
vided by x — 10. We use synthetic division to find that remainder. 

HON 2A ta8 1 =P 1 —8 

20 200/105 917,080 170,810 

17 171 1708 17,081 | 170,802 

170,802. 

bo 

| Thus, f(10) 
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Compare the computations in Example 3 with those in a direct substitution: 

lhl Lite lao Ponte C10) = 210) 3 tO) ee 0) 200) Omens 
= 2+ 100,000) —23- 10,000 1000) = 222 100 sta OR as 

200,000 = 30,000" + 1000) —-200 4, 101.6 

The computations in synthetic 
division are less complicated ] 

than those involved in substi- = 170.802. 
tuting. In Example 3, the easi- 

est way to find f(10) is to use EXAMPLE 4 Determine whether 5 is a zero of g(x), where 
one of the methods for evalu- 
ating a function on a graphing GUN ee = DOR 

calculator. For example, we Solution We use synthetic division and the remainder theorem to find g(5). 
canenter y) = 2x? — 3x* + 
x? — 2x7 + x — 8 and then Ott. Op | = 20 0 ES Writing 0’s for missing terms: 

4 ae 2) 
use function notation on the 5 U5 =5 = 2)5 sae 2a FOE AS 

home screen. 1 5 =], = 0 

Since g(5) = 0, the number 5 is a zero of g(x). 
Y1(10) 

170802 

EXAMPLE 5 _ Determine whether ij is a zero of f(x), where 

TX) = x 35 Ex — 3) 

Solution We use synthetic division and the remainder theorem to find f(i). 

apa = ees 

LS et ag! 0 

Since f(i) = 0, the number i is a zero of f(x). 

i(-3 + i) = -3i+ 7? = -31-1 

i(—3i) = —3i = 3 

» Finding Factors of Polynomials 

We now consider a useful result that follows from the remainder theorem. 

THE FACTOR THEOREM 

For a polynomial f(x), if f(c) = 0, then x — cisa factor of f(x). 

Proof (Optional). If we divide f(x) by x — c, we obtain a quotient and a remain- 
der, related as follows: 

f(x) = (x — ¢)+ Q(x) + f(c). 
Then if f(c) = 0, we have 

f(x) = (x — €)+ Q(x), 
so x — cisa factor of f(x). ie 

The factor theorem is very useful in factoring polynomials and hence in solv- 
ing polynomial equations and finding zeros of polynomial functions. If we know a 
zero of a polynomial function, we know a factor. 
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Technology Connection 

In Example 6, we can use a 
table set in ASK mode to check 
the solutions of the equation 

x — 3x7 — 6x +8 = 0. 

We check the solutions, —2, 1, 
and 4, of f(x) = 0 by evaluat- 

ing f(—2),f(1), and f(4). 

Cc 

EXAMPLE 6 [Let f(x) = x° — 3x? — 6x + 8. Factor f(x) and solve the equa- 
tion f(x) = 0. 

Solution We look for linear factors of the form x — c. Let’s try x + 1, or 
x — (—1). (In the next section, we will learn a method for choosing the numbers to 
try for c.) We use synthetic division to determine whether f(—1) = 0. 

yi Te oS 8 
etl 4 2 

L-==4) e=2 10 

Since f(—1) ¥ 0, we know that x + 1 is not a factor of f(x). We now try x — 1. 

1] 1 -3 -6 8 
1-2 -8 

i -2 -8 0 

Since f(1) = 0, we know that x — 1 is one factor of f(x) and the quotient, 
x? — 2x — 8, is another. Thus, 

Cah Ge I es =). 

The trinomial x” — 2x — 8 is easily factored, so we have 

oes 1G AN er 2) 

Our goal is to solve the equation f(x) = 0. To do so, we use the principle of zero 
products: 

(1) = "4 ) (erste i= 80 

al — (Oe a Oca) 

x=1 or x=4 or se = =, 

The solutions of the equation x° — 3x* — 6x + 8 = O are —2, 1, and 4. They are 
also the zeros of the function f(x) = x° — 3x” — 6x + 8. 

Now Try Exercise 41. 

Consider the function 

(Gee xr ts eye OP JM) bee ete a oe, 

and its graph. 
We can make the following statements: 

suo is arZeL0, Ol J, 

730, 
¢ —3 isa solution of f(x) = 0. 

¢ (—3, 0) is an x-intercept of the graph of f- 

* 0 is the remainder when f(x) is divided by x — (—3). 

ou 3) isia factor of f. 

Similar statements are also true for —1 and 2. 
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43 Exercise Set 

1. For the function 

Oe tone is 24 = 20; 

use long division to determine whether each of the 
following is a factor of f(x). 

NN Sele alt bea Clie se 

2. For the function 

ee) =e nl el, 

use long division to determine whether each of the 
following is a factor of h(x). 

ae Die Cexets 3 

3. For the function 

ACO) Se ee a ey 

use long division to determine whether each of the 
following is a factor of g(x). 

ee el Diva Cx = 1 

4. For the function 

(8x tO 58x eds 

use long division to determine whether each of the 
following is a factor of f(x). 

aye t 6 Di Cia 4 

In each of the following, a polynomial P(x) and a divisor 
d(x) are given. Use long division to find the quotient Q(x) 
and the remainder R(x) when P(x) is divided by d(x). 
Express P(x) in the form d(x) + Q(x) + R(x). 

dx) =x +2 

Gan) = 2x6) — 3x" x = "1, 
ax) =x 3 

7. P(x) =x + 6x? — 25x + 18, 
d(x) =x+9 

8. P(x) = x = 9x? + 15x + 25 
Ge) = 

O.0P( eax 2x eS, 
d(x) =x+2 

10. P(x) = x* + 6x° 
A= 1 

Use synthetic division to find the quotient and the 
remainder. 

WOK Te ex 12) 3) 

12, G2 = 77 + 13x +3) = = 2) 

Wn 6s 5 Phe) ee) 

14. ( 

15. ( 

16. ( 

VIGe ota ee) 

18 (x oe = a ED) eke) 

19x =) a) 

DOs 2) | 

21. (2x4 + 3x2 — 1) + (x —3) 

22. (3x4 — 2x7 + 2) + (x - 3) 

Use synthetic division to find the function values. Then 
check your work using a graphing calculator. 

23 .of (= x 6x7 Alloa Galtine fl) alee 
and f(3). 

24, f(%) Saxe 7k — 12x = 3; tind f(—3 hi 2) 
and f(1). 

25. f(x) = x* — 3x° + 2x4 8; find f(—1), f(A). 
andiy (5): 

26. f(x) = 2x° x = 10x Seine NOt) 
and f(3). 

QT of (6 = BP a aes Tiny (20) 
and f(—3). 

28. f(x) = x — 10x* + 20x* — 5x — 100; 
find f(—10) and f(5). 

29. f(x) = x = 16" find F(2)) f(—2)) (3) 
and f(1 a 72). 

305.f(x) = x 32s findif(2)..f(=2).f(3)s 
and f(2 + 3i). 

Using synthetic division, determine whether the numbers 
are zeros of the polynomial function. 

—3,2; f(x) = 3x? + 5x* — 6x + 18 

32. —4,2; f(x) = 3x? + 11x? — 2x + 8 

33. —3,1; h(x) = x* + 4x? + 2x? — 4x — 3 

34. 2,-1; g(x) = x* — 6x? + x7 + 24x — 20 

35. i, —2i; g(x) = x° — 4x? + 4x — 16 

36. 4, 2; Wo Pate 

37, =3,5; f(xy = — $+ x-3 

38. i ane + 2x7 + x42 
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Factor the polynomial function f(x). Then solve the 
equation f(x) = 0. 

39. f(x) = +4° +%-6 

40. f(x) = x? + 5x? — 2x — 24 

Al. f(x) = x° — 6x? + 3x + 10 

42. f(x 

Assay (x 

) 
) =x? + 2x? — 13x + 10 

) 
44. f(x) = x° — 3x? — 10x + 24 

) 

) 

) 

= x? — x? — 14x + 24 

45. f(x) = x* — 7x3 + 9x? + 27x — 54 

46. f(x 

47. f(x) = x* — x° = 19x? + 49x — 30 

= xt — 4x° — 7x* + 34x — 24 

A8. f(x) = x* + 11x? + 41x? + 61x + 30 

Sketch the graph of the polynomial function. Follow the 
procedure outlined on p. 240. Use synthetic division and the 
remainder theorem to find the zeros. 

ADE) fe a eG 

SO eae Xk x 5x) 

Sl Ga) ee? = Vhs wane 

Sop Le 16 

53. f(x) = —x + 3x° + 6x= 8 

BA, Ge) SS eB es yar 

$e 

& 

ce 

» Skill Maintenance 

Solve. Find exact solutions. [3.2] 

55) et 812 5x 56. 7x? + 4x = 3 

Consider the function 

eiayoix + 5x — 14 

in Exercises 57-59. 

57. What are the inputs if the output is —14? [3.2] 

58. What is the output if the input is 3? [1.2] 

59. Given an output of —20, find the corresponding 
inputs. [3.2] 

60. Movie Ticket Price. The average price of a movie 
ticket has increased linearly over the years, rising from 
$2.69 in 1980 to $8.38 in 2013 (Source: Motion Picture 

Association of America). Using these two data points, 
find a linear function, f(x) = mx + b, that models 
the data. Let x represent the number of years after 
1980. Then use this function to estimate the average 
price of a movie ticket in 1995 and in 2018. [1.4] 

61. The sum of the base and the height of a triangle is 

30 in. Find the dimensions for which the area is a 

maximum. [3.2] 
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» Synthesis 

In Exercises 62 and 63, a graph of a polynomial function is 
given. On the basis of the graph: 

a) Find as many factors of the polynomial as you can. 
b) Construct a polynomial function with the zeros shown 

in the graph. 
c) Can you find any other polynomial functions with the 

given zeros? 

d) Can you find any other polynomial functions with the 
given zeros and the same graph? 

62. 

63. 

ma ~100 SO) ae cals 
—200- 
—250- 

64. For what values of k will the remainder be the same 

when x* + kx + 4 is divided by x — landbyx + 1? 

65. Find k such that x + 2 is a factor of 

x? — kx* + 3x + 7k. 

66. Beam Deflection. A beam rests at two points A and 
Band has a concentrated load applied to its center, as 
shown below. Let y = the deflection, in feet, of the 

beam at a distance of x feet from A. Under certain 
conditions, this deflection is given by 

1 1 
ee 
13 14 

Find the zeros of the polynomial in the interval | 0, 2]. 

Se 

Load 
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Solve. Use synthetic division to divide. 

Pe 20 agen ee. Tea! 70 (kaye Nie (ey) 

BO RS TBR eae 71. (x3 + 3ix? — dix — 2) + (x +8) 

es Te ea 7A 11 Se 5 7 
= : z 2 4 BT) = (ef) 

sal 
6x? 60 | 72. (x2 — 4x — 2) + [x — (3 + 21)] 

73. ( 
69. Find a 15th-degree polynomial for which x — lisa 

factor. Answers may vary. 

Mid-Chapter Mixed Review 

Determine whether the statement is true or false. 

1. The y-intercept of the graph of the function 2. The degree of the polynomial x — 5.x* — 3x° + x° 
P(x) = 5 — 2x7 is(5,0). [4:2] is6. [4.1] 

3. oe = (x + 7)(x — 8), then f(8) = 0. 4. If f(12) = 0, then x + 12 isa factor of f(x). [4.3] 
4.3 

Find the zeros of the polynomial function and state the multiplicity of each. [4.1] 

Belo) tx — DOR at 25)e 6. h(x) = 2x + x? = 50x)=— 25 

TON oe et 2 8. f(x) = —6(x — 3)*(~%-+ 4) 

In Exercises 9-12, match the function with one of the graphs (a)-(d) that follow. [4.2] 

a) b) c) d) 

—5—4—3-2 

OM ee ne 6 lS fe) === 1) 2)" 

LLs f(x) = 6x" + 8x? = 6x = 8 12374) ee a) aL) 

Using the intermediate value theorem, determine, if possible, whether the function has at least one real zero between a and b. [4.2] 

13. f= «oe + 3g = -2,b = 0 14. f(x) = -27+3;a4=--b=1 

15. For the polynomial P(x) = x1 — 6x°* + x — 2 and the divisor d(x) = x — 1, use long division to find the quotient 
Q(x) and the remainder R(x) when P(x) is divided by d(x). Express P(x) in the form d(x) + Q(x) + R(x). [4.3] 

Use synthetic division to find the quotient and the remainder. [4.3] 

16.(3% ae 1 2a — 6x F 6) exo) |W senetel we canl dad 

Use synthetic division to find the function values. [4.3] 

18. For g(x) = x° — 9x? + 4x — 10, find g(—5). 19. For f(x) = 20x? — 40x, find rae y) 

20. For f(x) = 5x x? = x, find f(—V2). 
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Using synthetic division, determine whether the numbers are zeros of the polynomial function. [4.3] 

21. —3i, 3; f(x) = x° — 4x? + 9x — 36 D2 eal MO (C0) ka, 35x 259K 205 

Factor the polynomial function f(x). Then solve the equation f(x) = 0. [4.3] 

23. h(x) = x° — 2x? — 55x + 56 DAM ete Oh ee Ox IAA 

Collaborative Discussion and Writing 

25. How is the range of a polynomial function related to 26. Is it possible for the graph of a polynomial function 
the degree of the polynomial? [4.1] to have no y-intercept? no x-intercepts? Explain your 

answer. [4.2] 

27. Explain why values‘of a function must be all positive 28. In synthetic division, why is the degree of the 
or all negative between consecutive zeros. [4.2] quotient 1 less than that of the dividend? [4.3] 

Theorems about Zeros of Polynomial Functions 

» Find a polynomial with specified zeros. 

» For a polynomial function with integer coefficients, find the rational zeros 

and the other zeros, if possible. 

» Use Descartes’ rule of signs to find information about the number of real zeros of a 

polynomial function with real coefficients. 

JUST We will now allow the coefficients of a polynomial to be complex numbers. In 

ae certain cases, we will restrict the coefficients to be real numbers, rational numbers, 

or integers, as shown in the following examples. 

Polynomial Type of Coefficient 

be = 3x (2 $4) ta Complex 

5x9 — 3x2 + V2x — Real 

5x? — 3x2 + $x —F Rational 

5x — 3x7-+ 8x — 11 Integer 

» The Fundamental Theorem of Algebra 

A linear, or first-degree, polynomial function f(x) = mx + b (where m # 0) 

has just one zero, —b/m. It can be shown that any quadratic polynomial function 

f(x) = ax? + bx + c with complex numbers for coefficients has at least one, and 

at most two, complex zeros. The following theorem is a generalization. No proof is 

given in this text. 
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JUST 
IN 

TIME 

| fd = = x 0 = 9 

Polynomial Functions and Rational Functions 

THE FUNDAMENTAL THEOREM OF ALGEBRA 

Every polynomial function of degree n, with n = 1, has at least one zero in 

the set of complex numbers. 

Note that although the fundamental theorem of algebra guarantees that a zero 

exists, it does not tell how to find it. Recall that the zeros of a polynomial func- 

tion f(x) are the solutions of the polynomial equation f(x) = 0. We now develop 

some concepts that can help in finding zeros. First, we consider one of the results 
of the fundamental theorem of algebra. 

Every polynomial function f of degree n, with n = 1, can be factored into 
n linear factors (not necessarily unique); that is, 

F(x) = an(x — G)(x% — @) +++ (% — Gy). 

» Finding Polynomials with Given Zeros 

Given several numbers, we can find a polynomial function with those numbers as 
its zeros. 

EXAMPLE 1 Find a polynomial function of degree 3, having the zeros 1, 33, 
and —3i. 

Solution Such a function has factors x — 1, x — 3i,and x — (—3i), or x + 33, 
so we have 

Hie) Sava IG sec oes 

The number a, can be any nonzero number. The simplest polynomial function 
will be obtained if we let it be 1. If we then multiply the factors, we obtain 

fxy= (e = 1G = oF) Multiplying (x — 3i)(x + 3i) 

= =x 9) -9i7 = -9(-1) = 9 

=x — x7 + 9x - 9, Now Try Exercise 3. 

EXAMPLE 2 Find a polynomial function of degree 5 with —1 as a zero of 
multiplicity 3, 4 as a zero of multiplicity 1, and 0 as a zero of multiplicity 1. 

Solution Proceeding as in Example 1, letting a, = 1, we obtain 

OG) a a cette Nia 1) 
= (x + 1)7(x'— 4)x 

(x° + 3x" + 3x + 1)(x? — 4x) 
= 8 A 3 2 ; =x ve Ox iM ee Ax, Now Try Exercise 13. 

II 

» Zeros of Polynomial Functions 
with Real Coefficients 

Consider the quadratic equation x* — 2x + 2 = 0, with real coefficients. Its solu- 
tions are 1 + iand 1 — i. Note that they are complex conjugates. This generalizes 
to any polynomial equation with real coefficients. 
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NONREAL ZEROS: a + bi anda — bi, b # 0 

Ifa complex number a + bi, b # 0, is a zero of a polynomial function 
f(x) with real coefficients, then its conjugate, a — bi, is also a zero. For 
example, if 2 + 7i is a zero of a polynomial function f(x) with real coef- 
ficients, then its conjugate, 2 — 7i, is also a zero. (Nonreal zeros occur in 
conjugate pairs.) 

In order for the preceding to be true, it is essential that the coefficients be real 
numbers. 

» Rational Coefficients 

When a polynomial function has rational numbers for coefficients, certain 
irrational zeros also occur in pairs, as described in the following theorem. 

— 

IRRATIONAL ZEROS: a + c Vb anda - c Vb, 
b IS NOT A PERFECT SQUARE 

iia cVb, where a, b, and c are rational and b is not a perfect square, 
is a zero of a polynomial function f(x) with rational coefficients, then its 

conjugate, a — cV J, is also a zero. For example, if —3 + 51/9 is a zero of 

a polynomial function f(x) with rational coefficients, then its conjugate, 

—3 — 5V 2, is also a zero. (Irrational zeros occur in conjugate pairs.) 

EXAMPLE 3 Suppose that a polynomial function of degree 6 with rational 
coefficients has 

27) 5h eo eandestt —\/ 3 

as three of its zeros. Find the other zeros. 

Solution Since the coefficients are rational, the other zeros are the conjugates of 
the given zeros: 

Beis) elo) anda 

There are no other zeros because a polynomial function of degree 6 can have at 

most 6 zeros. Now Try Exercise 19. 

EXAMPLE 4 Find a polynomial function of lowest degree with rational coef- 

ficients that has — V3 and 1 + ias two of its zeros. 

Solution The function must also have the zeros V3 and 1 — i. Because we want 
to find the polynomial function of lowest degree with the given zeros, we will not 
include additional zeros; that is, we will write a polynomial function of degree 4. 
Thus if we let a, = 1, the polynomial function is 

cor tomes idea 3 [e— (ier fila ya) 
x + V3) (x -— V3)[(x - 1) - i[(x-1) +4] 

ee ae 
mee ibe welll 

=X" Dx x? + 6x 6. Now Try Exercise 39. 
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Technology Connection 

We can narrow the list of pos- 
sibilities for the rational zeros 
of a function by examining its 
graph. 

= onl 10 — 4. 

From the graph of the 
function in Example 5, we see 
that of the possibilities for ra- 
tional zeros, only the numbers 

1 2 —lvermand 5 

might actually be rational 
zeros. We can check these with 
the TABLE feature. Note that the 
graphing calculator converts 3 
aid $ to decimal notation. 

Since f(—1) = Oand 

f(3) = 0,-1 and § are zeros. 

Since fila) A 0,}is nota zero. 

» Integer Coefficients and 
the Rational Zeros Theorem 

It is not always easy to find the zeros of a polynomial function. However, if a 

polynomial function has integer coefficients, there is a procedure that will yield all 

the rational zeros. 

THE RATIONAL ZEROS THEOREM 

Let 

P(x) ea, 8 ag axe ee aX + Gos 

where all the coefficients are integers. Consider a rational number denoted 
by p/q, where p and q are relatively prime (having no common factor be- 
sides —1 and 1). If p/q is a zero of P(x), then p is a factor of a) and q isa 
factor of a,. 

EXAMPLE 5. Given f(x) = 3x* — 11x’ + 10x — 4: 

a) Find the rational zeros and then the other zeros; that is, solve f(x) = 0. 

b) Factor f(x) into linear factors. 

Solution 

a) Because the degree of f(x) is 4, there are at most 4 distinct zeros. The rational 
zeros theorem says that if a rational number p/q is a zero of f(x), then p must 
be a factor of —4 and q must be a factor of 3. Thus the possibilities for p/q are 

Possibilities for p a 16 ret 2 Sete 

Possibilities for q_ ele ole— 

To find which are zeros, we could use substitution, but synthetic division is usu- 
ally more efficient. It is easier to consider the integers first. Then we consider the 
fractions, if the integers do not produce all the zeros. 

We try 1: 

(aoe ed OO yA 
ketene: kaa © 2 

3-8 -8 2 | -2 
Since f(1) = —2, 1 is not a zero. 

We try —1; 

=i] 3) s=11) Lous 10s 
sc eee 4 

SAI maids ts —4 | 0. 

We have f(—1) = 0, so —1 is a zero. Thus, x + 1 is a factor of f(x). Using the 
results of the synthetic division, we can express f(x) as 

FC) Oe a ee = 4), 
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We now consider the factor 3x? — 14x* + 14x — 4 and check the other 
possible zeros. We use synthetic division again, to determine whether —1 is a 
zero of multiplicity 2 of f(x): 

ilpscoe ses ee! 4 
Se = 31 

BO 37 les: 

We see that —1 is not a double zero. We leave it to the student to verify that 2, 
—2, 4, and —4 are not zeros. There are no other zeros that are integers, so we 

start checking the fractions. Let's try §. 

2/3) 3-14 14 =4 
Ue Waeese) 4 

S) anes aa 6 0 

Since the remainder is 0, we know that x — ¢ is a factor of 3x° — 14x? + 
14x — 4 and is also a factor of f(x). Thus, § is a zero of f(x). 

Using the results of the synthetic division, we can factor further: 

J (6) = i aL) (x a 2) (3x? 1 2x e0.) Using the results of the last 
synthetic division 

= (x + 1) (x = 2) Per ee — 4x + 2). Removing a factor of 3 

The quadratic formula can be used to find the values of x for which x* — 4x + 
2 = 0. Those values are also zeros of f(x): 

—b + Vb’ — 4ac 
x S 

2a 

—(—4) + V(-4)? - 4-1-2 
= Far a = 51, b)="—4 anda =—2 

Aue A/ Bo WAateON/ 2 2 EV 

The rational zeros are —1 and 3. The other zeros are 2. + Wo 

b) The complete factorization of f(x) is 

f(x) = 3(x + 1)(x - 3) [x - (2- V2)][*- (2+ V2) ], ot 
(x + 1)(3x - 2)[x - (2 = V2) ] [x — (2+ avon? 

Replacing 3(x — 2) with (3x — 2) 

Now Try Exercise 55. 

EXAMPLE 6 Given f(x) = 2x° — x* — 4x° + 2x7 — 30x + 15: 

a) Find the rational zeros and then the other zeros; that is, solve f(x) = 0. 

b) Factor f(x) into linear factors. 

Solution 

a) Because the degree of f(x) is 5, there are at most 5 distinct zeros. According to 
the rational zeros theorem, any rational zero of f must be of the form p/q, where 
p isa factor of 15 and q is a factor of 2. The possibilities are 

Possibilities for p arabes ce Wea Speen) 

Possibilities for q nya?) 

Possibilities for p/q: 1, —1,3, —3, 5, —5, 15, —15, 5, —3) » —p 
ee) ee) 
Ds Ds Besa 



262 CHAPTER 4 

Technology Connection 

We can inspect the graph of 
the function in Example 6 for 
zeros that appear to be near 
any of the possible rational 
Zeros. 

Were Wan Ake 
hea IES) 

—80 

We see that, of the pos- 
sibilities in the list, only the 
numbers 

L 2 > and 5 

might be rational zeros. With 
the TABLE feature, we can deter- 

mine that only 5 is actually a 
rational zero. 

Polynomial Functions and Rational Functions 

We use synthetic division to check each of the possibilities. Let's try | and —1. 

1/72) Sta P30 15 
Ze 1 3 1 Sil 

2 fic Se Ss late 

-1) 2 -1 -4 2 -30 15 
ae ne 

De es ia Sea ealbas 

Since f(1) = —16 and f(—1) = 48, neither 1 nor —1 is a zero of the function. 
We leave it to the student to verify that the other integer possibilities are not 

zeros. We now check 5. 

1/2} 2 -1 -4 2 -30 15 

1 tn =o 0 15 

D =. 0 =30 | 0 

This means that x — } is a factor of f(x). We write the factorization and try to 
factor further: 

f(x) = (x - 
— (x —_ 

= (x — 

We now solve the equation f(x) = 0 to determine the zeros. We use the prin- 
ciple of zero products: 

) (2x4 - 4x? — 30) 
)+2+(x4 — 2x? — 15) 
) <2" 5G? + 3). 

Factoring out the 2 

NIP NI NI 
Factoring the trinomial 

(eae 2 = Se ae 
Xe On cof 15 10 or 2 $3 =0 

ior a or = =3 

v= 5 OF Ke 2S. sor x= +V3i. 

There is only one rational zero, 5. The other zeros are + V5 and + V3i. 

b) The factorization into linear factors is 

f(x) = 2(x —4)(x + V5)(x — V5) (x + 3i) (x — V3i), or 

(2x — 1)(x + V5) (x -— V5) (x 4+ 31) (x — V3i). 
Replacing 2(x — 5) with (2x — 1) 

Now Try Exercise 61. 

» Descartes’ Rule of Signs 

The development of a rule that helps determine the number of positive real zeros 
and the number of negative real zeros of a polynomial function is credited to the 
French mathematician René Descartes. To use the rule, we must have the polyno- 
mial arranged in descending order or ascending order, with no zero terms written 
in and the constant term not 0. Then we determine the number of variations of 
sign, that is, the number of times, in reading through the polynomial, that succes- 
sive coefficients are of different signs. 
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Positive Real 

Negative Real 

Nonreal 
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EXAMPLE 7 Determine the number of variations of sign in the polynomial 
function P(x) = 2° — 3x7 + x + 4. 

Solution We have 

P(x) = 22? — 3x7 +x +4 
ee oe 

From positive to i) 
negative; a variation Both positive; no variation 

From negative to positive; 
a variation 

The number of variations of sign is 2. —— >i 

Note the following: 

Be Ne) ex (a (aw eA 

SS raeNnq ee tint hone: 

We see that the number of variations of sign in P(—x) is 1. It occurs as we go from 
= x 102: 

We now state Descartes’ rule, without proof. 

DESCARTES’ RULE OF SIGNS 

Let P(x), written in descending order or ascending order, be a polynomial 
function with real coefficients and a nonzero constant term. The number 
of positive real zeros of P(x) is either: 

1. The same as the number of variations of sign in P(x), or 
2. Less than the number of variations of sign in P(x) by a positive 

even integer. 

The number of negative real zeros of P(x) is either: 

3. The same as the number of variations of sign in P(—x), or 
4, Less than the number of variations of sign in P(—x) by a positive 

even integer. 

A zero of multiplicity m must be counted m times. 

In each of Examples 8-10, what does Descartes’ rule of signs tell you about the 
number of positive real zeros and the number of negative real zeros? 

EXAMPLE 8 P(x) = 2x° — 5x* — 3x + 6 

Solution The number of variations of sign in P(x) is 2. Therefore, the number 
of positive real zeros is either 2 or less than 2 by 2, 4, 6, and so on. Thus the num- 
ber of positive real zeros is either 2 or 0, since a negative number of zeros has no 

meaning. 

DGsn) = = 2 5x 13x + 6 

The number of variations of sign in P(—x) is 1. Thus there is exactly 1 negative 
real zero. Since nonreal, complex conjugates occur in pairs, we also know the pos- 
sible ways in which nonreal zeros might occur. The table shown at left summarizes 
all the possibilities for real zeros and nonreal zeros of P(x). 

Now Try Exercise 93. 
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Total Number 4 

of Zeros 

Positive Real 4 2) 

Negative Real 0 0 

Nonreal 0 2 

Total Number 6 

of Zeros 

0 asa Zero 1 1 

Positive Real 1 1 

Negative Real 2 0 

Nonreal D 4 

EXAMPLE 9 P(x) = 5x* — 3x° + 7x7 — 12x + 4 

Solution There are 4 variations of sign. Thus the number of positive real zeros 

is either 

atior 40> 2 lorsae="4: 

That is, the number of positive real zeros is 4, 2, or 0. 

P( =x) = Sanne Hella yt 4 

There are 0 changes in sign, so there are no negative real zeros. 
Now Try Exercise 81. 

EXAMPLE 10 P(x) = 6x° — 2x? — 5x 

Solution As written, the polynomial does not satisfy the conditions of Descartes’ 
rule of signs because the constant term is 0. But because x is a factor of every term, 
we know that the polynomial has 0 as a zero. We can then factor as follows: 

Prat x (oer Hi 5) 

Now we analyze Q(x) = 6x — 2 — 5 and O(—x) = —6x + 2x — 5. ihe 
number of variations of sign in Q(x) is 1. Therefore, there is exactly 1 positive real 
zero. The number of variations of sign in Q(—x) is 2. Thus the number of negative 
real zeros is 2 or 0. The same results apply to P(x). Since nonreal, complex con- 
jugates occur in pairs, we know the possible ways in which nonreal zeros might 
occur. The table at left summarizes all the possibilities for real zeros and nonreal 
zeros of P(x). Now Try Exercise 95. 

44 Exercise Set 

Find a polynomial function of degree 3 with the given 13. Find a polynomial function of degree 5 with —1 as 
numbers as Zeros. 

1. —2,3,5 

2eaN Oot 

3. —3, 2i, -2i 

4. 2,i,-i 

5 VO SW 2u3 

Gr BT G02A/5 

Fan alee 39 

Saale yen 5 

9. 1 + 6i,1 — 6i, —4 

10. 1 + 4i,1 — 4i,-1 

11. —3,0,2 

12. —3,0,4 

a zero of multiplicity 3, 0 as a zero of multiplicity 1, 
and 1 as a zero of multiplicity 1. 

14. Find a polynomial function of degree 4 with —2 as 
a zero of multiplicity 1, 3 as a zero of multiplicity 2, 
and —1 as a zero of multiplicity 1. 

15. Find a polynomial function of degree 4 with a, = 1 
and with —1 as a zero of multiplicity 3 and 0 as a 
zero of multiplicity 1. 

16. Find a polynomial function of degree 5 with a; = 1 
and with —} as a zero of multiplicity 2, 0 as a zero of 
multiplicity 1, and 1 as a zero of multiplicity 2. 

Suppose that a polynomial function of degree 4 with rational 
coefficients has the given numbers as zeros. Find the other 
zero(s). 

CS ya eye 
10. eens 20.3 
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Bes Ones DOAPL0m= 2) 

Dede aes DAL Gee 

Suppose that a polynomial function of degree 5 with 
rational coefficients has the given numbers as zeros. Find 
the other zero(s). 

Ne, Ee, ip Ay agi 

Gf, SEMI ay OY =D Ve Nana 

DON 666 And = \/5 

a) OS ei wee 

ay =e et 

201, SSS, =e) od 

Find a polynomial function of lowest degree with rational 
coefficients that has the given numbers as some of its zeros. 

ee 1p SD 31D ee 

35. 4i 36 ot 

LW), NE ei tee ee 

coh) Sr 2a ATW comes teeta 

AV Wises 42. —V2, 4i 

Given that the polynomial function has the given zero, find 
the other zeros. 

Aone x x 10; 

Aaa (oye = eK Ls 

Home ea OX a 5K 6s 

46. f(x) = x* — 16; 2i 

Amex 6c lax — 20; 4 

ASN (x) = x — 8; 2 

List all possible rational zeros of the function. 

Oe exe Oxo tl 

BOM =r ee ea OAreas U2 

Sipe 2x OK 8 

San = Ox ax 6 9 

By Ce) SM ee 

BAM (Ce 0x tax. — 35x16 

For each polynomial function, (a) find the rational zeros 

and then the other zeros; that is, solve f(x) = 0; and 

(b) factor f(x) into linear factors. 

Someta le 10k oN 6 

Sy, ACR) oe eh oe) 

Sh Aes) = Be meet = web ore 

She UC) as lhe eee) 

59. 

60. 

61. 

62. 

63. 

64. 

65. 

66. 

67. 

68. 

69. 

70. 

Th 

IDs 

Theorems about Zeros of Polynomial Functions 

fk) =< = 34s 2 

f(x) =x - 2x +4 

f(x) = 2x? + 3x? + 18x + 27 

f(x) = 2x? + 7x? + 2x — 8 

f(x) = 5x* — 4° + 19x? — 16x — 4 

f(x) = 3x* — 40° + 3° + 6x — 2 

f(x) = x° — 3x = 20x° = 24x = 8 

fe) = SF Se — 27 1 10 

fx) =e = 4 + 2x44 

f(x) = < = 8x + 17x — 4 

ia) =x 18 

fGe= 8 

CDRs sett ihe ele zs 
foamistmast dus Ranke 

Find only the rational zeros of the function. 

73s 

74. 

US 

76. 

Ae 

78. 

ied 

80. 

What does Descartes’ rule of signs tell you about the 

fe) uae AON, den 

f(x) = x — 3x = 9x? — 3x — 10 

f(x) =x — x — 4443 

a ci eters 

TAC) OF ns RA As 

Fi Oe OG 

BCom oe eee es eles = Sieee J ON) 

GC ee a! a Oe Tg oe LD 
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number of positive real zeros and the number of negative 
real zeros of the function? 

81. 

82. 

83. 

84. 

85. 

86. 

87. 

88. 

89. 

90. 

91. 

92. 

Ce) = ke = he Se 

de = KG ORE A 5X 

Wie —"6x = Oe, ox 4 

i ie Ae 

peop paca p epee 

HC) 50 i tet 

) 

) g( 
ht) = —=4P —¢F + 2r 4+ 1 

PG ea 0 Ox, 

FO ely ore 
OC eo ee 
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Gera — 6x = 20x24 

CAME i= 2K 0x 

95. R(x) = 3x 5x = "Ax 

66) f(x) = = 9x? — 6k FA 

Sketch the graph of the polynomial function. Follow 
the procedure outlined on p. 240. Use the rational zeros 
theorem when finding the zeros. 

oF faa Ax tin — 8x 2 

98. f(x) = 3x — 40° — 5x +2 

Oe fee) =e a KE 

100; fixe 4x37 4 9 

» Skill Maintenance 

For Exercises 101 and 102, complete the square to (a) find 
the vertex; (b) find the axis of symmetry; and (c) determine 
whether there is a maximum or a minimum function value 
and find that value. 

100 fe) =x — 8x + 10, [3.3] 

102. f(x) = 3x7 — 6x — 1 [3.3] 

Find the zeros of the function. 

103. f(x) = —sx + 8 [1.5] 

104. ¢(x) = x? — 8x — 33 [3.2] 

Rational Functions 

all of the asymptotes. 

® For a rational function, find the domain and graph the function, identifying 

Polynomial Functions and Rational Functions 

Determine the leading term, the leading coefficient, and the 
degree of the polynomial. Then describe the end behavior of 
the function’s graph and classify the polynomial function as 
constant, linear, quadratic, cubic, or quartic. 

105 o(4) = x ee (4 

LOG (Ge ie ee Le) 

107. f@) ==3 113) 

108. h(x) = x — 2 [1.3] 

109.66) = ek Se 

110. h(x) = x° + $x? — 4x — 3 [4.1] 

» Synthesis 

11 1eConsider f(x)p 02x? 5" 4s Ein the 
solutions of each equation. 

a) f(x) =0 
b) f(x — 1) =0 
¢) f(x 2=— 0 

d) f(2x) = 0 
112. Use the rational zeros theorem and the equation 

x4 — 12 = 0 to show that W/12 is irrational. 

Find the rational zeros of the function. 

V3 P( ie) 33 eae = 20a 
— 3348x — 10,080 

114. P(x) = x° — 6x° — 72x* — 8127 
+ 486x + 5832 

® Solve applied problems involving rational functions. 

Now we turn our attention to functions that represent the quotient of two 
polynomials. Whereas the sum, the difference, or the product of two polyno- 
mials is a polynomial, in general the quotient of two polynomials is not itself a 
polynomial. 



SECTION 4.5 _ Rational Functions 267 

A rational number can be expressed as the quotient of two integers, p/q, 
where q # 0. A rational function is formed by the quotient of two polynomials, 
p(x)/q(x), where q(x) # 0. Here are some examples of rational functions and 
their graphs. 

L 1 -3 (x) = -— x)= = x)= Sees 

S ws fe) ee fe) x*>+x-2 

YM MN YKA 

h ii | | | It bet 
rH r\ \ LX } ts \ L 

art EER te mm Genet) | L >> ei ees Leap re 

L Bs L x ~, L iA iG 
1 L \ i 

2 L | L 
| | a: 
Ie SP §) x? + 2x —3 58 

Lt) SS: x)= x)= f (x) 5 eR f(x) es ob f(x) a 

| ib | ic 
is \ ir | ~~ Ir 

; ~ L — in lof 
n ee eS ooh, ft mee ere eing Ware aang sieu aie 

~ a 29 \ it 4 8 x fF sd x 

L\ Lh PL ae 
= ' i CI} & => 

| IF 
FY 7 VF 

RATIONAL FUNCTION 

A rational function is a function f that is a quotient of two polynomials. 
That is, 

p(x) 
i) 

q(x) 
where p(x) and q(x) are polynomials and where q(x) is not the zero poly- 
nomial. The domain of f consists of all inputs x for which q(x) # 0. 

ee 

» The Domain of a Rational Function 

EXAMPLE 1° Consider 

Find the domain and graph f. 

Solution When the denominator x — 3 is 0, we have x = 3, so the only input 
DOMAINS OF FUNCTIONS ; : fe 
| that results in a denominator of 0 is 3. Thus the domain is 

REVIEW SECTION 1.2 

= —— {ee 703 01 (= 00,3) ©).(3, 00}, 
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The graph of this function is the graph of y = 1/x translated right 3 units. 

ooo | 

EXAMPLE 2 Determine the domain of each of the functions illustrated at the 

beginning of this section. sae i Sie 

Solution The domain of each rational function will be the set of all real numbers 
except those values that make the denominator 0. To determine those exceptions, 

we set the denominator equal to 0 and solve for x. 

FUNCTION DOMAIN 

f(x) == {xx 0}; or (—00)0) 4) (0; ca) 

i= “ ele, ao har (eaned HON ogees 

ioe 2 See aa see) {x|x A —2andx # 1}, or 

we+tx—2 (xt 2)(x-1) (— 00, —2) U (2,1) U (1, 00) 
P5025 5155) 5 ake Mes. = 

Oa ree {xx 33} or (co, 3) (Si) 

i ans x7 + 2x — 3 {x|x # —landx # 2}, or 

=x - 2 (eek 1 iGe===2) (00; i 2 oe) 

ae {xe ae) ber 
Cg) Ree (Oana He) ein) 

As a partial check of the domains, we can observe the discontinuities (breaks) 

in the graphs of these functions. (See p. 267.) —___—_)]j 

» Asymptotes 

Vertical Asymptotes 

L Jef: Look at the graph of f(x) = 1/(x — 3), shown at left. (Also see Example 1.) Let’s 
explore what happens as x-values get closer and closer to 3 from the left. We then 
explore what happens as x-values get closer and closer to 3 from the right. 

From the left: 

5 

4 
: | 

3) f From 

2 

j 

From right: 

3 Hx wy 9999 999,999 

2700 | 270,000 27,000,000 aa 

Vertical asymptote: x = 3 poo ee — 1,000,000 = 
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From the right: 

1 

3 1,000,000 

1,000,000 

We see that as x-values get closer and closer to 3 from the left, the function val- 
ues (y-values) decrease without bound (that is, they approach negative infinity, — 00). 
Similarly, as the x-values approach 3 from the right, the function values increase 
without bound (that is, they approach positive infinity, 00). We write this as 

f(x) >-—coasx>3 and f(x)>ocoasx>3". 

We read “ f(x) > —co asx->3 ” as “ f(x) decreases without bound as x approaches 
3 from the left.” We read “ f(x) > 00 asx > 3° ” as “f(x) increases without bound 
as x approaches 3 from the right.” The notation x > 3 means that x gets as close to 
3 as possible without being equal to 3. The vertical line x = 3 is said to be a verti- 
cal asymptote for this curve. 

In general, the line x = a is a vertical asymptote for the graph of fif any of 
the following is true: 

f(x) > coasx>a, or f(x) >-—ooasx>a, or 

f(x) >ocoasx>a™, or f(x) >-coasx>a’. 

The following figures show the four ways in which a vertical asymptote can occur. 

YA EE (8! 

> 
x 

! 

| 
! 
| 
| 
| 
1 
! 
| 
! y =f) 

f(x) > ~asx—> a f(x) 7 rasx—- a 

The vertical asymptotes of a rational function f(x) = p(x)/q(x) are found 
by determining the zeros of q(x) that are not also zeros of p(x). If p(x) and q(x) 
are polynomials with no common factors other than constants, we need determine 
only the zeros of the denominator q(x). 

DETERMINING VERTICAL ASYMPTOTES 

For a rational function f(x) = p(x)/q(x), where p(x) and q(x) are poly- 
nomials with no common factors other than constants, if a is a zero of the 
denominator, then the line x = a is a vertical asymptote for the graph of 
the function. 

EXAMPLE 3 Determine the vertical asymptotes for the graph of each of the fol- 

lowing functions. 

2x - 11 x? — Ax 
SS 1D) a) eee 

Mae x? + 2x — 8 Jode) x — x 

6 

x — 5x 
c) g(x) = 



270 CHAPTER 4 Polynomial Functions and Rational Functions 

| eS | 

od a! 

T 

r= 
T 

uae acd ieee lage tard Fe x | | 

Figure 2. 

x 

Solution 

a) 

gz 

First, we factor the denominator: 

Di Li oe Uo AI 

x + Oxi 8) (a4 ie = 2) fn) = 

The numerator and the denominator have no common factors. The zeros of the 

denominator are —4 and 2. Thus the vertical asymptotes for the graph of f(x) 
are the lines x = —4 and x = 2. (See Fig. 1.) 

We factor the numerator and the denominator: 

h x7 —4x x(x — 4) pete 9) 

(*) Se © (Ge 1) 

The domain of the function is {x|x # —landx # Oandx # 1},or(—oo, —1) 
U (-1,0) U (0,1) U (1, co). Note that the numerator and the denomina- 
tor share a common factor, x. The vertical asymptotes of h(x) are found by 
determining the zeros of the denominator, x(x + 1)(x — 1), that are not also 
zeros of the numerator, x(x — 4). The zeros of x(x + 1)(x — 1) are 0, —1, 
and 1. The zeros of x(x — 4) are 0 and 4. Thus, although the denominator has 
three zeros, the graph of h(x) has only two vertical asymptotes, x = —1 and 
x = 1..(Seé' Fig: 2.) 

The rational expression [x(x — 4)]/[x(x + 1)(x — 1)] canbe simplified. 
Thus, 

a x= 4) x—-4 
h(x) = _ 

Faber OG a le recede es!) e 

where x # 0,x # —l,andx # 1. The graph of h(x) is the graph of 

ge = Al 

B= G1) =a) 

with the point where x = 0 missing. To determine the y-coordinate of the hole, 
we substitute 0 for x: 

0-4 —4 
h(0) = = = 4. 

(Qisreil) (C4 hppa (=aL) 

Thus the hole is located at (0, 4). 

c) We factor the denominator: 

Ri 

3 Go Wehe 

Figure 3. 

(x) x= 2 tea 
x) = = 

q Se hee xo i) 

The numerator and the denominator have no common factors. We find the ze- 

ros of the denominator, x(x* — 5). Solving x(x? — 5) = 0, we get 
7 

Xe) OTe ane (|) 

=.0 or yee 

x= 0 ww x= +V5. 

The zeros of the denominator are 0, V5, and — V5. Thus the vertical asymp- 
totes are the lines x = 0, x = V5, andx = —V5. (See Fig. 3.) 

Now Try Exercises 15 and 19. 



Horizontal asymptote: y = 0 
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Horizontal Asymptotes 

Looking again at the graph of f(x) = 1/(x — 3), shownatleft (also see Example 1), 
let’s explore what happens to f(x) = 1/(x — 3) as x increases without bound 
(approaches positive infinity, co) and as x decreases without bound (approaches 
negative infinity, — oo). 

x increases without bound: 

= 0.0103 = ().0002 ~ 0.000001 

x decreases without bound: 

=~ —(0.0033 =~ —0.000001 

We see that 

——= C2) 

—>0 

—>- 00 

—> 0 

+>Oasx—->oco and eas ee alee) 
Se PO aie 

Since y = 0 is the equation of the x-axis, we say that the curve approaches the x- 
axis asymptotically and that the x-axis is a horizontal asymptote for the curve. 

In general, the line y = b is a horizontal asymptote for the graph of f if either 
or both of the following are true: 

f(x) > basx—> co or f(x) > bas x —co. 

The following figures illustrate four ways in which horizontal asymptotes can oc- 
cur. In each case, the curve gets close to the line y = b either as x > oo or as 
x > —oo. Keep in mind that the symbols co and — oo convey the idea of increas- 
ing without bound and decreasing without bound, respectively. 

f(x) > basx ~« f(x) > basx 3 —00 f(x) > basx 9 f(x) 3 basx 4 —00 

How can we determine a horizontal asymptote? As x gets very large or very 
small, the value of a polynomial function p(x) is dominated by the function’s 
leading term. Because of this, if p(x) and q(x) have the same degree, the value of 
p(x)/q(x) as x > oo or as x > —oo is dominated by the ratio of the numerator’s 
leading coefficient to the denominator’s leading coefficient. 
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eV ¢ 
ei 

= 8 Oe Age? 

Technology Connection 

We can check Example 4 by 
using a graphing calculator to 
evaluate the function for a very 
large and a very small value 
of x. 

100000 
—80000 

For each number, the 

function value is close to 

—0.63, or —Z. 

Polynomial Functions and Rational Functions 

For f(x) = (3x? + 2x — 4)/(2x* — x + 1), we see that the numerator, 3x? + 

2x — 4, is dominated by 3x? and the denominator, 2x* — x + 1, is dominated by 

2x, so f(x) approaches 3x°/2x’, or 3/2, as x gets very large or very small: 

BNC Nard 
Miglin ear 

3 
=> 7 or 1.5)as x 00; and 

3x7 + 2x —-4 3 
5 =e Olen cash a OOF 

Dg = Se a> Il 2 

We say that the curve approaches the horizontal line y = 3 asymptotically and 

that y = >is a horizontal asymptote for the curve. 
It follows that when the numerator and the denominator of a rational function 

have the same degree, the line y = a/b is the horizontal asymptote, where a and 
b are the leading coefficients of the numerator and the denominator, respectively. 

—7x* — 10x? + 1 

llxt+x—-2 
EXAMPLE 4 Find the horizontal asymptote: f(x) = 

Solution The numerator and the denominator have the same degree. The ratio 
of the leading coefficients is —7, so the line y = —7, or —0.63, is the horizontal 
asymptote. Now Try Exercise 21. 

To check Example 4, we could evaluate the function for a very large and a very 
small value of x. Another check, one that is useful in calculus, is to multiply by 1, 
using (1/x*)/(1/x*): 

oie wile x! x! x! 

lix*t + x —2 o 
F(x) 

e xt : ae 

pe ett! 
a Net thks 

1 2° l+>=-—> 
Pn) ax 

As |x| becomes very large, each expression whose denominator is a power of x 
tends toward 0. Specifically, as x > 00 or as x > —o0, we have 

= Ag) 7 
x) > > Borie eT 

I(x) Ll re O20 Suey 11 

The horizontal asymptote is y = —4, or —0.63. 
We now investigate the occurrence of a horizontal asymptote when the degree 

of the numerator is less than the degree of the denominator. 

2X eS 

ae A. 

Solution Let p(x) = 2x + 3, q(x) = x° — 2x’ + 4, and f(x) =p(x)/q(x). 
Note that as x —> oo, the value of q(x) grows much faster than the value of p(x). 
Because of this, the ratio p(x)/q(x) shrinks toward 0. As x > —oo, the ratio 
p(x)/q(x) behaves in a similar manner. The horizontal asymptote is y = 0, the 
x-axis. This is the case for all rational functions for which the degree of the numera- 
tor is less than the degree of the denominator. Note in Example 1 that y = 0, the 
x-axis, is the horizontal asymptote of f(x) = 1/(x — 3). 

Now Try Exercise 23. 

EXAMPLE 5 Find the horizontal asymptote: f(x) = 
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The following statements describe the two ways in which a horizontal asymp- 
tote occurs. 

DETERMINING A HORIZONTAL ASYMPTOTE 

¢ When the numerator and the denominator of a rational function have 
the same degree, the line y = a/b is the horizontal asymptote, where a 
and b are the leading coefficients of the numerator and the denomina- 
tor, respectively. 

¢ When the degree of the numerator of a rational function is less than 
the degree of the denominator, the x-axis, or y = 0, is the horizontal 
asymptote. 

¢ When the degree of the numerator of a rational function is greater than 
the degree of the denominator, there is no horizontal asymptote. 

EXAMPLE 6 Graph 

27 Fel 
Saar x 

Include and label all asymptotes. 

Solution Since 0 is the zero of the denominator and is not a zero of the numera- 
tor, the y-axis, x = 0, is the vertical asymptote. Note also that the degree of the 
numerator is the same as the degree of the denominator. Thus, y = 2/1, or 2, is the 
horizontal asymptote. 

To draw the graph, we first draw the asymptotes with dashed lines. Then we 
compute and plot some ordered pairs and draw the two branches of the curve. 

= i g(x) 

2 DS 

—15 | 24 

—0.5 

a Horizontal 0.5 

Vertical -37 ee 1 

asymptote —4l yee te ir, 

eee 5b 

; 2 225 

oe a el 

Now Try Exercise 41. 

Oblique Asymptotes 

Sometimes a line that is neither horizontal nor vertical is an asymptote. Such a line 
is called an oblique asymptote, or-a slant asymptote. 

EXAMPLE 7 Find all the asymptotes of 

Oe eee! 
7 eae lel f(x) 
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S5E 

@/=2 

m4 

Solution The line x = 2 is the vertical asymptote because 2 is the zero of the 

denominator and is not a zero of the numerator. There is no horizontal asymptote 

because the degree of the numerator is greater than the degree of the denominator. 

When the degree of the numerator is 1 greater than the degree of the denominator, 

we divide to find an equivalent expression: 

Wee = ene Al eee 

= (24 4:1) + x — 2)2x? - 3x - 1 
baal” x—2 2x? — 4x 

6 

5h 

1 

Now we see that when x > oo or x > —00, 1/(x — 2) +0 and the value of f(x) > 

2x + 1. This means that as |x| becomes very large, the graph of f(x) gets very close 
to the graph of y = 2x + 1. Thus the line y = 2x + 1 is the oblique asymptote. 

YA 

Now Try Exercise 59. 

OCCURRENCE OF LINES AS ASYMPTOTES 
OF RATIONAL FUNCTIONS 

For a rational function f(x) = p(x)/q(x), where p(x) and q(x) have no 
common factors other than constants: 

Vertical asymptotes occur at any x-values that make the denominator 0. 

The x-axis is the horizontal asymptote when the degree of the 
numerator is less than the degree of the denominator. 

A horizontal asymptote other than the x-axis occurs when the 
numerator and the denominator have the same degree. 

An oblique asymptote occurs when the degree of the numerator is 1 
greater than the degree of the denominator. 

There can be only one horizontal asymptote or one oblique asymptote and 
never both. 

ies An asymptote is not part of the graph of the function. 
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The following statements are also true. 

Crossing an Asymptote 

¢ The graph of a rational function never crosses a vertical asymptote. 

¢ The graph of a rational function might cross a horizontal asymptote but 
does not necessarily do so. 

Shown below is an outline of a procedure that we can follow to create accurate 
graphs of rational functions. 

To graph a rational function f(x) = p(x)/q(x), where p(x) and q(x) have 
no common factor other than constants: 

1. Find any real zeros of the denominator. Determine the domain of the 
function and sketch any vertical asymptotes. 

2. Find the horizontal asymptote or the oblique asymptote, if there is 
one, and sketch it. 

3. Find any zeros of the function. The zeros are found by determining the 
zeros of the numerator. These are the first coordinates of the x-intercepts 
of the graph. 

4. Find f(0). This gives the y-intercept, (0, f(0)), of the function. 
5. Find other function values to determine the general shape. Then draw 

the graph. 

ee ar 3} 

3x? + 7x — 6 
EXAMPLE 8 Graph: f(x) = 

Solution 

1. We find the zeros of the denominator by solving 3x2 + 7x — 6 = 0. Since 

BXaE ah Ot 2) eS), 

the zeros are 4 and —3. Thus the domain excludes } and —3 and is 

(00, -3) U (-3,3) U (3, »). 
Since neither zero of the denominator is a zero of the numerator, the graph has 
vertical asymptotes x = —3 and x = 3. We sketch these as dashed lines. 

2. Because the degree of the numerator is less than the degree of the denominator, 
the x-axis, y = 0, is the horizontal asymptote. 

3. To find the zeros of the numerator, we solve 2x + 3 = 0 and get x = —3. 
Thus, —3 is the zero of the function, and the pair (—3, 0) is the x-intercept. 

4, We find f(0): 

2-3 

3-0? +7°0—-6 iS 

The point (0, —}) is the y-intercept. 
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5. We find other function values to determine the general shape. We choose val- 

ues in each interval of the domain as shown in the table below and then draw 

the graph. Note that the graph of this function crosses its horizontal asymptote 
3 

BLES = = 5. 

Now Try Exercise 65. 

£ 
Val 

Graph: Sa EXAMPLE 9 Graph: g(x) ase eee 

Solution 

1. We find the zeros of the denominator by solving x* + x — 6 = 0. Since 

x +x 6.=\(x + 3)(% —22), 

the zeros are —3 and 2. Thus the domain excludes the x-values —3 and 2 and is 

(00, = 3) C392) We ces): 

Since neither zero of the denominator is a zero of the numerator, the graph has 
vertical asymptotes x = —3 and x = 2. We sketch these as dashed lines. 

2. The numerator and the denominator have the same degree, so the horizon- 
tal asymptote is determined by the ratio of the leading coefficients: 1/1, or 1. 
Thus, y = 1 is the horizontal asymptote. We sketch it with a dashed line. 

3. To find the zeros of the numerator, we solve x7 — 1 = 0. The solutions are —1 
and 1. Thus, —1 and 1 are the zeros of the function and the pairs (—1, 0) and 
(1, 0) are the x-intercepts. 

4. We find g(0): 

ee eT 
= = ———— 

g(0) P+0-6 -6 6 

Thus, (0, | is the y-intercept. 



x2 -— 1 

| a) xe +x-6 

l atti [ee ee ee ee 
ORS) 5 10 a 25 30 35 40 x 
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5. We find other function values to determine the general shape and then draw 
the graph. 

Curve crosses 

the line y = 1 at 

x=5 

| (5, 1) 

pis lepra triees 
= 5A 

£6 SS 

Now Try Exercise 77. 

The magnified portion of the graph in Example 9 above shows another situ- 
ation in which a graph can cross its horizontal asymptote. The point where g(x) 
crosses y = 1 can be found by setting g(x) = 1 and solving for x: 

x — 1 
SiMe Raat poe od Pane pie Lo) 

xv -l=x+x-6 

le — tee Subtracting x? 

eae ® Adding 6 

The point of intersection is (5, 1). Note the behavior of the curve after it crosses the 
horizontal asymptote at x = 5. (See the graph at left.) It continues to decrease for a 
short interval and then begins to increase, getting closer and closer to y = las x—> oo. 

Graphs of rational functions can also cross an oblique asymptote. The graph of 

f(x) = 
+1 

shown below crosses its oblique asymptote y = 2x. Remember, graphs can cross hori- 
zontal asymptotes or oblique asymptotes, but they cannot cross vertical asymptotes. 

YA 

Oblique asymptote 6 
y = 2x SP 

4 

3 

Sey 
L-/ 

Let’s now graph a rational function f(x) = p(x)/q(x), where p(x) and q(x) 
have a common factor, x — c. The graph of such a function has a “hole” in it. We 
first saw this situation in Example 3(b), where the common factor was x. 
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eo 

es DG] 2) 

25 

I “Hole” at 
l 
3 | 

arcane, 
EXAMPLE 10 Graph: g(x) = =——_. 

ee 

Solution We first express the denominator in factored form: 

(x) ae Rr 
x)= = ; 

: VEnH or eG) 

The domain of the function is {x|x # —landx # 2}, or (—oo,—-1)U 

(—1, 2) U (2, cw). Note that the numerator and the denominator have the com- 

mon factor x — 2. The zeros of the denominator are —1 and 2, and the zero of the 

numerator is 2. Since —1 is the only zero of the denominator that is not a zero of 

the numerator, the graph of the function has x = —1 as its only vertical asymp- 

tote. The degree of the numerator is less than the degree of the denominator, so 
y = 0 is the horizontal asymptote. There are no zeros of the function and thus no 

x-intercepts, because 2 is the only zero of the numerator and 2 is not in the domain 
of the function. Since g(0) = 1, (0, 1) is the y-intercept. The rational expression 

bone! 

Ce ies — 7) 

can be simplified. Thus, 

x : =e — s= _ 

The graph of g(x) is the graph of y = 1/(x + 1) with the point where x = 2 
missing. To determine the coordinates of the “hole,” we substitute 2 for x in 

g(x) = 1/(x + 1): 
1 1 

A eo oes 
Thus the “hole” is located at ( ph ) . We draw the graph indicating the “hole” when x = 2 
with an open circle. Now Try Exercise 49. 

on Raper aa 
EXAMPLE 11 Graph: f(x) = —>——-_ —. 

; 1 thea 5 aaa IP's 

Solution We first express the numerator and the denominator in factored form: 

OOK ee ee Oke a) ao et) 
f(x) ar 2 = 3 = 

ogee’ Sea el? Odie Scare (P (= 4) (ers) 

The domain of the function is {x|x # —3 andx # 4},or(—oo, —3) U (-3,4) U 
(4, 00). The numerator and the denominator have the common factor x + 3. The 

zeros of the denominator are —3 and 4, and the zeros of the numerator are 
—3 and 3. Since 4 is the only zero of the denominator that is not a zero of the nu- 
merator, the graph of the function has x = 4 as its only vertical asymptote. 

The degrees of the numerator and the denominator are the same, so the line 
y = 7 = ~2 is the horizontal asymptote. The zeros of the numerator are 3 and 
—3. Because —3 is not in the domain of the function, the only x-intercept is (, 0 ) A 
Since f(0) = —75 = —3, then (0, —3) is the y-intercept. The rational function 

== (25 15) (eS) 

(Gea) 3) 

can be simplified. Thus, 

iv = (23-25) eae) = = (2% == -5)) 
fico PCE Sige, » wherex # —3andx + 4, 
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The graph of f(x) is the graph of y = —(2x — 5)/(x — 4) with the point where 
x = —3 missing. To determine the coordinates of the hole, we substitute —3 for x 

Ny (0) Bak ee com) 

= Ate) = (lil 11 i) 
f(-3) = 23 ; 7 - os ; 3 — =f 7 

Thus the hole is located at ( =3,-7 ) . We draw the graph indicating the hole when 
x = —3 with an open circle. 

. 

By, x vy. 

= ILS 3 il 

—2x2-—x + 15 
= ils} : ee 3.5 4 x?—x—-—12 

Not defined 4 Not defined 

=15 5 —5 a 
— A beet 6 335) 

7 
= 11,05 Vi =3) “Hole” at “33 | 

-] 8 —2.75 Gomer al : Ee ee 7 ES ES ete cat : 

—0.5 
i} ‘ 

Now Try Exercise 67. 

» Applications 

EXAMPLE 12 Temperature During an Illness. A person's temperature T, in 

degrees Fahrenheit, during an illness is given by the function 

T(t) = + 98.6; 
is Baek 

where time ft is given in hours since the onset of the illness. The graph of this 
function is shown at left. 

a) Find the temperature at t = 0, 1, 2,5, 12, and 24. 

b) Find the horizontal asymptote of the graph of T(t). Complete: 

T(t) >L____] ast > oo. 

c) Give the meaning of the answer to part (b) in terms of the application. 

Solution 

a) We have 

T(O)e=398.6, 1 1)e = 1006. ae coos 
T(5) ~ 99.369,  T(12) ~ 98.931, and T(24) ~ 98.766. 

At 98.67 + 4t + 98.6 
Tt) =o + 98.6 = 5 ; 

| eee | 

the horizontal asymptote is y = 98.6/1, or 98.6. Then it follows that T(t) > 
98.6 as t > oo. 

c) As time goes on, the temperature returns to “normal,” which is 98.6°F. 

Now Try Exercise 83. 
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WAC Lira Tale) 
the Graph 

Match the function with its graph. 

1 
1. giea = Ss) 

x 

2 f(x ik oe ok eo xB 

7 — 4 

Dre ) ere 
RG EB GANGS 

4. f(x) = =x + 4x — 1 

RE oS 

nC en G 

10. f(x) = 2x* — 4x - ] 

Answers on page A-19 
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UR) Say 2. fl) = 3 

ee al 2 O4)* 

eeeemercrs 2 0) aga 
5. f(x) = a i eS 

In Exercises 7-12, use your knowledge of asymptotes and 
intercepts to match the equation with one of the graphs 
(a)-(f) that follow. List all asymptotes. 

Determine the vertical asymptotes of the graph of the 
function. 

13.-9{x) = - 14. f(x) = 5 a 

15. h(x) = — ; 16. g(x) = ae 

Wak ites) (x Se 6) 

18. h(x) = Sos 

19. g(x) = x3 = =y 

20. f(x) = Se 

Determine the horizontal asymptote of the graph of the 
function. 

3x7 +5 Gt 6 
ok, = 22. g(x) = ——— 

Hx) 4x? — 3 g(x) x + 2x? 
2} & 

30° = Al 36 
23. h(x) = 24. f(x = 

(2) 2x* + 3 F(%) rt x 

be 1 — x + x — 1 
é, DO ea 

g PG 

8xt +x —2 
26. h(x) = ——————— 

ey) 2x* — 10 

Determine the oblique asymptote of the graph of the 
function. 

2 2 
Ge sp alge = I Ze" = (HE 

27. g(x) = DR ys 28. f(x) = tee 

4 
Se 2) 

29. h(x) = 
2 xe +1 

212 

ao Nea 
3 D 

OE = 8 se oe = Al 

Pha ey x? +2x-1 

5x — x? +x-1 
32. h(x) = 

7—xt+2 
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Graph the function. Be sure to label all the asymptotes. List 
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the domain and the x- and y-intercepts. 

SEE 

S17 

a7. 

39. 

41. 

43. 

45. 

47. 

49. 

a1: 

D3: 

55: 

D7 

58. 

60. 

62. 

64. 

66. 

68. 

f(x) = 

h(x) = 

TA) 

x? + 3x 

2x3 — 5x* — 3x 

ie 

x7 + 5x +4 

x? — Ax 

x — x 

x7 — 2x — 3 

3x7 + 2 

2x* — 5x — 3 

De se 

Neale) 

x? + 2x — 15 

2x* — 3x — 9 

x? - 2x — 3 

34. 

36. 

38. 

40. 

42. 

46. 

48. 

52. 

54. 

56. 

59. 

61. 

x —3 ge ap 2 

69. f(x LO f(x f(x) (x + 1)° f(x) (x -— 1) 

1 3 3 Ses x +1 pia! yd 
g(x) 2 TARA CG Wacalones 720A): eas 

6 3 2 f(x) = -= 5 eux ae ke = lbw 
By a) « aT Seon ae 

Ne ieee) 3 2 h(x) = Xo OTE een oe 

1 4 
je rae = a a 75. f(x) = TOV ee Kae) F(x) a F(x) pea 

he mee | 2 2 
= x Ok ee 

oe Nelsen eee aise 
= ih 

i= 65 Find a rational function that satisfies the given conditions. 

= Answers may vary, but try to give the simplest answer 
3x possible. 

a 3x — x2 79. Vertical asymptotes x = —4,x = 5 

=o) 80. Vertical asymptotes x = —4, x = 5; x-intercept 

f(x) ae (x a ENE (270) 

fe ATEN 81. Vertical asymptotes x = —4,x = 5; horizontal 
i= = : 2 asymptote y = 3; x-intercept (—2, 0) 

Nae ois 
; 82. Oblique asymptote y = x — 1 

Co ae 83. Medical Dosage. The function 

Oboe 

ae) 
xt gives the body concentration N(t), in parts per 

f(x) = is million, of a certain dosage of medication after time tf, 
xr in hours. 

N(t) , 

207 = 9.81 + 1000 Heys a N(t) = Bort a 5 bee lS 

x + 1 : rs 
: 10 e 

tea gh Sace. 
x) = Al 

F{ ) 2x? are al 0 L fase 1 Ss 
15 30 45 60 75 

ae 3x = X= 2 
Aad es ee Ba a) Find the horizontal asymptote of the graph and 

complete the following: ae 
f(x) =3 N(t) >[___] ast > oo. 

Oe Leet ’ 
; b) Explain the meaning of the answer to part (a) in 

Oe 3 tiga terms of the application. 
2 aN BRO, eg 



84. Average Cost. The average cost per light, in dollars, 
for a company to produce x roadside emergency lights 
is given by the function 

Use se MOO ONS SSE 
x 

+ ye eu 

1 | il i l > 

0 100 200 300 400 500 x 

a) Find the horizontal asymptote of the graph and 
complete the following: 

A(x) +>[_ Jasx oo. 

b) Explain the meaning of the answer to part (a) in 

terms of the application. 

85. Population Growth. The population P, in thousands, 
of a resort community is given by 

5008 
cS 2 +9’ 

where ft is the time, in months, since the city council 

raised the property taxes. 

\ | n= si 
\ 
\ / 

‘A 

1 1 | 1 ! a 

De LOIS E20 255306 

a) Find the population at t = 0, 1, 3, and 

8 months. 
b) Find the horizontal asymptote of the graph and 

complete the following: 

P(t) >[___]ast +0. 

c) Explain the meaning of the answer to part (b) in 
terms of the application. 

» Skill Maintenance 

Vocabulary Reinforcement 

In each of Exercises 86-94, fill in the blank with the correct 

term. Some of the given choices will not be used. Others will 

be used more than once. 

x-intercept even function 
y-intercept domain 
odd function range 
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slope slope-intercept 
distance formula equation 
midpoint formula difference 
horizontal lines quotient 
vertical lines FAC) ail.) 
point-slope Tex) "Sf (x) 

equation 

86. A function is a correspondence between a first set, 
called the , and a second set, called 

tiie ae such thateach member onthe 
ee Corresponds tovexactly one member 
of the » [2] 

87. The of a line containing (x), y,) and 

(x2, y2) is given by (y. — y1)/(%2 — 1). [1-3] 
88. The of the line with slope m and 

y-intercept (0, b) is y = mx + b. [1.3] 

89. The of the line with slope m passing 

through (x), y,) is y — y, = m(x — x). [1.4] 

90. A(n) is a point (a, 0). [1.1] 

91. For each x in the domain of an odd function f, 
. [2.4] 

92. are given by equations of the type 
x =a. [1.3] 

~ + 93. The i (4 au 2) [1.1] 
2 2 

94. A(n) is a point (0, b). [1.1] 

» Synthesis 

Find the nonlinear asymptote of the function. 

Deno eae 
95. = 

ne x7 +2 

96 fl xt + 3x? 
4 el NN ne ee 

Pe 

Graph the function. 

97 (sips See 

re +x? - 9x -— 9 

+ 4x7 +x -6 

98. f(x) = 2 
i = R= B 
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Polynomial Inequalities and Rational Inequalities 

» Solve polynomial inequalities. 

® Solve rational inequalities. 

We will use a combination of algebraic methods and graphical methods to solve 
polynomial inequalities and rational inequalities. 

» Polynomial Inequalities 

Just as a quadratic equation can be written in the form ax* + bx +c =0,a 
quadratic inequality can be written in the form ax* + bx +c 0, where is 
<, >, =, or =. Here are some examples of quadratic inequalities: 

x —4x=5<0 and —}x*+4x-720. 

When the inequality symbol in a polynomial inequality is replaced with an equals 
sign, a related equation is formed. Polynomial inequalities can be solved once the 
related equation has been solved. 

EXAMPLE 1 Solve: x* — 4x —5> 0. 

Solution We are asked to find all x-values for which x* — 4x — 5 > 0. To 
locate these values, we graph f(x) = x* — 4x — 5. Then we note that whenever 
its graph passes through an x-intercept, the function changes sign. Thus to solve 
x? — 4x — 5 > 0, we first solve the related equation x° — 4x — 5 = 0 to find all 
zeros of the function: 

x —-4x-5=0 

eee \(— 5): 20: 

The zeros are —1 and 5. Thus the x-intercepts of the graph are (—1, 0) and (5, 0), 
as shown below. 

Nx2 - AXP i—() 

The zeros divide the x-axis into three intervals: 

(S67 -)). “(Ss eran sen): 

a $+——___—_____> 
= 5 % 
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The sign of x? — 4x — 5 is the same for all values of x in a given interval. Thus 
we choose a test value for x from each interval and find f(x). We can also determine 
the sign of f(x) in each interval by simply looking at the graph of the function. 

interes (Zcoes)) (155) (5,00) 

Test Value FO) es Dale eek 

Sign of F(x) Negative Positive 

¢ > 
5 x 

pies Since we are solving x7 — 4x — 5 > 0, the solution set consists of only two of the 
Fowl three intervals, those in which the sign of f(x) is positive. Since the inequality sign 

is >, we do not include the endpoints of the intervals in the solution set. The solu- 
flomset isco — D5 cc) ons nace nora 

Now Try Exercise 27. 

EXAMPLE 2 Solve: x7 + 3x -—5 <x + 3. 

Solution By subtracting x + 3, we form an equivalent inequality: 

iige Che 2S eee 

ee tA ee ==), 

y We need to find all x-values for which x* + 2x — 8 = 0. To visualize 

| these values, we first graph f(x) = x° + 2x — 8 and then determine 
the zeros of the function. To find the zeros, we solve the related equation 

ao 2x8 20; 
x7+2x-8>0 x? +2x-8>0 

x’ + 2x — 8 

(Cee taet) (Xa ee) 

0 

0. 

The zeros are —4 and 2. Thus the x-intercepts of the graph are (—4, 0) 
and (2,0), as shown in the figure at left. 

The zeros divide the x-axis into three intervals: 

(Soon 45 (4, 2) end (soon): 

< 5 +p z= 
=4 2 x 

2 > 2 
fie a Me — thee) ; | eee 1 20 8 

We choose a test value for x from each interval and find f(x). The sign of 
x° + 2x — 8 is the same for all values of x in a given interval. 

Interval (Eco, =4) (4.2) (25160)) 

Test Value f(-5) =7 f(0) = -8 f(4) = 16 

Sign of f(x) Positive Negative Positive 

+ - + 
< ® ¢ > 

=! a) x 

Function values are negative on the interval (—4, 2). We can also see from 

the graph where the function values are negative. Since the inequality symbol is 
<, we include the endpoints of the interval in the solution set. The solution set of 

M+ 3x — 5 = x + 3 is |—4, 2], or {x|-4 S x S 2}. 
Now Try Exercise 29. 



286 CHAPTER 4 Polynomial Functions and Rational Functions 

Quadratic inequalities are one type of polynomial inequality. Other examples 

of polynomial inequalities are 

Ox py SB ee A 0) Med Axe tt 

EXAMPLE 3 Solve: x — x > 0. 

Solution We are asked to find all x-values for which x° — x > 0. To locate these 

values, we graph f(x) = x* — x. Then we note that whenever the function changes 

sign, its graph passes through an x-intercept. Thus to solve x = x > 0, we first 

solve the related equation x° — x = 0 to find all zeros of the function: 

ee a 0 

Ko — 1) =0 

1 (Gcestmli CC el) gar Oe 

The zeros are —1, 0, and 1. Thus the x-intercepts of the graph are (—1, 0), (0, 0), 
and (1,0), as shown in the figure at left. The zeros divide the x-axis into four 
intervals: 

(cor (= 150), (Gt) and Gites 

< + + + Za 
=I 0 ] x 

The sign of x° — x is the same for all values of x in a given interval. Thus we 
choose a test value for x from each interval and find f(x). We can also determine 
the sign of f(x) in each interval by simply looking at the graph of the function. 

Interval ete cla) (—1, 0) (0, 1) 

Test Value f(—2) =—-6 | f(—0.5) = 0.375 | f(0.5) = —0375 | f(2) =6 

Sign of f(x) Negative Positive Negative | Positive 

= a - " 
= 4 ¢ ¢ za 

—] 0 1 x 

Since we are solving x° — x > 0, the solution set consists of only two of the 
four intervals, those in which the sign of f(x) is positive. We see that the solution 
set ist 1.01) 2) (acon) ors) 2) een Oe ie 

Now Try Exercise 39. 

To solve a polynomial inequality: 

1. Find an equivalent inequality with P(x) on one side and 0 on the other. 
2. Change the inequality symbol to an equals sign and solve the related 

equation; that is, solve P(x) = 0. 
3. Use the solutions to divide the x-axis into intervals. Then select a test 

value from each interval and determine the polynomial’s sign on the 
interval. 

4. Determine the intervals for which the inequality is satisfied and write 
interval notation or set-builder notation for the solution set. Include 
the endpoints of the intervals in the solution set if the inequality sym- 
bolis = or =. 



SECTION 4.6 Polynomial Inequalities and Rational Inequalities 287 

EXAMPLE 4 Solve: 3x‘ + 10x S 11x° + 4. 

Solution By subtracting 11x° + 4, we form the equivalent inequality 

3x4 — 1llx? + 10x —4 50. 

Algebraic Solution 

Visualizing the Solution 

To solve the related equation 

Observing the graph of the function 

Ge = she ke’ 2 ee = 
3x* — 11x? + 10x —4 =0, 

we need to use the theorems of Section 4.4. We solved this equa- 
tion in Example 5 in Section 4.4. The solutions are 

Pe 4, and 2 2. 

or approximately 

cal 0.586, 0.667, and 3.414. 

and a closeup view of the graph on the 
interval (0, 1), we see the intervals on 
which f(x) = 0. The values of f(x) are 
less than or equal to 0 in two intervals. 

f(x) = 3x4 — 11x3 + 10x — 4 

These numbers divide the x-axis into five intervals: 

(=co, -1), (—1,2 — V2), (2 — V2.2), 

(3,2 + V2), and (2 aE V2, 00 ). 

We then let f(x) = 3x* — 11x? + 10x — 4 and, using test 
values for f(x), determine the sign of f(x) in each interval. 

INTERVAL TEST VALUE SIGN OF f(x) 

(—oo, -1) f(-2) = 112 + 

Giza) flO) = ; 
(2 — V2,2/3) f(0.6) = 0.0128 ‘ 

(2/3,2 + V2) ie 2 
(2 + V2, 00) f(4) = 100 + 

—-V2 

a, ae - The solution set of the inequality 

< t <2 ea 
1 0 1 2 

® + > 
49 4 

PN] 9 

3 ax" = ix + 10x — 4= 0 

Function values are negative in the intervals ( =1,2.= V2) 

and i Dee VE Since the inequality sign is =, we include the 

endpoints of the intervals in the solution set. The solution set is 

eo V2 O aol 
{x|-1 <x <2- V2or3<x52+ V2}. 

[-1,2 - V2] U [42 + V2]. 

Now Try Exercise 45. 
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Technology Connection 

Polynomial inequalities can be solved quickly with a graphing calculator. 

Consider the inequality in Example 4: 

Bo 10 lel al 
Sie le Ox een 0) 

We graph the related equation 

Vian ee wiy er a O = 

and use the ZERO feature. We see in the window on the left below that two of 

the zeros are —1 and approximately 3.414 (2 V2 = Als ). However, 

this window leaves us uncertain about the number of zeros of the function 
on the interval [0, 1]. 

Vis Bx = 11-0 4 y = 3x4 — 11x? + 10x —4 

—40 0.3 

Sta all, eNO, 7 = W sta 

x = 3.414, x= 0.667,y=0 “=! 

The window on the right above shows another view of the zeros on the interval 

[0, 1]. Those zeros are about 0.586 and 0.667 (2 — V2 ~ 0.586; ; ~ 0.667). 
The intervals to be considered are (— oo, —1), (—1, 0.586), (0.586, 0.667), 
(0.667, 3.414), and (3.414, oo). We note on the graph where the function is 
negative. Then, including appropriate endpoints, we find that the solution set is 
approximately 

[—-1, 0.586] U [0.667, 3.414], or 

1X dics % = 0,586.0n0.667 = = SIA", 

» Rational Inequalities 

Some inequalities involve rational expressions and functions. These are called 
rational inequalities. To solve rational inequalities, we must make some adjust- 
ments to the preceding method. 

x 
EXAMPLE 5 Solve: aa) 

x 

Solution We look for all values of x for which the related function 

fx) = — 
Se ae (6) 

is not defined or is 0. These are called critical values. 
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The denominator tells us that f(x) is not defined when x = —6. Next, we solve 
f(x) = 0: 

5x 

Kegeo id 

(et 6) ah = (x + 6):0 Multiplying by x + 6 
Ke © 

She i) 

120; 

The critical values are —6 and 0. These values divide the x-axis into three intervals: 

(SCOr= 658 | Wier O,0)\eands (iOMoo )e 

[ 
Interval (—=Goy=6) | (-s 0) 

Test Value f(-8) = 12 f(-2) = = 

Sign of f(x) Positive | Negative Positive 

Function values are negative on only the interval (—6, 0). Although f(0) = 0, 
the inequality symbol is <, so we know that 0 is not included in the solution set. 
Note that since —6 is not in the domain of f, —6 cannot be part of the solution set. 
The solution set is 

(600) pOre a | Oeex <0) 

The graph of f(x) shows where f(x) is positive and where it is negative. 

ge aie il 
EXAMPLE 6 Solve: Sale 

DIG —— iA) 

Solution We first subtract 1 on both sides in order to find an equivalent inequal- 
ity with 0 on one side: 
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Algebraic Solution 

We look for all values of x for which the related function 

ge4 Al 

DG, AN 
f(x) = pe 

is not defined or is 0. These are called critical values. 
A look at the denominator shows that f(x) is not defined 

for x = 2. Next, we solve f(x) = 0: 

ge =P ll 

DXi a4, 

(2x (2 1) 

Kot — (2x4) 1 = 0 

Bap Il Dear a = 0 

i) 

—~1=0 

(Qe = A)ro 

x = 5. 

The critical values are 2 and 5. These values divide the x-axis 

into three intervals: 

(65,2) JF (2,5), 2and ~(5560,): 

2 5 
SSS SS SS SS 
-1 2 (Ge 

We then use a test value to determine the sign of f(x) in 
each interval. 

INTERVAL TEST VALUE SIGN OF f(x) 

(—0o, 2) 

Function values are negative on the intervals (— oo, 2) and 
(5, co). Since f(5) = 0 and the inequality symbol is =, we 
know that 5 is in the solution set. Note that since 2 is not in the 
domain of f, it cannot be part of the solution set. 

The solution set is (— 00, 2) U [5, 00). 

"SRP EAE EAE TERE DIL SES ALDOLASE D EAL EL LDPE ED i RG LEE LEE NEE ALIA IES 

Visualizing the Solution 

The graph of the related function 

ge ar ll 
= jl 

Dee is! 
f(x) = 

confirms the two critical values found 

algebraically: 2 where f(x) is not 
defined and 5 where f(x) = 0. 

x+1 

2x -—4 
fj -1 

The graph shows where f(x) is 
negative. Note that 2 cannot be in the 
solution set since f(x) is not defined for 
this value. We do include 5, however, 
since the inequality symbol is = and 

f(5) = 0. 
The solution set is 

(=00; 2) 155.60): 

Now Try Exercise 59. 

= 3 ge ae 2 
ze : 

se ap 4) 36 —= 5 
EXAMPLE 7 Solve: 

Solution We first subtract (x + 2)/(x — 5) on both sides in order to find an 
equivalent inequality with 0 on one side: 

= 3 ge ap 2 
== () 

36 ae Zi se == 5 
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Algebraic Solution 

We look for all values of x for which the related function 

GS = 
fe = 3} 36 ae D 

Se se al se = & 

is not defined or is 0. These are called critical values. 
A look at the denominators shows that f(x) is not defined 

for x = —4and x = 5. Next, we solve f(x) = 0: 

dal TST CYTE? 

Le Ne 

Lome) Xe a 
Das) OE Samal = 
( i(2 + 4 bos *) 

(ere) (rs (CA (Xe a2) 

(ex 15) Ge ext '8 

The critical values are —4, 5, and 5. These values divide the 
x-axis into four intervals: 

ss Se 

We then use a test value to determine the sign of f(x) in 
each interval. 

INTERVAL TEST VALUE SIGN OF f(x) 

6 

Function values are positive in the intervals (—oo, —4) 

and (3 5 ). Since fi( oI = 0 and the inequality symbol is =, we 

know that } must be in the solution set. Note that since neither 

—4 nor 5 is in the domain of f, they cannot be part of the solu- 

tion set. 
The solution set is (—o0, —4) U [5,5). 
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Visualizing the Solution 

The graph of the related function 

i= 3B 36 ae 2) 

ge se 4! ge = 5 

confirms the three critical values found 
algebraically: —4 and 5 where f(x) is 
not defined and 5 where f(x) = 0. 

(Ot 
x+4 x-5 

The graph shows where f(x) is pos- 
itive and where it is negative. Note that 

—4 and 5 cannot be in the solution set 
since f(x) is not defined for these val- 
ues. We do include 5, however, since the 
inequality symbol is = and fils) = 0. 

The solution set is 

(—o0, —4) U [3,5). 
Now Try Exercise 61. 
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The following is a method for solving rational inequalities. 

To solve a rational inequality: 

1. Find an equivalent inequality with 0 on one side. 
2. Change the inequality symbol to an equals sign and solve the related 

equation. 
3. Find values of the variable for which the related rational function is 

not defined. 
4. The numbers found in steps (2) and (3) are called critical values. Use 

the critical values to divide the x-axis into intervals. Then determine 
the function’s sign in each interval using an x-value from the interval 
or using the graph of the equation. 

5. Select the intervals for which the inequality is satisfied and write inter- 
val notation or set-builder notation for the solution set. If the inequal- 
ity symbol is = or =, then the solutions to step (2) should be included 
in the solution set. The x-values found in step (3) are never included in 

the solution set. 

It works well to use a combination of algebraic methods and graphical meth- 
ods to solve polynomial inequalities and rational inequalities. The algebraic meth- 

ods give exact numbers for the critical values, and the graphical methods usually 
allow us to see easily what intervals satisfy the inequality. 

46 Exercise Set 

For the function f(x) = x° + 2x — 15, solve each of the For the function g(x) = x° — 9x°, solve each of the 
following. following. 

1. f(x) =0 2h (ee 0 16. g(x) = 0 

Be (x) a0 Awe ea0 17-28), :0 

5. (oe0 1S. g(x) 10 

ane : 
For the function g(x) = See solve each of the following. Mes 18 bee 

x1 4 20. g(x) = 0 
6. g(x) = 0 Te0(X) 10 : ; 

In Exercises 21-24, a related function is graphed. Solve the 
8) giv 0 one x)= 0 given inequality. 

10. g(x) <0 21. x + 6x" < x%'+°30 

For the function 

7X 
h = 

IS Soe 
solve each of the following. 

x 

11. h(x) = 0 122 nx eal) 

132 (x)= 0 LAT hie 0 

15 h(x) 0 



22. x* — 27x? — 14x + 120 => 0 

2s =—=a(() 
2_ 4 

24. =—— <0 
= 

Solve. 

D5) (Malka) 0 

ee es ae 

er t+x-2>0 

.x—-x-6>0 

xe —-x-52=x-2 

pee ee ey 2 Sis ai WY) 

A805 

7 <= 1 

,4 =x = 0 

Ml x = 0 

.6x -9-x7 <0 

~x2t+2x+1<0 

pe 12 = Ax 

, x7 — 8 > 6x 

SECTION 4.6 

39. 

40. 

41. 

42. 

43. 

44. 

45. 

46. 

47. 

48. 

49. 

50. 

51. 

Spe 

Polynomial Inequalities and Rational Inequalities 

Ax? — 7x? = il Sye 

2x? — x? < 5x 

x + 3x7 -x-320 

<5 = x7- 4x 420 

x? — 2x? < 5x — 6 

Re ss + 

cot x7 = 2x? +2 

+ 

6 — 4x? 

24 > 3x? + 8x? 

27° +655 +x 

2x7 + x? << 10+ 1lx 

x° + 5x* — 25x < 125 

x? — 9x + 27 = 3x 

0.1x? — 0.6x* — 0O.lx +2 <0 

19.2x? + 12.8x? + 144 = 172.8x + 3.2x* 

295 

List the critical values of the related function. Then solve 
the inequality. 

53. =a ()) 
x 4 

4. 
55. 0 

ye se 5 

DX 
5/2 = () 

go = Al 

ge ap Ml 
59. eS) 

se = 2 

Sele: ge ae 2 
6l. =) 

5G ap 3 =i] 

30 ae © 56 — te) 
63. > 

56 eS) 

1 
65550 =e 

5 

2 5) 
67. > S53 

Re AIG a se == ©) 

3 5 
68. — A 

ge Al ge se We ar NG 

3. 6 
69. —; = 5 

5 ae Al bye ae 2 

3 
70. =; <5 

i = Y) 3 = DS 

5 3 
TA 

KO ae Bre De a Ih 

54. 

56. 

58. 

60. 

% 
62. 

a 

x 
64. 

x 

66. 

lV 

— 

SES S| SO he 

IV 
OQ | \O 
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72. 

Vey 

74. 

US 

76. 

ais 

78. 

79. 

80. 

CHAPTER 4 

2 3 
2 = 2 

Re ae Bi ar Zee 

By x 
= 

Tse =) me se il 

x—x-2 

x7 + 5x + 6 

x 3 2x 
<= 

we +4x-5 x? - 25 x*- 6x +5 

DG 6 BX 
= 

7-9 x tx-12 +7412 

Temperature During an Illness. A person's tempera- 
ture T, in degrees Fahrenheit, during an illness is 
given by the function 

iH) 

where t is the time since the onset of the illness, in 
hours. Find the interval on which the temperature 
was over 100°F. (See Example 12 in Section 4.5.) 

At 
. + 98.6, 
P+ 

Population Growth. The population P, in thou- 
sands, of a resort community is given by 

where t is the time, in months, since the city council 
raised the property taxes. Find the interval on which 
the population was 40,000 or greater. (See Exercise 85 
in Exercise Set 4.5.) 

Total Profit. Flexl, Inc., determines that its total 
profit is given by the function 

P(x) = —3x* + 630x — 6000. 

a) Flexl makes a profit for those nonnegative values 
of x for which P(x) > 0. Find the values of x for 
which Flexl makes a profit. 

b) Flexl loses money for those nonnegative values 
of x for which P(x) < 0. Find the values of x for 
which Flexl loses money. 

Height of a Thrown Object. The function 

S(4) = —16f + 32¢ + 1920 

gives the height S, in feet, of an object thrown upward 
from a cliff that is 1920 ft high. Here t is the time, in 
seconds, that the object is in the air. 

Polynomial Functions and Rational Functions 

a) For what times is the height greater than 
1920 ft? 

b) For what times is the height less than 640 ft? 

81. Number of Diagonals. A polygon with n sides has 
D diagonals, where D is given by the function 

Ahi es) 
a re 

Find the number of sides n if 

PH fa Be 61) 

D(n) = 

82. Number of Handshakes. If there are n people ina 
room, the number N of possible handshakes by all 
the people in the room is given by the function 

Gi teat 
ay 

For what number n of people is 

66 N = 3002 

N(n) = 

» Skill Maintenance 

Find an equation for a circle satisfying the given 
conditions. [1.1] 

83. Center: (—2, 4); radius of length 3 

84. Center: (0, —3); diameter of length 5 

In Exercises 85 and 86, (a) find the vertex; (b) determine 
whether there is a maximum or a minimum value and find 
that value; and (c) find the range. 

85. h(x) = —2x* + 3x — 8 [3.3] 

86. g(x) = x? — 10x + 2 [3.3] 
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> Synthesis 93. Write a quadratic inequality for which the solution 
SeLIG. (43): 

Solve. 
87. [x2 -5| =5— x 94. Write a polynomial inequality for which the solution 

Selig oy) 700), 

Find the domain of the function. 
Sh Adlai) Walle na ema 72 

90. (7 — x)? <0 ea ee ey 
96.0 f(x) = Vie Sak 1 

88. xt — 6x7 +5 >0 

1 
a fi+t{<s 

x 

92. 2-4 

STUDY GUIDE 

KEY TERMS AND CONCEPTS EXAMPLES 

SECTION 4.1: POLYNOMIAL FUNCTIONS AND MODELS 

Polynomial Function Consider the polynomial 

OFX atleast an x 1 
PG aie x Ae 0, 

“a Chee SPRUCE BOL cineca 3 

where the coefficients a,, 4,15». - » 1» Ao Leading term: —4x° 

are real numbers and the exponents are Leading coefficient: —4 

whole numbers. 
Degree of polynomial: 5 

The first nonzero coefficient, a,, is 8 ae 

called the leading coefficient. The term Classify the following polynomial functions: 

a,x" is called the leading term. The nae, 

degree of the polynomial function is n. Function Type 

Classifying polynomial functions by Concant 

aoe Linear 

adratic Type Qu i 

Cubic 

Constant 0 Quartic 

Linear 1 

Quadratic 2 

Cubic 3 

4 Quartic 
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The Leading-Term Test 

If a, x" is the leading term of a polyno- 

mial function, then the behavior of the 

graph as x > oo and as x > —oo can 

be described in one of the following four 

ways. 

b) Ifn is even, 

anda, < 0: 

cas 
d) Ifn is odd, 

anda, < 0: 

ee 
os \ 

Zeros of Functions 

a) Ifnis even, 

anda, > 0: 

NZ 
c) Ifnis odd, 

andias 0; 

If c is a real zero of a function f(x) (that 
is, f(c) = 0), then x — cisa factor of 

f(x) and (c, 0) is an x-intercept of the 
graph of the function. 

If we know the linear factors of a 

polynomial function f(x), we can find 
the zeros of f(x) by solving the equation 
f(x) = 0 using the principle of zero 
products. 

Every function of degree n, with 

n = 1, has at least one zero and at most 
n Zeros. 

Polynomial Functions and Rational Functions 

Using the leading-term test, describe the end behavior of the 

graph of each function by selecting one of (a)—(d) shown at left. 

h(x) a ee oe 

The leading term a,, x" is —2x°. Since 6 is even and —2 < 0, the 

shape is shown in (b). 

G(s) 4a = 8x al 

The leading term, a,, x”, is 4x°. Since 3 is odd and 4 > 0, the 

shape is shown in (c). 

To find the zeros of 

T= = 2 3 ee 8), 

solve —2(x — 3)(x + 8)? = 0 using the principle of zero 
products: 

Ga Oe OE Oo) 

x =3 or [= = ey 

The zeros of f(x) are 3 and —8. 

f(x) = —2(x — 3)(x + 8)2 

To find the zeros of 

h(x) = x* — 12x7 — 64, 

Se ae = l| S} S 3 & | aN oS 2) = Be + uN 
| 

[an) 

The zeros of h(x) are —4, 4, and +2i. 



Even and Odd Multiplicity 

If (x — c)‘,k = 1, isa factor of a poly- 
nomial function P(x) and (x — c)**! is 
not a factor and: 

SECTION 4.2: GRAPHING POLYNOMIAL FUNCTIONS 

k is odd, then the graph crosses the 
x-axis at (c, 0); 

k is even, then the graph is tangent 
to the x-axis at (c, 0). 

If P(x) is a polynomial function of 
degree n, the graph of the function has: 

at most n real zeros, and thus at 

most 1 x-intercepts, and 

at most m — 1 turning points. 

To Graph a Polynomial Function 

1h. Use the leading-term test to deter- 

mine the end behavior. 

. Find the zeros of the function by 

solving f(x) = 0. Any real zeros 

are the first coordinates of the 

x-intercepts. 

. Use the x-intercepts (zeros) to divide 

the x-axis into intervals and choose 

a test point in each interval to deter- 

mine the sign of all function values 

in that interval. For all x-values in an 

interval, f(x) is either always posi- 

tive for all values or always negative 

for all values. 

. Find f(0). This gives the y-intercept 
of the function. 

If necessary, find additional func- 

tion values to determine the general 

shape of the graph and then draw 

the graph. 

Summary and Review 

For f(x) = —2(x — 3)(x + 8)? graphed above, note that for 
the factor x — 3, or (x — 3)!, the exponent 1 is odd and the 
graph crosses the x-axis at (3, 0). For the factor (x + 8)’, the 
exponent 2 is even and the graph is tangent to the x-axis at 
(—8, 0). 

Graph: h(x)= x — 12x "16x = x(x — 4) (er 2). 

1. The leading term is x’. Since 4 is even and 1 > 0, the end 

behavior of the graph can be sketched as follows. 

are (0, 0), ( 

We) 
2. Solve x(x — 4)(x + 2)? = 0. The solutions are 0, 4, and 

—2. The zeros of h(x) are 0, 4, and —2. The x-intercepts 
4,0), and (—2, 0). The multiplicity of 0 and 4 

is 1. The graph will cross the x-axis at 0 and 4. The multi- 

plicity of —2 is 2. The graph is tangent to the x-axis at —2. 

3. The zeros divide the x-axis into four intervals. 

< t 
=2) 0 4 

Interval (Gs00;/=2) | (2,0) (0, 4) (4, co) 

Test Valu = | zl 1 2 

Function 
Value, h(x) 21 5 —27 245 

Sign of h(x) 7 a; 

Location of 
Points on Above Above Below Above 

Graph x-axis x-axis X-axis x-axis 

aad ls 
Four points on the graph are (—3, 21), (—1,5), (1, —27), 

and (5, 245). 

4. Find h(0): 

h(0) = 0(0 — 4)(0 + 2)* = 0. 

The y-intercept is (0, 0). 

(continued) 
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The Intermediate Value Theorem 

For any polynomial function P(x) with 
real coefficients, suppose that fora # b, 

P(a) and P(b) are of opposite signs. 
Then the function has at least one real 

zero between a and b. 

The intermediate value theorem cannot 

be used to determine whether there is a 

real zero between a and b when P(a) and 
P(b) have the same sign. 

5. Find additional points and draw the graph. 

= 

h(x) = x4 — 12x? — 16x 

Use the intermediate value theorem to determine, if possible, 

whether the function has a zero between a and b. 

fey x 2) eee 

f(2) = —4 #(3) = 10 
Since f(2) and f(3) have opposite signs, f(x) has at least one 
zero between 2 and 3. 

GQ) Ble = 5k ex = 2, aw She 2h 

f(-2) = —40; f(-1) = -10 
Both f(—2) and f(—1) are negative. Thus the intermediate 
value theorem does not allow us to determine whether there is 

a real zero between —2 and —1. 

SECTION 4.3: POLYNOMIAL DIVISION; THE REMAINDER THEOREM AND THE FACTOR THEOREM 

Polynomial Division 

P(x) = d(x) + Q(x) + R(x) 

Dividend Divisor Quotient Remainder 

When we divide a polynomial P(x) 

by a divisor d(x), a polynomial Q(x) is 
the quotient and a polynomial R(x) is 

the remainder. The quotient Q(x) must 
have degree less than that of the dividend 

P(x). The remainder R(x) must either be 
0 or have degree less than that of the divi- 

sor d(x). If R(x) = 0, then the divisor 
d(x) is a factor of the dividend. 

Given P(x) = x*— 6x° + 9x*% +4 4x12 and d(x) =< + 2, 
use long division to find the quotient and the remainder 

when P(x) is divided by d(x). Express P(x) in the form 
d(x) TOC eRe): 

x? — 8x* + 25x — 46 

Xists 2) x4 — 60+ 9+ 4r-—12 

x* + 2x? 

—8x> + 9x? 

—8x> — 16x? 

25x" + 4x 

25x? + 50x 

AO xe al, 

aa ON 

80 

Q(x) = « — 8x" + 25x — 46 and’ R(x) = 80: Thus, 
P(x) = (x + 2)(x? — 8x” + 25x — 46) + 80. Since 
R(x) # 0,x + 2 is nota factor of P(x). 



The Remainder Theorem 

Ifa number c is substituted for x in the 

polynomial f(x), then the result f(c) is 
the remainder that would be obtained 

by dividing f(x) by x — c. That is, 
i f(e) = (x — c)= Q(x) + R, then 
f(c) =R. 

The long-division process can be 

streamlined with synthetic division. Syn- 
thetic division can also be used to find 

polynomial function values. 

The Factor Theorem 

For a polynomial f(x), if f(c) = 0, then 
a= cis. a factor of f(x): 

Summary and Review 

Repeat the division shown above using synthetic division. Note 
that the divisor x + 2 = x — (—2). 

-2) 1 -6 9 a 6) 

e161 4-50 92 
ies) 46m ese 

Again, note that Q(x) = x° — 8x* + 25x — 46and R(x) = 80. 
Since R(x) # 0,x — (—2),orx + 2, is nota factor of P(x). 

Now divide P(x) by x — 3. 

Blan ome) 9) eee? 
Smee 0 12 

peo Or 2. 1 Sao 

OG) Sx = 3x" 4 and R(x) =90. Since R(x) = 0p 3 
is a factor of P(x). 

For fix) =o2e) ne — ex — 4 Ion 2 

0 eee 16 
2p einen oA —60 

i = 7 iy 30 Sees 

Thus, f(—2) = —45. 

Letg(x) = 82° 46x — 40x + 25. Factor ex yand 

solve g(x) = 0. 

Use synthetic division to look for factors of the form x — c. 

Let Sin y W246 0: 

=—5} 1 8 6 —40 25 
Oe a sadlll 45 tS} 

1 3 =e 5 0 

Since g(—5) = 0, the number —5 is a zero of g(x) and 
x — (—5), orx + 5, isa factor of g(x). This gives us 

AK tk oD Ne Ona amo Kert 

Let’s try x + 5 again with the factor x° + 3x* — 9x + 5. 

el al 3. t= 5 

seo KU) 0) 

2 1 0 

Now we have 

ea) eee eet eon), 

The trinomial x* — 2x + 1 easily factors, so 

2 

@ (x XE 5a x = LP. 

Solve g (x) = 0. The solutions of (x + 5)?(x — 1)° = Oare 

—5 and 1. They are also the zeros of g(x). 

Z99 



CHAPTER 4 

SECTION 4.4: THEOREMS ABOUT ZEROS OF POLYNOMIAL FUNCTIONS 

The Fundamental Theorem of Algebra 

Every polynomial function of degree n, 
n = 1, with complex coefficients has at 

least one zero in the system of complex 

numbers. 
Every polynomial function f of de- 

gree n, with n = 1, can be factored into 

n linear factors (not necessarily unique); 

that is, 

He ee ea = C5) 

Nonreal Zeros 

a+ bi and a-— bi,b #0 
If a complex number a + bi, b # 0, 

is a zero of a polynomial function f(x) 

with real coefficients, then its conjugate, 
a — bi, is also a zero. (Nonreal zeros 

occur in conjugate pairs.) 

Irrational Zeros 

a+ cVb, anda — cVb, 

b not a perfect square 

Ifa + cV/b, where a, b, and care ra- 

tional and b is not a perfect square, is a 

zero of a polynomial function f(x) with 
rational coefficients, then its conjugate, 

a — c\V b, is also a zero. (Irrational zeros 

occur in conjugate pairs.) 

The Rational Zeros Theorem 

Consider the polynomial function 

PCC) = nde earn Xk a NANG 

ap uae ae hes ac ip 

where all the coefficients are integers and 

n = 1. Also, consider a rational number 
p/q> where p and q have no common 
factor other than —1 and 1. If p/qisa 

- zero of P(x), then p is a factor of ay and 

q is a factor of a,. 

(x ~ Oak 

Polynomial Functions and Rational Functions 

Find a polynomial function of degree 5 with —4 and 2 as zeros 

of multiplicity 1, and —1 as a zero of multiplicity 3. 

(@= lk 4) |x Sa eG 
= (eo \(x— 2) (x + Dy 

= x° + 5x4 + x? — 17x? — 22x — 8 

Find a polynomial function with rational coefficients of lowest 

degree with 1 — i and V7 as two of its zeros. 

If 1 — iisa zero, then 1 + iis also a zero. If 7 is a zero, 

then — V7 is also a zero. 

(2) eet) 
Pa) 

9 (Egret MeN ae ah es tC 
= | i 

Sau 

(1 + )][x - V7] x 

V7) (x AP V7) 

(x— 1? — A] (2-7) 
ee ee ere OI ae ca 74) 

tee ES AO CRT) 

Aen be ee 

For f(x) = 2x =.9%° “lex? = 9x 
and factor f(x) into linear factors. 

18, solve f(x) = 0 

There are at most 4 distinct zeros. Any rational zeros of f 
must be of the form p/q, where p is a factor of —18 and qisa 
factor of 2. 

Possibilities for p: ae | Body Fa iss Berl Weaen ea Ea 

Possibilities for q Amd Peal 

Possibilities for pig: ~ V, =1,)2, —253,;-3, 6; —6, 9, —9, 

3 9 
18, 18, > > > > > 

J 2 2 

Use synthetic division to check the possibilities. We leave it 
to the student to verify that +1, +2, and +3 are not zeros. 
Let's try 6. 

bt Paco 1G, SOR.) ie 
oe Fis) 2 18 

5s 5-3) 1 G 

(continued) 



Descartes’ Rule of Signs 

Let P(x), written in descending or 
ascending order, be a polynomial func- 
tion with real coefficients and a nonzero 

constant term. The number of positive 

real zeros of P(x) is either: 

1. The same as the number of varia- 

tions of sign in P(x), or 

2. Less than the number of variations 

of sign in P(x) by a positive even 
integer. 

The number of negative real zeros of 

P(x) is either: 

3. The same as the number of varia- 

tions of sign in P(—x), or 

4, Less than the number of variations 

of sign in P(—x) by a positive even 

integer. 

A zero of multiplicity m must be counted 

m times. 

Summary and Review 

Since f(6) = 0,6 is a zero and x — 6 isa factor of f(x). Now 
express f(x) as 

Fea 6) Ox + 3x7 + 2x 4 3). 

Consider the factor 2x°> + 3x* + 2x + 3 and check the other 

possibilities. Let’s try —3. 

=3| 2 ou 2 3 

pi eval) =o 

Z 0 2 0 

Since f( —}) = 0, —}is also a zero and x + 3 isa factor of 

f(x). We express f(x) as 

HCP = Olle Se Nee =e 2) 
= 2(x — 6)(x + 2) (x? + 1). 

Now solve the equation f(x) = 0 to determine the zeros. 

We see that the only rational zeros are 6 and —3. The other 
zeros are +i. 

The factorization into linear factors is 

f(x) = 2(x — 6)(x +3) (x -— D(x + i), or 
CoN Oe Ce Mi Car sui 

Determine the number of positive real zeros and the number of 

negative real zeros of 

PUR An nx 8x — 10: 

There are 3 variations of sign in P(x). Thus the number of 
positive real zeros is 3 or 1. 

P(—x) = —4°-— 3¢ + 2x — 8x — 10 

There are 2 variations of sign in P(—x). Thus the number of 
negative real zeros is 2 or 0. 
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SECTION 4.5: RATIONAL FUNCTIONS 

Rational Function Determine the domain of each function. 

p(x) FUNCTION DOMAIN 
AC 2 pera q(x) A 

where p(x) and q(x) are polynomials f(x) = Pe (—00, 0) U (0, co) 

and q(x) is not the zero polynomial. ere 
The domain of f(x) consists of all x for {) = = 
which q(x) # 0. J ae 

Kor 
aE aT (60; —4) Ui 4:2), OU (2x0) 

Vertical Asymptotes Determine the vertical, horizontal, and oblique asymptotes of 

For a rational function f(x) = p(x)/q(x), the graph of the function. 

where p(x) and q(x) are polynomials FUNCTION ASYMPTOTES 
with no common factors other than 

constants, if a is a zero of the denominator, x = 2 Vertical: x = 1 
then the line x = a isa vertical asymptote f(x) = Pet Horizontal: None 

for the graph of the function. Oblique: y= 1 

Horizontal Asymptotes Ae Vege ee 

When the numerator and the denominator f(x) = pai eae’ Horizontal: y = 0 

have the same degree, the line y = a/b is Oblique: None 

the horizontal asymptote, where a and b 

are the leading coefficients of the numera- 2x7 + 9x — 5 

tor and the denominator, respectively. f(x) = Atay 412 Vertical: x = aie et 3 
When the degree of the numerator ) 

is less than the degree of the denomina- Horizontal: y = 3 

tor, the x-axis, or y = 0, is the horizontal OblaueaNone 

asymptote. 

When the degree of the numerator is 

greater than the degree of the denomina- 

tor, there is no horizontal asymptote. 

Oblique Asymptotes 

When the degree of the numerator is 1 

greater than the degree of the denomina- 

tor, there is an oblique asymptote. 

To Graph a Rational Function oa A 

~ f(x) = p(x)/4q(x), where p(x) and 
q(x) have no common factor other than 

Domain: The zeros of the denominator are —5 and 1. The 
constants: 

domain 1s.("—00, —5,) (5,1) Git oo): 

Vertical asymptotes: Since neither zero of the denominator 

is a zero of the numerator, the graph has vertical asymp- 
totes atx = —Sandx = 1. 

1. Find any real zeros of the denomina- 

tor. Determine the domain of the 
function and sketch any vertical 

asymptotes. elds Horizontal asymptote: The degree of the numerator is the 
same as the degree of the denominator, so the horizontal 

asymptote is determined by the ratio of the leading coef- 
ficients: 1/1, or 1. The horizontal asymptote is y = 1. 

2. Find the horizontal asymptote or the 

oblique asymptote, if there is one, 

and sketch it. 

(continued) 



3. Find any zeros of the function. The 

zeros are found by determining 
the zeros of the numerator. These 
are the first coordinates of the 
x-intercepts of the graph. 

4. Find f(0). This gives the y-intercept, 
(0, f(0)), of the graph. 

5. Find other function values to deter- 

mine the general shape. Then draw 
the graph. 

Crossing an Asymptote 

The graph of a rational function never 
crosses a vertical asymptote. 

The graph of a rational function 
might cross a horizontal asymptote but 

does not necessarily do so. 

Graph: f(x) = 

Summary and Review 

Oblique asymptote: None 

Zeros of g: Solving g(x) = 0 gives us —2 and 2, so the 
zeros are —2 and 2. 

x-intercepts: (—2, 0) and (2, 0) 
. 4 4 

y-intercept: Us , because g(0) = @ 

Other values: 

sce B 

x —x- 12 

Domain: The zeros of the denominator are —3 and 4. The 

domains (= 00,13) \)(=3,-4)) (4 7oo}): 

Vertical asymptote: Since 4 is the only zero of the denomi- 

nator that is not a zero of the numerator, the only vertical 

asymptote is x = 4. 

Horizontal asymptote: Because the degree of the numera- 

tor is less than the degree of the denominator, the x-axis, 

y = 0, is the horizontal asymptote. 

Oblique asymptote: None 

Zeros of f: The equation f(x) = 0 has no solutions, so 

there are no zeros of f. 

x-intercepts: None 

il 1 
y-intercept: (0 -+) because f(0) = on 

Hole in the graph: 

te Kemp 3) _ 1 

Ns sea ary ety 
where x # —3andx # 4. 

(continued) 
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To determine the coordinates of the hole, substitute —3 for x 

Ted Cae Cae 

1 1 
LGae aya 

The hole is located at ( —3,-4 iE 

Other values: 

SECTION 4.6: POLYNOMIAL INEQUALITIES AND RATIONAL INEQUALITIES 

To Solve a Polynomial Inequality Solve: x° — 3x7 < 6x — 8. 

1. Find an equivalent inequality with 0 Equivalent inequality: x° — 3x° — 6x + 8 = 0. 

on one side. 
First, solve the related equation: 

2. Change the inequality symbol to 
3 2 Ms an equals sign and solve the related KMRERO NA ON We Se"); 

cso The solutions are —2, 1, and 4. The numbers divide the x-axis 
3. Use the solutions to divide the into 4 intervals. Next, let f(x) = x° — 3x? — 6x + 8 and, 

x-axis into intervals. Then select a using test values for f(x), determine the sign of f(x) in each 
test value from each interval and interval. 

determine the polynomial’s sign on 
fet cwal. INTERVAL TEST VALUE SIGN OF f(x) 

4. Determine the intervals for which (—oo, —2) F-3) S28 ~ 
the inequality is satisfied and write (—2, 1) f= 8 n 

interval notation or set-builder (1,4) f(2) = -8 i 

notation for the solution set. Include . 

the endpoints of the intervals in the (4, 00) TGye80 : 
solution set if the inequality symbol - F u ; 
isi Oe: < + > 

=2 1 4 : 

Test values are negative in the intervals (—oo, —2) and 

(1, 4). Since the inequality sign is =, include the endpoints of 
the intervals in the solution set. 

The solution set is 

(Soar 2) el ea? 



To Solve a Rational Inequality 

1. Find an equivalent inequality with 0 
on one side. 

. Change the inequality symbol to 

an equals sign and solve the related 
equation. 

. Find values of the variable for which 

the related rational function is not 

defined. 

. The numbers found in steps (2) and 

(3) are called critical values. Use the 

critical values to divide the x-axis 

into intervals. Then determine the 

function's sign in each interval using 
an x-value from the interval or using 
the graph of the equation. 

. Select the intervals for which the 

inequality is satisfied and write 

interval notation or set-builder 

notation for the solution set. If the 

inequality symbol is = or =, then 
the solutions to step (2) should be 

included in the solution set. The 

x-values found in step (3) are never 

included in the solution set. 

REVIEW EXERCISES 

Determine whether the statement is true or false. 

alias (si exe tna) (eat b)(X se) then 
f(—b) = 0. [4.3] 

2. The graph of a rational function never crosses a 
vertical asymptote. [4.5] 

3. For the function g(x) = x* — 8x* — 9, the 
only possible rational zeros are 1, —1, 3, and 
—3, [4.4] 

Summary and Review 

ze = II ye ae 3} 
Solve: : 

ge ap & 6 =D 

FEV RIERCIN CRIA oe eG uivalent inequality: 
1 1 x 3 ar ge = 

ge = Il ge are 3 
Related function: f(x) = 

f : vik ) gear S 5G 

The function is not defined for x = —5 and x = 2. Solving 
f(x) = 0, we get x = —t7. The critical values are —5, —+7, 
and 2. These divide the x-axis into four intervals. 

INTERVAL TEST VALUE SIGN OF f(x) 

(oo) f(—6) = 6.63 + 

(esos, f(-2) = 0.75 . 
(=12) f(0) = 13 + 
(2, 00) f(3) = -5.75 - 

+ - + ~ 
Ba t SS 

a6 

Test values are positive in the intervals (—oo, —5) and 
(—#, 2). Since f(—7}) = 0 and —5 and 2 are not in the 

domain of f, —5, —13 and 2 cannot be part of the solution set. ll p 

The solution set is 

Ese. 

4, The graph of P(x) = x® — x* has at most 
6 x-intercepts. [4.2] 

5. The domain of the function 

ai Nee: 

LOSS amin resay 
is (00,2 (Beco aa) 
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Determine the leading term, the leading coefficient, and the 
degree of the polynomial. Then classify the polynomial func- 
tion as constant, linear, quadratic, cubic, or quartic. [4.1] 

6. f(x) = 7x — 5-+ 0:45x* — 3x7 

Tana) 

82(%) —=16 = 05x 

ON Ge Weehe eer aS, 

Oe 

Use the leading-term test to describe the end behavior of the 
graph of the function. [4.1] 

10. f(x) = —jx4 + 3x° +x - 6 

1h f(xy 6 2k — xo bea 4 

Find the zeros of the polynomial function and state the 
multiplicity of each. [4.1] 

12. g(x) = (x — 3)(x + 2) - 5)" 
13 (ex — 260 + 25 

14. h(x) = x° + 4x* — 9x — 36 

15. Interest Compounded Annually. When P dollars is 
invested at interest rate i, compounded annually, for 
t years, the investment grows to A dollars, where 

A= P(1 + i)’ 

a) Find the interest rate i if $6250 grows to $6760 in 
2 years. [4.1] 

b) Find the interest rate i if $1,000,000 grows to 
$1,215,506.25 in 4 years. [4.1] 

Sketch the graph of the polynomial function. 

16. f(x) = —x* + 2x° [4.2] 

17 giant) (xe 2) [412 

18. h(x) = x° + 3x? — x — 3 [4.2] 

19. f(x) = x* — 5x? + 6x? + 4x — 8 [4.2], [4.3], 
[4.4] 

20. g(x) = 2x° + 7x? — 14x + 5 [4.2], [4.4] 

Using the intermediate value theorem, determine, if possible, 
whether the function f has a zero between a and b. |4.2] 

WU NRA 5s = 3: g@= 1b = 2 

22. f(x) = - 47 +4%+2;4=-1b=1 

In each of the following, a polynomial P(x) and a divisor 
d(x) are given. Use long division to find the quotient Q(x) 
and the remainder R(x) when P(x) is divided by d(x). 
Express P(x) in the form d(x) + Q(x) + R(x). [4.3] 

23. P(x) = 6x° — 2x* + 4x — 1, 
x= x3 

240 P(x) = x* 2x + 5, 
d(x) =x+t+1 

Use synthetic division to find the quotient and the 

remainder. [4.3] 

25. (0 + 238 Plax dl) sees) 

2600 eB hex oer De ee) 

27 ae = 58) (ae) 

Use synthetic division to find the indicated function 
value. [4.3] 

285 ge oe a ears ofil oe) 

29 tax )a= x = 162) 

30... f(x) = ae ae 00, Ly 

Using synthetic division, determine whether the given 
numbers are zeros of the polynomial function. [4.3] 

31. =i, —5; f= = See 

32, -1, 2 fe 

33. 4, 1: f(x) =x —F 4_ 3x44 

34 Dy 3 fee iG 

Factor the polynomial f(x). Then solve the equation 
f(x) = 0. [4.3], [4.4] 
a5 LX) = ck en A 

36. f(x) =< P4x =—3x 18 

37. f(x) =x = 40. Ql 10022100 

38. f(x) = x° = 3 +2 

Find a polynomial function of degree 3 with the given 
numbers as zeros. [4.4] 

39.4 ee 

40.3. Ue ket 

Pieces ci ese 

42. Find a polynomial function of degree 4 with —5 
as a zero of multiplicity 3 and 5 as a zero of 
multiplicity 1. [4.4] 

43. Find a polynomial function of degree 5 with —3 as a 
zero of multiplicity 2, 2 as a zero of multiplicity 1, 
and 0 as a zero of multiplicity 2. [4.4] 

Suppose that a polynomial function of degree 5 with 
rational coefficients has the given zeros. Find the other 
zero(s). [4.4] 

44, —2,\/5,i 

45> 0 ae 

7 I Oa) 



Find a polynomial function of lowest degree with rational 
coefficients and the following as some of its zeros. [4.4] 

47, V1 
48. —i,6 

GS Fo goylt Fe: Sh BS a] 

50. V5, —2i 
51. 4,0, -3 

List all possible rational zeros. [4.4] 

52. h(x) = 4x — 2x? + 6x — 12 

53. g(x) = 3x* — x? + 5x? —x4+1 

54. f(x) =x — 2x* + x — 24 

For each polynomial function, (a) find the rational zeros 
and then the other zeros; that is, solve f(x) = 0; and (b) 
factor f(x) into linear factors. [4.4] 

BO ep 3k ek 25x 28x 12K 

56. f(x) =x — 2x* — 3x + 6 

Sei x 10x Ox 6x 10 

58. f(x) = « 3x — 11x — 5 

Se WAGs tee Chee e ce pith ome” 

60. f(x) = x° — 8x* + 20x? — 8x? — 32x + 32 

Glew yearn x ex — 16x tt 102% 

Ole lex 32s 38x 225 
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In Exercises 70 and 71, find a rational function that 
satisfies the given conditions. Answers may vary, but try 

to give the simplest answer possible. [4.5] 

70. Vertical asymptotes x = —2,x = 3 

71. Vertical asymptotes x = —2, x = 3; horizontal 
asymptote y = 4; x-intercept (—3, 0) 

72. Medical Dosage. The function 

_ 0.7t + 2000 
Sieg 

gives the body concentration N(f), in parts per 
million, of a certain dosage of medication after 
time ¢, in hours. 

N(t) > > 

N(t) 

50+ | xy = 7 205, te 

405 

30 b\, 
% 

20- 

10+ “a ARN 
| | i 1 0 ; > 

5 110 51592025 30m, 

a) Find the horizontal asymptote of the graph and 
complete the following: 

N(t) >[___Jast—+oo. [4.5] 

b) Explain the meaning of the answer to part (a) in 
terms of the application. [4.5] 

Solve. [4.6] 
What does Descartes’ rule of signs tell you about the num- 
ber of positive real zeros and the number of negative real 
zeros of each of the following polynomial functions? [4.4] 

C3 Oe ee a eX 

OLX pee pet ON Kot 2 

6528o (Xo ae 

Graph the function. Be sure to label all the asymptotes. List 

the domain and the x- and y-intercepts. [4.5] 

66. f(x) = — 

67. Fx) = ere 

vr +x-6 
68. f(x) = rn Ee 

Kiedy 
69. f(x) = 

x2 — 2x — 15 

73) 09420 

FAR 2K 3xre2 

75 Ue see Oe A) ie an 0) 

eae 
76. | 

one 

77. Height of a Rocket. The function 

S(t) = —16t + 805 + 224 

gives the height S, in feet, of a model rocket launched 
with a velocity of 80 ft/sec from a hill that is 224 ft 
high, where t is the time, in seconds. 

a) Determine when the rocket reaches the 

ground. [4.1] 
b) On what interval is the height greater than 

320 ft? [4.1], [4.6] 
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78. Population Growth. The population P, in b> Synthesis 
thousands, of Novi is given by 

Solve. 
_ 8000t 

ie F706: 82. 25-2 [4.6] 
where t is the time, in months. Find the interval 

on which the population was 400,000 or 
greater. [4.6] 

79. Which of the following is the domain of the 

83. <3 [4.6] 
2 

1 
1 ae; We 

x 

84, x4 — 2x7 + 3x° -2x +2=0 [4.4] 

85. (x — 2)°> <0 [4.6] function 

oe x +2x- 3, [4.5] 86. Express x° — 1 as a product of linear factors. [4.4] 

2 Aree a Cit 87. Find k such that x + 3 is a factor of 

A. (—o0, 2) U (2,3) U (3, «) x + ke? + kx — 15, [4.3] 

B. (—00, 3) U (~3,1) U (1, 0) 88. When x* — 4x + 3k is divided byw erate 

Se eo NSN E) 29) remainder is 33. Find the value of k. [4.3] 
Dr(G.0037- 3) W411, oo) 

Find the domain of the function. [4.5] 
80. Which of the following lists the vertical asymptotes = ; —= 

of the function SO) F(x) Ve ee 10 

eee 90. f(x) = Vx — 3.1x + 2.2 + 1.75 
J) = ~ 2 [4.5] \ 

(a se 1)(x 2) (oe ae 4) 91. f(x) = 

Acx = yx = —2,andx =4 5 el 
ih, C= $l eH] Qe = —“ainais = 4! : : : 

C. x = —-1,x = 2,andx = —4 » Collaborative Discussion 

i i and Writing 
81. The graph of f(x) = —3x* + x° + 1 is which of the ‘ 92. Explain the difference between a polynomial function 

following? [4.2] 
and a rational function. [4.1], [4.5] 

A. 93. Is it possible for a third-degree polynomial with 
rational coefficients to have no real zeros? Why or 
why not? [4.4] 

94. Explain and contrast the three types of asymptotes 
considered for rational functions. [4.5] —5—4-3-2-NN 

95. If P(x) is an even function, and by Descartes’ rule of 
signs, P(x) has one positive real zero, how many neg- 
ative real zeros does P(x) have? Explain. [4.4] 

96. Explain why the graph of a rational function cannot 
have both a horizontal asymptote and an oblique 
asymptote. [4.5] 

97. Under what circumstances would a quadratic 
inequality have a solution set that is a closed 
interval? [4.6] 
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Determine the leading term, the leading coefficient, and the 
degree of the polynomial. Then classify the polynomial as 
constant, linear, quadratic, cubic, or quartic. 

1. f(x) = 2x? + 6x? — x4 + 11 

2. h(x) = —4.7x + 29 

3. Find the zeros of the polynomial function and state 
the multiplicity of each: 

aaa (OX > Cras )(x er L.)* 

4. Hybrid Automobiles. In 2004, only 84,199 hybrid 
automobiles were sold, while in 2012, 431,798 were 
sold (Source: U.S. Department of Transportation). 

The quartic function 

f(x) = 897.690x* — 10,349.487x° 

+ 19,202.137x* + 91,597.838x 

+ 88,209.580, 

where x is the number of years after 2004, can be 

used to estimate the number of hybrid automobiles 
sold in years 2004 to 2012. Use this function to esti- 
mate the number of hybrid automobiles sold in 2008 
and in 2011. 

Sketch the graph of the polynomial function. 

Sree haere 85 + 2x 48 

CO a te 4x — 12 

Using the intermediate value theorem, determine, if 
possible, whether the function has a zero between 
aand b. 

Tayia= 5x 3, 0, b = 2 

Sela 2x 6x 3; a= —2,b = =| 

9. Use long division to find the quotient Q(x) and 
the remainder R(x) when P(x) is divided by d(x). 
Express P(x) in the form d(x) + Q(x) + R(x). Show 
your work. 

Ue) Se Mas Ok ae 

SC) ikea 

10. Use synthetic division to find the quotient and the 
remainder. Show your work. 

(Sx sxe 7) (x5) 

11. Use synthetic division to find P(—3) for 
P(x) = 2x? — 6x? + x — 4. Show your work. 

12. Use synthetic division to determine whether —2 is a 
zero of f(x) = x° + 4x* + x — 6. Answer yes or 
no. Show your work. 

13. Find a polynomial function of degree 4 with —3 as a 
zero of multiplicity 2 and 0 and 6 as zeros of multi- 
plicity 1. 

14. Suppose that a polynomial function of degree 5 with 

rational coefficients has 1, ay By and 2 — ias zeros. 

Find the other zeros. 

Find a polynomial function of lowest degree with rational 
coefficients and the following as some of its zeros. 

1G, —iloeet 

167082) 3a 

List all possible rational zeros. 

17. f(x) = 2x° + x7 = 2x + 12 

ISS (x) —alOxe se Ox 

For each polynomial function, (a) find the rational zeros 
and then the other zeros; that is, solve f(x) = 0; and 
(b) factor f(x) into linear factors. 

19, fia x aS 

20S fie) —o2 aoele ete 1607 — "6 

DAN ix) = re a 16 

220 Co) = ae la Sx Ove ae 

23. What does Descartes’ rule of signs tell you about 
the number of positive real zeros and the number of 
negative real zeros of the following function? 

(%) Ser ax” — Ax I 

Graph the function. Be sure to label all the asymptotes. List 
the domain and the x- and y-intercepts. 

26. Find a rational function that has vertical asymptotes 
x = ~—landx = 2 and x-intercept (—4, 0). 

Solve. 

so SP 
27, 2x? > 5x +3 28. =23 

OG 
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29: 

30. 
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The function S(t) = —16t? + 64t + 192 gives the Be Synthesis 

height S, in feet, of a model rocket launched with a et a es A 
velocity of 64 ft/sec from a hill that is 192 ft high. 31. Find the domain of f(x) = Va" + « 

a) Determine how long it will take the rocket to 
reach the ground. 

b) Find the interval on which the height of the 
rocket is greater than 240 ft. 

The graph of f(x) = 
following? 

A. y 

| 4 

3 

7} 

1 

PeZes) 45 

x? — x* — 2 is which of the 

—5—4—3-2- 



The centenarian population in the United States has 

grown over 65% in the last 30 years. In 1980, there 

were only 32,194 residents ages 100 and over. This 

number had grown to 53,364 by 2010. (Sources: 

Population Projections Program; U.S. Census Bureau; 

U.S. Department of Commerce; “What People Who Live 

to 100 Have in Common,” by Emily Brandon, U.S. News 

and World Report, January 7, 2013) The exponential 

function 

H(t) = 80,040.68(1.0481)’, 

where f is the number of years after 2015, can be used 

to project the number of centenarians, in thousands. 

Use this function to project the centenarian 

population in 2020 and in 2050. 
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Inverse Functions 

»% Determine whether a function is one-to-one, and if it is, find a formula for its inverse. 

» Simplify expressions of the type (fe f-')(x) and (f 'e f)(X). 

RELATIONS 

| REVIEW SECTION 1.2 

MY 

5 ac 
Relation g (OC) ears 

é 4 e 8 

3 <A 

(=1 NE Ve (4, 2) 
2) or7 e 

we 

(25/0) aie } 
— 

ae ee les liee2 9374 5 

pat ° 3 “ (35 ==) 

» Inverses 

When we go from an output of a function back to its input or inputs, we get an 

inverse relation. When that relation is a function, we have an inverse function. 

Consider the relation h given as follows: 

h = {(-8,5), (4, -2), (-7, 1), (3.8, 6.2) }. 

Suppose we interchange the first and second coordinates. The relation we obtain is 

called the inverse of the relation h and is given as follows: 

Inverse of h.= {(5, —8).(—2, 4) 5 (1, —7 3 (6.2,.3:0). 1 

INVERSE RELATION 

Interchanging the first and second coordinates of each ordered pair ina 
relation produces the inverse relation. 

EXAMPLE 1 Consider the relation g given by 

g = {(2,4), (-1L 3), (~2,0)}. 
Graph the relation in blue. Find the inverse and graph it in red. 

Solution The relation g is shown in blue in the figure at left. The inverse of the 
relation is 

((4 2), (3, =1), (0, =2)} 
and is shown in red. The pairs in the inverse are reflections of the pairs in g across 
the line y = x. Now Try Exercise 1. 

INVERSE RELATION 

Ifa relation is defined by an equation, interchanging the variables produces 
an equation of the inverse relation. 

EXAMPLE 2 Find an equation for the inverse of the relation 

ie x” = 5x. 

Solution We interchange x and y and obtain an equation of the inverse: 

rene Neenah aimee OY, Now Try Exercise 9. 

If a relation is given by an equation, then the solutions of the inverse can be 
found from those of the original equation by interchanging the first and second 
coordinates of each ordered pair. Thus the graphs of a relation and its inverse are 
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always reflections of each other across the line y = x. This is illustrated with the 
equations of Example 2 in the tables and graph below. We will explore inverses and 
their graphs later in this section. 

Inverse relation: 

x = y? — 5y 

l 6 
==) 1 Sy Z 0 0 

2 —6 

4 —4 

Relation: 

y=x 5x 

» Inverses and One-to-One Functions 

Let’s consider the following two functions. 

First-Class Number 

(domain) Year Postage Cost, in cents 

(domain) (range) 

2006 ————————> 39 

2002. 4) 

200 8 th 

2009 

PAO erat ae 

2011 

2 ee AS 

2013. ————— 46 

A) $= 740) 

Source: U.S. Postal Service 

Suppose we reverse the arrows. Are these inverse relations functions? 

Number Cube 

(range) (domain) 

First-Class 

Year Postage Cost, in cents 

(range) (domain) 

2 06 reer 9 

200/<———————$ 41 

2) 8 ate 

2009 fea” 

PRO p= mens 

2011 Soest 
O(N iene) 

201 nnn 4 6 

204 a —— 49 

Source: U.S. Postal Service 
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We see that the inverse of the postage function is not a function. Like all func- 

tions, each input in the postage function has exactly one output. However, the out- 

put for 2009, 2010, and 2011 is 44. Thus in the inverse of the postage function, the 

input 44 has three outputs, 2009, 2010, and 2011. When two or more inputs of a 

function have the same output, the inverse relation cannot be a function. In the 

cubing function, each output corresponds to exactly one input, so its inverse is also 
a function. The cubing function is an example of a one-to-one function. 

ONE-TO-ONE FUNCTIONS 

A function fis one-to-one if different inputs have different outputs—that 

is, 

if a # b, then f(a) # f(b). 

Or a function fis one-to-one if when the outputs are the same, the inputs 
are the same—that is, 

if f(a) = f(b), then a= b. 

If the inverse of a function f is also a function, it is named f | (read “f-inverse”). 

The —1 in f~' is not an exponent! 

Do not misinterpret the —1 in f | as a negative exponent: f ' does not mean the 

reciprocal of fand f '(x) is not equal to 
f(x) 

ONE-TO-ONE FUNCTIONS AND INVERSES 

If a function f is one-to-one, then its inverse f ' is a function. 

The domain of a one-to-one function f 
is the range of the inverse f '. oy 

The range of a one-to-one function f R xX R 
: ; : =i f ri is the domain of the inverse f ~. 

A function that is increasing over its entire domain or is decreasing 
over its entire domain is a one-to-one function. 

EXAMPLE 3 Given the function f described by f(x) = 2x — 3, prove that f is 
one-to-one (that is, it has an inverse that is a function). 

Solution To show that f is one-to-one, we show that if f(a) = f(b), thena = b. 
Assume that f(a) = f(b) for a and b in the domain of f. Since f(a) = 2a — 3 and 
f(b) = 2b — 3, we have 

24 = 3 =p 3 

2a = 2b Adding 3 

a = b. Dividing by 2 

Thus, if f(a) = f(b), then a = b. This shows that fis one-to-one. 

Now Try Exercise 17. 
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EXAMPLE 4 Given the function g described by g(x) = x’, prove that g is not 
one-to-one. 

Solution We can prove that g is not one-to-one by finding two numbers a and 
b for which a # b and g(a) = g(b). Two such numbers are —3 and 3, because 
—3 A 3and g(—3) = g(3) = 9. Thus gis not one-to-one. 

Now Try Exercise 21. 

The following graphs show a function, in blue, and its inverse, in red. To de- 
termine whether the inverse is a function, we can apply the vertical-line test to its 
graph. By reflecting each such vertical line across the line y = x, we obtain an 
equivalent horizontal-line test for the original function. 

The vertical-line test The horizontal-line test 

shows that the inverse shows that the function 

is not a function. is not one-to-one. 

HORIZONTAL-LINE TEST 

If it is possible for a horizontal line to intersect the graph of a function 
more than once, then the function is not one-to-one and its inverse is not a 

function. 

EXAMPLE 5 From the graphs shown, determine whether each function is one- 
to-one and thus has an inverse that is a function. 
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Solution For each function, we apply the horizontal-line test. 

RESULT REASON 

a) One-to-one; inverse is a function No horizontal line intersects the graph 
more than once. 

b) Not one-to-one; inverse is not a There are many horizontal lines that 
function intersect the graph more than once. 

Note that where the line y = 4 inter- 
sects the graph, the first coordinates 
are —2 and 2. Although these are 
different inputs, they have the same 

output, 4. 

c) One-to-one; inverse is a function No horizontal line intersects the graph 
more than once. 

d) Not one-to-one; inverse is not a There are many horizontal lines that 
function intersect the graph more than once. 

Now Try Exercises 25 and 27. 

» Finding Formulas for Inverses 

Suppose that a function is described by a formula. If it has an inverse that is a func- 
tion, we proceed as follows to find a formula for f _'. 

Obtaining a Formula for an Inverse 

Ifa function fis one-to-one, a formula for its inverse can generally be found 
as follows: 

1. Replace f(x) with y. 
2. Interchange x and y. 
3. Solve for y. 
4. Replace y with f '(x). 

EXAMPLE 6 Determine whether the function f(x) = 2x — 3 is one-to-one, 
and if it is, find a formula for f-'(x). 

YN 7 Solution ‘The graph of fis shown at left. It passes the horizontal-line test. Thus 
Sy / it is one-to-one and its inverse is a function. We also proved that f is one-to-one in 
: r / Example 3. We find a formula for f '(x). 

2 / 1. Replace f(x) with y: ye 3 ae 
j Soherceera vy. reese 2. Interchange x and y: i Seay 
Joe San Creer ey. : 

A 3. Solve for y: x+3=2y 
—2\f 

3f » 86 SS 3 = 

At | fle) =2x-3 ae 
£5 

ie + 

4. Replace y with f-'(x): f-'(x) = wale 
2 Now Try Exercise 47. 



Technology Connection 

On some graphing calculators, 
we can graph the inverse of a 
function after graphing the 
function itself by accessing a 
drawing feature. Consult your 
user’s manual or the online 
Graphing Calculator Manual 
that accompanies this text for 
the procedure. 
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Consider 

So 8) 

2 
25) tee eee ean ia (C\ = 

from Example 6. For the input 5, we have 

FO) = 225 = 3 =110 = 3 =7. 

The output is 7. Now we use 7 for the input in the inverse: 

Lo SE BeaaG f7)=—==>= 
Z Zi 

The function f takes the number 5 to 7. The inverse function f | takes the number 
7 back to 5. 

5. 

EXAMPLE 7 Graph 

be ae 8 
cee tae Sand a (x) — 5 

using the same set of axes. Then compare the two graphs. 

Solution The graphs of fand f ' are shown at left. The solutions of the inverse 
function can be found from those of the original function by interchanging the first 
and second coordinates of each ordered pair. 

—3 0 <———__— x-intercept 

1 2 

2 5 

When we interchange x and y in finding a formula for the inverse of 
f(x) = 2x — 3, we are in effect reflecting the graph of that function across the 
line y = x. For example, when the coordinates of the y-intercept, (0, —3), of the 
graph of f are reversed, we get the x-intercept, (—3, 0), of the graph of f |. If we 
were to graph f(x) = 2x — 3 in wet ink and fold along the line y = x, the graph 
of f '(x) = (x + 3)/2 would be formed by the ink transferred from f. 

a | 

; The graph of f' is a reflection of the graph of facross the line y = x. 

EXAMPLE 8 Consider g(x) = x° + 2. 

a) Determine whether the function is one-to-one. 

b) If it is one-to-one, find a formula for its inverse. 

c) Graph the function and its inverse. 
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Lg Solution 

YA ans a) The graph of g(x) = x° + 2 is shown at left. It passes the horizontal-line test 

12p 4“ and thus has an inverse that is a function. We also know that g(x) is one-to-one 

mA pou) because it is an increasing function over its entire domain. 

: L b) We follow the procedure for finding an inverse. 

(0, 2) as) 1. Replace g(x) with y: i 

ST eae ME ae wil es 2. Interchange x and y: ay te? 

L 3. Solve for y: x-2=y¥ 

L ~(-2, -6) Vie Dy 
° 4. Replace y with g'(x):  gl(x) = Wx — 2. 

We can test a point as a partial check: 

g(x) =e +2 

(3) = 32 = 27 + 2 = 29. 

Will g '(29) = 3? We have 

g(x) = Cee 

AC hye) =e = 

me | ats) | Since g(3) = 29 and g '(29) = 3, we can be reasonably certain that the for- 
5 os mula for g '(x) is correct. 

2 1 c) To find the graph of the inverse function, we reflect the graph of g(x) = x° + 2 
5 5 across the line y = x. This can be done by plotting points. 

1 3 
g(x) =xi+2 

2 10 YA 

8 

| Ba) Ve 2? 6/ / 
ca 2 (10, 2) 
e 

pe Now Try Exercise 69. 

» Inverse Functions and Composition 

Suppose that we were to use some input a for a one-to-one function f and find its 
output, f(a). The function f | would then take that output back to a. Similarly, 
if we began with an input b for the function f~' and found its output, f'(b), the 
original function f would then take that output back to b. This is summarized as 
follows. 

If a function fis one-to-one, then f ' is the unique function such that each 
of the following holds: 

(f ‘of)(x) =f '(f(x)) =x, for each x in the domain of f, and 

(fof ')(x) = f(f-'(x)) = x, for each x in the domain Of 



Lo 

\ YA A 

SELEY 

| f(x) = x? —2, 

for inputs x 2 0 
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EXAMPLE 9 Given that f(x) = 5x + 8, use composition of functions to show 
that 

Solution We find (f '° f)(x) and (f° f ')(x) and check to see that each is x: 

F=f) =f" F@) 

= (22) = 522) +5=2-849=% 

Now Try Exercise 77. 

» Restricting a Domain 

In the case in which the inverse of a function is not a function, the domain of the 

function can be restricted to allow the inverse to be a function. Let’s consider the 

function f(x) = x* — 2. It is not one-to-one. The graph is shown at left. 
Suppose that we had tried to find a formula for the inverse as follows: 

ji x? — 2 Replacing f(x) with y 

6 = ye eae? Interchanging x and y 

Ree = 

EN Kr 2. Solving for y 

This is not the equation of a function. An input of, say, 2 would yield two out- 
puts, —2 and 2. In such cases, it is convenient to consider “part” of the func- 
tion by restricting the domain of f(x). For example, if we restrict the domain of 
f(x) = x? — 2 to nonnegative numbers, then its inverse is a function, as shown at 
left by the graphs of f(x) = x? — 2,x = 0, and f "(x) = Vx + 2. 

Exercise Set 

Find the inverse of the relation. 

1. Me TAS) eo nO (3, 

1), (5,6), (~2, -4)} 
Als oe 3,4)} 

»3), (2,5), (3 5), (2,0)} 

Find an equation of the inverse relation. 

A) (8,8) Suede = 5 

6. 2x? + 5y = 4 

Te cy = =. 

Sey Da 
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Sh cotaas a1. f= Vet ie 
x 

10. x sy +4 

Graph the equation by substituting and plotting points. 
Then reflect the graph across the line y = x to obtain the 
graph of its inverse. 

ll.x<=y =3 PX a ee 

LS Pei ee a Lae ea, tac4 

15. y= || 16.266 2) = jy] 

Given the function f, prove that fis one-to-one using the Graph the function and determine whether the function is 
definition of a one-to-one function on p. 314. one-to-one using the horizontal-line test. 

iain 6 18. f(x) = 4 — 2x 33. f(x) = 5x — 8 34. f(x) =3 + 4x 

TOR ieee 20. f(x) = Wx 35. f(x) =1—-x+ 36. f(x) = |x| —2 
Given the function g, prove that g is not one-to-one using the 37. f(x) = |e | 38. f(x) = —0.8 
definition of a one-to-one function on p. 314. i : 

2g x) Sle x 22 ee poxe wt ol 39. f(x) = --— 40. f(x) = 
x Keates 

1 
23.) o( x ee tre 24. g(x) = 41. -~f&) = 4 42, f(x) =3x 43 

x 
ASPX) = VO 44: f (x)= XQ 

Using the horizontal-line test, determine whether the 
function is one-to-one. In Exercises 45-60, for each function: 

25. lx) = 2.7” a) Determine whether it is one-to-one. 
b) If the function is one-to-one, find a formula for the 

inverse. 
= Ss 

9 

: 45. f(x) =x+4 

46. f(x) =7--x 

: a7 f(s) =e — 1 

4S. fe = 5a 8 

Tak es 

=x -—3x+1 pa ae arr 

3 
50. (ce) = - 

ker 
51. f(x) = ee 

BON ei 
52. f(x) = one 

5S ix ra I 

54. f(x) = (x +5) 

55. f(x) = xV4 — x? 

56. f(x) = 2x7 -x-1 

Bi AO) soir een) 

58. f(x) = 4x°+3,x=0 

59. f(x) = Vx +1 

60. f(x) = Vx -—8 



Find the inverse by thinking about the operations of the 
function and then reversing, or undoing, them. Check your 
work algebraically. 

FUNCTION INVERSE 

61. f(x) = 3x faoes 

oY Gol ee te ys oa = 

63. f(x) = —x fay = 

Cf x 5 ie 

65. f(x) = Wx —5 oe 

66. f(x) =x" Jina a= 

Each graph in Exercises 67-72 is the graph of a one-to-one 
function f. Sketch the graph of the inverse function f—'. 

67. y 68. y 

“SESE YL 

(Ss =3)) LZ = 

For the function f, use composition of functions to show that 

f | is as given. 

73. f(x) = 9% f(x) = 7% 

74. f(x) = 

Nicer 25% 1 
x 75. f(x) = 

76: fix Vet 4 f (x) =x — 4 

Tas 

78. 
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ies m5 wey fe) = Sete = 
Rite OS wis AX ARG 

EE eemerer eee 

Find the inverse of the given one-to-one function f. Give the 
domain and the range of f and of f _', and then graph both f 
and f | on the same set of axes. 

79. 

81. 

83. 

85. 

87. 

88. 

89. 

Cay = see 80. f(x) =2-—x 

fle) == 82. f(s) = -— 

fl) =52 -2 84 OV aT 

iC 86. f(x) = = 
Find f(f'(5)) and f'(f(a)): 

f(x) = 

Find (f '(f(p)) and f(f'(1253)): 
het, 3S) DEG — 7 

fs) N 3x4 

Hitting Lessons. A summer little-league baseball 
team determines that the cost per player of a group 
hitting lesson is given by the formula 

a 12a 2K 
Cs) > aaa 

Xx 

where x is the number of players in the group and 
C(x) is in dollars. 

a) Determine the cost per player of a group hitting 
lesson when there are 2, 5, and 8 players in the 
group. 

b) Find a formula for the inverse of the function and 

explain what it represents. 
c) Use the inverse function to determine the num- 

ber of players in the group lesson when the cost 
per player is $74, $20, and $11. 
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90. 

s MIE 

92. 
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Women’s Shoe Sizes. A function that will convert 

women’s shoe sizes in the United States to those in 

Australia is 

ee 3} s(x) = 5 
(Source: OnlineConversion.com). 

a) Determine the women’s shoe sizes in Australia 

that correspond to sizes 5, 75, and 8 in the United 
States. 

b) Find a formula for the inverse of the function 

and explain what it represents. 
c) Use the inverse function to determine the 

women’s shoe sizes in the United States that 

correspond to sizes 3, 54, and 7 in Australia. 

E-Commerce Holiday Sales. Retail e-commerce 
holiday season sales (November and December), in 
billions of dollars, x years after 2008 is given by the 
function 

H(x) = 6.58x + 27.7 

(Source: statista.com). 

a) Determine the total amount of e-commerce 

holiday sales in 2010 and in 2013. 
b) Find H_'(x) and explain what it represents. 

pe ee OS tees ie 

The following formula Converting Temperatures. 
can be used to convert Fahrenheit temperatures x to 
Celsius temperatures T(x): 

Coee (x — 32). 

a) Find T(—13°) and T(86°). 
_b) Find T '(x) and explain what it represents. 

Exponential Functions and Logarithmic Functions 

» Skill Maintenance 

Consi der the quadratic functions (a)-(h) that follow. With- 

out graphing them, answer the questions below. [3.3] 

. Which functions have a maximum value? 

Which graphs open up? 

. Consider (a) and (c). Which graph is narrower? 

. Consider (d) and (e). Which graph is narrower? 

. Which graph has vertex (—3, 1)? 

. For which is the line of symmetry x = 0? 

» Synthesis 

99: 

100. 

101. 

102. 

The function f(x) = x* — 3 is not one-to-one. 
Restrict the domain of f so that its inverse is a 
function. Find the inverse and state the restriction 
on the domain of the inverse. 

Consider the function f given by 

% +2, forx = —1, 

ieee wee fort = vel, 

Roh LOR een 

Does f have an inverse that is a function? Why or 
why not? 

Find three examples of functions that are their own 
inverses; that is, f = f! 

Given the function f(x) = ax + b,a # 0, find the 
values of a and b for which f '(x) = f(x). 
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Exponential Functions and Graphs 

® Graph exponential equations and exponential functions. 

» Solve applied problems involving exponential functions and their graphs. 

We now turn our attention to the study of a set of functions that are very rich in 
application. Consider the following graphs. Each one illustrates an exponential 
function. In this section, we consider such functions and some important applications. 

Skype Users Online at Same Time Postseason Bowl Games 

80 n 
* vo 

70 a “coc neneeheey Aeeaiee iS 

ena) So S60 i Be fo. ae 

Sy tel 50 pre Bee fl... i) 
ww Oo re ES 

os Ge 
5S 40 lo) 

» & D 
es 30 aa) 

i ee iS 
Z 20 S 

10 

= S 2 DP 8 OS OS ©. 
2004 2006 2008 2010 2012 2014 CMe oy <) PS SS ay 

Year Year 

Source: Skype Numerology Blog Source: USA TODAY research, College Football Data Warehouse 

» Graphing Exponential Functions 

We now define exponential functions. We assume that a“ has meaning for any real 
number x and any positive real number a and that the laws of exponents still hold, 
though we will not prove them here. 

EXPONENTIAL FUNCTION 

The function f(x) = a‘, where x is a real number, a > Oanda # 1,is 
called the exponential function, base a. 

We require the base to be positive in order to avoid the imaginary numbers 
that would occur by taking even roots of negative numbers—an example is (—1) We 
the square root of —1, which is not a real number. The restriction a ~ 1 is made 

to exclude the constant function f(x) = 1* = 1, which does not have an inverse 
that is a function because it is not one-to-one. 

The following are examples of exponential functions: 

Ly fo =2 f= (4), #0) = B57 
Note that, in contrast to functions like f(x) = x° and f(x) = x!” in which the 
variable is the base of an exponential expression, the variable in an exponential 
function is in the exponent. 

Let’s now consider graphs of exponential functions. 
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JUST EXAMPLE 1. Graph the exponential function y = f(x) = 2°. 
IN 

TIME: Solution We compute some function values and list the results in a table. 

u hep _ 70 , eS ee. f(0) =2 1F f(-1) =2 ey 

ONE er ee we a 
f(2) =? =4; ee 2) he = aa 

Ee f(3) =2 = 8; : i 

of rf @ Vee Wet tr 1 2 (1, 2) 
2 4 (2, 4) Next, we plot these points and connect them with a smooth curve. Be sure to plot 

3 8 (3, 8) enough points to determine how steeply the curve rises. 

a (13) yy 
~2 ‘ (=23;) 8 
“3 3 (-3,8) ; 

6 
5 Pe 

4 
The curve comes 3 y=flx) =2* | 

very close to the 2 

x-axis, but does 

not touch or =4=3-7-1,,| 0 2 ae 
cross it. 

ee Sate <a Note that as x increases, the function values increase without bound. As x de- 
| creases, the function values decrease, getting close to 0. That is, as x > —0o, y>0. 

ee ee ae Thus the x-axis, or the line y = 0, is a horizontal asymptote. As the x-inputs de- 

crease, the curve gets closer and closer to this line, but does not cross it. 

; ae 
EXAMPLE 2. Graph the exponential function y = f(x) = (¢) 

nee oe: Solution Before we plot points and draw the curve, note that 
oints o oints o 

= O78 = (1)* = 2-* Le\e eee i g(x) fix) = (2) = 2 ee (5) = (ry = 3 

(0, 1) (0, 1) 
(1,2) (1,2) This tells us that this graph is a reflection of the graph of y = 2" across the y-axis. 
(2,4) o) For example, if (3, 8) is a point of the graph of g(x) = 2°, then (—3, 8) isa point of 

é the graph of f(x) = 2 ~. Selected points are listed in the table at left. 
- ) ne Next, we plot these points and connect them with a smooth curve. 
-1,} 1,4 

i l 

(—2,3) (2,3) 
(3.1) (3) 

Teme es 1b oes ey tl XG 

Note that as x increases, the function values decrease, getting close to 0. The x-axis, 
y = 0, is the horizontal asymptote. As x decreases, the function values increase 
without bound. Now Try Exercise 15. 
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CONNECTING THE CONCEPTS 

Properties of Exponential Functions 

Let's list and compare some characteristics of exponential functions, keeping in mind that the definition of an 
exponential function, f(x) = a‘, requires that a be positive and different from 1. 

f(x) =a@,a>0,a ¥ 1 
: so) = Oe 

Continuous af 

One-to-one f(x) = 4 

Domain: (—oco, oo) 

Range: (0, co 
| fo = 18" fl) = 0.7" 

1 —! tts, 

Decreasing if0 <a < 1 - WRT FIC Sa 3 

Increasing ifa > 1 

Horizontal asymptote is x-axis 

y-intercept: (0, 1) 

To graph other types of exponential functions, keep in mind the ideas of 
translation, stretching, and reflection. All these concepts allow us to visualize the 
graph before drawing it. 

TRANSFORMATIONS a 

| REVIEW SECTION25 

EXAMPLE 3 Graph each of the following. Before doing so, describe how each 
graph can be obtained from the graph of f(x) = 2". 

A (ieee ba) 2 a4 Chix) so 05. 

Solution 

a) The graph of f(x) = 2° * is the graph of y = 2" shifted right 2 units. 

— = 

evi wer a DN 

b) The graph of f(x) = 2° — 4 is the graph of y = 2” shifted down 4 units. 
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Technology Connection 

We can find the function val- 

ues in Example 4(b) using the 
VALUE feature from the CALC 

menu. 

y = 100,000(1.0325)* 
500,000 

Xscl = 5, Yscl = 50,000 

We could also use the TABLE 

feature. 

C) Phe graphvot i.) eae eke isa elec ol of the 

graph of y = 2% across the y-axis, followed by a reflection across the x-axis and 

then a shift up 5 units. 

Now Try Exercises 27 and 33. 

» Applications 

One of the most frequent applications of exponential functions occurs with com- 
pound interest. 

EXAMPLE 4 Compound Interest. The amount of money A to which a princi- 
pal P will grow after t years at interest rate r (in decimal form), compounded n times 
per year, is given by the formula 

r nt 

a=p(i+=) : 
n 

Suppose that $100,000 is invested at 6.5% interest, compounded semiannually. 

a) Find a function for the amount to which the investment grows after t years. 

b) Find the amount of money in the account at tf = 0, 4, 8, and 10 years. 

c) Graph the function. 

Solution 

a) Since P = $100,000, r = 6.5% = 0.065, and n = 2, we can substitute these 

values and write the following function: 

0.065 \*" : 
A(t) = 100,000 | 1 + — = $100,000(1.0325)*". 

b) We can compute function values with a calculator: 

A(0) = 100,000(1.0325)*"" = $100,000; 
A(4) = 100,000(1.0325)?"* ~ $129,157.75; 

A(8) = 100,000(1.0325)?"* ~ $166,817.25; 

A(10) = 100,000(1.0325)?"' ~ $189,583.79. 

c) We use the function values computed in part (b) and others if we wish, and draw 
the graph as follows. Note that the axes are scaled differently because of the large 
values of A and that ¢ is restricted to nonnegative values, because negative time 
values have no meaning here. 
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A 

$500,000 
450,000 

med A(t) = 100,000(1.0325)"" | a 
350,000 [ 3 
300,000 3 
250,000 + sees 
200,000 + a 
150,000 | _— 
100,000 R= 
50,000 a 

n Sa eees 
Wk Pees ee Be So LONI IZ AIS ANSE On 720 mer 

Now Try Exercise 51. 

» The Number e 

We now consider a very special number in mathematics. In 1741, Leonhard Euler 
named this number e. Though you may not have encountered it before, you will see 
here and in future mathematics courses that it has many important applications. 
To explain this number, we use the compound interest formula A = P(1 + r/n)" 
discussed in Example 4. Suppose that $1 is invested at 100% interest for 1 year. 
Since P = 1,r = 100% = 1, and t = 1, the formula above becomes a function A 
defined in terms of the number of compounding periods n: 

yr \t! 1 \7! 1\2 ee ae 
nN nN nN 

Let’s visualize this function using its graph, shown at left, and explore the val- 
ues of A(n) as n > oo. Consider the graph for larger and larger values of n. Does 
this function have a horizontal asymptote? 

Let’s find some function values using a calculator. 

, : 
n, Number of Compounding Periods A(n) = (: + *) 

1 (compounded annually) $2.00 

2 (compounded semiannually) 229 

3 2.3704 

4 (compounded quarterly) 2.4414 

5 2.4883 

100 2.7048 

365 (compounded daily) 2.7146 

8760 (compounded hourly) 2.7181 

It appears from these values that the graph does have a horizontal asymptote, 
y =~ 2.7. As the values of n get larger and larger, the function values get closer and 
closer to the number Euler named e. Its decimal representation does not terminate 

or repeat; it is irrational. 

| é = 2.7182818284... 
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EXAMPLE 5 Find each value of e*, to four decimal places, using the key 

on a calculator. 

a) & bier” c) & 

Solution 

FUNCTION VALUE READOUT ROUNDED 

a) & 3 20.0855 
20.08553692 

bye + e 23 0.7945 
.7945336025 

Now Try Exercises 1 and 3. 

» Graphs of Exponential Functions, Base e 

We now demonstrate ways in which to graph exponential functions. 

EXAMPLE 6 Graph f(x) = e“and g(x) = e*. 

Solution We can compute points for each equation using the key on a cal- 
culator. (See the following table.) Then we plot these points and draw the graphs of 
the functions. 

=, 0.135 7.389 

= 0.368 DIALS 

0 1 

1 2.718 0.368 

2 7.389 OnSS 

lence 

yok OAS 

T 

> 
x 

L | i 

=3-2-1 | 1 23 > 
x Se ie ol 23 

Note that the graphs are reflections of each other across the y-axis. 

Now Try Exercise 23. 
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TRANSFORMATIONS EXAMPLE 7 Graph each of the following. Before doing so, describe how each 
| PeeWecerion ce graph can be obtained from the graph of y = e”. 

aaariae ara) (ey CO By eaven te! c) f(x) =1- 6 
Solution 

a) The graph of f(x) = e*** isa translation of the graph of y = e” left 3 units. 

te | a 
7 0.018 

='5 0.135 

“= 3 1 

=I 7.389 

0 20.086 

ae el 

b) We note that the graph of f(x) = e °°” is a horizontal stretching of the graph of 
y = e* followed by a reflection across the y-axis. 

aN 

=a 

—3) = 

c) The graph of f(x) = 1 — e “isa horizontal shrinking of the graph of y = e’, 
followed by a reflection across the y-axis, then across the x-axis, and followed by 

a translation up 1 unit. 

" 

x F(x) 

—1 | —6.389 
Ohliea0 
1 0.865 
2 | 0.982 
3 | 0.998 

ieee ees = stil 

Now Try Exercises 41 and 47. 
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52 Exercise Set 

Find each of the following, to four decimal places, using 
a calculator. 

i Dever 

In Exercises 5-10, match the function with one of the 
graphs (a)-(f) that follow. 

y 

8. f(x) =e"! 

LOD ii leer 9, fa) =3" =2 

Graph the function by substituting and plotting points. 

ike Meno 12a 

13, f(x) = 6 14. f(x) = 3% 

ree elas eg ts ea) =F 
Lye 18.7 = 3-n 

19. f(x) = —0.25% + 4 20. f(x) = 0.6 — 3 

2x le DL lo = pee 

ya BE We 

25.. fixes tae 26..f (X)) = ee 

Sketch the graph of the function. Describe how each graph 
can be obtained from the graph of a basic exponential 
function. 

DTM (Ge\a o2e 28; fli 2 

29. f(x) = 2-3 30. f(x) = 2% +1 

Sheet i 325 f ee ee 

Ba ee VE (Es ae eS 

cies) ay 30, fx) 
ee We eS 38uf( ees a 

SO thie)! =e 2 eae AD Sf G) = 230 ee 

Aleit \a— ser A2mi te oe 

BG) = te as 

CENA) pools) Mae a ea” 

DRESSES 46. y= e* +1 

VEN LCA aa) 48. f(x) = 1 — e700 

Graph the piecewise function. 

Ct Fa Ore 

49), f(x)e=ws tk 3, for = 2a), 

Ges fone 

4, forx = —3, 

50, e(x) =“ x" — 6, for—3= x= 0 

Ce forx =10 

51. Compound Interest. Suppose that $82,000 is 

invested at 45% interest, compounded quarterly. 

a) Find the function for the amount to which the 

investment grows after t years. 
b) Find the amount of money in the account at 

t = 0, 2, 5, and 10 years. 

52. Compound Interest. Suppose that $750 is invested 
at 7% interest, compounded semiannually. 

a) Find the function for the amount to which the 
investment grows after t years. 

b) Find the amount of money in the account at 
t = 1,6, 10, 15, and 25 years. 

53. Interestona CD. On Elizabeth's sixth birthday, her 
grandparents present her with a $3000 certificate of 
deposit (CD) that earns 5% interest, compounded 
quarterly. If the CD matures on her sixteenth birth- 
day, what amount will be available then? 



54. Interest in a College Trust Fund. Following the 
birth of his child, Benjamin deposits $10,000 in a 
college trust fund where interest is 3.9%, compounded 
semiannually. 

a) Find a function for the amount in the account after 
f years. 

b) Find the amount of money in the account at t = 0, 
4, 8, 10, 18, and 21 years. 

In Exercises 55-62, use the compound-interest formula to 
find the account balance A with the given conditions: 

DD: 

56. 

57. 

58. 

a9: 

60. 

61. 

62. 

63. 

P = principal, 
Go Wnterest rate, 

n = number of compounding periods per year, 
f— time sn years, 

A = account balance. 

Compounded 

$3,000 | 4% Semiannually 

$12,500 3% | Quarterly 

$120,000 2.5% | enters 10 

$120,000 | 2.5% | Quarterly 10 

| $53,500 519, | ene 65 | 

$6,250 62% | eee 45 

$17,400 | 8.1% | Daily 5 

$900 | 7.3% | Daily 7% 

Alternative-Fuel Vehicles. The sales of alternative-fuel 
vehicles have more than tripled since 1995 (Source: Energy 
Information Administration). The exponential function 

A(x) = 246,855(1.0931)*, 
where x is the number of years after 1995, can be used 
to estimate the number of alternative-fuel vehicles 
in a given year. Find the number of alternative-fuel 
vehicles in 1998 and in 2010. Then project the num- 
ber of alternative-fuel vehicles in 2018. 

eR =) Lanse 
GT 
a 

SECTION 5.2 

64. 

65. 

66. 
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Increasing CPU Power. The central processing unit 

(CPU) power in computers has increased significantly 
over the years. The CPU power in Macintosh comput- 
ers has grown exponentially from 8 MHz in 1984 to 
3400 MHz in 2013 (Source: Apple). The exponential 
function 

M(t) = 7.91477(1.26698)', 
where t is the number of years after 1984, can be used 
to estimate the CPU power in a Macintosh computer 

in a given year. Find the CPU power of a Macintosh 
Performa 5320CD in 1995 and of an iMac G6 in 2009. 
Round to the nearest one MHz. 

E-Cigarette Sales. The electronic cigarette was launched 
in 2007, and since then sales have increased from about 

$20 million in 2008 to about $500 million in 2012 
(Sources: UBS; forbes.com). The exponential function 

S(x) = 20.913(2.236)*%, 
where x is the number of years after 2008, models 
the sales, in millions of dollars. Use this function to 

estimate the sales of e-cigarettes in 2011 and in 2015. 
Round to the nearest million dollars. 

Foreign High School Students. The number of foreign 
students studying in high schools in the United States 
grew from 6541 in 2007 to 65,452 in 2012 (Source: 
Council on Standards for International Educational 
Travel). The increase can be modeled by the exponen- 
tial function 

E(x) = 6541(1.5851)*, 

where x is the number of years after 2007. Find the 
number of foreign students enrolled in U.S. high schools 
in 2009 and in 2011. Then use this function to project 
the number of foreign students enrolled in 2016. 

67. Skype Concurrent Users. The number of concurrent 
users of Skype has increased dramatically since 2004 
(Source: Skype NumerologyBlog). By 2013, Skype 
could connect concurrently 70 million users online. 

The exponential function 

P(t) = 2.307(1.483)', 

where t is the number of years after 2004, models this 
increase in millions of users. Estimate the number of 
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68. 

69. 

CHAPTER 5 

Skype users that could be online concurrently in 
2005, in 2009, and in 2012. Round to the nearest 

million users. 

a 

U.S. Imports. The amount of imports to the United 
States has increased exponentially since 1980 (Sources: 
US. Census Bureau; U.S. Bureau of Economic Analy- 
sis; U.S. Department of Commerce). The exponential 
function 

P(x) = 307.368(1.072)*, 
where x is the number of years after 1980, can be used 
to estimate the total amount of U.S. imports, in bil- 
lions of dollars. Find the total amount of imports to 
the United States in 1990, in 2000, and in 2012. Round 
to nearest billion dollars. 

Centenarian Population. The centenarian population 
in the United States has grown over 65% in the last 
30 years. 

In 1980, there were only 32,194 residents ages 100 
and over. This number had grown to 53,364 by 2010. 

70. 

IA 

Exponential Functions and Logarithmic Functions 

(Sources: Population Projections Program; U.S. Cen- 
sus Bureau; U.S. Department of Commerce; “What 
People Who Live to 100 Have in Common,” by Emily 
Brandon, U.S. News and World Report, January 7, 2013) 

The exponential function 

H(t) = 80,040.68(1.0481)', 

where t is the number of years after 2015, can be used 
to project the number of centenarians. Use this func- 
tion to project the centenarian population in 2020 and 
in 2050. 

Bachelor’s Degrees Earned. The exponential function 

D(t) = 347(1.024)' 

gives the number of bachelor’s degrees, in thousands, 
earned in the United States t years after 1970 
(Sources: National Center for Educational Statistics; 

US. Department of Education). Find the number of 
bachelor’s degrees earned in 1985, in 2000, and in 
2014. Then estimate the number of bachelor’s degrees 
that will be earned in 2020. Round to the nearest 
thousand degrees. 

Charitable Giving. Over the last four decades, the 
amount of charitable giving in the United States has 
grown exponentially from approximately $20.7 bil- 
lion in 1969 to approximately $316.2 billion in 2012 
(Sources: Giving USA Foundation; Volunteering in 
America by the Corporation for National & Commu- 
nity Service; National Philanthropic Trust; School of 
Philanthropy, Indiana University Purdue University 
Indianapolis). The exponential function 

G(x) = 20.7(1.066)*, 

where x is the number of years after 1969, can be used 
to estimate the amount of charitable giving, in billions 
of dollars, in a given year. Find the amount of charitable 
giving in 1982, in 1995, and in 2010. Round to the near- 
est billion dollars. 
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74. 

Tennis Participation. In recent years, U.S. tennis 
participation has increased. The exponential function 

T(x) = 23.7624(1.0752)*, 
where T(x) is in millions and x is the number of years 
after 2006, models the number of people who had 
played tennis at least once in a given year (Source: 
USTA/Coyne Public Relations). Estimate the number 
who had played tennis at least once in 2010. Then use 
this function to project participation in tennis in 2018. 
Round to the nearest million participants. 

Salvage Value. A restaurant purchased a 72-in. 
range with six burners for $6982. The value of the 
range each year is 85% of the value of the preceding 
year. After t years, its value, in dollars, is given by the 
exponential function 

V(t) = 6982(0.85)*. 
Find the value of the range after 0, 1, 2, 5, and 8 years. 
Round to the nearest dollar. 

Salvage Value. 
backhoe for $56,395. The value of the backhoe each year 
is 90% of the value of the preceding year. After t years, its 
value, in dollars, is given by the exponential function 

V(t) = 56,395(0.9)'. 

Find the value of the backhoe after 0, 1, 3, 6, and 
10 years. Round to the nearest dollar. 

A landscape company purchased a 

Change logarithmic bases. 

Graph logarithmic functions. 

¥Y¥YYv¥YVv YV 
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Logarithmic Functions and Graphs 

Find common logarithms and natural logarithms with and without a calculator. 
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75. Advertising. A company begins an Internet advertising 
campaign to market a new telephone. The percentage of 
the target market that buys a product is generally a func- 
tion of the length of the advertising campaign. The esti- 
mated percentage is given by the exponential function 

f(t) = 100(1 — e°*), 

where ¢ is the number of days of the campaign. Find 
f(25), the percentage of the target market that has 
bought the product after a 25-day advertising campaign. 

76. Growth of a Stock. The value of a stock is given by 
the function 

Maint 81 =e") 4 20) 

where V is the value of the stock after time ¢, in 
months. Find V(1), V(2), V(4), V(6), and V(12). 

» Skill Maintenance 

Simplify. [3.1] 
2-i 

77. (1 — 4i)(7 + 6i) 78 
“3+i 

Find the x-intercepts and the zeros of the function. 

Sys Cai wich Mchegtae ola (54 

SOnh( x)= 6? xe x ae 

Sli x x [44 

82. g(x) =x? + x = 12x [4.1] 

Solve 

83. x° + 6x? — 16x = 0 [4.1] 

84. 3x* — 6 = 5x [3.2] 

» Synthesis 

85. Which is larger, 7” or 77? 70®° or 807°? 

86. For the function f, construct and simplify the differ- 
ence quotient. 

(oe) aeeeze 23 

Convert between exponential equations and logarithmic equations. 

Solve applied problems involving logarithmic functions. 
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We now consider logarithmic, or logarithm, functions. These functions are inverses 

of exponential functions and have many applications. 

» Logarithmic Functions 

We have noted that every exponential function (with a > 0 anda # 1) is one-to- 
one. Thus such a function has an inverse that is a function. In this section, we will 
name these inverse functions logarithmic functions and use them in applications. 
We can draw the graph of the inverse of an exponential function by interchanging 
x and y. 

EXAMPLE 1° Graph: x = 2. 

Solution Note that x is alone on one side of the equation. We can find ordered 
pairs that are solutions by choosing values for y and then computing the corre- 
sponding x-values. 

For y =.0,x = 2° = 1. x 

For y = iy x = 2° 2. 
2 x5 

Fory=2,x = 2 = 4. z a 

For (i=, =o = 8. 1 OL | Gi. 0) 

E aie 57 Se 2 1 (2,0) 
ory = -Lx = ees 4 ) (4, 2) 

hor) = 2.4. = 2 eee 
2A Lea ae (3-1) 
1 l 2 eo 

For y= -3,4 = 2° = 1 y 2 8 ES = (}-2) 

4 4 

: Ge = = —=3 
8 8 

| (1) Choose values for y. 
(2) Compute values for x. 

We plot the points and connect them with a smooth curve. Note that the curve 
does not touch or cross the y-axis. The y-axis is a vertical asymptote. 

Note too that this curve is the graph of y = 2* reflected across the line y = x, 
as we would expect for an inverse. The inverse of y = 2° isx = 2”. 

Now Try Exercise 1. 



fag = 2 
BM = 28 
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To find a formula for f ' when f(x) = 2”, we use the method discussed in 
Section 5.1: 

1. Replace f(x) with y: y= 2 

2. Interchange x and y: x=? 

3. Solve for y: y = the power to which we raise 2 to get x. 

4. Replace y with f-'(x): f~'(x) = the power to which we raise 2 to get x. 

Mathematicians have defined a new symbol to replace the words “the power to which 
we raise 2 to get x.” That symbol is “log, x ,” read “the logarithm, base 2, of x.” 

Logarithmic Function, Base 2 

“log, x ;’ read “the logarithm, base 2, of x? means “the power to which we 
raise 2 to get x.” 

Thus if f(x) = 2*, then f~'(x) = log, x. For example, f~'(8) = log, 8 = 3, 
because 3 is the power to which we raise 2 to get 8. Similarly, log, 13 is the power to 
which we raise 2 to get 13. As yet, we have no simpler way to say this other than 

“log, 13 is the power to which we raise 2 to get 13.” 

Later, however, we will learn how to approximate this expression using a calculator. 
For any exponential function f(x) = a’, its inverse is called a logarithmic 

function, base a. The graph of the inverse can be obtained by reflecting the graph 
of y = a across the line y = x, to obtain x = @. Then x = @ is equivalent to 
y = log, x. We read log, x as “the logarithm, base a, of x.” 

The inverse of f(x) = a‘is given by f~ '(x) = log, x. 

LOGARITHMIC FUNCTION, BASE a 

We define y = log, x as that number y such that x = @’, where x > 0 and 
a is a positive constant other than 1. 

Let’s look at the graphs of f(x) = a‘ and f '(x) = log, x for a > 1 and for 
Oe sages | 

yA 

f \(x) = log, x, 

y = log, x 
x= @ 

Note that the graphs of f(x) and f '(x) are reflections of each other across 

the line y = x. 
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CONNECTING THE CONCEPTS 

Comparing Exponential Functions and Logarithmic Functions 

EXPONENTIAL FUNCTION 

y=a 
AC Se 
eo = Il 

Continuous 

In the following table, we compare exponential functions and logarithmic 

functions with bases a greater than 1. Similar statements could be made for a, 
where 0 < a < 1. It is helpful to visualize the differences by carefully observ- 

ing the graphs. 

LOGARITHMIC FUNCTION 

x=@ 

f\(x) = log, x 
Gi = Il 

Continuous 

One-to-one 
Domain: All real 

numbers, (—00, co) 
Range: All positive real 

numbers, (0, oo) 
Increasing 
Horizontal asymptote is x-axis: 

(a >0asx>-—o) 
y-intercept: (0, 1) 
There is no x-intercept. 

Ho a =>G m= 

One-to-one 
Domain: All positive real 

numbers, (0, co ) 
Range: All real 

numbers, (— 00, 00) 
Increasing 

Vertical asymptote is y-axis: 

(log, x > —co asx >0°) 
x-intercept: (1, 0) 
There is no y-intercept. 

» Finding Certain Logarithms 

Let’s use the definition of logarithms to find some logarithmic values. 

EXAMPLE 2 Find each of the following logarithms. 

a) log;o 10,000 b) log; 0.01 c) log, 8 

d) logy 3 e) log, 1 f) logs 8 

Solution 

a) The exponent to which we raise 10 to obtain 10,000 is 4; thus log) 10,000 = 4. 

1 1 
b) We have 0,01 = —— =" 

100 10° 

0.01 is —2, so log;y 0.01 = —2. 

c) 8 = 2°. The exponent to which we raise 2 to get 8 is 3, so log, 8 = 3. 

10 *. The exponent to which we raise 10 to get 

d) 3 = V9 = 91/2 The exponent to which we raise 9 to get 3 is , so logy 3 = 7 

e) 1 = 6°. The exponent to which we raise 6 to get 1 is 0, so log, 1 = 0. 

f) 5 = 5!. The exponent to which we raise 5 to get 5 is 1, so log;5 = 1. 

Now Try Exercises 9 and 15. 
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Examples 2(e) and 2(f) illustrate two important properties of logarithms. 
The property log, 1 = 0 follows from the fact that a? = 1. Thus, log, 1 = 0, 
logio 1 = 0, and so on. The property log, a = 1 follows from the fact that a’ = a. 
Thus, log; 5 = 1, logjy 10 = 1, and so on. 

log,1 = 0 and log,a = 1, for any logarithmic base a. 

» Converting Between Exponential 
Equations and Logarithmic Equations 

In dealing with logarithmic functions, it is helpful to remember that a logarithm of 
a number is an exponent. It is the exponent y in x = a’. You might think to your- 
self, “the logarithm, base a, of a number x is the power to which a must be raised 

to get x.” 
We are led to the following. (The symbol <—> means that the two statements 

are equivalent; that is, when one is true, the other is true. The words “if and only 

if” can be used in place of <—.) 

log,x = ys x=a@ A logarithm is an exponent! 

EXAMPLE 3. Convert each of the following to a logarithmic equation. 

a) 16 = 2* b) 10° = 0.001 c) e' = 70 

Solution 

j J The exponent is the logarithm. 

a) 16 = 2” — log, 16 = x 

(a - I — The base remains the same. 

b) 10° = 0.001 + log,, 0.001 = —3 

c) ef = 70-> og, 70 = 1 
EXAMPLE 4 Convert each of the following to an exponential equation. 

a) log, 32 = 5 b) log, Q = 8 c) x = log, M 

Solution 

i J The logarithm is the exponent. 

a) log 32=5 2 = 32 

Pnea e als ——_— The base remains the same. 

b) log, Q = 8 >a =Q 

STS ES ONT 
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» Finding Logarithms on a Calculator 

Before calculators became so widely available, base-10 logarithms, or common 

logarithms, were used extensively to simplify complicated calculations. In fact, 

that is why logarithms were invented. The abbreviation log, with no base written, 

is used to represent common logarithms, or base-10 logarithms. Thus, 

logx means log; x. 

For example, log 29 means log), 29. Let’s compare log 29 with log 10 and 

log 100: 

log 10 = log;y) 10 = 1 

log 29 

log 100 = log; ) 100 = 2 

Since 29 is between 10 and 100, it seems 

reasonable that log 29 is between 1 and 2. 
I 

On a calculator, the key for common logarithms is generally marked @. Using 
that key, we find that 

log 29 ~ 1.462397998 =~ 1.4624 

rounded to four decimal places. Since 1 < 1.4624 < 2, our answer seems reasonable. 
This also tells us that 10!4°74 =~ 29. 

EXAMPLE 5 Find each of the following common logarithms on a calculator. If 
you are using a graphing calculator, set the calculator in REAL mode. Round to four 
decimal places. 

a) log 645,778 b) log 0.0000239 c) log (—3) 

Solution 

FUNCTION VALUE READOUT ROUNDED 

a) log 645,778 log(645778) 5.8101 

5.810083246 

b) log 0.0000239 log(0.0000239) —4.6216 

~4.621602099 

c) log (—3) ( ERR:NONREAL ANS : Does not exist as 

a real number 

Since 5.810083246 is the power to which we raise 10 to get 645,778, we can 

check part (a) by finding 10°*!°°8??4°, We can check part (b) in a similar manner. In 
part (c), log (—3) does not exist as a real number because there is no real-number 
power to which we can raise 10 to get —3. The number 10 raised to any real- 
number power is positive. The common logarithm of a negative number does not 
exist as a real number. Recall that logarithmic functions are inverses of exponential 
functions, and since the range of an exponential function is (0, 00), the domain of 
f(x) = log, x is (0, 00). 

“If the graphing calculator is set in a + bi mode, the readout is .4771212547 + 1.364376354i. 
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» Natural Logarithms 

Logarithms, base e, are called natural logarithms. The abbreviation “In” is gener- 
ally used for natural logarithms. Thus, 

Inx means log,x. 

For example, In 53 means log, 53. On a calculator, the key for natural logarithms is 
generally marked QQ. Using that key, we find that 

In 53 ~ 3.970291914 ~ 3.9703 

rounded to four decimal places. This also tells us that e°?” ~ 53. 

EXAMPLE 6 Find each of the following natural logarithms on a calculator. If 
you are using a graphing calculator, set the calculator in REAL mode. Round to four 
decimal places. 

a) In 645,778 b) In 0.0000239 ¢) In (5) 

d) Ine e) Inl 

Solution 

FUNCTION VALUE READOUT ROUNDED 

a) In 645,778 In(645778) IBS782, 

13.37821107 

b) In 0.0000239 | In(0.0000239) —10.6416 
—10.6416321 

c) lini) eee ANS | Does not exist 

d) Ine In(e) I , 

e) Inl in(1) 0 
0 

Since 13.37821107 is the power to which we raise e to get 645,778, we can 
check part (a) by finding e1397821107 We can check parts (b), (d), and (e) in a similar 

manner. In parts (d) and (e), note that Ine = log,e = 1 andIn1 = log, 1 = 0. 

Now Try Exercises 65 and 67. 

Inl =0 and Ine = 1, for the logarithmic base e. 

*If the graphing calculator is set ina + bi mode, the readout is 1.609437912 + 3.141592654i. 
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Technology Connection 

With some calculators, it is 
possible to find a logarithm 
with any logarithmic base 
using the logBASE operation 
from the MATH MATH menu. 
The computation of log, 15 
is shown in the following 
window. 

log4(15) 

1.953445298 

» Changing Logarithmic Bases 

Most calculators give the values of both common logarithms and natural 

logarithms. To find a logarithm with a base other than 10 or e, we can use the 

following conversion formula. 

THE CHANGE-OF-BASE FORMULA 

For any logarithmic bases a and b, and any positive number M, 

log, M 
log, M = Bs 

log, b- 

We will prove this result in the next section. 

EXAMPLE 7 Find log; 8 using common logarithms. 

Solution First, we let a = 10,b = 5,and M = 8. Then we substitute into the 

change-of-base formula: 

logs =f Substituting 

== 1.2920. Using a calculator 

Since logs 8 is the power to which we raise 5 to get 8, we would expect this power 
to be greater than 1 (5' = 5) and less than 2 (57 = 25), so the result is reasonable. 

Now Try Exercise 69. 

We can also use base e for a conversion. 

EXAMPLE 8 Find log; 8 using natural logarithms. 

Solution Substituting e for a, 5 for b, and 8 for M, we have 

log, 8 
log; 8 = 
ne log, 5 

In 8 
9 ()) 

In5 

Note that we get the same value using base e for the conversion that we did using 
base 10 in Example 7. 

» Graphs of Logarithmic Functions 

Let’s now consider graphs of logarithmic functions. 

EXAMPLE 9 Graph: y = f(x) = log; x. 

Solution The equation y = log; x is equivalent to x = 5”. We can find ordered 
pairs that are solutions by choosing values for y and computing the corresponding 
x-values. We then plot points, remembering that x is still the first coordinate. 



Technology Connection 

To graph y = log, x in 
Example 9 with a graphing 
calculator, we must first change 
the base to 10 or e. Here we 
change from base 5 to base e: 

hes 
In5 

The graph is shown below. 

y = logsx = 

Inx 

In5 
y = log, x = 

Some graphing calculators 
can graph inverses without the 
need to first find an equation 
of the inverse. If we begin with 
y, = 5*, the graphs of both y, 
and its inverse, y. = log; x, 
will be drawn as shown below. 

Wi= 3, yo = logs x 
4 V1 
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For ye= 0px =5) = Yr 

For yi— "I, x =15 —95 Al 

FOr y= 12. IF 
N SS Se 

For y = 3,x = 5° = 125 LW Cee ear: 

1 2p 
Fory = -1,x=5' aie y = logs x 

For Z ee = — x= 2 — iia 

4 25 

| ‘i 
(1) Select y. 

y) (2) Compute x. 

Now Try Exercise 5. 

EXAMPLE 10 Graph: g(x) = Inx. 

Solution To graph y = g(x) = In x, we select values for x and use the QP key 
on a calculator to find the corresponding values of In x. We then plot points and 
draw the curve. 

We could also write g(x) = In x, or y = Inx, asx = e”, select values for y, and 
use a calculator to find the corresponding values of x. 

Now Try Exercise 7. 

Recall that the graph of f(x) = log, x, for any base a, has the x-intercept 
(1, 0). The domain is the set of positive real numbers, and the range is the set of all 
real numbers. The y-axis is the vertical asymptote. 

EXAMPLE 11° Graph each of the following. Before doing so, describe how each 
graph can be obtained from the graph of y = In x. Give the domain and the vertical 

asymptote of each function. 

a) f(x) = In(x + 3) 

b) f(%) =3 = glnx 

Cain (x) 91+) 
Solution 

a) The graph of f(x) = In (x + 3) isa shift of the graph of y = In x left 3 units. 
The domain is the set of all real numbers greater than —3, (—3, oo). The line 
x = —3 is the vertical asymptote. 
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f(x) = In (x + 3) 

b) The graph of f(x) = 3 — 31n x isa vertical shrinking of the graph of y = In x, 

followed by a reflection across the x-axis, and then a translation up 3 units. The 
domain is the set of all positive real numbers, (0, oo ). The y-axis is the vertical 

asymptote. 

S 

Pe VYwW PO HA YN CO wo 

c) The graph of f(x) = |In(x — 1)| is a translation of the graph of y = Inx 
right 1 unit. Then the absolute value has the effect of reflecting negative out- 
puts across the x-axis. The domain is the set of all real numbers greater than 1, 
(1, co). The line x = 1 is the vertical asymptote. 

él f(x) = In (x — DI 

Now Try Exercise 89. 

» Applications 

EXAMPLE 12 Walking Speed. Ina study by psychologists Bornstein and 
Bornstein, it was found that the average walking speed w, in feet per second, of a 
person living in a city of population P, in thousands, is given by the function 

w(P) = 0.37 In P + 0.05 

(Source: International Journal of Psychology). 
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a) The population of Billings, Montana, is 106,954. Find the average walking speed 
of people living in Billings. 

b) The population of Chicago, Illinois, is 2,714,856. Find the average walking speed 
of people living in Chicago. 

Solution 

a) Since P is in thousands and 106,954 = 106.954 thousand, we substitute 106.954 

for P: 

w(106.954) = 0.37 In 106.954 + 0.05 Substituting 

td ele) Finding the natural logarithm and 

simplifying 

The average walking speed of people living in Billings is about 1.8 ft/sec. 

b) We substitute 2714.856 for P: 

w(2714.856) = 0.37 In 2714.856 + 0.05 Substituting 

= 3.0. 

The average walking speed of people living in Chicago is about 3.0 ft/sec. 

Now Try Exercise 95(d). 

EXAMPLE 13 Earthquake Magnitude. Measured on the Richter scale, the 
magnitude R of an earthquake of intensity I is defined as 

I 
R = log I, 

0 

where J) is a minimum intensity used for comparison. We can think of Ip as a 
threshold intensity that is the weakest earthquake that can be recorded on a 
seismograph. If one earthquake is 10 times as intense as another, its magnitude 
on the Richter scale is 1 greater than that of the other. If one earthquake is 100 
times as intense as another, its magnitude on the Richter scale is 2 higher, and 
so on. Thus an earthquake whose magnitude is 7 on the Richter scale is 10 times 
as intense as an earthquake whose magnitude is 6. Earthquake intensities can be 
interpreted as multiples of the minimum intensity Ip. 

The undersea Tohoku earthquake and tsunami, near the northeast coast 

of Honshu, Japan, on March 11, 2011, had an intensity of 10°°+ I) (Source: 

earthquake.usgs.gov). They caused extensive loss of life and severe structural 
damage to buildings, railways, and roads. What was the 
magnitude on the Richter scale? 

Solution We substitute into the formula: 

10, 
SS el SS) 

I 

I 
R= log = log 

0 

The magnitude of the earthquake was 9.0 on the Richter 

scale. Now Try Exercise 97(a). 
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Visualizing 
the Graph 

A230 -4 SSO ReTEX 

Match the equation or function with 
its graph. 

1. f(x) = 4 

Zed) eo) elie 

NS =o fo eS ~~ 
| tw 

4 
ae —_ 

5. f(x) = log, x 

10. 3x =6+y 

Answers on page A-27 
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Exercise Set 

Graph. 

lx=3 2x=4 

Be = Gy) 4x= (4) 

Sy logs 6. y = log,x 

7. f(x) = logx S27 (@) = Inx 

Find each of the following. Do not use a calculator. 

9. log, 16 10. log; 9 

11. log, 125 12. log, 64 

13. log 0.001 14. log 100 

15. log, } 16. logs 2 

17. Inl 18. Ine 

19. log 10 20. log 1 

21. log, 54 22. log V10 
23. log; W/3 24. log 108/° 
25. log 10” 26. log, 1 

Q7TANOg 157 28elocs om 

29. In e*/4 30. log, V2 

3 ielog al S2calncem: 

33. In Ve 34. logs, 4 

Convert to a logarithmic equation. 

35. 10° = 1000 3655) sss 

37. 8/3 = 2 38. 10°20 — 2 

39. = 40. Q' = x 

Al ve = 7.3891 42% ¢ ' = 0.3679 

Agee 03 44, e ' = 4000 

Convert to an exponential equation. 

45. logs5 = 1 46. t = log,7 

47. log0.01 = —2 48. log7 = 0.845 

49. In 30 = 3.4012 50. In 0.38 = —0.9676 

DL lOg av =x. 52 log Oak 

53. log, T* = x 54. InW° = t 

Find each of the following using a calculator. Round to four 
decimal places. 

55. log 3 

57. log 532 

56. log 8 

58. log 93,100 

59. log 0.57 60. log 0.082 

61. log (—2) 62. In 50 

63. In 2 64. In (—4) 

65. In 809.3 66. In 0.00037 

67. In (—1.32) 68. In0 

Find the logarithm using common logarithms and the 
change-of-base formula. Round to four decimal places. 

69. log, 100 70. log; 20 

71. logiog 0.3 72. log, 100 

Wx. logyo9 50 7A. logs 1700 

Find the logarithm using natural logarithms and the 
change-of-base formula. Round to four decimal places. 

75. log; 12 76. log, 25 

77. logjo9 15 78. logy 100 

Graph the function and its inverse using the same set of 
axes. Use any method. 

79 F(x) = 3 fe) lost 

$0. f(x) = logan | sixes 

81. f(x) = log x, f "(x) = 10 

82. f(x) = ef (x) = Inx 

For each of the following functions, briefly describe how the 
graph can be obtained from the graph of a basic logarithmic 
function. Then graph the function. Give the domain and 
the vertical asymptote of each function. 

83. f(x) = log, (x + 3) 84. f(x) = log; (x — 2) 

85. y = log3;x — 1 86. y = 3 + log, x 

87. f(x) = 4I1nx $8. f(x) =4Inx 

89. y= 2 -Inx 90. y = In(x + 1) 

91. f(x) = log (x — 1) — 2 

92 (x) ee slogs(xecte l\) 

Graph the piecewise function. 

930 9(k) = Bs TOC 05 

7 8% LOG etal atone a0) 

bx; 1OLx = — 1. 
94, = 

sg fe (a Weton ea 

95. Walking Speed. Refer to Example 12. Various cities 
and their populations are given below. Find the av- 
erage walking speed in each city. Round to the near- 
est tenth of a foot per second. 
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a) El Paso, Texas: 672,538 

b) Phoenix, Arizona: 1,488,750 

c) Birmingham, Alabama: 212,038 
d) Milwaukee, Wisconsin: 598,916 

e) Honolulu, Hawaii: 345,610 

f) Charlotte, North Carolina: 775,202 

g) Omaha, Nebraska: 421,570 

h) Sydney, Australia: 3,908,643 

96. Forgetting. Students in an accounting class took 

97. 

a final exam and then took equivalent forms of the 
exam at monthly intervals thereafter. The average 
score S(t), as a percent, after t months was found to 
be given by the function 

SA) 978) = 15 log (t-F 1), t=. 0: 

a) What was the average score when the students 
initially took the test, t = 0? 

b) What was the average score after 4 months? after 
24 months? 

Earthquake Magnitude. Refer to Example 13. Vari- 
ous locations of earthquakes and their intensities 
are given below. Find the magnitude of each earth- 
quake on the Richter scale. 

a) San Francisco, California, 1906: 10”7 + Ip 

b) Chile, 1960: 107° + Ip 
c) Iran, 2003: 10°°- J, 

d) Turkey, 1999: 107° J, 
e) Peru, 2007: 10%° = J, 
f) China, 2008: 10”? + J, 
g) Spain, 2011: 10°! + Iy 
h) Sumatra, 2004: 10° + Jy 

a INDIA | ph 

Pacific 

Ocean 

98. pH of Substances in Chemistry. 

99: 

100. 

101. 

Exponential Functions and Logarithmic Functions 

In chemistry, the 

pH of a substance is defined as 

pH = —log[H"] 
where H’” is the hydrogen ion concentration, in 
moles per liter. Find the pH of each substance. 

9, Basic Neutral Acidic <@emmmmaenn 

a. 
= Yo) oa 

HYDROGEN ION 

SUBSTANCE CONCENTRATION 

a) Pineapple juice Gc The: 
b) Hair conditioner 0.0013 

c) Mouthwash 63. 10% 

d) Eggs L610 
e) Tomatoes 6.3 x 162 

Find the hydrogen ion concentration of each sub- 
stance, given the pH. (See Exercise 98.) Express the 
answer in scientific notation. 

SUBSTANCE pH 

a) Tap water 7 
b) Rainwater 5.4 

c) Orange juice 3.2 
d) Wine 4.8 

Advertising. A model for advertising response is 
given by the function 

N(a) = 1000 + 200Ina, a=1l, 

where N(a) is the number of units sold when a is 
the amount spent on advertising, in thousands of 
dollars. 

a) How many units were sold after spending $1000 
(a = 1) on advertising? 

b) How many units were sold after spending $5000? 

Loudness of Sound. The loudness L, in bels (after 

Alexander Graham Bell), of a sound of intensity I is 
defined to be 

I 
L = log—, 

I 
where I’ is the minimum intensity detectable by the 
human ear (such as the tick of a watch at 20 ft under 
quiet conditions). If a sound is 10 times as intense 
as another, its loudness is 1 bel greater than that of 
the other. If a sound is 100 times as intense as an- 
other, its loudness is 2 bels greater, and so on. The 



Mid-Chapter Mixed Review 347 

bel is a large unit, so a subunit, the decibel, is gener- Find a polynomial function of degree 3 with the given num- 
ally used. For L, in decibels, the formula is bers as zeros. Answers may vary. [4.4] 

I cs ny 
L = 10 log -. 107. V7, —V7,0 108. 4i, —4i, 1 

0 
» Synthesis 

Simplify. 

log; 8 109. 85 hh log; 64 

log; 2 log; 16 

Find the domain of the function. 

11 f(x) = loge? 112. f(x) = log, x? 

113. f(x) = In |x| 114. f(x) = log (3x — 4) 

Solve. 

1155, log, (2445) = 0 116. log, (x — 3) = 4 

Find the loudness, in decibels, of each sound with In Exercises 117-120, match the equation with one of the 
the given intensity. figures (a)-(d) that follow. 

SOUND INTENSITY BPS 
8 

a) Jet engine at 100 ft 10* I ‘ 

b) Loud rock concert Toe cae } 
c) Bird calls 10*+ Ip 3 
d) Normal conversation 10°? =75 i 

e) Thunder 10'*+ Ip =r, Tey av aes 
f) Loudest sound possible 10! + Ip =o 

» Skill Maintenance 

Find the slope and the y-intercept of the line. [1.3] 

102. 3x — 10y = 14 

LO3-a.—.6 

104. x = —4 

Use synthetic division to find the function values. [4.3] 

NOs een ON tax 410; tind g(—5) 

HOGHe Cota Or xk 6: finds (1) 

118. f(x) = |Inx| 

120. g(x) = |In(x — 1)| 

Mid-Chapter Mixed Review 

Determine whether the statement is true or false. 

1. The domain of all logarithmic functions is [1, 00). [5.3] 

2. The range of a one-to-one function f is the domain of its inverse f S164 

3. The y-intercept of f(x) = e “is (0,—1). [5.2] 



348 CHAPTER S — Exponential Functions and Logarithmic Functions 

For each function, determine whether it is one-to-one, and if the function is one-to-one, find a formula for its inverse. [5.1] 

2 » 2 ne 
4, f(x) = aE 5. if (X) =r tex 6: fix) aie, 

7. Given the function f(x) = Vx — 5, use 8. Given the one-to-one function f(x) = x° + 2, find 

composition of functions to show that the inverse, give the domain and the range of fand 

fi (ae mo Se f', and graph both fand f ' on the same set of 

axes. [5.1] 

Match the function with one of the graphs (a)-(h) that follow. [5.2], [5.3] 

b) ‘ c) fs 
5 =) 

4 4 

3 3 

2 2 

1 1 

se ee =S-4-327 i | Ae ager x Sat alate one x 

be =) =) =e 

3 -3 -3 
—4 —4 a 

=e 5 =5 

8) ‘ 
5 

4 

3 

1 
% =5-4-3-2-1,| 12 x —s43-2-1,|123 45. % 

~2 -2 
= =o 

—4 -4 
—5 5 

9. y = log, x 10.7 f(x) =32" a2 Li fixie! 12. f(x) =Inx —2 

13. f(x) ln (x= 2) 14. y= 2" 15. f(x) = |logx| 16. f(x) Seal 

17. Suppose that $3200 is invested at 45% interest, compounded quarterly. Find the amount of money in the account in 
6 years. [5.2] 

Find each of the following without a calculator. [5.3| 

18. log, 1 19. Ine 4/5 20. log 0.01 21s :In.e pee ih 

1 
23. log, = 24. log 1 25. logs 27 26. log W/10 27. Ine 

28. Convert e © = 0.0025 toa logarithmic equation. 29. Convert log T = r to an exponential equation. 
[5.3] [5.3] 

Find the logarithm using the change-of-base formula. |5.3] 

30. log; 20 31. log, 10 

ere) iF lelele- ial PIETelt iti folam-larem gia lale 

32. Explain why an even function f does not have an 33 . Suppose that $10,000 is invested for 8 years at 6.4% 
inverse f ' that is a function. [5.1] interest, compounded annually. In what year will the 

most interest be earned? Why? [5.2] 

34, Describe the differences between the graph of 35 . Iflog b < 0, what can you say about b? [5.3] 
f(x) = x and the graph of g(x) = 3%. [5.2] 
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Properties of Logarithmic Functions 

® Convert from logarithms of products, powers, and quotients to expressions 

in terms of individual logarithms, and conversely. 

» Simplify expressions of the type log, a% and al%” 

We now establish some properties of logarithmic functions. These properties are 
based on the corresponding rules for exponents. 

» Logarithms of Products 

The first property of logarithms corresponds to the product rule for exponents: 
(HOO ee TG 

THE PRODUCT RULE 

For any positive numbers M and N and any logarithmic base a, 

log, MN = log, M + log, N. 

(The logarithm of a product is the sum of the logarithms of the factors.) 

EXAMPLE 1 Express as a sum of logarithms: log; (9+ 27). 

Solution We have 

log; (9:27) = log; 9 + log; 27. Using the product rule 

As a check, note that 

log; (9°27) = log; 243 = 5 3° = 243 

atid l0g;.9.c= 1093 27 32.43 = 5 3° =. 933° = 27 

EXAMPLE 2 Express asa single logarithm: log, p® + log) q. 

Solution We have 

logs p? + logy 4 = logy (p%4). 
A Proof of the Product Rule. Let log, M = x and log, N = y. Converting to 
exponential equations, we have a* = M and a” = N. Then 

MN = a*-@ = a*"’. 

Converting back to a logarithmic equation, we get 

log, MN = x + y. 

Remembering what x and y represent, we know it follows that 

log, MN = log, M + log, N. pe 
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» Logarithms of Powers 

The second property of logarithms corresponds to the power rule for exponents: 
Care — ee 

THE POWER RULE 

For any positive number M, any logarithmic base a, and any real number p, 

log, M? = plog, M. 

(The logarithm of a power of M is the exponent times the logarithm of M.) 
seers 

EXAMPLE 3 Express each of the following as a product. 

a) log, 11° b) log, a Clo 

Solution 

a) log, 11 > = —3 log, 111 Using the power rule 

b) log, W7 = log, ae Writing exponential notation 

= r log, 7 Using the power rule 

Cjhuln <= 6 In« Using the power rule 
Now Try Exercises 13 and 15. 

A Proof of the Power Rule. Let x = log, M. The equivalent exponential equa- 
tion is a” = M. Raising both sides to the power p, we obtain 

(a*)P = M?, or a? = MP. 

Converting back to a logarithmic equation, we get 

log, MP = xp. 

But x = log, M, so substituting gives us 

log, M? = (log, M)p = p log, M. Re 

» Logarithms of Quotients 

The third property of logarithms corresponds to the quotient rule for exponents: 
Ga =— Qu: 

THE QUOTIENT RULE - 

For any positive numbers M and N, and any logarithmic base a, 

M 
log, Raed log, M — log, N. 

(The logarithm of a quotient is the logarithm of the numerator minus the 
logarithm of the denominator.) 



Common Errors 

log, MN # (log, M) (log, N) 

log, (M + N) # log, M + log, N 

M log, M 
] == 

oN log, N 

(log, M)? # plog, M 
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8 
EXAMPLE 4 Express as a difference of logarithms: log, ag 

Solution We have 

8 
log, Bees log, 8 — log, w. Using the quotient rule 

Now Try Exercise 17. 

EXAMPLE 5 Express as a single logarithm: log, 64 — log, 16. 

Solution We have 

64 
log, 64 — log, 16 = re = log, 4. 

Now Try Exercise 37. 

A Proof of the Quotient Rule. The proof follows from both the product rule and 
the power rule: 

log, ua log, MN ' 
N 

= log, M + log, N“! Using the product rule 

= log, M + (—1)log, N Using the power rule 

= log, M — log, N. 

The logarithm of a product is not the product of the logarithms. 

The logarithm of a sum is not the sum of the logarithms. 

The logarithm of a quotient is not the quotient of the logarithms. 

The power of a logarithm is not the exponent times the logarithm. 

» Applying the Properties 

EXAMPLE 6 Express each of the following in terms of sums and differences of 

logarithms. 

xy ome ay 

a) log. a b) log, Niece c) log, ane 

Solution 
25 x 

a) log, ees log, (x*y?) = 108; Zz Using the quotient rule 
Z 

= log, x? + log, y ~ log, zs Using the product rule 

= 2log,x + 5log,y — 4log,z Using the power rule 
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ab ab 1/3 

b) log, ; me = log, (2) Writing exponential notation 

l a’b 
== 1OG ane Using the power rule 

3 c 

a! 2 5 Using the quotient rule. 
ae 3 (log, a°b — log, c ) The parentheses are necessary. 

1 Using the product rule 
me 3 (2 log, a + log, b — 5 loga c) and the power rule 

1 
= 3 2 10g, Ur ao loge c) log a Sl 

2 1 5 Multiplying to remove 
me 3 " 3 18a oe 3 1080 Ei parentheses 

exe 

lage aaa ae | tits Using the quotient rul c) O8p are Og, ay Og, mn sing the quotient rule 

= (log, a + log, y°) — (log, m? + log, n*) Using the product rule 

= log, a + log, y — log, m — log, n* Removing parentheses 

= log,a + 5 log, y — 3log,m — 4log,n Using the power rule 

EXAMPLE 7 Express as a single logarithm: 

5 log, x — log, y + 7 108 a 

Solution We have 

1 
5 log, x — log, y + 7 108% 2 = log,x° — log, y + log, z'/* Using the power rule 

5 
= x 1/4 ‘ ; 
= log, y + log, z Using the quotient rule 

xozi/4 Ov 
= log, -y? or log, 5 Using the product rule 

Now Try Exercise 41. 

EXAMPLE 8 Express as a single logarithm: 

ln(ax:+ 1) nix = oe) 

Solution We have 

In (3x bt) "in (3x2 — “5x = 2) 

axis «k 
= {hin ea vee Using the quotient rule 

ss oar tL ‘ 
= Ilia eae ne Ex Factoring 

= In ; Simplifying 
Be 

Now Try Exercise 45. 
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EXAMPLE 9 Given that log, 2 ~ 0.301 and log, 3 ~ 0.477, find each of the 
following, if possible. 

a) log, 6 b) logs 5 c) log, 81 

1 log, 3 
d) log, @) log, 5 f) ae 

Solution 

a) log, 6 = log, (2-3) = log,2 + log, 3 Using the product rule 

= ().301 + 0.477 

= 0.778 

b) log, ? = log, 27 logs Using the quotient rule 

WO 30 LO ATT a 05/6 

c) log, 81 = log, 3* = 4log,3 Using the power rule 

~ 4(0.477) ~ 1.908 

d) log; = log,1 — log, 4 Using the quotient rule 

= 0 — log, 2’ log, 1 = 0;4 = 2? 

= —2 log, 2 Using the power rule 

~ —2(0.301) ~ —0.602 
e) log, 5 cannot be found using these properties and the given information. 

log, 5 # log, 2 + log, 3 log, 2 + log, 3 = log,(2°3) = log,6 

log, 3 are 

log, 2 0.301 
== 1580 We simply divide, not using any of the properties. 

Now Try Exercises 53 and 55. 

» Simplifying Expressions 

of the Type log,a and a'°3* 

We have two final properties of logarithms to consider. The first follows from the 
producttule: Since logea —xlogra —ix “l= xwe havedog; a. ——"~, 1 his 
property also follows from the definition of a logarithm: x is the power to which 
we raise a in order to get a’. 

THE LOGARITHM OF A BASE TO A POWER 

For any base a and any real number x, 

log, @ = x. 

(The logarithm, base a, of a to a power is the power.) 

EXAMPLE 10 Simplify each of the following. 

a) log, a’ b) Ine‘ c) log 10° 

Solution 

a) log, 8 8 is the power to which we raise a in order to get a’. 

b) Ine’ =logze’=—-t Ine =x 

cjelog 10° = log, 10°" = 3k 
Now Try Exercises 65 and 73. 
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Let M = log, x. Thena™ = x. Substituting log, x for M, we obtain Goes =x, 

This also follows from the definition of a logarithm: log, x is the power to which a 

is raised in order to get x. 

A BASE TO A LOGARITHMIC POWER 

For any base a and any positive real number x, 

aote* =a 4, 

(The number a raised to the power log, x is x.) 

EXAMPLE 11 Simplify each of the following. 

a) gloss k b) ein 5 c) 10!°8 7t 

Solution 

a) 4eek — k 
b) eins = elOBe 5 =5 

eal0e) = 108 aa Now Try Exercises 69 and 71. 

A Proof of the Change-of-Base Formula. We close this section by proving the 
change-of-base formula and summarizing the properties of logarithms considered 
thus far in this chapter. In Section 5.3, we used the change-of-base formula, 

log, M 
log, M = 
ae log, b 

> 

to make base conversions in order to find logarithmic values using a calculator. Let 
x = log, M. Then 

b* = M Definition of logarithm 

log, bY = log, M Taking the logarithm on both sides 

x log, b = log, M Using the power rule 

log, M 
= ene ; Dividing by log, b 

Pate es so x = log, M = 18a sad a 
CHANGE-OF-BASE FORMULA log, b 

REVIEW SECTION 5.3 5 a > c - 
el Sk Se a | Following is a summary of the properties of logarithms. 

Summary of the Properties of Logarithms 

The Product Rule: log, MN = log, M + log, N 

The Power Rule: log, M? = plog, M 

The Quotient Rule: logs = log, M — log, N 

log, M 
The Change-of-Base Formula: log, M = 

log, b 

Other Properties: log,a=1, log,1 =0, 

log, a = x, Gout = x 
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Low: | Exercise Set 

Express as a sum of logarithms. Al. slog,x + 4log,y — 3log, x 
1. log; (81 +27) 2. log, (8+ 64) 42. 2log, x — blog, y 

3. logs (5+ 125) 4. log, (64-4) 43. Inx? — 21n Vx 

5. log, 8Y 6. log 0.2x 44° Inde + 3(In x ln y) 

7. In xy 8. In ab 45), lin(x7—=*4)) = n(x 2) 

Express as a product. 46. log (x° — 8) — log (x — 2) 

9. log, f° - 10. log, x* 47. log (x* = 5x — 14) — log (x? — 4) 

11. log y® 12. Iny° 
oe 4 48. log, oS log, Vax 

13. logek © 14. log, Q° Vx 

15. In W/4 16. In Va 49. Inx — 3[In (x — 5) + In(x + 5)] 

Express as a difference of logarithms. 50.7 ne) n(x <3) ere) 
ean M baie 6 51. $1n 4x° — $1n 2y!° 

S108; o— 2 Ogee 
ae ae 52. 120(InW/x3 + InWy? — InW16z’) 

as G Given that log,2 ~ 0.301, log,7 ~ 0.845, and 19. log — 20. In— 2 toe 
Ke y "b log, 11 ~ 1.041, find each of the following, if possible. 

, 3 Round the answer to the nearest thousandth. 

21. In~ 22. log, 53. log, + 54. log, 14 
iu 

Express in terms of sums and differences of logarithms. ee UO 1 DO oes, 

Dogs 6xyz* 24. log, YZ 57. 10802 58. log, 9 
nae 5 log, 7 

xy 
25. logy 4,9 26. log, Ta Given that log, 2 ~ 0.693, log,3 ~ 1.099, and 

Mi log, 5 ~ 1.609, find each of the following, if possible. 
2 oa Round the answer to the nearest thousandth. 

Ay 28. log 77> 5 3x Y 4b 59. log, 125 60. log, 5 

29. log VPt 30. In W5x° 61. logy ¢ 62. logy, 30 

| x8 Wage es log, 1 piri ee py tere © Aid 63. logy 64. log, 15b 

ak ’ Simplif implify. 
eng 618 

33. log, ar 34. log, ae 65. log, p” 66. log, 7" 

z ine 67. log, era 68. log, qv3 
Express as a single logarithm and, . Sa ap Pe 69, see a0, ele (ee) 

B5lOe so Oe 2 . log 0. ) 3 
8 & 8g 8 vat 19'°8 ” WP. elnx 

37. log 10,000 — log 100 38. In 54 — In6 73. Ine! 74. log 10 * silnie : 

39. 7 log n+ 3 log m 40. ploga is log 2 75 log, Vy 76. log Vb 
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» Skill Maintenance 

In each of Exercises 77-86, classify the function as linear, quad- 
ratic, cubic, quartic, rational, exponential, or logarithmic. 

Tah ee cae aa 

73. fix) = 2} (5:2) 79. f(x) = —7 11:3] 

80. f(x) = 4-8 [52] 8h. f(x) = > [45] 

82. f(x) = logx + 6 [5.3] 

$3. f(x) = —}x° — 4x7 + 6x + 42 [4.1] 

ois 

84. f(x) = aoa [4.5] 

85. f(x) = 5x + 3 [1.3] 

86. f(x) = 2x" — 6x + 3 [3.3] 

» Synthesis 

Solve for x. 

S75 es 88. dnle* = =8 

Express as a single logarithm and, if possible, simplify. 

89y log (sey ey) aloe as ==) 

905 log-(¢ 40) —logs(a + 6) 

Express as a sum or a difference of logarithms. 

sas Ds he 
1: log, 92; log, V9 =x 

Vere y 

93. Given that log, x = 2, log, y = 3, and log, z = 4, 

find 

Viz 

Exponential Functions and Logarithmic Functions 

Determine whether each of the following is true. Assume 

that a, x, M, and N are positive. 

94. log, M + log, N = log, (M + N) 

M 
95, log, M — log, N = loga 7 

log, M 
96. = log, M — log, N 

log, N 

log, M 
97. = log, M'/* 

98. log, x? = 3 log, x 

99. log, 8x = log, x + log, 8 

100. logy (MN)* = xlogy M + x 

Suppose that log, x = 2. Find each of the following. 

1 
101. log, (+) 

103. Simplify: 

logig 11+ log), 12+ log), 13 - - - logggg 999 * logogg 1000. 

102. log) /,x 

Write each of the following without using logarithms. 

104. log, x + log, y — mz = 0 

105. na —-Inb+xy=0 

Prove each of the following for any base a and any positive 
number x. 

1 
106. log, (2) = =log, x — logy, x 

Ve 8 
107. log, SS =—log, (x= Vx — 5) 

Solving Exponential Equations and Logarithmic Equations 

» Solve exponential equations. 

» Solve logarithmic equations. 

~ Solving Exponential Equations 

Equations with variables in the exponents, such as 

== 20 andes2 a4, 

are called exponential equations. 
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Sometimes, as is the case with the equation 2° = 64, we can write each side as 
a power of the same number: 

9x —_— 7 

We can then set the exponents equal and solve: 

ee = (6) 

x= g One: 

We use the following property to solve exponential equations. 

BASE-EXPONENT PROPERTY 

bow any @) 0;@ 261, 

a= W<>x=y. 

| ONE-TO-ONE FUNCTIONS This property follows from the fact that for any a > 0,a ¥ 1, f(x) = a“ is 
Pe ee ee | a one-to-one function. If a° = a’, then f(x) = f(y). Then since fis one-to-one, it 
—__— —— follows that x = y. Conversely, if x = y, it follows that a = a’, since we are rais- 

ing a to the same power in each case. 

EXAMPLE 1 Solve: 2°” = 32. 

: "i isualizing the Solution 

Note that 32 = 2°. Thus we can write each side as 
a power of the same number: We graph y = 2°*~’ and y = 32. The first 

73x-7 — 95 coordinate of the point of intersection of the 

; graphs is the value of x for which 2°*~” = 32 
Since the bases are the same number, 2, we can use and is thus the solution of the equation. 
the base-exponent property and set the exponents 

equal: 

396 = = 

Bx 12 

x = 4. 

Check: a3) eres 
ONO a? 9). 3) 
gi2-7 

5 th 2 By ES ee he Ss 

52a 52) STRUE 

The solution is 4. The solution of 2°” = 32 is 4. 

Now Try Exercise 7. 
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Another property that is used when solving some exponential equations and 

logarithmic equations is as follows. 

PROPERTY OF LOGARITHMIC EQUALITY 

For any M > 0,N > 0,a > 0,anda = 1, 

log, M = log, N<>M=N. 

This property follows from the fact that for any a > 0,a # 1, f(x) = log, x 
is a one-to-one function. If log, x = log, y, then f(x) = f(y). Then since fis one- 
to-one, it follows that x = y. Conversely, if x = y, it follows that log, x = log, y, 
since we are taking the logarithm of the same number in each case. 

When it does not seem possible to write each side as a power of the same base, 
we can use the property of logarithmic equality and take the logarithm with any 
base on each side and then use the power rule for logarithms. 

EXAMPLE 2 Solve: 3‘ = 20. 

Vv isualizing the Solution 

We have 

3* = 20 

log 3* = log 20 Taking the common logarithm 
on both sides 

We graph y = 3* and y = 20. The first 
coordinate of the point of intersection of 
the graphs is the value of x for which 3* = 20 
and is thus the solution of the equation. 

x log 3 = log 20 Using the power rule 

log 20 yx 
= Dividing by log 3 40 

log 3 - 

This is an exact answer. We cannot simplify 
further, but we can approximate using a calculator: 

em log 20 Ne (2.7268, 20) 

log 3 y=3* 

We can check this by finding Bod 268: 

32.7268 ~ 90), 1 203) 4b 5 36 foe eo Or 

The solution is about 2.7268. 

The solution is approximately 2.7268. 

Now Try Exercise 11. 
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In Example 2, we took the common logarithm on both sides of the equation. 

Technology Connection Any base will give the same result. Let’s try base 3. We have 

With some calculators, it is = 20 

possible to find a logarithm log; 3° = log; 20 
with any logarithmic base x = log; 20 log,a° = x 

using the logBASE operation log 20 
from the MATH MATH menu. The x= Using the change-of-base formula 

computation log; 20 is shown log 3 
in the following window. x = 2.7268. 

Note that we must change the base in order to do the final calculation. 
log3(20) 

2.726833028 

EXAMPLE 3 Solve: 100e°° = 2500. 

Vv isualizing the Solution 

It will make our work easier if we take the natural 
logarithm when working with equations that have The first coordinate of the point of inter- 
eas a base. section of the graphs of y = 100e°°*' and 

We have y = 2500 is about 40.2. This is the solution of 

10028 = 2500 the equation. 

en = 25 Dividing by 100 

iney = In25 Taking the natural 
logarithm on both sides 

0.08t = In 25 Finding the logarithm 
of a base to a power: 
log,a = x 

& 

Dividing by 0.08 (40.2, 2500) 
In 25 

0.08 

t 40.2. 
y= 100e9-08t 

The solution is about 40.2. 
20 40 60 

Now Try Exercise 19. 
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Technology Connection 

yy = 10028, y, 
3000 

Y = 2500 

Algebraic Solution 

We have 

ae 3 

log gets = 

(x + 3) log4 = 

xlog4 + 3log4 = 

xlog4 + xlog 3 

x(log 4 + log3) = 

5,6 — 

Na 

oie 

log 3 * 

—x log 3 

—x log 3 

—3 log 4 

—3 log 4 

—3 log 4 

log 4 + log 3 

NOL 37. 

The solution is about — 1.6737. 

Exponential Functions and Logarithmic Functions 

We can solve the equations in Examples 1-4 using the Intersect method. In 
Example 3, for instance, we graph y = 100e°°** and y = 2500 and use the 
INTERSECT feature to find the coordinates of the point of intersection. 

The first coordinate of the point of intersection is the solution of the equa- 
tion 100e°°** = 2500. The solution is about 40.2. We could also write the 
equation in the form 100e°°* — 2500 = 0 and use the Zero method. 

EXAMPLE 4 Solve: 4°? = 37%. 

Visualizing the Solution 

We graph y = 4%"? and y = 3. The 
first coordinate of the point of inter- 
section of the graphs is the value of x 
for which 4°*° = 3~* and is thus the 

Using the power rule solution of the equation. 
Removing parentheses 

Adding x log 3 and (-1.6737, 6.2884) 

subtracting 3 log 4 

Taking the common 
logarithm on both sides 

Factoring on the left 

Dividing by log 4 + log3 

The solution is approximately — 1.6737. 

Now Try Exercise 21. 
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EQUATIONS REDUCIBLE TO EXAMPLE 5 Solve: e +e*—6=0. 
QUADRATIC 

REVIEW SECTION 3.2 

Algebraic Solution 

Visualizing the Solution 

In this case, we have more than one term with 

x in the exponent: The solutions of the equation 

e+e*—6 € 62-16 =10 

ee te EG Rewriting e * witha 
e positive exponent 

are the zeros of the function 

ie) eas Ce ta kG, 
e* +1 -— 6e%=0. Multiplying by e* 

on both sides Note that the solutions are also the first coor- 

dinates of the x-intercepts of the graph of the 
function. 

This equation is reducible to quadratic with 
u=e: 

uw —6ut+1=0. f(x) = eX + e-*-6 

We use the quadratic formula with a = 1, 
b = —6,andc = 1: 

—b + Vb’ — 4ac 

The leftmost zero is about — 1.76. The zero 
2 

on the right is about 1.76. The solutions of the 
u=3+2V2 a equation are approximately —1.76 and 1.76. 
e=3+ OV 2. Replacing u with e* 

: Now Try Exercise 25. 
We now take the natural logarithm on both sides: 

In e* = In (3 er 2V/2) 

x =In (3 ae ONIN s Using In e* = x 

Approximating each of the solutions, we obtain 

1.76 and —1.76. 
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Technology Connection 

We can use the Zero method in Example 5 to solve the equation 
e* + e * — 6 = 0. We graph the function y = e* + e ~ — 6 and use 
the ZERO feature to find the zeros. 

The leftmost zero is about —1.76. Using the ZERO feature one more time, 
we find that the other zero is about 1.76. 

» Solving Logarithmic Equations 

Equations containing variables in logarithmic expressions, such as log, x = 4 and 
log x + log(x + 3) = 1, are called logarithmic equations. To solve logarithmic 
equations algebraically, we first try to obtain a single logarithmic expression on 
one side and then write an equivalent exponential equation. 

EXAMPLE 6 Solve: log; x = —2. 

Vv isualizing the Solution 

We have 

When we graph y = log;x and y = —2, we 

find that the first coordinate of the point of 
intersection of the graphs is 3. 

log;x = 

OE Converting to an 
exponential equation 

Check: 

The solution is 3. 

The solution of log; x = —2 is 5. 

Now Try Exercise 33. 
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JUST EXAMPLE 7 Solve: logx + log(x + 3) = 1. 
IN 

TIME 

Algebraic Solution 

Visualizing the Solution 

In this case, we have common logarithms. Writing the base of 10 
will help us understand the problem: The solution of the equation 

logiox + logyy(x + 3) = 1 

logo Ese: la 3) | = Using the product rule to 
obtain a single logarithm 

(Xe 3) 10! Writing an equivalent 
exponential equation 

logx + log (x + 3) =1 

is the zero of the function 

fis). = log nGeilog (xrt73)\ er 

The solution is also the first coordinate 
of the x-intercept of the graph of the 
function. 

(e=2)(x +5) = Factoring 

AU Cie ee ee Ae) 

Nas 

f(x) = logx + log(x + 3) - 1 

i 

Check: For 2: 

logx + log(x + 3) = 1 

log 2 + log(2 Ree 1 

log 2 + log5 

log (2-5) 

log 10 

1 

FOU 25: 

log x + log(x +3) = 

log oct log. (2-4 3) 41 FALSE 

The solution of the equation is 2. 
From the graph, we can easily see that 
there is only one solution. 

] 

: , : Now Try Exercise 41. 
The number —5 is not a solution because negative numbers do 
not have real-number logarithms. The solution is 2. 
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Technology Connection 

y, = log x + log (x + 3), y= 1 In Example 7, we can graph the equations 

y, = logx + log(x + 3) 

and 

= 1 

and use the Intersect method. The first coordinate of the point of intersection 
is the solution of the equation. 

We could also graph the function 

y = log xacilog (aida) eal 

and use the Zero method. The zero of the function is the solution of the 
equation. 

With either method, we see that the solution is 2. Note that the graphical 
solution gives only the one true solution. 

EXAMPLE 8 Solve: log;(2x — 1) — log3(x — 4) = 2. 

Algebraic Solution 

Visualizing the Solution 

We have 

logs =!) log,(4 4) 

eg Il 

XA 

We see that the first coordinate of the 

point of intersection of the graphs of 
| bo log; Using the quotient rule y= log; (2x al ae log; (x — 4) 

and 2x — 1 32 Writing an equivalent 
ee: exponential equation 

Mie = jl 

Fe al 

y2 

Shoe 

y = log3 (2x — 1) — log (x — 4) 2x — 1 Multiplying by the 
ed LCD, x — 4 

y= 1 = 

35 = 
Ries 

Check: log, (24 = 1) = log.(x =A) = 2 

log;(2*5 — 1) — log, (5 — 4) ? 2 

log;9 — log; 1 

Za) 

Z 

The solution is 5. 

Now Try Exercise 45. 

fs TRUE 

The solution is 5. 
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EXAMPLE 9 Solve: In (4x + 6) — In(x + 5) = Inx. 

Algebraic Solution 

Visualizing the Solution 

We have 

bane 6 ean (x 15) 

- AK 6 = Ine Using the quotient 
ens rule 

The solution of the equation 

In (6) = ln (ec inex, 

is the zero of the function 

Saas e Using the property of of (onlin (Abceeta © aes ny (ett 5) eel 
x +5 logarithmic equality 
ek The solution is also the first coordinate 

(x +5). nike Axe). EM phagg by of the x-intercept of the graph of the 
xt 5 ate function. 
4x +6 =x + 5x 

0=x27+x%= 6 

0 = (x + 3)(x — 2) Factoring 

x+3=0 or x = 2=10 

mn, x = 2. 

f(x) = In (4x + 6) — In (x + 5) — Inx 

The number —3 is not a solution because 4(—3) + 6 = —6 
and In (—6) is not a real number. The value 2 checks and is the 
solution. 

The solution of the equation is 2. 
From the graph, we can easily see that 
there is only one solution. 

Now Try Exercise 43. 

55 Exercise Set 

Solve the exponential equation. 11. 84° = 70 12. 28* = 102% 

1. 3 = 81 2, 2" = 32 iGo) = Gee 14. 15% = 30 

Bo = 8 Ae, 15. e° = 5% 16. ef = 200 

5. 2 = 33 6. 2° = 40 17. e' = 1000 18. ec = {0.04 

pA 84 a 16 19, 60% = 0.08 20. 1000 = 5000 
9, 27 = 3%-9" (ese 5, 2S 20 ea: 
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. (3.9)* = 48 

. 250 — (1.87)* = 0 

we ahve u== 55 

3x71 — * 

; yr a 52x 

plete 

sc; i.e = 

Solve the logarithmic equation. 

31. log; x = 4 32. log, x = —3 

33. logx = —4 34. logx = 1 

35. Inx = 36. inxs —2 

37. logea ¢ =x 38. logins 3 =x 

39. log,(10 + 3x) = 5 

40. log;(8 — 7x) = 3 

41. logx + log(x — 9) = 1 

42. logy(x + 1) + log, (x= 1) =3 

43. log, (x + 20) — log, (x + 2) = log, x 

As logi(x ao) = log (xa—-3)) = log 2 

45. logs(x + 1) — loggx = 2 

46. loge "log (x93); ="—1 

47. logx + log (x + 4) = log 12 

48. log; (x + 14) — log;(x + 6) = log; x 

49. log (x + 8) — log(x + 1) = log6 

SOrine— Inte — 4) = In3 

Sip loga(a + 3) + log,(¢ — 3) = 2 

S27 ln(x + 1) Inn =an4 

So mlog @2ver | i log (2a 

54. logs(x + 4) + logs(x — 4) = 2 

Domine 8) tin (a 1) = 2x 

56. log,;x + log3(x + 1) = log32 + log3(x + 3) 

Solve. 

57. logex =" h— loge (x — 5) 

58. 2-9 = —— 
256 

59. 1 = 100(3*) 

60. 2 Ince = Ins = In x 4910) 

619 aoe Ee * 

62. 2 log 50 = 3. log 25 + log (x= 2) 

» Skill Maintenance 

In Exercises 63-66: 

a) Find the vertex. 

b) Find the axis of symmetry. 
c) Determine whether there is a maximum or a minimum 

value and find that value. [3.3] 

63. g(x) =x — 6 

65NGe) = ~2e Ax 

66, Hix) = 3x7 — 12x + 16 

» Synthesis 

Solve using any method. 

Cee 
67. ooo = 3 

68. In (Inx) = 2 

69. Vinx = InV x 

70. In Wx = Vin x 

Jie (lagen) loge = 3 

72. log; (logy x) = 0 

73. ln ane) 

74. x (in 3} = In6 

[5 San 2 "0 
3 

76. los x = ae 

100 

77. Inz?* = 4 

78 2f eine 
(e* 4 aie 

IS). faee =e 

80. Given that a = (log), 5)'°85 "5, find the value of 
log; a. 

81. Given that a = logs 225 and b = log, 15, express a 
as a function of b. 

§2. Given'that f(x) = e* — e*, findif (x) afit 
exists. 
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Applications and Models: Growth and Decay; 
Compound Interest 

® Solve applied problems involving exponential growth and decay. 

» Solve applied problems involving compound interest. 

Exponential functions and logarithmic functions with base e are rich in applica- 
tions to many fields such as business, science, psychology, and sociology. 

» Population Growth 

The function 

P(e Dietan ko. 0; Pp 

is a model of many kinds of population 
growth, whether it be a population of people, 
bacteria, smartphones, or money. In this func- 
tion, Py is the population at time 0, P is the 
population after time ¢, and k is called the 
exponential growth rate. The graph of such 
an equation is shown at right. 

PO) = Pie 

a V 

EXAMPLE 1 Population Growth of Ghana. In 2013, the population of 
Ghana, located on the west coast of Africa, was about 25.2 million, and the exponen- 
tial growth rate was 2.19% per year (Source: CIA World Factbook, 2014). 

a) Find the exponential growth function. 

b) Estimate the population in 2018. 

c) After how long will the population be double what it was in 2013? 

d) At this growth rate, when will the population be 40 million? 
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Solution 

a) At t = 0 (2013), the population was 25.2 million, and the exponential growth 
rate was 2.19% per year. We substitute 25.2 for Py and 2.19%, or 0.0219, for k to 
obtain the exponential growth function 

Technology Connection 

We can find function values 
using a graphing calculator. 
Below, we find P(5) from PC 15 eee 
Example 1(b) with the VALUE 

feature from the CALC menu. ; ' Oe ies 
We see that P(5) ~ 28.1. b) In 2018, t = 5; that is, 5 years have passed since 2013. To find the population in 

2018, we substitute 5 for t: 

where t is the number of years after 2013 and P(t) is in millions. 

yy = 25.2¢90219% PCB) = 25:20 OI) 2590 Pes Bt 

i The population will be about 28.1 million, or 28,100,000, in 2018. 

c) Weare looking for the time T for which P(T) = 2+ 25.2, or 50.4. The number T 
is called the doubling time. To find T, we solve the equation 

SA Doe 

ab Y = 28.116146_)) 60 

| Vv isualizing the Solution 

= 25.2e°19T Substituting 50.4 From the graphs of y = 50.4 and 
for P(T) ye=.25.2e°" we see that the first 

coordinate of their point of intersection 

is about 31.7. 
See Dividing by 25.2 

nine Taking the natural 
logarithm on both 
sides 

In2 = 0.0219T Ine’ = x 

In 2 

0.0219 

S171. 

=T Dividing by 0.0219 

The population of Ghana will be double what it 
was in 2013 about 31.7 years after 2013. 

The solution of the equation is 
approximately 31.7. 
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d) To determine the time t for which P(t) = 40, we solve the following equation 
for ft: 

AQr= 250077 

40 = 90.0219t 

25.2 

in 40 = Jn ¢0.0219¢ 

25.2 

40 
In— = 0.0219 

25.2 

40 
i 

252 0 

0.0219 

ieee 

Substituting 40 for P(t) 

Dividing by 25.2 

Taking the natural logarithm on both sides 

Ine* = x 

Dividing by 0.0219 

The population of Ghana will be 40 million about 21 years after 2013. 

Technology Connection 

y, = 25.2e°9219%, y, = 50.4 

100 

LX = 31.650556.Y = 50.41 4 

Now Try Exercise 1. 

Using the Intersect method in Example l(c), we graph the equations 

Vi = 25. 2eu ata angeny 1504 

and find the first coordinate of their point of intersection. It is about 31.7, so 

the population of Ghana will be double that of 2013 about 31.7 years after 2013. 

» Interest Compounded Continuously 

When interest is paid on interest, we call it compound interest. Suppose that an 
amount Pp is invested in a savings account at interest rate k, compounded con- 
tinuously. The amount P(t) in the account after t years is given by the exponential 
function 

Pin Pek 

EXAMPLE 2 Interest Compounded Continuously. Suppose that $2000 is in- 
vested at interest rate k, compounded continuously, and grows to $2504.65 in 5 years. 

a) What is the interest rate? 

b) Find the exponential growth function. 

c) What will the balance be after 10 years? 

d) After how long will the $2000 have doubled? 
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Technology Connection 

We can also find k in 
Example 2(a) by graphing 
the equations 

y, = 2000e” 

and 

yy = 2504.65 
and use the Intersect feature to 

approximate the first coordi- 
nate of the point of intersection. 

y, = 2000e°*, y, = 2504.65 
4000 

Intersection 
—0.5\K = .04500036_] 

The interest rate is about 

0.045, or 4.5%. 

Solution 

a) Att = 0, P(0) = Py = $2000. Thus the exponential growth function is of the 
form 

P(t) = 2000e*". 

We know that P(5) = $2504.65. We substitute and solve for k: 

2504.65 = 2000e*) Substituting 2504.65 for P(t) and 5 for t 

2504.65 = 2000e* 
2504.65 5k 
5000 = & Dividing by 2000 

2504.65 ey 
In ser = Ine Taking the natural logarithm 

2504.65 
5000 = 5k Using In e* = x 

2504.65 
nN 

2000 
So =k Dividing by 5 

0.045 ~ k. 

The interest rate is about 0.045, or 4.5%. 

b) Substituting 0.045 for k in the function P(t) = 2000e“, we see that the expo- 
nential growth function is 

Ri pisconel 

c) The balance after 10 years is 

P(10) = 20002") = 2000” = $3136.62. 

d) To find the doubling time T, we set P(T) = 2° P) = 2+ $2000 = $4000 and 
solve for T. We solve 

4000 = 2000e°"" 
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Algebraic Solution ee, 
Vv isualizing the Solution 

We have 

4000 = 2000¢e°-04S7 The solution of the equation 

ieee Dividing by 2000 4000 = 2000e°°°" 

in 2e—ine Taking the natural or 
logarithm nevi 

In2 = 0.045T Ine’ = x NS 1, 
In 2 is the zero of the function 

= T Dividing by 0.045 
0.045 

iba 7. 

y= 2000e°°7 — 4000; 

Note the zero from the graph shown here. 

Thus the original investment of $2000 will double 
in about 15.4 years. y = 2000¢°-945T — 4000 

The zero is about 15.4. Thus the solution 
of the equation is approximately 15.4. 

Now Try Exercise 7. 

Technology Connection 

y = 2000e°°45* — 4000 The amount of money in Example 2 will have doubled when P(t) = 2+ Py) = 4000, 
5000 or when 2000e°"*! = 4000. We use the Zero method. We graph the equation 

| yi 200021" = — 4000 

and find the zero of the function. The zero of the function is the solution of 

the equation. The zero is about 15.4, so the original investment of $2000 will 

5 Zet0) aan double in about 15.4 years. 
X = 15.403271 

—1000 

We can find a general expression relating the growth rate k and the doubling 

time T by solving the following equation: 

DM ey a Pye! Substituting 2P) for P and T for t 

Pavel Dividing by Py 

In2 = Ine? Taking the natural logarithm 

In2 = kT Using In e* = x 

In 2 
—_=— fk 
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Philippines 

Exponential Functions and Logarithmic Functions 

GROWTH RATE AND DOUBLING TIME 

The growth rate k and the doubling time T are related by 

In 2 In 2 
—— On =a: Kin 2, Oto dea T° k 

Note that the relationship between k and T does not depend on Py. 

EXAMPLE 3 Population Growth. The population of the Philippines is now 

doubling every 37.7 years (Source: CIA World Factbook, 2014). What is the exponen- 

tial growth rate? 

Solution We have 

In 2 In 2 
eS SS] SSS & OMY = AM, 

Lt SWAG 

The growth rate of the population of the Philippines is about 1.84% per year. 

Now Try Exercise 3(e). 

» Models of Limited Growth 

The model P(t) = Poe“, k > 0, has many applications involving unlimited popu- 
lation growth. However, in some populations, there can be factors that prevent a 
population from exceeding some limiting value—perhaps a limitation on food, liv- 
ing space, or other natural resources. One model of such growth is 

A) rs ores 
(#) 1+ be“ 

This is called a logistic function. This function increases toward a limiting value a 
as t—> oo. Thus, y = ais the horizontal asymptote of the graph of P(t). 

EXAMPLE 4 Limited Population Growth in a Lake. A lake is stocked with 
400 fish of a new variety. The size of the lake, the availability of food, and the number 
of other fish restrict the growth of that type of fish in the lake to a limiting value of 
2500. The population gets closer and closer to this limiting value, but never reaches 
it. The population of fish in the lake after time ¢, in months, is given by the function 

2500 
P(t) 1 + 5,25¢ 0328" 
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The graph of P(t) is the curve shown at left. Note that this function increases 
toward a limiting value of 2500. The graph has y = 2500 as a horizontal asymp- 
tote. Find the population after 0, 1, 5, 10, 15, and 20 months. 

Solution Using a calculator, we compute the function values. We find that 

ee P(0) = 400, ——-P(10) ~ 2059, 
P(1) ~ 520,  —-P(15) ~ 2396, 

SMakiinintjas Teron. P(5) ~ 1214, P(20) ~ 2478. 

Thus the population will be about 400 after 0 months, 520 after 1 month, 1214 after 
5 months, 2059 after 10 months, 2396 after 15 months, and 2478 after 20 months. 

Now Try Exercise 17(b). 

Another model of limited growth is provided by the function 

P(t). = tes ice 0) 

which is shown graphed below. This function also increases toward a limiting 
value L, as t—> 00, so y = Lis the horizontal asymptote of the graph of P(t). 

PA 

P(t) = LU — e *) 

+ V 

» Exponential Decay 

The function 

Ga SU StU 

is an effective model of the decline, or decay, of a population. An example is the 
decay of a radioactive substance. In this case, Pp is the amount of the substance 
at time t = 0, and P(t) is the amount of the substance left after time t, where k 
is a positive constant that depends on the situation. The constant k is called the 

decay rate. 

YN 

Decay 

Pt) = Per 

+V 
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The half-life of bismuth (Bi-210) is 5 days. This means that half of an amount 
of bismuth will cease to be radioactive in 5 days. The effect of half-life T for non- 
negative inputs is shown in the following graph. The exponential function gets 
close to 0, but never reaches 0, as t gets very large. Thus, according to an exponen- 
tial decay model, a radioactive substance never completely decays. 

uN 

Po 

Population 

Desh 3T Time 

Radioactive decay curve 

We can find a general expression relating the decay rate k and the half-life 
time T by solving the following equation: 

ET 1 
50 = Poe a Substituting 5 Pa for P and T for t 

l —Klb 
> = € Dividing by Po 

l kT 
In > = Ine Taking the natural logarithm 

= l 
In2-! = —kT “ Tine Se 

st 0 NY il Using the power rule 

In 2 
ae = T. Dividing by —k 

DECAY RATE AND HALF-LIFE 

The decay rate k and the half-life T are related by 

In 2 ] 
kT =n? Or ara or To. 

Note that the relationship between decay rate and half-life is the same as that 
between growth rate and doubling time. 
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How can scientists determine that 

an animal bone has lost 30% of its 

carbon-14? The assumption is that 

the percentage of carbon-14 in the 

atmosphere is the same as that in 

living plants and animals. When a 

plant or an animal dies, the amount 

of carbon-14 that it contains decays 

exponentially. A scientist can burn an 

animal bone and use a Geiger counter 

to determine the percentage of the 

smoke that is carbon-14. The amount 

by which this varies from the percent- 

age in the atmosphere tells how much 

carbon-14 has been lost. - 

The process of carbon-14 dat- 

ing was developed by the American 

chemist Willard E. Libby in 1952. It is 

known that the radioactivity in a living 

plant is 16 disintegrations per gram per 

minute. Since the half-life of carbon-14 

is 5750 years, an object with an activ- 

ity of 8 disintegrations per gram per 

minute is 5750 years old, one with an 

activity of 4 disintegrations per gram 

per minute is 11,500 years old, and so 

on. Carbon-14 dating can be used to 

measure the age of objects up to 40,000 

years old. Beyond such an age, it is too 

difficult to measure the radioactivity 

and some other method would have to 

be used. 

Carbon-14 dating was used to find 

the age of the Dead Sea Scrolls. It was 

also used to refute the authenticity of 

the Shroud of Turin, presumed to have 

covered the body of Christ. 
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EXAMPLE 5 Carbon Dating. The radioactive element carbon-14 has a half- 
life of 5750 years. The percentage of carbon-14 present in the remains of organic 
matter can be used to determine the age of that organic matter. Archaeologists dis- 
covered that the linen wrapping from one of the Dead Sea Scrolls had lost 22.3% of 
its carbon-14 at the time it was found. How old was the linen wrapping? 

In 1947, a Bedouin youth looking for a stray goat climbed into a cave at Kirbet 
Qumran on the shores of the Dead Sea near Jericho and came upon earthenware 

jars containing an incalculable treasure of ancient manuscripts. Shown here are 
fragments of those Dead Sea Scrolls, a portion of some 600 or so texts found so 
far and which concern the Jewish books of the Bible. Officials date them before 

70 A.D., making them the oldest Biblical manuscripts by 1000 years. 

Solution We first find k when the half-life T is 5750 years: 

In 2 k=—= 
ig 

In 2 
= Substituting 5750 for T 

5750 

k = 0.00012. 

Now we have the function 

P( t) = Pron oe 

(This function can be used for any subsequent carbon-dating problem.) If the linen 
wrapping has lost 22.3% of its carbon-14 from an initial amount Po, then 77.7% Pp is 
the amount present. To find the age t of the wrapping, we solve the following equa- 
tion for f: 

TITER, = Pye 
0.777 = 70.0121 

In 0.777 = Ine 2.00012! 

Substituting 77.7% Py for P 

Dividing by Pp and writing 77.7% as 0.777 

Taking the natural logarithm on both sides 

In 0.777 = —0.00012t Ine“ =x 

In 0.777 
= oe Dividing by —0.00012 
—0.00012 

ZO" == 1, 

Thus the linen wrapping on the Dead Sea Scrolls was about 2103 years old when it 

was found. Now Try Exercise 9. 
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56 eesExercise Set 

1. Population Growth of Houston. The Houston- 
Woodlands—Sugar Land metropolitan area is the 
fifth largest metropolitan area in the United States. 
In 2012, the population of this area was 6.18 million, 
and the exponential growth rate was 2.14% per year. 

alee a =| 

2 

a) Find the exponential growth function. 
b) Estimate the population of the Houston- 

Woodlands—Sugar Land metropolitan area in 
2018. 

c) When will the population of this metropolitan 
area be 8 million? 

d) Find the doubling time. 

2. Population Growth of Rabbits. _ Under ideal condi- 
tions, a population of rabbits has an exponential 
growth rate of 11.7% per day. Consider an initial 
population of 100 rabbits. 

a) Find the exponential growth function. 
b) What will the population be after 7 days? after 

2 weeks? 
c) Find the doubling time. 

3. Population Growth. Complete the following 
table. 

Growth Rate, k Doubling Time, T 

a) United States 77.0 years 

b) Bolivia 42.5 years 

c) Uganda 3.32% 

d) Australia 1.11% 

e) Sweden 385 years 

f) Laos 2.32% 

g) India 1.28% 

h) China 150.7 years 

i) Guinea 26.3 years 

j) Hong Kong 0.39% 

Bete 
4. E-Book Sales. |The revenue from e-book sales (not 

including educational textbooks) accounted for only 
0.5% of U.S. publishing sales in 2006. This percent- 
age grew to 22.6% in 2012. (Source: Association of 

| 

American Publishers) Assuming that the exponential 

growth model applies: 

a) Find the value of k and write the function. 

b) Estimate the percentage of U.S. publishing sales 
that were e-book sales in 2009 and in 2010. Round 

to the nearest tenth. 

. Population Growth of Haiti. The population of 
Haiti has a growth rate of 0.99% per year. In 2013, 
the population was 9,893,934, and the land area 
of Haiti is 32,961,561,600 square yards. (Source: 
U.S. Census Bureau) Assuming that this growth 
rate continues and is exponential, after how long 
will there be one person for every square yard of 
land? 

Flori any Atlantic Ocean 

Gulf of é a 
Mexicommaaes 4 : \ 

se 
ae 

7f 
@# _____ Dominican 

Caribbean Haiti Republic 
Seacuee 

= 

Puerto Rico 

“a 

. Picasso Painting. In May 2010, a 1932 painting, 

Nude, Green Leaves, and Bust, by Pablo Picasso, sold 
at a New York City art auction for $106.5 million to 
an anonymous buyer. The painting had belonged to 
the estate of Sydney and Francis Brody, who bought it 
for $17,000 in 1952 from a New York art dealer, who 
had acquired it from Picasso in 1936. (Sources: Asso- 
ciated Press, “Picasso Painting Fetches World Record 
$106.5M at NYC Auction,” by Ula IInytzky, May 4, 
2010; Online Associated Newspapers, May 6, 2010) 
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Assuming that the value Ag of the painting has 
grown exponentially: 

a) Find the value of k, and determine the exponen- 
tial growth function, assuming that Ag = 17,000 
and t is the number of years after 1952. 

b) Estimate the value of the painting in 2020. 

10. Tomb in the Valley of the Kings. 

Applications and Models: Growth and Decay; Compound Interest D7. 

In February 2006, 
in the Valley of the Kings in Egypt, a team of archae- 
ologists uncovered the first tomb since King Tut’s 
tomb was found in 1922. The tomb contained five 
wooden sarcophagi that contained mummies. The 
archaeologists believe that the mummies are from the 

c) What is the doubling time for the value of the 
painting? 

18th Dynasty, about 3300 to 3500 years ago. Deter- 

mine the amount of carbon-14 that the mummies 

have lost. d) After how long will the value of the painting be 
$240 million, assuming that there is no change in 
the growth rate? 

7. Interest Compounded Continuously. Suppose that 
$10,000 is invested at an interest rate of 5.4% per year, 
compounded continuously. 

a) Find the exponential function that describes the 
amount in the account after time ¢, in years. 

b) What is the balance after 1 year? 2 years? 5 years? 
10 years? 

c) What is the doubling time? 

8. Interest Compounded Continuously. Complete the 
following table. 
tan ee 11. Radioactive Decay. Complete the following 

table. 

Radioactive 
Substance Decay Rate, k Half-Life T 

3.1 min a) Polonium 

Initial 

Investment at 

t= 0, Ec 0 

Amount 

After 5 Years 
Interest 

Rate, k 

Doubling 
Time, T 

a) $35,000 

b) $5000 $7,130.90 

c) $9,923.47 (Po-218) 

d) 11 years $17,539.32 b) Lead 22.3 years 
e) $109,000 $136,503.18 (Pb-210) 
f) 46.2 years $19,552.82 c) Iodine 1.15% per day 

(1-125) 

‘ d) Krypton 6.5% per year 
9. Carbon Dating. In 1970, Amos Flora of Flora, Indi- (Kr-85) 

ana, discovered teeth and jawbones while dredging a e) Strontium 29.1 years 
creek. Scientists determined that the bones were from a (Sr-90) 
mastodon and had lost 77.2% of their carbon-14. How AAC ranium 70.0 years 
old were the bones at the time they were discovered? (U-232) 
(Sources: “Farm Yields Bones Thousands of Years Old,” g) Plutonium 24,100 years 
by Dan McFeely, Indianapolis Star, October 20, 2008; (Pu-239) 
Field Museum of Chicago, Bill Turnbull, anthropologist) 

4 oe 
bs 12. Advertising Revenue. The amount of advertising 

revenue in U.S. newspapers has declined continu- 
ally since 2006. In 2006, the advertising revenue was 
$49.3 billion, and in 2013 that amount had decreased 
to $20.7 billion (Source: Newspaper Association of 
America). Assuming that the amount of newspaper 
advertising revenue decreased according to the expo- 
nential decay model: 

a) Find the value of k, and write an exponential 
function that describes the advertising revenue 
after time t, in years, where t is the number of 
years after 2006. 
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b) Estimate the advertising revenue in 2008 and 
in 2012. 

c) At this decay rate, when will the advertising 
revenue be $16 billion? 

13. Married Adults. The data in the following table 
show that the percentage of adults in the United 
States who are currently married is declining. 

Percent of Adults 
Year Who Are Married 

Sources: Pew Research Center; 

U.S. Census Bureau 

Assuming that the percentage of adults who are 
married will continue to decrease according to the 
exponential decay model: 

a) Use the data for 1960 and 2012 to find the value 

of k and to write an exponential function that de- 
scribes the percent of adults married after time f, 

in years, where t is the number of years after 
1960. 

b) Estimate the percent of adults who are married in 
2015 and in 2018. 

c) At this decay rate, in which year will the percent 
of adults who are married be 40%? 

14, Lamborghini 350 GT. The market value of the 
1964-1965 Lamborghini 350 GT has had a recent 
upswing. In a decade, the car’s value increased from 
$66,000 in 1999 to $220,000 in 2009 (Source: 

“1964-1965 Lamborghini 350 GT; by David 
LaChance, Hemmings Motor News, July, 2010, p. 28). 

15. 

Exponential Functions and Logarithmic Functions 

Assuming that the value Vo of the car has grown 

exponentially: 

a) Find the value of k, and determine the exponen- 
tial growth function, assuming that V) = 66,000 
and t is the number of years after 1999. 

b) Estimate the value of the car in 2011. 

c) After how long was the value of the car $300,000, 
assuming that there is no change in the growth 
rate? 

Oil Consumption. In 1980, China consumed 1.85 
million barrels of oil per day. By 2012, that consump- 
tion had grown to 10.28 million barrels per day. 
(Sources: U.S. Energy Information Administration; 
NextBigThingInvestor.com) 

Assuming that the consumption of oil Cp in 
China has grown exponentially: 

a) Find the value of k, and determine the exponen- 
tial growth function, assuming that C) = 1.85 
and t¢ is the number of years after 1980. 

b) Estimate the consumption of oil in 2005. 
c) What is the doubling time for the consumption of 

oil in China? 
d) After how long will the consumption of oil in 

China be 13 million barrels per day, assuming that 
there is no change in the growth rate? 



16. 

ibe 

18. 

SECTION 5.6 

T206 Wagner Baseball Card. In 1909, the Pitts- 
burgh Pirates shortstop Honus Wagner forced 
the American Tobacco Company to withdraw his 
baseball card because it was packaged with cigarettes. 
Fewer than 60 of the Wagner cards still exist. In 1971, 
a Wagner card sold for $1000; and in September 
2007, a card in near-mint condition was purchased 

for a record $2.8 million (Source: USA Today, 9/6/07; 
Kathy Willens/AP). 

INOS ROR NN 

‘| 1208 SWEET C L n 
|] HONUS WAGNER EX fF} 

S(MC) | 
MOLLE T 18385994 | 

! The Standard ie 
iif for Bears fi 

Assuming that the value Wo of the baseball card 
has grown exponentially: 

a) Find the value of k, and determine the exponen- 
tial growth function, assuming that W, = 1000 
and t is the number of years since 1971. 

b) Estimate the value of the Wagner card in 2011. 
c) What is the doubling time for the value 

of the card? 
d) After how long was the value of the Wagner card 

$3 million, assuming that there is no change in the 
growth rate? 

Spread of an Epidemic. Ina town whose population 
is 3500, a disease creates an epidemic. The number of 
people N infected t days after the disease has begun is 
given by the function 

2 3500 

Lebi19. 9200 

a) How many are initially infected with the disease 
(t = 0)? 

b) Find the number infected after 2 days, 5 days, 
8 days, 12 days, and 16 days. 

c) Using this model, can you say whether all 3500 
people will ever be infected? Explain. 

Limited Population Growth in a Lake. _ A lake is 
stocked with 640 fish of a new variety. The size of 
the lake, the availability of food, and the number of 

N(t) 
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other fish restrict the growth of that type of fish in 
the lake to a limiting value of 3040. The population 
of fish in the lake after time ¢, in months, is given by 
the function 

3040 
Pep 
(4) lessen 

Find the population after 0, 1, 5, 10, 15, and 20 
months. 

Newtons Law of Cooling. Suppose that a body with 
temperature T, is placed in surroundings with temperature 
To different from that of T,. The body will either cool 
or warm to temperature T(t) after time t, in minutes, 

where 

TG) = Tee iy = Taleme 
Use this law in Exercises 19-22. 

i: 

20. 

21. 

22. 

A cup of coffee with temperature 105°F is placed in 
a freezer with temperature 0°F. After 5 min, the tem- 
perature of the coffee is 70°F. What will its tempera- 
ture be after 10 min? 

A dish of lasagna baked at 375°F is taken out of the 
oven at 11:15 A.M. into a kitchen that is 72°F. After 
3 min, the temperature of the lasagna is 365°F. What 
will the temperature of the lasagna be at 11:30 a.m.? 

A chilled jello salad that has a temperature of 43°F is 
taken from the refrigerator and placed on the dining 
room table in a room that is 68°F. After 12 min, the 
temperature of the salad is 55°F, What will the tem- 
perature of the salad be after 20 min? 

When Was the Murder Committed? The police 
discover the body of a murder victim. Critical to solv- 
ing the crime is determining when the murder was 
committed. The coroner arrives at the murder scene 
at 12:00 p.m. She immediately takes the temperature 
of the body and finds it to be 94.6°F. She then takes 
the temperature 1 hr later and finds it to be 93.4°F. 
The temperature of the room is 70°F. When was the 
murder committed? 
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Skill Maintenance 

Vocabulary Reinforcement 

In Exercises 23-28, choose the correct name of the principle 
or the rule from the given choices. 

23. 

24. 

25. 

26. 

27 

28. 

29. 

principle of zero products 
multiplication principle for equations 
product rule 
addition principle for inequalities 
power rule 
multiplication principle for inequalities 
principle of square roots 

quotient rule 

For any real numbers a, b, and c: Ifa < bandc > 0 

are true, then ac < bc istrue. Ifa < bandc < Oare 

true, then ac > bc is true. [1.6] 

For any positive numbers M and N and any logarith- 
mic base a, log, MN = log, M + log,N. [5.4] 

fob =.0is true, then’a = 0 orb = Ofand ifa"= 0 

or b = 0, then ab = 0. [3.2] 

Ifx” = ke then x = Wk or x — NT [3.2] 

For any positive number M, any logarithmic base a, 
and any real number p, log, M? = p log, M. [5.4] 

For any real numbers a, b, and c: Ifa = b is true, 
then ac = bc is true. [1.5] 

Synthesis 

Supply and Demand. The supply function and 
the demand function for the sale of a certain type of 
DVD player are given by 

S(p) = 150¢0-04? and D(p) aL. 480e ~ 0-003, 

respectively, where S(p) is the number of DVD play- 
ers that the company is willing to sell at price p and 
D(p) is the quantity that the public is willing to buy 
at price p. Find p such that D(p) = S(p). This is 
called the equilibrium price. 

30. 

31. 

32. 

DD. 

34. 

a>. 

36. 

Exponential Functions and Logarithmic Functions 

Carbon Dating. Recently, while digging in Chaco 

Canyon, New Mexico, archaeologists found corn 

pollen that was 4000 years old (Source: American 
Anthropologist). This was evidence that Native 
Americans had been cultivating crops in the South- 
west centuries earlier than scientists had thought. 
What percent of the carbon-14 had been lost from 

the pollen? 

Present Value. Following the birth of a child, a 
grandparent wants to make an initial investment Po 
that will grow to $50,000 for the child’s education 
at age 18. Interest is compounded continuously at 
5.2%. What should the initial investment be? Such an 
amount is called the present value of $50,000 due 18 

years from now. 

Present Value. 

a) Solve P = Pye“ for Py. 
b) Referring to Exercise 31, find the present value 

of $50,000 due 18 years from now at interest rate 
6.4%, compounded continuously. 

Electricity. The formula 

1 a M2 [1 = e (RL) | 

R 

occurs in the theory of electricity. Solve for t. 

The Beer-Lambert Law. _ A beam of light enters a 
medium such as water or smog with initial intensity 
Ip. Its intensity decreases depending on the thickness 
(or concentration) of the medium. The intensity J at a 
depth (or concentration) of x units is given by 

[= Ie a a 

The constant yx (the Greek letter “mu”) is called the co- 

efficient of absorption, and it varies with the medium. 
For sea water, u = 1.4. 

a) What percentage of light intensity J) remains in 
sea water at a depth of 1 m? 3 m?5 m? 50 m? 

b) Plant life cannot exist below 10 m. What percent- 
age of Ij remains at 10 m? 

Given that y = ae’, take the natural logarithm on 
both sides. Let Y = In y. Consider Y as a function of 
x. What kind of function is Y? 

Given that y = ax”, take the natural logarithm on 
both sides. Let Y = In yand X = In x. Consider Y as 
a function of X. What kind of function is Y? 
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Chapter 5 Summary and Review 

STUDY GUIDE 

KEY TERMS AND CONCEPTS EXAMPLES 

SECTION 5.1: INVERSE FUNCTIONS 

Inverse Relation Given y = —5x + 7, find an equation of the inverse relation. 

Ifa relation is defined by an equation, y=-5x +7 Relation 
then interchanging the variables produces ‘ J 

an equation of the inverse relation. ees 
Ove Ty: Inverse relation 

One-to-One Functions Prove that f(x) = 16 — 3x is one-to-one. 

A function f is one-to-one if different Show that if f(a) = f(b), then a = b. Assume f(a) = 
inputs have different outputs—that is, f(b). Since f(a) = 16 — 3aand f(b) = 16 — 3b, 

ifa ~ b, then f(a) # f(b). 1634916. 30 

Or a function f is one-to-one if when the —3a = —3b 
outputs are the same, the inputs are the a= b. 

same—that is, 

if f(a) = f(b), then a= b. 
Thus, if f(a) = f(b), then a = band fis one-to-one. 

Horizontal-Line Test Using its graph, determine whether each function is one-to-one. 

If it is possible for a horizontal line to in- a) y b) Yt 

tersect the graph of a function more than 

once, then the function is not one-to-one 
and its inverse is not a function. ‘4 % 

One-to-One Functions and Inverses 

- Ifa function fis one-to-one, then its 
inverse f ! is a function. a) There are many horizontal lines that intersect the graph 

« The domain of a one-to-one function f more than once. Thus the function is not one-to-one and its 

is the range of the inverse f_1. inverse is not a function. 

+ The range of a one-to-one function f is b) No horizontal line intersects the graph more than once. 
the domain of the inverse f—'. Thus the function is one-to-one and its inverse is a function. 

- A function that is increasing over its 

entire domain or is decreasing over its 

entire domain is a one-to-one function. 

The —1 in f' is not an exponent. 
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Obtaining a Formula for an Inverse Given the one-to-one function f(x) = 2 — x°, find a formula 

If a function fis one-to-one, a formula 

for its inverse can generally be found as 
follows: 

1. Replace f(x) with y. 

2. Interchange x and y. 

3. Solve for y. 

. Replace y with f'(x). > 

The graph of f~' is a reflection of the 

graph of facross the line y = x. 

If a function fis one-to-one, then f' is 
the unique function such that each of the 
following holds: 

Cer Gy = (FE) a 
for each x in the domain of f, and 

CSN Sale (Cae 
for each x in the domain of f—!. 

for its inverse. Then graph the function and its inverse on the 

same Set of axes. 

fies 
| 

Ligiet ou ea Replacing f(x) with y 

V V 
Za eee y 

3. Solve for y: 

Interchanging x and y 

Ve dey Adding y’ and subtracting x 

ee 

al 
Se 

3 3} x 
— — 3+ — 362 

Shae oe is: 3 3 

x a 

= riya : 3 (Fe) = FG) = (5) 
3) ae : 

- Ahi sears Sarit 

3 Xe el 3 

x=" | 

ae = Bar 3 She 
= =x 
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SECTION 5.2: EXPONENTIAL FUNCTIONS AND GRAPHS 

Exponential Function Graph: f(x) = 2% 9(x) = 2%, h(x) = 2-4, 

Vea ..O0{ (x)= as a > 0,4 1 and t(x) = 2" — 1. 

Continuous 

One-to-one 

Domain: (—oo, oo) 

Range: (0, co) 

Increasing ifa > 1 

Decreasing if0 <a < 1 

Horizontal asymptote is x-axis 

y-intercept: (0, 1) 

t(x) = 2*-1 

Compound Interest Suppose that $5000 is invested at 3.5% interest, compounded 

The amount of money A to which a prin- quarterly. Find the money in the account after 3 years. 

cipal P will grow after t years at interest r\nt 0.035 \*3 

rate r (in decimal form), compounded Ae p(1 st ") = 5000 ( + 2) 

n times per year, is given by the formula 
aed : y = $5551.02 

r nt ee, 
n 

The Number e Find each of the following, to four decimal places, using a 

calculator. 
e = 2.7182818284 ... 

e > = 0.0498; 
e*° = 90.0171 

Graph: f(x) = e“and g(x) =e"? — 4. 

g(x) =e*t2?-4 
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SECTION 5.3: LOGARITHMIC FUNCTIONS AND GRAPHS 

Logarithmic Function Graph: f(x) = log, x and g(x) = In(x — 1) + 2. 

Ve—log, x, 6. 0,47 0,0 J 

Continuous 

One-to-one ae ever 

Domain: (0, co) 

Range: (—00, co) 
f(x) = log, x g(x) =In(x-1) +2 

Increasing ifa > 1 

Vertical asymptote is y-axis 

x-intercept: (1, 0) 

The inverse of an exponential function 

f(x) = a is given by f'(x) = log, x. 

A logarithm is an exponent: Convert each logarithmic equation to an exponential equation. 

log,x = y<>x =a. l l 
log, — = —2<>4° =—; 

16 16 

ink = 3 eo ik 

Convert each exponential equation to a logarithmic equation. 

e > = 0.0067 <> 1n 0.0067 = —5; 

7? = 49<>log, 49 = 2 

log x means logy x Common logarithms _ Find each of the following without using a calculator. 

In x means log, x Natural logarithms log 100 = 2; log 10-5 = —5; 

For any logarithm base a, Inl = 0; logy 9 = 1; 

log,1 =0 and log,a = 1. 1 
= 2 In We = 3° (10g 64 = 6 

For the logarithm base e, 

Inl =0 and Ine=1. 88 0; ines 

Find each of the following using a calculator and rounding to 
four decimal places. 

2 
In 223 = 5.4072; log 5 =" — 0.6532; 

log(—8) Does notexist; 1n0.06 = —2.8134 

The Change-of-Base Formula Find log; 11 using common logarithms: 

For any logarithmic bases a and b, and log 11 
any positive number M, log; 11 = —— = 2.1827. 

log 3 
log, M 

log, M = eae Find log; 11 using natural logarithms: 
8a 

] 11 ne 2.1827 0 = = = 2. ; 
53 In 3 



Earthquake Magnitude 

The magnitude R, measured on the 

Richter scale, of an earthquake of 

intensity I is defined as 

I 
R= log ie 

0 

where Jp is a minimum intensity used for 
comparison. 

SECTION 5.4: PROPERTIES OF LOGARITHMIC FUNCTIONS 

The Product Rule 

For any positive numbers M and N, and 

any logarithmic base a, 

log, MN = log, M + log, N. 

The Power Rule 

For any positive number M, any logarith- 

mic base a, and any real number p, 

log, M? = plog, M. 

The Quotient Rule 

For any positive numbers M and N, and 

any logarithmic base a, 

M 
log, — = log, M — log, N. 

N 

For any base a and any real number x, 

loge = 6x. 

For any base a and any positive real 

number x, 

qi8a X= x 

Summary and Review 

What is the magnitude on the Richter scale of an earthquake of 
intensity 10°° + Ip? 

10. cor 
° = log 10°8 = 6.8 

I 
R= logs = log 

0 0 

2 Gali 
we in terms of sums and differences of Express log. 

logarithms. 

er cr \ 1/2 
log. 7 = log, (=) 

(log. c’r — log, b°) 

(log.c? + log. r — log. b°) 

(Q2 logger — 3 log, b) 

3log.b 

NI MIR NI 

=a st slog. r — 

Express In (3x? + 5x — 2) — In(x + 2) asa single logarithm. 

See 
Rear 

(Bee) (ae) 

83 ar 2 

In (3x ox — 2) lin (42) 

= lla 

= In (3x-— 1) 

Given log,7 ~ 0.8451 and log, 5 ~ 0.6990, find log, 7 and 
log, 35. 

1 
log, = = log, 1 — log,7 ~ 0 — 0.8451 ~ —0.8451; 

I log, 35 = log, (7°5) = log, 7 + log, 5 
0.8451 + 0.6990 ut 

=~ 1.5441 

Simplify each of the following. 

Ce log 10° = 43; 
log, a* = 4; Ce 
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The Base-Exponent Property 

korany a. 0; a 1) 

a =a <>x=y. 

The Property of Logarithmic Equality 

For any M > 0,N > 0,a > 0, and 

ae als 

log, M = log, N<> M = N. 

egg le) \ om oyee AU Neu date) nar ee ele wile) tw U lea meler \aiagal item telly yglel t 

Solve: 3°? = 81. 

tes BL Se 
2x —3=4 

2x = 7 

pa 
x= 3 

The solution is §. 

Solves 6” * = 2. 

logo = = oe) 

(x — 2)log6 = —3x log 2 

xlog6 — 2log6 = —3x log 2 

xlog6 + 3xlog2 = 2log6 

x(log6 + 3 log2) = 2log6é 

2 log 6 
6,0 = 

log 6 + 3 log2 

x = 0.9257 

Solve: log; (x — 2) + log; x = 1. 

logs [x(x — 2)] = 1 
K(x = 2h 3) 

M2 = 3 = 0 
(er 3) (aed en 

S35 — 40) Or ea 0 

x=3 or Ki = 

The number ~ 1 is not a solution because negative numbers do not 

have real-number logarithms. The value 3 checks and is the solution. 

solves In(% 4 10)h== la =F 4) Stine 

pena ea 
Xia 24 

aataeO 

x 4 

x 10 x(x +b 4) 

XK 1 Ol a ee 

0 =x + 3x — 10 

Ose 5) (x= 2) 

x+5=0 OG EX 2a) 

8 == = 5) OFF x=2 

=x 

The number —5 is not a solution because —5 + 4 = —l and 

In (—1) is not a real number. The value 2 checks and is the 
solution. 



SECTION 5.6: APPLICATIONS AND MODELS: GROWTH AND DECAY; COMPOUND INTEREST 

Exponential Growth Model 

POr= Pre k S10 

Doubling Time 

kT =1n2, or eee 
JE 

lin 2 
0 — 

Interest Compounded Continuously 

Pi \e—oP es ak 20 

Exponential Decay Model 

EGi\e= hj sake 0 

Half-Life 

Kien, Or tk = =, 

In 2 
on EL = 

Summary and Review 

In July 2013, the population of the United States was 

316.7 million, and the exponential growth rate was 0.9% per 

year (Source: CIA World Factbook 2014). After how long will 

the population be double what it was in 2013? Estimate the 

population in 2020. 

With a population growth rate of 0.9%, or 0.009, the dou- 
bling time T is 

In 2 In2 f==== 
k 0.009 

Be TT. 

The population of the United States will be double what it was 

in 2013 in about 77 years. 

The exponential growth function is 

P(t) = 316.7e°%", 

where ¢ is the number of years after 2013 and P(t) is in millions. 
Since in 2020, t = 7, we substitute 7 for f: 

P(Z)-= 316.7€°°? = 316.72°°° = 337.3. 

The population will be about 337.3 million, or 337,300,000, 

in 2020. 

Suppose that $20,000 is invested at interest rate k, compounded 

continuously, and grows to $23,236.68 in 3 years. What is the 

interest rate? What will the balance be in 8 years? 

The exponential growth function is of the form P(t) = 
20,000e"'. Given that P(3) = $23,236.68, substituting 3 for t and 
23,236.68 for P(t) gives 

23,236.68 = 20,000e"?) 

to get k ~ 0.05, or 5%. 
We then substitute 0.05 for k and 8 for t and determine P(8): 

P(8) = 20,000e°°*) = 20,000e°* ~ $29,836.49. 

Archaeologists discovered an animal bone that had lost 65.2% of 

its carbon-14 at the time it was found. How old was the bone? 

The decay rate for carbon-14 is 0.012%, or 0.00012. If the 

bone has lost 65.2% of its carbon-14 from an initial amount Pp, 

then 34.8% Pp is the amount present. We substitute 34.8% Py for 

P(t) and solve: 

34.8% Py = Bag soponizs 

0.348 = e 0:00012t 

In 0.348 = —0.00012t 

In0348 _ 
—0.00012 

8796 = t. 

The bone was about 8796 years old when it was found. 

387 
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REVIEW EXERCISES 

Determine whether the statement is true or false. 

1. The domain of a one-to-one function fis the range 
of the inverse f-’. [5.1] 

. The x-intercept of f(x) = log xis (0,1). [5.3] 

3. The graph of f | is a reflection of the graph of f 
across y = 0. [5.1] 

i) 

4. If it is not possible for a horizontal line to inter- 
sect the graph of a function more than once, then 
the function is one-to-one and its inverse is a 

function. [5.1] 

5. The range of all exponential functions is [0, 00). 
[5.2] 

6. The horizontal asymptote of y = 2° is y = 0. 
[5.2] 

7. Find the inverse of the relation 

Mee 227) 8s 3) nO, ao, (75a 

[5.1] 

8. Find an equation of the inverse relation. [5.1] 

ay = — Ix +3 
by y = 3x +27 — 1 
c) 0.8x° — 5,4y* = 3x 

Graph the function and determine whether the function is 

one-to-one using the horizontal-line test. [5.1] 

Oe) =" ales 3 10. f(x) = +1 

6 

Nestees | 
1 f(x) = 2%. = - i), co) es 

In Exercises 13-18, given the function: 

a) Sketch the graph and determine whether the function is 
one-to-one. [5.1], [5.3] 

b) [fit is one-to-one, find a formula for the inverse. [5.1], [5.3] 

13. f(x) = 2 - 3x 14. f(x) = : i - 

134/86 16. f(x) =e = 8 

17. f(x) = 3x* + 2x -1 18. f(x) = e 

For the function f, use composition of functions to show 
that f—' is as given. [5.1] 

VO) = 6x5, f(a) 
Xai 

6 

be ai — i 
20. f(x) = 

Find the inverse of the given one-to-one function f. Give the 
domain and the range of f and of f ' and then graph both f 
and f ' on the same set of axes. [5.1] 

21. f(x) = 2- 5x 22. f(x) = : = ; 

23. Find f(f '(657)): 

Ax? — 16x” 
f(x) = = ea bane (oad to) 

2A. Find f(f-'(a)): f(x) = W3x — 4. [5.1] 

Graph the function. 

Doe (x ae ol 

27. f(x) = —e* [5.2] 

29f(x) = 4lnx [5.3] 

26: f(x) eal.) 

28. f(x) = log, x [5.3] 

30. f(x) = logx — 2 
[5.3] 

In Exercises 31-36, match the equation with one of the 
figures (a)-(f) that follow. 

a) b) 

ae LR Se oe Lif 2 2545 6 T8oNy 

= Z c) 

KH NMWNWENADAAIO — 

315 f(x) =e > [5.2] 

33. y = —log; (x + 1) [5.3] 34. y = (3)* [5.2] 
Sout) eel — ee Oa a 

36. f(x) = |In(x — 4)| [5.3] 

32. f(x) = log, x [5.3] 



Find each of the following. Do not use a calculator. [5.3] 
37. logs 125 38. log 100,000 

39. Ine 40. In 1 

41. log 10!/4 42. log, V3 
43. log 1 44. log 10 

45. log, \/2 46. log 0.01 

Convert to an exponential equation. [5.3] 

47. log,x = 2 48. log, Q =k 

Convert to a logarithmic equation. [5.3] 

£94 — 7, 50. e* = 80 

Find each of the following using a calculator. Round to four 
decimal places. [5.3] 

51. log 11 52. log 0.234 

Sogn 54. In 0.027 

55. log (= 3) 56. In0 

Find the logarithm using the change-of-base formula. [5.3] 

57. log; 24 58. logs 3 

Express as a single logarithm and, if possible, simplify. [5.4] 

59. 3 log, x — 4log, y + log, z 

G0eintx 28)) n(x 1.20 4) ina 4 2) 

Express in terms of sums and differences of logarithms. [5.4] 

2 

61. In V, wr? 62. log j— 

Given that log,2 = 0.301, log, 5 = 0.699, and 
log, 6 = 0.778, find each of the following. [5.4] 

63. log, 3 64. log, 50 

65. log, + 66. log, \/5 

Simplify. [5.4] 

67. Ine * 68. log, 5 * 

Solve. [5.5] 

69. logyx = 2 TORS 9 

71. e* = 80 T2wAd Wt 8 = 61 

73. logie 4 = x 74. log, 125 = 3 

TARAS? ae Tos Galea a) eae 

POalOg ie aaeje= log( x1) — 1 

77. log x* = logx 78. e* = 0.02 

79. Saving for College. Following the birth of triplets, 

the grandparents deposit $30,000 in a college trust 
fund that earns 4.2% interest, compounded quarterly. 

a) Find a function for the amount in the account 

after t years. [5.2] 

80. 

81. 

82. 

83. 

84. 

85. 

86. 

87. 

88. 
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b) Find the amount in the account at t = 0, 6, 12, 

and 18 years. [5.2] 

Wind Power Capacity. Global wind power capacity 
is increasing exponentially. The total capacity, in 
gigawatts (GW), can be estimated with the exponential 
function 

W(t) = 29.9(1.26)', 

where t is the number of years after 2002 (Source: 
REN21). Find the global wind power capacity in 
2005 and in 2010. Then use this function to estimate 
the capacity in 2016. [5.2] 

How long will it take an investment to double 
if it is invested at 4.5%, compounded 
continuously? [5.6] 

The population of a metropolitan area consisting 
of 8 counties doubled in 26 years. What was the 
exponential growth rate? [5.6] 

How old is a skeleton that has lost 27% of its 

carbon-14? [5.6] 

The hydrogen ion concentration of milk is 
2.3 X 10 °. What is the pH? (See Exercise 98 in 
Exercise Set 5.3.) [5.3] 

Earthquake Magnitude. The earthquake in 
Kashgar, China, on February 25, 2003, had an 
intensity of 10°? + Ip (Source: U.S. Geological 
Survey). What is the magnitude on the Richter 
scale? [5.3] 

What is the loudness, in decibels, of a sound 

whose intensity is 1000J)? (See Exercise 101 in 
Exercise Set 5.3.) [5.3] 

Walking Speed. The average walking speed w, 
in feet per second, of a person living in a city of 
population P, in thousands, is given by the function 

w(P) = 0.37In P + 0.05. 
a) The population of Wichita, Kansas, is 353,823. 

Find the average walking speed. [5.3] 
b) A city’s population has an average walking speed 

of 3.4 ft/sec. Find the population. [5.6] 

Social Security Distributions. | Cash Social Security 
distributions were $35 million, or $0.035 billion, in 
1940. This amount has increased exponentially to 
$786 billion in 2012. (Source: Pew Research Center) 

Assuming that the exponential growth model applies: 

a) Find the exponential growth rate k. [5.6] 

b) Find the exponential growth function. [5.6] 

c) Estimate the total cash distributions in 1970, in 

2000, and in 2015. [5.6] 

d) In what year will the cash benefits reach 

$2 trillion? [5.6] 
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89. The Population of Cambodia. The population of 93. The graph of f(x) = log, x is which of the 
Cambodia was 15.2 million in 2013, and the expo- following? [5.3] 
nential growth rate was 1.67% per year (Source: U.S. IN B. - 

Census Bureau, World Population Profile). “a 

a) Find the exponential growth function. [5.6] on, 4 

b) What will the population be in 2017? in : : 
2020? [5.6] : 1 : 

c) When will the population be 18 million? [5.6] -4-3-271,| 4k oe | A 

d) What is the doubling time? [5.6] 2 7 

Ey = 

Cambodia Ve Cc 
yr 

3 

2) 

1 

S$ 3, B45 x x 

~2 
rae 

—4 

90. Which of the following is the horizontal asymptote ; 

of the graph of f(x) = e** + 22 [5.2] > Synthesis 

i ey eee Solve. [5.5] 
Cry = 13 Diy = 2 

94. |log,x| = 3 
91. Which of the following is the domain of the loga- 

rithmic function f(x) = log(2x — 3)? [5.3] ‘i 

A. (3, 00) B. (-co,3) 96. 5V* = 625 
CAs; 00) D) (coo) 

95. log x = Inx 

» Collaborative Discussion 
SS RUBY ; inge = 92. Me graph of f(x) = 2 i which of the following? [5.2] and Writi ng 

a ai 97. Atmospheric Pressure. Atmospheric pressure P at 
: ; an altitude a is given by 
: : P = Pye 0.000054, 

8s where P) is the pressure at sea level, approximately 
A ae es ae ae ee 14.7 Ib/in* (pounds per square inch). Explain how 
iy ea a barometer, or some device for measuring atmos- 
ef rf pheric pressure, can be used to find the height of a 

skyscraper. [5.6] 
C D: 

wh Yh 98. Explain how the graph of f(x) = In x can be used 
to obtain the graph of g(x) = e*~*. [5.3] 

99. Describe the difference between f '(x) and 

[f(x)J*. [5.1] 
100. Explain the errors, if any, in the following: 

log, ab’ = (log, a)(log, b®) = 3 log, b. [5.4] 

PRP alts IRD eg 
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5 Chapter Test 

1. Find the inverse of the relation 

{(=2,5), (4,3), (0-1), (6, -3}. 
Determine whether the function is one-to-one. Answer 
yes or no. 

YK 

\f 

2. 

In Exercises 4-7, given the function: 

a) Sketch the graph and determine whether the function is 
one-to-one. 

b) If it is one-to-one, find a formula for the inverse. 

Ds ti ae all Se fle x 

6. f(x) = Tope) tka oo aS 

8. Use composition of functions to show that f ! is as 
given: 

ie 40 3 fae 
3 — % 

4 

9. Find the inverse of the one-to-one function 

1 iam 
Give the domain and the range of fand of f ' and 
then graph both fand f ' on the same set of axes. 

Graph the function. 

10. f(x) =4~* 

11. f(x) = logx 

12. f(x) =e -3 

13, f(x). = In(x +2) 

Find each of the following. Do not use a calculator. 

14. log 0.00001 

15. Ine 

oe y 

os 
x 

16. In 1 

1 We log, W/4 

18. Convert to an exponential equation: Inx = 4. 

19. Convert to a logarithmic equation: 3° = 5.4. 

Find each of the following using a calculator. Round to four 
decimal places. 

20. In 16 

21. log 0.293 

22. Find log, 10 using the change-of-base formula. 

23. Express as a single logarithm: 

2 log, x — log, y + flog, z. 

24. Express In Wey in terms of sums and differences of 
logarithms. 

25. Given that log, 2 = 0.328 and log, 8 = 0.984, find 
log, 4. 

26. Simplify: Ine. 

Solve. 

27. logos5 = x 

28. log; x + log; (x + 8) = 2 

29 08 7 

30. e* = 65 

31. Earthquake Magnitude. The earthquake in Bam, in 
southeast Iran, on December 26, 2003, had an intensity 
of 10°° + Ip (Source: U.S. Geological Survey). What was 
its magnitude on the Richter scale? 

32. Growth Rate. A country’s population doubled in 
45 years. What was the exponential growth rate? 

33. Compound Interest. Suppose $1000 is invested at 
interest rate k, compounded continuously, and grows 
to $1144.54 in 3 years. 

a) Find the interest rate. 

b) Find the exponential growth function. 
c) Find the balance after 8 years. 
d) Find the doubling time. 
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34. The graph of f(x) = 2*~' + 1 is which of the > Synthesis 
following? we 

35. Solve: 4° * = 8. 
A. B. 

oc ne 

S97 | Pp ae e se 

= ae ee 



The longest escalator in the world is in the 

subway system in St. Petersburg, Russia. The 

escalator is 1084.6 ft long and drops a vertical 

distance of 195.8 ft. What is its angle of 

depression? 
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Trigonometric Functions of Acute Angles 

Hypotenuse 
He Opposite 0 

| 
Adjacent to 0 

Figure 1. 

Hypotenuse 
Bs Opposite 0 

| 
Adjacent to 0 

Figure 2. 

Hypotenuse 
he Opposite 0 

a 

Adjacent to @ 

Figure 3. 

Determine the six trigonometric ratios for a given acute angle of a right triangle. 

Determine the trigonometric function values of 30°, 45°, and 60°. 

Using a calculator, find function values for any acute angle, and given a function value 

of an acute angle, find the angle. 

Given the function values of an acute angle, find the function values of its complement. 

» The Trigonometric Ratios 

We begin our study of trigonometry by considering right triangles and acute angles 
measured in degrees. An acute angle is an angle with measure greater than 0° and 
less than 90°. Greek letters such as a@ (alpha), B (beta), y (gamma), 6 (theta), and 

¢ (phi) are often used to denote an angle. Consider a right triangle with one of its 
acute angles labeled 6. The side opposite the right angle is called the hypotenuse. 
The other sides of the triangle are referenced by their position relative to the acute 
angle 0. One side is opposite 6 and one is adjacent to 0. 

Hypotenuse 
- Side opposite 0 

CI 
Side adjacent to 6 

The lengths of the sides of the triangle are used to define the six trigonometric 
ratios: 

sine (sin), cosecant (csc), 

cosine (cos), secant (sec), 

tangent (tan), cotangent (cot). 

The sine of @ is the length of the side opposite @ divided by the length of the 
hypotenuse (see Fig. 1): 

length of side opposite 6 
sin 0 = 

length of hypotenuse — 

The ratio depends on the measure of angle @, and thus the ratio is a function of 
6. The notation sin @ actually means sin (0), where sin, or sine, is the name of the 
function. 

The cosine of 6 is the length of the side adjacent to @ divided by the length of 
the hypotenuse (see Fig. 2): 

length of side adjacent to 6 
Coss 

length of hypotenuse 

The tangent of 6 is the length of the side opposite @ divided by the length of 
the side adjacent to 0 (see Fig. 3): 

length of side opposite @ 
tan@ = 

length of side adjacent to 0 



Hypotenuse 

0 

Adjacent to 6 

12 

5 

13 

Opposite 6 
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The six trigonometric ratios, or trigonometric functions, are defined as 
follows. Here the domain of each function is the set of acute angles. Later in this 
chapter, the domain will be extended first to the set of all angles, or rotations, and 
then to the set of real numbers. 

TRIGONOMETRIC FUNCTION VALUES 
OF AN ACUTE ANGLE 0 

Let 6 be an acute angle of a right triangle. Then the six trigonometric 
functions of 6 are as follows: 

side opposite 0 hypotenuse 
sin 80 = ; CSCIOi = pare 

hypotenuse side opposite 0 

side adjacent to 0 hypotenuse 
cos @ = er See Oe , 

hypotenuse side adjacent to 0 

side opposite 0 side adjacent to 0 
tang = — : COLO ie eer rare 

side adjacent to 0 side opposite 6 

EXAMPLE 1 In the right triangle shown at left, find the six trigonometric 
function values of (a) 6 and (b) a. 

Solution We use the definitions. 

opp 12 hyp 13 
a) 4S 0 ho ee a ee CSO are = 

hyp 13 opp 12 
dj h The references to 

cos = Sie = Ep Het) = AYP. = 13 opposite, adjacent, and 
hyp 13° adj 5 Nasi are relative 

to 6. 

opp 12 adj 5 
ad = SS oes | — 

adj 5 opp 12 

Opp 5 hype 
b) SI se ee EE ii BE 

YP The references to 

Cae re hyp pelo. opposite, adjacent, and 
COS ee hyp aa hese adj 19? hypotenuse are relative 

; to a. 

opp adj 1) 
tana = — = — cota = — = — 

adj 12 opp 5 

Now Try Exercise 1. 

In Example 1(a), we note that the value of csc 0, 45, is the reciprocal of 4, the 
value of sin 6. Likewise, we see the same reciprocal relationship between the val- 
ues of sec 0 and cos 6 and between the values of cot @ and tan @. For any angle, 

the cosecant, secant, and cotangent function values are the reciprocals of the sine, 
cosine, and tangent function values, respectively. 

RECIPROCAL FUNCTIONS 

1 
é sec @ = >=, cot @ = 

sin 0 cos 0 tan 0 
csc 9 = 
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If we know the values of the sine, cosine, and tangent functions of an angle, 

we can use these reciprocal relationships to find the values of the cosecant, secant, 

and cotangent functions of that angle. 

EXAMPLE 2 Given that sing = ¢,cos¢ = 2, and tang = 4, find csc ¢, 

sec d, and cot ¢. 

Solution Using the reciprocal relationships, we have 

b 1 ] 5 é 1 1 5 
= =-=-, sec = =>-==-, 

we sn@ 4 4 cosd 3 3 

5 5 

and 

es 1 1 3 
cotd = =-=- 

fan) a4 

3 = 

V21 2 Aeik 
JUST EXAMPLE 3 _ Given that sinB = 2 ,cos B = = and tan B = “ree find 

IN 

Sala csc B, sec B, and cot B. 

Solution Using the reciprocal relationships, we have 

1 1 ) 
Satan wn Wor 

ee 
ae V21 5V21 Rationalizing the 
= \/21 \/21 pS oye denominator 

sec B = ar = : = = and 

5 
Dy dae NT ao eal avai 

tan\B Nopircn/ote V2] Ao] 21 
2. 

Triangles are said to be similar if their corresponding angles have the same 
measure. In similar triangles, the lengths of corresponding sides are in the same 
ratio. The right triangles shown below are similar. Note that the corresponding 
angles are equal, and the length of each side of the second triangle is four times the 
length of the corresponding side of the first triangle. 



PYTHAGOREAN EQUATION 

REVIEW SECTION 1.1 

= 
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Let’s observe the sine, cosine, and tangent values of 6 in each triangle. Can we 

expect corresponding function values to be the same? 

FIRST TRIANGLE SECOND TRIANGLE 

Pind i HPs ee) 
SR SU 

ae 16-4 
SOR oe CU es 

ante re at oak a 
4 16 4 

For the two triangles, the corresponding values of sin B, cos B, and tan B are 
the same. The lengths of the sides are proportional—thus the ratios are the same. 
This must be the case because in order for the sine, cosine, and tangent to be func- 

tions, there must be only one output (the ratio) for each input (the angle £). 

The trigonometric function values of 6 depend only on the measure of the ae 
angle, not on the size of the triangle. 

» The Six Functions Related 

We can find the other five trigonometric function values of an acute angle when 
one of the function-value ratios is known. 

EXAMPLE 4 Ifsinf = é and B is an acute angle, find the other five trigono- 

metric function values of . 

Solution We know from the definition of the sine function that the ratio 

7 hyp 

Using this information, let’s consider a right triangle in which the hypotenuse has 
length 7 and the side opposite B has length 6. To find the length of the side adjacent 
to B, we use the Pythagorean equation: 

Gabe Se 

Cee =7 

7 Fs a + 36 = 49 

@ = 49 — 36 = 13 

a 

We now use the lengths of the three sides to find the other five ratios: 

; 6 ' ey 
sin B = me csc B = 6 

MAB Ry, 7V13 
cos B = ae : sec B = a or ee 

6 6V13 LV 
tan B = Ayan or ine cot B = ret 

Now Try Exercise 9. 
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» Function Values of 30°, 45°, and 6O° 

In Examples 1 and 4, we found the trigonometric function values of an acute angle 

of a right triangle when the lengths of the three sides were known. In most situa- 

tions, we are asked to find the function values when the measure of the acute angle 

is given. For certain special angles such as 30°, 45°, and 60°, which are frequently 

seen in applications, we can use geometry to determine the function values. 
A right triangle with a 45° angle actually has two 45° angles. Thus the tri- 

angle is isosceles, and the legs are the same length. Let’s consider such a triangle 
whose legs have length 1. Then we can find the length of its hypotenuse, c, using 

the Pythagorean equation as follows: 

oes = cor 1c — tar c= V2, 

Such a triangle is shown below. From this diagram, we can easily determine the 
trigonometric function values of 45°. 

; opp 1 y 
sin45° — = = = 0.7071, 

hyp V2 
adj 1 2 

v2 l cos 45° J = 0.7071, 

hyp V2 
2 opp 1 

tan 45° = —- =—=] 
UI ae adj 1 

It is sufficient to find only the function values of the sine, cosine, and tangent, 
since the other three function values are their reciprocals. 

It is also possible to determine the function values of 30° and 60°. A right tri- 
angle with 30° and 60° acute angles is half of an equilateral triangle, as shown in 
the following figure. Thus if we choose an equilateral triangle whose sides have 
length 2 and take half of it, we obtain a right triangle that has a hypotenuse of 
length 2 and a leg of length 1. The other leg has length a, which can be found as 
follows: 

2 I 

wom Ny 

= 

We can now determine the function values of 30° and 60°: 

3 
="()5; sin 60° = or = 0.8660, 

Va 
cos 30° = — = 0.8660, €0s.60" = 4 = 0.5, 

2 ?) 

] 
I| 5 3 3 tan 30 aes 0.5774, tan 60° = —= = V3 = 1.7321. 

3 

Since we will often use the function values of 30°, 45°, and 60°, either the triangles 
that yield them or the values themselves should be memorized. 
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30° 45° 

sin Vo AND 

cos V3 /2 V2/2 

tan 73/3 1 

Let’s now use what we have learned about trigonometric functions of special 
angles to solve problems. We will consider such applications in greater detail in 
Section 6.2. 

EXAMPLE 5 Height of a Fireworks Display. Trajectories for fireworks in- 
volve variables such as the launch angle, the launch velocity, and the size of the shell. 
Using physics to calculate the trajectory, fireworks technicians know exactly the path 
of the shell. Launch angles vary from 45° to 90°. For every inch of the diameter of the 
shell, a firework can travel about 100 ft vertically and 70 ft horizontally. These dis- 
tances can vary depending on air resistance. (Sources: thinkquest.org, Pyrotechnico; 
www.dispatch.com, Aaron Harden) A 6-in. shell launched at an angle of 60° travels a 
horizontal distance of 390 ft. Approximate the height of the fireworks display. Round 
the answer to the nearest foot. 

Solution We begin with a diagram of the situation. We know the measure of an 
acute angle and the length of the adjacent side. 

Since we want to determine the length of the opposite side, we can use either 
the tangent ratio or the cotangent ratio. In this case, we use the tangent ratio: 

tan 60° = Bee = le 
adj 390 

390+ tan 60° = h Multiplying by 390 on both sides 

390° V3 a7 Substituting; tan 60° = V3 

675. = 

The fireworks display is approximately 675 ft high. 
Now Try Exercise 29. 

» Function Values of Any Acute Angle 

Historically, the measure of an angle has been expressed in degrees, minutes, and 
seconds. One minute, denoted 1’, is such that 60’ = 1°, or 1’ = g- (1°). One 
second, denoted 1”, is such that 60” = 1’, or 1” = 4: (1’). Then 61 degrees, 
27 minutes, 4 seconds could be written as 61°27'4”". This D°M’S” form was 

common before the widespread use of calculators. Now the preferred notation 
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Technology Connection 

We can use a graphing cal- 
culator set in DEGREE mode to 
convert between D°M'S” form 
and decimal degree form. 

elie SCI ENG 

eeyys 0123456789 

RADIAN fp]xeiit33 

ae]ER HORIZ G-T 

To convert D°M’S” form 
to decimal degree form in 
Example 6, we enter 5°42'30” 
using the ANGLE menu for the 
degree and minute symbols 
and Qa C+ ) for the 
third symbol. Pressing GGG 
gives us 

542,30" = 00/1. 

5.708333333 

A number must always 
be entered for degrees even if 
it is 0. Also, if there is a non- 
zero number of seconds, both 
degrees and minutes must be 
entered even if one or both is 0. 

To convert decimal degree 
form to D°M'S” form in 
Example 7, we enter 72.18 and 
access the P DMs feature in the 
ANGLE menu. 

72.18 ® DMS 

72°10'48" 

The Trigonometric Functions 

is to express fraction parts of degrees in decimal degree form. For example, 

61°27'4" ~ 61.45° in decimal degree form. Although the D°M'S” notation is still 

widely used in navigation, we will most often use the decimal form in this text. 

Most calculators can convert D°M'S" notation to decimal degree notation and 

vice versa. Procedures among calculators vary. 

EXAMPLE 6 Convert 5°42'30” to decimal degree notation. 

Solution We enter 5°42'30". The calculator gives us 

52430 Se 

rounded to the nearest hundredth of a degree. 
Without a calculator, we can convert as follows: 

5°42) 30) Soe et 42 ae asm 

30’ 1’ 30’ 
a ea 1” = —;30" = — 

60 60 60 
30’ 

—— eS) — = 0.5’ 
60 

42.5° 1° 42.5° 
= 5° + 1’ = —;42.5' = 

60 60 60 

42.5° 
= 5.7/1". = 0.71° 

60 
Now Try Exercise 37. 

EXAMPLE 7 Convert 72.18° to D°M’S” notation. 

Solution On a calculator, we enter 72.18. The result is 

72.18° = 72°10'48”". 

Without a calculator, we can convert as follows: 

721 Se Vo Os xX 1° 

ee (SS OO), Ln 60) 

3 FO? de TO 

ret 1) + 0.8 1 

7 2°24 10) 0.8 << 60" r= 7602 

= 72° + 10’ - 48" 

= 72°10'48" 
So far we have measured angles using degrees. Another useful unit for angle 

measure is the radian, which we will study in Section 6.4. Most calculators work 
with either degrees or radians. Be sure to use whichever mode is appropriate. In 
this section, we use the DEGREE mode. 

Keep in mind the difference between an exact answer and an approximation. 
For example, 

V3 
sin 60° = —— 

2 
This is exact. 

But using a calculator, you get an answer like 

sin 60° ~ 0.8660254038. This is an approximation. 

Calculators generally provide values only of the sine, cosine, and tangent 
functions. You can find values of the cosecant, secant, and cotangent by taking 
reciprocals of the sine, cosine, and tangent functions, respectively. 
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EXAMPLE 8 Using a calculator, find the trigonometric function value, rounded 
to four decimal places, of each of the following. 

a) tan 29.7° b) sec 48° c) sin 84°10'39” 

Solution 

a) We check to be sure that the calculator is in DEGREE mode. The function value is 

tan 29.7° 0.5703899297 

= 0.5704. Rounded to four decimal places 

v 

b) The secant function value can be found by taking the reciprocal of the cosine 
function value: 

sec 48° = > = 149447655 = 1.4945. 
cos 48 

c) We enter sin 84°10'39”. The result is 

sin 84°10'39” ~ 0.9948409474 =~ 0.9948. 

Now Try Exercises 61 and 69. 

We can use a calculator to find an angle for which we know a trigonometric 
function value. 

EXAMPLE 9 Find the acute angle, to the nearest tenth of a degree, whose sine 
value is approximately 0.20113—that is, given sin 6 = 0.20113, find 6. 

Solution The quickest way to find the angle with a calculator is to use an inverse 
function key. (We first studied inverse functions in Section 5.1 and will consider 
inverse trigonometric functions in Section 7.4.) First check to be sure that your cal- 
culator is in DEGREE mode. Usually two keys must be pressed in sequence. For this 

example, if we press 

SD GD 20115 Ga. 
we find that the acute angle whose sine is 0.20113 is approximately 11.60304613°, or 
16". Now Try Exercise 75. 

EXAMPLE 10 Ladder Safety. A window-washing crew has purchased new 
30-ft extension ladders. The manufacturer states that the safest placement on a wall 
is to extend the ladder to 25 ft and to position the base 6.5 ft from the wall (Source: 
R. D. Werner Co., Inc.). What angle does the ladder make with the ground in this 
position? 

Solution We make a drawing and then use the most convenient trigonometric 
function. Because we know the length of the side adjacent to 6 and the length of the 
hypotenuse, we choose the cosine function. 

From the definition of the cosine function, we have 

adjer* 6.54t 
cos 9 = —— = = = 026. 

hyp 25 ft aa 
Using a calculator, we find the acute angle whose cosine is 0.26: 

0 ~ 74.92993786°. Pressing QE) GP 0.26 GUD 65 ft 

Thus when the ladder is in its safest position, it makes an angle of about 75° 

with the ground. —_——— >I] 
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» Cofunctions and Complements 

Two angles are complementary whenever the sum of their measures is 90°. Each 

is the complement of the other. In a right triangle, the acute angles are comple- 

mentary, because the sum of all three angle measures is 180° and the right angle 

accounts for 90° of this total. Thus if one acute angle of a right triangle is 0, the 

other is 90° — 0. 
The six trigonometric function values of each of the acute angles in the right 

triangle below are listed on the right. Note that 53° and 37° are complementary 

angles because 53° + 37° = 90°. 

sin 37° =~ 0.6018 csc 37° = 1.6616 

cos 37° =~ 0.7986 sec 37” = 1.2521 

tan 37° =~ 0.7536 cot37 = 13270 

sin 53° ~ 0.7986 cs@53. = "lezo2t 

cos 53° ~ 0.6018 sec 53° ~ 1.6616 

tan 53° ~ 1.3270 cot 53° ~ 0.7536 

For these angles, we note that 

Si 5 7, = cos oo. é0s 37° = sin 53°, 

tan37 = cots3 . Cola? = iano. . 

Sec 37, =_CSe 53, csc a7 = sec 53 . 

The sine of an angle is also the cosine of the angle’s complement. Similarly, 
the tangent of an angle is the cotangent of the angle’s complement, and the secant 
of an angle is the cosecant of the angle’s complement. These pairs of functions are 
called cofunctions. A list of cofunction identities follows. 

COFUNCTION IDENTITIES 

sin@ = cos(90° — 8), cos @ = sin (90° — @), 

tan 0 = cot (90° — @), cot@ = tan (90° — 6), 

secO = cse(90° = @), ~vesc O = sec (90g) 

EXAMPLE 11 = Giventhatsin 18° ~ 0.3090, cos 18° ~ 0.9511, and tan 18° =~ 

0.3249, find the six trigonometric function values of 72°. 

Solution Using reciprocal relationships, we know that 

] 
csc 18° = — SO 36n 

sin 18 

} 1 
sec 18 = ~ = 1.0515, 

cos 18 

: 1 
and COtaliome = SMAI. 

tan 18° 

Since 72° and 18° are complementary, we have 

sin 72 = cos 18° = 0.9511, cos 72° = sin 18° ~ 0.3090, 

tan. 72° =(cor ls =a3.0ue cot 72° = tan 18° ~ 0.3249, 

Sec /2 = "CsclSe 436. csc 72° = sec 18° = 1.0515. 

Now Try Exercise 97. 
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= | ‘Exercise Set 

In Exercises 1-6, find the six trigonometric function values Given a function value of an acute angle, find the other five 
of the specified angle. trigonometric function values. 
L 2. 0.4 9. sind = a4 10: .cos'a,,= 0.7 

11. tand = 2 eae es 

0.3 oe 13. csc@ = 1.5 14. sec B = 17 

EMs Pe at 15. Coe 16. sino = 77 

Find the exact function value. 

17. cos 45° 18. tan 30° 
ah 

19. "sec.60" 20. sin 45° 

3 21. cot 60° 22..¢SC. 45), 

23. sin 30° 24. cos 60° 

25. tan 45° 26. sec 30° 

5 27.0680 30: 28. tan 60° 

29. Four Square. The game Four Square is making 
a comeback on college campuses. The game is 
played on a 16-ft square court divided into four 
smaller squares that meet in the center (Source: 
www.squarefour.org/rules). 

6. 

Ifa line is drawn diagonally from one corner to 
another corner, then a right triangle QTS is formed, 
where Z QTS is 45°. Using the cosecant function, 
find the length of the diagonal. Round the answer to 

\/5 7 the nearest tenth of a foot. 

Gl hat sina = ——,cos@ = ~, and 7. Given that sin a 3 3 Q 

5 
tan a = —— find csc a, sec a, and cot a. 

. aN) 1 16 ft 
8. Given that sin B = ee: cos B = ® and 

tan B = 2/2, find csc B, sec B, and cot f. 7 16 ft S 
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30. Distance to a Fire Cave. Massive trees can survive 
wildfires that leave large caves in them (Source: 
National Geographic, October 2009, p. 32). A hiker 
observes scientists measuring a fire cave in a 
redwood tree in Prairie Creek Redwoods State Park. 
He estimates that he is 80 ft from the tree and that the 
angle between the ground and the line of sight to the 
scientists is 60°. Approximate how high the fire cave 
is. Round the answer to the nearest foot. 

Convert to decimal degree notation. Round to two decimal 
places. 

Slee 43), B52 15) 

5 Bs sono) 34564-5353! 

aloes Sea 36; 19°47 '23" 

37. 49°38'46" 38., 7604 

397 15'S" 40. 68°2” 

41. 5°53” 42. 44'10” 

Convert to D°M'S” notation. Round to the nearest second. 

43. 17.6° 44. 20.14° 

45. 83.025° 46. 67.84° 

Aye AS? 48. 29.8° 

49, 47.8268° 50. 0.253° 

51. Oo 52, 3012505° 

53. 39.45° 54, 2.4° 

Find the function value. Round to four decimal places. 

55.8 0s Dy 56, <coul7. 

57. tan 4°13” 58. sin 26.1° 

59. sec 38.43° 60. cos 74°10'40” 

61. cos 40.35° 62. csc 45.2° 

63. sin 69° 64. tan 63°48’ 

65. tan 85.4° 66. cos 4° 

67. csc 89.5° 68. sec 35.28° 

69. cot 30°25'6" 70. sin 59.2° 

Using a calculator, find the acute angle 0, to the nearest 
tenth of a degree, for the given function value. 

71. sin@ = 0.5125 72. tan@ = 2.032 

73. tan@ = 0.2226 74. cos@ = 0.3842 

75. sin@ = 0.9022 76. tan@ = 3.056 

77. cos @ = 0.6879 78. sin@ = 0.4005 

79. cot@ = 2.127 80. csc @ = 1.147 

] 
(Hint tan ¢@ = ) 

cot 0 

81. sec @ = 1.279 S25 Cougs — 1351 

Find the exact acute angle 6 for the given function value. 

V2 V3 
3 

SB Sing = =e 84. cot@ = 

1 1 
S5acO SIGs — a= SOo.Sinigs—s— 

-) 2» 

NS 
S7aetaniGa—ell 88. cos@ = me 

IN 
89. csc 9 = ee 90. tan@ = V3 

Sl-ecougr— we 92. sec9 = Vo 

Use the cofunction and reciprocal identities to complete each 
of the following. 

93.6cos20° = 0 
rae 20° 

: " ] 
94. sin64° = 06a— 

Saas 64° 

e 1 
O5antanvoe ee —iCOt = 

a 5D. 

] 
96. sec 13° = csc = 
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97. Given that Solve. 

sin 65° ~ 0.9063, cos 65° = 0.4226, 106. e' = 10,000 [5.5] 
tan 65° ~ 2.1445, cot 65° ~ 0.4663, 107. 5° = 625 [5.5] 
Sec (65. =" 2.3662; csc 65° ~ 1.1034, 

find the six function values of 25°. 

98. Given that 

108. log (3x + 1) — log(x — 1) = 2 [5.5] 

109. log, x = 3 [5.5] 

sin 8° ~ 0.1392, cos 8° ~ 0.9903, » Synthesis 
tan 8° ~ 0.1405, cot 8° = 7.1154, 110. Given that cos 6 = 0.9651, find csc (90° — 6). 
sec 8° =~ 1.0098, CSCS = 7.118535 111. Given that sec B = 1.5304, find sin (90° — B). 

find the six function values of 82°. 

99. Given that sin 71°10'5” ~ 0.9465, cos 71°10'5” = 

0.3228, and tan 71°10'5” ~ 2.9321, find the six 

function values of 18°49'55”. 

100. Given that sin 38.7° ~ 0.6252, cos 38.7° ~ 0.7804, 
and tan 38.7° ~ 0.8012, find the six function values 

Oboe! 

101. Given that sin 82° = p, cos 82° = q, and 

tan 82° = r, find the six function values of 8° in 

112. Find the six trigonometric function values of a. 

|e 

113. Show that the area of this triangle is 5 ab sin 0. 

terms of p, q, and r. a 

>» Skill Maintenance ‘ 
Graph the function. p 

102 f(x) = 22 [522] 103. f(x) = e*/? [5.2] 

104. g(x) = log, x [5.3] 105. h(x) = Inx [5.3] 

Applications of Right Triangles 

> Solve Honneeaee | 

» Solve applied problems involving right triangles and trigonometric functions. 

» Solving Right Triangles 

Now that we can find function values for any acute angle, it is possible to solve 
right triangles. To solve a triangle means to find the lengths of all sides and the 

measures of all angles. 

106.2 a EXAMPLE 1. In AABC (shown at left), find a, b, and B, where a and b represent 

lengths of sides and B represents the measure of 2 B. Here we use standard lettering 

for naming the sides and the angles of a right triangle: Side a is opposite angle A, side 

q b is opposite angle B, where a and b are the legs, and side c, the hypotenuse, is op- 

b posite angle C, the right angle. 
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Solution In AABC, we know three of the measures: 

A = 61.7°, a=%, 

B= b= 2, 

C = 90°, c = 106.2. 

Since the sum of the angle measures of any triangle is 180° and C = 90°, the sum of 

A and B is 90°. Thus, 

Be=90; — A = 90° —6L7" = 28.3 . 

We are given an acute angle and the hypotenuse. This suggests that we can use 
the sine and cosine ratios to find a and b, respectively: 

opp a adj b née = = d 61.7° = — = : 
cae hype LOG es yale me hyp 106.2 

Solving for a and b and rounding to the nearest tenth, we get 

a = 106.2sin61.7° and b = 106.2 cos 61.7° 

aa ers bra 503, 

Thus, 

A = 617°, ad 9359; 

B = 28.3°, b= 50:3; 

C0 ee? 

E d F EXAMPLE 2 In ADEFF (shown at left), find D and F. Then find d. 

: Solution § In ADEF, we know three of the measures: 

+ D=2, d= 2% 
D E = 90°, e = 23, 

= %, fa 

We know the side adjacent to D and the hypotenuse. This suggests the use of the 
cosine ratio: 

adj 13 
60s DS Ss 

hyp 23 

We now find the angle whose cosine is 3 To the nearest hundredth of a degree, 

De Weta Pressing QD GP (13/23) Gi 

Since the sum of D and F is 90°, we can find F by subtracting: 

F = 90° — D = 90° — 55.58° = 34.42°. 

We could use the Pythagorean equation to find d, but we will use a trigonomet- 
ric function here. We could use cos F, sin D, or the tangent or cotangent ratio for 
either D or F. Let’s use tan D: 

Sphesiaas tan D = : 5 
adj bs 

oO d 

or tan55.58° =~ —, 
13 

Then 

a’ 2°13 tan 55/5819: 
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The six measures are 

Dr 5>, 50 a= 19; 

E = 90°, Ceo; 

Fe 34a, f= 13, 

» Applications 

Right triangles can be used to model and solve many applied problems. 

EXAMPLE 3 Walking at Niagara Falls. While visiting Niagara Falls, a tourist 
walking toward Horseshoe Falls on a walkway next to Niagara Parkway notices the 
entrance to the Cave of the Winds attraction directly across the Niagara River. She 
continues walking for another 1000 ft and finds that the entrance is still visible but at 
approximately a 50° angle to the walkway. 

a) How many feet is she from the entrance to the Cave of the Winds? 

b) What is the approximate width of the Niagara River at that point? 

Solution 

a) We know the side adjacent to the 50° angle and want to find the hypotenuse. We 
can use the cosine function: 

. 1000 ft 
cospUe = 

c 

c cos 50° = 1000 ft Multiplying by c 

1000 ft 
(ee z Dividing by cos 50° 

cos 50 

=~ 1556 ft. 

After walking 1000 ft, she is approximately 1556 ft from the entrance to the 
Cave of the Winds. 

b) We know the side adjacent to the 50° angle and want to find the opposite side. 
We can use the tangent function: 

b 
fan 50> = 

1000 ft 

b = 1000 ft- tan 50° ~ 1192 ft. 

The width of the Niagara River is approximately 1192 ft at that point. 

Now Try Exercise 21. 
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Run: 12 

Pitch: 10/12 

Rise: 10 

21 ft 

The Trigonometric Functions 

EXAMPLE 4 Rafters for a House. House framers can use trigonometric 

functions to determine the lengths of rafters for a house. They first choose the pitch 

of the roof, or the ratio of the rise over the run. Then using a triangle with that ratio, 

they calculate the length of the rafter needed for the house. José is constructing 

rafters for a roof with a 10/12 pitch on a house that is 42 ft wide. Find the length x 

of the rafter of the house to the nearest tenth of a foot. 

ABA eng eee, 1A herpes pees ee SON 

SAA 
S\\\, 

NANA &) \ XX 

Solution We first find the angle @ that the rafter makes with the side wall. We 
know the rise, 10, and the run, 12, so we can use the tangent function to determine 
the angle that corresponds to the pitch of 10/12: 

10 
tan 0 === = 0:8333: 

[2 

Using a calculator, we find that 9 ~ 39.8°. Since trigonometric function values 
of 0 depend only on the measure of the angle and not on the size of the triangle, the 
angle for the rafter is also 39.8°. 

To determine the length x of the rafter, we can use the cosine function. 
(See the figure at left.) Note that the width of the house is 42 ft, and a leg of this 
triangle is half that length, 21 ft. 

Care tk 
COS: 3 Ores 

% 

x cos 39.8° = 21 ft Multiplying by x 

2i it 
ee eros Dividing by cos 39.8° 

Kure 27 oft 

The length of the rafter for this house is approximately 27.3 ft. 

Now Try Exercise 33. 

Many applications with right triangles involve an angle of elevation or an angle 
of depression. The angle between the horizontal and a line of sight above the hori- 
zontal is called an angle of elevation. The angle between the horizontal and a line 
of sight below the horizontal is called an angle of depression. For example, sup- 
pose that you are looking straight ahead and then you move your eyes up to look 
at an approaching airplane. The angle that your eyes pass through is an angle of 



Station 

St. Sophia 

1825 ft 

Town 
Angle of elevation 

Mountain 

Village 

Angle of elevation 
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elevation. If the pilot of the plane is looking forward and then looks down, the pi- 
lot’s eyes pass through an angle of depression. 

EXAMPLE 5 Gondola Aerial Lift. 

Horizontal 

Angle of 
depression 

Angle of 
elevation *™ a 

In Telluride, Colorado, there is a free gon- 
dola ride that provides a spectacular view of the town and the surrounding moun- 
tains. The gondolas that begin in the town at an elevation of 8725 ft travel 5750 ft to 
Station St. Sophia, whose altitude is 10,550 ft. They then continue 3913 ft to Moun- 
tain Village, whose elevation is 9500 ft. 

a) 

b) 

What is the angle of elevation from the town to Station St. Sophia? 

What is the angle of depression from Station St. Sophia to Mountain Village? 

Solution We begin by labeling a drawing with the given information. 

a) 

b) 

Station St. Sophia 
Elevation: 10,550 ft 

The difference in the elevation of Station St. Sophia and the elevation of the 
town is 10,550 ft — 8725 ft, or 1825 ft. This measure is the length of the side op- 
posite the angle of elevation, 0, in the right triangle shown at left. Since we know 
the side opposite 6 and the hypotenuse, we can find @ by using the sine function. 

We first find sin 0: 

nl 825t 

5750 ft 
sin == 0.3174. 

Using a calculator, we find that 

Pressing QL) GLy 0.3174 Gp 

Thus the angle of elevation from the town to Station St. Sophia is approximately 
iRsbare 

When parallel lines are cut by a transversal, alternate interior angles are equal. 
Thus the angle of depression, 8, from Station St. Sophia to Mountain Village is 
equal to the angle of elevation from Mountain Village to Station St. Sophia, so 
we can use the right triangle shown at left. 

= 18.5°. 
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The difference in the elevation of Station St. Sophia and the elevation of 
Mountain Village is 10,550 ft — 9500 ft, or 1050 ft. Since we know the side 
opposite the angle of elevation and the hypotenuse, we can again use the sine 

function: 

1050 ft 

3913 ft 
sin B = ~ 0.2683. 

Using a calculator, we find that 

B ~ 15.6°. 

The angle of depression from Station St. Sophia to Mountain Village is approxi- 
mately 15.6°. 

Now Try Exercise 17. 

EXAMPLE 6 Height of a Bamboo Plant. Bamboo is the fastest growing land 
plant in the world and is becoming a popular wood for hardwood flooring. It can 
grow up to 46 in. per day and reaches its maximum height and girth in one season 
of growth. (Sources: Farm Show, Vol. 34, No. 4, 2010, p. 7; U-Cut Bamboo Business; 
American Bamboo Society) To estimate the height of a bamboo shoot, a farmer 
walks off 27 ft from the base and estimates the angle of elevation to the top of the 
shoot to be 70°. What is the approximate height h of the bamboo shoot? 

27 ft 

Solution § From the figure, we have 

As h 
tail: / 0" seen 

27 ft 

h = 27 ft-tan 70° =~ 74 ft. 

The height of the bamboo shoot is approximately 74 ft. —— EH 

Some applications of trigonometry involve the concept of direction, or bear- 
ing. In this text, we present two ways of giving direction, the first below and the 
second in Section 6.3. 
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Bearing: First-Type 

One method of giving direction, or bearing, involves reference to a north-south 
line using an acute angle. For example, N55°Wmeans 55° west of north and $67°E 
means 67° east of south. 

N N N N 

N55°W N60°E 

W 18 WwW Je W 18 W E 

S67°E 

S S S Ss 
$35°W 

A second-type of bearing that gives directions in degrees from north is cov- 
ered in Section 6.3. 

EXAMPLE 7 Distance to a Forest Fire. A forest ranger at point A sights a fire 
directly south. A second ranger at point B, 7.5 mi east of the first ranger, sights the 
same fire at a bearing of S27°23'W. How far from A is the fire? 

$27°23'W 

Solution We first find the complement of 27°23’: 

eI), 2) 23m Angle B is opposite side d in triangle BAF. 

= 62°37’ 

EOL 62. 

From the figure shown above, we see that the desired distance d is a side of right 
triangle BAF. We have 

ae 
7.5 mi 

d = 7.5 mi+tan 62.62° ~ 14.5 mi. 

~ tan 62.62° 

The forest ranger at point A is about 14.5 mi from the fire. 
Now Try Exercise 37. 
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+ i= 7 = 

BEE 

m= 

EXAMPLE 8 _ U.S. Cellular Field. In U.S. Cellular Field, the 

home of the Chicago White Sox baseball team, the first row of seats 

in the upper deck is farther away from home plate than the last row 
of seats in the original Comiskey Park, which it replaced. Although 
there is no obstructed view in U.S. Cellular Field, some of the fans still 
complain about the distance from home plate to the upper deck of 
seats. From a seat in the last row of the upper deck directly behind the 
batter, the angle of depression to home plate is 29.9°, and the angle of 
depression to the pitcher's mound is 24.2°. Find the viewing distance 
to home plate and the viewing distance to the pitcher's mound. 

GO SOX 

Pitcher Batter 
0, 

ean ont 

Solution From geometry, we know that 6; = 29.9° and 6, = 24.2°. The stan- 

dard distance from home plate to the pitcher’s mound is 60.5 ft. In the drawing, we 

let d, = the viewing distance to home plate, d, the viewing distance to the pitcher's 
mound, h the elevation of the last row, and x the horizontal distance from the batter 
to a point directly below the seat in the last row of the upper deck. 

We begin by determining the distance x. We use the tangent function with 
6, = 29.9° and 6, = 24.2°: 

h h 
tan 29.9° = — and tan. 24.2" as 

x Beyae ae. he! 

or 

h = xtan29.9° and h = (x + 60.5) tan 24.2°. 

Then substituting x tan 29.9° for h in the second equation, we obtain 

Xtan29:9° = (60,5) tan 242°. 

Solving for x, we get 

x tan 29.9° = x tan 24.2° + 60.5 tan 24.2° 

x tan 29.9° — x tan 24.2° = x tan 24.2° + 60.5 tan 24.2° — x tan 24.2° 

x(tan 29,9° — tan 24.2°)) = 60.5 tan 24.2° 

60.5 tan 24.2° 

tan 29.9° — tan 24.2° 

= 2165; 

x= 
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We can then find d, and d, using the cosine function: 

cos 29.9° 

or d, = 

d, 

26.5 ANS ae CONS 
BING, COQ DAI Ss 

d, d, 

26.5 DTT 
ae Ne LS SS 
cos 29.9 cos 24/2° 

249.7 d, =~ 303.7. 

The viewing distance to home plate is about 250 ft,* and the viewing distance to the 
pitcher's mound is about 304 ft. 

6.2 Exercise Set 

Now Try Exercise 25. 

In Exercises 1-6, solve the right triangle. 

if Dds 
F A 

6 d 

30° 10 

D E b 
i 

45° 
G 5 B 

2 C 4, 

5. P 6. h 
12 fo} if 28°34 

Aine ‘ 

y 232 

H 
42°22! 

N 
P 

In Exercises 7-16, solve the right triangle. (Standard 
lettering has been used.) 

7. A = 87°43’, a = 9.73 

8. a = 12.5, b = 18.3 

9. b = 100, c = 450 

10. B = 56.5°, c = 0.0447 

11. A = 47.58°, c = 48.3 

12. B = 20.6°, a = 7.5 

13. A = 35°, b = 40 

14. B = 69.3°, b = 93.4 

15. b = 1.86, c = 4.02 

16. a — 102,46 — 204 

17. Aerial Photography. An aerial photographer who 
photographs farm properties for a real estate com- 
pany has determined from experience that the best 
photo is taken at a height of approximately 475 ft and 
a distance of 850 ft from the farmhouse. What is the 
angle of depression from the plane to the house? 

Angle of 

depression 

elevation 

18. Memorial Flag Case. A tradition in the United 
States is to drape an American flag over the casket of 
a deceased U.S. Forces veteran. At the burial, the flag 

“In the original Comiskey Park, the distance to home plate was only 150 ft. 
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19. 

20. 
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is removed, folded into a triangle, and presented to 
the family. The folded flag will fit in an isosceles right 
triangle case, as shown below. The inside dimension 
across the bottom of the case is 214 in. (Source: Bruce 
Kieffer, Woodworker's Journal, August 2006). Using 
trigonometric functions, find the length x and round 
the answer to the nearest tenth of an inch. 

Zip Line. The ZipRider®, a zip line at Icy Straight 
Point, Alaska, is 5495 ft long, and has a vertical drop 
of 1320 ft (Source: www.ziprider.com). Find its angle 
of depression. 

Setting a Fishing Reel Line Counter. A fisherman who 
is fishing 50 ft directly out from a visible tree stump 
near the shore wants to position his line and bait ap- 
proximately N35°W of the boat and west of the stump. 
Using the right triangle shown in the drawing, deter- 
mine the reel’s line counter setting, to the nearest foot, 
to position the line directly west of the stump. 

21. Framing a Closet. Sam is framing a closet under a 
stairway. The stairway is 16 ft 3 in. long, and its angle 
of elevation is 38°. Find the depth of the closet to the 
nearest inch. 

™ 

. Loading Ramp. Charles needs to purchase a custom 
ramp to use while loading and unloading a garden 
tractor. When down, the tailgate of his truck is 38 in. 
from the ground. If the recommended angle that the 
ramp makes with the ground is 28°, approximately 
how long must the ramp be? 

. Longest Escalator. The longest escalator in the world 
is in the subway system in St. Petersburg, Russia. The 
escalator is 1084.6 ft long and drops a vertical distance 
of 195.8 ft. What is its angle of depression? 



24. Cloud Height. 

25 

26 

To measure cloud height at night, 
a vertical beam of light is directed on a spot on the 
cloud. From a point 135 ft away from the light source, 
the angle of elevation to the spot is found to be 67.35°. 
Find the height of the cloud to the nearest foot. 

Mount Rushmore National Memorial. While visit- 
ing Mount Rushmore in Rapid City, South Dakota, 
Landon approximated the angle of elevation to the top 
of George Washington's head to be 35°. After walking 
250 ft closer, he guessed that the angle of elevation had 
increased by 15°. Approximate the height of the Mount 
Rushmore memorial, to the top of George Washington's 
head. Round the answer to the nearest foot. 

250 ft 

Golden Gate Bridge. The Golden Gate Bridge has 
two main towers of equal height that support the two 
main cables. A visitor on a tour boat passing through 
San Francisco Bay views the top of one of the towers 
and estimates the angle of elevation to be 30°. After 
sailing 670 ft closer, he estimates the angle of eleva- 
tion to this same tower to be 50°. Approximate the 
height of the tower to the nearest foot. 

SECTION 6.2 

27: 

28. 

29. 

30. 

31. 
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Inscribed Pentagon. A regular pentagon is inscribed 
in a circle of radius 15.8 cm. Find the perimeter of 
the pentagon. 

Height of a Weather Balloon. A weather balloon is 
directly west of two observing stations that are 10 mi 
apart. The angles of elevation of the balloon from the 
two stations are 17.6° and 78.2°. How high is the bal- 
loon? 

Height of a Building. A window washer on a ladder 
looks at a nearby building 100 ft away, noting that 
the angle of elevation to the top of the building is 
18.7° and the angle of depression to the bottom of the 
building is 6.5°. How tall is the nearby building? 

Height of a Kite. Fora science fair project, a group 

of students tested different materials used to con- 
struct kites. Their instructor provided an instrument 
that accurately measures the angle of elevation. In 
one of the tests, the angle of elevation was 63.4° with 
670 ft of string out. Assuming the string was taut, 
how high was the kite? 

Quilt Design. Nancy is designing a quilt that she 
will enter in the quilt competition at the State Fair. 
The quilt consists of twelve identical squares with 
4 rows of 3 squares each. Each square is to have a 
regular octagon inscribed in a circle, as shown in the 
figure. Each side of the octagon is to be 7 in. long. 
Find the radius of the circumscribed circle and the 
dimensions of the quilt. Round the answers to the 
nearest hundredth of an inch. 
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34. 

aR 

36. 

37. 

38. 
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Rafters for a House. Blaise, an architect for luxury 
homes, is designing a house that is 46 ft wide with a 
roof whose pitch is 11/12. Determine the length of 
the rafters needed for this house. Round the answer 
to the nearest tenth of a foot. 

Rafters for a Medical Office. The pitch of the roof 
for a medical office needs to be 5/12. If the building 
is 33 ft wide, how long must the rafters be? 

Angle of Elevation. The Millau Viaduct in southern 
France is the tallest cable-stayed bridge in the world 
(Source: www.abelard.org/france/viaduct-de-millau. 
php). What is the angle of elevation of the sun when a 
pylon with height 343 m casts a shadow of 186 m? 

From a hot-air balloon Distance Between Towns. 

2 km high, the angles of depression to two towns 
in line with the balloon and on the same side of the 
balloon are 81.2° and 13.5°. How far apart are the 
towns? 

Distance from a Lighthouse. From the top of a light- 
house 55 ft above sea level, the angle of depression 
to a small boat is 11.3°. How far from the foot of the 
lighthouse is the boat? 

Lightning Detection. In extremely large forests, it is 
not cost-effective to position forest rangers in towers 
or to use small aircraft to continually watch for fires. 
Since lightning is a frequent cause of fire, lightning 
detectors are now commonly used instead. These de- 
vices not only give a bearing on the location but also 
measure the intensity of the lightning. A detector at 
point Q is situated 15 mi west of a central fire station 
at point R. The bearing from Q to where lightning 
hits due south of R is $37.6°E. How far is the hit from 
point R? 

Length of an Antenna. _ A vertical antenna is 
mounted atop a 50-ft pole. From a point on level 
ground 75 ft from the base of the pole, the antenna 
subtends an angle of 10.5°. Find the length of the 
antenna. 

oo. 

> 

75 ft 

Lobster Boat. A lobster boat is situated due west of 
a lighthouse. A barge is 12 km south of the lobster 
boat. From the barge, the bearing to the lighthouse 
is N63°20'E. How far is the lobster boat from the 
lighthouse? 

Skill Maintenance 

Find the distance between the points. [1.1] 

40. 

41. 

42. 

43. 

44. 

(—9, 3) and (0, 0) 

(8, =2 and: (—6;—4) 

Convert to a logarithmic equation: e* = ft. [5.3] 

Convert to an exponential equation: log 0.001 = —3. 
[5.3] 

Synthesis 

Diameter of a Pipe. A V-gauge is used to find the 

diameter of a pipe. The advantage of such a device is 
that it is rugged, it is accurate, and it has no moving 
parts to break down. In the figure, the measure of an- 
gle AVB is 54°. A pipe is placed in the V-shaped slot 
and the distance VP is used to estimate the diameter. 
The line VP is calibrated by listing as its units the 
corresponding diameters. This, in effect, establishes a 
function between VP and d. 
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a) Suppose that the diameter of a pipe is 2 cm. What the wrong place in the sky to see the plane. Suppose 
is the distance VPe that a plane is traveling directly at you at a speed of 

b) Suppose that the distance VP is 3.93 cm. What is 200 mph and an altitude of 3000 ft, and you hear the 

the diameter of the pipe? sound at what seems to be an angle of inclination of 
c) Find a formula for d in terms of VP. 20°. At what angle 6 should you actually look in order 

d) Find a formula for VP in terms of d. to see the plane? Consider the speed of sound to be 

45. Find h, to the nearest tenth. Met ae 

<p Perceived location Actual location 
of plane of plane when heard 

~7 

7 

46. Sound of an Airplane. It is common experience to 
hear the sound of a low-flying airplane and look at 

Trigonometric Functions of Any Angle 

»® Find angles that are coterminal with a given angle, and find the complement and 

the supplement of a given angle. 

® Determine the six trigonometric function values for any angle in standard position 

when the coordinates of a point on the terminal side are given. 

» Find the function values for any angle whose terminal side lies on an axis. 

» Find the function values for an angle whose terminal side makes an angle of 30°, 

45°, or 60° with the x-axis. 

» Use a calculator to find function values and angles. 

» Angles, Rotations, and Degree Measure 

An angle is a familiar figure in the world around us. 

Horizon Horizon 

Canadian border Mexican border 
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360° 

An angle is the union of two rays with a common endpoint called the vertex. 

In trigonometry, we often think of an angle as a rotation. To do so, think of locat- 

ing a ray along the positive x-axis with its endpoint at the origin. This ray is called 

the initial side of the angle. Though we leave that ray fixed, think of making a 

copy of it and rotating it. A rotation counterclockwise is a positive rotation, anda 

rotation clockwise is a negative rotation. The ray at the end of the rotation is called 

the terminal side of the angle. The angle formed is said to be in standard position. 

¥* Terminal side 

Vertex 

ae 

Initial side 

YR A positive 

rotation 

| (or angle) 
\ 

VA 

baa : 
A negative 

rotation 

(or angle) 

The measure of an angle or a rotation may be given in degrees. The Babylo- 
nians developed the idea of dividing the circumference of a circle into 360 equal 
parts, or degrees. If we let the measure of one of these parts be 1°, then one com- 
plete positive revolution or rotation has a measure of 360°. One half of a revolution 
has a measure of 180°, one fourth of a revolution has a measure of 90°, and so on. 
We can also speak of an angle of measure 60°, 135°, 330°, or 420°. The terminal 
sides of these angles lie in quadrants I, II, IV, and I, respectively. The negative rota- 
tions —30°, —110°, and —225° represent angles with terminal sides in quadrants 
IV, IL, and II, respectively. 

If two or more angles have the same terminal side, the angles are said to be 
coterminal. To find angles coterminal with a given angle, we add or subtract mul- 
tiples of 360°. For example, 420°, shown above, has the same terminal side as 60°, 
since 420° = 60° + 360°. Thus we say that angles of measure 60° and 420° are 
coterminal. The negative rotation that measures —300° is also coterminal with 
60° because 60° — 360° = —300°. The set of all angles coterminal with 60° can be 
expressed as 60° + n+ 360°, where n is an integer. Other examples of coterminal 
angles shown above are 90° and —270°, —90° and 270°, 135° and —225°, —30° and 
330°, and —110° and 610°. 
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EXAMPLE 1 Find two positive angles and two negative angles that are cotermi- 
nal with (a) 51° and (b) —7° 

Solution 

a) We add and subtract multiples of 360°. Many answers are possible. 

y VA 

= 669° 

411 1131° 

51° + 360° = 411° Sear AGA) = Wee 51° — 360° = —309° 51° — 2(360°) = —669° 

Thus angles of measure 411°, 1131°, —309°, and —669° are coterminal with 51°. 

JUST b) We have the following: 
IN 

TINE =]~ 4/3602 =9353°, =f 2 (360 t= Als 

ae —7? — 360° = —367°,  —7° — 10(360°) = —3607°. 

Thus angles of measure 353°, 713°, —367°, and —3607° are coterminal with —7°. 
Now Try Exercise 13. 

Angles can be classified by their measures, as seen in the following figures. 

Acute 0°< 6< Right: 0 = 90 Obtuse: 90° < 180° Straight: ie 180° 

Recall that two acute angles are complementary if the sum of their measures 
is 90°. For example, angles that measure 10° and 80° are complementary because 
10° + 80° = 90°. Two positive angles are supplementary if the sum of their mea- 
sures is 180°. For example, angles that measure 45° and 135° are supplementary 

because 45° + 135° = 180°. 

10° 

80° 45° isbs 

Complementary angles Supplementary angles 
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EXAMPLE 2 Find the complement and the supplement of 71.46°. 

Solution We have 

90° — 71.46° = 18.54° and 180° — 71.46° = 108.54°. 

Thus the complement of 71.46° is 18.54°, and the supplement is 108.54°. 
Now Try Exercise 19. 

» Trigonometric Functions 
of Angles or Rotations 

Many applied problems in trigonometry involve the use of angles that are not 
acute. Thus we need to extend the domains of the trigonometric functions defined 
in Section 6.1 to angles, or rotations, of any size. To do this, we first consider a 
right triangle with one vertex at the origin of a coordinate system and one ver- 
tex on the positive x-axis. (See the figure at left.) The other vertex is at P, a point 
on the circle whose center is at the origin and whose radius r is the length of the 
hypotenuse of the triangle. This triangle is a reference triangle for angle 0, which 
is in standard position. Note that y is the length of the side opposite 6 and x is the 
length of the side adjacent to 0. 

Recalling the definitions in Section 6.1, we note that three of the trigonometric 
functions of angle 6 are defined as follows: 

oO adj 
ay ee eee « sti 

r hyp hyp 
Since x and y are the coordinates of the point P and the length of the radius is the 
length of the hypotenuse, we can also define these functions as follows: 

aA ee? es an ; 
i adj x 

y-coordinate x-coordinate y-coordinate 
2. >= OS SS CS ee 

radius radius x-coordinate 

We will use these definitions for functions of angles of any measure. The fol- 
lowing figures show angles whose terminal sides lie in quadrants II, III, and IV. 



Positive: sin 

Negative: cos, tan 

II 

yA 

SONA 

Positive: All 

Negative: None 

— 

Ill 

Positive: tan 

Negative: sin, cos 

a) 

av 

IV 

Positive: cos 

Negative: sin, tan 

CeAse-3) 

eV 
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A reference triangle can be drawn for angles in any quadrant, as shown on 
the preceding page. Note that the angle is in standard position; that is, it is always 
measured from the positive half of the x-axis. The point P(x, y) is a point, other 
than the vertex, on the terminal side of the angle. Each of its two coordinates may 
be positive, negative, or zero, depending on the location of the terminal side. The 
length of the radius, which is also the length of the hypotenuse of the reference triangle, 

is always considered positive. ( Note that Jey —= 1 Or p= VW xo i) 

Regardless of the location of P, we have the following definitions. We now extend 
the domain of the six trigonometric functions to include all angles, or rotations. 

TRIGONOMETRIC FUNCTIONS OF ANY ANGLE 0 

Suppose that P(x, y) is any point other than the vertex on the terminal 
side of any angle @ in standard position, and r is the radius, or distance 
from the origin to P(x, y). Then the trigonometric functions are defined 

as follows: 

-coordinate radius r 
sin? = 4 = s csc 0 = =-(y 4 0), 

radius r y-coordinate y 

x-coordinate x radius r 
cos@ = =-, sc = = 0), 

radius r x-coordinate G 

-coordinate x-coordinate <x 
ne ee, coté = =—(y # 0). 

x-coordinate. _ Xx y-coordinate y 

Values of the trigonometric functions can be positive, negative, or zero, de- 
pending on where the terminal side of the angle lies. Since the length of the radius 
is always positive, the signs of the function values depend only on the coordinates 
of the point P on the terminal side of the angle. In the first quadrant, all function 
values are positive because both coordinates are positive. In the second quadrant, 
first coordinates are negative and second coordinates are positive; thus only the 
sine values and the cosecant values are positive. Similarly, we can determine the 
signs of the function values in the third and the fourth quadrants. Because of the 
reciprocal relationships, we need learn only the signs for the sine, cosine, and tan- 

gent functions. 

EXAMPLE 3 Find the six trigonometric function values for each angle shown. 

b) YA 

RV BV 

(ae il) 
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Solution 

a) We first determine r, the distance from the origin (0, 0) to the point (—4, —3). The 
distance between (0, 0) and any point (x, y) on the terminal side of the angle is 

t= \V (cu = Oey 0) = Vix? + x. 

Substituting —4 for x and —3 for y, we find 

he eae (43)? = Vie +9 = V25 = 5. 

Using the definitions of the trigonometric functions, we can now find the func- 
tion values of 6. We substitute —4 for x, —3 for y, and 5 for r: 

JUST 
IN 

TIME 

—3 5 r 5 5 
Me aoe = , csc? = - = = ; 

r 5 y ao 3 

iG —=4 4 jp 5 5 
COS i ee art sec? = - = ==>, 

if 3) 5 x =4) 4 

=3 3 Se =A 
eta a ee 5 cot? = —- = —_=-— 

RE —4 4 y =o 3 

As expected, the tangent value and the cotangent value are positive and the other 

four values are negative. This is true for all angles in quadrant III. 

b) We first determine r, the distance from the origin to the point (1, —1): 

P= VP (-1P = V1 +1 = V2. 

Substituting 1 for x, —1 for y, and V2 for r, we find 

is Wo fans 
7 === = ; co = \/2, 

r \/2 2 y a | 

eee 2 V2 
cos? = -—= = : SCC 0 De 

I Orn 2 1 
== al| XG 1 

A eee | wes = =I. 
i 1 y ill 

c) We determine r, the distance from the origin to the point ( sel V3) 

r= V(-1" + (V3)? =V143 = V4 =2 

Substituting —1 for x, V3 for y, and 2 for r, we find that the trigonometric func- 
tion values of 0 are 

V3 ie ae 
) csc 9 = = 

2 a ae 

COS 0) tee sec 9 = 
Dy, 2 sal 

V3 = 
tang = —— = -V3, coté = aes V3 

= V3 3 

Now Try Exercise 29. 

I sin 0 

| | | | 
oS 
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Any point other than the origin on the terminal side of an angle in standard 
position can be used to determine the trigonometric function values of that angle. 
The function values are the same regardless of which point is used. To illustrate 
this, let’s consider an angle 0 in standard position whose terminal side lies on the 
line y = —}x. We can determine two second-quadrant solutions of the equation, 
find the ean r for each point, and then compare the sine, cosine, and tangent 
function values using each point. 

Ifx = —4, then y = —3(—4) = 2. 

Ifx = —8, 5 eee = —3;(-8) 

For ( Pe eae 
For ( ag )r= V(-8)? + 4 = V0 = 4V5. 

Using (—4, 2) andr = 2/5, we find that 

la 

y 2 | \/5 
sind =—= - ere 

Sa Nene 
x =A ®) 2V5 

cos @ = i = 
Sua cob ko 
y) ] 

and tania x = } 
x “Al 2 

Using (—8, 4) andr = 4V/5, we find that 

2 MY f i V5 5 
sin@ = — = 

ji de (Vedas Srlions 
ee: =) 2V5 

cos = a == — = =e 

r 4V5 V5 5 
4 1 

and ore ty 
x = 2 

We see that the function values are the same using either point. Any point other 
than the origin on the terminal side of an angle can be used to determine the trigo- 
nometric function values. 

The trigonometric function values of @ depend only on the angle, not on 
the choice of the point on the terminal side that is used to compute them. 

» The Six Functions Related 

When we know one of the function values of an angle, we can find the other five if 
we know the quadrant in which the terminal side lies. The procedure is to sketch 
a reference triangle in the appropriate quadrant, use the Pythagorean equation as 
needed to find the lengths of its sides, and then find the ratios of the sides. 

EXAMPLE 4 Given that tan@ = — {and 0 is in the second quadrant, find the 

other function values. 

Solution We first sketch a second-quadrant angle. Since 

y ae) 2 
tan@d =—= = ; Expressing esas since @ is in quadrant II 

x 6 = 3 ani 
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YA we make the legs’ lengths 3 and 2. We measure off the 3 units in the negative direc- 

tion since @ is in quadrant II. The hypotenuse must then have length V 3 + 2, or 

13. Now we read off the appropriate ratios: 

2 aN 18 WE: 
Sag) = 5 OF 5 csc 0 

V13 13 pee 

3 
cos? = — 5 Oe = Ae, sec 9 ae 

RV 

tan@é = — COU Gi — an 2 

Now Try Exercise 35. 

» Terminal Side on an Axis 

An angle whose terminal side falls on one of the axes is a quadrantal angle. One of 
the coordinates of any point on that side is 0. The definitions of the trigonometric 
functions still apply, but in some cases, function values will not be defined because 

a denominator will be 0. 

EXAMPLE 5 Find the sine, cosine, and tangent values for 90°, 180°, 270°, and 
360°. 

Solution We first make a drawing of each angle in standard position and label a 
point on the terminal side. Since the function values are the same for all points on 
the terminal side, we choose (0, 1), (—1, 0), (0, —1), and (1, 0) for convenience. 
Note that r = 1 for each choice. 

y YA 

Then by the definitions we get 

0 — : $ ‘ a ] 
Sin o0———— — slr sins) ‘i —a()s sin2y70- = a = —|], sin oo: 4— 

cos 90° = —a())s Coss = It COSe 0a 

tan 90° = | 
S$ ier IS iS 

| 
eS 

-|o 

0 

1 

= 0, cos 360° = : = 1, 

0 

ie 
l 

, Not defined tansO=== == 10) tan 270 °-= ai Not defined tan 360° 

In Example 5, all the values can be found using a calculator, but you will find 
that it is convenient to be able to compute them mentally. It is also helpful to note 
that coterminal angles have the same function values. For example, 0° and 360° are 
coterminal; thus, sin 0° = 0, cos 0° = 1, and tan 0° = 0. 



Technology Connection 

Trigonometric values can 

always be checked using a 
calculator. When the value is 
not defined, the calculator will 
display an ERROR message. 

ERR: DIVIDE BY 0 

HB auit 
2: Goto 

ERR: DOMAIN 

Quit 
2: Goto 
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EXAMPLE 6 Find each of the following. 

a) sin (—90°) b) csc 540° 

Solution 

a) We note that —90° is coterminal with 270°. Thus, 

sin (—90°) = sin 270° = —1. 

b) Since 540° = 180° + 360°, 540° and 180° are coterminal. Thus, 

i ] 
csc 540° = csc 180° = ———~ = -, whichis not defined. 

sin 180 0 

Now Try Exercises 45 and 55. 

» Reference Angles: 30°, 45°, and 60° 

We can also mentally determine trigonometric function values whenever the 
terminal side makes a 30°, 45°, or 60° angle with the x-axis. Consider, for exam- 

ple, an angle of 150°. The terminal side makes a 30° angle with the x-axis, since 
180° — 150° = 30°. 

YA 

Reference 

angle 

As the figure shows, AONP is congruent to AON’P’; therefore, the ratios of 
the sides of the two triangles are the same. Thus the trigonometric function values 
are the same except perhaps for the sign. We could determine the function values 
directly from AONP, but this is not necessary. If we remember that in quadrant I], 

the sine is positive and the cosine and the tangent are negative, we can simply use 
the function values of 30° that we already know and prefix the appropriate sign. 
Thus, 

1 
snis0 = sin30 = Bs 

cos 150° = —cos 30° = ii 

‘ 1 V3 
and tan 150° = —tan 30° = OR. or ae 

3 

Triangle ONP is the reference triangle, and the acute angle 2 NOP is called a refer- 

ence angle. 

REFERENCE ANGLE 

The reference angle for an angle is the acute angle formed by the terminal 
side of the angle and the x-axis. 
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EXAMPLE 7 Find the sine, cosine, and tangent function values for each of the 

following. 

a) 225" b) —780° 

Solution 

a) We draw a figure showing the terminal side of a 225° angle. The reference angle 

is225 = 180,074 ° 

YA YK a 
a 

4 

=A, 
oka 
45°| | 

aN > oat Ss 

. xg > | oe 
45 

Reference 

angle 

225s DNS 

Recall from Section 6.1 that sin 45° = VD cos 45° = V2/2, and tan 45° = 1. 
Also note that in the third quadrant, the sine and the cosine are negative and the 
tangent is positive. Thus we have 

Sin VIS? = Le COSe oa — see An Gaetan. Saale 

b) We draw a figure showing the terminal side of a —780° angle. Since 
—780° + 2(360°) = —60°, we know that —780° and —60° are coterminal. 

YK 

1M3 

— 

a . eG y x 
60 60° 

Reference 

angle 

=a SOE —780° 

The reference angle for —60° is the acute angle formed by the terminal side of the 
angle and the x-axis. Thus the reference angle for —60° is 60°. We know that since 
—780° is a fourth-quadrant angle, the cosine is positive and the sine and the 

tangent are negative. Recalling that sin 60° = A 372: cos 60° = 1/2, and 

tan 60° = V3, we have 

siii(ee 7807) =| 4 

cos (—780°) = 

and tan (—780°) = —V3. Now Try Exercises 47 and 51. 



Technology Connection 

To find trigonometric function 
values of angles measured in 
degrees, we set the calculator 
in DEGREE mode. In the win- 
dows below, parts (a)—(f) of 

Example 8 are shown. 

cos(112) 

~ 3746065934 
1/cos(S00) 

—1.305407289 

tan(— 83.4) 

—8.642747461 

1/sin(351.75) 

—6.968999424 

cos(2400) 

="5 

sin(175°40'9") 

.0755153443 

INVERSE FUNCTIONS 

REVIEW SECTION 5.1 

|_@ 
(GL lee 

RV 

| 
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» Function Values for Any Angle 

When the terminal side of an angle falls on one of the axes or makes a 30°, 45°, or 60° 
angle with the x-axis, we can find exact function values without the use of a calculator. 
But this group is only a small subset of all angles. Using a calculator, we can approxi- 
mate the trigonometric function values of any angle. In fact, we can approximate or 
find exact function values of all angles without using a reference angle. 

EXAMPLE 8 Find each of the following function values using a calculator and 
round the answer to four decimal places, where appropriate. 

ayECcosa 12> b) sec 500° 

c) tan (—83.4°) d) se351.75; 

e) cos 2400° f) sin 175°40'9” 

g),cot (=135>) 

Solution Using a calculator set in DEGREE mode, we find the values. 

a) cos112° ~ —0.3746 

1 
b) sec 500° = Seen ean) Poer: 

cos 500 

c) tan (—83.4°) ~ —8.6427 

1 
d) csc 351.75° = — = = 6.9690 

SINS oleS 

e) cos 2400° = —0.5 

f) sin 175°40'9” = 0.0755 

1 
g)*cot(=135,) = == = 1 

tan (2065) ) Now Try Exercises 85 and 91. 

In many applications, we have a trigonometric function value and want to find 
the measure of a corresponding angle. When only acute angles are considered, 
there is only one angle for each trigonometric function value. This is not the case 
when we extend the domain of the trigonometric functions to the set of all angles. 
For a given function value, there is an infinite number of angles that have that 
function value. There can be two such angles for each value in the range from 0° 
to 360°. To determine a unique answer in the interval (0°, 360°), the quadrant in 
which the terminal side lies must be specified. 

The calculator gives the reference angle as an output for each function value 
that is entered as an input. Knowing the reference angle and the quadrant in which 
the terminal side lies, we can find the specified angle. 

EXAMPLE 9. Given the function value and the quadrant restriction, find 6. 

a) sin @ = 0.2812, 90° = 6 = 180° 

biecote)— 0,161 1 270-0 =<" 360° 

Solution 

a) We first sketch the angle in the second quadrant. We use the calculator to find 
the acute angle (reference angle) whose sine is 0.2812. The reference angle is ap- 
proximately 16.33°. We find the angle 6 by subtracting 16.33° from 180°: 

180: *="16.33 — 163.67 .. 

Thus, 0 ~ 163.67°. 
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YX 

x L/ 

| REVIEW SECTION 6.2 

BEARING: FIRST-TYPE 

b) We begin by sketching the angle in the fourth quadrant. Because the tangent 

and cotangent values are reciprocals, we know that 

1 
CAT see Oy os 

=O161! 

We use the calculator to find the acute angle (reference angle) whose tangent is 
6.2073, ignoring the fact that 6 is negative. The reference angle is approximately 

80.85°. We find angle 6 by subtracting 80.85° from 360°: 

360° — 80.85° = 279.15°. 

Thus, @ ~ 279.15" 
Bearing: Second-Type 

In aerial navigation, directions are given in degrees clockwise from north. Thus 
east is 90°, south is 180°, and west is 270°. Several aerial directions, or bearings, 
are given below. 

0° 0° 0° 0° 
N N N N 
rN 

h ne | Ww ee aa Bs EW r\ & w3077Y E 
270° | 90° 270° 99° 270° Pale oO 270° 90° 

Ss ~ 

S 

180° 180° 180° 180° 

EXAMPLE 10 Aerial Navigation. An airplane flies 218 mi from an airport 
in a direction of 245°. How far south of the airport is the plane then? How far west? 

Solution We first find the measure of Z ABC: 

LA BG, = 270° = 245° = 25". 

From the figure shown at left, we see that the distance south of the airport b and the 
distance west of the airport a are legs of a right triangle. We have 

and 

The 

b ; 
—— = sin 25 
218 

b = 218 sin 25° ~ 92 mi 

a 
arse COS. 2551 
218 

a = 218 cos 25> = 198 mit 

airplane is about 92 mi south and about 198 mi west of the airport. 

Now Try Exercise 105. 
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For angles of the following measures, state in which quad- 
rant the terminal side lies. It helps to sketch the angle in 
standard position. 

TLS 72 Doe 1432 

SaAS AD: 4. =1207 

5. 300: On1075~ 

7. —460.5° Sao15. 

9. =912° 1Os13 "15.58" 

P1537. 12. —345.14° 

Find two positive angles and two negative angles that are 
coterminal with the given angle. Answers may vary. 

13: 74 14. 81° 

15. 15:3" 1659275 10; 

17. Ga1s03 135-5105 

Find the complement and the supplement. 

19.aie7el 20. 47°38’ 

2 ees 14 4 22591038" 

23, 45.25 245 67.3.1 

Find the six trigonometric function values for the angle 
shown. 

25. YA 26. YA 

(Gale) 

r B F oa 

cl > 0 = i 
x r\ | 

(V7, —3) 

28. 

(Co ei)) 

—> 
x 

29. YA 30. YA 

b (9, 1) 
Ss if 

‘ : wocle 
(QNe yy 

The terminal side of angle 6 in standard position lies on 
the given line in the given quadrant. Find sin 0, cos 0, and 
tan 6. 

31. 2x + 3y = 0; quadrant IV 

32. 4x + y = 0; quadrant II 

33. 5x — 4y = 0; quadrant I 

34. y = 0.8x; quadrant II 

A function value and a quadrant are given. Find the other 
five trigonometric function values. Give exact answers. 

35. sind = —}; quadrant III 

36. tan B = 5; quadrant I 

37. cot@ = —2; quadrant IV 

38. cosa = —% quadrant II 

39. cosh = 2; quadrant IV 

40. sin@ = —7; quadrant III 

Find the reference angle and the exact function value if it 
exists. 

41. cos 150° 42sec (—225,) 

43. tan, (=135>) 44, sin (—45°) 

45. sin 7560° 46. tan 270° 

47. cos 495° 48. tan 675° 

AO Se (210s) 50. sin 300° 

Bis cot 570: 52. cos (120) 

53. tan 330° 54. cot 855° 

55. sec (—90°) 56. sin 90° 

57, cos (=-180-) 58. csc 90° 

59. tan 240° 60. cot (—180°) 

61. sin 495° 62. sin 1050° 

63. csc 225° 64. sin (—450°) 

65. cos 0° 66. tan 480° 

67. cot (—90°) 68. sec 315° 

69. cos 90° 70. Sie 155 2) 

71. cos 270° 72. tan 0° 

In Exercises 73-80, find the signs of the six trigonometric 
function values for the given angles. 

73.2319" TAS 

75. 194 76. —620° 
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US ON Oa 78. 290° 

Tals: 80. 91° 

Use a calculator in Exercises 81-84, but do not use the 
trigonometric function keys. 

81. Given that 

sin 41° = 0.6561, 

cos 41° = 0.7547, 

tan 41° = 0.8693, 

find the trigonometric function values for 319°. 

82. Given that 

sin 27° = 0.4540, 

cos 27° = 0.8910, 

tan 27° = 0.5095, 

find the trigonometric function values for 333°. 

83. Given that 

sin 65° = 0.9063, 

cos 65° = 0.4226, 

tan 65° = 2.1445, 

find the trigonometric function values for 115°. 

84. Given that 

sin 35° = 0.5736, 

cos 35° = 0.8192, 

tan 35° = 0.7002, 

find the trigonometric function values for 215°. 

Find the function value. Round to four decimal places. 

85. tan 310.8° 86. cos 205.5° 

87. cot 146.15° 88. sin (—16.4°) 

89. sin 118°42’ 90. cos 273°45' 

91. cos (—295.8°) 92. tan 1086.2° 

935 .c0s. 5417- 94. sec 240°55' 

95. (ese 520° 96. sin 3824° 

Given the function value and the quadrant restriction, find 0. 

FUNCTION VALUE INTERVAL 0 

97. sin@ = —0.9956 

98. tan 0 = 0.2460 

99. cos@ = —0.9388 180°, 270°) 

100. sec@ = —1.0485 90°, 180°) 

(270°, 360°) 

( 

( 

( 
101. tan@ = —3.0545 (270°, 360°) 

( 

( 

(90 

180°, 270°) 

102. sind = —0.4313 180°, 270°) 

103. csc @ = 1.0480 0°, 90°) 

104. cos@ = —0.0990 > 180°} 

105. Aerial Navigation. An airplane flies 150 km from 

an airport in a direction of 120°. How far east of the 
airport is the plane then? How far south? 

150 km 

S 
180° 

106. Aerial Navigation. An airplane leaves an airport 
and travels for 100 mi in a direction of 300°. How 
far north of the airport is the plane then? How far 
west? 

5 
180° 

107. Aerial Navigation. An airplane travels at 
150 km/h for 2 hr in a direction of 138° from 
Omaha. At the end of this time, how far south of 
Omaha is the plane? 

108. Aerial Navigation. An airplane travels at 
120 km/h for 2 hr in a direction of 319° from 
Chicago. At the end of this time, how far north of 
Chicago is the plane? 

» Skill Maintenance 

Graph the function. Sketch and label any vertical 
asymptotes. 

" 1 
109. f(x) = pele [4.5] 

110. g(x) = x — 2x + 1 [4.2] 

Determine the domain and the range of the function. 

He) 7 : [1.2], [4.5] 

2 =o 112. g(x) = ee —; [1.2], (4-1), [4.5] 



Find the zeros of the function. 

LIS f(x) = 12 -— x [1.5] 

114. g(x) = Be Na O32) 

Find the x-intercept(s) of the graph of the function. 

115. f(x) = 12 — x [1.5] 

116. g(x) = x* — x — 6 [3.2] 

» Synthesis 

117. Tallest Ferris Wheel. On March 31, 2014, the 
world’s tallest ferris wheel, the High Roller, opened 
in Las Vegas at the LINQ. Each cabin, which can fit 
up to 40 passengers, is 220 ft from the center of the 
wheel. The wheel makes one revolution in approxi- 
mately 30 min. (Source: Nancy Trejos, USA Today, 
April 7, 2014). When you board, you are 6 ft above 
the ground. After you have rotated through an angle 
of 315°, how far above the ground are you? 

Mid-Chapter Mixed Review 431 

118. Valve Cap ona Bicycle. The valve cap on a bicycle 
wheel is 12.5 in. from the center of the wheel. 
From the position shown, the wheel starts to roll. 
After the wheel has turned 390°, how far above 
the ground is the valve cap? Assume that the outer 
radius of the tire is 13.375 in. 

SY 12.5 in.) 
= 

+ 

13.375 in. 

Determine whether the statement is true or false. 

1. Ifsina > Oand cota > 0, then a is in the first 

quadrant. [6.3] 

3. If @ is an acute angle and csc@ ~ 1.5539, then 

cos (90° — 6) ~ 0.6435. [6.1] 

Solve the right triangle. [6.2] 

oo s LR 

2. The lengths of corresponding sides in similar 
triangles are in the same ratio. [6.1] 

30.7 
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Find two positive angles and two negative angles that are coterminal with the given angle. Answers may vary. [6.3] 

6a —-7 >, 7. 214-30! 

Find the complement and the supplement of the given angle. [6.3] 

8. 18.2° 9°87 15 aL0e 

10. Given that sin 25° = 0.4226, cos 25° = 0.9063, and 11. Find the six trigonometric function values for the 

tan 25° = 0.4663, find the six trigonometric function angle shown. [6.3] 
values for 155°. Use a calculator, but do not use the ok 

trigonometric function keys. [6.3] 

(—12, —5) 

12. Given cot 6 = 2 and @ in quadrant IH, find the other 13. Given cosa = Zand 0° < a < 90°, find the other 
five trigonometric function values. [6.3] five trigonometric function values. [6.1] 

14. Convert 42°08'50” to decimal degree notation. 15. Convert 51.18° to degrees, minutes, and seconds. 
Round to four decimal places. [6.1] [6.1] 

16. Given that sin 9° ~ 0.1564, cos 9° ~ 0.9877, and 17. Iftan@ = 2.412 and @ is acute, find the angle to the 
tan 9° ~ 0.1584, find the six trigonometric function nearest tenth of a degree. [6.1] 

values of 81°. [6.1] 

18. Aerial Navigation. An airplane travels at 200 mph for 15 hr in a direction of 285° from Atlanta. At the end of this 
time, how far west of Atlanta is the plane? [6.3] 

Without a calculator, find the exact function value. [6.1], [6.3] 

19. tan 210° 20. sin 45° 25. cot 30" 22. s€c 135> 

23. cos 45° 24. csc (—30°) 25. sin 90° 26. cos 270° 

27 sin207 28. sec 180° 29. tan (—240°) 30: cOt( 315") 

31. sin 750° 32. csc 45° 33. cos:2105 34. cot 0° 

So amcsc 1507 36. tan 90° 37. sec 3600° 38. cos 495° 

Find the function value. Round the answer to four decimal places. [6.1], [6.3] 

39. cos 39.8° 40. sec 50° 41. tan 2183° 42. sin 10°28'03” 

43. csc (—74°) 44. cot 142.7° 45. sin (—40.1°) 46. cos 87°15’ 

Collaborative Discussion and Writing 

47. Why do the function values of @ depend only on the 48. Explain the difference between reciprocal functions 
angle and not on the choice of a point on the terminal and cofunctions. [6.1] 
side? [6.3] 

49. In Section 6.1, the trigonometric functions are defined 50. Why is the domain of the tangent function different 
as functions of acute angles. What appear to be the from the domains of the sine function and the cosine 
ranges for the sine, cosine, and tangent functions given function? [6.3] 
the restricted domain as the set of angles whose mea- 
sures are greater than 0° and less than 90°? [6.1] 
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Radians, Arc Length, and Angular Speed 

» Find points on the unit circle determined by real numbers. 

» Convert between radian measure and degree measure; find coterminal, 

complementary, and supplementary angles. 

® Find the length of an arc of a circle; find the measure of a central angle of a circle. 

% Convert between linear speed and angular speed. 

Another useful unit of angle measure is called a radian. To introduce radian mea- 
sure, we use a circle centered at the origin with a radius of length 1. Such a circle is 
called a unit circle. Its equation is x? + y? = 1. 

YA 

cs y) 

RV 

x+y? =1 

» Distances on the Unit Circle 

The circumference of a circle of radius r is 27r. Thus for the unit circle, where 

r = 1, the circumference is 27. If a point starts at A and travels around the circle 
(Fig. 1), it will travel a distance of 277. If it travels halfway around the circle (Fig. 2), 

it will travel a distance of 5+ 27, or 7. 

VA 

Figure 1. Figure 2. 

If a point C travels 3 of the way around the circle (Fig. 3), it will travel a dis- 

tance of }+ 27, or 7/4. Note that C is { of the way from A to B. If a point D travels 

+ of the way around the circle (Fig. 4), it will travel a distance of ¢° 2a, or 77/3. 

Note that D is 5 of the way from A to B. 
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YA 

Figure 3. 

cx \ a y 

A\\ B 
e > e 

x 

"4 

‘ / 

Figure 4. 

EXAMPLE 1. How far will a point travel if it goes (a) 4, (b) 75, (c) 3, and (d) 2 of 
the way around the unit circle? 

Solution 

a) + of the total distance around the circle is 1. 2a, which is $77, or 77/2. 

b) The distance will be 4-27, which is; 7, or 7/6. 

c) The distance will be 2+ 2, which is 7 7, or 377/4. 

d) The distance will be 2+ 277, which is 2 7, or 57/3. Think of 57/3 as 7 + 377. 

These distances are illustrated in the following figures. 

ye YA VK YA 
307 

eee EA 
= Se tra oe ee 

PD Ne wh Vz S a7 ZX AN 
x A a *\ \ 

/ x aN 7 ~ Da 

\\ [ \ 
= - o> ———— 
x x x x 

2 x x x . 
ala fs x YX e i 

A point may travel completely around the circle and then continue. For 
example, if it goes around once and then continues ; of the way around, it will have 
traveled a distance of 27 + +27, or 57/2 (Fig. 5). Every real number determines 
a point on the unit circle. For the positive number 10, for example, we start at A and 
travel counterclockwise a distance of 10. The point at which we stop is the point 
“determined” by the number 10. Note that 27 ~ 6.28 and that 10 ~ 1.6(277). 
Thus the point for 10 travels around the unit circle about 1.6, or 13, times (Fig. 6). 

YA 

Figure 5. Figure 6. 
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For a negative number, we move clockwise around the circle. Points for —7/4 
and —37r/2 are shown in the figures below. The number 0 determines the point A. 

YA 

EXAMPLE 2 On the unit circle, mark the point determined by each of the 
following real numbers. 

OT 71 

ae err 

Solution 

a) Think of 97/4 as 27 + }7. (See the figure below.) Since 977 /4 > 0, the point 

moves counterclockwise. The point goes completely around once and then con- 
tinues ; of the way from A to B. 

YM 

b) The number —777/6 is negative, so the point moves clockwise. From A to B, the 
distance is 77, or 277, so we need to go beyond B another distance of 7/6, clock- 
wise. (See the figure below.) 

aN 

Now-Try Exercise 1. 

» Radian Measure 

Degree measure is a common unit of angle measure in many everyday applica- 
tions. But in many scientific fields and in mathematics (calculus, in particular), 
there is another commonly used unit of measure called the radian. 



436 CHAPTER G 

YX 

\ Y 6 = 2radians YS @ = 3radians 

The Trigonometric Functions 

RADIANS 

Consider the unit circle. Recall that this 
circle has radius 1. Suppose we mea- 
sure, moving counterclockwise, an arc 
of length 1, and mark a point T on the 
circle. If we draw a ray from the origin 
through T, we have formed an angle. 
The measure of that angle is 1 radian. 

(Bea ee 

The word radian is derived from the word radius. Thus measuring | “radius” 
along the circumference of the circle determines an angle whose measure is 1 radian. 
One radian is about 57.3°. 

One degree: One radian: 

1 radian ~ 57.3° 

=> 1° 

Angles that measure 2 radians, 3 radians, and 6 radians are shown below. 

y 
/  @ = 6radians 

1 1 

_ —_ 

@ = 90° 

= = radians 

1.57 radians N 

RV 

eV oy, 

When we make a complete (counterclockwise) revolution, the terminal side 
coincides with the initial side on the positive x-axis. We then have an angle whose 
measure is 277 radians, or about 6.28 radians, which is the circumference of the circle: 

2ar = 27(1) = 2m. 

Thus a rotation of 360° (1 revolution) has a measure of 27 radians. A half revolu- 
tion is a rotation of 180°, or 7 radians. A quarter revolution is a rotation of 90°, or 
a /2 radians, and so on. 

@ = 180° 6 = 270° @ = 360° 
ms ; 3 vin ae radians YA = — radians yA = 27 radians 
~ 3.14 radians ~ 4.71 radians =~ 6.28 radians 

> = 
] ae i x x 
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To convert between degrees and radians, we first note that 

360° = 277 radians. 

It follows that 

180° = 7 radians. 

To make conversions, we multiply by 1, noting the following. 

Converting Between Degree Measure and Radian Measure 

mradians _——-180° 

180° a radians 

qr radians 

180° 

° 

To convert from radian to degree measure, multiply by 

| To convert from degree to radian measure, multiply by 

7 radians’ 

EXAMPLE 3 Convert each of the following to radians. 
Technology Connection a) 120° b) —297.25° 

To convert degrees to radians, Solution 

we set the calculator in RADIAN fi , 7 radians is 
mode. Then we enter the angle a) 120 .— 12002 180° Multiplying by 1 
measure followed by ° (degrees) ss 
from the ANGLE menu. Finally, a al raed aane 

we press GG to see radian 180 
measure. Example 3 is shown 27 
here = —radians, or about 2.09 radians 

; 3 

120 . . 7 tadians 
2.094395102 b) =U JIS = NTS) 180° 

297.25" i 

ria radians 

To convert radians to 

degrees, we set the calculator _ _ 297.2577 et Foye 
in DEGREE mode. Then we enter 180 

the angle measure followed by * wes on adians 
(radians) from the ANGLE menu. Now Try Exercises 11 and 23. 

Finally, we press GAG to see 

degree measure. Example 4 is EXAMPLE 4 Convert each of the following to degrees. 
shown here. 

377 ; ; 
a) ——radians b) 8.5 radians 

(37/4) © 

135 

8.51 Solution 
487.0141259 3 130° 

377 7 3 
a) ——tadians = —— radians --——_ Multiplying by 1 

4 a radians 

3 
= —+180° = iti 180° = 135° 
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It is also helpful to visualize 
radian—-degree equivalents 
separately with unit circles 
divided into 8 and 12 
sections. 

Vf 

{90° 
135° 7 E i 45° 

x x 
/ 3K q 
f 4 4 

180°) x 010° 
\ te 

om 7m 
4 4 

* 3m x 
22509 De 3152 

|270° 

aN 

po. 60" 

S027, a A 30° 

P50 aN 
[ 6 

80°, 0 180 & 0\0 S 

7m 1s 
aoe AIT ST eNO 210 ac: ny 330 

ee 
240° T3790 300 

The Trigonometric Functions 

b) 8.5 radians = 8.5 radians > mae. 
qr radians 

8.5(180°) 
q 7 

= ARTAOL 
Now Try Exercises 35 and 43. 

The radian—degree equivalents of the most commonly used angle measures 

are illustrated in the following figures. 

VA YA 

90” 60: —270° : 

1355 To AS =2259 3m, solos 

S30 ; cane 30 51 Q Cre. 
4 4 nie 4 

180°; ar 0 —27\—360° 

27! 360° x —180° —7 ae Oe 
kus iat _ 39 _76Y 

Sr ian oe x 4_2| Z 4x30 
225° Zo 35 —135 : gina © 

270° —90 = 60) 

When a rotation is given in radians, the word “radians” is optional and is most 
often omitted. Thus if no unit is given for a rotation, the rotation is understood 
to be in radians. 

We can also find coterminal, complementary, and supplementary angles in 
radian measure just as we did for degree measure in Section 6.3. 

EXAMPLE 5 Find a positive angle and a negative angle that are coterminal with 
27/3. Many answers are possible. 

Solution To find angles coterminal with a given angle, we add or subtract mul- 
tiples of 277: 

277 277 677 87 
Sa tee ag + = . 

3 3 3 

217 277 187 1677 
—= = 3 (09 ie ; es 

Thus, 87/3 and —167r/3 are two of the many angles coterminal with 27/3. 

Now Try: Exercise 51. 

EXAMPLE 6 Find the complement and the supplement of 7/6. 

Solution Since 90° equals 7/2 radians, the complement of 77/6 is 

T 7 397 7 297 7 
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Since 180° equals 7 radians, the supplement of 77/6 is 

up Our wp Syar 

6 6 6 6— 

Thus the complement of 77/6 is 77/3 and the supplement is 57/6. 

Now Try Exercise 55. 

» Arc Length and Central Angles 

Radian measure can be determined using a circle other than a unit circle. In the 
figure at left, a unit circle (with radius 1) is shown along with another circle (with 

radius r,r ~ 1). The angle shown is a central angle of both circles. 
From geometry, we know that the arcs that the angle subtends have their 

lengths in the same ratio as the radii of the circles. The radii of the circles are r 
and 1. The corresponding arc lengths are s and s,. Thus we have the proportion 

Now s; is the radian measure of the rotation in question. It is common to use a 
Greek letter, such as 0, for the measure of an angle or a rotation and the letter s for 

arc length. Adopting this convention, we rewrite the proportion above as 

In any circle, the measure (in radians) of a central angle, the arc length the angle 
subtends, and the length of the radius are related in this fashion. Or, in general, the 
following is true. 

RADIAN MEASURE 

The radian measure 6 of a rotation is the ratio of the distance s, traveled 

by a point at a radius r from the center of rotation, to the length of the 
radius r: 

When we are using the formula 9 = s/r, 6 must be in radians and s 
and r must be expressed in the same unit. 
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sv 

Copyright © 2006 The Children’s Museum 

of Indianapolis 

EXAMPLE 7 Find the measure of a rotation in radians when a point 2 m from 

the center of rotation travels 4 m. 

Solution We have 

= The unit is understood to be radians. 

Now Try Exercise 65. 

EXAMPLE 8 Find the length of an arc of a circle of radius 5 cm associated with 

an angle of 27/3 radians. 

Solution We have 

Thus, s = 5 cm: 27/3, or about 10.47 cm. Now Try Exercise 63. 

» Linear Speed and Angular Speed 

Linear speed is defined to be distance traveled per unit of time. If we use v for 
linear speed, s for distance, and t¢ for time, then 

Similarly, angular speed is defined to be amount of rotation per unit of time. For 
example, we might speak of the angular speed of a bicycle wheel as 150 revolutions 
per minute or the angular speed of the earth as 27 radians per day. The Greek 
letter w (omega) is generally used for angular speed. Thus for a rotation 0 and 
time ¢, angular speed is defined as 

As an example of how these definitions can be applied, let’s consider the 
refurbished carousel at the Children’s Museum in Indianapolis, Indiana. It consists 
of three circular rows of animals. All animals, regardless of the row, travel at the 
same angular speed. But the animals in the outer row travel at a greater linear 

speed than those in the inner rows. What is the relationship between the linear 
speed v and the angular speed w? 

To develop the relationship we seek, recall that, for rotations measured in 
radians, 0 = s/r. This is equivalent to 

5 =r 0, 

We divide by time, ¢, to obtain 

ré 
= Ps Dividing by t 

milan 

lt I) 

Now s/t is linear speed v and 0/t is angular speed w. Thus we have the relationship 
we seek, 

Ve SQ: 
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—————— 

LINEAR SPEED IN TERMS OF ANGULAR SPEED 

The linear speed v of a point a distance r from the center of rotation is 
given by 

V- = TOs 

where w is the angular speed, in radians per unit of time. 

For the formula v = rw, the units of distance for v and r must be the same, 

w must be in radians per unit of time, and the units of time for v and w 
must be the same. 

EXAMPLE 9 Linear Speed of an Earth Satellite. An earth satellite in circular 
orbit 1200 km high makes one complete revolution every 90 min. What is its linear 
speed? Use 6400 km for the length of a radius of the earth. 

Solution To use the formula v = rw, we need to know r and w: 

r = 6400 km + 1200 km 

= 7600 km; 

0 27 7 
Q=—-= = = meat We have, as usual, omitted the word radians. 

t 90 min 45 min 

Radius of earth plus height of satellite 

Now, using v = rw, we have 

_ 76007 km 2 km 

5 min 45 min min 
= 7600 km > 

Thus the linear speed of the satellite is approximately 531 km/min. 
Now Try Exercise 71. 

EXAMPLE 10 Angular Speed of a Capstan. An anchor ona Navy vessel 
is hoisted at a rate of 2 ft/sec as the line is wound around a capstan with a 1.4-yd 
diameter. What is the angular speed of the capstan? 

“| 1.4yd 

Solution We will use the formula v = rw in the form w = v/r, taking care to 
use the proper units. Since v is given in feet per second, we need to give r in feet: 

4 3 ft 

l yd 
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Then w will be in radians per second: 

vy 2 ft/sec wor 
= — = = ().952/sec. 

COS ge See Te / 

Thus the angular speed is approximately 0.952 radian /sec. 

The formulas 6 = wt and v = rw can be used in combination to find dis- 
tances and angles in various situations involving rotational motion. 

EXAMPLE 11 Angle of Revolution. A 2014 Toyota FJ Cruiser is traveling at 
a speed of 70 mph. Its tires have an outside diameter of 30.875 in. Find the angle 
through which a tire turns in 10 sec. 

30.875 in. 
On 

Solution § Recall that a = 6/t, or 9 = wt. Thus we can find @ if we know w and 
t. To find w, we use the formula v = rw. The linear speed v of a point on the outside 
of the tire is the speed of the FJ Cruiser, 70 mph. For convenience, we first convert 
70 mph to feet per second: 

mi thr Imin 5280 ft 

hr 60min 60sec 1 mi 
v = 70 

ft 
= 102.667 —. 

sec 

The radius of the tire is half the diameter. Nowr = d/2 = 30.875/2 = 15.4375 in. 
We will convert to feet, since v is in feet per second: 

l ft 
r = 15.4375 in.: — 

12 in. 

15.4375 

12 

1.29 ft. ul 

Using v = rw, we have 

ft 
102.667 — = 1.29 ft: a, 

sec 
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so 

_ 102.667 ft/sec 79.59 

1.29 ft sec 

Then in 10 sec, 

79.59 
0 -1l0sec = 796. 

sec 

Thus the angle, in radians, through which a tire turns in 10 sec is 796. 
Now Try Exercise 79. 

EXAMPLE 12 Angular Speed of a Gear Wheel. One gear wheel turns 
another, the teeth being on the rims. The wheels have 9-in. and 5-in. radii, and 
the smaller wheel rotates at 48 rpm. Find the angular speed of the larger wheel, in 
radians per second. 

Solution Let w, = the angular speed of the smaller wheel and w, = the angu- 
lar speed of the larger wheel. The wheels have the same linear speed, so we have 

V = 50), = 9@>. 

We first convert the angular speed of the smaller wheel, 48 rpm (revolutions per 
minute), to radians per second: 

48 + ar 1 revolution = 277; 

Cee es 1 min 48 revolutions = 48°27 = 967 

967 ~=—dL min 

1min 60 sec 

1.677 /sec 

= 5.027 /sec. 

Next, we substitute 5.027 /sec for w, and solve for @,: 

5@ = 9w> 

5(5.027 /sec) 

25.135ysec 

2.793 / sec 

Iw» 

Iw, 

ul W). 

The angular speed of the larger wheel is about 2.793 radians/sec, or 2.793/sec. 

Now Try Exercise 81. 
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6.4 ~ Exercise Set 

For Exercises 7 and 8, sketch a unit circle and mark the 

approximate location of the point determined by the given 

real number. 

For each of Exercises 1-4, sketch a unit circle and mark the 
points determined by the given real numbers. 

7 Bs S10 
1. a) i b) ee c) a Ta b) 75 

d) lla f) 177 c) 32 d) 320 

7 Crees aoe 
4 4 8. a) 0.25 b) 1.8 

c) 47 d) 500 
57r 

2. a) b) re c) Convert to radian measure. Leave the answer in terms of 77. 

137 935755 10. 30° 
d) = f) 

: 11. 200° 12. —135° 
27r oa ° ° 

30a) b) a c) 13.e—214.6 14. 37.71 

155180: 16. 90° 
d 147 £ 

) ee ) Pies 18763° 

30 19. —340° 20. —60° 
CP el ee by — c) 

4 Convert to radian measure. Round the answer to two 

Wir j yes ey f) decimal places. 

6 21-240" 2205. 

Find two real numbers between —27r and 277 that 23° =—60° O40 pas 

determine each of the points on the unit circle. : 
25. be 26..— 23512, 

5: YA 

pape estou 28. 584° 

29. 345° 30; =75: 
ve 

31. 95° 32. 24.8° 
— 

si Convert to degree measure. Round the answer to two 

¥Q decimal places where appropriate. 

ate 377 7. N Dees eee 
4 6 

6. 
a 35. 87 eee 

3 
N 

a7. 1 a8.2 12.6 
AL 

BO 547 40. 25 
> 

fs 5a 
+f 41. fat 42. —69r 
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43. —90 44, 37.12 Complete the following table. Round the answers to two 
a on pi decimal places. 
tr 46. BH DISTANCE, s 

a (ARCLENGTH) RADIUS,r ANGLE, 6 
47. Certain positive angles are marked here in degrees. 

Find the corresponding radian measures. 61. 8 ft 314 
: 2 

a 62. 200 cm 45° 
90° 60° Bae 

135 eee iy aes ‘¢ x. 30° 63. 4.2 in. D 

180° a 64. 16 yd 5 
360° x y 

65. Ina circle with a 120-cm radius, an arc 132 cm long 
99 es : 315° subtends an angle of how many radians? how many 

270° degrees, to the nearest degree? 

66. Ina circle with a 10-ft diameter, an arc 20 ft long 

48. Certain negative angles are marked here in degrees. subtends an angle of how many radians? how many 
Find the corresponding radian measures. degrees, to the nearest degree? 

YN 67. Ina circle with a 2-yd radius, how long is an arc 
770° associated with an angle of 1.6 radians? 

225 «315° 68. Ina circle with a 5-m radius, how long is an arc 
associated with an angle of 2.1 radians? 

—360° : 
—780° (eal ie 69. Angle of Revolution. A tire on a 2014 Dodge 

Ss Durango SUV has an outside diameter of 36.32 in. 
X_ 450 Through what angle (in radians) does the tire turn 

~135° Mac? 
~90° — 60 while traveling 1 mi? 

Find a positive angle and a negative angle that are 
coterminal with the given angle. Answers may vary. 

7 ST 
ele = DO tae 

4 6) 

777 
od Pe ad ya 

6 

Oar 377 ; 
SS aauaus 5a 70. Angle of Revolution. Through how many radians 

3 : does the minute hand of a wristwatch rotate from 

Find the complement and the supplement. 12:40 p.m. to 1:30 P.M.? 

T ST 37 
th, ee DO as 1 re 

x 3 12 8 

7 7 7 
ee 59, — 60. — 

2 4 12 6 
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71. 

72. 

Lae 

74. 

7D: 

76. 
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Linear Speed. A flywheel with a 15-cm diameter 
is rotating at a rate of 7 radians/sec. What is the 
linear speed of a point on its rim, in centimeters per 

minute? 

Linear Speed. A wheel with a 30-cm radius is 
rotating at a rate of 3 radians /sec. What is the 
linear speed of a point on its rim, in meters per 
minute? 

Linear Speeds on a Carousel. When Brett and 
Will ride the carousel described earlier in this sec- 
tion, Brett always selects a horse on the outside row, 
whereas Will prefers the row closest to the center. 
These rows are 19 ft 3 in. and 13 ft 11 in. from the 
center, respectively. The angular speed of the carousel 
is 2.4 revolutions per minute. (Source: The Children’s 
Museum, Indianapolis, IN) What is the difference, 
in miles per hour, in the linear speeds of Brett and 
Will? 

Angular Speed of a Printing Press. This text was 
printed on a four-color web heatset offset press. A 
cylinder on this press has a 21-in. diameter. The lin- 
ear speed of a point on the cylinder’s surface is 
18.33 ft/sec. (Source: R. R. Donnelley, Willard, Ohio) 

What is the angular speed of the cylinder, in revolu- 
tions per hour? Printers often refer to the angular 
speed as impressions per hour (IPH). 

The earth has a Linear Speed at the Equator. 
4000-mi radius and rotates one revolution every 
24 hr. What is the linear speed of a point on the 
equator, in miles per hour? 

Linear Speed of the Earth. The earth is about 
93,000,000 mi from the sun and traverses its orbit, 
which is nearly circular, every 365.25 days. What is 
the linear velocity of the earth in its orbit, in miles 
per hour? 

Lis The Tour de France. Vincenzo Nibali of Italy won 
the 2014 Tour de France bicycle race. The wheel of 
his bicycle had a 67-cm diameter. His overall aver- 
age linear speed during the race was 39.596 km/h 
(Source: Preston Green, Bicycle Garage Indy, Green- 
wood, Indiana). What was the angular speed of the 
wheel, in revolutions per hour? 

78. 

22: 

Determining the Speed of a River. A waterwheel 
has a 10-ft radius. To get a good approximation of 
the speed of the river, you count the revolutions of 
the wheel and find that it makes 14 revolutions per 
minute (rpm). What is the speed of the river, in miles 
per hour? 

John Deere Tractor. A rear wheel on a John Deere 

8300 farm tractor has a 23-in. radius. Find the angle (in 

radians) through which a wheel rotates in 12 sec if the 
tractor is traveling at a speed of 22 mph. 



80. 

81. 

pe 
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Angular Speed of a Pulley. Two pulleys, 50 cm 
and 30 cm in diameter, respectively, are connected 
by a belt. The larger pulley makes 12 revolutions per 
minute. Find the angular speed of the smaller pulley, 
in radians per second. 

Angular Speed of a Gear Wheel. One gear wheel 
turns another, the teeth being on the rims. The 
wheels have 40-cm and 50-cm radii, and the smaller 

wheel rotates at 20 rpm. Find the angular speed of the 
larger wheel, in radians per second. 

Skill Maintenance 

Vocabulary Reinforcement 

In each of Exercises 82-89, fill in the blanks with the cor- 
rect terms. Some of the given choices will not be used. 

82. 

83. 

84. 

relation 
vertical asymptote 
horizontal asymptote 
even function 
odd function 

inverse 

horizontal line 
vertical line 
exponential function 
logarithmic function 
natural sine of 0 

common cosine of 6 

logarithm tangent of 0 
one-to-one 

The domain of a(n) function f is the 

range of the inverse fe [5.1] 

The is the length of the side 

adjacent to 0 divided by the length of the 

hypotenuse. [6.1] 

The function f(x) = a‘, where x is a real number, 

a > Oanda # 1, is called the é 

base a. [5.2] 

85 

86. 

87. 

88. 

90. 

91. 

92. 

93. 

94. 

95. 

. A(n) 
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The graph of a rational function may or may not 
cross a(n) . [4.5] 

If the graph of a function fis symmetric with 
respect to the origin, we say that it is a(n) 

. [2.4] 

Logarithms, base e, are called 
logarithms. [5.3] 

If it is possible for a(n) to 
intersect the graph of a function more than 
once, then the function is not one-to-one 
and its is not a function. [5.1] 

is an exponent. [5.3] 

Synthesis 

A point on the unit circle has y-coordinate 

Vil /5. What is its x-coordinate? Check using a 
calculator. 

On the earth, one degree of latitude is how many 
kilometers? how many miles? (Assume that 
the radius of the earth is 6400 km, or 4000 mi, 

approximately.) 

A grad is a unit of angle measure similar to a degree. 
A right angle has a measure of 100 grads. Convert 
each of the following to grads. 

a) 48° b) 52/7 

A mil is a unit of angle measure. A right angle has a 
measure of 1600 mils. Convert each of the following 
to degrees, minutes, and seconds. 

a) 100 mils b) 350 mils 

Hands of a Clock. At what time between noon and 
1:00 p.m. are the hands of a clock perpendicular? 

Distance Between Points on the Earth. To find 
the distance between two points on the earth 
when their latitude and longitude are known, 
we can use a right triangle for an excellent 
approximation if the points are not too far apart. 

Point A is at latitude 38°27'30" N, longitude 
82°57'15" W; and point B is at latitude 38°28'45” N, 
longitude 82°56'30” W. Find the distance from A 
to B in nautical miles. (One minute of latitude is 

one nautical mile.) 
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Circular Functions: Graphs and Properties 

® Given the coordinates of a point on the unit circle, find its reflections 

across the x-axis, the y-axis, and the origin. 

» Determine the six trigonometric function values for a real number 

when the coordinates of the point on the unit circle determined by 

that real number are given. 

Find trigonometric function values for any real number using a calculator. 

» Graph the six circular functions and state their properties. 

The domains of the trigonometric functions, defined in Sections 6.1 and 6.3, have 
been sets of angles or rotations measured in a real number of degree units. We 
can also consider the domains to be sets of real numbers, or radians, introduced 
in Section 6.4. Many applications in calculus that use the trigonometric functions 
refer only to radians. 

Let’s again consider radian measure and the unit circle. We defined radian 
measure for 0 as 

s F ; ; YX 
= 5 0 is a real number without units. 

(x, y) 
When r = 1, i 

s=0@ 

~~ 6 
6=-, or O=s. > 

a 

The arc length s on the unit circle is the same as the radian measure of the 
angle 0. 

In the figure above, the point (x, y) is the point where the terminal side of the 
angle with radian measure s intersects the unit circle. We can now extend our defi- 
nitions of the trigonometric functions using domains composed of real numbers, 
or radians. Trigonometric functions with domains composed of real numbers are 
called circular functions. 

In the definitions, 

» scan be considered the radian measure of an angle or 

» the measure of an arc length on the unit circle. 

Either way, s is a real number. To each real number s, there corresponds an arc 
length s on the unit circle. 
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BASIC CIRCULAR FUNCTIONS 

For a real number s that determines a point (x, y) on the unit circle: 

sin s = second coordinate = — = y, 

x 
cos s = first coordinate = S = x, 

second coordinate  y 
Bhs = ee 

first coordinate x 

1 1 a 
csc $s =. : 

second coordinate y y 

1 1 
secs = = x # 0), 

first coordinate x ( ) 

first coordinate x 
cots = =—(y # 0). 

second coordinate y 

We can consider the domains of trigonometric functions to be real numbers 
rather than angles. We can determine these values for a specific real number if we 
know the coordinates of the point on the unit circle determined by that number. 
As with degree measure, we can also find these function values directly using a 
calculator. 

» Reflections on the Unit Circle 

Let’s consider the unit circle and a few of its points. For any point (x, y) on the unit 
circle, x? + y? = 1, we know that -1 = x S land—1 S y < 1. If we know the 
x- or y-coordinate of a point on the unit circle, we can find the other coordinate. 
Ifx = 2, then 

Q) += 
2, Oi 

y Lier = os 
=e. 4 y= +. 

Thus, (3 3) and (3, = 4) are points on the unit circle. There are two points with 

an x-coordinate of 3. 
Now let’s consider the radian measure 7/3 and determine the coordinates of 

the point on the unit circle determined by 7/3. We construct a right triangle by 
dropping a perpendicular segment from the point to the x-axis. 

RV 
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The Trigonometric Functions 

Since 7/3 = 60°, we have a 30°-60° right triangle in which the side opposite 

the 30° angle is one half of the hypotenuse. The hypotenuse, or radius, is 1, so the 

side opposite the 30° angle is 5-1, or +. Using the Pythagorean equation, we can 

find the other side: 

il : 

aaa 
oe Oe ee 

y ries 

Sees 
y (lee Behe 

We know that y is positive since the point is in the first quadrant. Thus the 

coordinates of the point determined by 7/3 are x = 1/2 and y = N/a: or 

( 1/2; V3/2 ). We can always check to see if a point is on the unit circle by substi- 
tuting into the equation x* + y* = 1: 

= ll 

Because a unit circle is symmetric with respect to the x-axis, the y-axis, and 
the origin, we can use the coordinates of one point on the unit circle to find coor- 
dinates of its reflections. 

EXAMPLE 1. Each of the following points lies on the unit circle. Find their re- 
flections across the x-axis, the y-axis, and the origin. 

oS 2 » 

Solution 

b) YA c) YA 

5 VA A/D W2 (oe a) TS 
(—+4, rs 07) oat al 2 

f= y\ 
Piha in 

7 | ie 
7 | . hs é 

Vs x ni he 

ee i ¥ 

4 / 
eee eR (42, V2) “dé ry . 

As >| (—5, -*3} (5, -*2) 

Now Try Exercise 1. 

» Finding Function Values 

Knowing the coordinates of only a few points on the unit circle along with their 
reflections allows us to find trigonometric function values of the most frequently 
used real numbers, or radians. 

EXAMPLE 2 Find each of the following function values. 

1 377 
a) tan = b) cos ami c) sin (- =) 

Aq Tar 
d) a e) cot 7 f) csc (-=) 

y; 
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Solution We locate the point on the unit circle determined by the rotation, and 
then find its coordinates using reflection if necessary. 

a) The coordinates of the point determined by 7/3 b) The reflection of ( VND) V2/2) across the y-axis is 
avel( 1/2, 13/2). (-V2/2, V2/2). 

YK 5 YA 

i | V2 V2 V20N2 ~e case aa ee a 
3 Aon Caen 

ae 4 

: | > 

NTO Sar Wa) 7 
Thusstan —— — oH Lhus<.cos — = x= 

So) ee “ie 4 D 

c) The reflection of ( V3/2, 1/2) across the x-axis is d) The reflection of (1/2, V3/2) across the origin is 

evs 172) (-1/2, -V3/2). 

YA YA 

(=~) pw 
i 1) ? 
222 ve 

ay pan 
6 | fe 

a a x 
set 4a / 6 4a 

E Waoud Ey 
eat) oo) é 

7 1 aah |. amet 
thus, sin (—) ee. Thus, cos" = * = = 

e) The coordinates of the point determined by 7 are f) The coordinates of the point determined by —777/2 are 
1): (O51). 

YK YA 

_ en 
2 (1,0))0 : & 

6 RY 

ea! | 71 e 
Thus, cot 7 = — = — , which is not defined. Thus, csc {| — =—-=—=], 

iy 0 2 Ver orl 

We can also think of cot 7 as the reciprocal of tan 7. 

Since tan 7 = y/x = 0/—1 = Oand the reciprocal 

of 0 is not defined, we know that cot 77 is not defined. Somme Now Try Exercises 9 and 11. | 
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Technology Connection 

To find trigonometric function 
values of angles measured in 
radians, we set the calculator 
in RADIAN mode. 

el WAV SCI ENG 

NB atbi re-di 

ae]aR HORIZ G-T 

Parts (a)-(c) of Example 3 

are shown in the window 

below. 

cos(27/5) 

3090169944 

tan(— 3) 

1425465431 

sin(24.9) 

—.2306457059 

Technology Connection 

Using a calculator, we can find trigonometric function values of any real num- 

ber without knowing the coordinates of the point that it determines on the unit 

circle. Most calculators have both degree mode and radian mode. When finding 

function values of radian measures, or real numbers, we must set the calculator in 

RADIAN mode. 

EXAMPLE 3 Find each of the following function values of radian measures 

using a calculator. Round the answer to four decimal places. 

277 
a) OOS b) tani(=3) 

7 
c) sin 24.9 d) SS 

Solution Using a calculator set in RADIAN mode, we find the values. 

277 
a) COS eae 0.3090 b) tan(—3) ~ 0.1425 

TT 1 
c) sin24.9 ~ —0.2306 d) sec— = ae =27 121099 

COS 3 
ji 

Note in part (d) that the secant function value can be found by taking the re- 
ciprocal of the cosine value. Thus we can enter cos 77/7 and use the reciprocal key. 

Now Try Exercises 25 and 33. 

We can graph the unit circle using a graphing calculator. We use PARAMETRIC 
mode with the following window and let Xir = cos T and Yir = sin T. Here 
we use DEGREE mode. 

L 

WINDOW X1T=cos(T) — ] Y1T=sin() 

Tmin = 0 

Tmax = 360 

Tstep = 15 

Xmin = —1.5 T= 30 

NGHE == Jee X = .8660254— LY 

Xscl = 1 

Ymin = —]1 

Ymax = 1 

Ysel = 1 

Using the trace key and an arrow key to move the cursor around the unit 
circle, we see the T, X, and Y values appear on the screen. What do they 
represent? Repeat this exercise in RADIAN mode. What do the T, X, and Y values 
represent? (For more on parametric equations, see Section 10.7.) 
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From the definitions on p. 449, we can relabel any point (x, y) on the unit circle 
as (cos s, sin s), where s is any real number. 

» Graphs of the Sine and Cosine Functions 

Properties of functions can be observed from their graphs. We begin by graphing 
the sine and the cosine functions. We make a table of values, plot the points, and 
then connect those points with a smooth curve. It is helpful to first draw a unit 
circle and label a few points with coordinates. We can either use the coordinates 
as the function values or find approximate sine and cosine values directly with a 
calculator. 

—2h 

uv 

The cosine function 

The sine and the cosine functions are continuous functions. Note in the graph 
of the sine function that function values increase from 0 ats = 0 to Lats = 7/2, 
then decrease to 0 at s = 77, decrease further to —1 at s = 37/2, and increase 
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to 0 at 27. The reverse pattern follows when s decreases from 0 to —277. Note in 

the graph of the cosine function that function values start at 1 when s = 0, and 

decrease to 0 at s = 7/2. They decrease further to —1 at s = 7, then increase to 

0 at s = 32/2, and increase further to 1 at s = 27. An identical pattern follows 

when s decreases from 0 to —277. 

Technology Connection 

The graphing calculator provides an efficient way to graph trigonometric 

functions. Here we use RADIAN mode to graph y = sin x and y = cos x. 

From the unit circle and the graphs of the functions, we know that the domain of 
both the sine and the cosine functions is the entire set of real numbers, (— 00, oo). 
The range of each function is the set of all real numbers from —1 to 1, [—1, 1]. 

DOMAIN AND RANGE OF THE SINE FUNCTION 
AND THE COSINE FUNCTION 

The domain of the sine function and the cosine function is (— oo, 00). 

The range of the sine function and the cosine function is | —1, 1]. 

Technology Connection 

Another way to construct the sine and the cosine graphs is by considering 
the unit circle and transferring vertical distances for the sine function and 
horizontal distances for the cosine function. Using a graphing calculator, 
we can visualize the transfer of these distances. We use the calculator set in 
PARAMETRIC and RADIAN modes and let Xir = cos T — 1 and Yir = sin T for 
the unit circle centered at (—1,0) and X2t = T and Yar = sin T for the sine 
curve. Use the following window settings. 

iimine—s( Xmin = —2 Yoniny— 3 

Tmax = 277 XO ake =— wT Vinaxe—aS 

Tstep = .1 Xscl = 7/2 Yscl = 1 

With the calculator set in SIMULTANEOUS mode, we can actually watch the sine 
function (in red) “unwind” from the unit circle (in blue). In the two screens at 
left, we partially illustrate this animated procedure. 

Consult your calculator’s instruction manual for specific keystrokes and 
graph both the sine curve and the cosine curve in this manner. (For more on 
parametric equations, see Section 10.7.) 
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A function with a repeating pattern is called periodic. The sine function and 
the cosine function are examples of periodic functions. The values of these func- 
tions repeat themselves every 277 units. In other words, for any s, we have 

sin(s + 27) = sins and cos(s + 27) = coss. 

To see this another way, think of the part of the graph between 0 and 27 and 
note that the rest of the graph consists of copies of it. If we translate the graph of 
y = sinx or y = cos x to the left or to the right 27 units, we will obtain the origi- 
nal graph. We say that each of these functions has a period of 27. 

PERIODIC FUNCTION 

A function fis said to be periodic if there exists a positive constant p such 
that 

oP) J) 
for all s in the domain of f. The smallest such positive number p is called 
the period of the function. 

The period p can be thought of as the length of the shortest recurring interval. 
We can also use the unit circle to verify that the period of the sine and the co- 

sine functions is 277. Consider any real number s and the point T that it determines 
on a unit circle, as shown at left. If we increase s by 277, the point determined by 
s + 27 is again the point T. Hence for any real number s, 

sin(s + 277) = sins and cos(s + 27) = coss. 

It is also true that sin (s + 477) = sins, sin(s + 677) = sins, and so on. In fact, 
for any integer k, the following equations are identities: 

sin[s + k(2a7)] = sins and cos[s + k(2a)] = coss, 

or sins = sin(s + 2kazr) and coss = cos(s + 2k7). 

The amplitude of a periodic function is defined as one half of the distance 
between its maximum and minimum function values. It is always positive. Both 
the graphs and the unit circle verify that the maximum value of the sine and the 
cosine functions is 1, whereas the minimum value of each is —1. Thus, 

the amplitude of the sine function = 5 |1 — (—1)| = 1 

—— Period: 27 Ss 

the amplitude of the cosine function is 5 |1 — (—1)| 

and 

I 

YA 

y = cos x 1 Amplitude: 1 

'<— Period: 27 —> 
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Consider any real number s and its opposite, —s. These numbers determine 

Technology Connection points T and T, ona unit circle that are symmetric with respect to the x-axis. 

Using the TABLE feature YN | yy 
on a graphing calculator, a! 
compare the y-values for 
y, = sinxand y, = sin (—x) 
and for y3 = cos x and 
y4 = cos (—x). We 
set TblStart = 0 and 
ATbl = 77/12. T(x, —y) 

T(x, y) * T(x y) atin eal 

I sin s 

RV 
sin (—s) 

| 
| 

‘ 

Because their second coordinates are opposites of each other, we know that for 
any number s, 

sin (—s) = —sins. 

Because their first coordinates are the same, we know that for any number s, 

cos (—s) = coss. 

Thus we have shown the following. 

The sine function is odd. 

The cosine function is even. 
What appears to be the 

relationship between sin x and 
sin (—x) and between cos x 
and cos (—x)? 

A summary of the properties of the sine function and the cosine function 
follows. 

cs a pad +} |_ EVEN AND ODD FUNCTIONS 
| 7 Z - ve 4 ‘ | REVIEW SECTION 2.4 

: Cc ONNECTING THE CONCEPTS 

Comparing the Sine Function and the Cosine Function 

SINE FUNCTION COSINE FUNCTION 

y = sin x y 
1 

. Continuous . Continuous 

. Period: 27 . Period: 27 

. Domain: All real numbers . Domain: All real numbers 

aRanges|— 11) . Range: [15 1) 

. Amplitude: 1 . Amplitude: 1 

. Odd: sin (—s) = —sins a Bvens "COs (=) ==1 co's 
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» Graphs of the Tangent, Cotangent, 
Cosecant, and Secant Functions 

To graph the tangent function, we could make a table of values using a calculator, 
but in this case it is easier to begin with the definition of tangent and the coordi- 
nates of a few points on the unit circle. We recall that 

y sin s 
iG = = = = 

x COS $ 

aN YA 

SPS eG sR See ate (Onn) 
(x, y) = (cos s, sin s) V3 Ale 

y sins ( Se ox) eae 
Sa tans = 

SOECOGS 

1,0 ; (1,0). { a0) 
x (Gorei0)) 6 

(- 2535 fee 2) 
2° 2 ETP 

(OF 0) 

The tangent function is not defined when x, the first coordinate, is 0. That is, it 
is not defined for any number s whose cosine is 0: 

Fee SALE 2 

2 2 Zz 

We draw vertical asymptotes at these locations (see Fig. 1 below). 

YN YA 

| a Se I (pl | 
| | | | | | | 
| | | | | | | 
| | 1F | | e e | lre | e | 
| | | | | | | 

— es = 7 5 . 7 “a lm § ~20 -*Z i 7 a Qa S$ 

| tb a I | @ ler |e |e 
| | | | | | | 
| | | | | | | 
| | =2)- | | | | =a | | 
| | | | | | | 

Figure 1. Figure 2. 

We also note that 

tans —=20ats =s0) ce 2 37s 

7 3a ar bar Oar 
tans = lats=... ce eas ; 

4 As” ail fal aah 
BY 2) aes) 

lie 547 a 3am 70 
==] BIS = 556 5 > > y 

4 4 AL al” a 
tan s 5) fe) .6) 48 

We can add these ordered pairs to the graph (see Fig. 2 above) and investigate the 
values in (—7/2, 7/2) using a calculator. Note that the function value is 0 when 
s = 0, and the values increase without bound as s increases toward 7/2. The 
graph gets closer and closer to the vertical asymptote as s gets closer to 7/2, but it 
never touches the line. As s decreases from 0 to —7/2, the values decrease without 
bound. Again the graph gets closer and closer to a vertical asymptote, but it never 
touches it. We now complete the graph. 



458 CHAPTER 6 The Trigonometric Functions 

Technology Connection 

The graphing calculator pro- 
vides an efficient way to graph 
trigonometric functions. Here 
we use RADIAN mode to graph 
y= tan x, y= coUx; y = CSc x, 

and y = sec x. 

y = tanix 

y = tans 

ov 

EEE EE 

Ww ES) 

The tangent function 

From the graph, we see that the tangent function is continuous except where it 
is not defined. The period of the tangent function is 7. Note that although there is 
a period, there is no amplitude because there are no maximum and minimum val- 
ues. When cos s = 0, tans is not defined (tans = sins/coss). Thus the domain 
of the tangent function is the set of all real numbers except (7/2) + ka, where k 
is an integer. The range of the function is the set of all real numbers. 

DOMAIN AND RANGE OF THE TANGENT FUNCTION 

7 
The domain of the tangent function is all real numbers except i + ier, 

where k is an integer. 

The range of the tangent function is (— oo, oo). 

The cotangent function (cot s = cos s/sins) is not defined when y, the second 
coordinate, is 0—that is, it is not defined for any number s whose sine is 0. Thus 
the cotangent is not defined for s = 0, a, 27, +3a,.... The graph of the 
function is shown below. 

The cotangent function 

The cosecant and the sine functions are reciprocal functions, as are the secant 
and the cosine functions. The graphs of the cosecant and the secant functions can 
be constructed by finding the reciprocals of the values of the sine and the cosine 
functions, respectively. Thus the functions will be positive together and negative 
together. The cosecant function is not defined for those numbers s whose sine is 0. 
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The secant function is not defined for those numbers s whose cosine is 0. In the 
graphs below, the sine and the cosine functions are shown by the gray curves for 
reference. 

wy b 

2 Ga a 

> 

- Hyg h---------- = ae aa ee ig ce eee 

The secant function 

The following is a summary of the basic properties of the tangent, cotangent, 
cosecant, and secant functions. These functions are continuous except where they 

are not defined. Now Try Exercise 49. 

CONNECTING THE CONCEPTS 

Comparing the Tangent, Cotangent, Cosecant, and Secant Functions 

TANGENT FUNCTION COTANGENT FUNCTION 

1. Period: a 1. Period: 7 

2. Domain: All real numbers except . Domain: All real numbers except kz, 

(7/2) + ka, where k is an integer where k is an integer 

3. Range: All real numbers 3. Range: All real numbers 

COSECANT FUNCTION SECANT FUNCTION 

1. Period: 27 1. Period: 27 

. Domain: All real numbers except k7r, 2. Domain: All real numbers except 

where k is an integer (a /2) + ka, where k is an integer 

PRangesl( = 605 = |G) 1, 0) grange (co, 1) i 103) 
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In this chapter, we have used the letter s for arc length and have avoided the 

letters x and y, which generally represent first and second coordinates. Neverthe- 

less, we can represent the arc length on a unit circle by any variable, such as s, t, x, 

or 0. Each arc length determines a point that can be labeled with an ordered pair. 

The first coordinate of that ordered pair is the cosine of the arc length, and the sec- 

ond coordinate is the sine of the arc length. The identities we have developed hold 

no matter what symbols are used for variables—for example, cos (—s) = coss, 

cos (=x) = cos x, cos (—@) = cos 0, and cos (—t) = cost. 

6.5 Exercise Set 

The following points are on the unit circle. Find the 
coordinates of their reflections across (a) the x-axis, 

(b) the y-axis, and (c) the origin. 
5 5ST 

27 D5 po OY ae ee 
ieee 5 fe es 2 3 

; oT, 
21 sin (—5a) 22. tan Se 

4° 4 Age 
Find the function value using a calculator set in RADIAN 

(2 a vat) (- V3 = 7 mode. Round the answer to four decimal places, where 
5 5 2 2 appropriate. 

5. The number 7/4 determines a point on the unit cir- ius 27 
25. tan 26. COS | eae 

cle with coordinates ( aN) 2/2 ) . What are the 5 
coordinates of the point determined by —7/4? 27. sec 37 28 sin 117 

6. A number B determines a point on the unit circle 29. cot 342 30. tan 1.3 

with coordinates ( sree V5/3 ). What are the co- 
ordinates of the point determined by —B? Alecoe6ar aan aa 

Find the function value using coordinates of points on the 
. . . 10 

unit circle. Give exact answers. Bahescadhie agtecneee 

T fs 
7am Stl, 37 8. cos (- =) 

S 77 
Guta aoe 36. cos 2000 

lla 4 
9. cob 10a 

4 . aii 
37. till (- =) 38. cot 77 

. Mar 4 
11. sin (—377) LD Cae ; 

4 39. sin 0 40. cos (—29) 

57 7 277 
V3.0COS = 14. tan (-*) Ata 42. anes 

6 4 9 3 

pa In Exercises 43-50, recall that the graph of f(—x) isa 
15. sec i 16. cos 107 reflection of f(x) across the y-axis and that the graph of 

—f(x) is a reflection of f(x) across the x-axis. 

17. cos Te 18. sin 27 43. a) Sketch a graph of y = sin x. 
6 3 b) By reflecting the graph in part (a), sketch a graph 

ae ia of y = sin (—x). 
19. sin cs 20. cos Bye c) By reflecting the graph in part (a), sketch a graph 

of y = —sin x. 
d) How do the graphs in parts (b) and (c) compare? 
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44. a) Sketch a graph of y = cosx. 
b) By reflecting the graph in part (a), sketch a graph 

of y = cos (—x). 
c) By reflecting the graph in part (a), sketch a graph 

of y = —cos x. 
d) How do the graphs in parts (a) and (b) compare? 

45. a) Sketch a graph of y = sin x. 
b) By translating, sketch a graph of y = sin (x + 7). 
c) By reflecting the graph of part (a), sketch a graph 

of y = —sin x. 
d) How do the graphs of parts (b) and (c) compare? 

46. a) Sketch a graph of y = sin x. 
b) By translating, sketch a graph of y = sin (x — 7). 
c) By reflecting the graph of part (a), sketch a graph 

of y = —sin x. 

d) How do the graphs of parts (b) and (c) compare? 

47. a) Sketch a graph of y = cos x. 
b) By translating, sketch a graph of y = cos (x + 7). 
c) By reflecting the graph of part (a), sketch a graph 

of y = —cosx. 
d) How do the graphs of parts (b) and (c) compare? 

48. a) Sketch a graph of y = cos x. 
b) By translating, sketch a graph of y = cos (x — 7r). 
c) By reflecting the graph of part (a), sketch a graph 

of y = —cos x. 
d) How do the graphs of parts (b) and (c) compare? 

49. a) Sketch a graph of y = tan x. 
b) By reflecting the graph of part (a), sketch a graph 

of y = tan (—x). 
c) By reflecting the graph of part (a), sketch a graph 

of y = —tan x. 
d) How do the graphs of parts (b) and (c) compare? 

50. a) Sketch a graph of y = sec x. 
b) By reflecting the graph of part (a), sketch a graph 

of y = sec (—x). 
c) By reflecting the graph of part (a), sketch a graph 

of y = —sec x. 
d) How do the graphs of parts (a) and (b) compare? 

51. Of the six circular functions, which are even? Which 

are odd? 

52. Of the six circular functions, which have period 7? 

Which have period 277? 

Consider the coordinates on the unit circle for Exercises 53-56. 

53. In which quadrants is the tangent function positive? 

negative? 

54. In which quadrants is the sine function positive? 

negative? 
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55. In which quadrants is the cosine function positive? 
negative? 

56. In which quadrants is the cosecant function positive? 
negative? 

» Skill Maintenance 
Graph both functions on the same set of axes and describe 
how g is a transformation of f. [2.4] 

57 Iie eee ol ci a) een 

58. f(x) =x, g(x) = (x - 2? 
59. f(x) = |x|, g(x) = 21x —4| +1 
60. f(x) ==, o(x) =x 

Write an equation for a function that has a graph with the 
given characteristics. 

61. The shape of y = x’, but reflected across the x-axis, 
shifted right 2 units, and shifted down 1 unit [2.4] 

62. The shape of y = 1/x, but shrunk vertically by a 
factor of } and shifted up 3 units [2.4] 

» Synthesis 

Complete. (For example, sin (x + 277) = sin x.) 

63. cos (—x) = 

64. sin (— 

65. sin 

66, cos(xer 2hinik eZ = Oe 

67. sin (a7 — x) 

68. cos(7@ — x) = __ 

69.°c0s (X77) 

70. cos(x + 7) = 

Tle Sil (Xue, ye 

72. sin(x — 7) = 

73. Find all numbers x that satisfy the following. 

a) sinx = 1 

b) cosx = —1 

c) sinx = 0 

74. Find fe g and gf, where f(x) = x? + 2x and 
g(x) = cosx. 

Determine the domain of the function. 

75. f(x) = Vcosx 

1 

sin x 
76. g(x) = 
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De sin, can also “see” the other four trigonometric functions. 

ESIC cos x Prove each of the following. 

= ; a) BD = tané . b) OD = secé 

Biss 108 oe) c) OE = csc d) CE = coté 

Graph. 

79. y = 3 Six 80. y = sin |x| 

81. y = sinx + cosx 82. y = |cosx| 

83. One of the motivations for developing trigonometry 
with a unit circle is that you can actually “see” sin 0 
and cos 6 on the circle. Note in the figure at right that 
AP = sin@ and OA = cos @. It turns out that you 

Graphs of Transformed Sine and Cosine Functions 

® Graph transformations of y = sin x and y = cos x in the form 

y = Asin(Bx — C) + D 

and 

y = A cos (Bx — GC) + D 

and determine the amplitude, the period, and the phase shift. 

Graph sums of functions. 

Graph functions (damped oscillations) found by multiplying trigonometric functions 

by other functions. 

» Variations of Basic Graphs 

In Section 6.5, we graphed all six trigonometric functions. In this section, we will 
consider variations of the graphs of the sine and the cosine functions. For example, 
we will graph equations like the following: 

y=5sin}x, y=cos(2x— 7), and y =}sinx — 3. 

In particular, we are interested in graphs of functions in the form 

y = Asin (Bx — C) + D 

and 

= Aleos Bx <6 aD: 

where A, B, C, and D are constants. These constants have the effect of translating, 
reflecting, stretching, and shrinking the basic graphs. Let’s first examine the effect 
of each constant individually. Then we will consider the combined effects of more 
than one constant. 

TRANSFORMATIONS OF 
FUNCTIONS 

REVIEW SECTION 2.4 
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The Constant D 

Let’s observe the effect of the constant D in the graphs below. 

Vis SIN Gre S: | i 
Vie ICOSeaatal Oso ‘y= COS% 

SINE —2r 

The Constant D: Translating Vertically 

The constant Din y = A sin (Bx — C) + Dandy = Acos(Bx — C) + D 
translates the graphs vertically up D units if D > 0 or down | D| units if 
DEae): 

EXAMPLE 1. Sketcha graph of y = sinx + 3. 

Solution The graph of y = sinx + 3 is a vertical translation of the graph of 
y = sin x up 3 units. One way to sketch the graph is to first consider y = sin x on 
an interval of length 277, say, [0, 277]. The zeros of the function and the maximum 
and minimum values can be considered key points. These are 

(0,0), (21), (77,0), (72-1) (277, 0). 

These key points are transformed up 3 units to obtain the key points of the graph 
of y = sinx + 3. These are 

(0,3), (E), (7,3), (7.2), (27,3). 

The graph of y = sinx + 3 can be sketched on the interval [0, 277] and extended 
to obtain the rest of the graph by repeating the graph on intervals of length 27. 
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AMPLITUDE 

REVIEW SECTION 6.5 

The Constant A 

Next, we consider the effect of the constant A. What can we observe in the follow- 

ing graphs? What is the effect of the constant A on the graph of the basic function 

when (a)0 < A < 12?(b)A > 12} () -1<A< O? (A < —-1? 

y= 2 Sin x 

The Constant A: Vertical Stretching and Shrinking 

The constant Ain y = Asin (Bx — C) + Dandy = Acos(Bx — C) + D 
stretches and shrinks the graphs vertically. If |A| > 1, then there will be a 
vertical stretching. If |A| < 1, then there will be a vertical shrinking. If 
A < 0, the graph is also reflected across the x-axis. 

EXAMPLE 2 Sketch a graph of y = 2 cos x. What is the amplitude? 

Solution The constant 2 in y = 2 cosx has the effect of stretching the graph 
of y = cos x vertically by a factor of 2. Since the function values of y = cos x 
are such that —1 = cosx = 1, the function values of y = 2 cos x are such that 
—2 = 2cosx S 2. The maximum value of y = 2 cosx is 2, and the minimum 
value is —2. Thus the amplitude is 

a\2 = =a) 
We draw the graph of y = cos x and consider its key points, 

(OAL), (Zo), (Capes (70), (27, 1), 

on the interval [0, 277]. 
We then multiply the second coordinates by 2 to obtain the key points of 

y = 2cosx. Theseare 

(Weed (Zo) (i, 2); (70), (27, 2). 

We plot these points and sketch the graph on the interval [0, 277]. Then we repeat 
this part of the graph on adjacent intervals of length 27. 

Oe: 
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The amplitude of a graph can also be determined by finding | A| from equations 
of the form y = A sin (Bx — C) + Dor y = Acos (Bx — C) + D.In Example 2, 
y = 2cosx,A = 2. Thus the amplitude is | 2], or 2. 

AMPLITUDE 

The amplitude of the graphs of y = A sin (Bx — C) + Dand 
y = Acos(Bx — C) + Dis |A|. 

EXAMPLE 3  Sketcha graph of y = —}sin x. What is the amplitude? 

Solution The amplitude of the graph is |—}|, or }. The graph of y = —}5 sin x is 
a vertical shrinking and a reflection of the graph of y = sin x across the x-axis. In 
graphing, the key points of y = sin x, 

(0,0), (Z.) abn (7-1) (2,0), 

are transformed to 

y= 5 sinx i= ( (zr, 0) ee 4 (277, 0) 

— \ 2D | 
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The Constant B 

Next, let’s consider the effect of the constant B. Changes in the constants A and D 

do not change the period. But what effect, if any, does a change in B have on the 

period of the function? Let’s observe the period of each of the following graphs. 

y=sin4x% | ~2) 

Period: a 

Period: 27 y Period: 277 

y= sinx A y = sinx 

a 

x 

—2 ea ee y= sin ( 5) x) 

Period: 477 

Period: 277 Period: 27 

y= OSX 

y = —cos (—2x) 

Period: 7 

The Constant B: Stretching or Shrinking Horizontally 

y = cosx 

a fee 2+ y = cos 5X | 

Period: 47 

The constant Bin y = A sin (Bx — C) + Dandy = Acos(Bx — C) + D 
stretches or shrinks the graph horizontally. If |B| < 1, then there will be a 
horizontal stretching. If |B| > 1, then there will be a horizontal shrinking. 
If B < 0, the graph is also reflected across the y-axis. 

PERIOD 

The period of the graphs of y = Asin (Bx — C) + Dand 

= A COS BX —"C): FD is 
* 

* 
EXAMPLE 4 Sketch a graph of y = sin 4x. What is the period? 

Solution The constant B has the effect of changing the period. The graph of 
y = sin 4x is obtained from the graph of y = sin x by shrinking the graph hori- 
zontally. The period of y = sin 4x is |27/4|, or 7/2. The new graph is obtained 

“The period of the graphs of y = A tan (Bx — C) + Dand y = Acot (Bx — C) + Dis |7/B\. 
The period of the graphs of y = A sec (Bx — C) + Dand y = Acsc (Bx — C) + Dis |27/B|. 
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by dividing the first coordinate of each ordered-pair solution of y = sin x by 4. The 
key points of y = sin x are 

(0,0), (Z1}, (7, 0), (%-1), (20, 0). 

These are transformed to the key points of y = sin 4x, which are 

wor (1) Ge) (2) (Go) 
We plot these key points and sketch in the graph on the shortened interval [0, 7/2]. 
Then we repeat the graph on other intervals of length 7/2. 

YA 

”) i 

<—_—_— Period: 27 y = sin 4x 

The Constant C 

Next, we examine the effect of the constant C. The curve in each of the following 
graphs has an amplitude of 1 and a period of 27, but there are six distinct graphs. 
What is the effect of the constant C? 

y = cos (x + 7) 
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Cc 
The Constant C: Translating Horizontally B 

For each of the functions of the form 

y = Asin(Bx — C)+D and y = Acos(Bx — C) + D: 

« If B = 1, then the constant C translates the graph horizontally to the 
right C units if C > 0 and to the left |C| units if C < 0. 

C 
- IfB ~ landB > 0, then 2 translates the graph horizontally to the 

Cc & 
Units 11 — 0} 

B 

GS C 
right a units ifs > 0 and to the left = 

EXAMPLE 5 Sketcha graph of y = sin (. = =) 

Solution The amplitude is 1, and the period is 277. The graph of y = sin (x — 7/2) 
is obtained from the graph of y = sin x by translating the graph horizontally— 
to the right C units if C > 0 and to the left |C| units if C < 0. The graph of 
y = sin (x — 7/2) is a translation of the graph of y = sin x to the right 7/2 
units. The value 7/2 is called the phase shift. The key points of y = sin x, 

(0,0), (1), (ay, (%-1), (27, 0), 

are transformed by adding 77/2 to each of the first coordinates to obtain the follow- 
ing key points of y = sin (x — 7/2): 

7 Siri 577 
(0), (ar, ), (2.0), (2a,-—1,), (0). 

We plot these key points and sketch the curve on the interval [ 7/2, 57/2]. Then 
we repeat the graph on other intervals of length 277. 

— >I 

To define phase shift, it is helpful to rewrite 

y = Asin (Bx —C) + D and) == Alcos (By Gar aD 

GC 
y= Asin| B(. a <' 

B 

as 

+ D and y= Acos| B(« - £)] eae 5 
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PHASE SHIFT 

The phase shift of the graphs 

y = Asin (Bx — C) + D=Asin|a( 

and 

y =\A cos (Bx = C). + D = Acos| al 

EXAMPLE 6 Sketcha graph of y = cos (2x — 7). 

Solution The graph of 

y = cos (2x — 77) 

is the same as the graph of 

a 
= le D —— y cos} (: =) 

The amplitude is 1. The factor 2 shrinks the period by half, making the period 
, or 77. The phase shift 77/2 translates the graph of y = cos 2x to the right 

a /2 units. Because D = 0, there is no vertical translation. Thus, to form the graph, 
we first graph y = cos x, followed by y = cos 2x and then y = cos[2(x — 7/2) ]. 

ar AO. 

J. 
i Amplitude: 1 Amplitude: 1 

2 Period: 27 r Period: 7 

L. P fr 

INS PN 
* Fn ee j 7 37 
3 T $5 2a x \F T YS, 2a x 

= ill —-lFb 

—2 ee —2+ 

| res 
= Phase shift: IE) 

—— pl 

Let’s now summarize the effect of the constants. When graphing, we carry 

out the procedures in the order listed. Be sure that the horizontal stretching or 

shrinking based on the constant B is done before the translation based on the 
phase shift C/B. 
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Transformations of the Sine and the Cosine Functions 

To graph 

; C 
y = Asin(Bx — C) + D= Asin| (x = <)] TaD) 

and 

C 
y=1A'c0s (Bx G) + D=Acos| a(x - €) a0 19) 

follow the steps listed below in the order in which they are listed. 

1. Stretch or shrink the graph horizontally according to B. 

[es eae! Stretch horizontally 

When graphing transforma- |B) > 1 Shrink horizontally 

tions of the tangent and the B<0 Reflect across the y-axis 
cotangent functions, note se 
that the period is | 7/B]. The period is |—]. 
When graphing transforma- 
tions of the secant and the . Stretch or shrink the graph vertically according to A. 

cosecant functions, note (Able Shrink vertically 

that the period is | 277/B]. |A| >1 Stretch vertically 

Av) Reflect across the x-axis 

The amplitude is | A]. 

. Translate the graph horizontally according to C/B. 

C C 
=< 0 —| units to the left 
B B 

C oe 
== >50 ~— units to the right 
B B 

¢ 
The phase shift is = 

. Translate the graph vertically according to D. 

D<0 _— |D| units down 

p10 D units up 

EXAMPLE 7 Sketch a graph of y = 3 sin (2x + 7/2) + 1. Find the ampli- 
tude, the period, and the phase shift. 

Solution We first note that 

{ 7 
3 sin (2 ie =) ae Il 

T 
= 3sin 2x -(-2) 

| 2 

<= 
I 

| Hee y = Asin(Bx — C) + D;C = —2/2 
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Then we have the following: 

Lt 

3. y= ssin[a(e- (-2))] 
Amplitude: 1 

Period: 27 

Amplitude = |A| = |3| = 3, 

2 y) 
Period = Pz ~ Pe = Ws 

B 2; 

(Gs —7 /2 
Phase shitt.—=——— = ally 

B 2 4 

To create the final graph, we begin with the basic sine curve, y = sin x. Then 
we sketch graphs of each of the following equations in sequence. 

v= silly 

Amplitude: 3 

Period: 7 

Amplitude: 3 
Period: 7 
Phase shift: 
Vertical shift up: 1 

2. ¥ = 3 sin 2% 

a ssin | a(x = (-=)) 5a | 

A 
s Amplitude: 1 

y = sin 2x 3 Period: 7 
2 

NEE He 
TIA UNA! ON 

—2-t 

Zé me] 

a 

Amplitude: 3 

Period: 7 

Phase shift: ap 

Now Try Exercise 27. 
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y = 3. cos (27x) — 1 

220 vibrations/second: | octave lower 

/ 
y 

440 vibrations/second 

880 vibrations/second: | octave higher 

All the graphs in Examples 1-7 can be checked using a graphing calculator. 

Even though it is faster and more accurate to graph using a calculator, graphing by 

hand gives us a greater understanding of the effect of changing the constants A, B, 

C, and D. 
Graphing calculators are especially convenient when a period or a phase shift 

is not a multiple of 7/4. 

EXAMPLE 8 Graph y = 3 cos 27x — 1. Find the amplitude, the period, and 

the phase shift. 

Solution First we note the following: 

Amplitude = | A| |3 3; 

2 277 
period = |= = |= = |1| = 1, 

B 21 

C 0 
Phase shift = — = —— 

Bear 

There is no phase shift in this case because the constant C = 0. The graph has a ver- 
tical translation of the graph of the cosine function down 1 unit, an amplitude of 3, 
and a period of 1, so we can use | —4, 4, —5, 5] as the viewing window. 

Now Try Exercise 31. 

The transformation techniques that we learned in this section for graphing 
the sine and the cosine functions can also be applied in the same manner to the 
other trigonometric functions. Transformations of this type appear in the synthe- 
sis exercises in Exercise Set 6.6. 

An oscilloscope is an electronic device that converts electrical signals into 
graphs like those in the preceding examples. These graphs are often called sine 
waves. By manipulating the controls of the oscilloscope, we can change the 
amplitude, the period, and the phase shift of sine waves. The oscilloscope has 
many applications, and the trigonometric functions play a major role in many 
of them. 

» Graphs of Sums: Addition of Ordinates 

The output of an electronic synthesizer used in the recording and playing of 
music can be converted into sine waves by an oscilloscope. The graphs at left 
illustrate simple tones of different frequencies. The frequency of a simple tone 
is the number of vibrations in the signal of the tone per second. The loudness 
or intensity of the tone is reflected in the height of the graph (its amplitude). 
The three tones in the diagrams at left all have the same intensity but different 
frequencies. 

Musical instruments can generate extremely complex sine waves. On a sin- 

gle instrument, overtones can become superimposed on a simple tone. When 
multiple notes are played simultaneously, graphs become very complicated. 
This can happen when multiple notes are played on a single instrument or a 
group of instruments, or even when the same simple note is played on different 
instruments. 

Combinations of simple tones produce interesting curves. Consider two tones 
whose graphs are y,; = 2 sinx and y, = sin 2x. The combination of the two tones 
produces a new sound whose graph is y = 2 sinx + sin 2x, as shown in the fol- 
lowing example. 
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EXAMPLE 9 Graph: y = 2sinx + sin 2x. 

Solution We graph y = 2 sinx and y = sin 2x using the same set of axes. 

Next, we graphically add some y-coordinates, or ordinates, to obtain points on 
the graph that we seek. At x = 77/4, we transfer the distance h, which is the value 
of sin 2x, up to add it to the value of 2 sin x. Point P, is on the graph that we seek. At 
x = —7/4, we use a similar procedure, but this time both ordinates are negative. 
Point P; is on the graph. At x = —52r/4, we add the negative ordinate of sin 2x to 
the positive ordinate of 2 sin x. Point P; is also on the graph. We continue to plot 
points in this fashion and then connect them to get the desired graph, shown below. 
This method is called addition of ordinates, because we add the y-values (ordi- 
nates) of y = sin 2x to the y-values (ordinates) of y = 2 sin x. Note that the period 

of 2 sin x is 27 and the period of sin 2x is a. The period of the sum 2 sin x + sin 2x 
is 277, the least common multiple of 27 and 7, or 277. 

y — 2s8in x + sin 2x 

P, 

Now Try Exercise 47. 

» Damped Oscillation: Multiplication 
of Ordinates 

Suppose that a weight is attached to a spring and the spring is stretched and put 
into motion. The weight oscillates up and down. If we could assume falsely that 
the weight will bob up and down forever, then its height h after time ft, in seconds, 
might be approximated by a function like 

h(t) = 5 + 2sin (6zt). 

Over a short time period, this might be a valid model, but experience tells us that 
eventually the spring will come to rest. A more appropriate model is provided by 
the following example, which illustrates damped oscillation. 
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EXAMPLE 10 Sketchagraph of f(x) = e*/* sinx. 

Solution The function fis the product of two functions g and h, where 

/2 and h(x) = sinx. g(x) =e 
Thus, to find function values, we can multiply ordinates. Let's do more analysis 
before graphing. Note that for any real number x, 

=| S Gias = il, 

Recall from Chapter 5 that all values of the exponential function are positive. Thus 
we can multiply by e */? and obtain the inequality 

Se Se sine co. 

The direction of the inequality symbols does not change since e */” > 0. This 
also tells us that the original function crosses the x-axis only at values for which 
sin x = 0. These are the numbers kz, for any integer k. 

The inequality tells us that the function fis constrained between the graphs 
of y = —e*/? and y = e */*. We start by graphing these functions using dashed 
lines. Since we also know that f(x) = 0 when x = kz, k an integer, we mark these 
points on the graph. Then we use a calculator and compute other function values. 
The graph is as follows. 

| Fe) =e 0? sin x 

Now Try Exercise 55. 
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Visualizing 
the Graph 

Match the function with its graph. 

Le f(x) = —sinx 

DAKE) ee cata t| 

Sets PERE EYE 

N = SS | N 
i 

— 

= Nw Bb US 

Answers on page A-34 
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Determine the amplitude, the period, and the phase shift of 1 

the function and sketch the graph of the function. S-2as Bie Fe) aa 

ih ae 
aes Siit ct aN Ose 31. y = cos(—2mx) + 2 

i 
= — = sin (— Son Ve SID (2X W. 3.7 SOS 4. y = sin (—2x) ea ( ) 

— a eri , 
ce eee COs 4 O20) — Sih a 33. y = — 760s (mx — 4) 

7. y = sin (2x) 8. y = cosx — 1 34, y = 2sin (Qax + 1) 

9. y = 2sin (4x) 10. y = cos (. = =) In Exercises 35-42, match the function with one of the 
2 2 graphs (a)-(h) that follow. 

My ( x) 12 = sin( ‘) y a iw ie Ps aa -y = sin\ —7% } i Hi 

ic sin ( +2) a 1 Zags za “ln 
2) Sasin | x Bie COS dram ty 5 y 5 L 

l =P 

15. y = 3. cos (x — 7) 16. y = —sin (+x) seit BL 

17 =eine — 4 18 (; ‘ =) c) YN d) y= sin 6 eV COS = XI i : ee L 
Qe 

oe 7 L 
19 y= 05x) + 2 20. y= 5 sin (2 = *) IEA: 

Determine the amplitude, the period, and the phase shift of L : 
the function. Al 

21 2 (; 7) ; By =) C06, Xv 
y 2 2 

Pel 7 e) YN f) yA 
22 = Asi Se - L 

4 8 2 a= 

1 7 1b “il 

Lon OS see SU aeeck | PES os r 
2 2 2a oe (One F LL aa x 27 i s 

24. y = —3 cos (4x — a) + 2 os i eal 
=) 25) 

ore year) -Pesicos (ak = 3) WANG L 

26. y= 5 ~ 200s(Zx +7) 8) ai 
2 2 a 

27 2 een Ea 4 2 tf sey = COS 271%, 5 y 5 TX) if aN 

28. = 255i (2x ar) 2 aay 

L2Gl" caries a 
Zo hy = Si a ff 

ps z: 



SECTION 6.6 — Graphs of Transformed Sine and Cosine Functions 477 

35: y = —cos 2x 

1 
56.) = goles caer”. 

ey Gel a= 20s (x ts *) 

i 
38. y= AINE Re ca ae 

SOV aaesi (975, = 1D 

1 7 
40. y= — (. = =) 

1 
Al. y= gos 3x 

7 
42. y = cos (. = =) 

In Exercises 43-46, determine the equation of the function 
that is graphed. Answers may vary. 

43. i) 44, na 

2t 

~¥\N SNS ™ 

Ae oe 
—-JF 

—2 

45. VR 46. YA 

if De 

[ Sean wai a2 
Tr 

Vier’ —3h 

Graph using addition of ordinates. 

47. y = 2cosx + cos 2x 

48. y = 3cosx + cos 3x 

49. y = sinx + cos 2x 

50. y = 2 sinx  cosi2x 

51s y = "sin 20s. x 

Diz i= COS5)— Sin Xx 

53. y = 3cosx + sin 2x 

54. y = 3sinx — cos 2x 

Graph each of the following. 

55. f(x) = e 7? cosx 

56. f(x) —e sin x 

57. f(x) = 0.6x” cosx 

58. f(x) = e 4 sinx 

59. f(x) = xsinx 

60. f(x) = |x| cosx 

61. f(x) = 2*sinx 

» Skill Maintenance 

Classify the function as linear, quadratic, cubic, quartic, 
rational, exponential, logarithmic, or trigonometric. 

Be ies = [4.5] 

1 
64. y= 7 los = A» [5.3) 

(Soe ee ee re |) | 

66 i 5 [1.3] 5 an => e 

4 27 

67. f(x) = sinx — 3 [6.6] 

68. f(x) = 0.5e" * [5.2] 

69. y= - [1.3] 

70. y = sinx + cosx [6.6] 

YAW) eer Fe TN 

72. f(x) = (5) [5.2] 
2 

» Synthesis 

Find the maximum and the minimum values of the 
function. 

7 
We) 2e0s| (2 = =) 

1 
74. y= 7 sin (2x = 67) a4 
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The transformation techniques that we learned in this 
section for graphing the sine and the cosine functions can 
also be applied to the other trigonometric functions. Sketch 
a graph of each of the following. 

A aoe eles 

76. y = tan (—x) 

eee eee as COUN 

3 
7a au 

1 
Tp A eA Ch Naps 

» 

80. y = cot 2x 

81. y=" 2sec (x = 7) 

1 a 
82. y = 4tan (4s ae =) 

1 ayy 
83. SEZ CSC a oe 

84. y = 4sec (2x — 7) 

85. Satellite Location. A satellite circles the earth in 
such a way that it is y miles from the equator (north 
or south, height not considered) t minutes after its 
launch, where 

y(t) = 3000] cos 2 (1 = 10) | 

BEY Aer 
as 
gt / 

VE QEs SS 

y= 3000[cos res = 10)] 

3000 

0 ‘ 100 

—3000 

What are the amplitude, the period, and the phase 
shift? 

86. 

. Damped Oscillations. 

Water Wave. The cross-section of a water wave is 

given by 

= ssin(2 +2) y = 3sin ne Fe 

where y is the vertical height of the water wave and x 
is the distance from the origin to the wave. 

What are the amplitude, the period, and the phase 
shift? 

Suppose that the motion of a 
spring is given by 

d(t) = 6e°°*' cos (6mt) + 4, 

where d is the distance, in inches, of a weight from the 
point at which the spring is attached to a ceiling, after 
t seconds. How far do you think the spring is from the 
ceiling when the spring stops bobbing? 



STUDY GUIDE 

KEY TERMS AND CONCEPTS 

SECTION 6.1: TRIGONOMETRIC FUNCTIONS OF ACUTE ANGLES 

Trigonometric Function Values 

of an Acute Angle 0 

Let 6 be an acute angle of a right triangle. 

The six trigonometric functions of 6 are 
as follows: 

O 
singe PP csc 9 = ts 

hyp pp 
adj h 

cos 6 = bal sec? = eee 
hyp adj 

fe) adj 
tand = sae t@= ae 

adj opp 

Hypotenuse 
Opposite 0 

Adjacent to 6 

Reciprocal Functions 

il 1 
GSCI — tee SCCO ; 

sin 0 cos @ 

t0 : cot? = 
tan 0 

Function Values of Special Angles 

We often use the function values of 30°, 45°, 

and 60°. Either the triangles below or the 

values themselves should be memorized. 

Chapter 6 Summary and Review 

Summary and Review 

EXAMPLES 

If cosa@ = 3 and a is an acute angle, find the other five 

trigonometric function values of a. 

3 <— adj 
COS Q == ie 8 

$<" hyp 

We find the missing length using the 
Pythagorean equation: a* + b* = c’. 

Cit Bas 8 
a= 64-9 

a= 55) 

Shes 8  8V/55 
eo ee Wig CSOs Vee 55 5 

3 8 
cos a = 8 SCGIOUS 3’ 

dnl wo iS COUQt = : on 35S 
oe Wien 55 

Given that sinB = %, cos B = 74,andtanB = %, find csc B, 

sec B, and cot B. 

B 13 B 13 tp 12 
==>, SECO 2 aaa COr/ = = 

.: » 12 5 

Find the exact function value. 

2 
SCD tae — Oli “7, tan 60° = Vy 

V5) 

sino: = > aor als? = Ih, 

Five fail gee Ne 
ae Se yO) ees cos x sec a; oO z 

3 
cot30: = ae) or We sinioUm— v3 

Ws 2 
2 

fan45> = 1, SeC 4 at Ol V2, 
WD 

gee aN 3 a we 
= f EURCOS ——— csc Ua or : 5 

479 
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Most calculators can convert D°M’S” Convert 17°42'35” to decimal degree notation, rounding the 

notation to decimal degree notation and answer to the nearest hundredth of a degree. 

vice versa. Procedures among calculators 35 

vary. We also can convert without using 742695 Fo ad oe rote 17° + 42:5833" 

a calculator. 
42.5833° . 

Bo ES sorcerer maak = Whey | 
60 

Convert 23.12° to D°M'S” notation. 

23:412> = 237 OA = 23 0.122 oy 

= 2 5, ey, Oe al 

= 2354 7 402. 60). = 2374 7 a 

= Dog los 

Cofunction Identities Given that sin 47° ~ 0.7314, cos 47° ~ 0.6820, and tan 47° = 

1.0724, find the six trigonometric function values for 43°. 

First, we find csc 47°, sec 47°, and cot 47°: 

_ l 
ese47 = ——— =| 3672, 

sin 86 = cos (90° — 6), sin 47 

cos @ = sin Ge ya), ie 1 es 
sec 47° = = 1, : 

tan 8 = cot (90° — @), cos 47° 
cot 8 = tan (90° — _ 9), l 
Cie Gt ee ae 28 

csc @ = sec (90° — @) 
We know that 43° = 90° — 47°, so we have 

sin 43° = cos 47° ~ 0.6820, 

cos 43° = sin 47° = 0.7314, 

tan 43° = cot 47° = 0.9325, 

csc 43° = sec 47° ~ 1.4663, 

sec 43° = csc 47° 1.3672, 

cot 43° = tan 47° = 1.0724. 

v 

ul 

SECTION 6.2: APPLICATIONS OF RIGHT TRIANGLES 

Solving a Triangle Solve this right triangle. 

To solve a triangle means to find the C a , Pee erase 

lengths of all sides and the measures of = _ ; : A 4 

C = 90°" c=? 

First, we find A: A = 90° — 27.3° = 62.7°. 

Then we use the tangent and the cosine functions to find 
aandc: 

wii = Gur COS62 ae — eae 
11.6 Cc 

IEG tanlG2 aaa 11.6 
¢ = —— 

DRS FE Gh, cos 62.7° 

(es SS}. 



Coterminal Angles 

If two or more angles have the same 
terminal side, the angles are said to be 
coterminal. 

To find angles coterminal with a given 
angle, we add or subtract multiples of 
360°. 

Complementary and Supplementary 

Angles 

Two acute angles are complementary if 

their sum is 90°. 

Two positive angles are supplementary 

if their sum is 180°. 

Trigonometric Functions of Any Angle 0 

If P(x, y) is any point on the terminal 

side of any angle 6 in standard position, 
and r is the distance from the origin to 

P(x, y), wherer = Vx? + y’, then 

y r 
= ss csc 9 = -, 

y 

Xi iF 
—'—. )secgs= — 

r 55 

OG 
= e cot? = — 

x Mv 

The trigonometric function values of 

6 depend only on the angle, not on the 

choice of the point on the terminal side 

that is used to compute them. 

Signs of Function Values 

The signs of the function values depend 
only on the coordinates of the point P on 

the terminal side of an angle. 

y 
Positive: sin Positive: All 
Negative: cos, tan | Negative: None 

II 

Ill 

Positive: cos 
Negative: sin, tan 

Positive: tan 

Negative: sin, cos 

Summary and Review 

SECTION 6.3: TRIGONOMETRIC FUNCTIONS OF ANY ANGLE 

Find two positive angles and two negative angles that are 

coterminal with 123°. 

123° + 360° = 483°, 

123° + 3(360°) = 1203°, 

1235 3h 500s == 2376 

123° — 2(360°) = —597° 

The angles 483°, 1203°, —237°, and —597° are coterminal 
with 123°. 

Find the complement and the supplement of 83.5°. 

90 83S O55 

180° — 83.5° = 96.5° 

The complement of 83.5° is 6.5°, and the supplement of 
83.5715.96,5 

Find the six trigonometric function values y 

for the angle shown. 

We first determine r: 

r= Ve ty = V9 Pah)? = V 0a = 5. 
4 5) 

si0).— CSCQUs— see 
5 4 

3 5 
cos@ = -—, sec? = -—, 

5 3 

4 3 
tan? = —-, Cound —— 

3 4 

Given that cosa = —#and ais in the third 

quadrant, find the other function values. 

One leg of the reference triangle has 

length 1, and the length of the hypotenuse 

is 5. The length of the other leg is 

A/ 5 oFN/ 24, of 2° 6. 

2V6 - 5 
he = ==, csca = Ot 

5 2V6 
1 

cosa = - > seca = —5, 
5 

| V6 
tana = o\/ 6, cota = jo 

481 
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Trigonometric Function Values Find the exact function value. 

EEO LEU USEY ay tan (—90°) is not defined, 
An angle whose terminal side falls on ae 

: sin 450° = 1, 
one of the axes is a quadrantal angle. 

csc 270° = —1, 

cos 720° = 1, 

sec (—180°) = —1, 

cot (—360°) is not defined 

defined defined 

Reference Angles Find the sine, cosine, and tangent values for 240°. 

The reference angle for an angle is the The reference angle is 240° — 180°, or 60°. Recall that 
acute angle formed by the terminal side inka 3 ie el a 
of the angle and the x-axis. sin 60° = cares eo" = my and tan 60° = V3. 

yr A 

Reference B 2/ 5 

angle for 8 240" 6024 

Reference 

ingle: 60 

When the reference angle is 30°, 45°, 

or 60°, we can mentally determine 

trigonometric function values. 

In the third quadrant, the sine and the cosine functions are 
negative, and the tangent function is positive. Thus, 

V3 1 
sin 240° = -—=, cos 240 = —>, and tan 240° = ice 

a 

Trigonometric Function Values Find each of the following function values using a calculator 

of Any Angle set in DEGREE mode. Round the values to four decimal places, 

Using a calculator, we can approximate where appropriate. 
the areata function values of any csc 285° ~ —1,0353, cos 51° ~ 0.6293, 
angle. 

sin 25°14'38" =~ 0.4265, sec (—45°) = 1.4142, 

tan(= 10207)" 1.7321; sin 810° Sal 

Given cos@ ~ —0.9724, 180° < @ < 270°, find @. 

A calculator shows that the acute 
angle whose cosine is 0.9724 is approxi- 

mately 13.5°. We then find angle 0: 
“y 

180° + 13.5° =<1935, Reference 

angle: 13.5 

Thus, @ ~ 193.5°. 
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Aerial Navigation An airplane flies 320 mi from an airport in a direction of 305°. 
In aerial navigation, directions are given How far north of the airport is the plane then? How far west? 

in degrees clockwise from north. For N 
example, a direction, or bearing, of 195° 
is shown below. 

/ 
Reference 

angle: 35° 

The distance north of the airport a and the distance west of 

the airport b are parts of a right triangle. The reference angle is 
305" = 270 = 35: Thus, 

a 
== = 9 35° 
320 

Ge O20 sints> alls 4: 

b fe) 

ee SC OSISD 
320 

be—ss20icosS oe 62s 

The airplane is about 184 mi north and about 262 mi west of 

the airport. 

SECTION 6.4: RADIANS, ARC LENGTH, AND ANGULAR SPEED 

The Unit Circle Find two real numbers between —277 and 277 that determine 

A circle centered at the origin with a each of the labeled points. 

radius of length | is called a unit circle. Bo ke ae i 

Its equation is x? + y* = 1. a ae S: ricer 

ey Sp SY 47, 2a 

are ue aa Se 
= cOPee nee 3a ae ee 

As it 2,2 Ay mad 

igs ee 0 Doom Vi «,-7 

=) 93") RRS 
The circumference of a circle of radius r to . 

is 27r. For a unit circle, where r = 1, the R: Sipe = za 

circumference is 27. If a point starts at A 

and travels around the circle, it travels a 

distance of 277. 
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Radian Measure 

Consider the unit circle (r = 1) and arc 
length 1. If a ray is drawn from the origin 
through T, an angle of 1 radian is formed. 
One radian is approximately 57.3°. 

Arc length is 1. 

6= | radian 
ae 

r=1 o 

1 radian = 57,3° 

A complete counterclockwise revolution 
is an angle whose measure is 277 radians, 

or about 6.28 radians. Thus a rotation of 

360° (1 revolution) has a measure of 277 

radians. 

Radian-Degree Equivalents 

Converting Between Degree Measure 

and Radian Measure 

To convert from degree measure to 

7 radians 

180° 

To convert from radian measure to 

180° 

7 radians 

radian measure, multiply by 

degree measure, multiply by 

If no unit is given for a rotation, the 

rotation is understood to be in radians. 

The Trigonometric Functions 

Convert 150° and —63.5° to radian measure. Leave answers in 

terms of 77. 

a radians 150° 7 
5 Ogee Oe = qr radians = ——; 

180° 180° 6 

di 6355" 
695° 6 aradians ~ —0.35a 

180° 180° 

Convert —328° and 29.2° to radian measure. Round the 

answers to two decimal places. 

dians 328° $6289 Ri3282 = - radians ~ —5.72; 
180° 180 

mradians 29.2° ; 
29.2° = 29.2°° = a radians ~ 0.51 

180° 180° 

277 
Convert — —,, 57, and —1.3 to degree measure. Round the 

answers to two decimal places. 

Qar 2 180° ae ; 
= —— = —=-180° = —120° 

3 3 radians 3 

180° 
Sar = 577 > ——_—__ = 5° 180° = 900°; 

a radians 

180° ~1.3(180°) 
Ale == Ih) 0 ; = = —74,48° 

a radians T 

Find a positive angle and a negative angle that are coterminal 
70 

alia ==, 
4 

77 717 87 157 
“ag 1, oe i = ; 
4 4 4 

7 71 24 ly ~~ 3027) =" - 62 = a 
4 4 4 4 

: ee HEHE 157 177 
Two angles coterminal with ji are ji an es 

Find the complement and the supplement of = 

7 TAT To 3a Pas 

7 ee a 
ie aes WI fe 

{og TS ea Gee iO ee 

TOT, 
The complement ot is — and the supplement oft is = 



Radian Measure 

The radian measure 0 

of a rotation is the 

ratio of the distance s 

traveled by a point at 

a radius r from the 

center of rotation to 

the length of the radius r: 

When the formula 0 = s/r is used, 6 
must be in radians and s and r must be 

expressed in the same unit. 

Linear Speed and Angular Speed 

Linear speed v is the distance s traveled 

per unit of time f: 

Angular speed w is the amount of 

rotation 6 per unit of time f: 

Linear Speed in Terms of Angular Speed 

The linear speed v of a point a distance 7 

from the center of rotation is given by 

Var); 

where w is the angular speed, in radians, 
per unit of time. The unit of distance for 

v and r must be the same, w must be in 
radians per unit of time, and v and w must 

be expressed in the same unit of time. 

SECTION 6.5: CIRCULAR FUNCTIONS: GRAPHS AND PROPERTIES 

Domains of the Trigonometric 

Functions 

In Sections 6.1 and 6.3, the domains 
of the trigonometric functions were 

defined as a set of angles or rotations 
measured in a real number of degree 

units. In Section 6.4, the domains were 

considered to be sets of real numbers, or 
radians. Radian measure for 6 is defined 

as @ = s/r. Whenr = 1,6 = s. The arc 

length s on the unit circle is the same as 

the radian measure of the angle 6. 

Summary and Review 

Find the measure of a rotation in radians when a point 6 cm 

from the center of rotation travels 13 cm. 

Seo cals 

r 6cm 6 
§ = radians 

Find the length of an arc of a circle of radius 10 yd associated 
with an angle of 57r/4 radians. 

Ol OL st — are: 

A wheel with a 40-cm radius is rotating at a rate of 
2.5 radians /sec. What is the linear speed of a point on 
its rim, in meters per minute? 

lm 
r= 40cm: = 0.4m; 

100 cm 

_ 2.5radians 60sec _ 150 radians 

1 sec 1 min 1 min 

150 60m 

1 min min 
v=rw = 0.4m: 

485 
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Basic Circular Functions 

On the unit circle, s can be considered 
the radian measure of an angle or the 

measure of an arc length. In either case, 
it is a real number. Trigonometric func- 

tions with domains composed of real 

numbers are called circular functions. 

For a real number s that determines a 

point (x, y) on the unit circle: 

sin's ="; 
(x, y) 

CcOSS = Xx, 

tans = a ~ 0, 
x 

: ~ 0 CSG Ss aera) ; 
MM 

1 
secs = —x # 0, 

56 

he COL S ==>, eB yy 

Reflections 

Because a unit circle is symmetric with 

respect to the x-axis, the y-axis, and the 

origin, the coordinates of one point on 

the unit circle can be used to find coordi- 
nates of its reflections. 

Periodic Function 

A function fis said to be periodic if there 

exists a positive constant p such that 

Tepes) 

for all s in the domain of f. The smallest 
such positive number p is called the 

period of the function. 

The Trigonometric Functions 

Find each function value using coordinates of a point on the 

unit circle. 

2V3 
1 > 

Me rs 

4 

57 2397 
tan a is not defined, cot me =-— Ayes 

( a ye 70 
cos = ; tan 

6 2 4 

Find each function value using a calculator set in RADIAN mode. 

Round the answers to four decimal places, where appropriate. 

377 
COs (= 14:7) = =0.5336centan on is not defined, 

Dae 
SL = —():5878, sec214 = 1.0733 

The point (3, $) is on the unit circle. Find the coordinates of 

its reflection across (a) the x-axis, (b) the y-axis, and (c) the 

origin. 

YR 

w(-24)1 29) 
-- a 

\ 
AO Ps 

Graph the sine, the cosine, and the tangent functions. For 
graphs of the cosecant, the secant, and the cotangent functions, 
see pp. 458-459. 

(continued ) 
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Amplitude 

The amplitude of a periodic function 

is defined as one half of the distance 
between its maximum and minimum 

function values. It is always positive. 

Sine Function 

1. Continuous i ! s ! | Foo eantanies 
2. Period: 2a | ctu | 
3. Domain: All real numbers SS Ler lara ew rar mA 
ae Range:)\|-15 1\| r a c 7 
5. Amplitude: 1 wet | 

6. Odd: sin(—s) = —sins 

Gosine Function Compare the domains of the sine, the cosine, and the tangent 
. functions. 

1. Continuous 

2. Period: 27 FUNCTION DOMAIN 

3. Domain: All real numbers 
4. Range: [—1, 1] sine All real numbers 

5. Amplitude: 1 cosine All real numbers 

6. Even: cos (—s) = coss tangent All real numbers except 7/2 + kz, 

where k is an integer 
Tangent Function 

1. Period: a Compare the ranges of the sine, the cosine, and the tangent 
2. Domain: All real numbers except finctions 

(2/2) + kar, where k is an integer 
3. Range: All real numbers FUNCTION RANGE 

sine (—aletd 

cosine (15.1) 

tangent All real numbers 

Compare the periods of the six trigonometric functions. 

FUNCTION PERIOD 

sine, cosine, cosecant, secant 277 

tangent, cotangent 7 

SECTION 6.6: GRAPHS OF TRANSFORMED SINE AND COSINE FUNCTIONS 

Transformations of the Sine Function Determine the amplitude, the period, and the phase shift of 

and the Cosine Function i 

To graph y = Asin (Bx — C) + Dand Nie ~Lsin(2x- 2) + l 

y = Acos (Bx — C) + D: 
and sketch the graph of the function. 

aes a 
—=— S00 (2 = ) se Il 

2, 2D 

4 
4 

1. Stretch or shrink the graph 
horizontally according to B. 

Reflect across the y-axis 

22) 
B 

y 

if.B =. 0: (Period = ee \| | 

Nl 

Nee j= 

| aera eee 

tw 

a 

a 
| | 

(continued ) 
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2. Stretch or shrink the graph vertically 

according to A. Reflect across the 

x-axis if A < 0. 
(Amplitude = |A|) 

. Translate the graph horizontally 

according to C/B. 

(Phase shift = <) 
B 

. Translate the graph vertically 

according to D. 

REVIEW EXERCISES 

Determine whether the statement is true or false. 

1. Given that (—a, b) is a point on the unit circle 
and @ is in the second quadrant, then cos @ is a. 
[6.4], [6.5] 

. Given that (—c, —d) is a point on the unit circle 
c 

and 6@ is in the second quadrant, then tan@ = —— 

[6.4], [6.5] 

. The measure 300° is greater than the measure 
5 radians. [6.4] 

. Ifsec@ > Oandcoté < 0, then @ is in the fourth 

quadrant. [6.3] 

] 1 
Amplitude: 3] = 

2 2 

207 
Period: | = 7 

2 

ar | 2 7 
Phase shift: ue: = — 

2 4 

Find the exact function value, if it exists. 

9. cos 45° [6.1] . cot 60° [6.1] 

11. cos 495° [6.3] . sin 150° [6.3] 

13.. sec (— 270°) 16:3} . tan (—600°) [6.3] 

15. csc 60° [6.1] . cot (—45°) [6.3] 

17. Convert 22.27° to degrees, minutes, and seconds. 
Round the answer to the nearest second. [6.1] 

18. Convert 47°33'27” to decimal degree notation. 
Round the answer to two decimal places. [6.1] 

Find the function value. Round the answer to four decimal 
places. [6.3] 

5. The amplitude of y = 5 sin x is twice as large as the 19. tan 2184° 20. sec 27.9° 
amplitude of y = sin} x. [6.6] 

2LScosi Ss Voed2 22. sin 245°24' 
97 

6. The supplement of is greater than the 23 VCO (3327) 24. sin 556.13° 

ea Find 0 in the interval indicated. Round the answer to the 
complement 0 ie [6.4] nearest tenth of a degree. |6.3] 

25. = 0, rive 
7. Find the six trigonometric function values of 0. sake apy peer Ue. 

[6.1] 26. tan @ = 1.0799, (0°, 90°) 
8 Find the exact acute angle 0, in degrees, given the function 

0 value. [6.1] 

= s 3 
V73 27... sin @ = a 28. and = V3 

, | V91 V2 V3 hina . 2V3 8. Given that B is acute and sin B fr. find the 29. cos@ = = 30. secd = a 

other five trigonometric function values. [6.1] 



31. Given that sin 59.1° ~ 0.8581, cos 59.1° ~ 0.5135, 
and tan 59.1° ~ 1.6709, find the six function values 
for 30.9°. [6.1] 

Solve each of the following right triangles. Standard letter- 
ing has been used. [6.2] 

SL Cee 3, C —1 8.6 

b34G7—150'S,.5b = 51,17~ 

34. One leg of a right triangle bears east. The hypotenuse 
is 734 m long and bears N57°23’E. Find the perim- 
eter of the triangle. 

35. An observer's eye is 6 ft above the floor. A mural is be- 
ing viewed. The bottom of the mural is at floor level. 
The observer looks down 13° to see the bottom and 
up 17° to see the top. How tall is the mural? 

For angles of the following measures, state in which quad- 
rant the terminal side lies. [6.3] 

36. 142°11'5” Ciel Sea 38. 392. 

Find a positive angle and a negative angle that are cotermi- 
nal with the given angle. Answers may vary. 

77 
39. 65° [6.3] 40. ae [6.4] 

Find the complement and the supplement. 

7 
Al. 13.4° [6.3] 42. fe [6.4] 

43. Find the six trigonometric function values for the 
angle 6 shown. [6.3] 

Vv 

44. Given that tan@ = 2/ \/5 and that the terminal 
side is in quadrant III, find the other five function 

values. [6.3] 

45. An airplane travels at 530 mph for 35 hr in a direc- 

tion of 160° from Minneapolis, Minnesota. At the 

end of that time, how far south of Minneapolis is the 

airplane? [6.3] 
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46. Ona unit circle, mark and label the points deter- 

mined by 77/6, —37r/4, —7/3, and 97/4. [6.4] 

For angles of the following measures, convert to radian 
measure in terms of 7, and convert to radian measure 
not in terms of 7. Round the answer to two decimal 
places. [6.4] 

AT laos 48. —30° 

Convert to degree measure. Round the answer to two 
decimal places where appropriate. [6.4] 

377 
At), = 50. 3 

D 

Bil, 4h 52. lla 

53. Find the length of an arc of a circle, given a central 

angle of 7/4 and a radius of 7 cm. [6.4] 

54. An arc 18 m long on a circle of radius 8 m subtends 
an angle of how many radians? how many degrees, 
to the nearest degree? [6.4] 

55. A waterwheel in a watermill has a radius of 7 ft and 
makes a complete revolution in 70 sec. What is the 
linear speed, in feet per minute, of a point on the 
rim? [6.4] 

56. An automobile wheel has a diameter of 14 in. If the 
car travels at a speed of 55 mph, what is the angular 
velocity, in radians per hour, of a point on the edge 
of the wheel? [6.4] 

57. The point (3, — 4) is on a unit circle. Find the coor- 
dinates of its reflections across the x-axis, the y-axis, 

and the origin. [6.5] 

Find the exact function value, if it exists. [6.5] 

; 57 
58. cos 77 59. tan a 

577 77 
60. sin — 61. sin (-=) 

3 6 

7 
62. tan = 63. cos (—1377) 
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Find the function value, if it exists. Round the answer to 
four decimal places. {6.5| 

64. sin 24 65. cos (—75) 

377 
66. cot 167 67. Laninee 

7 
68. sec 14.3 69. cos (- =) 

70. Graph each of the six trigonometric functions from 
—27 to 27. [6.5] 

71. What is the period of each of the six trigonometric 
functions? [6.5] 

72. Complete the following table. [6.5] 

an ae 
sine 

cosine | 

tangent 

73. Complete the following table with the sign of the 
specified trigonometric function value in each of the 
four quadrants. [6.3] 

rome [a [ee 
cosine 

tangent 

Determine the amplitude, the period, and the phase shift of 
the function, and sketch the graph of the function. [6.6] 

i 7 
14 AY rst (. si =) 

1 7 
1 Des Vim Oa tos (25 - =) 

In Exercises 76-79, match the function with one of the 
graphs (a)-(d) that follow. |6.6] 

b) a) yA 

Cc) yA d) YA 

Ag Sn es 5 a 

i aN LEGA eae 
BAS ye 

wl ab 
t L 

lee 
76. V = "COS 2X LED ree 

79. y= ~cos(x- =) ay. COS amie, 

80. Sketch a graph of y = 3 cosx + sin x for values of x 
between 0 and 277. [6.6] 

81. Graph: f(x) = e°”cosx. [6.6] 

82. Which of the following is the reflection of 

(- LQ 2) across the y-axis? [6.5] 
Z De 

(2 .) 

2), 

1 
TRY te ayo 

83. Which of the following is the domain of the cosine 
function? [6.5] 

AG) 
B.((=ca408) 
C. [0, co) 
Diet 

84. The graph of f(x) = —cos (—x) is which of the fol- 
lowing? [6.6] 

A. y 
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85. Graph y = 3 sin (x/2), and determine the domain, 
the range, and the period. [6.6] 

86. In the following graph, y, = sin x is shown and y, is 
shown in red. Express y, as a transformation of the 
graph of y,. [6.6] 

Vi == SUX yo oe 
4 

2a : : 2a 

-4 

87. Find the domain of y = log (cos x). [6.6] 

88. Given that sin x = 0.6144 and that the terminal side 
is in quadrant II, find the other basic circular func- 
tion values. [6.3] 

» Collaborative Discussion 

and Writing 

89. Compare the terms radian and degree. [6.1], [6.4] 

90. In circular motion with a fixed angular speed, the 
length of the radius is directly proportional to the 
linear speed. Explain why with an example. [6.4] 

Chapter Test 

91. 

92: 

93; 

94. 

Test 491 

Explain why both the sine function and the cosine 
function are continuous, but the tangent function, 
defined as sine/cosine, is not continuous. [6.5] 

In the transformation steps listed in Section 6.6, why 
must step (1) precede step (3)? Give an example that 
illustrates this. [6.6] 

In the equations y = A sin (Bx — C) + Dand 
y = Acos (Bx — C) + D, which constants translate 
the graphs and which constants stretch and shrink 
the graphs? Describe in your own words the effect of 
each constant. [6.6] 

Two new cars are each driven at an average speed of 
60 mph for an extended highway test drive of 2000 mi. 
The diameters of the wheels of the two cars are 15 in. 
and 16 in., respectively. If the cars use tires of equal 
durability and profile, differing only by the diameter, 
which car will probably need new tires first? Explain 
your answer. [6.4] 

1. Find the six trigonometric function values of 0. 

Find the exact function value, if it exists. 

2. sin 120° 3. tan (—45°) 

577 
4. cos 377 5. Se). 

6. Convert 38°27'56” to decimal degree notation. 

Round the answer to two decimal places. 

Find the function values. Round the answers to four 

decimal places. 

7. tan 526.4° Secuiel 2) 

9. Resell 10. cos 76.07 
9 

11. 

12. 

13. 

14. 

ey, 

16. 

17. 

Find the exact acute angle 0, in degrees, for which 
1 

sin @ = 5. 

Given that sin 28.4° ~ 0.4756, cos 28.4° ~ 0.8796, 

and tan 28.4° ~ 0.5407, find the six trigonometric 
function values for 61.6°. 

Solve the right triangle with b = 45.1 and 
A = 35.9°. Standard lettering has been used. 

Find a positive angle and a negative angle coterminal 
with a 112° angle. 

ST 
Find the supplement of me 

Given that sin@ = —4/ \/41 and that the terminal 
side is in quadrant IV, find the other five trigono- 
metric function values. 

Convert 210° to radian measure in terms of 77. 
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37 
18. Convert oe to degree measure. 

19. Find the length of an arc of a circle given a central 
angle of 7/3 and a radius of 16 cm. 

Consider the function y = —sin(x — 7/2) + 1 for 
Exercises 20-23. 

20. Find the amplitude. 

21. Find the period. 

22, 

23. Which of the following is the graph of the 
function? 

a) YR b) YA 

aL AC 

cen mn on © Lanka Jel \a pars 
= 1 Ss =f 

wi Bak 

c) VA d) YA 
L a 

EE iW 

a =a E : 7 : In Z —7 ; i Z 

Sie Li 

£9 ob 

24. Ski Dubai Resort. Ski Dubai is the first indoor ski 

Find the phase shift. 

resort in the Middle East. Its longest ski run drops 
60 ft and has an angle of depression of approximately 
8.6° (Source: www.SkiDubai.com). Find the length 

of the ski run. Round the answer to the nearest 
foot. 

25. Location. A motor home travels at 50 mph for 6 hr 

in a direction of 115° from Flagstaff, Arizona. At the 

end of that time, how far east of Flagstaff is the motor 

home? 

26. Linear Speed. A ferris wheel has a radius of 6 m 
and revolves at 1.5 rpm. What is the linear speed, in 
meters per minute? 

27, Graph: f(<) = 47 sin 

28. The graph of f(x) = —sin (—x) is which of the 
following? 

A. 

>» Synthesis 

29. Determine the domain of f(x) = 



i “ i 

Sewn ea ee 

SUERTE 

HUTT GET 
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¢ 
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. 
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The average high temperature per month in 

Chicago, Illinois, varies from about 32° in January 

to 84° in July (Source: www.weather.com). The 

following sine function can be used to approximate 

the average high temperature, y, in Chicago for 

month x: 

y = 26.492 sin (0.491x _ 1.942) + 58.247. 

a) Approximate the average high temperature 

in Chicago in April (x = 4) and in October 

(x = 10). (Hint: Set the calculator in radian 

mode.) 

b) Determine in which month the average high 

temperature will be about 47°. 

eames 
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(x, y), or 
(cos s, sin s) 

Trigonometric Identities, Inverse Functions, and Equations 

Identities: Pythagorean and Sum and Difference 

® State the Pythagorean identities. 

» Simplify and manipulate expressions containing trigonometric expressions. 

m Use the sum and difference identities to find function values. 

An identity is an equation that is true for all possible replacements of the variables. 
The following is a list of the identities studied in Chapter 6. 

BASIC IDENTITIES 

1 1 
sinx = ese tte, Sin (<a) sli 

csc x sin x 
cos (—x) = cos x, 

1 1 
cosx = 5» See x, = we) tantiex) =a tan, 

sec x cos x 

1 1 sin x 
tanx = GeOuR = » tanx= ; 

cot x tan x COs X 

cos x 
cotx = — 

sin x 

In this section, we will develop some other important identities. 

» Pythagorean identities 

We now consider three other identities that are fundamental to a study of trigo- 
nometry. They are called the Pythagorean identities. Recall that the equation of a 
unit circle in the xy-plane is 

ete a— 1, 

For any point on the unit circle, the coordinates x and y satisfy this equation. Sup- 
pose that a real number s determines a point on the unit circle with coordinates 
(x,y), or (cos s, sins). Then x = coss and y = sins. Substituting cos s for x and 
sin s for y in the equation of the unit circle gives us the identity 

(cos $y + (sin a) ==; Substituting cos s for x 
and sin s for y 

which can be expressed as 

sin?s + cos’?s = 1. 
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It is conventional in trigonometry to use the notation sin’ s rather than (sin s)’. 
Note that sin’s # sins’. 

YR YK 

2 | y = (sin x)* = (sin x)(sin x) [ | y = sin x = sin (x- x) 

The identity sin’ s + cos’s = 1 gives a relationship between the sine and the 
cosine of any real number s. It is an important Pythagorean identity. 

We can divide by sin’ s on both sides of the preceding identity: 

sin’ s cos’ s 1 
aa hee a Dividing by sin’ s 

sin’ $ sin s sin’ $ 

Simplifying gives us a second Pythagorean identity: 

1 + cot*s = csc’s. 

This equation is true for any replacement of s with a real number for which 
sin’ s # 0, since we divided by sin’ s. But the numbers for which sin’ s = 0 
(or sins = 0) are exactly the ones for which the cotangent function and the cose- 
cant function are not defined. Hence our new equation holds for all real numbers s 
for which cot s and csc s are defined and is thus an identity. 

The third Pythagorean identity is obtained by dividing by cos’ s on both sides 
of the first Pythagorean identity: 

sini 5) cos’ 1 as , 
= i Dividing by cos’ s 

cos s cos s cos’ s 

tans: 1: secs. Simplifying 

This equation is true for any replacement of s with a real number for which 
cos’s # 0, since we divided by cos’ s. But the numbers for which cos’s = 0 
(or coss = 0) are exactly those for which the tangent function and the secant 
function are not defined. Thus our new equation holds for all real numbers s for 
which tan s and sec s are defined and is thus an identity. 

The identities we have developed hold no matter what symbols are used for the 
variables. For example, we could write 

2 2 beat o 

sin’ s + cos’?s = 1, sin? @ + cos*@ = 1, or sin’x + cos'x = 1. 

PYTHAGOREAN [IDENTITIES 

sin? x + cos’x = 1, 

1 + cot? x°= csc? x,- 

1 + tan’x = sec? x 
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It is often helpful to express the Pythagorean identities in equivalent forms. 

Pythagorean Identities Equivalent Forms 

RO a 2 
Sink — COS 

ey) Deane rT SIs Oi COGm yn s 0S 
> co’ x = 1 — sin’x 

1 + tan’ x = sec? x 
es 

2 2 
1 R—FCSCaXi = (COls 

1 + cot?x = coed , 
cot? x = csc?x — 1 

1 = sec*x — tan’x 

> tan’ x = sec?x — 1 

» Simplifying Trigonometric Expressions 

We can factor, simplify, and manipulate trigonometric expressions in the same 
way that we manipulate strictly algebraic expressions. 

EXAMPLE 1 = Multiply and simplify: cos x (tanx — sec x). 

Solution 

cos (tani« —) secx) 

= cosxtanx — cosx sec x 

sin x 
cos x 

COS x 

= sinx — l 

x 
COS X 

Multiplying 

sin x 
Recalling the identities tan x = 

cos x 

and secx = and substituting 

Simplifying 

Now Try Exercise 3. 

There is no general procedure for simplifying trigonometric expressions, 
but it is often helpful to write everything in terms of sines and cosines, as we did 
in Example 1. We also look for a Pythagorean identity within a trigonometric 
expression. 

EXAMPLE 2 Factor and simplify: sin’ x cos’ x + cos* x. 

Solution 

sin’ x cos’ x + cost x 

= cos’ x (sin? x + cos’ x) 
| = cos’ x* (1) 
= 2 
=i COSiX 

Removing a common factor 

Using sin’ x + cos?x = 1 

Now Try Exercises 9 and 13. 



Technology Connection 

y, = cos x (tan x — 1/cos x), 

Uy = One I 

X = —6.28318530718 

TblStart = —2z 

ATbl = 2/4 
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A graphing calculator can be used to perform a partial check of an identity. 
First, we graph the expression on the left side of the equals sign. Then we graph 
the expression on the right side using the same screen. If the two graphs are 
indistinguishable, then we have a partial verification that the equation is an 
identity. Of course, we can never see the entire graph, so there can always be 
some doubt. Also, the graphs may not overlap precisely, but you may not be 
able to tell because the difference between the graphs may be less than the 
width of a pixel. However, if the graphs are obviously different, we know that a 
mistake has been made. 

Consider the identity in Example 1: 

COS Wi( talx = scecry) asin ae 

Recalling that sec x = 1/cos x, we enter 

Vy, = cOSx (tana —.l/cosx) and y, = six — J. 

To graph, we first select SEQUENTIAL mode. Then we select the “line”-graph style 
for y, and the “path”-graph style, denoted by —O, for y. The calculator will 
graph y, first. Then it will graph y, as the circular cursor traces the leading 
edge of the graph, allowing us to determine whether the graphs coincide. As 
you can see in the graph screen at left, the graphs appear to be identical. Thus, 
cos x (tanx — secx) = sinx — 1 is most likely an identity. 

The TABLE feature can also be used to check identities. Note in the table at 
left that the function values are the same except for those values of x for which 
cos x = 0. The domain of y, excludes these values. The domain of y, is the set 
of all real numbers. Thus all real numbers except + 7/2, +37 /2,+57r/2,... 
are possible replacements for x in the identity. Recall that an identity is an 
equation that is true for all possible replacements. 

EXAMPLE 3 Simplify each of the following trigonometric expressions. 

cot (—6) b 2sin t + sint — 3 

ese (—@) 1 — cos’t — sint 

Solution 

cos (—@) 

cot (—8@) sin (—@) Rewriting in terms of 
Er aa en) ee ee sines and cosines 
csc (—8) 1 

sin (—0) 

cos (—6 iplyi iproc: = a = - sin (—6) Teenie by the reciprocal, 

= cos ( 0) Removing a factor of 1, 
sin (—0)/sin (—90) 

= COSIO The cosine function is even. 
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Recall that the sine function is odd, sin (—@) = —sin @, and the cosine func- 

tion is even, cos (—9@) = cos @. It can be shown that the tangent, the cotangent, 

and the cosecant functions are odd and the secant function is even. We can also 

simplify this expression using those identities: 

cos 8 

GOL( 0 )he = COLO mEECOLO Ten sin G 

ESC (= 0 Ji Me = cse OF esc ] 

sin 0 

cos@ sin@ 
=— : = cos 6. 

sin@ 1 

ies ance eis tiga) 
1 — cos*t — sint 

2 Sie tehsil (a 8 = ? 
= Substituting sin’ t for 1 — cost 

sin’ t — sint 

(Q'sint + 3,)(ain-— 1) JUST = Factoring in both the numerator 
ae i. sin t (sint—T) and the denominator 

ae PaCS ils seo meee) 
Ss Simplifying 

sin f 

2 sin t 2 
= . is . 

sin ft sin t 

ai le ee OLA ee, ata OuCSCit Now Try Exercises 17 and 19. 

We can add and subtract trigonometric rational expressions in the same way 
that we do algebraic expressions, writing expressions with a common denominator 
before adding and subtracting numerators. 

: cos Xx 
EXAMPLE 4 Add and simplify: ————— + tan x. 

sie Stig 

Solution 

cos x cos x sin x sin x 
spe mee ata ; Using tanx = 
TIME ere siex eats. CLIK se ee COSX. cos x 

20. _ 608% COSx | sinx 1+ sinx 

JL hale (loko COS SX = sine 

Multiplying by forms of 1 

cos’ x + sinx + sin’ x 

im Gos waele rasta. ) Adding 

= Los isin x 
Se . 

Pa (1 + sin x) Using sin’ x + cos?x = 1 

f 

= cosx’ OLRDRSEEEX Simplifying 

Now Try Exercise.27. 

When radicals occur, the use of absolute value is sometimes necessary, but it 
can be difficult to determine when to use it. In Examples 5 and 6, we will assume 
that all radicands are nonnegative. This means that the identities are meant to be 
confined to certain quadrants. 



V9 + x? 
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EXAMPLE 5 Multiply and simplify: V sin’ x cos x* V cos x. 

Solution 

V sin? Xx COS X° Vcos BG a sin? Xx cos” x 

= V sin? x cos’ x sin x 

= sinxcosx V sinx 

Now Try Exercise 31. 

2 
EXAMPLE 6 Rationalize the denominator: , | 

tan x 

Solution 

ee | 2 tan x 

tan x tanx tanx 

r 2 tan x 
a 2 

tan’ x 

V2 tan x 

tan x Now Try Exercise 37. 

Often in calculus, a substitution is a useful manipulation, as we show in the 
following example. 

EXAMPLE 7 Express V9 + x’ asa trigonometric function of 6 without using 
radicals by letting x = 3 tan 6. Assume that 0 < 6 < 7/2. Then find sin 6 and 
cos 6. 

Solution We have 

A) = N/E (3 tan 0)? Substituting 3 tan 0 for x 

= V9 + 9tan’6 

=e (1 + tan’ 6) Factoring 

=#N/9 sec“O Using 1 + tan’x = sec’ x 

= 3\sec| = 3 sec 0. For 0 < 0 < z/2,secO > 0, 
so |sec@| = sec 0. 

We can express V9 + x* = 3 sec @as 

V9 +x 
ip §ePa 1 

In a right triangle, we know that sec @ is hypotenuse /adjacent, when @ is one 
of the acute angles. Using the Pythagorean theorem, we can determine that the side 
opposite 6 is x. Then from the right triangle, we see that 

5% 3 
sing, = ——_-_ and. cos 9 = |= S. 

ON be Vets 
Now Try Exercise 45. 

sec 9 = 

» Sum and Difference identities 

We now develop some important identities involving sums or differences of two 
numbers (or angles), beginning with an identity for the cosine of the difference of 
two numbers. We use the letters u and v for these numbers. 
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Let’s consider a real number u in the interval [7 /2, 7] and a real number v in 

the interval [0, 7/2]. These determine points A and 8 on the unit circle, as shown 

below. The arc length s is u — v, and we know that 0 = s = 7. Recall that the co- 

ordinates of A are (cos u, sin uv), and the coordinates of B are (cos v, sin v). 

aN 
(cos v, sin Vv) 

(cos u, sin u) 7A \ 
+ 

| DISTANCE FORMULA Using the distance formula, we can write an expression for the distance AB: 

REVIEW SECTION 1.1 | AB = V(cosu — cosv)* + (sinu — sin v)?. 

This can be simplified as follows: 

AB = V cos? u — 2cosucosv + cos*v + sin? u — 2sinusinv + sin’ v 

V (sin? u + cos*u) + (sin? v + cos*v) — 2(cosucosv + sin usin v) 

/2 = 2(cosucosv + sinusinv). 

YK Now let’s imagine rotating the circle so that point B is at (1, 0), as shown at left. 
Although the coordinates of point A are now (cos s, sin s), the distance AB has not 

(cos s, sin s) changed. 
A s Again, we use the distance formula to write an expression for the distance AB: 

AB = V (cos s — 1)* + (sins — 0). 

Bl(,0) * This can be simplified as follows: 

AB = V cos? s — 2coss + 1+sin’s 

V (sin s + cos*s) + 1 — 2coss 

SON 2. COS S: 

Equating our two expressions for AB, we obtain 

WW in 2 (cosucosv + sinusinv) = V2 — 2coss. 

Solving this equation for cos s gives 

cos $s = cosucosv + sin usin v. (1) 

But s = u — v, so we have the equation 

cos (u — v) = cosucosv + sin usin v. (2) 

Formula (1) above holds when s is the length of the shortest arc from A to 
B. Given any real numbers u and v, the length of the shortest arc from A to B is 
not always u — v. In fact, it could be v — u. However, since cos (—x) = cos x, we 
know that cos (v — u) = cos (u — v). Thus, cos s is always equal to cos (u — v). 
Formula (2) holds for all real numbers u and v. That formula is thus the identity we 
sought: 

cos(u — v) = cosucosv + sinusinv. 
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The cosine sum formula follows easily from the one we have just derived. Let’s 
consider cos (u + v). This is equal to cos [u — (—v) ], and by the identity above, 
we have 

COS (Us Vv) — cos | — (=v) | 

cos ucos(—v) + sinusin (—v). 

But cos (—v) = cosv and sin(—v) = —sin v, so the identity we seek is the 
following: 

cos(u + v) = cosucosv — sinusinv. 

EXAMPLE 8 Find cos (577/12) exactly. 

Solution We can express 577/12 as a difference of two numbers whose exact sine 
and cosine values are known: 

Ue Alen | ct aus 
12 12 We, 4 

Technology Connection 
577 D7) eT, 377 TT Sap Say 

COS ae COS) aeereeaa eee COS ee COS ee SIT ae SIT oe 
1, 4 8} 4 3) We can check Example 8 using 

a graphing calculator set in 21 V2 3 
RADIAN mode. =-— . 

-2588190451 

.2588190451 \/6 — Wo 

Now Try Exercise 51. 

Consider cos (77/2 — 0). We can use the identity for the cosine of a difference 

to simplify as follows: 

T T ae 
cos Z _ 4) =" COS == COS.0. ae SIM = SIMO 

2 2 2 

—B(ISCOSIO mata NeISLINNO) 

= sin @ 

Thus we have developed the identity 

: a 7 This cofunction identity first 
sin@ = cos (= =< 0). appeared in Section 6.1. (3) 

This identity holds for any real number @. From it we can obtain an identity 
for the cosine function. We first let a be any real number. Then we replace @ in 
sin@ = cos(7/2 — @) with 7/2 — a. This gives us 

SON ieee a COS | bem eee = cosa, 
Z 2 2 

which yields the identity 

cos@ = sin (z = a), (4) 
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Technology Connection 

We can check Example 9 using 
a graphing calculator set in 
DEGREE mode. 

sin(105) 

9659258263 
V2+V6 

4 

-9659258263 

Using identities (3) and (4) and the identity for the cosine of a difference, we 

can obtain an identity for the sine of a sum. We start with identity (3) and substi- 

tute u + v for 0: 

T . 

sin @ = cos (z = 0) Identity (3) 

sin(u + v) = cos| = — (a+ ¥) Substituting u + v for 0 

T T 4 
= cos| — — u cosy + sin( = — u) sin 

le ) 2 
Using the identity for the cosine 
of a difference 

= sinucosv + cos usin v. Using identities (3) and (4) 

Thus the identity we seek is 

sin(u + v) = sinucosv + cosusin v. 

To find a formula for the sine of a difference, we can use the identity just de- 
rived, substituting —v for v: 

sin(u + (—v)) = sinucos(—v) + cosusin (—v). 

Simplifying gives us 

sin(u — v) = sinucosv — cosusinv. 

EXAMPLE 9 Find sin 105° exactly. 

Solution We express 105° as the sum of two measures: 

105° = 45° + 60°. 

Then 

sin 105° = sin (45° + 60°) 
= sin 45° cos 60° + cos 45° sin 60° 

Using sin(u + v) = sinucosy + cosusiny 

Ben as a es a oe 

WV oe Savas 

— 

Formulas for the tangent of a sum or a difference can be derived using identi- 
ties already established. A summary of the sum and difference identities follows. 

SUM AND DIFFERENCE IDENTITIES 

sin(u + v) = sinucosv + cos usin v, 

cos(u + v) = cosucosv F sinusin v, 

tanu + tanv 
t = 
ame a v) eee tanecatanin 

There are six identities here, half of them obtained by using the signs 
shown in color. 



YA 

3 | 

2 
an - 

V5 x 

VA 

3 Si ee 
2V2 x 

=. 
x 

> 
AG 
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JUST EXAMPLE 10 Find tan 15° exactly. 
IN 

TIME Solution We rewrite 15° as 45° — 30° and use the identity for the tangent of a 
difference: 

tan 15° = tan (45° — 30°) 

tan 45°-— tan 30° 

1 + tan 45° tan 30° 

ie Ware 

1+1-V3/3 
3— V3 
304 We Now Try Exercise 53. 

EXAMPLE 11 Assume that sina = } and sinB = } and that a and B are be- 
tween 0 and 7/2. Then evaluate sin (a + B). 

Solution Using the identity for the sine of a sum, we have 

sin (a + B) = sinacosB + cosasinB 
2 l 
5; cos B + 3.cos a. II 

To finish, we need to know the values of cos B and cos a. Using reference triangles 
and the Pythagorean theorem, we can determine these values from the diagrams: 

2 V2 Cosine values are positive 

COS = 3 and cos B = in the first quadrant. 

Substituting these values gives us 

ayaa loVS 
sue oe 

AN Oats 5 
52+ V5, or 4V2 + V5 

2 

Now Try Exercise 65. 

EXAMPLE 12 Assume that cosa@ = —% with a between 7 and 37/2 and that 
cos 8 = —2 with B between 77/2 and z. Then evaluate cos (a — B). 

sin (a + B) 

Solution Using the identity for the cosine of a difference, we have 

cos (a — B) = cosacosB + sina sin B 

4 Y, 
See oy eet] ei SU sil) 

") 2 B 

8 
= = FP Sone? Sun |b}, 

2 B 

| 

We need to know the values of sina and sin B. Using reference triangles and the 
Pythagorean theorem, we can determine these values from the diagrams: 

V21 3 
i =e a Si. sin @ Bp 
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Substituting these values gives us 

cos (a ="B) 

Exercise Set 

See 
guenet 6 371 
25 25 5. a 

Multiply and simplify. 

dea (Sine cos x) (Sinx: cos x) 

Data x (COs.x% —7Csx ) 

3. cosysin y (secy + cscy) 

ADU(sitixiceycos x) (Se X.42.csc x) 

5. (sind@ — cos ¢)* 

6. (1 + tan x)? 

7. (sin x + csc x)(sin’ x + csc? x — 1) 

Sate ssin t)(1 sit) 

Factor and simplify. 

0-Gsinx cos. cos 

10: ‘tan? 6)— cot’ 6 

ALeesinixi—= cos ox 

12. 4sin’y + 8siny + 4 

13. 2 cos’ x + cosx —%3 

14. 3 cot?B + 6cotB + 3 

15. sin’ x + 27 

1Grl 125 tans 

Simplify. 

sin’ x cos x 

bcos7x sin x 

30 sin’ x cos x 
138. ——— 

6 cos’ x sin x 

sin’ x + 2sinx + 1 
19. 

Glinge se Ih 

cova — 1 
QL, SS 

cosa + ] 

ArtaniinSe@itat 2 SCG 

imine eve wae 2 week 
21, 

csc (—x py ea 
cot (=x) 

sin' x — cos*x 

sin’ x — cos’ x 

4 cos’ x sinx \? 
2A ages 

sim’ x 4cos x 

23. 

Scosd sin’ d — sindcosd 

sin’ b sin’ d — cos’ 

tan’ Jae 3 tan’ y 

2D: 

26. 
sec y sec y 

1 Z 
27. — =< 

SUNS Siam COSmS COSS se OLLUS 

sin x \* 1 ws (202) 
COS X GOSH 

sin 9 —9 10cosOd+5 

2cos9+1 3sin@+ 9 
29. 

9cora— 25 corva-—1 
30. : 

2cosa —2 6cosa — 10 

Simplify. Assume that all radicands are nonnegative. 

Si; V sin? x cos x: V'cos x 

32. Vos? x sin x+ Vsin x 
Oa. V cos a sin? a ~ Voos'a 

34. Van’ x — 2tanxsinx + sin’ x 

35. (1 — Vsiny)(Vsiny + 1) 

36. Vcos 0 CY cos@ + V sin 0 cos 0) 
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Rationalize the denominator. 

[cos x 
38. 

tan x 

2 
cos t= 

Zi regis igh aaa 
2 sin’ y cos 

Rationalize the numerator. 

[cos x i aT: | es sin x 

sin x cot x 

1 + sin a 
TO «| a a te 

1 =*sin'y 2 sin xX 

Use the given substitution to express the given radical 
expression as a trigonometric function without radicals. 
Assume that a > 0 and0 < @ < a/2. Then find expres- 
sions for the indicated trigonometric functions. 

45. Letx = asin@ in Va’ — x*. Then find cos @ and 
tan 0. 

46. Letx = 2tan0@ in V4 + x’. Then find sin 6 and 

cos 0. 

47, Letx = 3sec@in V x* — 9. Then find sin @ and 

cos 0. 

48. Let x = asec@ in \V x* — a’. Then find sin 6 and 

cos 6. 

Use the given substitution to express the given radical 
expression as a trigonometric function without radicals. 

Assume that0 < 6 < 7/2. 

x 
49. Letx = sin@in ; 

1— x? 

Vx — 16 
SUE USS 2 SO) errs 

Se 

Use the sum and difference identities to evaluate exactly. 

51. Sie 52. cos75- 
12 

Sys 
53. tan 105° 54. tan — 

12 

_ bay 
55. cos 15° 56. sin 75 

First write each of the following as a trigonometric function 
of a single angle. Then evaluate. 

57. sin 37° cos 22° + cos 37° sin 22° 

58. cos 83° cos 53° + sin 83° sin 53° 
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59. cos 19° cos 5° — sin 19° sin 5° 

60. sin 40° cos 15° — cos 40° sin 15° 

tan 20° + tan 32° 
6l. 

eeatan 20 ataneo 2. 

tan 35° — tan 12° 

i tano5: tan 12° 
62. 

63. Derive the formula for the tangent of a sum. 

64. Derive the formula for the tangent of a difference. 

Assuming that sin u = 2 and sinv = $ and that u and 
v are between 0 and 7/2, evaluate each of the following 
exactly. 

65 uty) 

= 

“= y)) 

=) 

Assuming that cosa = —3 with a between 1/2 and m and 
that cos B = § with B between 31 /2 and 2m, evaluate each 
of the following exactly. 

69. cos(a + B) 

70. sin(a — B) 

Assuming that sin 0 = 0.6249 and cos @ = 0.1102 and 
that both 6 and ¢ are first-quadrant angles, evaluate each of 
the following. 

71. tan(6 + d) 

67 

a cOS | 

66. tan (u 

. sin ( 

68. cos ( u 

72s (Ge =e) 

73: COS (9 =o) 

74. cos(6 + ) 

Simplify. 

75. sin (a+ 8) 1 sin (a1 =. 8) 

TOMCOS(@ 3B) <c0s (a= 7G) 

77. cos(u + v)cosv + sin(u + v)sinv 

( 

» Skill Maintenance 

Solve. [1.5] 

79. 2x — 3 = 2(x — }) 

80.x-7=x+34 
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Given that sin 31° = 0.5150 and cos 31° = 0.8572, find 
the specified function value. |6.1] 

81. sec 59° 82. tan 59° 

» Synthesis 

Angles Between Lines. One of the identities gives an easy 
way to find an angle formed by two lines. Consider two lines 
with equations l;: y = m,x + b, andl: y = mx + by. 

The slopes m, and my are the tangents of the angles 0, 
and 0, that the lines form with the positive direction of 
the x-axis. Thus we have m, = tan 0, and m, = tan 4). 

To find the measure of 6, — 9), or d, we proceed as 
follows: 

tan d@ = tan (0, — 0;) 

tan @, — tan 6, 

1 + tan 6, tan 0, 

mM, —~ Mm, 

it se MyM, 

This formula also holds when the lines are taken in the 
reverse order. When @ is acute, tan @ will be positive. 

When ¢ is obtuse, tan @ will be negative. 

Find the measure of the angle from I, to l,. 

S30 2x = 3y— 2; 
L: x ai Vie 5 

84. 1): 3y = ae 2 

by = Ve 

85. iy = 3, 

eva 

86, 552% + y — 4 = 0, 

by = 2x Fes" 0) 

87. Rope Course and Climbing Wall. ° For a rope course 

and climbing wall, a guy wire R is attached 47 ft 

high on a vertical pole. Another guy wire S is 

attached 40 ft above the ground on the same pole. 

(Source: Experiential Resources, Inc., Todd Domeck, 

Owner) Find the angle a between the wires if 
they are attached to the ground 50 ft from the 

pole. 

K 

ML Fie R 

SN 

47 ft 

40 ft 

(of 

o 

v he . 

| 50 ft >| 

88. Circus Guy Wire. Ina circus, a guy wire A is at- 

tached to the top of a 30-ft pole. Wire B is used for 
performers to walk up to the tight wire, 10 ft above 
the ground. Find the angle @ between the wires 
if they are attached to the ground 40 ft from the 
pole. 
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89. Given that f(x) = cos x, show that 99. Line /, contains the points (—3, 7) and (—3, —2). 
fC any) tren) on cos el ; Sih Line |, contains (0, —4) and (2, 6). Find the smallest 

rs SOS (cmkat) — SInx ( h ) positive angle from 1, to l. 

90. Given that f(x) = sin x, show that 100. Line /; contains the points (—2, 4) and (5, —1). Find 
AixseiyeatG) Asis | ay ane slope of line J, such that the angle from 1, to |, is 

h = sinx (S41) ct cos ( h ) ao 

101. Find an identity for cos 26. (Hint: 20 = 6 + 6.) 
Show that each of the following is not an identity by find- 

sen 8 Be 102. Find an identity for sin 26. (Hint: 20 = 0 + 6.) ing a replacement or replacements for which the sides of the 
equation do not name the same number. Derive the identity. 

sin 5x 
91. = Sas 92. Vsin’ 6 = sind 103. tan (: aa =) ieee 

x 4 tan 

93. cos (2a) = 2cosa 94. sin (—x) = sinx 307 
104. sin (. = a = cos x 

cos 6x . 5 2 
== iy 96.7 tan, 0 7 5c0t.@.— “1 

cos x 105. sin(a + B) + sin(a@ — B) = 2sinacosB 

Find the slope of line l,, where my is the slope of line |, and & sin (a + B) tana + tanB 
is the smallest positive angle from l;, to |. 106. a 

5 i cos(a— B) 1+ tanatanB 
97, m, = %, & = 30 

98. m = 3, @ = 45° 

Use cofunction identities to derive other identities. 

Use the double-angle identities to find function values of twice an angle 

when one function value is known for that angle. 

» Use the half-angle identities to find function values of half an angle 

when one function value is known for that angle. 

» Simplify trigonometric expressions using the double-angle identities 

and the half-angle identities. 

» Cofunction identities 

Each of the identities listed below yields a conversion to a cofunction. For this reason, 

we call them cofunction identities. 

COFUNCTION IDENTITIES 

ie 7 : 
SiN eet | COS, COS lite ne SIN 
E G 

7 7 
tan (= = x) = cot x, cot (= == x) = tan x, 

2 2, 

7 qT 
SeGli==— X=" GSEX, CSC aX PSEC 
Cc fc 
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We verified the first two of these identities in Section 7.1. The other four can 

be proved using the first two and the definitions of the trigonometric functions. 

These six identities hold for all real numbers, and thus, for all angle measures, but 

if we restrict @ to values such that 0° < 6 < 90°, or0 < 6 < 7/2, then we have a 

special application to the acute angles of a right triangle. 

Comparing graphs can lead to possible identities. On the left below, we see 

that the graph of y = sin (x + 7/2) isa translation of the graph of y = sin x to 
the left 77/2 units. On the right, we see the graph of y = cos x. 

y= sin(x +3) L y= sinx 

Comparing the graphs, we note a possible identity: 

: 13 
sin (: - =) = cos x. 

The identity can be proved using the identity for the sine of a sum developed in 
Section 7.1. 

EXAMPLE 1 Prove the identity sin (x + 7/2) = cosx. 

Solution 

7 7 sated = 
sin (. + =) = sinxcos— + cosxsin—  Usingsin(u + v) = 

) 2 sinucosv + cosusinv 

= Si OR eos ed 

= cos x ——> 

We now state four more cofunction identities. These new identities that in- 
volve the sine and the cosine functions can be verified using previously established 
identities as seen in Example 1. 

COFUNCTION IDENTITIES FOR THE SINE AND THE COSINE 

; T T 
sin (. an =) = +cos x, cos (. + =) = +sinx 

EXAMPLE 2 Find an identity for each of the following. 

a) tan (. + =) b)sseci(x ="90")) 



Technology Connection 

Graphing calculators provide 
visual partial checks of identi- 
ties. We can graph 

y, = sin2x, and 

V7 — Sit X COS. 

using the “line”-graph style for 
y, and the “path”-graph style 
for y, and see that they appear 
to have the same graph. We 
can also use the TABLE feature. 

VR Sl Oy 7 2 SIMU COS TG 

X = —1.57079632679 

ATbl = 1/4 
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Solution 

a) We have 

sin (. Sls 2 ee ; 

tan (. oe =) oe Using tanx = ea 
2 aT cos x 

COS (. = =) 
2 

COS X 
= Using cofunction identities 

= Sit x 

en COL 

Thus the identity we seek is 

“8 
tan (. a = = —cotx. 

b) We have 

90°) 1 1 
SeCl( Xt = = 

cos(x— 90°) sin x 

Now Try Exercises 5 and 7. 

= (Yes, 

Thus sec (x — 90") —"csex. 

» Double-Angle identities 

If we double an angle of measure x, the new angle will have measure 2x. Double- 
angle identities give trigonometric function values of 2x in terms of function 
values of x. To develop these identities, we will use the sum formulas from the pre- 
ceding section. We first develop a formula for sin 2x. Recall that 

sin(u + v) = sinucosv + cosusinv. 

We will consider a number x and substitute it for both u and v in this identity. 
Doing so gives us 

sin (x + x) = sin 2x 

= sin x COS X + COS 7 sin x. 

= 2sin x cosx. 

Our first double-angle identity is thus 

sin 2x = 2sinxcosx. 

Double-angle identities for the cosine and the tangent functions can be derived 
in much the same way as the identity above: 

~ 2tanx 
cos 2x = cos’?x — sin’ x, tan 2x = SS 

1 — tan’ x 

EXAMPLE 3. Given that tan@ = —j and @ is in quadrant II, find each of the 

following. 

a) sin 20 

c) tan 20 

b) cos 20 

d) The quadrant in which 26 lies 
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Solution By drawing a reference triangle as shown, we find that 

YA 

sin§ = — 
5 

d 31 6 

a ! DY 
COS 0. = 

5 

eV 

Thus we have the following. 

a) sin20 = 2sin@cos@ = 2: 
3 

5 

aN? 2 
b) cos 20 = cos’@ — sir’ @ = (-£) a ( 

(aa) 
Zo 25 ae. 

saben 2 tan 6 eile —} 3 16 24 
c) tan = SS = — =F - = 

1 — tan’ 6 1—(-})? —2 Oe 7 

Note that tan 20 could have been found more easily in this case by simply 
dividing: 

sine 28 
tan 20 = = Sp eae 

cos 20 a 7 

d) Since sin 26 is negative and cos 26 is positive, we know that 26 is in quadrant IV. 

Now Try Exercise 9. 

Two other useful identities for cos 2x can be derived easily, as follows. 

3} seep a g} See) 

EOS XN COS SIE COS 25 — 1 COS 4 Ie 
a a 6) 2 

= (1 sin x) + sin x ="cos' x — (1 —*cos x) 
. i 

= 1 — 2sin’x =) COSs Ge w 

DOUBLE-ANGLE IDENTITIES 

sin 2x = 2 sin x cos x, cos 2x = cos’x — sin’ be 
yee) 

Daanen Sl Sines 
CON ae 5) 

I —atane sx = 2ICOS i: ieee ll 

Jt 

Solving the last two cosine double-angle identities for sin’ x and cos” x, respectively, 
we obtain two more identities: 

5 le aCos 2x - Io= cos: 2x 
sis) =. -——————— sand cos: x. = 

2 2 

Using division and these two identities gives us the following useful identity: 

1 — cos 2x 
tan’x = , 

1 + cos 2x 

EXAMPLE 4 Pind an equivalent expression for each of the following. 

a) sin 30 in terms of function values of 0 

b) cos’ x in terms of function values of x or 2x, raised only to the first power 
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Solution 

a) sin 30 = sin (20 + 6) 

= sin 20 cos@ + cos 20 sin 0 

= (2sin@cos@) cos@ + (2cos’@ — 1) sin@ 
Using sin 20 = 2 sin @ cos @ and cos 20 = 2cos’0 — 1 

= 2sin@cos*@ + 2sin@ cos’ 6 — sin@ 

= 4sin @cos*@ — sin@ 

We could also substitute cos’ @ — sin’? @ or 1 — 2 sin’ 6 for cos 20. Each substi- 

tution leads to a different result, but all results are equivalent. 

b) cos’ x = cos’ x cos x 

[ee COSHAG 
= ot aa cos x 

COSHGmIEGOSPACOSILG 

‘ 2} Now Try Exercise 15. 

» Half-Angle identities 

If we take half of an angle of measure x, the new angle will have measure x/2. 
Half-angle identities give trigonometric function values of x/2 in terms of func- 
tion values of x. To develop these identities, we replace x with x/2 and take square 
roots. For example, 

_2, _ 1 — cos 2x Solving the identity 
Sie eee ot 5) aos 

y) cos 2x = 1 — 2sin‘ x for sin’ x 

COS Zete 
oe ee ee 

Sb ae eae eg Substituting — for x 
2 2 2 

nex Ge COSE% 
sin” = 

2 2) 

eX: COS 
sin > = + 4a Taking square roots 

The formula is called a half-angle formula. The use of + and — depends on the 
quadrant in which the angle x/2 lies. Half-angle identities for the cosine and the 
tangent functions can be derived in a similar manner. Two additional formulas for 
the half-angle tangent identity are listed below. 

HALF-ANGLE IDENTITIES 

Re = COS.G 
sin- = + ,{/———_, 

2 2 

ee nCOSKG 
Osi... 

2 - 

Bs ee COS 
tan = oc 

y) lee GOS 

2 sin x Loe COS e 

iat COSey sin x 
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Technology Connection 

Here we show a partial check 
of Example 6(b) using a graph 
and a table. 

x 
y = 2 sin’ ~ + cos x, yo = 1 

X = —6.28318530718 

ATbl = 7/4 

Trigonometric Identities, Inverse Functions, and Equations 

EXAMPLE 5 Find tan (77/8) exactly. 

Solution We have 

7 7 Ve V2 
— sin ——— ate a 

i See i Ber kee a 

: e VE eee 
2 2 

Spl Mea oar 2 te 
DEHN OMe ORO! 2 = N28 

The identities that we have developed are also useful for simplifying trigono- 

metric expressions. 

EXAMPLE 6 _ Simplify each of the following. 

aa a b) 2sin = cose 
5 COS 2X 2 

Solution 

a) We can obtain 2 sin x cos x in the numerator by multiplying the expression by 5: 

sin xX COSX . 2 Ssitvx cos x 2 SING COS 

1 aa 1 3 COS 2x as 5 COS 2X cos 2x 

sin 2x : 
= 5 Using sin 2x = 2 sin x cos x 

cos 2x 

= tax. 

b) We have 

Bes DeAcOs % 
2 sin pie cosx = 2 aad en oe sieCOSKY 

x ae cOsce as LL cosx 
Using sin= = + ,/———— or sin’ — = ————— 

2 2 2 2 

GOS Gate COSKG 

= 1. Now Try Exercise 27. 

1. Given that sin (377/10) ~ 0.8090 and 
cos (377/10) ~ 0.5878, find each of the following. 

a) The other four function values for 37/10 
b) The six function values for 7/5 

2. Given that 

IE 
sin = 

1? 2 

find exact answers for each of the following. 

a) The other four function values for 7/12 
b) The six function values for 5a /12 

3. Given that sin @ = § and that the terminal side is 

in quadrant II, find exact answers for each of the 
following. T 

and cos 
1 2 , a) The other function values for @ 

b) The six function values for 7/2 — 0 
c) The six function values for 9 — 7/2 
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4. Given that cos @ = = and that the terminal side is 
in quadrant IV, find exact answers for each of the 
following. 

a) The other function values for 
b) The six function values for 7/2 — 
c) The six function values for @ + 7/2 

Find an equivalent expression for each of the following. 

Sa Sec (. ar =) 6. cot (: = =) 
Z 2 

1 7 
7. tan (. 3 =) 8. csc (. + =) 

2 2 

Find the exact value of sin 20, cos 26, tan 20, and the quad- 
rant in which 26 lies. 

4 
Orsini ge — 2 @ in quadrant I 

2) 
10. cos@ = a @ in quadrant I 

3 
11. cos@ = mice 6 in quadrant III 

Lita 
12. tand = ae 6 in quadrant II 

Dias 
137A — ie @ in quadrant II 

V0 | 
14. sind = ae @ in quadrant IV 

15. Find an equivalent expression for cos 4x in terms of 
function values of x. 

16. Find an equivalent expression for sin* 6 in terms of 
function values of 6, 20, or 40, raised only to the first 

power. 

Use the half-angle identities to evaluate exactly. 

17. cost5. 18. tan 67.5° 

7 
19. sin 112.5° 20. CUS 

De 
Detain 5, 22 isith oI 

Given that sin 9 = 0.3416 and 0 is in quadrant I, find each 

of the following using identities. 

6 
23S, 24. cos 5 

Ds sins 26. sin 40 

Identities: Cofunction, Double-Angle, and Half-Angle 513 

Simplify. 

Be 
27. 2cos?—= — 1 

y 

28. cos'x — sin‘ x 

29. (sinx = cosx)? + sin 2x 

S0 vas cosy) 

2 — sec*x 
31. cee i a 

SeGu< 

il Se Glin Dee sr COG We 
32. 

Il ar Sal Zoe — Gee we 

33) (=A cosxsinx + 2cos2x)- 4 
(2c0s2x +4 sin x cos.x)- 

34. 2sinx cos’ x — 2sin’xcosx 

>» Skill Maintenance 
Complete the identity. [7.1] 

35) l= <os 5 = 36. sec’ x — tan’x = 

37. sin’x —1= 38. 1 + cot*?x = 

39. csc*x — cot?x = 40. 1 + tan’ x = 

AV sie 42. sec’ x — 1 = 

Consider the following functions (a)-(f). Without graphing 
them, answer questions 43-46 below. [6.5] 

aa asin (2x - =) 
2 Z 

b) f(x) = + cos (25 = =) ae 

c) f(x) = -sin|2( Z =) 

dd) f(x) = sin (ar) = E 
2 

e) f(x) = —2cos (4x — 7) 

f) f(x) = -cos| (x 3 =) 

43. Which functions have a graph with an amplitude of 2? 

44, Which functions have a graph with a period of 7? 

45. Which functions have a graph with a period of 277? 

46. Which functions have a graph with a phase shift of 
a / 4? 
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» Synthesis 

47. Find sin 15° first using a difference identity and then 
using a half-angle identity. Then compare the results. 

48. Given that cos 51° ~ 0.6293, find the six function 

values for 141°. 

Simplify. 

ADScOs:( 1m — x) +: cot x sin (. = =) 

1 
50. sin (z = :) (see = Cosi 

traaly +9) cos’ y sin camer 

| , (3 ) 

Silteyy, Sut leer fay, 
2 

: 7 ‘ 
COSA. — sin (= = :) sin x 

COSH a atCOS (Wipes “ita x 

ea 

52. 

Find sin 0, cos 6, and tan 6 under the given conditions. 

6 5 397 
3 aa = = Sa vrs OSs SS 

D 3 2 

i Sear 
SA COS ite ee = OT 

ae @ 

55. Acceleration Due to Gravity. The acceleration due 
to gravity is often denoted by gin a formula such as 
S = }gt*, where S is the distance that an object falls 
in time t. The number g relates to motion near the 
earth’s surface and is generally considered constant. 
In fact, however, g is not constant, but varies slightly 
with latitude. If @ stands for latitude, in degrees, g is 
given with good approximation by the formula 

g = 9.78049(1 + 0.005288 sin? @ — 0.000006 sin? 2), 
where g is measured in meters per second per second 
at sea level. 

a) Chicago has latitude 42°N. Find g. 
b) Philadelphia has latitude 40°N. Find g. 
c) Express gin terms of sin ¢ only. That is, eliminate 

the double angle. 

56. Nautical Mile. Latitude is used to measure north— 

south location on the earth between the equator and 

the poles. For example, Sydney, Australia has latitude 
34°S. (See the figure.) In Great Britain, the nautical 

mile is defined as the length of a minute of arc of the 
earth’s radius. Since the earth is flattened slightly at 
the poles, a British nautical mile varies with latitude. 

In fact, it is given, in feet, by the function 

N(@) = 6066 — 31 cos 2¢, 

where ¢ is the latitude in degrees. 

Equator 
\ ~ 

34°S 

90°S 

a) What is the length of a British nautical mile at 
Sydney? 

b) What is the length of a British nautical mile at the 
North Pole? 

c) Express N(#) in terms of cos ¢ only; that is, 
do not use the double angle. 
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Proving Trigonometric Identities 

» Prove identities using other identities. 

® Use the product-to-sum identities and the sum-to-product identities 

Hints for Proving 

Identities 

. Use either method 1 or 

method 2. 

. Work with the more 

complex side first. 
. Carry out any algebraic 

manipulations, such 
as adding, subtracting, 
multiplying, or 
factoring. 

. When rational expres- 
sions are involved, 
it can be helpful to 
multiply by forms of 
1 to obtain a common 
denominator. 

. Converting all expres- 
sions to sines and 
cosines is often helpful. 

. Try something! Put 
your pencil to work 
and get involved. You 
will be amazed at how 
often this leads to 
success. 

to derive other identities. 

» The Logic of Proving Identities 

We outline two algebraic methods for proving identities. 

Method 1. Start with either the left side or the right side of the equation and obtain the 
other side. For example, suppose you are trying to prove that the equation P = Q is 
an identity. You might try to produce a string of statements (R), R,,...orT,, Ty, ... ) 
like the following, which start with P and end with Q or start with Q and end with P: 

P=R or Q=f7 

= =i 

= =) 

Method 2. Work with each side separately until you obtain the same expression. For 
example, suppose you are trying to prove that P = Q isan identity. You might be 
able to produce two strings of statements like the following, each ending with the 
same statement S. 

P= R, Q=T, 

=R = T 

= = hh 

The number of steps in each string might be different, but in each case the result 
is S. 

A first step in learning to prove identities is to have at hand a list of the iden- 
tities that you have already learned. Such a list is on the inside back cover of this 
text. Ask your instructor which ones you are expected to memorize. The more 
identities you prove, the easier it will be to prove new ones. A list of helpful hints is 
shown at left. 

» Proving Identities 

In what follows, method 1 is used in Examples 1, 3, and 4, and method 2 is used in 
Examples 2 and 5. 

EXAMPLE 1 Prove the identity 1 + sin 20 = (sin@ + cos6)’. 

Solution Let’s use method 1. We begin with the right side and obtain the left side: 

(sin@ + cos@)* = sin’ @ + 2sin@cos@ + cos’@ Squaring 

= 1+ 2sin0@cosé Recalling the identity 
sin’ x + cos’x = 1 and substituting 

= jl se Gial We), Using sin 2x = 2 sin x cos x 
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We could also begin with the left side and obtain the right side: 

1 + sin20 = 1 + 2sin@cos6@ Using sin 2x = 2 sin x cos x 

= sin’ + 2sin@cos@ + cos’0 Replacing 1 with 
sin’? 0 + cos*0 

(sin@ + cos 6). Factoring 
Now Try Exercises 13 and 19. 

EXAMPLE 2 Prove the identity 

sin’ x tan’ x = tan’ x — sin’ x. 

Solution For this proof, we are going to work with each side separately using 
method 2. We try to obtain the same expression on each side. In actual practice, 
you might work on one side for a while, then work on the other side, and then go 
back to the first side. In other words, you work back and forth until you arrive at the 
same expression. Let’s start with the right side. 

5 25 sin? x ts Recalling the identity 
iar ee = Giik se = 7. ~ Sin x sin x 

cos’ x tanx = and substituting 
x 

wen, rm 
aoe aaee cos x Multiplying by 1 in order to 

Face cos? x subtract 

sin sit x Gos x ; 
= 5 Carrying out the subtraction 

COS xX 

sin’ e(1 —‘cos’x) 
= 5 Factoring 

COS xX 

sin’ x sin? x Recalling the identity 
= ee Prt ee eS ee 1 cos x = sin’ x and 

substituting 

_ sine 

cos” x 

At this point, we stop and work with the left side, sin’ x tan’ x, of the original identity 
and try to end with the same expression that we ended with on the right side: 

3 ss Se Silt ee Recalling the identity 
Shay seielor yo == Siar’ 46 See 

COS xX tanx = and substituting 
COS X 

Ay SINE 

COS: x 

We have obtained the same expression from each side, so the proof is complete. 

EXAMPLE 3 Prove the identity 

sin 2x cos 2x 
= SCGX. 

sin x cos x 

Solution 

. ° ty) 
sin2x  cos2x  2sinxcosx cos’ x — sin’ x Using double-angle 

sin x cos x sin x cos x identities 

2 eo) 
5 COS, Ae Sine * 

een COSHG Simplifyin 
COs Xx plifying 

DCOe DR ees Cee) eae eG COSH Nee Sille << Multiplying 2 cos x 
cos x cos x by 1, or cos x/cos x 
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2 cos’? x — cos’?x + sin? x 
= Subtracting 

cos x 

cos’ x + sin? x 

COS X 

1 
= Using a Pythagorean identity 

COS X 

= Gace x Recalling a basic identity 

Now Try Exercise 15. 

EXAMPLE 4 Prove the identity 

Soe ly dh =e 

t sec t PTs 

Solution We use method 1, starting with the left side. Note that the left side in- 
volves sec t, whereas the right side involves cos t, so it might be wise to make use of 
a basic identity that involves these two expressions: sect = 1/cost. 

1 
ee tL 

SCCi/mimaa | cos t 
SS = = Substituting 1/cos t for sec t 

tsect : 1 

cos t 

( 1 ) cos t 
— a 1 —— 

cos t t 

1 cos t 
at ea Multiplying 

if t 

Le COSI: 

t 

We started with the left side and obtained the right side, so the proof is complete. 

Now Try Exercise 5. 

EXAMPLE 5 Prove the identity 

Ay 4 sin d 
cot cch ==. 

ie=cosi@ 

Solution Weare again using method 2, beginning with the left side: 

cos 1 ee eA 
cotd@ + cschd = — hee Using basic identities 

sing sing 

i Rome (elo foc) 
a ha ee Adding 

sin db 

At this point, we stop and work with the right side of the original identity: 

sin sin 1+ cos 
? = ¢ . Multiplying by 1 

te cos a) l= cos oe cos @ 

sind (1 + cos ¢) 

l-cs’d | 
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Continuing, we have 

sind _ sind(1 + cos¢) 

Wiaecos sin’ 

| + cos @ 

P 6 2 
Using sin’x = 1 — cos’ x 

=S Simplifying 
sin ~ 

The proof is complete since we obtained the same expression from each side. 

Now Try Exercise 29. 

» Product-to-Sum and 

Sum-to-Product Identities 

On occasion, it is convenient to convert a product of trigonometric expressions to a 

sum, or the reverse. The following identities are useful in this connection. 

PRODUCT-TO-SUM IDENTITIES 

sin x*siny = 5[cos (x — y) — cos(x + y)] 

cosx*cosy = $(cos(x — y) + cos(x + y)] 

sinx- cosy = 5[sin(x + y) + sin(x — y)] 

cosx-siny = 5[sin(x + y) — sin(x — y)] 

(1) 

(2) 

(3) 

(4) 

We can derive product-to-sum identities (1) and (2) using the sum and differ- 

ence identities for the cosine function: 

cos:(x + 9) = cosx cosy = sin x sin y, Sum identity 

cos (x — y) = cosxcosy + sin x sin y. Difference identity 

Subtracting the sum identity from the difference identity, we have 

cos (x — y) — cos(x + y) = 2sinxsiny Subtracting 

+ [cos (x — y) — cos(x + y)] 

Thus, sin x sin y = 3 [cos (x — y) — cos(x + y)]. 
Adding the cosine sum and difference identities, we have 

sin x sin y. Multiplying by } 

cos (x — y) + cos(x + y) = 2cosxcosy Adding 

x[cos (x — y) + cos (x + y)] = cosxcosy. Multiplying by } 

Thus, cos x cos y = 3 [cos (x — y) + cos(x + y)]. 
Identities (3) and (4) can be derived in a similar manner using the sum and 

difference identities for the sine function. 

EXAMPLE 6 Find an identity for 2 sin 36 cos 70. 

Solution We will use the identity 

sin x* cosy = 3[sin(x + y) + sin(x — y)]. 
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Here x = 30 and y = 70. Thus, 

2 sin 30 cos 70 = 2°3[sin (30 + 70) + sin (30 — 76)] 

= sin 100 + sin (—46@) 

sin 108 — sin 40. Using sin (—0) = —sin 0 

Now Try Exercise 37. 

| 

SUM-TO-PRODUCT IDENTITIES 

Xa ee” 
sin + siny = 2 sin 

Sin 7 SIN y= COS 

a a 

2 

rey. 

COS YE COS X = 2.COS 

COSy"=1cOs X = 2)Sin 

The sum-to-product identities (5)-(8) can be derived using the product-to- 

sum identities. Proofs are left to the exercises. 

EXAMPLE 7 Find an identity for cos @ + cos 50. 

Solution We will use the identity 

Neal xe 
cosy + cosx = 2cos > 60s Ze 

Here x = 56 and y = 0. Thus, 

500. 5040 
2 cos cos 

D; 2 

= 2 cos 30 cos 20. Now Try Exercise 35. 

cos @ + cos 50 

Prove the identity. 

1. secx — sinxtanx = cosx 

v 

ns 

N 

(eTRCOsG. - sin@ _ cos@ + 1 

es sin 0 cos@ sin @ cos 0 

3 Ie COS Xe) ouliy 

y = secx —sin x tan x " sinx 1 + cosx 

—s 1+tany  secy 

- Lea coL.y = csc y 

i . (Pasay) ee OCU R) 

le atane L— cote 
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14. 

15. 

16. 

V7: 

18. 

19. 

20. 

21. 

22. 

23> 

24, 

25: 

26. 

27. 

28. 

29. 

30. 

31. 

. sec 26 

CHAPTER 7 

SUM Cana COST a sin x 

SCCEGEIERCSGOG SEG 

oy) 

cosa + cota cos atana + l 

cos’a — cota cos atana — 1 

2 tan 0 

“1+ tan? @ 

3 
sec’ 
oe = sin 20 
aS CGal 

cos (u — v) 
fee eal Cor V 
cos u sin v 

. 1 — cos 50 cos 36 — sin 56 sin 30 = 2sin’ 6 

. cos'x — sin'x = cos 2x 

. 2sin@ cos’ @ + 2sin’ 6 cos @ = sin 20 

(io Sie — eae = 2 tan t 

1+ tan3ttant 1 -— tant 

(eines — Sia s ee 
= sin = 

2 tan x 2 

cos B — sin’ B _ 2+ sin 2p 

cos Pp — sin GB 2 

sin (a + 8) sin (a — B) = sin’ a = sin’ B 

cos’x (1 — sec? x) = —sin’ x 

tan @(tan@ + cot@) = sec*6 

cos@ + sin@ 
= 1+ tané 

cos 0 

1 + cos’ x y 
pacepe ame 2 CSC) Xl 

siti; X 

tany + coty 
a ee i SEC |) 

csc y 

Ih Se Sinise Gitlae = 1 
: ; = 4secx tanx 

IL —= Sin se I se Sri 3% 

tan @ — cot@ = (sec@ — csc@) (sin@ + cos@) 

cos’ acot?a = cot? Oss cos’ a 

tanx + cotx _ ] 

SCCHOIECS OLX COSEEESIMING 

2 sin? 0 cos’ 6 + cost @ = 1 — sin’ @ 

cot 0 ee escUrr al 

GSC Usa cot 6 

hear sily x 4 
ae SCO Eta la 
Il = Sito se 

sec's — tan*s = tan’s + sec’s 

Verify the product-to-sum identities (3) and (4) using 

the sine sum and difference identities. 

Trigonometric Identities, Inverse Functions, and Equations 

32. Verify the sum-to-product identities (5)-(8) using 

the product-to-sum identities (1)-(4). 

Use the product-to-sum identities and the sum-to-product 

identities to find identities for each of the following. 

33. sin 3@ — sin 50 34. sin 7x — sin 4x 

35. sin 80 + sin 50 36,-c0S 0 => -cos 70 

37. sin 7u sin 5u 38. 2 sin 70 cos 36 

39. 7 cos 6 sin 76 40. cos 2tsint 

4l. cos 55° sin 25° 42. 7 cos 50 cos 70 

Use the product-to-sum identities and the sum-to-product 
identities to prove each of the following. 

43. sin 40 + sin 60 = cot @ (cos 40 — cos 66) 

44, tan 2x (cosx + cos 3x) = sinx + sin 3x 

45. cot 4x (sinx + sin 4x + sin 7x) 
=cosx + cos4x + cos 7x 

fo oheny. sin x + sin y 
46. tan = 

Z COS ¥ + cos 7 

$8 Sir jy — Shales 
47. cot Z = y 

5) COSX.— COSY 

0+ = EOS Os = COS 
48. tan is tan e = ? 

Z 2 cos@ + cos 

@) ar 
49. tan e (sin@ — sin d) 

= tan 2 (sin@ + sind) 

50. sin 20 + sin 40 + sin60 = 4cos @ cos 24 sin 30 

» Skill Maintenance 

For each function: 

a) Graph the function. 
b) Determine whether the function is one-to-one. 
c) Ifthe function is one-to-one, find an equation for its 

inverse. 
d) Graph the inverse of the function. [5.1] 

51. f(x) = 3x — 2 52a sired 

53. f(x) =x -4x20 54. fx) = Veto 

Solve. 

55. 2x” = 5x [3.2] 

56.307 5x = 10 = 1883.2] 

57. x* + 5x? — 36 = 0 [3.2] 

58. ° = 10x + 1-=.0 [322] 

59, Vx —2=5 [3.4] 

60.x = Vx+7+5 [3.4] 
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be Synthesi Ss Show that this equation is equivalent to 

Prove the identity. = 2 eos 

61. In |tanx| = —In |cot x| OT Ca) 
62. In. |sec@ + tan6| = —In |sec# — tan 0| 66. Electrical Theory. In electrical theory, the following 

equations occur: 
63. log (cosx — sinx) + log (cosx + sin x) o 

—108,c0s. 2% E, = V2E, cos (« 4° =) 

64. Mechanics. The following equation occurs in the and 
study of mechanics: 7 

i i cae E, = \V/2E, cos (« = =) 

sin @ = 
Vie cos @)* + (lh sin by’ Assuming that these equations hold, show that 

It can happen that J, = 1,. Assuming that this Ey + Ey Gj 
happens, simplify the equation. 2 = V26; pages P 

65. Alternating Current. In the theory of alternating and 

current, the following equation occurs: 2, # 
l SS = 2P sin @ sin —. 

R= - e wC(tané + tand) 

Mid-Chapter Mixed Review 
Determine whether the statement is true or false. 

: ae 1 + cos 84° 
Iisin x csca = cotx) ="! = cosx{7.1] 2. sin 42° = —. oes [722] 

eT, 77 > D 
3. 1) = SOS (7321 4. cos x # cosx* [7.1] 

For Exercises 5-14, choose one of expressions A-J] to complete the identity. [7.1], [7.2] 

DOS ee 690s (it io 
oe ( ) A. 2 sinx cos. x% B. = ay 

7 
7. tan2x = 8. tan (z = “) = 

y), “ Detanes 
(Ch CIE Ke Die 

x | = Teter 3% 

9.1+ cot?x= 10. sin= = 
2 I = COS 3% 

Ek FE secx 

11. sin2x = 12. sin(u — v) = 2 

+ x G. sinucosv—cosusinv H.cosucosv— sinu sin v 
135 CSCill tae |e 14. cos= = 

2 Ie cor J. cos 

Simplify. 

cot x it cos x \? 2cos*x — 5cosx — 3 

15. 3 [7.1] 16. — 5 -( : ) i732] 7 [7.1] 

% sin’ x sin x COS aon 

i XG 

Tees [7.1] 19. (cosx — sinx)? [7.2] 20. 1 — 2sin’= [7.2] 
tan (—x) 2 
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21. Rationalize the denominator: 22. Write cos 41° cos 29° + sin 41° sin 29° asa 

sec x trigonometric function of a single angle and then 

Norma oe Len evaluate. [7.1] 
COS 

3 
[o} 

23. Evaluate cos =~ exactly. [7.1] 24. Evaluate sin 105° exactly. [7.1] 

25. Assume that sina = 5 and sin B = 1 and that 26. Find the exact value of sin 20 and the quadrant 

a and B are between 0 and 77/2, and evaluate in which 26 lies if cos@ = —5, with @ in 

tan (@="B).(7.1) quadrant II. [7.2] 

Prove the identity. [7.3] 

> x (ein ge ap Gina ss (slimes cos x 
Oi COs == 28. = : 

2 2 tan x COS X I air Gita) 

sin’ x — cos’ x Oe aeiiwe 
29. 30. sin60 — sin 20 = tan 26 (cos 20 + cos 60) 

Sie ae COSHC I} 

Collaborative Discussion and Writing 

31. Explain why tan (x + 450°) cannot be simplified 32. Discuss and compare the graphs of y = sin x, 
using the tangent sum formula, but can be simplified y = sin 2x, and y = sin (x/2). [7.2] 
using the sine and cosine sum formulas. [7.1] 

33. What restrictions must be placed on the variable in 34. Find all errors in the following: 
each of the following identities? Why? [7.3] Dein eos ae 

a) sin2x = a = 2(2 sin x cosx)* + 2 cos 2x 

1 + tan'x = 8 sin’ xcos’x + 2(cos’x + sin’ x) 

1 cosx __sinx = 8 sin’ x cos’x + 2. [7.2] 
sin x Locos 

Inverses of the Trigonometric Functions 

Find values of the inverse trigonometric functions. 

Simplify expressions such as sin (sin~' x) and sin”! (sin x). 

Simplify expressions involving compositions such as sin ( cos”! 4) 
without using a calculator. 

® Simplify expressions such as sin arctan (a/b) by making a drawing 

and reading off appropriate ratios. 

The graphs of the sine, cosine, and tangent functions are shown on the follow- 
ing page. Are the inverses of these functions also functions? We learned earlier 
that a function has an inverse that is a function if it is one-to-one, which we can 
check with the horizontal-line test. 
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is y» | eae 
Ae y= sin x 4 ’ a4 f \ A 
ai } | j nia | } | 

— We: Se < f | fii iD Ss fii 

—f i nl 2 zi aS ae L fess 1 i J ' i : f | f | ne + ~~ n je, M i é l fees 1 
27 =u alk aT ny 27 27 s =i I ae I | | Ta | fda a 

ihe er /S | f lf 
=a if ih My 1 f 

x | if if if 
—3- IN w 4 hv he 

INVERSE FUNCTIONS | Note that for each function, a horizontal line (shown in red) crosses the graph 
PT COTIONT | _ more than once. Therefore, none of them has an inverse that is a function. 

( sl The graphs of an equation and its inverse are reflections of each other across 
the line y = x. Let’s examine the graphs of the inverses of each of the three func- 
tions graphed above. 

We can check again to see whether these are graphs of functions by using the 
vertical-line test. In each case, there is a vertical line (shown in red) that crosses the 

graph more than once, so each fails to be a function. 

» Restricting Ranges to Define 

Inverse Functions 

Recall that a function like f(x) = x? does not have an inverse that is a function, 
but by restricting the domain of f to nonnegative numbers, we have a new squaring 

function, f(x) = x’, x = 0, that has an inverse, f-'(x) = Vx. This is equivalent 
to restricting the range of the inverse relation to exclude ordered pairs that contain 
negative numbers. 

| f(x) =x?, forx = 0 

In a similar manner, we can define new trigonometric functions whose in- 
verses are functions. We can do this by restricting either the domains of the basic 
trigonometric functions or the ranges of their inverse relations. This can be done 
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Figure 1. 

JUST 
IN 

TIME 

Caution! 

The notation sin ! x is not 
exponential notation. It 

does not mean ! 
Sin Xx 

Technology Connection 

Inverse trigonometric func- 

tions can be graphed using a 
graphing calculator. Graph 
y = sin ' x using the viewing 
window | —3, 3, —7, 7], with 
Xscl = land Yscl = 7/2. 
Now try graphing y = cos |x 

and y = tan | x. Then use the 
graphs to confirm the domain 
and the range of each inverse. 

in many ways, but the restrictions illustrated below with solid red curves are fairly 

standard in mathematics. 

SA 

Figure 2. Figure 3. 

For the inverse sine function, we choose a range close to the origin that al- 
lows all inputs on the interval | —1, 1] to have function values. Thus we choose the 
interval [—7/2, 7/2] for the range (Fig. 1). For the inverse cosine function, we 
choose a range close to the origin that allows all inputs on the interval | —1, 1] to 
have function values. We choose the interval | 0, 77 | (Fig. 2). For the inverse tangent 
function, we choose a range close to the origin that allows all real numbers to have 
function values. The interval (—7/2, 7/2) satisfies this requirement (Fig. 3). 

INVERSE TRIGONOMETRIC FUNCTIONS 

FUNCTION DOMAIN RANGE 

Vy = sing x bee, 1) [=a 2, 4/2 
= arcsin x, where x = sin y 

pee COs. x Fee [0, 7] 
= arccos x, where x = COS y 

Vi tat OX (— 00, 00) (—17/2, 7/2) 
arctan x, where x = tan y 

The notation arcsin x arises because the function value, y, is the length of an 
arc on the unit circle for which the sine is x. Either of the two kinds of notation 
above can be read “the inverse sine of x” or “the arcsine of x” or “the number (or 
angle) whose sine is x.” 

The graphs of the inverse trigonometric functions are as follows. 

YS | y= sin} x Y\ |\ y= cos! x Y\| ie an 
T+ = arcsin x = arccos x AT} = arctan x 

&V 

Domain: [~1, 1] Domain: [~1, 1] Domain: (—®, 0) 

Range: [ ie Range: [0, 77] Range: (2 7 
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The following diagrams show the restricted ranges for the inverse trigono- 
metric functions on a unit circle. Compare these graphs with the graphs on the 
preceding page. The ranges of these functions should be memorized. The missing 
endpoints in the graph of the arctangent function indicate inputs that are not in 
the domain of the original function. 

yn yn YK 
Us ib 
2 2 

— — > 
x 7 0 x x 

sas ae: 
2 2 

arcsine arccosine arctangent 

Range [ = =| Range [0, 7] Range (—2, =) 

CONNECTING THE CONCEPTS 

Domains and Ranges 

The following is a summary of the domains and 
ranges of the trigonometric functions together with 
a summary of the domains and ranges of the inverse 
trigonometric functions. For completeness, we have 

included the arccosecant, the arcsecant, and the 

arccotangent, though there is a lack of uniformity in 
their definitions in mathematical literature. 

FUNCTION DOMAIN RANGE 

sin All reals, (— 00, co) P= rals 

cos All reals, (—00, oo) 10) 

tan All reals except ka /2, k odd 

csc All reals except ka 

sec All reals except ka /2, k odd 

All reals, (—00, co) 

(octal A tree.) 

(cont NS) | co) 

cot 

INVERSE FUNCTION 

All reals except ka 

DOMAIN 

[-1.1] 
[11] 

All reals, or (—00, co) 

(oo, 1/1, 0a) 

Gee, SI Ol co) 

All reals, or (— oo, 00) 

All realss( coco) 

RANGE 

oT A, wis 
w {a 

aN 

| aS 
w/a 

| 

NIA w 
v 

NS aN ce ee 

S |3 
ea 

S YJ wp 
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EXAMPLE 1 Find each of the following function values. For parts (d) and (e), 

see the preceding Connecting the Concepts for the restricted ranges. 

Ve 
a) ae b) cos ! (-2) c) tan! (-~?) 

d) cot '0 e) sec | (-V2) 

Solution . 

a) Another way to state “find sin ' V2? is to say “find B such that sin B = 

2/2.” In the restricted range [—7/2, 7/2], the only number with a sine of 

3/2 is 7/4. Thus, sin ' ( V2/2) = 1/4, or 45°. (See Fig. 4 below.) 

was 

= 

wa 

Figure 4. Figure 5. 

b) The only number with a cosine of —} in the restricted range [0, 7] is 27/3. 
Thus, cos '(—4) = 27/3, or 120°. (See Fig. 5 above.) 

c) The only number in the restricted range (—7 /2, 7/2) with a tangent of — V3 j aris 

—q /6. Thus, tan! vs) is —7 /6, or —30°. (See Fig. 6 at left.) 

d) The only number in the restricted range (0, 7) with a cotangent of 0 is 7/2. 
Thus; cot,’ = a7 2708 90°. 

e) The only number in the restricted range [0, 7/2) U (7/2, 77] with a secant of 

~V2is 32/4. Thus, sec ! ( -V2) = 37/4, or 135°. 

Now Try Exercises 1 and 11. 

We can also use a calculator to find inverse trigonometric function values. 
The cosecant, the secant, and the cotangent functions are the reciprocals of the 
sine, the cosine, and the tangent functions, respectively. Thus we have 

ese (x)oSrsin * (+), 

Haaren (+). 

On most graphing calculators, we can find inverse function values in either 
radians or degrees simply by selecting the appropriate mode. The keystrokes in- 
volved in finding inverse function values vary with the calculator. Be sure to read 
the instructions for the particular calculator that you are using. 

wy 

Figure 6. 
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EXAMPLE 2 Approximate each of the following function values in both radians 
and degrees. Round radian measure to four decimal places and degree measure to 
the nearest tenth of a degree. 

a) cos | (—0.2689) b) tanp>(—0,2623) 

c) sin | 0.20345 d) cos! 1.318 

e) csc} 8.205 

Solution 

FUNCTION VALUE MODE READOUT ROUNDED 

a) cos | (—0.2689) Radian (1.843047111 | 1.8430 

Degree [105.5988209 | 105.6° 

b)otany (0.2623) Radian ~.2565212141 —0.2565 

Degree [-14.69758292 | =14 72 

c) sin | 0.20345 Radian 2048803359 0.2049 

Degree 11.73877855 iL a” 

d) cos ' 1.318 Radian Eee 

Degree ERR:DOMAIN 

The value 1.318 is not in [| —1, 1], the domain of the arccosine function. 

e)Pese='8205'= 

sin | (1/8.205) Radian [1221806653 0.1222 

Degree (7.000436462 705 

Now Try Exercises 21, 25, and 27. 

» Composition of Trigonometric Functions 

and Their Inverses 

Various compositions of trigonometric functions and their inverses often occur in 

practice. For example, we might want to try to simplify an expression such as 

ete/ie ol - =] x 

sin(sin x) or sin| cot Zap 

| Compositionorrunctions | In the expression on the left, we are finding “the sine of a number whose sine is x.” 

_ Recall from Section 5.1 that if a function f has an inverse that is also a function, 
REVIEW SECTION 2.3 ee 

f(f- '(x)) = x, forall xin the domain of f', 

and 

f '(f(x)) = x, for all x in the domain of f. 

Thus, if f(x) = sinx and f '(x) = sin ' x, then 

1 sin(sin"'x) = x, forall xin the domain of sin, 

which is any number on the interval | —1, 1]. Similar results hold for the other 
trigonometric functions. 
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COMPOSITION OF TRIGONOMETRIC FUNCTIONS 
P — 3 ; aay 

sin (sin! x) = x, forall xin the domain of sin. 
ES : 1 

cos (cos x) = x, forall x in the domain of cos“. 

tan(tan!x) = x, forall xin the domain of tan '. 

EXAMPLE 3 _ Simplify each of the following. 

a) cos (cos J b) sin (sin | 1.8) 

Solution 

a) Since 7372 is in [—1, 1], the domain of cos ', it follows that 

b) Since 1.8 is not in [—1, 1], the domain of sin ', we cannot evaluate this expres- 
sion. We know that there is no number with a sine of 1.8. Because we cannot 
find sin ' 1.8, we state that sin (sin | 1.8) does not exist. 

Now Try Exercise 37. 

Now let’s consider an expression like sin ' (sin x). We might also suspect that 
this is equal to x for any x in the domain of sin x, but this is not true unless x is in 
the range of the sin ' function. Note that in order to define sin ', we had to restrict 
the domain of the sine function. In doing so, we restricted the range of the inverse 
sine function. Thus, 

sin''(sinx) = x, forall x in the range of sin '. 

Similar results hold for the other trigonometric functions. 

SPECIAL CASES 

sin '(sinx) = x, for all x in the range of sin !. 

cos '(cosx) = x, forall x in the range of cos |. 

tan'(tanx) = x, forallx inthe range of tan ’. 

EXAMPLE 4 Simplify each of the following. 

a) tan ! (san =) b) sin! (sin 7) 
6 4 

Solution 

a) Because 7/6 is in (—7/2, 7/2), the range of the tan | function, we can use 
tan; (tan x)= x; Thus, 

tan | (son =) = um 
6 6 



i) 

a Nes ae 

YA 

x, negative x, positive 

SECTION 7.4 = Inverses of the Trigonometric Functions ye!) 

b) Note that 37/4 is not in [—7/2, 7/2], the range of the sin ' function. Thus 
we cannot apply sin ' (sinx) = x. Instead we first find sin (37/4), which is 

2/2, and substitute: 

, al a By V2 7 
Sin ("site 3) ==" Sine (fee —.| — 

4 2 4 

Now Try Exercises 41 and 43. 

Now we find some other function compositions. 

EXAMPLE 5 _ Simplify each of the following. 

a) sin] tanea(= 1) b) cos! (sin =) 

Solution 

a) We know that tan '(—1) is the number (or angle) 6 in (—7/2, 7/2) whose 
tangent is —1. That is, tan@ = —1. Thus, 9 = —7/4 and 

2 
sin [tan '(—1)] = sin| =] v2 

Now Try Exercises 47 and 49. 

Next, let’s consider 

( Be ) 

COS NESTE ac s)) 
2) 

Without using a calculator, we cannot find sin | 2. However, we can still evaluate 
the entire expression by sketching a reference triangle. We are looking for angle 
@ such that sin !2 = @, or sin@ = 2. Since sin | is defined in [—7/2, 7/2] and 
2 > 0, we know that @ is in quadrant I. We sketch a reference right triangle, as 

shown at left. The angle @ in this triangle is an angle whose sine is 3. We wish to 
find the cosine of this angle. Since the triangle is a right triangle, we can find the 
length of the base, b. It is 4. Thus we know that cos 0 = b/5, or §. Therefore, 

( 32) 4 
COST BSUS irs | cans 

\ 5 

EXAMPLE 6 Find sin (cot = 

Solution Since cot ' is defined in (0, 7), we consider quadrants I and II. We 
draw right triangles, as shown at left, whose legs have lengths x and 2, so that 

cot 0 = x/2. 
In each, we find the length of the hypotenuse and then read off the sine ratio. 

We get 

= 2 x ‘ -] sin {| cot = ; 
( 2 ) Vx2 +4 Now Try Exercise 55. 
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In the following example, we use a sum identity to evaluate an expression. 

EXAMPLE 7 Evaluate: 

a eel ce *) 
Sia) || Qka) P= ap OS = = | 

Dy 1g) 

Solution Since sin |} and cos! ; are both angles, the expression is the sine of a 

sum of two angles, so we use the identity 

sin(u + v) = sinucosv + cos usin v. 

Thus, 

: ( Pil “9 *) 
SI WSIS os eC OSt rT 

Z 13 

. . ar! —] 5 . eel é —] 5 

= sil (Sein — fi COs\| COS” = "|? 4 COS lucite 3) Sits cosmos 
2 15 Z 13 

a a spike Ee) Using composition 
SB + 608 (sin +) > sin (cos =) idantibiae 

Figure 1. Now since sin |} = 7/6, cos (sin! +) simplifies to cos 7/6, or Vas We can 
illustrate this with a reference triangle in quadrant I. (See Fig. 1.) 

To find sin (cos 5) , we use a reference triangle in quadrant I and determine 
that the sine of the angle whose cosine is 7; is 15. (See Fig. 2.) 

Our expression now simplifies to 

1 este civ a ey 
or 

reo ANS) 2 he 26 

Thus, 

in (sin 12) ei OAy 
Sih ESN ieeeisia COS = : 

2 13 26 

Figure 2. Now Try Exercise 63. 

Exercise Set 

Find each of the following exactly in radians and degrees. did scoc ey 12. sin ! 

Pe sine: _N3 2. gee 13 1 ys = 2 5) » Cot ( 3) 14. tan 

a 2 
16. cos ! ( 

3. tan! 1 4. sin '0 ech (- 

Ba) 
5. cos | —— 6. sec! V2 V3 

Ps 17, cos’ +0 18. oh ree 

= 3 1 si 7a tan 0 8. tan 3 19) see72 20. esc’ (=1) 

3 
9. cos | ae 10. cot! (-2) 
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Use a calculator to find each of the following in radians, Evaluate. 
rounded to four decimal places, and in degrees, rounded to 37. sin ( ie ecailly 3) 
the nearest tenth of a degree. . -1 

22. cos (—0.2935) A ee! aoe (-2) 
4 

23. sin ' 0.9613 
el =H iii 

24. sin  (—0.6199) 40. sin | sin Res 

25 cose (0.9810) 
ce 

26. tan | 158 41. sin 

27 csc (6.2774) 2ar 
» 42. cot ! (cor =) 

28. secs 1.1677 3 

29. tan! (1.091) He ian ( 
30. cot | 1.265 

31; ‘sin (=0.8192) 44. cos ( 

S2mcos) (0.2716) 

33. State the domains of the inverse sine, the inverse 45. 

cosine, and the inverse tangent functions. 

34. State the ranges of the inverse sine, the inverse cosine, 46. cos (si x2) 

and the inverse tangent functions. 
. : : . 9) 

Bos Angle of Depression. An airplane is flying at an AT tan cone 
altitude of 2000 ft toward Logan International 
Airport, in Boston, Massachusetts. The straight-line 
distance from the airplane to the airport is d feet. ( 
Express 6, the angle of depression, as a function of d. 2 7 

49. sin “| cos a 

7 
50. sin || tan (- =) | 

4 

51. tan (sin * 0:1) 

We 
52. cos (1am 2) 

48. cos ' 

| [Sees 

36. Angle of Inclination. A guy wire is attached to 73-42 (sin 6 ) 

the top of a 50-ft pole and stretched to a point that = 307 

is d feet from the bottom of the pole. Express B, the 34. tan an (- 2a | | 

angle of inclination, as a function of d. 
Find each of the following. 

a 
55. sin (‘an “| 

3 

3 
56. tan (cos >) 

a 

57. cot (sie P 
: q 
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58. sin (cos | x) 

59. tan (sin —t) 
Vp +9 

lacey! 
GON tanl | eaSine oa 

2 2 

eae 
OL COSieaSIN le eee 

2 D} 

<4 
G2 sesiinule COS 

5 

Evaluate. 

vee ae 
OS TECOSIIES aterm COS ate 

2 5 

: ape PS) 
GARESIINN (SIT ee COS Mee 

D; 5 

65. sin (sin |x + cos’ y) 

66..cos (sinw 4 — cos y) 

> 

. sin (sin ' 0.6032 + cos ' 0.4621) 

. cos (sin ' 0.7325 — cos ' 0.4838) 

Skill Maintenance 

Vocabulary Reinforcement 

In each of Exercises 69-76, fill in the blank with the correct 
term. Some of the given choices will not be used. 

69. 

70. 

71. 

72. 

aos 

linear speed congruent 
angular speed circular 
angle of elevation periodic 
angle of depression period 
complementary amplitude 
supplementary quadrantal 
similar radian measure 

A function fis said to be 
if there exists a positive constant p such that 
f(s + p) = f(s) for all s in the domain of f. [6.5] 

The of a rotation is the ratio of the 

distance s traveled by a point at a radius r from the 
center of rotation to the length of the radius r. [6.4] 

Triangles are if their corresponding 
angles have the same measure. [6.1] 

The angle between the horizontal and a line 
of sight below the horizontal is called a(n) 

. [6.2] 

is the amount of rotation per unit of 
time. [6.4] 

74. Two positive angles are demi ae eee if their sum 

is 180°. [6.3] 

Jos he of a periodic function is one- 

half of the distance between its maximum and mini- 

mum function values. [6.5] 

76. Trigonometric functions with domains composed of 
real numbers are called functions. 

[6.5] 

» Synthesis 

Prove the identity. 

7 
77. sn ix+cos'x = a 

x 
78. tan 'x =csin + 

+1 

a SA ee 
79. sin 'x = cos! V1 —x*, forx =0 

1— x? 
80. cos 'x = tan ! - OTE) 

81. Height of a Mural. An art student's eye is at a 
point A, looking at a mural of height h, with the 
bottom of the mural y feet above the eye (see the 
figure). The eye is x feet from the wall. Write an 
expression for @ in terms of x, y, and h. Then 
evaluate the expression when x = 20 ft, y = 7 ft, 

andh = 25 ft. 

82. Use a calculator to approximate the following 
expression: 

1 
16tan '— — 4tan !|—., 

5 239 

What number does this expression seem to 
approximate? 
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Solving Trigonometric Equations 

® Solve trigonometric equations. 

When an equation contains a trigonometric expression with a variable, such as 
cos x, it is called a trigonometric equation. Some trigonometric equations are identi- 
ties, such as sin’ x + cos”x = 1. Now we consider equations, such as 2 cosx = —1, 
that are usually not identities. As we have done for other types of equations, we will 
solve such equations by finding all values for x that make the equation true. 

EXAMPLE 1 Solve: 2cosx = —1. 

Algebraic Solution ree aa wee: 
Vv isualizing the Solution 

We first solve for cos x: 

We graph y = 2cosx and y = —1. The 
first coordinates of the points of intersection 
of the graphs are the values of x for which 

The solutions are numbers that have a cosine of —3. 2cosx = —1. 

To find them, we use the unit circle (see Section 6.5). 

There are only two points on the unit circle for 
which the cosine is —, as shown in the following 

2cosx = 

COS Xe 

They are the points corresponding to 27/3 aa a 

and 477 /3. These numbers, plus any multiple of Bue) es Bad 

277, are the solutions: 5) 3 

Aap Aqr Since the cosine is periodic, there is an infinite 

— + 2k and —— + 2kn, number of solutions. Thus the entire set of 

: : solutions is 
where k is any integer. In degrees, the solutions are 

Dp rispacmidee Ae 
120° + k+360° and 240° + k-360°, = + 2kar an 5 17, 

where k is any integer. where k is any integer. 

Now Try Exercise 1. 
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EXAMPLE 2 Solve: 4sin’x = 1. 

(a RS Te IR ERR SERS TRE ESE RN TS ARE SR 

Visualizing the Solution 
Algebraic Solution 

We begin by solving for sin x: 
From the graph shown here, we see that 

i E = 

. . 

: pe, é the first coordinates of the points of in- 

meab eer tersection of the graphs of 
Sin x=) }. 

y=4sin?x and y=1 
Again, we use the unit circle to find those numbers having 

fy l ] in [0, 277) are 
a sine of 5 or —3. 

T 
4 4 

i nie, 3) The solutions are 

7 5 71 
— 1) 2him a + 2Qkar; = SE DN rap 
6 6 6 

Thus, since the sine function is 
periodic, the general solutions are 

lla7 
SS== ap Dep. 
6 

where k is any integer. In degrees, the solutions are 

30° Gide: 360; 150+ k> 360°, 

210 ki 360-1 sand 330° -b i360", 

5 
is + ka and ae + ka; 
6 6 

or, in degrees, 

30° +h 180" and: 150° k= 180°, 
where k is any integer. 

The general solutions listed above could be condensed using 
odd as well as even multiples of 7: 

where k is any integer. 

5 
ise + ka and ous + ka, 
6 6 

or, in degrees, 

305 e180 rand, 150° -- k-180°, 

where k is any integer. 
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In most applications, it is sufficient to find just the solutions from 0 to 27 
or from 0° to 360°. We then remember that any multiple of 277, or 360°, can 
be added to obtain the rest of the solutions. 

Now Try Exercise 13. 

We must be careful to find all solutions in the interval | 0, 277) when solving 
trigonometric equations involving double angles. 

EXAMPLE 3 Solve 3 tan 2x = —3 in the interval [0, 277). 

Solution We first solve for tan 2x: 

Stan — a 

[ET Wh pis oer 

We are looking for solutions x to the equation for which 

OR xX — 277. 

Multiplying by 2, we get 

0) SS Dee = Alay, 

which is the interval we use when solving tan 2x = —1. 
Using the unit circle, we find points 2x in [0, 477) for which tan 2x = —1. 

These values of 2x are 

377 7 lla 157 

Thus the desired values of x in [0, 277) are each of these values divided by 2— 
hence, 

377 10 ll7 157 
— ; ; , eacl === 

8 8 

Now Try Exercise 21. 

Calculators are needed to solve some trigonometric equations. Answers can be 
found in radians or degrees, depending on the mode setting. 

EXAMPLE 4 Solve}cosd@ + 1 = 1.2108 in the interval [0, 360°). 

Solution We have 

1 
Ao ae) 1.2108 

1 
5 cos @ = 0.2108 

cosd@ = 0.4216. 
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1 
YX Using a calculator set in DEGREE mode, we find that the reference angle, cos © 0.4216, 

is 

hb ~ 65.06°. 

Since cos ¢ is positive, the solutions are in quadrants I and IV. The solutions in 

[0, 360°) are 

65.06° and 360° — 65.06° = 294.94°. 

= 

x 

Now Try Exercise 9. 

EXAMPLE 5 Solve 2 cos’ u = 1 — cos win the interval [0°, 360°). JUST 
IN 

TIME 

Algebraic Solution 

. Visualizing the Solution 

We use the principle of zero products: 

The solutions of the equation are the 2 

DeCOGut a — elle COST! : 
zeros of the function 

2co*u + cosu—1=0 

(2cos t= 1 )i(cosis F180 

DiCOSiit le 0 Of COS ta le — 0) 

= 2 cos u + cosu— ‘1; 

Note that they are also the first coordi- 
nates of the x-intercepts of the graph. 

2cosu = or cosu = —| 

COSI or cos u = 

Thus, 

u = 60°, 300° or u = 180°. 

The solutions in [ 0°, 360°) are 60°, 180°, and 300°. 

The zeros in [0°, 360°) are 60°, 180°, 
and 300°. Thus the solutions of the equa- 
tion in [ 0°, 360°) are 60°, 180°, and 300°. 

Now Try Exercise 15. 
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Technology Connection 

We can use either the Intersect method or the Zero method to solve trigonometric equations. Here we illustrate by 
solving the equation in Example 5 using both methods. 

Intersect Method. We graph the equations Zero Method. We write the equation in the form 

y, =2cos*x and y, = 1 — cosx 2c0s Ut cos ule — 0) 

and use the INTERSECT feature to find the first coordi- Then we graph 
nates of the points of intersection. 

p y = 2 cos x + cosx — 1 

y, =2cos’x, y,=1—cosx and use the ZERO feature to determine the zeros of the 

function. 

y =2cos?x + cosx — 1 

Xscl = 60 

The leftmost solution is 60°. Using the INTERSECT 
feature two more times, we find the other solutions, 

180° and 300°. 

Xscl = 60 

The leftmost zero is 60°. Using the ZERO feature 
two more times, we find the other zeros, 180° and 300°. 
The solutions in [0°, 360°) are 60°, 180°, and 300°. 
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EXAMPLE 6 Solve sin’ 8 — sinf = 0 in the interval [0, 27). 

Visualizing the Solution 

We factor and use the principle of zero products: 

sin’ B — sinB = 0 

sin B (sinB — 1) = 0 Factoring 

sin B =-0 or snB—1=0 

sin B ="0 or sinB = 1 

The solutions of the equation 

sin’ B — sinB = 0 

are the zeros of the function 

f(B) = sin’ B — sin Pp: 

B=0,7 or 

The solutions in [0, 27r) are 0, 7/2, and 7. 

The zeros in [0, 277) are 0, 7/2, and 77. 

Thus the solutions of sin’ 8 — sinB = 0 are 

0, 7/2, and 7. 

Now Try Exercise 17. 

| QUADRATIC FORMULA If a trigonometric equation is quadratic but difficult or impossible to factor, 
| = Dee Te we use the quadratic formula. 

= at z 

EXAMPLE 7 Solve 10sin’x — 12sinx — 7 = 0 in the interval [0°, 360°). 

Solution § This equation is quadratic in sinx with a = 10,b = —12, and 

c = —7. Substituting into the quadratic formula, we get 

—b + VB — 4ac 
sinx = , Using the quadratic formula 

a 

—(-12) + V(-12)? = 4(10)(-7) 
= Substituting 

ON, 
YN 

12 4 V 144 + 280 mel + V 424 

20 20 

20.5913 25.44° 12 I+ 

ot f : e 

25.44 334.56 sinx ~ 1.6296 or sinx ~ —0.4296. 

Since sine values are never greater than 1, the first of the equations has no solution. 
Using the other equation, we find the reference angle to be 25.44°. Since sin x is 
negative, the solutions are in quadrants III and IV. 



Technology Connection 

In Example 9, we can graph 
the left side and then the 
right side of the equation as 
seen in the first window be- 
low. Then we look for points 
of intersection. We could 
also rewrite the equation as 

sinx + cosx — 1 = 0, graph 
the left side, and look for the 
zeros of the function, as illus- 
trated in the second window 
below. In each window, we see 
the solutions in [0, 27r) as 0 
and 77/2. 

This example illustrates a 
valuable advantage of the 
calculator—that is, with a 
graphing calculator, extraneous 
solutions do not appear. 

= Gils a COses, W =— I 

i == Sis? S= COW se 
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Thus the solutions in [ 0°, 360°) are 

180° + 25.44° = 205.44° and 360° — 25.44° = 334.56°. 

Now Try Exercise 23. 

Trigonometric equations can involve more than one function. 

EXAMPLE 8 Solve 2 cos’ x tanx = tan x in the interval [0, 277). 

Solution We have 

2cos xtanx — tan x 

2 cos’ x tanx — tanx = 0 

tan x (2cos*x — 1) = 0 

tan x = 0 or 2cor-x—-1=0 

1 
cos x = — 

2 

V2 
CO 

2, 

mq 3a 5a 77 
x =0,7 or x= 

AA Ae aeAn 

Now Try Exercise 29. Thus, x = 0, 7/4, 37/4, 7, 57/4, and 77/4. 

When a trigonometric equation involves more than one function, it is some- 
times helpful to use identities to rewrite the equation in terms of a single function. 

EXAMPLE 9 Solve sinx + cosx = 1 in the interval [0, 27). 

Solution We have 

sinx + cosx = l 

(sin x + cos i) sale Squaring both sides 

sin’ x + 2sinxcosx + cos’x = 1 

2 DESIG COS 0 aia — all Using sin’? x + cos*x = 1 

2sinxcosx = 0 

SineZx 10: Using 2 sinx cosx = sin 2x 

We are looking for solutions x to the equation for which 0 S x < 27. Multiplying 
by 2, we get 0 = 2x < 47, which is the interval we consider to solve sin 2x = 0. 
These values of 2x are 0, 77, 27r, and 377. Thus the desired values of x in | 0, 27r) sat- 
isfying this equation are 0, 7/2, 7, and 37/2. Now we check these in the original 
equation sinx + cosx = 1: 

sinO + cos0O = 0+ 1=1, 

1 1 
Silges COs pee ie, ONL 

Z Z 

sim + cost — 02 (—1) = —1, 

fuett STF uM AST 
sin + cos = (-1) eral, 

We find that a and 37/2 do not check, but the other values do. Thus the solutions 

in [0, 277) are 

T 
aioe). 

2, 
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When the solution process involves squaring both sides, values are sometimes 

obtained that are not solutions of the original equation. As we saw in this example, 

it is important to check the possible solutions. Now Try Exercise 39. 

EXAMPLE 10 Solve cos 2x + sinx = 1 in the interval [0, 27). 

eae ane Ee ES Se ee Se ee 

Algebraic Solution 
Visualizing the Solution 

We have 

We graph the function 
y = cos2x + sinx — 1 and look for 
the zeros of the function. 

COS GaSe —— ak 

1 — 2sin’x + sinx = 1 Using the identity 
cos 2x = 1 — 2sin’x 

—2sin?x + sinx = 0 

six (= -2 sin x 1), = 0 Factoring 

sinx = 0 —2sinx + 1 = Principle of zero 
products pity = cos 2x sin x — ir 

ae Lad 2 EE 

sin x sin x = 

sm ee 
All four values check. The solutions in [0, 27r) are 0, 77/6, 57/6, 
and 7. 

OG OR OT, OG > 

The zeros, or solutions, in | 0, 277) 
are 0, 7/6, 57/6, and 77. 

Now Try Exercise 27. 

EXAMPLE 11 Solve tan’ x + secx — 1 = 0 in the interval [0, 277). 

Solution We have = = a =2 

BE A tan’-x + secx -1=0 

sec’?x —1+secx—1=0 Using the identity 1 + tan’? x = sec’ x, or 
tan’x = sec*?x — 1 

sec? x + secx -2=0 

(SeCr. 2) (Sea 9 aang) Factoring 

SCOR Sa, Of SeC xX, alll Principle of zero products 

1 
COS rs Or (cose — 1 Using the identity cos x = 1/sec x 

27 47 
ies i 8 ah x0) 

Sages} 

All these values check. The solutions in [0, 277) are 0, 27/3, and 471 /3. 

Now Try Exercise 37.. 
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Visualizing 
the Graph 

TD Ste APSO Sax, 

Match the equation with its graph. 

rae 
x7 - 9 

] 
2. f(x) = 7 sinx =a 

3. (x= 2)*+ (y+ 3) =4 

4. y = sin’ x + cos’ x 

o1) tof (A h=3. = log x 

Cfo — 2 

7 
; y = 2e0s(x - = N 

SI 
-3-2-1 Tee PZ 6G TE 

Answers on page A-43 
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7.5 | __ Exercise Set 

Solve, finding all solutions. Express the solutions in both 
radians and degrees. 

V3 vi 
LCOS. = DSI == 

D, 2 

il 
2 ase = =u 4. cosx = oS 

; il 
5. sinx = 5 6. tanx = —l 

ve V3 
Ve COS Se ssn ——— 

2 2 

Solve, finding all solutions in | 0, 277) or {0°, 360°). 

Oe COS i lee leo 14 

[Oren Ss = 2.0816 

11) Wein V3: = 0 

yA | y=2sinx+ V3 

oS 
y=2tanx—-4 

1302 cos x — | 

14. csc?x —4=0 

15. 2sin’x + sinx = 1 

16. cos’x + 2cosx = 3 

17. 2cos’x — V3 cosx = 0 

18. 2sin’@ + 7sin@ = 4 

. 6co’ d + 5cosH6 + 1=0 

wo si tcost + 2sin.t — cost > 1 = 0 

wisi COS Xara cI nO, 

. 5sinx — 8sinx = 3 

. co’x + 6cosx +4=0 

mo tal =o taney 

25. 

26. 

7 = cot*x + 4cotx 

3 sin’ x = 3sinx + 2 

Solve, finding all solutions in (0, 277). 

275 

28. 

29. 

30. 

31. 

52. 

elon 

34. 

Oo. 

36. 

of. 

38. 

COS GS Ina 

YA 

| y= cos 2x — sin x 

2sin xcosx + sinx = 0 

tan x sinx — tanx = 0 

sin 4x — 2 sin 2x = 0 

sin 2x cosx + sinx = 0 

cos 2x sinx + sinx = 0 

2$eC xX tan X + 2 seen = tanya 10 

sin2x sin x — cos 2x 60s x =" —cos % 

sin 2x + sinx + 2cosx +1=0 

tan’x + 4 = 2sec?x + tanx 

sec’ x — 2tan’x = 0 

cotx = tan (2x — 377) 



46. Daylight Hours. 

med COS.X 1 SIN x = V6 

f Vanier = ines — 1 

. se?x + 2tanx = 6 

OICOSH aces ae 

uy 
mCOSs\(q74—>x) + sin (x - 2) =] 

2 

V2 

a ree 
COS Geta 

2, 

45. Average High Temperature in Chicago. The aver- 
age high temperature per month in Chicago, Illinois, 
varies from approximately 32° in January to 84° in 
July (Source: www.weather.com). The following sine 

function can be used to approximate the average high 
temperature, y, in Chicago for month x: 

y = 26.492 sin (0.491x — 1.942) + 58.247. 
a) Approximate the average high temperature in Chicago 

in April (x = 4) and in October (x = 10). (Hint: 
Set the calculator in radian mode.) 

b) Determine in which month the average high tem- 
perature will be about 47°. 

The number of daylight hours in 
Kajaani, Finland, varies from approximately 4.3 hr on 
December 21 to 20.7 on June 11. The following sine 
function can be used to approximate the number of 
daylight hours, y, in Kajaani for day «x: 

y = 7.8787 sin (0.0166x — 1.2723) + 12.1840. 
a) Approximate the number of daylight hours in 

Kajaani for April 5 (x = 95), for August 18 
(x = 230), and for November 29 (x = 333). 
(Hint: Set the calculator in radian mode.) 

b) Determine on which days of the year there will be 

about 12 hr of daylight. 

SECTION 7.5 

47. 

48. 

> 
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Sales of Fishing Boats. Sales of fishing boats fluctu- 
ate in cycles. The following cosine function can be 
used to estimate the total sales of fishing boats, y, in 
thousands of dollars, in month x, for a business: 

V = 15:328 cos (0475x1728) 4 87.223. 

Approximate the total amount of sales to the nearest 
dollar for November and for March. (Hint: Set the cal- 

culator in radian mode.) 

COI | SIs Fa 8 

Sales of Skis. Sales of certain products fluctuate in 
cycles. The following sine function can be used to esti- 
mate the total amount of sales of skis, y, in thousands 
of dollars, in month x, for a business in a northern 
climate: 

y = 9.584 sin (0.436x + 2.097) + 10.558. 

Approximate the total amount of sales to the nearest 
dollar for December and for July. (Hint: Set the calcu- 
lator in radian mode.) 

Skill Maintenance 

Solve the right triangle. [6.2] 

49. 

50. 

Cc 201 B 

> 

R 

Solve. [1.5] 

oy 
Df 
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Synthesis 

Solve in [0, 277). 

53 

54. 

55. 

56. 

Die 

58. 

59: 

60. 

61. 

62. 

Jw 
2 

I 
|[Cosee| == 

» 

Vtanx = W/3 

LA Sin se = FW aiais? ae Il = 0 

In (cosx) = 0 

esinx — ] 

sin (Inx) = —1 

eln (sin x) =] 

Temperature During an Illness. The temperature T, 
in degrees Fahrenheit, of a patient ¢ days into a 12-day 
illness is given by 

7 
T(t) = 101.6° + 3° sin (2 ) 

Find the times ¢t during the illness at which the 

patient's temperature was 103°. 

Satellite Location. A satellite circles the earth in such 

a manner that it is y miles from the equator (north or 
south, height from the surface not considered) t min- 

utes after its launch, where 

5000] a 10) = COS = ‘ ‘ 45 
At what times f in the interval [0, 240], the first 4 hr, 
is the satellite 3000 mi north of the equator? 

Trigonometric Identities, Inverse Functions, and Equations 

63. Nautical Mile. (See Exercise 56 in Exercise Set 7.2.) 

In Great Britain, the nautical mile is defined as the 
length of a minute of arc of the earth’s radius. Since 
the earth is flattened at the poles, a British nautical 
mile varies with latitude. In fact, it is given, in feet, by 
the function 

N() = 6066 — 31 cos 2¢, 

where ¢ is the latitude in degrees. At what latitude 
north is the length of a British nautical mile found to 
be 6040 ft? 

64. Acceleration Due to Gravity. (See Exercise 55 in 
Exercise Set 7.2.) The acceleration due to gravity is 
often denoted by gin a formula such as § = 3 gt’, 
where S is the distance that an object falls in t seconds. 
The number g is generally considered constant, but 
in fact it varies slightly with latitude. If @ stands for 
latitude, in degrees, an excellent approximation of g is 
given by the formula 

= 9.78049(1 + 0.005288 sin? & — 0.000006 sin? 24), g 
where g is measured in meters per second per 
second at sea level. At what latitude north does 
io 9 86 

Solve. 

65. cos 'x = cos” 

66. sin x = tani! 5 + tan 

67. Suppose that sin x = 5 cos x. Find sin x cos x. 



STUDY GUIDE 

KEY TERMS AND CONCEPTS 

Identity 

An identity is an equation that is true for 
all possible replacements. 

Basic Identities 

; 1 sin x 
Sieve taneee— s 

CSN cos xX 

1 cos x 
COS 5 COU — ae , 

see sin x 

1 
(lass = ; 

cot x 

Sin =x) x =ssinxy 

cos (—x) = cos x, 

tan(—x) = —tanx 

Pythagorean Identities 

sine icosea = I 

Ip kcot x= esc 
: 

1 + tan’ x = sec*x 

Sum and Difference Identities 

sin(u + v) = sinucosv + cosusinyv, 

cos(u + v) = cosucosv+ sinusinv, 

taniiieas tani 
t a) 
ria Oe ) 1 + tanutanv 

Chapter 7 Summary and Review 

SECTION 7.1: IDENTITIES: PYTHAGOREAN AND SUM AND DIFFERENCE 

Summary and Review 545 

EXAMPLES 

Simplify. 

tan’ x sec x b) cos*-a@ — 2cosa — 15 

sec? x tan x cosa + 3 

cos 6 1 Leageslia % 
Vinee deere 
sin(—0) tané 1 sin 

tan’ x sec x tan x SIN GEECOSEY 
= sinx 

sec x tan x Sec X COS X II 

COS. 2 Cosa, — 15. (COS@ = 5) (cOsced a) 
b) = COSI — > 

cosa + 3 COSIQa aie 

cos @ Le cos? cos 

sin(—@)  tané sin@ —sin@ 

d) a sinx jit sna j= - V1 — sin’? x 

il oie Il ==> Shas | == Gila 9 ih == Gin ge 

VV cos’ x _ __€0s% 

[k= gin 3% il = Shin 3% 

77 
Evaluate cos Ww exactly. 

TT (2 =) 377 7 , Se tr 
WW = Ces —— = =] — Gs — Gas = +P Sin — Gin — 

4 6 4 6 4 6 

(2) 
Write sin 51° cos 24° — cos 51° sin 24° as a trigonometric function of a 

single angle. Then evaluate. 

We use the identity 

sin (u — v) = sinucosv — cos usin v. 

Then 

sin 51° cos 24° — cos 51° sin 24° = sin (51° — 24°) 

= sin 27° ~ 0.4540. 
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Assume that sina = / and sinB = { and that a and B are between 0 

and 7/2. Then evaluate sin (@ + B). 

We use the identity 

sin(a + B) = sinacosB + cosasinB. 

Substituting, we have 

sin(a + B) = cosB + cosa. 

To determine cos a and cos B, we use reference triangles and the 

Pythagorean theorem. 

VvI5 v19 

15 V9 
CcOSa—==-— and ‘<o$ 6 = —— 

8 10 

Then 

7 (N19 ooh ANSE aheINA ait lb 
(0 0) ee 80 

sin(@ + B) = 

SECTION 7.2: IDENTITIES: COFUNCTION, DOUBLE-ANGLE, AND HALF-ANGLE 

Cofunction Identities Given that cos @ = 2 and that the terminal side of @ is in quadrant IV, 

7 7 
sin( = - “) = cos x, find the exact function value for cos (= = a) and cos (« e =) 

1 4 
cos( 2 = x) = Silt, cos (= - 0) = sind = ——; 

2 5) 

7 4 a 
tan (= - x)= cot x, Os (« te =) = —sin@ = -( ) = 

2 2 5 5 

Gale cot| — tan 
2 

(5 -*) SEC ows = CSC X, 
2 

(5 -+)= CSC oe Sec x, 
yD 

7 
sin in(x+ =) = COS 4; 

2 

om(xa 3) = = + sin x 
2, 
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Double-Angle Identities Given that tan@ = —3 and that @ is in quadrant II, find sin 26, cos 26, 
sin 2x = 2 sin xcosx, and the quadrant in which 26 lies. 

cos 2x = cos’x — sin? x 

= 1 — 2sin’x 

= 2cos*x — il, 

2 tan x 
LAN fe 5 

lear tans x 

eres 
10 Ss 

Ine oun \ 
cos 20 = cos’ 6 = sin’@ = ( ) ( 

Vi10 V10 
1 eR ee 

10 10 10 5 

Since both sin 26 and cos 26 are negative, we have 26 in quadrant II]. 

3 sin 2x 
SU OMY ee eae: 

ee COSMG 

5 sin 2x ++2sin x cos x cos x 
ae Na a en a Pee oe 
ec OSar ys sin’ x sin x 

Half-Angle Identities ap Slee 
Evaluate sin — exactly. 

ak 1 "cos x 8 
si ne 

2 2 Se SU aor 
Note that — is in quadrant I. Thus sin —— is positive. 

x aiCOSEY 8 
GOSi= PL Assia 

2 D, an 

x COS, 37r ae 
tan— = +,/———— ua Soul eae Bie 

2 COS 8 2 

ipa Bes b+ v2 
It Aire OKs 3 = 4 = 5 

il == Corsas 

sin x A 

Simplify: sin’ 5 FE COS: 

ie aGOSES DICOSH: eEECOSKY 

2 So yal 2 
2% 

sin ae cosx = 
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SECTION 7.3: PROVING TRIGONOMETRIC IDENTITIES 

Proving Identities Ae ane, tan x sin’ x ; — 
sing methodM prover = = tally : 

Method 1: Start with either the left side co : Ie uCOS X, 

or the right side of the equation and We begin with the left side and obtain the right side: 
in the other side. F obtain the o tanxsin'x _ tanx(1 — cos’ x) 

Method Zz Work with each side separately ge ee aa eta 

until you obtain the same expression. 
tain (ll — cosa) (l - cosx) 

(ls cosx) 

= tanx(1 — cosx) 

I LAR Gee LAI: COSEs 

(ings —= Shane 

3 sec a 1 — cos’a 
Using method 2, prove a 

Il ar COU @ COS & 

We begin with the left side: 

1 

seca cosa 1_—s sina 
1 + cot?a csc? a cos a@ ] 

sin @ 

Next, we work with the right side: 

1 — cosa sin’ a sin @ 
— == Salas 

COS @ COS @ 
= sina: tana. 

We have obtained the same expression from each side, so the proof is 

complete. 

Product-to-Sum Identities Use the product-to-sum or the sum-to-product identities to find an iden- 
1 tity for 3 sin 26 sin 56 and for cos 3a — cosa. 

sin sin y, —*—| cos (x = 7) — cos (x + y) |, 
1 

: Using sin x+ sin y = 7 Leos (x — y) — cos(x + y)], we have 

cosx*cosy = 5 Leos (eee) CONN yi, 
1 

i . 3 sin 2B sin 5B = 3- 5 [cos =82):— tos 76) 
sinx* cosy = 5 Lsin (yr sin (xe — i), 

3 
1 a COS See COSI IE 

cosx-siny = 5 [sin (x + y) — sin(x — y)] 2| 8] 

; a est My 
Sum-to-Product Identities Using cos y — cosx = 2 sin > sin 5 , we have 

: pe eee ee ray 
sinx + siny = 2sin cos : 4a  (-2a) 

2 2 COS: 50s — COs = 2 Sin =sint 

es ee, 7 : 
Sil = Silly ==" 2/Cos 5 sin 5 = 2 sin 2a sin (—a) 

I oy ay —2 sin 2a sina 
SU eer ena = —2(2sinacosa) (sina) 

cosy + cos x 

—xty x-y = —4sin’ acosa. 
2 sin 5 sin II GOSN = COS x 



Inverse Trigonometric Functions 

FUNCTION DOMAIN RANGE 

Vea sie la | 

COS. AL Keotla diy [0, 7] 

= fan x =Co, ees =) y (00,00) (-%2 
The notation y = sin ' x is equivalent to 
y = arcsin x. The notation can be read: 

e the inverse sine of x, 
e the arcsine of x, or 

¢ the number, or the angle, whose sine 
15EX. 

Composition of Trigonometric 

Functions 

The following are true for any x in the 

domain of the inverse function: 

sin (sin |x) = x, 

1x) = x, cos (cos 

tan (tan |x) = x. 

The following are true for any x in the 

range of the inverse function: 

sin ' (sinx) = x, 

cos | (cosx) = x, 

tan | (tanx) = x. 

Summary and Review 

Find each of the following function values. 

1 2D 
a) sin! (-3) b) cos ! (-2) c) tan ! 3 

a) In |—a/2, 7/2], the only number 
1 

with a sine of — 5 is —7,/6. Thus, 

sin | (-3) = —7/6, or —30°. 

In [ 0, 7], the only number with 

V2 
a cosine of — —— is 37/4. Thus, 

2 

V2 Coe! (-~2) = 37/408 135: 

c) if In (—7/2, 77/2), the only number 
with a tangent of \/3 is 7/3. Thus, 

tan V3 = ar /3, oF 60°. 

was 

Approximate each of the following function values in both radians and 

degrees. Round radian measure to four decimal places and degree 
measure to the nearest tenth of a degree. 

a) cos ! 0.3281 ~ 1.2365, or 70.8° 

b) tan > (—7.1154) =* 1.4312; or —82:0" 

cy sine (= 0.5492) = 9 0/5814,0r _33.5- 

Simplify each of the following. 

Py evel (tan? V3) 

Since V’3 is in (—o00, co), the domain of tan”', 

tan (tan! 73) = Ve 

b) cos feos" (-3)] 
2, 

1 = 
Since —— is in | —1, 1], the domain of cos “, 

c) sin | [sin (7/6)| 

Since 7/6 is in [—7/2, 7/2], the range of sin ', 
sin ' [sin (7/6)] = 7/6. 

d) cos ' [cos (37/2)] 

Since 37/2 is not in [0, zr], the range of cos “, we cannot apply 
cos | (cosx) = x. Instead, we find cos (3277/2), which is 0, and 
substitute to get cos | 0 = 7/2. Thus, cos | [cos (32/2)] = 7/2. 

1 

549 

SECTION 7.4: INVERSES OF THE TRIGONOMETRIC FUNCTIONS 
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e) sin ' [cos (—7/6)] = rine cos (—7/6) = V3/2 

I 277 1 
f) tan|eos'(—4)) = aU Ne cos (-2) = 2/3 

5% 
Find: sin (cos a) 

Let 6 be the angle whose cosine is x/5: cos@ = x/5. Considering 

all values of x, we draw right triangles, in which the length of the 

hypotenuse is 5 and the length of one leg is x. The other leg in each 

triangle is V 25 — x’. 

I| 3 = Ww 

II | w 

st pede 
5 

Thus, sin (cos 

fj ogg le) Trmvee]MNii lela sitele) le) laa site ele7 vale). 

Trigonometric Equations Solve 3 tanx = V3. Find all solutions. 
When an equation contains a trigono- pone 

metric expression with a variable, it is 

called a trigonometric equation. To solve tanx = V3/3 

such equations, we find all values for the 

variable that make the equation true. 

In most applications, it is sufficient to 

find just the solutions from 0 to 27, or 

from 0° to 360°. We then remember that 
any multiple of 277, or 360°, can be added 

to obtain the rest of the solutions. 
The solutions are numbers that have a tangent of V3 /3. There 

are only two points on the unit circle for which the tangent is 373. 

They are the points corresponding to 77/6 and 77/6. The solutions are 
a /6 + kar, where k is any integer. 

Solve: sinx = 1 — 2 sin’ x in [0°, 360°). 

sinx = 1 — 2sin’x 

2sin’x + sinx —1=0 

(2sinx — 1)(sinx + 1) =0 

Qisini x) ales OMopamesinicc: 2 les () 
: 1 5 

Suns = Or Sing = =| 

Thus, x = 30°, 150° orx = 270°. All values check. The solutions in 

[0°, 360°) are 30°, 150°, and 270°. 
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Solve: sin 2x cos x + cosx = 0 in [0, 27). 

SiMe ACOSE\ mat COS Gs) 

cos x (sin2x + 1) =0 

COS) or sin2dx + 1=0 

cosx = 0 or sin 2x = —1 

x = 7 /2,37/2 or 2x = 32/2 

x = 30/4 

All values check. The solutions in [0, 277) are 7/2, 3277/4, and 37/2. 

Solve 5 cos’x = 2cosx + 6 in [0°, 360°). 

5cos’x — 2.cosx — 6 = 0 

as NOE Using the quadratic 
10 formula 

COS X 

COSEGES mleolls Om OLMECOSTa— man ULOIS6 

Since cosine values are never greater than 1, cosx ~ 1.3136 

has no solution. Using cos x ~ —0.9136, we find that 

cos '(—0.9136) ~ 156.01°. Thus the solutions in [0°, 360°) are 156.01° 
and 360° — 156.01°, or 203.99°. 

REVIEW EXERCISES 

Determine whether the statement is true or false. Simplify. [7.1] 

Pesin sesusins.. 17:1) 3 sect x — tan’ x 
ae) 2 

2. Given0 < a < 7/2and0 < B < 7/2 and that sec x + tan’ x 
sin(a + B) = landsin(a — B) = 0, then Dene. ( ay ) 

=a 14. e 

a = 7/4. [7.1] cos x \2sinx 
3. If the terminal side of @ is in quadrant IV, then Tein ee epee 

tan @ < cos@. [7.1] 15. set AS 5 
COSC E. ge SID 1a. COS 

4. cos 57/12 = cos77/12. [7.2] ; 5 

5. Given that sin 0 ¢,tan@ < cos@. [7.1] cosy — siny sin? y = cos? y 

Complete we Pythagorean identity. [7.1] us BAWOe 1 

Co COU CG — Su eco, EOe 

7. sine x + cos’x = 2 18 4 sin x cos’ x 

Multiply and simplify. [7.1] ” 16 sin’ x cos x 

8. (tany — cot y)(tany + cot y) In Exercises 19-21, assume that all radicands are 

9. (cosx + sec x)? nonnegative. 

Factor and simplify. [7.1] 19. Simplify: 

10. sec x csc x — csc*x V sin? x + 2cosxsinx + cos?x. [7.1] 

GD a “ wes ear Sino 
IL. 3sin'y.— 7siny — 20 20. Rationalize the denominator: , amen [7.1] 

12. 1000 — cos? u eae 
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é [cos x 
21. Rationalize the numerator: 271) 

tan x 

22. Given that x = 3 tan 0, express V9 + x’ as 

a trigonometric function without radicals. Assume 
that 0L<40=—-7 2. [7104 

Use the sum and difference formulas to write equivalent 
expressions. You need not simplify. [7.1] 

397 
23. cos (: ar =) 

25. Simplify: cos 27° cos 16° + sin 27° sin 16°. [7.1] 

26. Find cos 165° exactly. [7.1] 

27. Given that tana = V3 and sin B= 2/2 and 
that a and B are between 0 and 77/2, evaluate 
tan (a — B) exactly. [7.1] 

28. Assume that sin 8 = 0.5812 and cos @ = 0.2341 and 

that both 6 and ¢ are first-quadrant angles. Evaluate 
cos (@ + #). [7.1] 

Complete the cofunction identity. [7.2] 

7 7 
QOMCOSING 305 COS = = = 

2 2 

; 7 
Silo Sale G98 > | 

? 

32. Given that cosa@ = —2 and that the terminal side is 
in quadrant III: 
a) Find the other function values for a. [7.2] 

b) Find the six function values for 7/2 — a. 
[7.2] 

c) Find the six function values for a + 7/2. 
ez) 

24, tan (45° = 30°) 

é ; 7 
33. Find an equivalent expression for csc (. = =) 

[7.2] 

34. Find tan 20, cos 26, and sin 20 and the quadrant 
in which 26 lies, where cos @ = —# and @ is in 
quadrant III. [7.2] 

7 
35. Find sin 5 exactly. [7.2] 

36. Given that sin 8 = 0.2183 and B is in quadrant I, 

find sin 2B, cos e and cos 4B. [7.2] 

Simplify. [7.2] 

ne ee 
OV Le = 2 Sitiee= 

D, 

38. (sinx + cosx)* — sin 2x 

39. 2sinxcos’x + 2 sin’ x cos x 

Trigonometric Identities, Inverse Functions, and Equations 

2 cot x 
40. a ee Mee mag 

CO le eee 

Prove the identity. [7.3] 

jl = Ginn 5 COS x 
41. = ; 

cos x il ae Swale 

Icoseg 
—— = Coto 

sin 20 

tan sin 
43. paren praed — ee 

2 tan y 2 

Sia COS HO tan’ x — 1 
44, 5 ae 

COS SIN Grs COSY 

Use the product-to-sum identities and the sum-to-product 
identities to find identities for each of the following. [7.3] 

45. 3 cos 20 sin @ 46. sin@ — sin 40 

Find each of the following exactly in both radians and 
degrees. [7.4] 

1 
47. sin ! ( - +) 

D 

49, tan! 1 

3 
48. cos | —— 

2, 

50. sin '0 

Use a calculator to find each of the following both in 
radians, rounded to four decimal places, and in degrees, 
rounded to the nearest tenth of a degree. [7.4] 

51. cos ! (—0.2194) B2 cor 2381 

Evaluate. [7.4] 

1 3 
DOacOS (cos 7 54. tan | (1 x3) 

2 3 

v2) 7 
55. sin ! (sin =) 56. cos (sin = 

Ih 2) 

Find each of the following. [7.4] 

ze b ey: 
575 COS | tan 3 58. cos | 2 sin 5 

Solve, finding all solutions. Express the solutions in both 
radians and degrees. [7.5] 

D 
59. Sg as 60. tanx = V3 

Solve, finding all solutions in [0, 27r). [7.5] 

61. 4sin’x = 1 YA 

|b: 

- 

—l1F 



62. 

63. 

64. 

65. 

66. 

67. 

68. 

69. 

70. 

71. 

SINZANASINEE COS —s 0) 

2cos*x + 3cosx = -1 

sin’ x — 7sinx = 0 

csc? x — 2cot?x = 0 

sin 4x + 2sin2x = 0 

2cosx + 2sinx = v2 

6 tan’ x = 5tanx + sec? x 

Which of the following is the domain of the function 
cos ‘x? [7.4] 

A. (0,7) Bea = 2,4 
Ce a iar jf 2 D050) 

7 
Simplify: sin! (sin 7) [7.4] 

A. —7/6 B. 77/6 
Cc. -1/2 D. 1117/6 

The graph of f(x) = sin ' x is which of the 
following? [7.4] 

72. 

74. 

(ek 

76. 

77. 

vo) 

80. 

81. 

82. 

553 Summary and Review 

Synthesis 

Find the measure of the angle from |, to L: 

Lox ty = 3 be 2X. f= 5.71 

. Find an identity for cos (u + v) involving only 
cosines. [7.1], [7.2] 

1 
Simplify: cos (z = x fesex sil © else) 

Find sin 9, cos 6, and tan @ under the given 
conditions: 

, a7; 
sin 20. == =" =120 = ws (7.2)] 

De 

Show that 

we sin ! x 
tans x = oa 

cos x 

is not an identity. [7.4] 

Solve e“°°* = 1 in [0, 27r). [7.5] 

Collaborative Discussion 
and Writing 

. Why are the ranges of the inverse trigonometric 
functions restricted? [7.4] 

Miles lists his answer to a problem as 7/6 + kz, 
for any integer k, while Jaylen lists his answer as 
aw /6 + 2ka and 77/6 + 2kz, for any integer k. Are 
their answers equivalent? Why or why not? [7.5] 

How does the graph of y = sin ' x differ from the 
graph of y = sin x? [7.4] 

What is the difference between a trigonometric 
equation that is an identity and a trigonometric 
equation that is not an identity? Give an example of 
eache 1723), 7.5] 

Why is it that 
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Chapter Test 

Simplify. 

2cos*x — cosx — 1 sec x \? 1 
1. De = 

tan x cosx — 1 tan’ x 

3. Rationalize the denominator: 

/1 — sin@ 

1+ sin@ 

Assume that the radicand is nonnegative. 

4, Given that x = 2 sin 0, express V4 — x? asa 

trigonometric function without radicals. Assume 
Or Ot i77 /2: 

Use the sum or difference identities to evaluate exactly. 

7 
Bsn 75)- 6a tan 

12 

7. Assuming that cos u = 7 and cos v = +4 and that u 
and v are between 0 and 77/2, evaluate cos (u — v) 
exactly. 

8. Given that cos @ = —% and that the terminal side is 
in quadrant II, find cos (77/2 — @). 

9. Given that sin@ = -4 and @ is in quadrant III, find 

sin 20 and the quadrant in which 28 lies. 

10. Use a half-angle identity to evaluate cos S exactly. 

11. Given that sin 86 = 0.6820 and that 6 is in quadrant I, 
find cos (0/2). 

12. Simplify: (sin x + cosx)* — 1 + 2sin 2x. 

Prove each of the following identities. 

PS. SGX A= COS COL = SIN 

14, (sinx + cosx)? = 1 + sin 2x 

1 + cosB 
15. (csc B+ cot 6) = 

L=*cos'6 

1 + sina tan @ 
16. = 

I a> Cgea seca 

Use the product-to-sum identities and the sum-to-product 
identities to find identities for each of the following. 

W/RCOS SOs COS 

18. 4sin B cos 3B 

2 
19. Find sin ! (- <2) exactly in degrees. 

20. Find tan’ V3 exactly in radians. 

21. Use a calculator to find cos ' (—0.6716) in radians, 
rounded to four decimal places. 

1 
22. Evaluate cos (sin +) 

5 
23. Find tan (sin a) 

24. Evaluate cos (si + cos’ +). 

Solve, finding all solutions in | 0, 277). 

25. 4cos’x = 3 

26. 2sin? x = V/2 sinx 

7. V3 cos x q- Ginge = Il 

28. The graph of f(x) = cos ' x is which of the 
following? 

» Synthesis 

29. Find cos 6, given that cos 20 = 
? 



Feeding and observing sharks has become a 

popular attraction at water parks. The floor of 

a newly constructed shark pool in the shape of 

a parallelogram has sides that measure 38 ft 

and 57 ft. To meet the minimum required 

length for the shortest diagonal, the angles 

must be 80° and 100°. Find the lengths of the 

diagonals of the pool. 
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The Law of Sines 

b Use the law of sines to solve triangles. 

b> Find the area of any triangle given the lengths of two sides 

and the measure of the included angle. 

To solve a triangle means to find the lengths of all its sides and the measures of all 

its angles. We solved right triangles in Section 6.2. For review, let’s solve the right 

triangle shown below. We begin by listing the known measures: 

Z Q = 37.1°, q=% 

W290, ee 

q uf Tie Z = 6.3. 

E 
Ww 6.3 Q 

Since the sum of the three angle measures of any triangle is 180°, we can im- 
mediately find the measure of the third angle: 

Z = 180° — (90° + 37.1°) 
= 52.9%. 

Then using the tangent ratio and the cosine ratio, respectively, we can find q 
and w: 

ENN S OA Le ae or 
6.3 

q = 6.3 tan 37.1° ~ 4.8, 

and 

ie: 
cosp/i.—-—, Or 

w 

6.3 
Se TO 

cos 37.1 

Now all six measures are known and we have solved triangle QWZ: 

Cao G2 4h 
W = 90°, w = 7.9, 

7 52D Lae Rss 

» Solving Oblique Triangles 

The trigonometric functions can also be used to solve triangles that are not right 
triangles. Such triangles are called oblique. Any triangle, right or oblique, can be 
solved if at least one side and any other two measures are known. The five possible 
situations are illustrated on the next page. 



SECTION 8.1 The Law of Sines DOT 

A 

3. SSA: Two sides of a triangle and : 
an angle opposite one of them 385 
are known. (In SSA, there may 
be no solution, one solution, 
or two solutions. The case with 

1. AAS: Two angles of a triangle 
and a side opposite one of them sae 
are known. 1007 25" 

AAS 

2. ASA: Two angles of a triangle 
and the included side are 
known. 

BD 

ASA 

20 
two solutions is known as the Ss R 
ambiguous case.) 

4, SAS: Two sides of a triangle and 
the included angle are known. 

82.14 

19.05 

SAS | 

5. SSS: All three sides of the 
: 210 triangle are known. a 

172 
SSS | 

The list above does not include the situation in which only the three angle 
measures are given. The reason for this lies in the fact that the angle measures de- 
termine only the shape of the triangle and not the size, as shown with the following 
triangles. Thus we cannot solve a triangle when only the three angle measures are 
given. 

In order to solve oblique triangles, we must derive the law of sines and the law 
of cosines. The law of sines appliés to the first three situations listed above. The law 
of cosines, which we develop in Section 8.2, applies to the last two situations. 
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D 

Applications of Trigonometry 

a 

» The Law of Sines 

We consider any oblique triangle. It may or may not have an obtuse angle. Although 

we look at only the acute-triangle case, the derivation of the obtuse-triangle case is 

essentially the same. 
In acute AABC at left, we have drawn an altitude from vertex C. It has length 

h. From AADC, we have 

h 
Say A = , Or jf = bain A. 

From ABDC, we have 

h 
sin B = > Onn i—raisineb: 

With h = bsin A andh = asin B, we now have 

asinB = bsinA 

asin B bsin A 
; ; =e it 3 Dividing by sin A sin B 

sin A sin B sin A sin B 

a b 
: Simplifyin 

sinA  sinB ss as 

There is no danger of dividing by 0 in this case because we are dealing with 
triangles whose angles are never 0° or 180°. Thus the sine value will never be 0. 

If we were to consider altitudes from vertex A and vertex B in the triangle 
shown above, the same argument would give us 

b c a G 
. =F . an . a . be 

sin B Sine sin A sin C 

We combine these results to obtain the law of sines. 

THE LAW OF SINES 

In any triangle ABC, B 

Ge ae ac / > 

sin A sin B Sina C 
b 

The law of sines can also be expressed as 

sin A sin B sin C 

a b G 

» Solving Triangles (AAS and ASA) 

When two angles and a side of any triangle are known, the law of sines can be used 
to solve the triangle. 
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EXAMPLE 1 = [n AEFG,e = 4.56, E = 43°, and G = 57°. Solve the triangle. 

Solution We first make a drawing. We know three of the six measures: 

F 743 e = 4,56, 

F = 4 f= e 

g 4.56 Ga—— 57 g=?. 

E G 

From the figure, we see that we have the AAS situation. We begin by finding F: 

F = 180° — (43° + 57°) = 80°. 

We can now find the other two sides, using the law of sines: 

i ee 

sinF sin E 

f 4.56 
; oat = Substituting 

sin 80 sin 43 

fo 4.56 sin 80° nas 
Senda 13° olving for f 

Wa (See 

bine ert AG 

sin G sin E 

g 4.56 
; ae rs Substituting 

sin 57 sin 43 

pie456'Si05 7. er 
I a 43° ving tor g 

iC F=25.01) 

Thus we have solved the triangle: 

E = 43°, e456; 

F= 80, f = 6.58, 

G=57, g~ 561. 
The law of sines is frequently used in determining distances. 

EXAMPLE 2 Vietnam Veterans Memorial. Designed by Maya Lin, the 
Vietnam Veterans Memorial, in Washington, D.C., consists of two congruent black 
granite walls on which 58,272 names (as of May 2011) are inscribed in chronologi- 
cal order of the date of the casualty. Each wall closely approximates a triangle. The 
height of the memorial at its tallest point is about 120.5 in. The angles formed by 
the top and the bottom of a wall with the height of the memorial are about 89.4056° 
and 88.2625°, respectively. (Sources: www.tourofdc.org; Maya Lin, Designer, New 
York, NY; National Park Service, U.S. Department of the Interior; Jennifer Talken- 

Spaulding, Cultural Resources Program manager, National Mall and Memorial Parks, 
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Washington, D.C.; Bryan Swank, Unique Products, Columbus, IN) Find the lengths 

of the top and the bottom of a wall rounded to the nearest tenth of an inch. 

Top of wall, w M 

39.4056 

88.2625° 
CI 

Vi— 2051s 

_—_ 
a as 

Source: www.tourofde.org 

Solution We first find angle V: 

180° — (89.4056° + 88.2625°) = 2.3319°. 

Because the application involves the ASA situation, we use the law of sines to deter- 

mine m and w. 

i 

sin M sin V 

m 120.5 in. 
; =— = Substituting 

sin 89.4056° sin 2.3319 

120.5 in. (sin 89.4056°) 
ii = ; z Solving for m 

sin 2.3319 

m =~ 2961.4 in. 

WE TE cy) 

sin W sin V 

w 120.5 in. 
: aaa = Substituting 

sin 88.2625 sin 2.3319 

120.5 in. (sin 88.2625°) 
w= Solving for w 

sin 2.3319° 

w = 2960.2 in. 

Thus, m ~ 2961.4in. and w ~ 2960.2 in. Now Try Exercise 23. 

» Solving Triangles (SSA) 

When two sides of a triangle and an angle opposite one of them are known, the law 
of sines can be used to solve the triangle. 

Suppose for AABC that b, c, and B are given. The various possibilities are as 
shown in the eight cases that follow: 5 cases when B is acute and 3 cases when B is 
obtuse. Note that b < cin cases 1, 2, 3,and 6; b = cincases4and7;and b > cin 
cases 5 and 8. 



Angle B Is Acute 

Case 1: No solution 

b < ¢; side b is too short to reach 

the base. No triangle is formed. 

B 

Case 4: One solution 

b = c;anarc of radius b meets 

the base at just one point other 
than B. 

Angle B is Obtuse 

Case 6: No solution 

b < c; side b is too short to reach 

the base. No triangle is formed. 

SECTION 8.1 The Law of Sines 561 

Case 2: One solution Case 3: Two solutions 

b < c; side b just reaches the base b < c; an arc of radius b meets the 

and is perpendicular to it. base at two points. (This case is 
called the ambiguous case.) 

Bee 

Case 5: One solution 
b > c;anarc of radius b 
meets the base at just one 
point. 

Case 7: No solution Case 8: One solution 

b = c;anarc of radius b meets b > c;anarc of radius b meets the 

the base only at point B. No base at just one point. 
triangle is formed. 

The eight cases above lead us to three possibilities in the SSA situation: no 
solution, one solution, or two solutions. Let’s investigate these possibilities further, 
looking for ways to recognize the number of solutions. 

EXAMPLE 3 Nosolution. In AQRS,q = 15,r = 28, and Q = 43.6°. Solve 

the triangle. 

Solution We make a drawing and list the known measures: 

s | Q = 43.6, qe iss 
15 R = ce — NS, 

28 = ¢ S = ¢ 

43.6° 
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We note the SSA situation and use the law of sines to find R: 

q = if 

sin Q sin R 

le 28 
== Substituting 

sin 43.6°  sinR 

28 sin 43.6° 
SIN) See Solving for sin R 

15 

sin R ~ 1.2873. 

Since there is no angle with a sine greater than 1, there is no solution. 

Now Try Exercise 13. 

EXAMPLE 4 One solution. In AXYZ, x = 23.5, y = 9.8, and X = 39.7°. 
Solve the triangle. 

Solution We make a drawing and organize the given information: 

x X = 39.7, Ki 5D 

re, iy 22-3; 

JAS Ss Ra 

We see the SSA situation and begin by finding Y with the law of sines: 

ae 4 

sin X sin Y 

23.5 9.8 Tee 
= Substitut 

sin 39.7° sin Y ~ ae 

: 9.8 sin 39.7° 
Stith = Solving for sin Y 

M35 

sin Y ~ 0.2664. 

There are two angles less than 180° with a sine of 0.2664. They are 15.4° and 164.6°, 
to the nearest tenth of a degree. An angle of 164.6° cannot be an angle of this triangle 
because the triangle already has an angle of 39.7° and these two angles would total 
more than 180°. Thus, 15.4° is the only possibility for Y. Therefore, 

ZS eL OO. aaO.e 1 bea = 124.0". 

We now find z: 

eee: 

sin Z sin X 

Z 235 

i eee 0 Substituti 
sin 124.9" siniage7 ubstituting 

23.5 sin 124.9° 
= Solving for z 

sin 39.7° 

Za 0 
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We have now solved the triangle: 

Ki 13997 3 se31 23.15) 
VOL ba My relo:8 
Z= 1249", z= 30.2. Now Try Exercise 5. 

The next example illustrates the ambiguous case in which there are two pos- 
sible solutions. 

EXAMPLE 5 Twosolutions. In AABC,b = 15,c = 20,and B = 29°. Solve 

the triangle. 

A Solution We make a drawing, list the known measures, and see that we again 
20 15 have the SSA situation. 

B 292 A = re i % 

2 c B= 29°, b = 15, 

C=%, c = 20 

We first find C: 

iy acs 

sinB  sinC 

15 20 ga 
= tituti 

y, sing sin C sed ae 
sin 40° = sin 140° ; 5 

; 20 sin 29 
sin C = ——__— =~ 0.6464. Solving for sin C 

Is 

Possible Solution I. 

ii C — 40> then 

There are two angles less than 180° with a sine of 0.6464. They are 40° and 140°, to 
the nearest degree. This gives us two possible solutions. 

Possible Solution II. 

If C = 140°, then 

A = 180° — (29° + 40°) = 111°. A = 180° — (29° + 140°) = 11°. 

Then we find a: Then we find a: 

De ae 2 Cape 

sin A af sin B sin A sin B 

a on 15 a x 15 

Sates ly bi bee sin 29° sin 11° sin 29° 

15'sin 111- Losindit= 
= ——_— _ = 29, asym A 

sin 29° sin 29 

These measures make a triangle as shown below; These measures make a triangle as shown below; 

thus we have a solution. thus we have a second solution. 

A 

20 il 

Lear 
BE= °C 

Now Try Exercise 3. 

Examples 3-5 illustrate the SSA situation. Note that we need not memorize 
the eight cases or the procedures in finding no solution, one solution, or two solu- 
tions. When we are using the law of sines, the sine value leads us directly to the 
correct solution or solutions. 
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» The Area of a Triangle 

The familiar formula for the area of a triangle, A = + bh, can be used only when h 

is known. However, we can use the method used to derive the law of sines to derive 

an area formula that does not involve the height. 
Consider a general triangle AABC, with area K, as shown below. 

B B 

| 
| 

c a I hi P 

| 
Felis as 

fs D Cc D A 

A is acute. A is obtuse. 

Note that in the triangle on the right, sin (ZCAB) = sin (Z DAB), since sin A = 
sin (180° — A). Then in each AADB, 

h 
sia A = = or i =Sasin Ar 

Substituting into the formula K = 5bh, we get 

K = sbesin A. 

Any pair of sides and the included angle could have been used. Thus we also have 

K=Fabsin© and K —Sacsin B. 

THE AREA OF A TRIANGLE 

The area K of any AABC is one-half of the product of the lengths of two 
sides and the sine of the included angle: 

1 , 1 L 1 : 
—bé sin A: =.—ab sin C = —acsin B: 
2 oy) D 

EXAMPLE 6 Area of a Triangular Garden. A university landscape archi- 
tecture department is designing a garden for a triangular area in a dormitory com- 
plex. Two sides of the garden, formed by the sidewalks in front of buildings A and B, 
measure 172 ft and 186 ft, respectively, and together form a 53° angle. The third side 
of the garden, formed by the sidewalk along Crossroads Avenue, measures 160 ft. 
What is the area of the garden, to the nearest square foot? 

Crossroads Avenue 



SECTION 8.1 The Law of Sines 565 

Solution Since we do not know a height of the triangle, we use the area formula: 

1 
Kena orsinn@ 

2 

1 
jes oe 186 ft- 172 ft+ sin 53° 

Ke 10-775 ft. 

The area of the garden is approximately 12,775 ft’. 
Now Try Exercise 25. 

8.1 Exercise Set 

Solve the triangle, if possible. Find the area of the triangle. 

1. A Z 17. B = 42°,a = 7.2 ft,c = 3.4 ft 
(KO C 

18. A = 17°12’, b = 10in.,c = 13 in. 
38 Zils 

B a Cc a 19. C = 82°54',a = 4yd,b = 6yd 
10 

20. C = 75.16°,a = 15m,b = 2.1m 
eS 

A s B 21. B = 135.2°,a = 46.12 ft,c = 36.74 ft 

22 Avs 132) OL aS: CI G =) 3c 

23. Meteor Crater. The Meteor Crater in northern 
Arizona is the earliest discovered meteorite impact 
crater. A math student locates points R and S on 
opposite sides of the crater and point T 700 ft from S. 
The measures of 2 RST and Z RTS are estimated to 

5. C = 61°10’, c = 30.3, b = 24.2 be 95° and 75°, respectively. What is the width 
of the crater from point R to point S? 

6. A = 126.5°,a = 17.2,¢ = 13.5 

7. c = 3 mi, B = 37.48°, C = 32.16° 

8. a = 2345 mi, b = 2345 mi, A = 124.67° 

9. b = 56.78 yd, c = 56.78 yd, C = 83.78° 

10. A = 129°32', C = 18°28’, b = 1204 in. 

11. a = 20.01 cm, b = 10.07 cm, A = 30.3° 

12. b = 4.157 km, c = 3.446 km, C = 51°48’ 

13. A = 89°,a = 15.6in., b = 18.4 in. 

14. C= 4632.54, 156.210, Co 221m 

15. a = 200m, A = 32.76°, C = 21:97° 

16. B= 115°, c = 45.6 yd, b = 23.8 yd 
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24. Lawn Irrigation. Sanchez Irrigation is installing In Exercises 28-31, keep in mind the two types of bearing 

a lawn irrigation system with three heads. They considered in Sections 6.2 and 6.3. 

determine that the best locations for the heads A, B, 28. Reconnaissance Airplane. A reconnaissance airplane 

and C are such that 2 CAB is 40° and 2 ACB is 45° leaves its airport on the east coast of the United States 

and that the distance from A to B is 34 ft. Find the and flies in a direction of 85°. Because of bad weather, 

distance from B to C. it returns to another airport 230 km due north of 
its home base. To get to the new airport, it flies in a 
direction of 283°. What is the total distance that the 

airplane flew? 

N 

New 

airport |B 

N 
| 

230 km | 
85° 

283° 

Origina 
25. Area of a Back Yard. A new homeowner has a sinport 

triangular-shaped back yard. Two of the three sides 
measure 53 ft and 42 ft and form an included angle of 29 
135°. To determine the amount of fertilizer and grass 
seed to be purchased, the owner must know, or at least 
approximate, the area of the yard. Find the area of the 
yard to the nearest square foot. 

. Fire Tower. A ranger in fire tower A spots a fire at a 

direction of 295°. A ranger in fire tower B, located 45 mi 

at a direction of 45° from tower A, spots the same fire 

at a direction of 255°. How far from tower A is the fire? 

from tower B? 

26. Giraffe Exhibit. A zoo is building a new giraffe ex- 
hibit and needs to fence an outdoor triangular area, | 
with the barn forming one side of the triangle. The 
maintenance department has only 137 ft of fencing 
in stock. If one of the sides of the outdoor pen is 72 ft 
and the angle that it makes with the barn is 73°, does 
the zoo need to order more fencing? 

ISS 

30. Lighthouse. A boat leaves lighthouse A and sails 
5.1 km. At this time it is sighted from lighthouse B, 
7.2 km west of A. The bearing of the boat from B is 
N65°10’E. How far is the boat from B? 

27. Length ofa Pole. A pole leans away from the sun at 
an angle of 7° to the vertical. When the angle of eleva- 
tion of the sun is 51°, the pole casts a shadow 47 ft long 
on level ground. How long is the pole? 

31. Distance to Nassau. Miami, Florida, is located 
178 mi N73°10'W of Nassau. Because of an approach- 
ing hurricane, a cruise ship sailing in the region needs 
to know how far it is from Nassau. The ship’s position 
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is N77°43 'E of Miami and N19°35’E of Nassau. How 42. Area of a Parallelogram. Prove that the area of a par- 
far is the ship from Nassau? allelogram is the product of two adjacent sides and the 

sine of the included angle. 

S S5 

43. Area of a Quadrilateral. 
Prove that the area of a 
quadrilateral is one-half of 
the product of the lengths 
of its diagonals and the 
sine of the angle between 
the diagonals. 

32. Gears. Three gears are arranged as shown in the 
following figure. Find the angle ¢. 44. Find d. 

11 in. 

12 in. 

45. Recording Studio, A musician is constructing an oc- 
tagonal recording studio in his home. The studio with 
dimensions shown below is to be built within a rec- 
tangular 31'9” by 29'9” room (Source: Tony Medeiros, 
Indianapolis, IN). Point D is 9” from wall 2, and points C 

and B are each 9” from wall 1. Using the law of sines and 
right triangles, determine to the nearest tenth of an inch 
how far point A is from wall 1 and from wall 4. (For more 

>» Skill Maintenance information on this studio, see Example 2 in Section 8.2.) 

3 Find the acute angle A, in both radians and degrees, for the 
given function value. [6.1] 

33. cosA = 0.2213 34. cosA = 1.5612 

Convert to decimal degree notation. Round to the nearest 
hundredth. [6.1] 

a5 Lous 20" 36.-125°3/42/ 

Find the values. [6.3] 

7 
37. sin 45° 38. cos es 

A, aes (- =) 40. sin 300° 

» Synthesis 

41. Prove the following area formulas for a general 
triangle ABC with area represented by K. 

_ @ sin Bsin C x = | SinA sin B 

_ 3aint 2 sin C 

b* sin Csin A 

2 sin B 
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The Law of Cosines | 

Use the law of cosines to solve triangles. 

»® Determine whether the law of sines or the law of cosines 

should be applied to solve a triangle. 

The law of sines is used to solve triangles given a side and two angles (AAS and 
ASA) or given two sides and an angle opposite one of them (SSA). A second law, 
called the law of cosines, is needed to solve triangles given two sides and the 
included angle (SAS) or given three sides (SSS). 

» The Law of Cosines 

To derive this property, we consider any A ABC placed on a coordinate system. 
We position the origin at one of the vertices—say, C—and the positive half of the 
x-axis along one of the sides—say, side CB. Let (x, y) be the coordinates of vertex A. 
Point B has coordinates (a, 0) and point C has coordinates (0, 0). 

x C/(0,0) a B a 

5 
Then cos = , so x = bcosC 

E> oy me) 
and sin C = oy b sin C. 

Thus point A has coordinates (b cos C, b sin C). 
Next, we use the distance formula to determine c’: 

(x, y), or a c= (x = a) 3 (y = Oye 

ease aw C) or c = (bcosC — a)? + (bsinC — 0). 

Now we multiply and simplify: 

c = b’cos’C — 2abcosC + & + b*sin’C 

= a + b’(sin’ C + cos? C) — 2ab cos C 

= @ + b’ — 2abcosC. Using the identity sin’ @ + cos’?@ = 1 

Had we placed the origin at one of the other vertices, we would have obtained 

a@=t+4+c-—2bcecosA 
D 

or bY =a +c — 2accosB. 
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THE LAW OF COSINES 

In any triangle ABC, C 

a = b? + 2 — 2becosA, 

b? = a + 2 — 2accosB, 

and c= a +b —2abcos Cc. 2 c = 

Thus, in any triangle, the square of a side is the sum of the squares of the 
other two sides, minus twice the product of those sides and the cosine 
of the included angle. When the included angle is 90°, the law of cosines 
reduces to the Pythagorean theorem. 

The law of cosines can also be expressed as 

D 
b+e-—@ Ga =e G@+¥-—¢ 

COS COS) TO Cm COS Oa 
2bc 2ac 2ab 

» Solving Triangles (SAS) 

When two sides of a triangle and the included angle are known, we can use the law 
of cosines to find the third side. The law of cosines or the law of sines can then be 
used to finish solving the triangle. 

EXAMPLE 1 Solve AABCifa = 32,b = 7l,andC = 32.8°. 

Solution We first label a triangle with the known and unknown measures: 

@ A % a = 32, 

ao wale 

71 C= 37s. 6 = @ 

We can find the third side using the law of cosines, as follows: 

C =a + 6 — 2abcosC 

C= 32 + 7P — 2° 32:71 cos 32.8° Substituting 

C = 22455 

c = 47. 

We now have a = 32,b = 71, andc ~ 47, and we need to find the other two 
angle measures. At this point, we can find them in two ways. One way uses the law 
of sines. The ambiguous case may arise, however, and we would need to be alert to 
this possibility. The advantage of using the law of cosines again is that if we solve for 
the cosine and find that its value is negative, then we know that the angle is obtuse. 
If the value of the cosine is positive, then the angle is acute. Thus we use the law of 
cosines to find a second angle. 
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Let’s find angle A. We select the formula from the law of cosines that contains 

cos A and substitute: 

G = bc be cos A 

322 = 7h + 47* — 2°71°47cosA _ Substituting 

1024 ~ 5041 + 2209 — 6674 cos A 

—6226 ~ —6674 cos A 

cosA = 0.9328738 

Aur oleae 

The third angle is now easy to find: 

B ~ 180° — (32.8° + 21.1°) 
~ 126.1°. 

Thus, 

Ane 321.1%, a = 32, 

B= 126.1-. b = 71, 

C = 32.8°, c = 47. 

Now Try Exercise 1. 

Due to differences created by rounding, answers may vary depending on 
the order in which they are found. Had we found the measure of angle B first in 
Example 1, the angle measures would have been B ~ 126.9° and A ~ 20.3°. 
Variances in rounding also change the answers. Had we used 47.4 for cin Example 1, 
the angle measures would have been A ~ 21.5° and B ~ 125.7°. 

Suppose we used the law of sines at the outset in Example 1 to find c. We were 
given only three measures: a = 32,b = 71, and C = 32.8°. When substituting 
these measures into the proportions, we see that there is not enough information 
to use the law of sines: 

a. ae 32, a7 

Gi sins Ba Sn” 

b eeer o % 1s C 

sinB  sinC sinB  sin32.8° 

a G 32 c 
— =— — 

sinA» sinC sinA sin 32.8° 

In all three situations, the resulting equation, after the substitutions, still has two 
unknowns. Thus we cannot use the law of sines to find b. 

EXAMPLE 2 Recording Studio. A musician is constructing an octagonal 
recording studio in his home and needs to determine two distances for the electri- 
cian. The dimensions for the most acoustically perfect studio are shown in the figure 
on the following page (Source: Tony Medeiros, Indianapolis, IN). Determine the dis- 
tances from D to F and from D to B to the nearest tenth of an inch. 
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15° 105" 

Solution We begin by connecting points D and F and labeling the known 

measures of A DEF. Converting the linear measures to decimal notation in inches, 
we have 

d= As1e =5591875 in 

fA 172.75 in, 

E= 136% 

We can find the measure of the third side, e, using the law of cosines: 

cde fe con Using the law of cosines 

C= 159.8750. e172 75m.) 

— 2(59.875 in.)(172.75 in.) cos 136° —_ Substituting 
e* ~ 48,308.4257 in? 
eu 108 in. 

v 

Thus it is approximately 219.8 in. from D to F. 
We continue by connecting points D and B and labeling the known measures 

of A DCB: 

Y b= 112! = 59.875 ins 

d— 15/10. 1905125.1no 

C= 119. 

1 74 
ae Mike 

15'10<" 

Using the law of cosines, we can determine c, the length of the third side: 

C=h +a —2°b-d-cosC Using the law of cosines 

© (598753) @l90s2oans) 

fm 2(69,875in)\(190:125 ine) cos 119° Substituting 

c? = 50,770.4191 in? 
Car 22591 

ul 

The distance from D to B is approximately 225.3 in. 
Now Try Exercise 25. 
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» Solving Triangles (SSS) 

When all three sides of a triangle are known, the law of cosines can be used to 

solve the triangle. 

EXAMPLE 3 Solve ARST ifr = 3.5,s = 4.7,andt = 2.8. 

Solution We sketch a triangle and label it with the given measures: 

R R=% fi" 3.5% 

Sane g= ALI 
47 

2.8 T= 2, ip SS DE. 

S 3.5 i‘ 

Since we do not know any of the angle measures, we cannot use the law of sines. 
We begin instead by finding an angle with the law of cosines. We choose to find S 
first and select the formula that contains cos S: 

Susate rit sont Coss 

(4.7)? = (3.5)? + (2.8)? — 2(3.5)(2.8) cosS Substituting 

(3.5)? (2.8)? = (4.7)? 
cos S = 

2(3.5)(2.8) 

cosS ~ —0.1020408 

S = 95.86°. 

Similarly, we find angle R: 

r=s+f — 2stcosR 

(3.5)? = (4.7)? + (2.8)* = 2(4.7)(2.8) cos.R 

(4:7) 2.8)" = (3.5)? 

ae 2(4.7)(2.8) 
cos R ~ 0.6717325 

R = 47.80°. 

Then 

T ~ 180° — (95.86° + 47.80°) ~ 36.34°. 

Thus, 

R = 47.80°, fio: 

95.86", $= 4. 

T ~ 36.34°, P= 

nv v 

~~ ATGSSS Ea 

EXAMPLE 4 Wedge Bevel. The bevel of the wedge (the angle formed at the 
cutting edge of the wedge) of a log splitter determines the cutting characteristics of 
the splitter. A small bevel like that of a straight razor makes for a keen edge, but is 
impractical for heavy-duty cutting because the edge dulls quickly and is prone to 
chipping. A large bevel is suitable for heavy-duty work like chopping wood. The 
diagram on the following page illustrates the wedge of a Huskee log splitter (Source: 
Huskee). What is its bevel? 
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Solution Since we know three sides of a triangle, we can use the law of cosines to 
find the bevel, angle A: 

a =b’ +c — 2becosA 

(1.5)? = 8 + 8 — 2-8-8-cosA 

22) = 64 64 al 28icose 

G4 =— 4 = DDS 
cosA = 

128 

cosA = 0.982422 

A = 10.76°. 

Thus the bevel is approximately 10.76°. 
Now Try Exercise 29. 

CONNECTING THE CONCEPTS 

Choosing the Appropriate Law 

The following summarizes the situations in which to use the law of sines and 
the law of cosines. 

To solve an oblique triangle: 

Use the law of sines for: Use the law of cosines for: 

AAS SAS 

ASA SSS 

SSA 

The law of cosines can also be used for the SSA situation, but since the process 
involves solving a quadratic equation, we do not include that option in the list 

above. 

EXAMPLE 5 In AABC, three measures are given. Determine which law to use 
when solving the triangle. You need not solve the triangle. 

a) a = 14,b = 23,c = 10 b) a = 207, B = 43.8°, C = 57.6° 

c) A = 112°, C = 37°, a = 84.7 d) B = 101°, a = 960, c = 1042 

ee 17 26,4 — 27.29,4 = 39° 1) Ay *6lhe-b = 09 6 30. 
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Solution It is helpful to make a drawing of a triangle with the given information. 

The triangle need not be drawn to scale. The given parts are shown in color. 

FIGURE SITUATION LAW TO USE 

a) G SSS Law of Cosines 

ee 

b) C ASA Law of Sines 

Teas B 

c) C AAS Law of Sines 

Veen B 

d) g SAS Law of Cosines 

ao 

e) e SSA Law of Sines 

mae B 

f) € AAA Cannot be solved 

Now Try Exercises 17 and 19. 

83.2 Exercise Set 

Solve the triangle, if possible. 3. A LaipoeeC 4. C 

1. NX 22.3 228 
i) 

20 
B 36.1 A 

B 

5: B= 72°40'7,¢ = 16m, a = 78m 

i) i ~) co re (eo) sa) II 25.4 cm, b ="73.8 cm 



fondest 100 p—==.20 ms Ge 32m 

8. B = 72.66°,a = 23.78 km,c = 25.74km 

9. a = 2ft,b = 3ft,c = 8 ft 

10. A = 96°13’, b = 15.8 yd,c = 18.4 yd 

ll. a= 26.12 km, b = 21.34km,c = 19:25km 

12. C = 28°43’, a I 6mm, b = 9mm 

13. a = 60.12 mi, b = 40.23 mi, C = 48.7° 

14. a = 11.2cm, b = 54cm,c = 7cm 

15. b = 10.2in.,c = 17.3 in., A = 53.456° 

16. a = 17 yd, b = 15.4yd,c = 1.5 yd 

Determine which law applies. Then solve the triangle. 

17. A = 70°, B = 12°,b = 21.4 

18. a = 15,¢c = 7,B = 62° 

19. a = 3.3,6 = 2.7,¢ = 2.8 

20. a = 1.5,b = 2.5,A = 58° 

21. A = 40.2°, B = 39.8°, C = 100° 

22. a = 60, b = 40, C = 47° 

23. a = 3.6,b = 6.2,c = 4.1 

24. B = 110°30’, C = 8°10',c = 0.912 

25. Shark Pool. Feeding and observing sharks has 
become a popular attraction at water parks. The floor 
of a newly constructed shark pool in the shape of a 
parallelogram has sides that measure 38 ft and 57 ft. 
To meet the minimum required length for the short- 
est diagonal, the angles must be 80° and 100°. Find 
the lengths of the diagonals of the pool. Round the 
lengths to the nearest foot. 
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26. Amusement Park Ride. A teacup ride for children 
at an amusement park consists of five teacups equally 
spaced in a circle formation. Each cup holds 6 pas- 
sengers and is at the end of an arm 20 ft long. Find 
the linear distance between each two cups. Round the 
length to the nearest tenth of a foot. 

27. A-Frame Architecture. William O’Brien, Jr., 

Assistant Professor of Architecture at the MIT 
School of Architecture and Planning, designed 
Allandale House, the asymmetrical A-frame 
house pictured below (Source: William O’Brien, 
Jr., LLC, 188 Prospect Street, Unit 5, Cambridge, 
MA 02139). The included angle between sides 
AB and CB, which measure 32.67 ft and 19.25 ft, 
respectively, measures 67°. Find the length of 
side AC. 



576 

28. 

29. 

30. 
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Fish Attractor. Each year at Cedar Resort, 
discarded Christmas trees are collected and sunk 
in the lake to form a fish attractor. Visitors are told 
that it is 253 ft from the pier to the fish attractor 
and 415 ft to another pier across the lake. Using a 
compass, the fisherman finds that the attractor’s 
azimuth (the direction measured as an angle from 
north) is 340° and that of the other pier is 35°. What 
is the distance between the fish attractor and the 
pier across the lake? 

In-line Skater. An in-line skater skates on a fitness 
trail along the Pacific Ocean from point A to point B. 
As shown below, two streets intersecting at point C 

also intersect the trail at A and B. In her car, the 
skater found the lengths of AC and BC to be approxi- 
mately 0.5 mi and 1.3 mi, respectively. From a map, 
she estimates the included angle at C to be 110°. How 
far did she skate from A to B? 

Baseball Bunt. A batter in a baseball game drops a 
bunt down the first-base line. It rolls 34 ft at an angle 
of 25° with the base path. The pitcher’s mound is 
60.5 ft from home plate. How far must the pitcher 
travel to pick up the ball? (Hint: A baseball diamond 
is a square.) 

Sale 

32. 

Survival Trip. A group of college students is learn- 
ing to navigate for an upcoming survival trip. Ona 
map, they have been given three points at which they 
are to check in. The map also shows the distances be- 
tween the points. However, in order to navigate, they 
need to know the angle measurements. Calculate the 
angles for them. 

fh 
Start 

Ships. Two ships leave harbor at the same time. The 
first sails N15°W at 25 knots. (A knot is one nautical 

mile per hour.) The second sails N32°E at 20 knots. 
After 2 hr, how far apart are the ships? 



33. 

34. 

Sos 

36. 

37. 

38. 

Airplanes. Two airplanes leave an airport at 
the same time. The first flies 150 km/h in a direction 
of 320°. The second flies 200 km/h in a direction of 
200°. After 3 hr, how far apart are the planes? 

Slow-Pitch Softball. A slow-pitch softball diamond is 
a square 65 ft on a side. The pitcher’s mound is 
46 ft from home plate. How far is it from the pitcher's 
mound to first base? 

Isosceles Trapezoid. The longer base of an isosceles 
trapezoid measures 14 ft. The nonparallel sides 
measure 10 ft, and the base angles measure 80°. 

a) Find the length of a diagonal. 
b) Find the area. 

Dimensions of a Sail. A sail that is in the shape of an 
isosceles triangle has a vertex angle of 38°. The angle 
is included by two sides, each measuring 20 ft. Find 

the length of the other side of the sail. 

Three circles are arranged as shown in the following 
figure. Find the length PQ. 

Swimming Pool. A triangular swimming pool 
measures 44 ft on one side and 32.8 ft on another 
side. These sides form an angle that measures 
40.8°. How long is the other side? 

Skill Maintenance 

Classify the function as linear, quadratic, cubic, quartic, 

rational, exponential, logarithmic, or trigonometric. 

39. f(x) = —3x* [4.1] 

40. y — 3 = 17x [1,3] 

Alay Sssinxta asin. 5 [65] 

Ad, f(x) 2" [5.2] 

43. 

44, 

45. 

46 

47. 

48 

> 

49 

50. 

51. 
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x — 2x + 3 

a | 

f(x) = 27 =x [4.1] 

jee erent Gel seg | 

y = log, (x — 2) — log, (x + 3) [5.3] 

I(x) = —cosi(arx 3) [6.5] 

LS 5x ete Siw el P| 

[4.5] 

Synthesis 

Canyon Depth. A bridge is being built across a 
canyon. The length of the bridge is 5045 ft. From the 
deepest point in the canyon, the angles of elevation 
of the ends of the bridge are 78° and 72°. How deep is 
the canyon? 

Reconnaissance Plane. A reconnaissance plane 
patrolling at 5000 ft sights a submarine at bearing 
35° and at an angle of depression of 25°. A carrier 
is at bearing 105° and at an angle of depression 
of 60°. How far is the submarine from the 
carrier? 

Area of an Isosceles Triangle. Find a formula for the 
area of an isosceles triangle in terms of the congruent 
sides and their included angle. Under what conditions 
will the area of a triangle with fixed congruent sides 
be maximum? 
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Complex Numbers: Trigonometric Notation 

Graph complex numbers. 

» Given a complex number in standard notation, find trigonometric, or polar, notation: 

and given a complex number in trigonometric notation, find standard notation. 

Use trigonometric notation to multiply and divide complex numbers. 

»® Use DeMoivre’s theorem to raise complex numbers to powers. 

» Find the nth roots of a complex number. 

JUST 
IN 

TIME 

os 

| REVIEW SECTION 3.1 | 
| | 

Imaginary p 

axis 

a+t bi, 

or (a, b) 
eats la ate bil 

PS CAO) 
7 > 

Real 

axis 

» Graphical Representation 

Just as real numbers can be graphed on a line, complex numbers can be graphed 
on a plane. We graph a complex number a + bi in the same way that we graph 
an ordered pair of real numbers (a, b). However, in place of an x-axis, we have a 
real axis, and in place of a y-axis, we have an imaginary axis. Horizontal distances 
correspond to the real part of a number. Vertical distances correspond to the 

imaginary part. Recall thati = V—1. 

EXAMPLE 1. Graph each of the following complex numbers. 

a3 +921 D4 ot ¢) —3i 

dye 1 4931 OS) 7 

Solution 

Imaginary A 

axls 5k 

4r 

alerts Ors, 3 +23 

2 e 

Lips” 35 
a ee oe eS (oe eS PALS 

Se at Ne | l $ 3 4 Real 

= axis 

a) a 

-4-5) ~4f 
Q — = 

We recall that the absolute value of a real number is its distance from 0 on the 
number line. The absolute value of a complex number is its distance from the ori- 
gin in the complex plane. For a point a + bi, using the distance formula, we have 

ja + bi] = V(a — 0) + (6-02 = Va + B. 

ABSOLUTE VALUE OF A COMPLEX NUMBER 

The absolute value of a complex number a + bi is 

la+ bi] = Ve +B. 



Technology Connection 

We can check our work in 

Example 2 with a graphing 
calculator. Note that 

\/5 = 2,236067977 and 
AN 
Fe aO.O. 

[3+4i| 
5 

|-2-i| 
; 2.236067977 | 

8 

SECTION 8.3 Complex Numbers: Trigonometric Notation eee) 

EXAMPLE 2 Find the absolute value of each of the following. 

WS oe) b)e=2)— 7 Qo 

Solution 

a) (3+ 4) = V#4+2=V9+16= V25=5 

by 2 = 2)? 4 (13 = V5 

Now Try Exercises 3 and 5. 

» Trigonometric Notation 
for Complex Numbers 

Now let’s consider a nonzero complex number a + bi. Suppose that its absolute 
value is r. If we let 6 be an angle in standard position whose terminal side passes 
through the point (a, b), as shown in the figure, then 

a I i i 

cos@ =-—, or a=rcosé ce al enh 
r axis ; 

| OF (a, b) 

and ‘ 

b b 
SiO — Ol E—erasiinos 

r 6 
> 

Gs Real 

Substituting these values for a and b into the (a + bi) notation, we get 

a+ bi = rcos@ + (rsin@)i 

= r(cos@ + isin@). 

This is trigonometric notation for a complex number a + bi. The number r is 
called the absolute value of a + bi, and 0 is called the argument of a + bi. Trigo- 
nometric notation for a complex number is also called polar notation. 

TRIGONOMETRIC NOTATION FOR COMPLEX NUMBERS 

a+ bi = r(cos@ + isin@) 

In order to find trigonometric notation for a complex number given in 
standard notation, a + bi, we must find r and determine the angle @ for which 
sin@ = b/randcos6@ = a/r. 

EXAMPLE 3 Find trigonometric notation for each of the following complex 

numbers. 

ee | bane 4 
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Technology Connection 

When finding trigonometric 
notation for complex numbers, 
as in Example 3, we can use a 
graphing calculator to deter- 
mine angle values in degrees. 

angle(1 +i) 

angle(V3-—i) 

Applications of Trigonometry 

Solution 

a) We note that a = 1 andb = 1. Then Imaginary ) ae 
ax1s > 

r=Va@tv= VP Ee = V2, "3 onde) 

2 
We gle i} 

sin ie ar Ole 9 =Gey ? 0 tana 2 AVerEeNs 
1 Real 

and axis 

9 a l 2 
=—-=-——=~, or — COS 5 \/2 ) 

Since @ is in quadrant I, 9 = 7/4, or 45°, and we have 

7 7 
Ll i= Vi (cos + isin”), 

4 4 

or 

l+i= V/2(cos 45° + isin 45°). 

b) We see that a = V3 and b = —]. Then Imaginary / 

Me Giese F 
= Al 1 

SUT ee ee 
» 

and 

WA 
cos§ = : 

Since 0 is in quadrant IV, 6 = 1177/6, or 330°, and we have 

: lla eee lian 
ee 2( cos + isin ¥), 

6 6 

or 

AV ang I 2(cos 330° + 7 sini 350), Now Try Exercise 13. 

In changing to trigonometric notation, note that there are many angles satis- 
fying the given conditions. We ordinarily choose the smallest positive angle. 

To change from trigonometric notation to standard notation, a + bi, we recall 
that a = rcos@andb = rsin@. 

EXAMPLE 4 Find standard notation, a + bi, for each of the following complex 
numbers. 

a) 2(cos 120° + isin 120°) b) Va( cos + isin 7a) 
4 4 

Solution 

a) Rewriting, we have 

2(cos.120° + isin 120°) = 2 cos120° +. (2. sin 120°)1. 

Thus, 

] 
a= 2'cOo 20 2-(-1) = -—] 
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and 

3 
b = 2sin 120° = 2-(%2) = V3, 

so 

2(cos 120s 11120") ==) +. of: 

b) Rewriting, we have 

71 7 77 Wi 
V8 (cos SF jsin = ) = V8 cos ~~ + (Vissi 7); 

Thus, 

Technology Connection 

We can perform the computa- 
tions in Example 4 on a graph- 
ing calculator. 

| tw 
7 2 

Degree Mode i ae 2 Vie 4 
~ 2 o 

2(cos(120)+isin(120)) 
~141 — aad 

b= Vasin2@ = Va-( v2) eS het 25 
Radian Mode 

Y8(cos()+isin()) on 

717 ee Har ; 
V8 COSS— =F USlin —— |] =] 2B — Vi 

4 4 

Now Try Exercises 23 and 27. 

» Multiplication and Division with 
Trigonometric Notation 

Multiplication of complex numbers is easier to manage with trigonometric nota- 
tion than with standard notation. We simply multiply the absolute values and add 
the arguments. Let’s state this in a more formal manner. 

COMPLEX NUMBERS: MULTIPLICATION 

For any complex numbers r;(cos 9, + isin 6,) and (cos @, + isin 62), 

r,{(cos 6, + isin ,) + 1%(cos 6, + isin 0) 

= rr| cos (0, == 05) og Sin (0, le 65) |. 

Proof. We have 

r,(cos 6, + isin 6,) + 1r%(cos 6, + isin 6) 

= r1%(cos 8; cos 8, — sin 6, sin @)) + r1r(sin 6, cos 6, + cos 6; sin 4))i. 

Now, using identities for sums of angles, we simplify, obtaining 

rf, cos (0, + 0) + nr sin (A, + 4,)i, 

or 

rf [cos (6; + 6) + isin (0; + 4) ], 

which was to be shown. ee 
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EXAMPLE 5 Multiply and express the answer to each of the following in 

standard notation. 

a) 3(cos 40° + isin 40°) and 4(cos 20° + isin 20°) 

7 hone 7 
b) 2(cos a + isin 7) and3| cos (—=) ~ isin (-) 

Solution 

Technology Connection a) 3(cos 40° + isin 40°) 4(cos 20° + isin 20°) 
= 3+4-[cos (40° + 20°) + isin (40° + 20°)] 

We can multiply complex 
numbers on a graphing 12(cos 60° + isin 60°) 

calculator. The products in o ( ve ? 
= + 

Example 5 are shown below. 2 2 

= 6 + 6V3i 
Degree Mode 

3(cos(40)+isin(40))*4(cos(20)+ Loy T ee T 
sn(20) - ic b) 2(cosm + isin7r): cos (-=) + isin (-=) 

6+10.39230485i 

T we 7 
= 2+3-[c0 ( ae (-=)) + isin (= oe (-=))| 

Radian Mode 2 2 

2(cos(m) +isin())*3(cos(—n/2)+ ) aie ee Lh 

isin(—n/2)) —: 6( cos = op Sita =) 
i p 

= 6(0 + i-1) 

= 61 ——_fj 

EXAMPLE 6 Convert to trigonometric notation and multiply: 

Geese 

Solution We first find trigonometric notation: 

1 + i= V2(cos 45° + isin 45°), See Example 3(a). 
\/3 = 1 = 2(cos330° + isin 330°), ‘See Example 3(b). 

Then we multiply: 

V/2(cos 45° + isin 45°) -2(cos 330° + isin 330°) 
= 2V/2[cos (45° + 330°) + isin (45° + 330°)] 

2V/2(cos 375° + isin 375°) 
= 2V/2(cos tae sino). 375° has the same terminal side as 15°. 

Now Try Exercise 37. 

To divide complex numbers, we divide the absolute values and subtract the 
arguments. We state this fact below, but omit the proof. 

I 

COMPLEX NUMBERS: DIVISION 

For any complex numbers r,(cos 6; + isin @,) and 
1(cos 6, + isin@,),r, ~ 0, 

7 (cos Oy isin) = 7 

r,(cos 6, + isin 0,) eo 1 — 9) + isin (6, — )]. 
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EXAMPLE 7 Divide 

377 UF 7 7 
2 COS meeeeerat Silanes) SRDV urd COS —— 4-4 Sil) — 

2 a 2 2 

and express the solution in standard notation. 

Solution We have 

Sgr vey Siar 
Y| @OS=——= se 1 Sin — 

2, y, 2, 377 7 aes Say T 
a = =| OS | SS = = | SF Sit || SS = 

Tee eT A 2 
“| COS—= sp 7 Sia— 

2 2 

(cos 7 + isin 7) 

(=1 + 7-0) 

1 

ay —— >a 

EXAMPLE 8 Convert to trigonometric notation and divide: 

l+i 

l-i 

Solution We first convert to trigonometric notation: 

la d= V/2(cos 45° + dsin’45°); See Example 3(a). 

Technology Connection 1 — i = V2(cos 315° + isin 315°). 

We now divide: 

V/2(cos 45° + isin 45°) 

ing calculator. V/2(cos 315° + isin 315°) 
= I[cos (45° — 315°) + isin (45° — 315°)] 
= C08 (227.0) 4 sin 2710.) 

=O+i-1 
= 1, Now Try Exercise 39. 

We can find quotients, like the 

one in Example 8, on a graph- 

» Powers of Complex Numbers 

An important theorem about powers and roots of complex numbers is named for 

the French mathematician Abraham DeMoivre (1667-1754). Let’s consider the 

square of a complex number r(cos 6 + isin @): 

[r(cos@ + isin6)]? = [r(cos@ + isin)]|+[r(cos@ + isin 6) | 

fr? | cos(Os4 6) + i sind Oi O)))| 

r’(cos 20 + isin 26). 

| 

Similarly, we see that 

[r(cos@ + isin @) |? = r-r-r-|cos (6 + 6 + 0) + isin @ + 6 + 6)] 

= 7 (coso0 1 sin 30). 

DeMoivre’s theorem is the generalization of these results. 
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Technology Connection 

We can find powers of com- 
plex numbers, like those in 
Example 9, on a graphing 
calculator. 

qa +i)? 7 

(54) 
512 + 886.8100135i 

16 + 16i 

JUST 
IN 

TIME 

DEMOIVRE’S THEOREM 

For any complex number r(cos @ + isin @) and any natural number n, 

[r(cos@ + isin@)]" = r"(cosn@ + isinn@). 

EXAMPLE 9 Find each of the following. 

a) (1 + 4)? b) (V3 - i)! 

Solution 

a) We first find trigonometric notation: 

1 + i = V2(cos 45° + isin 45°). See Example 3(a). 

Then 

(1 + i)? = [V2(cos 45° + isin 45°) |° 
= (V2)%[cos (9+ 45°) + isin(9+45°)]  DeMoivre’s theorem 

2?/?(cos 405° + isin 405°) 
= 16V/2(cos 45° + isin4S°) 405° has the same 

terminal side as 45°. 

I 

cn IS “lg 
= 16 + 161. 

b) We first convert to trigonometric notation: 

V3 i= Ocos a0 a tsin330), See Example 3(b). 

Then 

(V3 — i)? = [2(cos 330° + isin 330°) ]!° 
2!°(cos 3300° + isin 3300°) 

1024(cos 60° + isin 60°) 3300° has the same 
terminal side as 60°. 

fa, ORS 
IO 

p 2 

SID se ily \/ 37. Now Try Exercise 47. 

| 

| 

» Roots of Complex Numbers 

As we will see, every nonzero complex number has two square roots. A nonzero 
complex number has three cube roots, four fourth roots, and so on. In general, a 
nonzero complex number has n different nth roots. They can be found using the 
formula that we now state but do not prove. 

ROOTS OF COMPLEX NUMBERS 

The nth roots of a complex number r(cos @ + isin@),r ¥ 0, are given by 

0 360° 0 e 
rl cos(2 +k: ) + isin(2 + 428° )} n n n n 

where k = 0, 1,2, . 3.97 1. 



Imaginary /, 

axis 

Imaginary 

SECTION 8.3 Complex Numbers: Trigonometric Notation 585 

EXAMPLE 10 Find the square roots of 2 + 2V3i. 

Solution We first find trigonometric notation: 

2 + 2V/3i = 4(cos 60° + isin 60°). 

Then n = 2,1/n = 1/2,andk = 0,1; and 

[4(cos 60° + isin 60°) ]!/ 

60° 360° 60° 360° 
11° cos( © + ks ; ) + isin(S +k: 5 )} =O) 

2COs (JU eet rk 180) tar sin (30: ae k 180") ik = 0) 1: 

Thus the roots are 

2(cos 30° + isin30°) fork = 0 

and 2(cos210° + isin210°) fork = 1, 
oe \/3 Jah wand Ey / 5 oy, Now Try Exercise 57. 

In Example 10, we see that the two square roots of the number are oppo- 
sites of each other. We can illustrate this graphically. We also note that the roots 
are equally spaced about a circle of radius r—in this case, r = 2. The roots are 
360° /2, or 180° apart. 

EXAMPLE 11 Find the cube roots of 1. Then locate them on a graph. 

Solution We begin by finding trigonometric notation: 

1 = l1(cos0° + isin 0°). 

Then n = 3,1/n = 1/3,andk = 0,1, 2; and 

[1(cos 0° + isin 0°)]7? 

On 360° 0° 360° 
=e cos(S + &- ) + isin(S +e )} k = 0, 1,2. 

3 3 3 3 

The roots are 

iicosO2 7s 0) sume l(cosloO us icin 20.)) 

and _—1(cos 240° + isin 240°), 

fe i we 
il, SS) ginal === == 7, 

ee 2 D D) ? 

The graphs of the cube roots lie equally spaced about a circle of radius 1. The 

roots are 360°/3, or 120° apart. Now Try Exercise 59. 

The nth roots of 1 are often referred to as the nth roots of unity. In Example 11, 
we found the cube roots of unity. 

EXAMPLE 12 Solve: x° + i = 0. 

Solution To find all complex solutions of x + i= 0,orx’ = —i, we find the 

fifth roots of —i. We begin by converting —i to trigonometric notation: 

—i = 1(cos 270° + isin 270°). 

Then n = 5,1/n = 1/5, andk = 0, 1, 2, 3, 4; and 

[1 (cos 270° + isin 270°) ]!/° 
270: 360° 270° 360° 

ales ce +P) + isin( +2) KAO 2535.4: 
L 5 5 5 5 
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The solutions are 

cos 54° + isin 54°, cos 126° + isin 126°, cos 198° + isin 198°, 

cos 270° + isin 270° (or—i), and cos 342° + isin 342°. 

Now Try Exercise 73. 

Technology Connection 

Using a graphing calculator set in PARAMETRIC mode, we can approximate the 
nth roots of a number p. We use the following window and let 

Xit = (p4(1/n)) cosT and Yir = (pA(1/n)) sin T. 

WINDOW 

Tmin'= 0 

Tmax = 360, if in degree mode, or 
= 27, ifin radian mode 

Tstep = 360/n, or 277 /n 

Merah == 3, Gee == 3 Gall = Tl 

Ymin = —2;¥max = 2, Yscl = 1 

Xir = 8" cos T To find the fifth roots of 8, enter Xit = (84(1/5)) cos T and 
Tea oe Yit = (84(1/5)) sin T. DEGREE mode is used in the window shown here. After 

l the graph has been generated, use the TRACE feature to locate the fifth roots. The 
T, X, and Y values appear on the screen. What do they represent? 

Three of the fifth roots of 8 are approximately 

P5157; 0.46838 + 1.441531, and —1.22624 + 0.89092i. 

Find the other two. Then use a calculator to approximate the cube roots of 
pe, unity that were found in Example 11. Also approximate the fourth roots of 5 
X = 46838218, Y= 1.4415321 and the tenth roots of unity. 

383 Exercise Set 

Graph the complex number and find its absolute value. Ly. 12: 

Vadar 3i 2 23 31 he ciel Imnginasy 
axis i: axis r 

US) 54 656 423i i + 
. 20 we 8. =2i ' pais ; 

=a =. st =e ae —> Sat =e ree > 

Express the indicated number in both standard notation peel Real Al Real 
and trigonometric notation. ' ous fi es 

—4} —4b 
. 10. L fe 
Imaginary ( Imaginary 

axis [ axis 10 Find trigonometric notation. 

i i feelers 14. -10V3 + 10i 
a as ze 5 ! A A Si + | ae 4 ES 15. SO 16. =o =5 51 

+ eal r Real é 
=A .) pans Sh are 17; V3 +] 18. 4 

—4} —4L 
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2 
ee 20. 7.5: 

2 SN Soe 22. -= = eS 

Find standard notation, a + bi. 

23. 3(cos 30° + isin 30°) 

24. 6(cos 120° + isin 120°) 

25. 10(cos 270° + isin 270°) 

26:)3(cos0 -1sin 0°) 

7 
Die Va cos 45 / Siva =) 

7 7 
28. 5(cos™ == 72 Sim = 

3 3 

qT qT 
29. 2( cos + isin =) 

) D) 

377 39 
30. cos (22) af isin (—22) | 

4 4 

31: V/2[ cos (603) to a.siny( 607), 

32e4( COs 1a5ea- sin 35>) 

Multiply or divide and leave the answer in trigonometric 
notation. 

12(cos 48° + isin 48°) 

3(cos 6° + isin 6°) 

T aT T _. 
342-5 iCOSte= aa jsin =) -2( cos™ =F isin 

3 3 4 4 

35751005139 2 15135) 4:5(cos 21° hu sin 21°) 

( a =) 
S| COS == ar See 
2 3 3 

( T ae! =) 
=| COS— se SiN 
8 6 6 

Convert to trigonometric notation and then multiply or 

divide. 

37. (1 — i)(2 + 2i) 

36. 

Tl V3 =i 

41. (373 — 3i) (2i) 42. (2V3 + 2i) (2i) 

i 3 — 3V3i 
gy Cae Rie 
aa; V3 - i 

38. (1 + iV3)(1 + 3) 

Raise the number to the given power and write trigono- 
metric notation for the answer. 

aT ar \ |? 
45. 2{ cos ar 0 Siba) *)] 

3 3 

46. [2(cos 120° + isin 120°) ]* 

476 (1 + 1)° 4s, (-V3 + i)5 

Raise the number to the given power and write standard 
notation for the answer. 

49. [3(cos 20° + isin 20°) ]? 

50. [2(cos 10° + isin 10°) ]? 

Sik, Ok Sap 522) 

8 (=. i si)’ er ( A 1" 

Find the square roots of the number. 

Demme! SOs te iat 

57. 2V2 - 2V2i 58. —V3 - i 
Find the cube roots of the number. 

ah Pua 60. —641 

TONES Savi 62. 1 — V3i 
63. Find and graph the fourth roots of 16. 

64. Find and graph the fourth roots of i. 

65. Find and graph the fifth roots of —1. 

66. Find and graph the sixth roots of 1. 

67. Find the tenth roots of 8. 

68. Find the ninth roots of —4. 

69. Find the sixth roots of —1. 

70. Find the fourth roots of 12. 

Solve 

7A eae | TLE ee WO) 

73.x°+i=0 Awe a 81 ==10 

75. x° + 64 =0 76.0 + V3+i=0 

» Skill Maintenance 

Convert to degree measure. [6.4] 

7 
Th begesaoe Ose 

125 

Convert to radian measure. [6.4] 

792330; S02 225) 
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Find the function value using coordinates of points on the 88. Show that for any complex number z and its 

unit circle. [6.5] conjugate Z, 

_ 277 T ez = hz |. 

es a a2 coe 6 (Hint: Let z = a + biandz = a — bi.) 

7 OT 89. Show that for any complex number z, 
So COS a. 84. sin —_ ; 5 

4 ° all ese la 
ie Synthesis 90. Show that for any complex numbers z and w, 

|z-w| = |z|-[wl. Solve. 
(Hint: Let z = r,(cos 0, + isin6,) and 
w = r(cos@, + isin 6).) 

85. Find polar notation for (cos@ + isin@)'. 

86. ee that ‘a sy complex number z, G14 On acommler plane santa et 

z| = |-2z|. 
| 92. On acomplex plane, graph |z| = 1. 

87. Show that for any complex number z and its 
conjugate Z, 

|z| = [2]. 
(Hint: Letz = a + biandz = a — bi.) 

Mid-Chapter Mixed Review 

Determine whether the statement is true or false. 

1. Any triangle, right or oblique, can be solved if 2. The absolute value of —i is 1. [8.3] 
at least one side and any other two measures are 
known. [8.1] 

3. The law of cosines cannot be used to solve a triangle 4, Since angle measures determine only the shape 
when all three sides are known. [8.2] of a triangle and not the size, we cannot solve a 

triangle when only the three angle measures are 
given. [8.1] 

Solve AABC, if possible. [8.1], [8.2] 

5. a = 8.3in.,A = 52°,andC = 65° 6. A = 27.2°,c = 33m,anda = 14m 

7. a = 17.8yd,b = 13.1 yd,andc = 25.6 yd 8. a = 29.4cm, b = 40.8cm, and A = 42.7° 

9. A = 148°,b = 200 yd, andc = 185 yd 10. b = 18 ft, c = 27 ft, and B = 28° 

11. Find the area of the triangle with C = 54°,a = 38in.,andb = 29in. [8.2] 

Graph the complex number and find its absolute value. [8.1] 

| PANE ss aaa) | Ss aa} 14, 4 PSs 125} 

Find trigonometric notation. |8.3] 

V2, V6 yg Yes 6g 18. 5i ise: 5 5 aaa eae 

Find standard notation. [8.3] 

Hogs Pe / a5 
20 Coser at: isin— 21. 12(cos 30° + isin 30°) 

Da: V5(cos 0° + isin 0°) 23; cos (-==) 4 isin (-22)] 
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Multiply or divide and leave the answer in trigonometric notation. [8.3] 

24. 8(cos 20° + isin 20°) + 2(cos 25° + isin 25°) 25. 3( cos + isin =) + +( cos + isin =) 
4 

Convert to trigonometric notation and then multiply or divide. [8.3] 

26. (1 — i)( V3 — i) a ete 
Lette t 

28. Find (1 — i)’ and write trigonometric notation for 29. Find [2(cos 15° + isin 15°) ]* and write standard 
the answer. [8.3] notation for the answer. [8.3] 

30. Find the square roots of —2 — avai [8.3] 31. Find the cube roots of —1. [8.3] 

Collaborative Discussion and Writing 

32. Try to solve this triangle using the law of cosines. 33. Explain why these statements are not contradictory: 
Then explain why it is easier to solve it using the law 
of sines. [8.2] 

The number | has one real cube root. 
The number | has three complex cube roots. 

Cc [8.3] 

11.1 <s 

19° 

= 28.5 e 

34. Explain why we cannot solve a triangle given SAS 35. Explain why the law of sines cannot be used to find 
with the law of sines. [8.2] the first angle when solving a triangle given three 

sides. [8.1] 

36. Explain why trigonometric notation for a complex 37. Explain why x° — 2x? + 1 = Ohas three distinct 
number is not unique, but rectangular, or standard, solutions, x° — 2x*? = 0 has four distinct solutions, 
notation is unique. [8.3] and x° — 2x = 0 has six distinct solutions. [8.3] 

_ Polar Coordinates and Graphs 

® Graph points given their polar coordinates. 

Convert from rectangular coordinates to polar coordinates and 

from polar coordinates to rectangular coordinates. 

» Convert from rectangular equations to polar equations and 

from polar equations to rectangular equations. 

» Graph polar equations. 

» Polar Coordinates 

All graphing throughout this text has been done with rectangular coordinates, (x, y), 
in the Cartesian coordinate system. We now introduce the polar coordinate system. As 

shown in the diagram on the following page, any point P has rectangular coordinates 
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(x, y) and polar coordinates (r, 6). Ona polar graph, the origin is called the pole, and 
the positive half of the x-axis is called the polar axis. The point P can be plotted given 
the directed angle @ from the polar axis to the ray OP and the directed distance r 
from the pole to the point. The angle @ can be expressed in degrees or radians. 

YR 

P(x, y), or P(r, 8) 

Origin ; | 

or pole y 
| 

| 
O Be 

Polar axis 

RV 

To plot points on a polar graph: 

1. Locate the directed angle 6. 

2. Move a directed distance r from the pole. If r > 0, move along ray OP. 

If r < 0, move in the opposite direction of ray OP. 

Polar graph paper, shown below, facilitates plotting. Points B and G illustrate 
that 6 may be in radians. Points E and F illustrate that the polar coordinates of a 
point are not unique. 

90° 
120° 60° 

G(6, 2) AY OB) 
4 e 

150° 30° 
e 

D.(5, 390°) 

f B (3, 77) o° 
ey ip B if [5 360° 

. PS, — 30 
E (3, 210°) 
(3, 30°) 

210° F (4,285°) 330° 
°° (4, —75°) 

(=4,°105>) 

240° 300° 

270° 

EXAMPLE 1. Graph each of the following points. 

a) A(3, 60°) b) B(0, 10°) c) C(—5, 120°) 
E 397 d) D(1, —60°) e) e( 2, *") f) (= =) 

2 3 

g) o(-s,-2) ial oo 
4 | 

Solution 

90° 
120° 60° 

song MOE 30° 
oA 

: 0 
Boi 2.34 5° 360° 

D 
°E 

at , 330° 

£C 

240° 300° 
270° 

Now Try Exercises 3 and 7. 
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To convert from rectangular coordinates to polar coordinates and from 
polar coordinates to rectangular coordinates, we need to recall the following 
relationships. 

Aa i, = + y° 
P(x, y), or y 
es x 

£5) cos@ =-—, or x=rcos@ 
ie y if 

anes . 
fs q sind =~, Ory — 7 sind 

x EG 

yy 
tan @ = — 

x 

EXAMPLE 2 Convert each of the following to polar coordinates. 

aya(sxe) b) (2V3, -2) 

Solution 

a) We first find r: 

r= VP +P = V18 = 3V2. 

Then we determine 0: 

3 T 
tan @ = 3 = 1: therefore, 6 = 45°, or Te 

We know that for r = 32,0 = a /4 and not 57/4 since (3, 3) is in quad- 

rant I. Thus, (7,0) = (3V2, 45°), or (3 2 m/4). Other possibilities for 

polar coordinates include (3 2; —315°) and (-3V2, 5a /4). 

b) We first find r: 

r= V(2V3)? + (-2 = Vin +4 = V6 = 4. 
Then we determine 0: 

ae 

Vn UE 
Thus, (7,0) = (4, 330°), or (4, 1177/6). Other possibilities for polar coordi- 
nates for this point include (4, —7/6) and (—4, 150°). 

Now Try Exercise 19. 

It is easier to convert from polar coordinates to rectangular coordinates than 
from rectangular coordinates to polar coordinates. 

lla 
tan@ = therefore, @ = 330°, or ak 

EXAMPLE 3 Convert each of the following to rectangular coordinates. 

a) (10, =) by (5) 135°) 

Solution 

a) The ordered pair (10, 7/3) gives usr = 10 and @ = 7/3. We now find x and y: 

TT 

x — cos) = 10'cos — = 10 =5 
1 

3 2 
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and 

7 V3 
y=rsind = 10 sin = MU = 5V3. 

Thus, (x,y) = (5, 5V3). 

b) From the ordered pair (—5, 135°), we know that r = —5 and @ = 135°. We 

now find x and y: 

x = —5 cos 135° = —5: (- 

and 

= 
| 

Zz 

5V2 v2) 

SVE 5V2 
== yhoo = || | 

Now Try Exercises 31 and 37. Thus, (x, y) = ( 5 5 

» Polar Equations and 
Rectangular Equations 

Some curves have simpler equations in polar coordinates than in rectangular coor- 
dinates. For others, the reverse is true. 

EXAMPLE 4 Convert each of the following to a polar equation. 

alee ey S125 b) 2x -y=5 

Solution 

a) We have 

bees SB eI) 

(r cos 0)? +(e sin 0)? = 25 Substituting for x and y 

r cos @ + rf sin @ = 25 

r’(cos’@ + sin? @) = 25 

2 cos’ 0 + sin’ @ = 1 

es 

This example illustrates that the polar equation of a circle centered at the origin 
is much simpler than the rectangular equation. 

b) We have 

PF aN ig: 

2(rcos@) — (rsin@) = 5 

r(2cos@ — sin@) = 5. 

In this example, we see that the rectangular equation is simpler than the polar 

equation. Now Try Exercises 39 and 43. 

EXAMPLE 5 Convert each of the following to a rectangular equation. 

a) r=4 b) rcosé = 6 c) r= 2cos@ + 3sin@ 
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Solution 

a) We have 

r=4 

Vx? + y’ =4 Substituting for r 

x? + y = ING Squaring 

In squaring, we must be careful not to introduce solutions of the equation that 
are not already present. In this case, we did not, because the graph of either 
equation is a circle of radius 4 centered at the origin. 

b) We have 

71COS1U EEO 

x = 6. x = rcos@ 

The graph of r cos 0 = 6, or x = 6, is a vertical line. 

c) We have 

r= 2cos@ + 3sin@ 

r = 2rcos@ + 3rsind Multiplying by r on both sides 

x? + y = he ae ayy Substituting x” + y’ for r’, x for r cos @, and y for r sin 0 

Now Try Exercises 51 and 55. 

» Graphing Polar Equations 

To graph a polar equation, we can make a table of values, choosing values of @ and cal- 
culating corresponding values of r. We plot the points and complete the graph, as we 
do when graphing a rectangular equation. A difference occurs in the case of a polar 
equation, however, because as 6 increases sufficiently, points may begin to repeat and 
the curve will be traced again and again. When this happens, the curve is complete. 

EXAMPLE 6 Graph: r = 1 — siné@. 

Solution We first make a table of values. Note that the points begin to repeat at 
6 = 360°. We plot these points and draw the curve, as shown below. 

90° 
120° 60° 

150° 30° 

5 0 
180 2 360° 

310° 330 

240° 300° 
270° 

r=1-—sin@ 

150° 0.5 

165° 0.7412 

180° 1 

ba al 

Because of its heart shape, this curve is called a cardioid. 
Now Try Exercise 69. 
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EXAMPLE 7 Graph each of the following polar equations. Try to visualize the 

Technology Connection shape of the curve before graphing it. 

=3 = 5sin 6 c) r= 2csc0 
Graph r = 4 sin 36. Begin a) DMG asm ) 

by setting the calculator in Solution For each graph, we can begin with a table of values. Then we plot 

POLAR mode, and use either of points and complete the graph. 

the following windows. The a) r=3 
calculator allows us to view the 

curve as it is formed. 

WINDOW WINDOW 

For all values of 6, r is 3. Thus the graph of r = 3 is a circle of radius 3 centered 

at the origin. 

90° 
(Radians) (Degrees) 120° 60° 

Omin = 0 Omin = 0 
150° av? 

Omaxe— 277 Omax = 360 / 

Ostep = 7/24 Ostep = 1 ; ; 
ete 4 5 |360° 

r= 4sin 30 

: 210° 330° 

240° 300° 
= 9 Serer 270° 

r=3 

“€ We can verify our graph by converting to the equivalent rectangular equa- graph by g q § q 
tion. For r = 3, we substitute Vx? + y’ for rand square. The resulting equation, 

Now graph each of the 
following equations and note Gay eos 
the effect of changing the 
coefficient of sin 36 and the 
coefficient of 6: b) r = 5sin@ 

is the equation of a circle with radius 3 centered at the origin. 

= 2 sin 30, 

6 sin 36, 

4 sin 8, 

90° 

120° 60° 

150° 30° 

4 sin 50. 180° 0 
2.3 4 5 /360° 

210° \ \ 330° 

240° 300° 

270° 

r=5sin@ 
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c) r = 2csc 0 

We can rewrite r = 2cscOasr = 

0 r 

0° Not defined 

NS 7.7274 

B0n “f 

45° 2.8284 

60° 2.3094 

Wey 2.0706 

90° y 

105° 2.0706 

120° 2.3094 

15a 2.8284 

150° 4 

165° 7.7274 

180° Not defined 

the equivalent rectangular equation: 

i CSG 

2} 
r= 

sin 0 

Psinig) ——2 

= Oe 

Polar Coordinates and Graphs 

2/sin 0. 

90° 
120° 60° 

aoe\ K XT TX 7330" 

300° 240° . 

270° 

r=2csc0 

595 

Now Try Exercise 63. 

We can check our graph in Example 7(c) by converting the polar equation to 

Substituting y for r sin 0 

The graph of y = 2 is a horizontal line passing through (0, 2) ona rectangular grid. 
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Visualizing 
dat-mCig-lela 

Match the equation with its graph. 

MiG i 

De ae SUX, 

3..y = (X11)? 1 

S Gai) 

xr +x-6 4. f(x) = 

7 = il + sin 

6. f(x) = 2logx + 3 

CO SS 
| | ro) fo) n 

aa 

be | 

N13 See 

9. r = 3 cos 26 

10. f(x) = x* -— x + x? -— x 

Answers on page A-47 
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- Exercise Set 

Graph the point on a polar grid. 71 
- 35. (2, 210°) 36. (1,7 

1. (2 =) De (4, 1) 

37, (262 38. (4, 180°) BmG572103) 4. (—3, 135°) m6 mans 

5. (. =) 6. ( 2.75, =) Convert to a polar equation. 

6 6 39. 3x + 4y =5 40. 5x + 3y = 4 

7 41x ='5 42. y=4 7 (= =) 8. (0, 15°) i y 
Z A 43, x2 +? = 36 44, x2 — 4 = 4 

5 7 
9. (3, —315°) 10. (1 2, -77) 45, x? = 25y 46. 2x — 9y +3 =0 

yn seo po 2 = 11. (4.3, -60°) 12. (3, 405°) 47. y= 5x = 25 = 0 48. x? + i = By 
on = i) ek 

Find polar coordinates of points A, B, C, and D. Give three 49. x — 2x + y = 0 SUS Se ae) 
answers for each point. Convert to a rectangular equation. 

13. re 90° 14. aye! 39 
120 60 ea 51. r= 5 52. 8 = —— 

150° Ay 30° Sar z 

Ce ‘ 1G f S37ensi Os — 2 54. r= —3sin0 
180° 6 

ml. ; <L ] 2 oa @=3 DOmie : fone. ty 6, F330” ime D uz DO elt COS Us oS ae, 

° 6 ; 

240" oe e 2? Sa 57. r — 9cos@ = 7sin0 

; OS.i ies =. Sil Gy—9/-COS.0 
Find the polar coordinates of the point. Express the angle 2 t 
in degrees and then in radians, using the smallest possible 92 ae ec C0 a cc ae 
positive angle. Sar ; 

OM 62. r = cos@ — sin@ 15. (0, —3) 16. (—4, 4) 3 

17, (3, =3\/3) 18. ( -V3,1 ) Graph the equation. 

19. (43, -4) 20. (23,2) 63. r = sind 64. r= 1 — cos 

ie (2) 22a (3,33) 65. r = 4cos 20 66. r= 1 — 2sin0 

23. (1, 3) 24. (0, —1) 67. r = cos0 68. r = 2secO 

1 
25. 5V2 _5V2 26. 3 _3V3 692 COS 0 70. ee 

2 2 2 2 cos 

Find the rectangular coordinates of the point. » Skill Maintenance 

i al O23. 
27. (5, 60°) EEN ey Solve. [1.5] 

Dy (eee) 30. (6, 30°) 71. 2x-4=x+8 72. 4—5y=3 
7 

31. (3, -120°) So al =) GGT! 
° 73. y= 2x -—5 74, 4x — y = 6 

51T ° 33. (-2, =) 34, (1.4, 225°) amity eayie3 76. y= 0 
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» Synthesis 

In Exercises 77-88, match the equation with one of figures 

(a)-(I) that follow. 

Tat OrsilelG, Stati A COsvd: 

79. r=6 80. 7° = sin 20 

5 : 
Ms 2S I, p= i se YD Sia 

1 + cos@ 

Soant—solcoseu 845 7 — SiSeeU. 

Sf = 3) Sia 86. r = 4cos 50 

OH, 7p = 2 Sin Be 88. rsin @ = 6 

89. Convert to a rectangular equation: 

6 
fa Se 

2 

90. The center of a regular hexagon is at the origin, and 
one vertex is the point (4, 0°). Find the coordinates 
of the other vertices. 

Vectors and Applications 

Determine whether two vectors are equivalent. 

Find the sum, or resultant, of two vectors. 

Resolve a vector into its horizontal component and its vertical component. 

Vv VY Av Solve applied problems involving vectors. 

We measure some quantities using only their magnitudes. For example, we describe 
time, length, and mass using units like seconds, feet, and kilograms, respectively. 
However, to measure quantities like displacement, velocity, or force, we need to 
describe a magnitude and a direction. Together, magnitude and direction describe 
a vector. The following are some examples. 



vector 

uv 

RV 
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Displacement. An object moves a certain distance in a certain direction. 

A surveyor steps 20 yd to the northeast. 

A hiker follows a trail 5 mi to the west. 

A batter hits a ball 100 m along the left-field line. 

Velocity. An object travels at a certain speed in a certain direction. 

A breeze is blowing 15 mph from the northwest. 

An airplane is traveling 450 km/h in a direction of 243°. 

Force. A push or pull is exerted on an object in a certain direction. 

A force of 200 Ib is required to pull a cart up a 30° incline. 

A 25-lb force is required to lift a box upward. 

A force of 15 newtons is exerted downward on the handle of a jack. (A newton, 
abbreviated N, is a unit of force used in physics, and 1 N ~ 0.22 lb.) 

» Vectors 

Vectors can be graphically represented by directed line segments. The length 
is chosen, according to some scale, to represent the magnitude of the vec- 
tor, and the direction of the directed line segment represents the direction of 
the vector. For example, if we let 1 cm represent 5 km/h, then a 15-km/h wind 
from the northwest would be represented by a directed line segment 3 cm long, 
as shown in the figure at left. 

VECTOR 

A vector in the plane is a directed line segment. Two vectors are 
equivalent if they have the same magnitude and the same direction. 

Consider a vector drawn from point A to point B. Point A is called the initial 
point of the vector, and point B is called the terminal point. Symbolic notation for 
this vector is AB (read “vector AB”). Vectors are also denoted by boldface letters 
such as u, v, and w. The four vectors in the figure at left have the same length and 
the same direction. Thus they represent equivalent vectors; that is, 

AB = CD = OP =v. 

In the context of vectors, we use = to mean equivalent. _ 
The length, or magnitude, of AB is expressed as | AB|. In order to determine 

whether vectors are equivalent, we find their magnitudes and directions. 

EXAMPLE 1 The vectors u, OR, and ware shown in the following figure. Show 
that = OK — w. 
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wy 

a 

u # v (not equivalent) 

Different magnitudes; 
different directions 

NS 
SS 

Same magnitude; 
different directions 

we. 
ea 

Different magnitudes; 
same direction 

eae 
Same magnitude; 
same direction 

Vector sum 

5 

Applications of Trigonometry 

Solution We first find the a of each vector using the distance formula: 

ul Via (eee) = V9 ay 

ci EEA ED Ve = V10, 
ey Eats eee Te Vo ha Wir 

Thus, 

|u| = |OR| = |wI. 
The vectors u, OR, and w appear to go in the same direction so we check their 

slopes. If the lines that they are on all have the same slope, the vectors have the 

same direction. We calculate the slopes: 

u OR w 
Vinmecticedhisnidh op ip Unmunee! 2 =F SRE 
ea) 4-1] 3 

Since u, OR, and w have the same magnitude and the same direction, 

i= OR = w. Now Try Exercise 1. 

Keep in mind that the equivalence of vectors requires only the same magnitude 
and the same direction—not the same location. In the illustrations at left, each of 
the first three pairs of vectors are not equivalent. The fourth set of vectors is an 
example of equivalence. 

»~ NVMector Addition 

Suppose a person takes 4 steps east and then 3 steps north. He or she will then be 
5 steps from the starting point in the direction shown at left. A vector 4 units long 
and pointing to the right represents 4 steps east and a vector 3 units long and point- 
ing up represents 3 steps north. The sum of the two vectors is the vector 5 steps in 
magnitude and in the direction shown. The sum is also called the resultant of the 
two vectors. 

In general, two nonzero vectors u and v can be added geometrically by plac- 
ing the initial point of v at the terminal point of u and then finding the vector that 
has the same initial point as u and the same terminal point as v, as shown in the 
following figure. 

UW tev: 

The sumu + vis the vector represented by the directed line segment from the 
initial point A of u to the terminal point C of v. That is, if 

u = AB and v = BC, 

then 

U tiv= AB + BC = AC 

We can also describe vector addition by placing the initial points of the vectors 
together, completing a parallelogram, and finding the diagonal of the parallelo- 
gram. (See the figure on the left on the following page.) This description of addi- 
tion is sometimes called the parallelogram law of vector addition. Vector addition 
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is commutative. As shown in the figure on the right below, both u + vandv + u 
are represented by the same directed line segment. 

Vv 

» Applications 

If two forces F, and F, act on an object, the combined 
effect is the sum, or the resultant, F, + F, of the 
separate forces. 

EXAMPLE 2 Forces of 15 newtons and 25 newtons act on an object at right 
angles to each other. Find their sum, or resultant, giving the magnitude of the 
resultant and the angle that it makes with the larger force. 

Solution We make a drawing—this time, a rectangle—using v or OB to repre- 
sent the resultant. To find the magnitude, we use the Pythagorean equation: 

|v |? = 157 + 252 Here |v| denotes the length, or magnitude, of v. 

lvl = V 157 +25? 

|v| ~ 29.2. 

To find the direction, we note that since OAB is a right triangle, 

tand = 2 =10.6; 

Using a calculator, we find 6, the angle that the resultant makes with the larger 
force: 

é = tan '(0.6) = 31°. 

The resultant OB has a magnitude of 29.2 newtons and makes an angle of 31° with 

the larger force. Now Try Exercise 13. 

Pilots must adjust the direction of their flight when there is a crosswind. Both 
Review Seovion®® | __ the wind and the aircraft velocities can be described by vectors. 

AERIAL BEARINGS 

EXAMPLE 3 Airplane Speed and Direction. An airplane travels on a bearing 
of 100° at an airspeed of 190 km/h while a wind is blowing 48 km/h from 220°. 
Find the ground speed of the airplane and the direction of its track, or course, over 

the ground. 
N N 
nN nN 

100° 48 km/h 

Ww [VE Ww E 

190 km/h 220° 

S S 

Airplane airspeed Windspeed 
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RV 

Solution We first make a drawing. The wind is represented by OC and the veloc- 

ity vector of the airplane by OA. The resultant velocity vector is v, the sum of the 

two vectors. The angle 6 between v and OA is called a drift angle. 

Note that the measure of 2COA = 100° — 40° = 60°. Thus the measure of 
ZCBA is also 60° (opposite angles of a parallelogram are equal). Since the sum of 
all the angles of the parallelogram is 360° and ZOCB and Z OAB have the same 
measure, each must be 120°. By the law of cosines in AOAB, we have 

|v|? = 487 + 190? — 2+ 48-190 cos 120° 

lv|* = 47,524 

|v| = 218. 

Thus, |v| is 218 km/h. By the law of sines in the same triangle, 

48 218 
sin@ sin 120°” 

or 

sin 6. ponies 221 0.1907 
218 

@ = 11°. 

Therefore, 0 = 11°, to the nearest degree. The ground speed of the airplane is 
218 km/h, and its track is in the direction of 100° — 11°, or 89°. 

Now Try Exercise 27. 

» Components 

Given a vector w, we may want to find two other vectors u and v whose sum is w. 

The vectors u and v are called components of w and the process of finding them is 
called resolving, or representing, a vector into its vector components. 

When we resolve a vector, we generally look for perpendicular components. 
Most often, one component will be parallel to the x-axis and the other will be par- 
allel to the y-axis. For this reason, they are often called the horizontal component 
and the vertical component of a vector. In the figure at left, the vector w = AC is 
resolved as the sum of u = ABandv = BC. The horizontal component of w is u 
and the vertical component is v. 

EXAMPLE 4 A vector w has a magnitude of 130 and is inclined 40° with 
the horizontal. Resolve the vector into its horizontal component and its vertical 
component. 

Solution We first make a drawing showing a horizontal vector u and a vertical 
vector v whose sum is w. 
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C From AABC, we find |u| and |v| using the definitions of the cosine function 
and the sine function: 

y 130 Mi ° | u | 
cos40° Se or “iul"= 130 cos 40° = 100, 

Aw 130 

A B x Os Tea al 
u sin 40° = qa |v| = 130 sin 40° ~ 84. 

Thus the horizontal component of w is 100 right, and the vertical component of w 
is 84 up. Now Try Exercise 31. 

EXAMPLE 5 Shipping Crate. A wooden shipping crate that weighs 816 lb is 
placed on a loading ramp that makes an angle of 25° with the horizontal. To keep the 
crate from sliding, a chain is hooked to the crate and to a pole at the top of the ramp. 
Find the magnitude of the components of the crate’s weight (disregarding friction) 
perpendicular to and parallel to the incline. 

| Solution We first make a drawing illustrating the forces with a rectangle. We let 

| CB| = the weight of the crate = 816 lb (force of gravity), 

| CD| = the magnitude of the component of the crate’s weight perpendicular 
to the incline (force against the ramp), and 

| CA | = the magnitude of the component of the crate’s weight parallel to the 
incline (force that pulls the crate down the ramp). 

The angle at R is given to be 25° and Z2BCD = ZR = 25° because the sides of 
these angles are, respectively, perpendicular. Using the cosine function and the 
sine function, we find that 

cos 25° = era a0) |CD| = 816 cos 25° ~ 7401b, and 

. ° DB |CA Aan . ° 
sin 25° =—— = ———,, _or_ | CA| = 8lésin2530=345)b. 

816 816 

Now Try Exercise 39. 

8.5 

Sketch the pair of vectors and determine whether they are 11. AB, ID 12. OF, HB 
equivalent. Use the following ordered pairs for the initial 

q 13. Two forces of 32 N (newtons) and 45 N act on an 
and terminal points. object at right angles. Find the magnitude of the 
A(—2, 2) (St) I(—6, —3) resultant and the angle that it makes with the smaller 
B(3, 4) F(2,1) J(3, 1) force. 

= G(-4,4) _K(-3,-3 . 
me a a an 2) ne 0) ) 14. Two forces of 50 N and 60 N act on an object at right 

eater = angles. Find the magnitude of the resultant and the 
. GE, By ey Os angle that it makes with the larger force. 1 Z 

3. DJ, AB 4. CG, FO 15. Two forces of 410 N and 600 N act on an object. The 
De RH 6uBA DI angle between the forces is 47°. Find the magnitude 

3. ae _axbauprae of the resultant and the angle that it makes with the 

Uh eet aiE 8. GC, FO larger force. 
on s 

. GA, BH 10. JD, CG 
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Two forces of 255 N and 325 N act on an object. The 
angle between the forces is 64°. Find the magnitude 
of the resultant and the angle that it makes with the 
smaller force. 

In Exercises 17-24, the magnitudes of vectors u and v and 
the angle @ between the vectors are given. Find the sum of 
u + v. Give the magnitude to the nearest tenth and give 
the direction by specifying to the nearest degree the angle 
that the resultant makes with u. 

iW 

» |u| = 54, |v| = 43,6 = 150° 

26. 

Dai 

lu| = 45, v| = 35, 0 = 90° 

lw| = 10, |v] = 12,0 = 67° 

a2 5 solve 30,10) 2752 

. jal = 20, |v| = 20, @ = 117° 

. {ul = 30; |v| = 30, 6 = 123° 

ia) — 23, |v\"\= 47,0 = 27" 

lu| = 32, |v| = 74, @ = 72° 

Hot-Air Balloon. A hot-air balloon is rising vertically 
10 ft/sec while the wind is blowing horizontally 
5 ft/sec. Find the speed v of the balloon and the angle 
6 that it makes with the horizontal. 

Vv 10 ft/sec 

Balloon 

5 ft/sec 

Wind 

Ship. A ship first sails N80°E for 120 nautical mi, and 
then S20°W for 200 nautical mi. How far is the ship, 
then, from the starting point and in what direction? 

Boat. A boat heads 35°, propelled by a force of 750 lb. 
A wind from 320° exerts a force of 150 lb on the boat. 
How large is the resultant force F, and in what direc- 
tion is the boat moving? 

N 

28. 

29: 

30. 

ai 

32. 

33. 

34. 

35. 

Airplane. An airplane flies 32° for 210 km, and then 

280° for 170 km. How far is the airplane, then, from 

the starting point and in what direction? 

Airplane. An airplane has an airspeed of 150 km/h. 
It is to make a flight in a direction of 70° while 
there is a 25-km/h wind from 340°. What will the 
airplane’s actual heading be? 

Wind. A wind has an easterly component (from the 
east) of 10 km/h and a southerly component (from 
the south) of 16 km/h. Find the magnitude and the 
direction of the wind. 

A vector w has magnitude 100 and points southeast. 
Resolve the vector into an easterly component and a 
southerly component. 

A vector u with a magnitude of 150 lb is inclined 
to the right and upward 52° from the horizontal. 
Resolve the vector into components. 

Airplane. An airplane takes off at a speed S of 
225 mph at an angle of 17° with the horizontal. 
Resolve the vector S into components. 

Wheelbarrow. A wheelbarrow is pushed by 
applying a 97-lb force F that makes a 38° angle with 
the horizontal. Resolve F into its horizontal com- 
ponent and its vertical component. (The horizontal 
component is the effective force in the direction of 
motion and the vertical component adds weight to 
the wheelbarrow.) 

Luggage Wagon. A luggage wagon is being pulled 
with vector force V, which has a magnitude of 780 Ib 
at an angle of elevation of 60°. Resolve the vector V 
into components. 



36. Hot-Air Balloon. A hot-air balloon exerts a 1200-lb 
pull on a tether line at a 45° angle with the horizontal. 
Resolve the vector B into components. 

37. Airplane. An airplane is flying at 200 km/h ina 
direction of 305°. Find the westerly component and 
the northerly component of its velocity. 

38. Baseball. A baseball player throws a baseball with 
a speed S of 72 mph at an angle of 45° with the hori- 
zontal. Resolve the vector S into components. 

39. A block weighing 100 lb rests on a 25° incline. Find 
the magnitude of the components of the block's 
weight perpendicular to and parallel to the incline. 

40. A shipping crate that weighs 450 kg is placed ona 
loading ramp that makes an angle of 30° with the 
horizontal. Find the magnitude of the components of 
the crate’s weight perpendicular to and parallel to the 

incline. 

41. An 80-lb block of ice rests on a 37° incline. What 
force parallel to the incline is necessary in order to 
keep the ice from sliding down? 

42. What force is necessary to pull a 3500-Ib truck up a 

9° incline? 

>» Skill Maintenance 

Vocabulary Reinforcement 

In each of Exercises 43-52, fill in the blank with the correct 
term. Some of the given choices will not be used. 

43. 

44. 

45. 

46. 

47. 

48. 

49, 

50. 

51. 

52. 

53. 
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angular speed cosine 
linear speed common 
acute natural 
obtuse horizontal line 
secant of 0 vertical line 
cotangent of 0 double-angle 
identity half-angle 
inverse coterminal 
absolute value reference angle 
sines 

Logarithms, base e, are called 
logarithms. [5.3] 

identities give trigonometric 
function values of x/2 in terms of function values 
of x. [7.2] 

is distance traveled per unit of 
time. [6.4] 

The sine of an angle is also the of 
the angle’s complement. [6.1] 

A(n) is an equation that is true for 
all possible replacements of the variables. [7.1] 

The is the length of the side 
adjacent to @ divided by the length of the side 
opposite 6. [6.1] 

If two or more angles have the same terminal side, 
the angles are said to be . [6.3] 

In any triangle, the sides are proportional to the 
of the opposite angles. [8.1] 

If it is possible for a(n) to intersect 
the graph of a function more than once, then the 
function is not one-to-one and its 
is not a function. [5.1] 

The for an angle is the 
angle formed by the terminal 

side of the angle and the x-axis. [6.3] 

Synthesis 

Eagles Flight. An eagle flies from its nest 7 mi in the 
direction northeast, where it stops to rest on a cliff. It 
then flies 8 mi in the direction S30°W to land on top 
of a tree. Place an xy-coordinate system so that the 
origin is the bird’s nest, the x-axis points east, and the 
y-axis points north. 

a) At what point is the cliff located? 
b) At what point is the tree located? 



606 CHAPTER & Applications of Trigonometry 

Vector Operations 

Perform calculations with vectors in component form. 

Express a vector as a linear combination of unit vectors. 

Express a vector in terms of its magnitude and its direction. 

Y¥ VY VY YF Find the angle between two vectors using the dot product. 

¥ Solve applied problems involving forces in equilibrium. 

» Position Vectors 

Let’s consider a vector v whose initial point is the origin in an xy-coordinate sys- 
tem and whose terminal point is (a, b). We say that the vector is in standard posi- 
tion and refer to it as a position vector. Note that the ordered pair (a, b) defines the 
vector uniquely. Thus we can use (a, b) to denote the vector. To emphasize that we 

are thinking of a vector and to avoid the confusion of notation with ordered-pair 
notation and interval notation, we generally write 

yA v= (ab). 

ee) The coordinate a is the scalar horizontal component of the vector, and the coor- 
dinate b is the scalar vertical component of the vector. By scalar, we mean a nu- 
merical quantity rather than a vector quantity. Thus, (a, b) is considered to be the 
component form of v. Note that a and b are not vectors and should not be confused 
with the vector component definition given in Section 8.5. 

Now consider AC with A = (x,,y,) and C = (x), y2). Let’s see how to find the 
position vector equivalent to AC. As you can see in the following figure, the initial 
point A is relocated to the origin (0, 0). The coordinates of P are found by subtract- 
ing the coordinates of A from the coordinates of C. Thus, P = (x. — x,y. — y;) 
and the position vector is OP. 

Si 2V 

x C (x yp) YA 
| 

a 
YI 

A(x, 1) 4 SNe ae Ll ars ay 

oe | 
canes | Mio ad A 

: {i 
é O * 

XxX — xX] 

It can be shown that OP and AC have the same magnitude and direction and 
are therefore equivalent. Thus, AC = OP = (x, — x,y. — y;) 

COMPONENT FORM OF A VECTOR 

The component form of AC with A = (x1, 1) and C = (x), y,) is 

AC = (xX) ye) Nn). 



P(5, 8) 
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EXAMPLE 1 Findthe component form of CF ifC = (—4, —3) and F = (1,5). 

Solution We have 

Can ea ie a a 8 
Note that vector CF is equivalent to position vector OP with P = (5, 8) as shown in 
the figure at left. 

Now that we know how to write vectors in component form, let’s restate some 
definitions that we first considered in Section 8.5. 

The length of a vector v is easy to determine when the components of the vec- 
tor are known. For v = (vj, v.), we have 

|v | res vt A vs Using the Pythagorean equation 

lv] = Vivi + v3. 

(V4, Vp) 

LENGTH OF A VECTOR 

The length, or magnitude, of a vector v = (vj, v7) is given by 

Wl = Vat 

EXAMPLE 2 Find the length, or magnitude, of vector v = (5,8), illustrated in 

Example 1. 

Solution 

| v| = Wy ye aF v5 Length of vector v = (¥,, v2) 

= NV 5? 38" Substituting 5 for v, and 8 for v, 

= VW 25 1"64 

Bis 
Two vectors are equivalent if they have the same magnitude and the same 

direction. 

EQUIVALENT VECTORS 

Letu = (u,u)) andv = (vy, v2). Then 

(uj, U,) = (Vp) ifandonlyif u, =v, and u, = vr. 
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» Operations on Vectors 

To multiply a vector v by a positive real number, we multiply its length by the num- 

LSy ber. Its direction stays the same. When a vector v is multiplied by 2, for instance, 

its length is doubled and its direction is not changed. When a vector is multiplied 

: as by 1.6, its length is increased by 60% and its direction stays the same. To multiply 

ae a vector v by a negative real number, we multiply its length by the number and re- 

verse its direction. When a vector is multiplied by —2, its length is doubled and its 
direction is reversed. Since real numbers work like scaling factors in vector multi- 

Scalar multiples of v plication, we call them scalars and the products kv are called scalar multiples of v. 

SCALAR MULTIPLICATION 

For a real number k and a vector v = (1, v2), the scalar product of k 
and v is 

kv = k (v4, Vz) core (ky, kvz). 

The vector kv is a scalar multiple of the vector v. 

EXAMPLE 3 lLetu = (—5,4) andw = (1, —1). Find —7w, 3u, and —1w. 

Solution 

Wit ele ee 7 ee 

80 = 3 4S, 125 

=iw = —1(1,-1) = (-1,1) Sl 

In Section 8.5, we used the parallelogram law to add two vectors, but now we 
can add two vectors using components. To add two vectors given in component 
form, we add the corresponding components. Let u = (u, u)) andv = (vj, 1). 
Then 

For example, ifv = (—3,2) andw = (5, —9), then 

VP We een (fe) en 

VECTOR ADDITION 

Ifu = (uj, u,) andv = (¥,¥v>), then 

utv= (4 + vm + v9). 



waN 

(Vy V>) 

(—v, —v9) 

RV 

YN 

Sketch u and v. 

eV 
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Before we define vector subtraction, we must define —v. The opposite of 
V = (¥, v2), shown at left, is 

Veet Gel Vora gl) ina) Vie V9) 

Vector subtraction such as u — v involves subtracting corresponding components. 
We show this by rewriting u — vasu + (—v).Ifu = (u,u) andv = (v,¥v), 
then 

Wee SEO Y) thy, ta) ta ivi V2) 

= (uy + (—¥); 4 + (—%)) 

=) (= Vis U2, = V2): 

We can illustrate vector subtraction with parallelograms, just as we did vector 
addition. 

YK YN 
u-—v 

eV if 

a ve 
x EG 

Sketch —v. Sketch u + (—Vv), or u — vis the vector 

u — Vv, using the from the terminal 

parallelogram law. point of v to the 

terminal point of u. 

VECTOR SUBTRACTION 

Ifu = (u,u)) andv = (v,, v2), then 

UV = (iy = Vy ly — V0): 

It is interesting to compare the sum of two vectors with the difference of the 
same two vectors in the same parallelogram. The vectors u + vandu — vare the 
diagonals of the parallelogram. 

EXAMPLE 4 Perform the following calculations, where u = (7,2) and 

¥ =. (3345 )t 

a) ut+v b) u — 6v 

c) 3u + 4v d) |5v — 2u| 
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Solution 

a) a pew 7 eo) 8 3) cry ee 

byeutes ov = (7026 e702 (18830) on) 

Cust 4V-= 30712) tad sub a (21.6) ot 1220) a 276 

d) |5v — 2u| = [5(-3,5) — 2(7,2)| = |(-15,25) — (14, 4)| 

A 2 
SV (229) elk 

= V 1282 

= 35.8 Now Try Exercises 9 and 11. 

Before we state the properties of vector addition and scalar multiplication, we 
must define another special vector—the zero vector. The vector whose initial and 
terminal points are both (0, 0) is the zero vector, denoted by O, or (0, 0). Its mag- 
nitude is 0. In vector addition, the zero vector is the additive identity vector: 

vt+O=v. (v1, %) + (0,0) = (v, v2) 

Operations on vectors share many of the same properties as operations on real 
numbers. 

PROPERTIES OF VECTOR ADDITION 
AND SCALAR MULTIPLICATION 

For all vectors u, v, and w, and for all scalars b and c: 

» Unit Vectors 

A A vector of magnitude, or length, 1 is called a unit vector. The vector v = ( —2, 3) 
(-2, 4) i is a unit vector because i. 

W=\ Iv = 28) = VBE 
19) = 16 

1 ‘a =) V 95 1 35 
ia 3) 

—]F —_ 

a5 

V1 = 1. 

EXAMPLE 5 Find a unit vector that has the same direction as the vector 
w = (-3,5). 

Solution We first find the length of w: 

lw| = V(-3)? + 2 = V4. 
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Thus we want a vector whose length is 1/V34 of w and whose direction is the 
same as vector w. That vector is 

w= aw= = (-3,5) = (3) 

VoL Veh * V34- V34/- 

Roe 
34 V34 34.34 

34 

34 

Now Try Exercise 33. 

UNIT VECTOR 

Ifvisavectorandv # O, then 

TM One > 

ue 
lv| 

is a unit vector in the direction of v. 

lv 

Although unit vectors can have any direction, the unit vectors parallel to the 
x- and y-axes are particularly useful. They are defined as 

i= (1,0) and j = (0,1). 

Any vector can be expressed as a linear combination of unit vectors i and j. For 
example, let v = (vj), v,). Then 

Ve Via) 8 VON Oya) 
= vy, (1,0) + (0,1) = yi + v9j. 

EXAMPLE 6 [Express the vectorr = (2, —6) asa linear combination of i and j. 

Solution We have 

r= (2,-6) = 2i + (-6)j = 21 - 6j. 

EXAMPLE 7 Write the vector q = —i + 7j in component form. 

Solution We have 

=a Ae -lit j= (-17). I 

Vector operations can also be performed when vectors are written as linear 

combinations of i and j. 

EXAMPLE 8 Ifa = 5i — 2jandb = —i + §}, find 3a — b. 

Solution We have 

3a — b = 3(5i — 2j) — (-i + 8) 
15i — oj ti — 8) 
16i — 14j. Now Try Exercise 45. 
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. . c] y) 

Unit circ ES (0, 1) 

P(cos 0, sin @) 

Ko | (sin 0)j 
ee 

O} (cos @)i (1,9) * 

u = (cos 6, sin @) 

= (cos @)i + (sin @)j 

| UNIT CIRCLE | 

REVIEW SECTION 6.5 

YA 

(4.9) Dew) 
@ 

_ 20 
u aves 

oe 

VA 

(en 
i 1 i 1 1 ae | 1 L > 

OG 

as 
L w= (—4, —3) 

a a 

Applications of Trigonometry 

» Direction Angles 

The terminal point P of a unit vector in standard position is a point on the unit 

circle denoted by (cos 0, sin #). Thus the unit vector can be expressed in compo- 

nent form, 

u = (cos0,sin@), 

or as a linear combination of the unit vectors i and j, 

u = (cos @)i + (sin @)j, 

where the components of u are functions of the direction angle 6 measured coun- 
terclockwise from the x-axis to the vector. As @ varies from 0 to 277, the point P 
traces the circle x? + y* = 1. This takes in all possible directions for unit vectors 
so the equation u = (cos @)i + (sin @)j describes every possible unit vector in the 
plane. 

EXAMPLE 9 Calculate and sketch the unit vector u = (cos @)i + (sin 6)j for 
6 = 27/3. Include the unit circle in your sketch. 

Solution We have 

Now Try Exercise 49. 

Let v = (v, v)) with direction angle 0. Using the definition of the tangent 
function, we can determine the direction angle from the components of v: 

Vv 
View) tan @ = — 

yi = Vi t+ vj V) 

Te: 
d= tans, — 

EXAMPLE 10 Determine the direction angle 6 of the vector w = —4i — 3). 

Solution We know that 

w = —4i — 3j = (-4, -3). 

Thus we have 

3 
tan @)— =— and 

=A 4 

5 
6 = tan! — 

4 

Since w is in the third quadrant, we know that 6 is a third-quadrant angle. The ref- 
erence angle is 

eS 
tan a) = 37°, and @ = 180°°+ 37°. or 217°. 

Now Try Exercise 55. 
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It is convenient for work with applied problems and in subsequent courses, 
such as calculus, to have a way to express a vector so that both its magnitude and 
its direction can be determined, or read, easily. Let v be a vector. Then v/|v| is a 
unit vector in the same direction as v. Thus we have 

a = (cos @)i + (sin @)j 

v = |v|[(cos@)i + (sin 0)j| Multiplying by | v| 

v = |v|(cos 6)i + |v|(sin 6)j. 

Let’s revisit the applied problem in Example 3 of Section 8.5 and use this new 
notation. 

EXAMPLE 11 Airplane Speed and Direction. An airplane travels on a bear- 
ing of 100° at an airspeed of 190 km/h while a wind is blowing 48 km/h from 220°. 
Find the ground speed of the airplane and the direction of its track, or course, over 
the ground. 

Solution We first make a drawing. The wind is represented by OC and the veloc- 
ity vector of the airplane by OA. The resultant velocity vector is v, the sum of the 
two vectors: 

v= 0C + OA. 

The bearing (measured from north) of the airspeed vector OA is 100°. Its 

direction angle (measured counterclockwise from the positive x-axis) is 350°. 
The bearing (measured from north) of the wind vector OC is 40°. Its direction angle 
(measured counterclockwise from the positive x-axis) is 50°. The magnitudes of 
OA and OC are 190 and 48, respectively. We have 

OA = 190(cos 350°)i + 190(sin 350°)j and 

OC = 48(cos 50°)i + 48(sin 50°)j. 

Thus, 

v=0A+0C 

= [190(cos 350°)i + 190(sin 350°)j] + [48(cos 50°)i + 48(sin 50°)j]| 

= [190(cos 350°) + 48(cos 50°) ji + [190(sin 350°) + 48(sin 50°) Jj 
~ 217.971 + 3.78). 

From this form, we can determine the ground speed and the course: 

Ground speed ~ V/ (217.97) 4+ (3.78)? 

= 218 km/h. 
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We let a be the direction angle of v. Then 

3.78 
tana = 

AMY 

ee 3.78 E 
qa = tan = 

WA, 

Thus the course of the airplane (the direction from north) is 90° — 1°, or 89°. 

» Angle Between Vectors 

When a vector is multiplied by a scalar, the result is a vector. When two vectors are 
added, the result is also a vector. Thus we might expect the product of two vectors 
to be a vector as well, but it is not. The dot product of two vectors is a real number, 
or a scalar. This product is useful in finding the angle between two vectors and in 
determining whether two vectors are perpendicular. 

DOT PRODUCT 

The dot product of two vectors u = (1, u)) andv = (vj, v2) is 

UeV = WV) + UyV>. 

(Note that u,v, + u,v is a scalar, not a vector.) 

EXAMPLE 12 Find the indicated dot product when 

u= OFs)) w= (04), ands w—{—3, 1s 

a) uew b) wev 

Solution 

a) usw = 2(23) + (>5)l = -6 —5 = —11 

b) w-v = -3(0) + 1/4) =04+4=4 =e 

The dot product can be used to find the angle between two vectors. The angle 
between two vectors is the smallest positive angle formed by the two directed line 
segments. Thus the angle 0 between u and v is the same angle as that between v 
andu,and0 = 6 = za. 

ANGLE BETWEEN TWO VECTORS 

If @ is the angle between two nonzero vectors u and v, then 

cos 0 = : 
|u||v| 

EXAMPLE 13 Find the angle between u = (3,7) andv = (—4,2). 

Solution We begin by finding u = v, u|, and |v]: 

u+v = 3(—4) + 7(2) = 2, 

lu| = V3 + 7 = 58, and 
lv] = V(—4)? + 2 = V20. 
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Then 

wee Naees 2 

ee Tally) 5820 
a= cos! : 

a = 86.6°. Now Try Exercise 63. 

» Forces in Equilibrium 

When several forces act through the same point on an object, their vector sum 
must be O in order for a balance to occur. When a balance occurs, then the object 
is either stationary or moving in a straight line without acceleration. The fact that 
the vector sum must be O for a balance, and vice versa, allows us to solve many ap- 
plied problems involving forces. 

EXAMPLE 14 Suspended Block. A 350-lb block is suspended by two cables, 
as shown at left. At point A, there are three forces acting: W, the block pulling down, 
and R and §, the two cables pulling upward and outward, respectively. Find the ten- 
sion in each cable. 

Solution We draw a force diagram with the initial points of each vector at the 
origin. For there to be a balance, the vector sum must be the vector O: 

R+S+W=oO. 

We can express each vector in terms of its magnitude and its direction angle: 

R = |R|[ (cos 125°)i + (sin 125°)j], 

S = |S|[(cos 37°)i + (sin 37°)j], and 

W = |W|[ (cos 270°)i + (sin 270°)j] 

= 350(cos 270°)i + 350(sin 270°)j 

= —350j. cos 270° = 0;sin 270° = —1 

Substituting for R, S$, and Win R + S§ + W = O, we have 

MIR} (cos252)14- |. S| (cos 377) A(R (sin 125%) |S'\\(sin)377)) ==450]) 

= Oi + Oj. 

This gives us two equations: 

|R|(cos 125°) + |S|(cos37°) = 0 and (1) 

|R|(sin 125°) + |S|(sin 37°) — 350 = 0. (2) 

Solving equation (1) for |R|, we get 

S| (cos 37° |R| = | |( - ) (3) 

cos 125 

Substituting this expression for |R| in equation (2) gives us 

|S | (cos 37°) 

COsa25- 
(sin 125°) + |—>|(sin 37°) — 350 = 0. 

Then solving this equation for |$|, we get |S| ~ 201, and substituting 201 for | $| 
in equation (3), we get |R| ~ 280. The tensions in the cables are 280 Ib and 201 Ib. 

Now Try Exercise 83. 
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He Exercise Set 

Find the component form of the vector given the initial 
point and the terminal point. Then find the length of the 
vector. 

1. MN; M(6, —7), N(—3, —2) 

DECI Ces aD 5.7) 

3. FE; neg Ay F(t —2) 

4 A(9, 0), BY, 7) 

5. KL; K(4, —3), L(8, —3) 

6. GH; ee 10), H(—3, 2) 

7. Find the magnitude of vector uifu = (—1,6). 

8. Find the magnitude of vector ST its) =) (125s 

Do the indicated calculations in Exercises 9-26 for the vectors 

UA) ve 47) and wo 193) 

Sh Uy 

10.w+u 

nl owaeay, 

122-6V-{ Du 

132% =u 

14, |2w| 

LOU AV 

lO Sv 

17,30) — |v) 

18. |v| + |u| 

IS, vs ww 

20. w — (u + 4v) 

Zev i O 

22. 10|7w — 3u| 

23. UW 

24. weu 

DOW ery. 

26. Vv°w 

The vectors u, v, and w are drawn below. Copy them on a sheet 

of paper. Then sketch each of the vectors in Exercises 27-30. 

Ww 

Vi 

fs Uh se NY D&S, [il = DAY 

29,.utvtw 30. Su — w 

31. Vectors u, v, and w are determined by the sides of 

AABC below. 

A 7 is 

a) Find an expression for w in terms of u and v. 
b) Find an expression for v in terms of u and w. 

32. In AABC, vectors u and w are determined by the sides 
shown, where P is the midpoint of side BC. Find an 
expression for v in terms of u and w. 

B 

A = G 

Find a unit vector that has the same direction as the 

given vector. 

33, va las) 

34. u = (3,4) 

35. w = (1,—10) 

36.4 ="( 67) 

375 == 258) 

38520" = 823) 

Express the vector as a linear combination of the unit 
vectors i and j. 

39. w = (—4,6) 

1s = (955) 
40. r= (—15,9) 
42. u= (2,-1) 



Express the vector as a linear combination of i and j. 

44. 

RV 

For Exercises 45-48, use the vectors 

1 eve oi — 103, and iwi is 5). 

Perform the indicated vector operations and state the 
answer in two forms: (a) as a linear combination of i and j 
and (b) in component form. 

45. 4u — 5w 

46. v + 3w 

47. u— (v + w) 

48. (u-—v)+w 

Sketch (include the unit circle) and calculate the unit vector 

u = (cos 6@)i + (sin 6)j for the given direction angle. 

7 T 
49. 9 = — 50. 6 = — 

2} 3 

Aq 390 
So 525 0 = — 

3 2 

Determine the direction angle 6 of the vector, to the nearest 
degree. 

53. u = (—-2,—5) 

54. w = (4,-3) 

55. q =i + 2j 

56. w = 5i — j 

57. t= (5,6) 

58. b = (—8, —4) 

Find the magnitude and the direction angle 6 of the vector. 

59. u = 3[(cos 45°)i + (sin 45°)j] 

60. w = 6[ (cos 150°)i + (sin 150°)j| 

62.20 = "S14 

Find the angle between the given vectors, to the nearest 

tenth of a degree. 

630 = 2, > ov: 1,4) 

6490. — 3, 3), b= (—5,2)) 
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65. w= (3,5), r= (5,5) 

66. v = (—4,2), t= (1,4) 

67.a=i+j, b =2i - 3j 

68. u = 3i + 2j, v= -i + 4j 

Express each vector in Exercises 69-72 in the form ai + bj 
and sketch each in the coordinate plane. 

69. The unit vectors u = (cos 0)i + (sin @)j for 
6 = 7/6 and 6 = 37/4. Include the unit circle 
x? + y* = 1in your sketch. 

70. The unit vectors u = (cos @)i + (sin @)j for 
6 = —7/4and 0 = —37/4. Include the unit circle 
x? + y’ = 1 in your sketch. 

71. The unit vector obtained by rotating j counterclock- 
wise 377 /4 radians about the origin 

72. The unit vector obtained by rotating j clockwise 
27/3 radians about the origin 

For the vectors in Exercises 73 and 74, find the unit vectors 
u = (cos @)i + (sin @)j in the same direction. 

Ee Ste 

74. 61 — 8j 

For the vectors in Exercises 75 and 76, express each vector 
in terms of its magnitude and its direction. 

75. 2i — 3j 

76. 5i + 12j 

77. Usea sketch to show that 

v = 3i— 6j and u I ~i+ 2j 
have opposite directions. 

78. Use a sketch to show that 

v= 31-6) and u=3si-j 

have the same direction. 

Exercises 79-82 appeared first in Exercise Set 8.5, where 
we used the law of cosines and the law of sines to solve the 
applied problems. For this exercise set, solve the problem 
using the vector form 

v = |v|[(cos 6)i + (sin @)j]. 

79. Ship. A ship first sails N80°E for 120 nautical mi, 
and then S20°W for 200 nautical mi. How far is the 
ship, then, from the starting point and in what direc- 
tion is the ship moving? 

80. Boat. A boat heads 35°, propelled by a force of 
750 lb. A wind from 320° exerts a force of 150 lb on 
the boat. How large is the resultant force, and in what 
direction is the boat moving? 
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81. Airplane. An airplane has an airspeed of 150 km/h. 
It is to make a flight in a direction of 70° while there 
is a 25-km/h wind from 340°. What will the airplane's 
actual heading be? 

82. Airplane. An airplane flies 32° for 210 mi, and then 
280° for 170 mi. How far is the airplane, then, from 
the starting point, and in what direction is the plane 
moving? 

83. Two cables support a 1000-lb weight, as shown. Find 
the tension in each cable. 

> 

84. A 2500-kg block is suspended by two ropes, as shown. 
Find the tension in each rope. 

> 

89. 

90. 

91. 

85. A 150-lb sign is hanging from the end of a hinged 92. 
boom, supported by a cable inclined 42° with the 
horizontal. Find the tension in the cable and the a 
compression in the boom. 

86. A weight of 200 lb is supported by a frame made of 

two rods and hinged at points A, B, and C. Find the 

forces exerted by the two rods. 

Skill Maintenance 

Find the zeros of the function. 

87. 

88. 

x — 4° = 0 [4.1] 

6x? + 7x = 55 [3.2] 

Synthesis 

If the dot product of two nonzero vectors u and v is 
0, then the vectors are perpendicular (orthogonal). 
Let u = (uj, u)) andv = (1, v,). Prove that if 
u*v = 0, then u and vare perpendicular. 

If PQ is any vector, what is PQ + QP? 

Find all the unit vectors that are parallel to the vector 
eee oe 

Find vector v from point A to the origin, where 
AB = 4i— 2j and B is the point (—255). 

Given the vector AB = 3i — j and A is the point 
(2, 9), find the point B. 
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Chapter 8 Summary and Review 

STUDY GUIDE 

KEY TERMS AND CONCEPTS 

SECTION 8.1: THE LAW OF SINES 

Solving a Triangle 

To solve a triangle means to find the 

lengths of all its sides and the measures 
of all its angles. 

Any triangle, right or oblique, can be 
solved if at least one side and any other 

two measures are known. We cannot 

solve a triangle when only the three angle 

measures are given. 

The Law of Sines 

In any AABC, 

Te Oe c 

sinA  sinB  sinC 

The law of sines is used to solve triangles 

given a side and two angles (AAS and 

ASA) or given two sides and an angle 
opposite one of them (SSA). In the SSA 

situation, there are three possibilities: no 

solution, one solution, or two solutions. 

EXAMPLES 

Solver NRSHaliita— 4720 eon — eI oo aeral Gale |e ce 

= 47.6, | 
a: ~ 

¢ 
*) 

Ue — Seale Ss t=? 

N I pea NO se) nn € 
| 

ian Fi 

We have the ASA situation. We first find R: 

Reae 80g 3123.5 te AL a Slee 

We then find the other two sides using the law of sines. We have 

47.6 Ss r s 
; Becomes Ba Using — = 
Simon sin 123.5 sin R sin S 

Solving for s, we gets ~ 93.6. We also have 

47.6 t f t 
: ay = Using = 
Simeon sin 31.4 sinR sin T 

Solving for t, we get t ~ 58.5. 

We have solved the triangle: 

Roe oot en 6. 
= 123.5%, 5 = 93.6, 

T=314, ¢ = 585. 

Solve ADEF, if d = 35.6, f = 48.1,and D = 32.2°. 

E = ° = A Dis, d = 35.6, 

48.1 35.6 31) ee 

eS = = - 2 F=2, f = 48.1 

We have the SSA situation. We first find F: 

48.1 35.6 ip d 
; Se a Using — == 

sin F Siti 7 sin F sin D 

48.1 Shay 322° 

35:6 
sin F = = 0.7200. 

There are two angles less than 180° with a sine of 0.7200. They 

are 46.1° and 133.9°. This gives us two possible solutions. 

(continued ) 
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The Area of a Triangle 

The area K of any AABC is one-half of 
the product of the lengths of two sides 
and the sine of the included angle: 

1 il l 
Ke asi Ar— —dpisini@ — —desinep: 

2 2, 2 

Applications of Trigonometry 

Possible solution I: 

IfF ~ 46.1°, then E = 180° — (32.2° + 46.1°) = 101.7°. 

Then we find e using the law of sines: 

e 35.6 e d 
= : Using — , 

smlol7  simao2° ScinE  sinD 

Solving for e, we get e ~ 65.4. The solution is 

Possible solution I: 

If F = 133:92<then FE = 180° — (32.2> + 133.9") = Ase 

Then we find e using the law of sines: 

e 35.6 ; e d 
= 4 Using — : 

sini3.9 | “sin 32,27 sinE  sinD 

Solving for e, we get e ~ 16.0. The solution is 

Find the area of AABC if C = 115°,a = 10m,andb = 13 m. 

K 
1 
—ab sin C 
2 

I 
] 
3 10m: 13 m:sin 115° 

= 59 mn” 

SECTION 8.2: THE LAW OF COSINES 

The Law of Cosines 

In any AABC, 

a=? 4+ — 2becosA, 

b? = a + c — 2accosB, 

C= +b — 2abcosC. 

The law of cosines is used to solve tri- 

angles given two sides and the included 

angle (SAS) or given three sides (SSS). 

Solve APQR, if p = 27,r = 39, and Q = 110.8°. 

R — $ p= Da 

q = 110.8°, ee 
27 Q q 

R= 2, r = 39 
Q 39 P 

We can find the third side using the law of cosines: 

3 I p + r* — 2prcosQ 

q = 27° + 39° — 2+27+39+cos 110.8° 

* = 2997.9 

fe DS, 

v 

(continued ) 
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We then find angle R using the law of cosines: 

fie = p’ =F q — 2pqcosR 

397 = 277 + 55? — 2-27-55-cosR 

277 + 55% — 397 
cos R = = 0.7519. 

DOD ONS 

Since cos R is positive, R is acute: 

Rat 412 

Thus angle P ~ 180° — (41.2° + 110.8°) ~ 28.0°. We have 
solved the triangle: 

Pea aN ep 7, 
Ocal 0 82a Gus 55, 
RA 789) 

SECTION 8.3: COMPLEX NUMBERS: TRIGONOMETRIC NOTATION 

Complex numbers can be graphed on a Graph the complex numbers 2 — 4i and 4i and find the 
plane. We graph a + bi in the same way absolute value of each. 

that we graph an ordered pair of num- 
Imaginary 

bers (a, b). axis A 

4 ls, 

Imaginary 3 : NO, 
Ae BP axis 2 qj 

or (a,b) \a + bil Seto See. 
Shy, a a ee 

ase (ONO) aAle axis 

Real =3 5 ; 
axis alk . — 4i 

J2 — 41] = V2 + (—4)? = V4 + 16 = V20 = 2V5; 
Absolute Value of a Complex Number , ae aoe 

la+ bi] =Va+Ph Zi - Je+(2) -/(2) =— 
3 3 g) 3 

Trigonometric Notation for Complex Find trigonometric notation for —1 + i. 

Numbers We hiavie 

a + bi = r(cos@ + isin@) a = —landb = 1, 
SS 2 Di es Oey = 

To find trigonometric notation for a r=Vet+P=V(-1P +P =V1i+1= V2, 

complex number given in standard nota- sy Pel ee Ve Rat epee ie Ve 

tion, a + bi, we find r and determine sm r Vr 2 r V2 ae 

the angle @ for which sin 8 = b/r and 
= 377 

cos 6 = a/r. Since @ is in quadrant II, 6 = rs 135°, and we have 

377 377 
a Vi{ cos ae isin 2), or 

~1 + i = V2(cos 135° + isin 135°). 
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Find standard notation, a + bi, for 2(cos 210° + isin 2107): 

We have 

2(cos 210° + isin 210°) = 2 cos 210° + (2 sin 210° )i. 

Thus, 

3 
Ga—wrcos 0 — 2-(-~2) = any 3 

2 

1 
and 6 = 2 sin 210° = 2-(-2) ==, 

so. _-2(cos 210° + isin210°) = —-V3 —i. 

Multiplication of Complex Numbers a T 9 aT. 
Multiply 5(cos 7 + isin 7) and 2| cos ra “Peesin es and 

r,(cos 6, + isin 0,)*m(cos 6, + isin @,) 
ae express the answer in standard notation. 

= rr[cos (0; + 6,) + isin (0; + 42) ] 
Tae eT 

5(cos 7 + isin 7) -2( cos ™ + isin =) 

qr “e aT 
= 50) Coe || ge ae = |) ar sia || a Se 

6 6 

V0 , ar 
==1 ON COS se aS Lee 

6 6 

Division of Complex Numbers Divide 3(cos 315° + isin 315°) by 6(cos 135° + isin 135°) 

whe and express the answer in standard notation. 
r,(cos 0, + isin 6,) P 

1(cos 8, + isin 0) 3(cOs315" eh gsi 315.) 

Gl cos 35) sr isin 135° ) 
= “/cos (6, — &) + isin (0, — 6,)], 

1) —— = fe) fe) . . ° ° 

= —| cos(315"—"185") + rsin(315° — 135 
mn #0 : : 

1 
= 7 \cos 180° + isin 180°) 

1 1 
= —(-1+i-0) = -- 
2 ) 2, 

DeMoivre’s Theorem Hind (-V/3 = ee 

[r(cos @ + isin @) |" We first find trigonometric notation: 

; = r"(cos n6 + isin nd) —V/3 — i = 2(cos 210° + isin 210°). 

Then 

(—V3 — i)§ = [2(cos 210° + isin 210°) }8 
2°(cos 1050° + i sin 1050°) 

32(cos 330° + i sin 330°) 

Eee] 
16/3 — 161. 

I| 

II ee bo 



Roots of Complex Numbers 

The nth roots of r(cos 6 + isin @) are 

Summary and Review 

Find the cube roots of —8. Then locate them on a graph. 

We first find trigonometric notation: 

—8 = 8(cos 180° + isin 180°). 

Then n = 3,1/n = 1/3, andk = 0,1, 2; and 

[8(cos 180° + isin 180°) ]'/3 

180° 360° 180° 360° 
= 81°] cos + k- ) + isin ( + k- )} 

B 3 5 3 

k = 0, 1,2. 
Imaginary 

The roots are 

2(cos 60° + isin 60°), 

2(cos 180° + isin 180°), and 

2(cos 300° + isin 300°), or 

fee eon ene 

SECTION 8.4: POLAR COORDINATES AND GRAPHS 

Plotting Points on a Polar Graph 

Any point P has rectangular coordinates 

(x, y) and polar coordinates (1, @). To 
plot points on a polar graph: 

1. Locate the direction angle 6. 

2. Move a directed distance r from the 
pole. Ifr > 0, move along ray OP. If 
r < 0, move in the opposite direc- 

tion of ray OP. 

To convert from rectangular coordinates 

to polar coordinates and from polar 

coordinates to rectangular coordinates, 

recall the following relationships: 

P(x, y), or 

P(r, @) 

2V 

x 
COS OL a — 7 COS. 0} 

sin@—=—, or y= 7rsme, 

Graph each of the following points: 

Convert ( =5; 5V3) to polar coordinates. 

We first find r: 

r= V(-s)? + (5V3)? 
= V25 + 75 = V100 = 10. 

Then we determine @: 

3 
tand = 5V3 _ 3: 

277 
therefore,@ = 120°, or xe 

Thus, (r, 8) = (10, 120°), or (10, 27/3). 
Other possibilities for polar coordinates for this point 

include (10, —47r/3) and (—10, 300°). 

623 
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Some curves have simpler equations in 

polar coordinates than in rectangular co- 

ordinates. For others, the reverse is true. 

Convert (4, 210°) to rectangular coordinates. 

The ordered pair (4, 210°) gives us r = 4 and @ = 210°. 

We now find x and y: 

Ve 
x = rcos@ = 4co0s 210° = (2 = =2V/3: 

2 

1 
y = rsin@ = 4sin210° = (-5) = —2. 

Thus, (x,y) = (-2V3, —2). 

Convert each of the following rectangular equations to a polar 

equation. 

a) x? + y’ = 100 

b) y- 3x = 11 

a) x + y = 100 

(rcos@)* + (rsin@)? = 100 

r cos.0 tor sin’ @ =. 100 

r’(cos’@ + sin’ @) = 100 

(100) cos’ @ + sin’ @ = 1 

b) y—3x=11 

(rsin@) — 3(rcos@) = 11 

r(sin9 — 3cos@) = 11 

Convert each of the following polar equations to a rectangular 
equation. 

a) r=7 

b) r = 3sin@ — 5cos@ 

a) r=7 

Ve abe = 7 

ie ny 40 

b) r = 3sin@ — 5cos@ 

r= 3rsin@ — 5rcos:0 Multiplying by r 
on both sides 

x” + oP = 3y — 5x 
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To graph a polar equation: Graphari== 2 3.cos\0: 

1. Make a table of values, choosing 

values of 6 and calculating corre- 

sponding values of r. As 8 increases 
sufficiently, points may begin to 
repeat. 

2. Plot the points and complete the 
graph. 

SECTION 8.5: VECTORS AND APPLICATIONS 

Vector The vectors v and AB are shown in the figure below. Show that 
A vector in the plane is a directed line v and AB are equivalent. 

segment. Two vectors are equivalent if , 

they have the same magnitude and the ee 

same direction. SA 
: Vv 
2 

A4(-5,1) 10,0) 
(eee ee eee 

2 = ye eae 
—2e 

=k 
-4 zi 

We first find the length: 

Thus, |v | = | AB|. (continued ) 
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The slopes of the lines that the vectors are on are: 

i sas Soe neem 
Pima ey 

4 

2 

ope O eye (25) 

4 
=—=2, 

2 

Since the slopes are the same, vectors v and AB have the same 

direction. 
Since v and AB have the same magnitude and the same 

direction, v = AB. 

If two forces F, and F, act on an object, Two forces of 85 N and 120 N act on an object. The angle be- 
the combined effect is the sum, or result- tween the forces is 62°. Find the magnitude of the resultant and 
ant, F, + F, of the separate forces. the angle that it makes with the larger force. 

We have 

ZA = 180° — 62° = 118°. 

We use the law of cosines to find the magnitude of the resultant v: 

|v|? = 1207 + 85? — 2+120°85-cos 118° 

|v] ~ V31,202 

= 177N. 

We use the law of sines to find 0: 

177 85 

sin 118° sin 0 

; 85 sin 118° 
SoG) SS NADAS 

WHF 

Gre 257. 

The magnitude of v is approximately 177 N, and it makes a 25° 

angle with the larger force, 120 N. 

Horizontal and Vertical Components A vector w has a magnitude of 200 and is inclined 52° with the 
of a Vector horizontal. Resolve the vector into its horizontal component 

The components of vector w are vectors and its vertical component. 
uand v such thatw = u + v. We gener- 

ally look for perpendicular components, 

with one component parallel to the x-axis 

(horizontal component) and the other 

parallel to the y-axis (vertical component). 

(continued ) 
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From AABC, we first find |u| and |v]: 

u 

cos 52° = i or |u| = 200cos52° ~ 123; 

eee Re he Pa eg bs 
sin52°> =s—, or. |v}. = 200sin 52° ~ 158. 

200 

Thus the horizontal component of w is 123 right, and the verti- 
cal component of w is 158 up. 

Given |u| = 16and|v| = 19, and that the angle between 
the vectors is 130°, find the sum of u + vy. Give the magnitude 

to the nearest tenth and give the direction by specifying to the 

nearest degree the angle that the resultant makes with u. 

G 

|v| = 19 

We first find A: 

A = 180° — 130° = 50°. 

We use the law of cosines to find |u + v|;: 

ju + v|? = 197 + 16 — 2-19-16 cos 50° 

ju+v| ~ V 226.19 =~ 15.0. 

Next, we use the law of cosines to find 0: 

19 = 15-16 = 2°15 16cos 6 

cos@ ~ 0.25 

0 = 76. 

The magnitude of u + v ~ 15, and the angle that u + v 
makes with u is about 76°. 

SECTION 8.6: VECTOR OPERATIONS 

Component Form of a Vector 

v = (a,b) 

The coordinate a is the scalar horizontal 

component of the vector, and the coordi- 

nate b is the scalar vertical component. 

The component form of AC with 

A = (x91) and C = (x, y2) is 

AC = (Xp = BGs Va) Nn) 

Find the component form of QR given Q(3, —9) and R(—5, 4). 

Then find the length, or magnitude, of QR. 

QR = (-5 — 3,4 — (-9)) = (-8,13) 
|OR| = V(—8)? + 13 = V64 + 169 = V233 = 15.3 

627 
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Vectors Do the indicated calculations, where 

Ifu = (uj, u,) andv = (vj, v2) and k is u = (—6,2) andv = (8,3). 

a scalar, then: a) Vv — 2 b) 50-F 3v 

Length: lv| = Vivi + v3; ea |at = -y| d) usv 

Addition: u+v=(u,+%,% + %); 

Subtraction: u — v = (tu, — V1, U2 — V2)3 a) v — 2u = (8,3) — 2(—6,2) 

Scalar Multiplication: =niSaoy = 1274) 
kv = (ky, kv); = (20,-1) 

Dot Product: u* Vv = u,v, + UV. 
b) 5u + 3v = 54-6, 2) +°3(3,3) 

Equivalent Vectors = (—30,10) + (24,9) 

Let u = (uu, uw) andv = (4,12). = (—6,19) 
Then (uw, u%) = (¥, v2) ifand only if j 
Ce and — V5, ey) fa v=" | 62) = 873) 

ele are 
= V(-14) + (-1) 
= Vig7 
= 14.0 

d) u-v = —6°8 + 2:3 
= —42 

Zero Vector Find a unit vector that has the same direction as the vector 

The vector whose initial and terminal Wee 94) 

points are both (0, 0) is the zero vector, We first find the length of w: 
denoted by O, or (0,0). Its magnitude |w| = V(-9)? + # = 1 Pepa Ge Non 

is 0. In vector addition, the zero vector is 
the additive identity vector: We are looking for a vector u whose length is 1 / \/97 of w and 

whose direction is the same as vector w: 
v + O}=y. 

1 1 S, t 
Unit Vector t= w= (-9,4) = ( : 

. Vo7 97 V97 97 
A vector of magnitude, or length, 1 is 

called a unit vector. 
: Express the vector q = (18, —7) asa linear combinati i 

Ifvisavectorandv # O, then P q ( ee 
and j. 

1 v : ; : : 
‘Vv, or —, q = (18,—-7) = 18i + (—7)j = 18i — 7j 

lv| Iv | 

is a unit vector in the direction of v. Write the vector r = —4i + j in component form. 

Unit vectors parallel to the x- and y-axes r= 445 = 4+ ap = (=4,1} 

are defined as 

i= (1,0) and j = (0,1). 

Any vector can be expressed as a linear 

combination of unit vectors i and j: 

V = (V2) = Yi + vj. 



Direction Angles 

Unit circle ‘I 
(0, 1) 

P(cos 6, sin @) 

The unit vector can be expressed in com- 
ponent form, 

u = (cos 6, sin 6), 

or 

u = (cos @)i + (sin @)j, 

where the components of u are func- 

tions of the direction angle 9 measured 
counterclockwise from the x-axis to the 

vector. 

Angle Between Two Vectors 

ucv 
cos §@ = 

|ul|v| 

Summary and Review 

Calculate and sketch the unit vector 

u = (cos @)i + (sin 6)j for @ = 57/4. 

Determine the direction angle 0 of the vector to the nearest 
degree. 

a) t= (-2,9) b) b = 5i + 3j 

a) te 2 9) 

9 9 ze > Z 
tang) ———. — =] and 6 — tan == |) = =77 

= 2 2 

Since t is in quadrant II, we know that 6 is a second- 

quadrant angle. The reference angle is 77°. Thus, 

@ = 180° — 77°, or 103°. 

b) b = 5i + 37 = (5,3) 

3 3 
tan =— and 6@=tan !— = 31° 

5 5 

Since b is in quadrant 1,0 ~ 31°. 

Find the angle between u = (—2,1) andv = (3, —4). 

We first find u « v, ,and |v|;: u 

We Vv = (2 )eBe 14) 10, 

jul = V(-2"? + P= V5, and 

lv| = V2 + (-4)? = V25 = 5. 

Then 

uv = 10) 
cos @ = = 

[ev 75-5 

6 af =ue ) 153.4° — COs — ae a 

N55 
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Forces in Equilibrium A 600-lb block is suspended by two cables as shown. At point B, 

When several forces act through the there are three forces acting: R, $, and W. Find the tension in 

same point on an object, their vector each cable. 
sum must be O in order for a balance to 

occur. 

We have 

R= | Ri (cos 1207), + (in 120°) 

S = |S|[(cos 40°)i + (sin 40°)j], and 

W = 600[ (cos 270°)i + (sin 270°)j] = —600j. 

For a balance, the vector sum must be the vector O: 

R+S+W=O. 

|R|[ (cos 120°)i + (sin 120°)j] 

+ |S|[ (cos 40°)i + (sin 40°)j] — 600j = Oi + Oj 

This gives us two equations: 

|R|(cos 120°) + |S|(cos 40°) = 0, 

|R|(sin 120°) + |S|(sin 40°) — 600 = 0. 

Solving this system of equations for | R| and |S], we get 
|R| ~ 467 and |S$| ~ 305. The tensions in the cables are 
467 lb and 305 |b. 

REVIEW EXERCISES 

Determine whether the statement is true or false. Solve A ABC, if possible. [8.1], [8.2] 

1. For any point (x, y) on the unit circle, (x, y)is a 7. a = 23.4 ft,b = 15.7 ft,c = 8.3 ft 
unit vector. [8.6] 8. B = 27°.C = 35°. b = 19in 

9. A = 133°28',C = 31°42’,b = 890m 

10. B = 37°,b = 4yd,c = 8 yd 

2. The law of sines can be used to solve a triangle when 
all three sides are known. [8.1] 

3. Two vectors are equivalent if they have the same 
magnitude and the lines that they are on have the 11. Find the area of AABC if b = 9.8 m,c = 7.3 m, 
same slope. [8.5] and A = 673°. 18.2) 

4. Vectors (8, —2) and (—8, 2) are equivalent. 12. A parallelogram has sides of lengths 3.21 ft and 
[8.6] 7.85 ft. One of its angles measures 147°. Find the 

5. Any triangle, right or oblique, can be solved if at re Ore paral eee a 
least one angle and any other two measures are 13. Sandbox. A child-care center has a triangular- 
known. [8.1] shaped sandbox. Two of the three sides measure 

15 ft and 12.5 ft and form an included angle of 42°. 
To determine the amount of sand that is needed to 
fill the box, the director must determine the area of 

6. When two angles and an included side of a triangle 
are known, the triangle cannot be solved using the 
law of cosines. [8.2] 



the floor of the box. Find the area of the floor of the 
box to the nearest square foot. [8.1] 

14. Flower Garden. A triangular flower garden has sides 
of lengths 11 m, 9 m, and 6 m. Find the angles of the 
garden to the nearest degree. [8.2] 

15. In an isosceles triangle, the base angles each measure 
52.3° and the base is 513 ft long. Find the lengths of 
the other two sides to the nearest foot. [8.1] 

16. Airplanes. Two airplanes leave an airport at the 
same time. The first flies 175 km/h in a direction of 
305.6°. The second flies 220 km/h in a direction of 
195.5°. After 2 hr, how far apart are the planes? [8.2] 

Graph the complex number and find its absolute value. [8.3] 

LINN Sy) 18. 4 

19921 20; 3a 

Find trigonometric notation. [8.3] 

20 dock 1 22 RAI 

23. 5\/ 3 53 24. ; 

Find standard notation, a + bi. [8.3] 

25. 4(cos 60° + isin 60°) 

26. 7(cos 0° + isin 0°) 

217 i 22) 
047/, SCOR — a= Shah —— 
( 3 3 

28. 2 hil (-2) . 2| cos a} isin é | 

Convert to trigonometric notation and then multiply or 
divide, expressing the answer in standard notation. [8.3] 

PM aC a4 30 
Fj 

29 N/ 33 
Zi), ee 

Werees 
32. i(3 — 3V/3i) 

Summary and Review 631 

Raise the number to the given power and write trigono- 
metric notation for the answer. [8.3] 

33. [2(cos 60° + isin 60°) ]? 

Ae: 

Raise the number to the given power and write standard 
notation for the answer. [8.3] 

35.4(1 87)° 

36. € + et eee) 
37. Find the square roots of —1 + i. [8.3] 

38. Find the cube roots of 3V3 — 3i. [8.3] 

39. Find and graph the fourth roots of 81. [8.3] 

40. Find and graph the fifth roots of 1. [8.3] 

Find all the complex solutions of the equation. [8.3] 

41 x= t= 0 Ad, x 1 = 0 

43. Find the polar coordinates of each of these points. 
Give three answers for each point. [8.4] 

90° 
12¢ 60 

A © 
150 6, 30° 

5 0 
ol ee | 4 4360° 

Be D 

210° 330° 

° 300° 240° 5790 

Find the polar coordinates of the point. Express the answer 
in degrees and then in radians. [8.4] 

44, (-4V2,4V2) 45. (0, —5) 

Convert from rectangular coordinates to polar coordinates. 
Express the answer in degrees and then in radians. [8.4] 

46. (—2,5) 47, (4.2, V7) 
Find the rectangular coordinates of the point. [8.4] 

71 

48. (. =) 

4 

Convert from polar coordinates to rectangular coordinates. 
Round the coordinates to the nearest hundredth. [8.4] 

7 
51. (-23, =) 

2) 

Convert to a polar equation. |8.4| 

527 ig ey GanO SE GE, 

Soe = 7b iis = 0 

49. (—6, -120°) 

502 15.) 

54, x? + y? = 9 
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Convert to a rectangular equation. [8.4| 

2650746 By te tat Se eee 

3 
i a 59. r — 2cos0@ = 3sin0 
ie SEcosG 

58. r= 

In Exercises 60-63, match the equation with one of figures 

(a)-(d) that follow. [8.4] 

b) 90° 
120° -—j-—~._ 60° 

150°/ ‘ae \ \\30° 

of | | (NQZ 0 
180° TAS YP] 360° 

210% * J 7330 

240° ~~" 300 
270 

d) 
90° 

120°; —~_ 60° 

240° =i ae ae ce 300° 
270° 270° 

60. r = 2sin0 61. r? = cos 20 

62 ja— i COsiG 63. rsin@d = 4 

Magnitudes of vectors u and v and the angle 0 between 
the vectors are given. Find the magnitude of the sum, 
u + vy, to the nearest tenth and give the direction by 
specifying to the nearest degree the angle that it makes 
with the vector u. [8.5] 

64. |u| = 12, |v| = 15, 6 = 120° 

65. |u| = 41, |v| = 60, 6 = 25° 

The vectors u, v, and w are drawn below. Copy them on 
a sheet of paper. Then sketch each of the vectors in 
Exercises 66 and 67. [8.5] 

66. u— Vv 67. u + 3w 

68. Forces of 230 N and 500 N act on an object. The 
angle between the forces is 52°. Find the resultant, 
giving the angle that it makes with the smaller 
force. [8.5] 

69. Wind. A wind has an easterly component of 
15 km/h and a southerly component of 25 km/h. 
Find the magnitude and the direction of the wind. 
[8.5] 

70. Ship. A ship sails N75°E for 90 nautical mi, and 

then S$10°W for 100 nautical mi. How far is the ship, 

then, from the starting point and in what direction? 

[8.5] 

Find the component form of the vector given the initial and 

terminal points. [8.6] 

71. AB; A(2, —8), B(—2, —5) 

72. TR; R(0,7), T(—2, 13) 

73. Find the magnitude of vector u ifu = (5, —6). [8.6] 

Do the calculations in Exercises 74-77 for the vectors 

u = (3;—4), ¥ = (389), and: w= (25s 

[8.6] 

74. 4u + w 155 2Wia ON: 

76. |u| + |2w| 77. uew 

78. Find a unit vector that has the same direction as 

v= (-6,-2). [8.6] 

79. Express the vector t = (—9, 4) asa linear combi- 
nation of the unit vectors i and j. [8.6] 

80. Determine the direction angle 6 of the vector 
w = (—4,-—1) to the nearest degree. [8.6] 

81. Find the magnitude and the direction angle 0 of 
u = —5i — 3j. [8.6] 

82. Find the angle between u = (3, —7) and 
v = (2,2) to the nearest tenth of a degree. [8.6] 

83. Airplane. An airplane has an airspeed of 160 mph. 
It is to make a flight in a direction of 80° while there 
is a 20-mph wind from 310°. What will the airplane's 
actual heading be? [8.6] 

Do the calculations in Exercises 84-87 for the vectors 

U = 21 + Sj, (Vis oie 10), ands we ieee 

[8.6] 

84. 5u — 8v $5. t= "(Vw 

86. |u — v| 87. 3|w| + |v| 

88. Express the vector PQ in the form ai + bj, if P 
is the point (1, —3) and Q is the point (—4, 2). 
[8.6] 

Express each vector in Exercises 89 and 90 in the form 
ai + bj and sketch each in the coordinate plane. [8.6] 

89. The unit vectors u = (cos @)i + (sin 6)j for 
= 7/4and 60 = 57/4. Include the unit circle 

x’ + y* = 1 in your sketch. 

90. The unit vector obtained by rotating j counterclock- 
wise 27/3 radians about the origin. 

91. Express the vector 3i — j as a product of its magni- 
tude and its direction. 
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92. Which of the following is the trigonometric nota- > Synth esis 
tion for 1 — i? [8.3]. 

95. Letu = 12i + 5j. Find a vector that has the same 5 5 
A. Va{ cos = + sin ==) direction as u but has length 3. [8.6] 

96. A parallelogram has sides of lengths 3.42 and vf i 
B. val cos — sin =) 6.97. Its area is 18.4. Find the sizes of its angles. 

a : [8.1] 
C 77 + 1 oy 71 5 re 6 

ae ae Aa » Collaborative Discussion 
7 : , and Writin 

D. Va{ cos Si Sin aa g 
4 97. Summarize how you can tell algebraically when 

solving triangles whether there is no solution, one 93. Convert the polar equation r = 100 to a rectangular 
i : oe solution, or two solutions. [8.1], [8.2] equation. [8.4] 

A. x’ + y? = 10,000 B. x? + y? = 100 98. Give an example of an equation that is easier to 
c Vie eee an Wie ae graph in polar notation than in rectangular notation 

psi Vii = eX tee Ve 
and explain why. [8.4] 

94. The graph of r = 1 — 2 cos @ is which of the 
following? [8.4] 

A. : 

99. Explain why the rectangular coordinates of a point 
are unique and the polar coordinates of a point are 
not unique. [8.4] 

100. Explain why vectors QR and RQ are not equivalent. 
[8.5] 

101. Explain how unit vectors are related to the unit 
circle. [8.6] 

102. Write a vector sum problem for a classmate for 
which the answer is v = 5i — 8j. [8.6] 

270° 

Solve AABC, if possible. measure of 2 ACB is determined to be 44°. What is 
Wen epi 54 CO = 23° the distance from A to B? 

6. Location of Airplanes. Two airplanes leave an Dee oot 05 me = 336° 
ae ~ airport at the same time. The first flies 210 km/h in 

Sd Moin 089. Sane = Ll in: a direction of 290°. The second flies 180 km/h ina 
A ‘Pind thearea of AABCifC = 1064°,g = 7m, and direction of 185°. After 3 hr, how far apart are the 

: i een planes? 

5. Distance Across a Lake. Points A and B are on Ue AGEN) URN Sts at 

opposite sides of a lake. Point C is 52 m from A. The Ae Cindiheabcoluteatiech. ae 

measure of Z BAC is determined to be 108°, and the 
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9. Find trigonometric notation for 3 — 31. 18. Find a unit vector in the same direction as 

; —4i -b 3): 
10. Divide and express the result in standard notation J 

Gar ADi. 19. Which of the following is the graph of r = 3 cos 6% 

2a 27 A. accra B. oe 
2 (os Se oh vil 22) Ta llitey a ~ 
BES np) TEL 5 150° we S 30° 150% , A . : 30° 

8 Ue aed > @ 4 y 
a. as on i (GSS ales es ts jo a0) COs E 1S1n 6 180 oom Jj “ ‘@) 1 Bene 180 I : : 4 360° 

11. Find (1 — i)’ and write standard notation for the 20% 330° 210° \ “ 7 330° 
answer. 240° 300° 240° —L a 300° 

270° 270 
12. Find the polar coordinates of ( 14 V3). Express C. Bae D. 90° 

the angle in degrees using the smallest possible posi- 120° —7-—~. 60° 120°-——T ——~ 60° 

tive angle. ee ae 150° / SoZ 30° 

27 0 ; (Se, \_| 0 e 180 as 
poke 2] 4 | 360° PAKS 13. Convert (- I 2) to rectangular coordinates. 2] 4% | 360° 

ie 10° 330° 210° 330° 
14. Convert to a polar equation: x“ + y“ = 10. : —\ 

240° re 3008 DAO arene 00s 
15. Graph: r = 1 — cos 0. a ahs 

16. For vectors uand vy, |u| = 8, |v| = 5, and the angle . . 
between the vectors is 63°. Find u + v. Give the Synthesis 

magnitude to the nearest tenth, and give the direction 20. A parallelogram has sides of length 15.4 and 9.8. Its 
by specifying the angle that the resultant makes with area is 72.9. Find the measures of the angles. 
u, to the nearest degree. 

17. Foru = 2i — 7jandv = 5i + j, find 2u — 3v. 



At the 2014 Paralympic Games in Sochi, 

Russia, the top three countries—the Russian 

Federation, Ukraine, and the United States— 

won a total of 123 medals. Ukraine won 7 

more medals than the United States. The 

Russian Federation won 37 more medals 

than the total amount won by Ukraine and 

the United States. (Source: International 

Paralympic Committee) How many medals 

did each of the top three countries win? 

| Study Guide — 

ChapterTest = 
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‘Systems of Equations in Two Variables 

Solve a system of two linear equations in two variables by graphing. 

» Solve a system of two linear equations in two variables using the substitution method 

and the elimination method. 

»® Use systems of two linear equations to solve applied problems. 

A system of equations is composed of two or more equations considered simul- 

taneously. For example, 

Be ae i gon, 

PRGA 5 Dim A 

is a system of two linear equations in two variables. The solution set of this 
system consists of all ordered pairs that make both equations true. The ordered 
pair (2, —3) is a solution of the system of equations above. We can verify this by 
substituting 2 for x and —3 for y in each equation. 

ie Vie 2 DE Snes a 

ig = (Byers te ea 
2+3 4-3 

5 | 5 TRUE 1 | 1 TRUE 

» Solving Systems of Equations Graphically GRAPHS OF EQUATIONS 

REVIEW SECTION 1.1 
sai 

Recall that the graph of a linear equation is a line that contains all the ordered pairs 
in the solution set of the equation. When we graph a system of linear equations, 
each point at which the graphs intersect is a solution of both equations and there- 
fore a solution of the system of equations. 

Technology Connection 

EXAMPLE 1 Solve the following system of equations graphically. 
To use a graphing calculator 
to solve the system of equations nd) mee 
in Example 1, it might be nec- 2x+y=1 
essary to write each equation 
in’ Y = -+-” form. Ifso, we 
would graph y,; = x — 5and 
Y2 = —2x + 1 and then use 
the INTERSECT feature. We see 

Solution We graph the equations on the same set of axes, as shown below. 

that the solution is (2, —3). 

Vy Soe ee VS SRA 

y2 10 
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We see that the graphs intersect at a single point, (2, —3), so (2, —3) is the 
solution of the system of equations. To check this solution, we substitute 2 for x and 
—3 for y in both equations as we did above. 

Now Try Exercise 7. 

The graphs of most of the systems of equations that we use to model applications 
intersect at a single point, like the system above. However, it is possible that the 
graphs will have no points in common or infinitely many points in common. Each 
of these possibilities is illustrated below. 

YA 

q 

> 
x 

Parallel lines Lines are identical. 
Exactly one common point No common points Infinitely many common points 

One solution No solution Infinitely many solutions 

Consistent Inconsistent Consistent 

Independent Independent Dependent 

If a system of equations has at least one solution, it is consistent. If the system 
has no solutions, it is inconsistent. In addition, for a system of two linear equa- 

tions in two variables, if one equation can be obtained by multiplying by a constant 
on both sides of the other equation, then the equations are dependent. Otherwise, 
they are independent. A system of two dependent linear equations in two vari- 
ables has an infinite number of solutions. 

» The Substitution Method 

Solving a system of equations graphically is not always accurate when the solu- 
tions are not integers. A solution like (3, = 3), for instance, will be difficult to 
determine from a hand-drawn graph. 

Algebraic methods for solving systems of equations, when used correctly, 
always give accurate results. One such technique is the substitution method. It is 
used most often when a variable is alone on one side of an equation or when it is 
easy to solve for a variable. To apply the substitution method, we begin by using 
one of the equations to express one variable in terms of the other; then we substi- 
tute that expression in the other equation of the system. 
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JUST 

IN 

TIME 

EXAMPLE 2 Use the substitution method to solve the system 

x= y = 5; (1) 

2x + y= 1. (2) 

Solution First, we solve equation (1) for x. (We could have solved for y instead.) 

We have 

Ne wD, (1) 

KA VTLS! Solving for x 

Then we substitute y + 5 for x in equation (2). This gives an equation in one 

variable, which we know how to solve: 

ax + y= 1 (2) 

2(y 5) Foy 1 The parentheses are necessary. 

Oem $e 9il Removing parentheses 

Soya LOe = Collecting like terms on the left 

BAY aan oe) Subtracting 10 on both sides 

Vo ae o: Dividing by 3 on both sides 

Now we substitute —3 for y in either of the original equations (this is called back- 
substitution) and solve for x. We choose equation (1): 

Lay = 5 (1) 

Xi (eS. =e 5 Substituting —3 for y 

eo 3 oS 

x = 2. Subtracting 3 on both sides 

We have previously checked the pair (2, —3) in both equations. The solution of the 
system of equations is (2, —3). Since there is exactly one solution, the system of 
equations is consistent, and the equations are independent. 

(Lia 
» The Elimination Method 

Another algebraic technique for solving systems of equations is the elimination 
method. With this method, we eliminate a variable by adding two equations. If the 
coefficients of a particular variable are opposites, we can eliminate that variable 
simply by adding the original equations. For example, if the x-coefficient is —3 in 
one equation and is 3 in the other equation, then the sum of the x-terms will be 0 
and thus the variable x will be eliminated when we add the equations. 



SECTION 9.1 = Systems of Equations in Two Variables 639 

EXAMPLE 3 Use the elimination method to solve the system of equations 

2X Gta ys 12 (1) 

x-y=/7. (2) 

Algebraic Solution 

Visualizing the Solution 

Since the y-coefficients, 1 and —1, are opposites, we can elimi- 
nate y by adding the equations: 

2x+y=2 (1) 

Cay =F (2) 

on ——o. Adding 

x = 3. 

We graph 2x + y = 2andx — y= 7. 

We then back-substitute 3 for x in either equation and solve for 
y. We choose equation (1): 

2x +y=2 (1) 

2a sy = 2 Substituting 3 for x 

6a) — 2 

(Gear ses 

We check the solution by substituting the pair (3, —4) in both 
equations. 

The graphs intersect at the point 

ety 2 RV 7 (3, —4), so the solution of the system of 

2-3 + (—4) 2 2 3 — (-4) 27 equations is (3, —4). 

6—4 

2 

Sac 

Zh 

Now Try Exercise 31. 

2 TRUE 7 TRUE 

The solution is (3, —4). Since there is exactly one solution, 
the system of equations is consistent, and the equations are 

independent. 

Before we add, it might be necessary to multiply one or both equations by 
suitable constants in order to find two equations in which the coefficients of a 

variable are opposites. 
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EXAMPLE 4. Use the elimination method to solve the system of equations 

AX er Gye 1s (1) 

= 5x ely — 15, (2) 

Visualizing the Solution 

We can obtain x-coefficients that are opposites by multiplying 

the first equation by 5 and the second equation by 4: We graph 4x + 3y = ll and 

—5x + 2y = 15. 
LO lS ye so) Multiplying equation (1) by 5 

ko = .00 Multiplying equation (2) by 4 y 

ZY =a 15 Adding 

Vi 5: 

We then back-substitute 5 for y in either equation (1) or (2) and 

solve for x. We choose equation (1): 

8/—5x + 2y= 15 

Axe Oya Lb (1) 4x+ 3y=11 

AX APS cD 1] Substituting 5 for y 

4x + 15 = 11 

BX ee 

es 

We can check the pair (—1, 5) by substituting in both equations. 
The solution is (—1, 5). The system of equations is consistent, The graphs intersect at the point 
and the equations are independent. (—1, 5), so the solution of the system of 

equations is (—1, 5). 

Now Try Exercise 33. 

In Example 4, the two systems 

4x + 3y = 11, 20x + 15y = 55, 
ee ee SONA ee) ee Gop alee Sy) = 00 

EQUATION-SOLVING; | 

| erect CaSke | are equivalent because they have exactly the same solutions. When we use the 

| REVIEW SECTION 1.5 | elimination method, we often multiply one or both equations by constants to find 
Sere vill cit = So equivalent equations that allow us to eliminate a variable by adding. 

YK EXAMPLE 5 Solve each of the following systems using the elimination method. 

a) x= Sy =1, (1) b) 2x + 3y = 6, (1) 

—2x+6y=5 (2) 4x + 6y=12 (2) 

Solution 

a) We multiply equation (1) by 2 and add: 

2x —- 6y =2 Multiplying equation (1) by 2 

—2x + 6y = 5 (2) 

Ora. Adding 

There are no values of x and y for which 0 = 7 is true, so the system has no 
solution. The solution set is ©. The system of equations is inconsistent and the 

Figure 1. equations are independent. The graphs of the equations are parallel lines, as 
shown in Fig. 1. 



2x + 3y = 6 

ax OY = 12 

Figure 2. 
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b) We multiply equation (1) by —2 and add: 

Ny Multiplying equation (1) by —2 

4x + 6y = 12 (2) 

0=0. Adding 

We obtain the equation 0 = 0, which is true for all values of x and y. This tells 
us that the equations are dependent, so there are infinitely many solutions. That 
is, any solution of one equation of the system is also a solution of the other. The 
system of equations is consistent. The graphs of the equations are identical, as 
shown in Fig. 2. 

Solving either equation for y, we have y = —%x + 2, so we can write the 
solutions of the system as ordered pairs (x, y), where y is expressed as — 3x + 2. 
Thus the solutions can be written in the form (x, —$x + 2). Any real value that 
we choose for x then gives us a value for y and thus an ordered pair in the solu- 
tion set. For example, 

ifx = —3, then-—3x + 2 = —3(-3) +2 =4, 

ifx = 0, then—$x +2 = —2-0+2=2, and 

ifx=6, then—fx +2 = —-2-6+2=-2. 

Thus some of the solutions are (—3, 4), (0, 2), and (6, —2). 
Similarly, solving either equation for x, we have x = —}y + 3, so 

ec eG y) can also be written, expressing x as —}y + 3, in the form 
3 

ay, stg Shy : 

Since the two forms of the solutions are equivalent, they yield the same so- 
lution set, as illustrated in the table at left. Note, for example, that when y = 4, 

we have the solution (—3, 4); when y = 2, we have (0, 2); and when y = —2, 
we have (6, —2). Now Try Exercises 35 and 37. 

» Applications 

Frequently the most challenging and time-consuming step in the problem-solving 
process is translating a situation to mathematical language. However, in many 
cases, this task is made easier if we translate to more than one equation in more 
than one variable. 

EXAMPLE 6 Snack Mixtures. At Max’s Munchies, caramel corn worth $2.50 
per pound is mixed with honey-roasted mixed nuts worth $7.50 per pound in order 
to get 20 lb of a mixture worth $4.50 per pound. How much of each snack is used? 

Solution We use the five-step problem-solving process. 

1. Familiarize. Let’s begin by making a guess. Suppose 16 lb of caramel corn and 
4 |b of nuts are used. Then the total weight of the mixture would be 16 lb + 4 lb, 

or 20 lb, the desired weight. The total values of these amounts of ingredients are 
found by multiplying the price per pound by the number of pounds used: 

Caramel corn: $2.50(16) = $40 

Nuts: $7.50(4) = $30 

Total value: $70. 

The desired value of the mixture is $4.50 per pound, so the value of 20 Ib would 
be $4.50(20), or $90. Thus we see that our guess, which led to a total of $70, is 
incorrect. Nevertheless, these calculations will help us to translate. 



642 CHAPTER 9 Systems of Equations and Matrices 

2. Translate. We organize the information in a table. We let x = the number of 

pounds of caramel corn in the mixture and y = the number of pounds of nuts. 

Caramel 
Corn Nuts Mixture 

Price per 
Pound $2.50 $7.50 $4.50 

Number 
of Pounds 6 y 20 —r xt y = 20 

Value of 
Mixture 2.50x 750s 450(20),0r 90) | ——> 2.50x + 7.50y = 90 

From the second row of the table, we get one equation: 

x+y = 20. 

The last row of the table yields a second equation: 

SOM SOV = 0s er Ohe 25 ch OY = .90, 

We can multiply by 10 on both sides of the second equation to clear the deci- 
mals. This gives us the following system of equations: 

x+y = 20, (1) 
25x + 75y = 900. — (2) 

3. Carry out. We carry out the solution as follows. 

Algebraic Solution De Fe ee 
Vv isualizing the Solution 

Using the elimination method, we multiply 
equation (1) by —25 and add it to equation (2): The solution of the system of equations is 

the point of intersection of the graphs of the 
SO ey = 00 j 

equations. 
25x + 75y = 900 

50y = 400 
Vi Os 

Then we back-substitute to find x: 

x+y = 20 (1) 

x+ 8 = 20 Substituting 8 for y 

x = 12. 

The solution is (12, 8). 

The graphs intersect at the point (12, 8), 
so the solution of the system of equations is 
(12, 8). 
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4. Check. If 12 lb of caramel corn and 8 lb of nuts are used, the mixture weighs 
12 + 8, or 20 lb. The value of the mixture is $2.50(12) + $7.50(8), or 
$30 + $60, or $90. Since the possible solution yields the desired weight and 
value of the mixture, our result checks. 

5. State. The mixture should consist of 12 lb of caramel corn and 8 |b of honey- 

roasted mixed nuts. TRE 

EXAMPLE 7 Airplane Travel. An airplane flies the 3000-mi distance from 
Los Angeles to New York, with a tailwind, in 5 hr. The return trip, against the wind, 
takes 6 hr. Find the speed of the airplane in still air and the speed of the wind. 

Solution 

1. Familiarize. We first make a drawing, letting p = the speed of the plane in 
still air, in miles per hour, and w = the speed of the wind, also in miles per 

hour. When the plane is traveling with a tailwind, the wind increases the speed 
of the plane, so the speed with the tailwind is p + w. On the other hand, the 
headwind slows the plane down, so the speed with the headwind is p — w. 

With the tailwind: 

Speed: p + w 

Time: 5 hr 

Distance: 3000 mi 

~ With the headwind: 
Speed: p — w 
Time: 6 hr 

Distance: 3000 mi 

Angeles 

2. Translate. We organize the information in a table. Using the formula 
Distance = Rate (or Speed) + Time, we find that each row of the table yields an 

equation. 

With Tailwind ——> 3000 = (p + w)5 

With Headwind —> 3000 = (p — w)6 

We now have a system of equations: 

3000 = (p + w)5, 600 =pt+w, (1) Dividing by 5 
or 

3000 = (p — w)6, 500 =p-—w. (2) Dividing by 6 
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3. Carry out. We use the elimination method: 

600=ptw (1) 
500 =p—w (2) 

11008 S22 Adding 

SL yu Dividing by 2 on both sides 

Now we substitute in one of the equations to find w: 

600 =p tw (1) 

600) =1550) +. iw Substituting 550 for p 

50 = w. Subtracting 550 on both sides 

4. Check. If p = 550 and w = 50, then the speed of the plane with the tailwind 

is 550 + 50, or 600 mph, and the speed with the headwind is 550 — 50, or 
500 mph. At 600 mph, the time it takes to travel 3000 mi is 3000/600, or 5 hr. 
At 500 mph, the time it takes to travel 3000 mi is 3000/500, or 6 hr. The times 
check, so the answer is correct. 

5. State. The speed of the plane is 550 mph, and the speed of the wind is 50 mph. 

Now Try Exercise 65. 

EXAMPLE 8 Supply and Demand. Suppose that the price and the supply of 
the Star Station satellite radio are related by the equation 

Ve= DOM eax, 

where y is the price, in dollars, at which the seller is willing to supply x thousand 
units. Suppose too that the price and the demand for the same model of satellite 
radio are related by the equation 

y = 200 — 25x, 

where y is the price, in dollars, at which the consumer is willing to buy x thousand 
units. 

The equilibrium point for this radio is the pair (x, y) that is a solution of both 
equations. The equilibrium price is the price at which the amount of the product 
that the seller is willing to supply is the same as the amount demanded by the con- 
sumer. Find the equilibrium point for this radio. 

Solution 

1.,2. Familiarize and Translate. We are given a system of equations in the state- 
ment of the problem, so no further translation is necessary. 

y=90+ 30x, = (1) 

y = 200 — 25x = (2) 

We substitute some values for x in each equation to get an idea of the corre- 
sponding prices. When x = 1, 

y= 90 + 30*1 = 120; Substituting in equation (1) 

y= 20025 9 t= 175, Substituting in equation (2) 

This indicates that the price when | thousand units are supplied is lower than 
the price when | thousand units are demanded. 
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When x = 4, 

V 90 t1450 4 — "210; Substituting in equation (1) 

y = 200 — 25°4 = 100. Substituting in equation (2) 

In this case, the price related to supply is higher than the price related to 
demand. It would appear that the x-value we are looking for is between 1 and 4. 

. Carry out. We use the substitution method: 

a= 0 Us Equation (1) 

200 — 25x = 90 + 30x Substituting 200 — 25x for y 

110 = 55x Adding 25x and subtracting 90 on both sides 

2= x. Dividing by 55 on both sides 

We now back-substitute 2 for x in either equation and find y: 

y = 200 — 25x (2) 

= 200 — 25+2 Substituting 2 for x 

= 200 — 50 

= 150. 

We can visualize the solution as the coordinates of the point of intersection of 
the graphs of the equations y = 90 + 30x and y = 200 — 25x. 

y = 90 + 30x 

— 

y= 200-2 

. Check. We can check by substituting 2 for x and 150 for y in both equations. 
Also note that 2 is between 1 and 4, as we expected from the Familiarize and 

Translate steps. 

. State. The equilibrium point is (2, $150). That is, the equilibrium quantity is 2 
thousand units and the equilibrium price is $150. 

Now Try Exercise 69. 
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Visualizing 
the Graph 

Match the equation or system of 
equations with its graph. 

eX ey = 6 

Dei (pen 

3 fie A 

4. (x — 2) + (y+ 3/7 =9 

Xo al 
DINE oie 5) 

x —x-—6 
8. f(x) = ae 

Ory eer 

DD dis aaa 

LO 3s. 

Answers on page A-49 
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9.1 Exercise Set 

In Exercises 1-6, match the system of equations with one of 13 xe eye —, 14. 2x + y= 5, 
the graphs (a)-(f) that follow. y = —2x x= —3y 

DOS E2 Vax eels LGis Vit oNecaD, 
SNe. OV icin Sh re 5)? Sean: 

Solve using the substitution method. 

We eo cee 18.03% ou Vy —s0; 
Phy MGS a9) xty=3 

19. x -— 2 =7, 20. x + 4y = 6, 
Kea ele Nee By ae) 

PA es 2 ema (ey LLM RE SV it, 
Deo = 6 EAS a 

De Be CRB) ean ehy 2A) Xie LV b= 19) 
y=4—% 2K AVEO 

2D Xam yaaa DGS S0Gt aia Viera ls, 
Ve ae, Beate Pe 

27. x + 2y=2, 28. 2x — y = 2, 
AX EAVES AX aye 

Phe Ris sos Vt ets SOE VTS 

SVHA IGS Vi Weer 

Solve using the elimination method. Also determine 
whether each system is consistent or inconsistent and 
whether the equations are dependent or independent. 

SW MAG ea RE Wk S23 OME aye es 

Wee 9 a ee) So ya 

33. x — By. = 2, gy pier ach gyi aki) 
OXsglgeD) a ae LON are tL Vee 

Joe VO, SO OVE. 

2 Sys OX a Dy teem 

3] ee es DON ONG) al Zs 

VL ee | AX eistOVe—S 

ari Ale a seas ert 39. 2x = 5 — 3y, 40. 7(x — y) = 14, 
Oa ae y Ax = 11 = 7y x =yt5 

Solve graphically. 4s 0b 08 

Teh TA ete Sao el 0.2x — 0.3y = —0.6 
Ship ar O S25 1 Maar aL (Hint: Since each coefficient has one decimal place, 

9.x +2y=1 10. 3x + 4y = 5, first multiply each equation by 10 to clear the 

x + 4y=3 x—2y=5 decimals.) 

11. y Je | = Die. 12. 2x -— y = 1, AD) 23a 0.3y = (OFS: 

(Hint: Since each coefficient has one decimal place, 

first multiply each equation by 10 to clear the 
decimals.) 
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3 ~ 
Bee 
(Hint: First multiply by the least common denomina- 
tor to clear fractions.) 

44, 3x + 3y = -17, 
1 = 
PCED A 
(Hint: First multiply by the least common denomina- 
tor to clear fractions.) 

In Exercises 45-50, determine whether the statement is true 

or false. 

45. If the graph of a system of equations is a pair of 
parallel lines, then the system of equations is 
inconsistent. 

46. If we obtain the equation 0 = 0 when using the 
elimination method to solve a system of equations, 
then the system has no solution. 

47. If a system of two linear equations in two variables is 
consistent, then it has exactly one solution. 

48. If a system of two linear equations in two variables is 
dependent, then it has infinitely many solutions. 

49. It is possible for a system of two linear equations in 
two variables to be consistent and dependent. 

50. It is possible for a system of two linear equations in 
two variables to be inconsistent and dependent. 

51. Cosmetic Survey. Liposuction and breast augmen- 
tation are the two most popular cosmetic surgeries 

in the United States. Together, these two procedures 
accounted for 677,239 surgeries in 2013. The num- 
ber of breast augmentation surgeries was 50,585 
fewer than the number of liposuction surgeries. 
(Source: American Society for Aesthetic Plastic Sur- 
gery) Find the number of each type of surgery. 

52. 

5S 

54. 

oo: 

Military Spending. 1n 2013, the United States spent 

$452 billion more on the military than China spent 

on its military. Together, China and the United States 
spent $828 billion. (Source: Stockholm International 
Peace Research Institute) Find the amount spent on 
the military in China and in the United States. 

Apartment Rent. The average apartment rent in the 

United States is $1230 per month (Source: realtor. 
com). Jacob has an apartment in Boston and one in 
San Francisco. The total monthly rent for the two 
apartments is $4904. The rent in Boston is $1142 less 
than the rent in San Francisco. Find the rent for each 
apartment. 

Baggage Fees. In 2012 and in 2013, US. airlines 
collected a total of $6.84 million in baggage fees, with 
the baggage fees in 2012 exceeding those in 2013 by 
$0.14 million (Source: U.S. Department of Transpor- 
tation). Find the amount collected in baggage fees in 
2012 and in 2013. 

The Amish. About 270,000 Amish live in the 

United States. Of that number, 74,060 live in 

Wisconsin and Ohio. The number of Amish in 

Ohio is 14,232 more than three times the number 

in Wisconsin. (Sources: 2010 U.S. Religion Census, 
published in 2012; Albrecht Powell, “Amish 101- 
Amish Beliefs, Culture & Lifestyle, History of 
the Amish in America.”) How many Amish live in 
each state? 

56. Calories in a Pie. Using the calorie count of one- 
eighth of a 9-in. pie, we find that the number of 
calories in a piece of pecan pie is 221 less than twice 
the number of calories in a piece of lemon meringue 
pie. If one eats a piece of each, a total of 865 calories 
is consumed. (Source: Good Housekeeping, Good 



7s 

58. 

D9: 

60. 

61. 

Health, p. 41, November 2007) How many calories 
are there in each piece of pie? 

Mail-Order Business. A mail-order gardening 
equipment business shipped 120 packages one day. 
Customers are charged $6.50 for each standard- 
delivery package and $10.00 for each express-delivery 
package. Total shipping charges for the day were 
$934. How many of each kind of package were 
shipped? 

Concert Ticket Prices. One evening 1500 concert 
tickets were sold for the Fairmont Summer Jazz Fes- 

tival. Tickets cost $25 for a covered pavilion seat and 
$15 for a lawn seat. Total receipts were $28,500. How 
many of each type of ticket were sold? 

Investment. Charles inherited $15,000 and invested 

it in two municipal bonds that pay 4% and 5% simple 
interest. The annual interest is $690. Find the amount 

invested at each rate. 

Coffee Mixtures. The owner of The Daily Grind 
coffee shop mixes French roast coffee worth $12.00 
per pound with Colombian coffee worth $9.50 per 
pound in order to get 20 lb of a mixture worth $10.50 
per pound. How much of each type of coffee was 

used? 

Infinity Scarves. During the holiday season, Brianna 
sold scarves at a kiosk in a shopping mall. Embroi- 
dered floral scarves cost $24 each, and sheer chevron 
scarves cost $18. One day she sold 39 scarves. Total 
receipts for the day were $798. How many of each 
kind of scarf did she sell? 
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. Commissions. Bentley’s Office Solutions offers its 
sales representatives a choice between being paid a 
commission of 8% of sales or being paid a monthly 
salary of $1500 plus a commission of 1% of sales. For 
what amount of monthly sales do the two plans pay 
the same? 

Nutrition. A one-cup serving of spaghetti with 
meatballs contains 260 Cal (calories) and 32 g 
of carbohydrates. A one-cup serving of chopped 
iceberg lettuce contains 5 Cal and 1 g of carbohy- 
drates. (Source: U.S. Department of Agriculture) 

How many servings of each would be required to 
obtain 400 Cal and 50 g of carbohydrates? 

Nutrition. One serving of tomato soup contains 

100 Cal and 18 g of carbohydrates. One slice of whole 
wheat bread contains 70 Cal and 13 g of carbohy- 
drates. (Source: U.S. Department of Agriculture) 
How many servings of each would be required to 
obtain 230 Cal and 42 g of carbohydrates? 

Motion. A Leisure Time Cruises riverboat travels 
46 km downstream in 2 hr. It travels 51 km upstream 
in 3 hr. Find the speed of the boat and the speed of 
the stream. 

Motion. A DC10 airplane travels 3000 km with a 
tailwind in 3 hr. It travels 3000 km with a headwind 
in 4 hr. Find the speed of the plane and the speed of 
the wind. 

Motion. Two private airplanes travel toward each 
other from cities that are 780 km apart at speeds of 
190 km/h and 200 km/h. They left at the same time. 
In how many hours will they meet? 

Motion. Mackenzie's boat travels 45 mi downstream 
in 3 hr. The return trip upstream takes 5 hr. Find the 
speed of the boat in still water and the speed of the 
current. 

Supply and Demand. The supply and demand for 
an all-terrain skateboard are related to price by the 
equations 

y= 140s 4; 

Va DO 
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respectively, where y is the price, in dollars, and 
x is the number of units, in thousands. Find the 
equilibrium point for this product. 

70. Supply and Demand. The supply and demand for a 
particular model of treadmill are related to price by 
the equations 

y = 240 + 40x, 
Waa U0e =) 2555 

respectively, where y is the price, in dollars, and x is 
the number of units, in thousands. Find the equilib- 
rium point for this product. 

The point at which a company’s costs equal its revenues 
is the break-even point. In Exercises 71-74, C represents 
the production cost, in dollars, of x units of a product 
and R represents the revenue, in dollars, from the sale of 
x units. Find the number of units that must be produced 
and sold in order to break even. That is, find the value of 
x for which C = R. 

Pile = |Ax + 350, 

Geax 

C 

R 

Wir, (C, = Gyave sp 75s 

R = 10x 

Ie, C = Wee ar WACO, 

R 

6; 

= 18x — 6000 

74. 

» Skill Maintenance 

75. Registered Snowmobiles. There were 251,986 regis- 
tered snowmobiles in Minnesota in 2013. This was 

21,952 more than twice the number of registered 

snowmobiles in New York. (Sources: International 

Snowmobile Manufacturers Association; Maine Snow- 

mobile Association) Find the number of registered 
snowmobiles in New York. [1.5] 

76. International Adoptions. In 2013, the number of 

international adoptions in the United States was at its 

lowest level since 2004. The number of international 

adoptions in 2013 totaled 7094, a decrease of 69.1% 

from 2004 (Source: U.S. State Department). Find the 

number of international adoptions in 2004. Round to 

the nearest ten. [1.5] 

Consider the function 

fy 

in Exercises 77-80. 

77. What are the inputs if the output is 15? [3.2] 

78. Given an output of 8, find the corresponding 

inputs. [3.2] 

79. What is the output if the input is —2¢ [1.2] 

80. Find the zeros of the function. [3.2] 

» Synthesis 

81. Gas Mileage. The 2014 Volkswagen CC 2.0T gets 
22 miles per gallon (mpg) in city driving and 31 mpg 
in highway driving (Source: Motor Trend, May 2014). 
The car is driven 314 mi on 11 gal of gasoline. How 
many miles were driven in the city and how many 
miles were driven on the highway? 

82. e-Commerce. Shirts.com advertises a limited-time 

sale, offering 1 turtleneck for $15 and 2 turtlenecks 
for $25. A total of 1250 turtlenecks are sold and 

$16,750 is taken in. How many customers ordered 2 
turtlenecks? 

83. Motion. A train leaves Union Station for Central 
Station, 216 km away, at 9 A.M. One hour later, a train 

leaves Central Station for Union Station. They meet 
at noon. If the second train had started at 9 a.m. and 
the first train at 10:30 a.M., they would still have met 
at noon. Find the speed of each train. 

84. Antifreeze Mixtures, An automobile radiator con- 
tains 16 L of antifreeze and water. This mixture is 

30% antifreeze. How much of this mixture should be 

drained and replaced with pure antifreeze so that the 
final mixture will be 50% antifreeze? 

85. Two solutions of the equation Ax + By = 1 are 
(3; =1) and (42). Find Atand’ 8. 

86. Ticket Line. You are in line at a ticket window. 
There are 2 more people ahead of you in line than 
there are behind you. In the entire line, there are 
three times as many people as there are behind you. 
How many people are ahead of you? 
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Systems of Equations in Three Variables 

® Solve systems of linear equations in three variables. 

» Use systems of three equations to solve applied problems. 

®» Model a situation using a quadratic function. 

A linear equation in three variables is an equation equivalent to one of the form 
Ax + By + Cz = D, where A, B, C, and D are real numbers and none of A, B, and 

Cis 0. A solution of a system of three equations in three variables is an ordered 
triple that makes all three equations true. For example, the triple (2, —1,0) isa 
solution of the system of equations 

AX Teas i Oe a0, 

DEE ON OOS 

SMTA DV ee hor As 

We can verify this by substituting 2 for x, —1 for y, and 0 for z in each equation. 

» Solving Systems of Equations 
in Three Variables 

We will solve systems of equations in three variables using an algebraic method 
called Gaussian elimination, named for the German mathematician Karl 

Friedrich Gauss (1777-1855). Our goal is to transform the original system to an 
equivalent system (one with the same solution set) of the form 

AxG IB yi Zis 12, 

(ON) amides a 1p 

Hz = K. 

Then we solve the third equation for z and back-substitute to find y and then x. 
Each of the following operations can be used to transform the original system 

to an equivalent system in the desired form. 

1. Interchange any two equations. 

2. Multiply both sides of one of the equations by a nonzero constant. 
3. Adda nonzero multiple of one equation to another equation. 

EXAMPLE 1 Solve the following system: 

Cy aoe — ll, (1) 

Ane Dy 3 4) (2) 

3x Ee OV = ci (3) 
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Solution First, we choose one of the variables to eliminate using two different 

pairs of equations. Let’s eliminate x from equations (2) and (3). We multiply 

equation (1) by —4 and add it to equation (2). We also multiply equation (1) by —3 

and add it to equation (3). 

SAX OY Ie = ee Multiplying (1) by —4 

4x + 2y- 32=4 (2) 
10y — 15z = —40; (4) 

Nee O) 92a > Multiplying (1) by —3 

Seeteoy —. zie (3) 

9y — 10z = —29, (5) 

This gives us 

Ce evey S7emaal ls (1) 

Oye Zia a a, (4) 

Dyk —"10z == 29; (5) 

Next, we multiply equation (5) by 10 to make the y-coefficient a multiple of the 
y-coefficient in the equation above it: 

Ke eer 7 nL (1) 

10y — 15z = —40, (4) 

20y -— 100z = —290: (6) 

Next, we multiply equation (4) by —9 and add it to equation (6): 

—90y + 135z = 360 Multiplying (4) by —9 

Dy S100 2 3290 (6) 

Doce 7 0, (7) 

This gives us the system of equations 

Kise eet oz aN Ls (1) 

10y — 15z = —40, (4) 

35z = 70. (7) 

Now we solve equation (7) for z: 

bey, =A) 

ad 

Then we back-substitute 2 for z in equation (4) and solve for y: 

Finally, we back-substitute —1 for y and 2 for z in equation (1) and solve for x: 

x-2(-1)+3-2=11 
56 SP Wh a= 6 11 

x = 3. 

We can check the triple (3, —1, 2) in each of the three original equations. Since it 
makes all three equations true, the solution is (3, —1, 2). 

Now Try Exercise 1. 
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EXAMPLE 2 Solve the following system: 

Kode 3) ahaa ce— (1) 

She ye Ze 3, (2) 

Xi Oy. + 32. 25, (3) 

Solution We multiply equation (1) by —3 and add it to equation (2). We also 
multiply equation (1) by —1 and add it to equation (3). 

ery 1 een 75 (1) 

—5y—2¢=-18, (4) 
sy + 2z = 18 (5) 

Next, we add equation (4) to equation (5): 

RV Ze 7s (1) 

Bia 2 as, (4) 

0 = 0. 

The equation 0 = 0 tells us that equations (1), (2), and (3) are dependent. 

This means that the original system of three equations is equivalent to a system 
of two equations. One way to see this is to note that four times equation (1) minus 
equation (2) is equation (3). Thus removing equation (3) from the system does not 
affect the solution of the system. We can say that the original system is equivalent to 

ey (1) 

B= DV Ce 3 (2) 

In this particular case, the original system has infinitely many solutions. (In 
some cases, a system containing dependent equations is inconsistent.) To find 
an expression for these solutions, we first solve equation (4) for either y or z. We 
choose to solve for y: 

—5y—2z2=-18 (4) 
| NO N 

| 
a co 

Then we back-substitute in equation (1) to find an expression for x in terms of z: 

= 22 oF 8 +- 2 — ] Substituting —2z + ‘8 for y 

56 ar zz ae iB = 7 

Se ay dz = 

x= 5 Zee eee 

The solutions of the system of equations are ordered triples of the form 
( 2+ 2% 27+ 8 z), where z can be any real number. Any real number 
that we use for z then gives us values for x and y and thus an ordered triple in the 
solution set. For example, if we choose z = 0, we have the solution (2 Bo ) . If we 

choose z = —1, we have (4, 451 ). Now Try Exercise 9. 

If we get a false equation, such as 0 = —5, at some stage of the elimination 
process, we conclude that the original system is inconsistent; that is, it has no 

solutions. 
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Although systems of three linear equations in three variables do not lend 

themselves well to graphical solutions, it is of interest to picture some possible 

solutions. The graph of a linear equation in three variables is a plane. Thus the 

solution set of such a system is the intersection of three planes. Some possibilities 

are shown below. 

(1) 
(3) ° ao (1) 

(2) 
(1) (2) 

One solution: planes No solution: three planes; No solution: 

intersect in exactly each intersects another; at parallel planes. 

one point. no point do all intersect. 

(1) (2) 

(2) (1) (3) 
(3) 

Infinitely many solutions: Infinitely many solutions: 
planes intersect in a line. planes are identical. 

» Applications 

Systems of equations in three or more variables allow us to solve many problems in 
fields such as business, the social and natural sciences, and engineering. 

EXAMPLE 3 Investment. Luis inherited $15,000 and invested part of it in a 
money market account, part in municipal bonds, and part in a mutual fund. After 
1 year, he received a total of $730 in simple interest from the three investments. The 
money market account paid 4% annually, the bonds paid 5% annually, and the mu- 
tual fund paid 6% annually. There was $2000 more invested in the mutual fund than 
in bonds. Find the amount that Luis invested in each category. 

Solution 

1. Familiarize. We let x, y, and z represent the amounts invested in the money 
market account, the bonds, and the mutual fund, respectively. Then the 
amounts of income produced annually by each investment are given by 4%x, 
5%y, and 6%z, or 0.04x, 0.05y, and 0.06z. 

2. Translate. The fact that a total of $15,000 is invested gives us one equation: 

x+y + z= 15,000. 



SECTION 9.2 = Systems of Equations in Three Variables 655 

Since the total amount of interest is $730, we have a second equation: 

0.04x.+- 0:05y +5. 0.06z = 730: 

Another statement in the problem gives us a third equation. 

The amount invested the amount invested 

in the mutual fund was $2000 more than in bonds. 

es Ys. ened ba ae! 
Zz = 2000 + y 

We now have a system of three equations: 

x+y +z = 15,000, x+ y+ z= 15,000, 
0.04x% + 0.05y + 0.062 = 730, or 4x + 5y + 6z = 73,000, 

Zi 2000) ae V5 ay Sie: 

3. Carry out. Solving the system of equations, we get 

(7000, 3000, 5000). 

4. Check. The sum of the numbers is 15,000. The income produced is 

0.04(7000) + 0.05(3000) + 0.06(5000) = 280 + 150 + 300, or $730. 

Also, the amount invested in the mutual fund, $5000, is $2000 more than the 
amount invested in bonds, $3000. Our solution checks in the original problem. 

5. State. Luis invested $7000 in a money market account, $3000 in municipal 
bonds, and $5000 in a mutual fund. 

» Mathematical Models and Applications 

Recall that when we model a situation using a linear function f(x) =mx + b, 
we need to know two data points in order to determine m and b. For a quadratic 
model, f(x) = ax’ + bx + c, we need three data points in order to determine a, 
b, and c. 

EXAMPLE 4 Airline Passengers. The following table lists the number of 
scheduled airline passengers in three recent years. Use the data to find a quadratic 
function that gives the number of airline passengers as a function of the number of 
years after 2008. Then use the function to estimate the number of airline passengers 
in 2013. 

Source: Airlines of America 
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Technology Connection 

The function in Example 4 
can also be found using the 
QUADRATIC REGRESSION feature 
on a graphing calculator. Note 
that the method of Example 4 
works when we have exactly 
three data points, whereas the 

QUADRATIC REGRESSION feature 

on a graphing calculator can be 
used for three or more points. 

QuadReg 
y=ax2+bx+c 
a=4.75 
b=—20.5 
c=743 
R2=1 

9.2 

Systems of Equations and Matrices 

Solution We let x = the number of years after 2008 and f(x) = the number of 

airline passengers, in millions. Then x = 0 corresponds to 2008, x = 2 corresponds to 

2010, and x = 4 corresponds to 2012. We use the three data points (0, 743), (2, 721), 

and (4, 737) to find a, b, and c in the function f(x) = Gx EOS tener 

First, we substitute: 

f(x) = ax + bx + ¢. 

For (0,743): 743 =a°0+b-0+6 

For (2,721): 721 =a-2 + b-2 4G 

For (4,737): 737 = a:& + b-4 +. 

We now have a system of equations in the variables a, b, and c: 

C= 455 

4a + 2b+ c= 721, 

l6a + 4b + c = 737. 

Solving this system, we get (4.75, —20.5, 743). Thus, 

f= A475 205 x 3. 

To estimate the number of airline passengers in 2013, we find f(5), since 2013 
is 5 years after 2008: 

§{G) SATS — 20525-4743 

VOIDS: 

The number of airline passengers in 2013 is estimated to be 759.25 million. 

Now Try Exercise 33. 

Exercise Set 

Solve the system of equations. 

| TOE A ee ey ae Ds 

6x.— Ay+ 5z = 31, 

Det Ly 2Z+— 13 

Se Niaswe ot: 22, = 3, 4. 

x4 dy + 3z = 4, 

2 EY ts ee 

SX LY. Sea 6 

xx—4y r+ Z=0, 

3x ly 2g = 3 

] MeN Ey mr eae SS 8 

Oi Noe Samar 

Bier eV zi 

Dee =e ==: Ly 10. 

x= 4y + z2= 6, 

BX Re) Ve eka 

$e 

De 

sie 

ll. 4a + 9b =a 12. 3p + 2r= ll, 
+ 6y + 3z = 4, 8a POG sab. q—-7r=4, 
+ yc 2g = 3. 6b + 6¢ = -1 Pp 0g =] 

wel tea 2 13.42% iz Sal, 14, 3x + 4z2=—-11, 
+ y+ z=6, 3y — 2z = 6, ieasy = Oy 
— y- zg=-3, Nee. =a 4y—- z=-—10 

Sey at 32 .— 6 L550 (ee aati le teers 

+ oy we). Wh 2X lye AZ 1) 

+ 2y+5z2=4, TOD ae Wea eget 
— y-8=-7 SIV A CON Tn ah) ae een 

+ Dyeag od, 16. w+ ROS AY ih z= 0, 

—3y+z=8, WIA LN ie 2 tee ea 
- y 19 1) cei encase 

SW te a yt Bea 
+ 3y+ 4z=1, 
+ 4y + 5z = 3, 17. Paralympic Medals. At the 2014 Paralympic Games 
+ 8y + llz=2 in Sochi, Russia, the top three countries—the Russian 

Federation, Ukraine, and the United States—won a 
total of 123 medals. Ukraine won 7 more medals than 



18. 

19; 
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the United States. The Russian Federation won 37 
more medals than the total amount won by Ukraine 
and the United States. (Source: International Paralym- 
pic Committee) How many medals did each of the top 
three countries win? 

Top Apple Growers. The top three apple growers in 
the world—China, the United States, and Turkey— 
grew a total of about 74 billion lb of apples in a recent 
year. China produced 44 billion lb more than the 
combined production of the United States and Turkey. 
The United States produced twice as many pounds 
of apples as Turkey. (Source: U.S. Apple Association) 
Find the number of pounds of apples produced by 
each country. 

Restaurant Meals. The total number of restaurant- 
purchased meals that the average person will eat 
in a restaurant, in a car, or at home in a year is 170. 

The total number of these meals eaten in a car or at 
home exceeds the number eaten in a restaurant by 
14. Twenty more restaurant-purchased meals will be 
eaten in a restaurant than at home. (Source: The NPD 

Group) Find the number of restaurant-purchased 
meals eaten in a restaurant, the number eaten in a car, 

and the number eaten at home. 

20. The top three crops in the 

United States in 2013, in terms of the number of 

acres planted, were corn, soybeans, and wheat. The 

total number of acres planted in these crops was 

227.9 million. The number of acres planted in wheat 

Acres Planted in Crops. 

21. 

22: 

23. 

24. 
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was 39.2 million fewer than the number of acres 
planted in corn. The number of acres planted in soy- 
beans was 35.7 million fewer than twice the number 
of acres planted in wheat. (Source: U.S. Department 
of Agriculture) Find the number of acres planted in 
each crop. 

Top Art Auction Sales. The top three prices for works 
of art sold at auction in 2013 totaled $306.2 million. 
These works included Francis Bacon’s 1969 Three 
Studies of Lucian Freud, Andy Warhol's Silver Car 
Crash (Double Disaster), and Jeff Koons’s Balloon Dog 

(Orange). The selling price of the Warhol art was $47 
million more than that of the Koons art. Together, the 
Warhol art and the Koons art sold for $21.4 million 
more than the Bacon art. (Source: Bloomberg.com, 
Katya Kazakina and Scott Reyburn, December 24, 2013) 
What was the selling price of each work? 

Jolts of Caffeine. One 8-o0z serving each of brewed 
coffee, Red Bull energy drink, and Mountain Dew soda 
contains 197 mg of caffeine. One serving of brewed 
coffee has 6 mg more caffeine than two servings of 
Mountain Dew. One serving of Red Bull contains 

37 mg less caffeine than one serving each of brewed 
coffee and Mountain Dew. (Source: Australian Institute 

of Sport) Find the amount of caffeine in one serving of 
each beverage. 

Pet Ownership. Americans own a total of about 
152.3 million dogs, cats, and birds. The number of 
dogs owned is 12.5 million less than the total number 
of cats and birds owned, and 4.2 million more cats 
are owned than dogs. (Source: American Veterinary 
Medical Association) How many of each type of pet 

do Americans own? 

Mail-Order Business. Natural Fibers Clothing charges 

$6 to ship orders of $25 or less, $10 for orders from 
$25.01 to $75, and $12 for orders over $75. One week, 
shipping charges for 600 orders totaled $5480. Eighty 
more orders for $25 or less were shipped than orders for 
more than $75. Find the number of orders shipped at 

each rate. 
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27. 
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Foreign Aid. In 2013, the top three donors of foreign 
aid were the United States, Great Britain, and 

Germany. The total amount of their aid was 
$63.5 billion. Together, Great Britain and Germany 
donated $0.5 billion more than the United States did. 
The United States donated $17.4 billion more than 
Germany did. (Source: Organization for Economic 
Cooperation and Development) How much in foreign 
aid did each country donate? 

Spring Cleaning. Ina group of 100 adults, 70 say 
they are most likely to do spring housecleaning 
in March, April, or May. Of these 70, the number 
who clean in April is 14 more than the total num- 
ber who clean in March and May. The total number 
who clean in April and May is 2 more than three 
times the number who clean in March. (Source: Zoo- 

merang online survey) Find the number who clean 
in each month. 

Nutrition. A hospital dietician must plan a lunch 
menu that provides 485 Cal, 41.5 g of carbohydrates, 
and 35 mg of calcium. A 3-oz serving of broiled 
ground beef contains 245 Cal, 0 g of carbohydrates, 
and 9 mg of calcium. One baked potato contains 
145 Cal, 34 g of carbohydrates, and 8 mg of calcium. 
A one-cup serving of strawberries contains 45 Cal, 
10 g of carbohydrates, and 21 mg of calcium. (Source: 
US. Department of Agriculture) How many servings 
of each are required to provide the desired nutritional 
values? 

Nutrition. A diabetic patient wishes to prepare a meal 
consisting of roasted chicken breast, mashed potatoes, 
and peas. A 3-oz serving of roasted skinless chicken 
breast contains 140 Cal, 27 g of protein, and 64 mg of 
sodium. A one-cup serving of mashed potatoes contains 
160 Cal, 4 g of protein, and 636 mg of sodium, and a 
one-cup serving of peas contains 125 Cal, 8 g of protein, 
and 139 mg of sodium. (Source: U.S. Department of 
Agriculture) How many servings of each should be used 
ifthe meal is to contain 415 Cal, 50.5 g of protein, and 
553 mg of sodium? 

Investment. Santiago receives $126 per year in simple 

interest from three investments. Part is invested at 2%, 

part at 3%, and part at 4%. There is $500 more invested 

at 3% than at 2%. The amount invested at 4% is three 

times the amount invested at 3%. Find the amount in- 

vested at each rate. 

Investment. Walter earns a year-end bonus of $5000 
and puts it in 3 one-year investments that pay $243 in 
simple interest. Part is invested at 3%, part at 4%, and 
part at 6%. There is $1500 more invested at 6% than at 
3%, Find the amount invested at each rate. 

Price Increases, Orange juice, a raisin bagel, and a 
cup of coffee from Kelly’s Koffee Kart cost a total of 

$6.30. Kelly posts a notice announcing that, effective 

the following week, the price of orange juice will in- 

crease 25% and the price of bagels will increase 20%. 

After the increase, the same purchase will cost a total 

of $7.30, and orange juice will cost 70¢ more than 

coffee. Find the price of each item before the increase. 

32. Cost of Snack Food. Martin and Eva pool their loose 

change to buy snacks on their coffee break. One day, 

they spent $6.75 on 1 carton of milk, 2 donuts, and 
1 cup of coffee. The next day, they spent $8.50 on 
3 donuts and 2 cups of coffee. The third day, they 
bought 1 carton of milk, 1 donut, and 2 cups of coffee 
and spent $7.25. On the fourth day, they have a total 
of $6.45 left. Is this enough to buy 2 cartons of milk 
and 2 donuts? 

33. Hours Spent Studying. The following table lists the 
percent of college freshmen who responded that they 
spent 6 or more hours per week studying during their 
high school senior year, which is represented in terms 
of the number of years after 1992. 

Percent Who Say They Studied 
Year, x 6 or More Hours per Week 

I, 

2002, 10 

2012, 20 

38 

Source: 2014 Brown Center Report on Education, compiled 
from “The American Freshman,’ UCLA Higher Education 
Research Institute 

a) Use a system of equations to fit a quadratic 
function f(x) = ax? + bx + c to the data. 

b) Use the function to estimate the percent of college 
freshmen who say they spent 6 or more hours per 
week studying during their high school senior year 
in 2007 and in 2014. 

34, Existing Home Sales. The following table lists the 
number of U.S. existing home sales, in millions, 
represented in terms of years after 2006. 

Existing Home Sales 
Year, x (in millions) 

= 

2006, 0 6.5 

2009; 3 4.3 

BE 6 4.7 

Source: National Association of Realtors from 

Haver Analytics 

a) Use a system of equations to fit a quadratic 
function f(x) = ax? + bx + cto the data. 

b) Use the function to estimate the number of existing 
home sales in 2013. 
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35. Deportations. The following table lists the number 
of foreigners deported, in thousands, represented in 
terms of the number of years after 2007. 

U.S. Deportations 
(in thousands) 

Source: U.S. Immigration and Customs 
Enforcement 

a) Use a system of equations to fit a quadratic 
function f(x) = ax* + bx + c to the data. 

b) Use the function to estimate the number of depor- 
tations in 2014. 

36. Strength of Army. The following table lists the 
number of active-duty personnel in the U.S. army, 
in thousands, represented in terms of the number of 
years after 2009. 

Active-Duty Army Personnel 
(in thousands) 

Source: Department of the Army, U.S. Department 
of Defense 

a) Use a system of equations to fit a quadratic 
function f(x) = ax? + bx + cto the data. 

b) Use the function to estimate the number of active- 

duty Army personnel in 2010 and in 2014. 

» Skill Maintenance 

In each of Exercises 37-44, fill in the blank with the correct 
term. Some of the given choices will not be used. 

Descartes’ rule of constant function 
signs horizontal asymptote 

the leading-term test vertical asymptote 
the intermediate value oblique asymptote 

theorem direct variation 
the fundamental inverse variation 

theorem of algebra horizontal line 
polynomial function vertical line 
rational function parallel 
one-to-one function perpendicular 

37. Two lines with slopes m, and my are 

if and only if the product of their slopes is —1. [1.4] 

Systems of Equations in Three Variables 659 

38. We can use to determine the 

behavior of the graph of a polynomial function as 
x —> oo or as x —> — oo. [4.1] 

394 lhitis possible fora) = ee CONCTOSS 

a graph more than once, then the graph is not the 
graph of a function. [1.2] 

40. A function is a(n) 

have different outputs. [5.1] 

41. A(n) is a function that is a quotient 

of two polynomials. [4.5] 

if different inputs 

42. Ifa situation gives rise to a function f(x) = k/x, or 
y = k/x, where k is a positive constant, we say that 
we Have oobi. TR eg? 5] 

43. A(n) of a rational function 

p(x)/q(x), where p(x) and q(x) have no common 
factors other than constants, occurs at an x-value that 

makes the denominator 0. [4.5] 

44. When the numerator and the denominator of a 
rational function have the same degree, the graph of 
the:function hasan) = a) 

» Synthesis 

In Exercises 45 and 46, let u represent 1/x, v represent 1/y, 
and w represent 1/z. Solve first for u, v, and w. Then solve 
the system of equations. 

2 1 3 Z 2 3 
45. =a allt 462 se = 

Kal Tet Ate pes aes 
2 1 1 1 2 2) 

+ == 9, Th Sa ae = 9), 
Salk Nae 5 algal 2 De mez, 
1 20 re 7 2 9 
—~4+=--=17 —~-~=+4 == —39 
Km ay ey ee 

47. Find the sum of the angle measures at the tips 
of the star. 

A 

E 7 B 

D C 

48. Transcontinental Railroad. Use the following facts 
to find the year in which the first U.S. transconti- 
nental railroad was completed. The sum of the digits 
in the year is 24. The units digit is 1 more than the 
hundreds digit. Both the tens and the units digits are 
multiples of three. 



660 CHAPTER 93 Systems of Equations and Matrices 

In Exercises 49 and 50, three solutions of an equation are 
given. Use a system of three equations in three variables to 
find the constants and write the equation. 

497 Ax By Cz —12; 

(1,33), (41,2), and (2, 1, 1) 

SO. oe ae NZ; 
(1, 1,2), (3,2, —6), and (3, 1,1) 

53. Theater Attendance. A performance at the Bingham 

Performing Arts Center was attended by 100 people. 

The audience consisted of adults, students, and 

children. The ticket prices were $10 each for adults, 

$3 each for students, and 50 cents each for children. 

The total amount of money taken in was $100. How 
many adults, students, and children were in attend- 
ance? Does there seem to be some information miss- 

3 ; ing? Do some careful reasoning. 
In Exercises 51 and 52, four solutions of the equation 8 6 
y = ax? + bx* + cx + dare given. Use a system of four 
equations in four variables to find the constants a, b, c, and 
d and write the equation. 

51. (—2, 59), (—1, 13), (1, -1), and (2, -17) 

BIN ee Lee) and'(316) 

Matrices and Systems of Equations 

» Solve systems of equations using matrices. 

» Matrices and Row-Equivalent Operations 

In this section, we consider additional techniques for solving systems of equations. 
You have probably observed that when we solve a system of equations, we perform 
computations with the coefficients and the constants and continually rewrite the 
variables. We can streamline the solution process by omitting the variables until a 
solution is found. For example, the system 

tye 7, 

Say = —2 

can be written more simply as 

ala eae: ie #1 

The vertical line replaces the equals signs. 

A rectangular array of numbers like the one above is called a matrix (pl., 
matrices). The matrix above is called an augmented matrix for the given system 
of equations, because it contains not only the coefficients but also the constant 
terms. The matrix 

* —3 

1 4 

is called the coefficient matrix of the system. 
The rows of a matrix are horizontal, and the columns are vertical. The aug- 

mented matrix above has 2 rows and 3 columns, and the coefficient matrix has 
2 rows and 2 columns. A matrix with m rows and n columns is said to be of order 
m X n. Thus the order of the augmented matrix above is 2 X 3, and the order of 
the coefficient matrix is 2 X 2. When m = n, a matrix is said to be square. The 



o 

eal c. ssc SZ m4 
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coefficient matrix above is a square matrix. The numbers 2 and 4 lie on the main 
diagonal of the coefficient matrix. The numbers in a matrix are called entries, or 
elements. 

» Gaussian Elimination with Matrices 

In Section 9.2, we described a series of operations that can be used to transform a 
system of equations to an equivalent system. Each of these operations corresponds 
to one that can be used to produce row-equivalent matrices. 

ROW-EQUIVALENT OPERATIONS 

1. Interchange any two rows. 

2. Multiply each entry in a row by the same nonzero constant. 
3. Add a nonzero multiple of one row to another row. 

We can use these operations on the augmented matrix of a system of equations 

to solve the system. 

EXAMPLE 1. Solve the following system: 

Oh, Re Ns a Va 

Met Ly a lOZ i=! 5-6, 

3x Tec ia 

Solution First, we write the augmented matrix, writing 0 for the missing y-term 
in the last equation: 

PA at | ca ge 

SS 24 LOL t= 6 

50 Peis) £7 

Our goal is to find a row-equivalent matrix of the form 

| @ ble 

Oleledulee 

On 00 Alf 

The variables can then be reinserted to form equations from which we can com- 
plete the solution. This is done by working from the bottom equation to the top and 
using back-substitution. 

The first step is to multiply and/or interchange rows so that each number in the 
first column below the first number is a multiple of that number. In this case, we 
interchange the first and second rows to obtain a 1 in the upper left-hand corner. 

| =2 =@ | =G¢ New row 1 = row 2 

Al Al, |) 85 New row2 = row1 

3 0 4 i 

Next, we multiply the first row by —2 and add it to the second row. We also multiply 
the first row by —3 and add it to the third row. 

hoa lie) Row 1| is unchanged. 

0 3 24D New row2 = —2(row1) + row2 

0 6 34 | 25 New row3 = —3(row1) + row3 
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Technology Connection 

Row-equivalent operations 
can be performed on a graph- 
ing calculator. For example, 
to interchange the first and 
second rows of the augmented 
matrix, as we did in the first 
step in Example 1, we enter the 
matrix as matrix A and select 
“rowSwap” from the MATRIX 
MATH menu. Some graphing cal- 
culators will not automatically 
store the matrix produced us- 
ing a row-equivalent operation, 

so when several operations are 
to be performed in succession, 
it is helpful to store the result 
of each operation as it is pro- 
duced. In the window below, we 
see both the matrix produced 
by the rowSwap operation and 
the indication that this matrix 
is stored as matrix B. 

rowSwap({A],1,2) >[B] 

Systems of Equations and Matrices 

Now we multiply the second row by 3 to get a | in the second row, second column. 

New row2 = §(row2) 

Oo = b> 

ee) Qo 

1 eRe AK et I 

0 l 8 6) 

0 Q —14 JE New row 3 = —6(row2) + row3 

Finally, we multiply the third row by —;7 to get a 1 in the third row, third column. 

l 2) 10 6 

0 1 8 3 

o 0 1 | -4 New row 3 = —7j (row 3) 

Now we can write the system of equations that corresponds to the last matrix above: 

oy a) Cece 0; (1) 

yim er. (2) 

ess (3) 
We back-substitute —} for z in equation (2) and solve for y: 

ye 8( =>) = 3 

Vis en 

Yn 

Next, we back-substitute 7 for y and —} for z in equation (1) and solve for x: 

x= 2-9 = 10(—3)'—==6 
Xe B42 oe 6 

ha Die ant} 

x = 3. 

The triple (3, Ts —}) checks in the original system of equations, so it is the 
solution. Now Try Exercise 27. 

The procedure followed in Example 1 is called Gaussian elimination with 
matrices. The last matrix in Example | is in row-echelon form. To be in this form, 

a matrix must have the following properties. 

- 

ROW-ECHELON FORM 

1. Ifa row does not consist entirely of 0’s, then the first nonzero element 
in the row is a 1 (called a leading 1). 

2. For any two successive nonzero rows, the leading 1 in the lower row is 
farther to the right than the leading 1 in the higher row. 

3. All the rows consisting entirely of 0’s are at the bottom of the matrix. 

Ifa fourth property is also satisfied, a matrix is said to be in reduced 
row-echelon form: 

4. Each column that contains a leading 1 has 0’s everywhere else. 
vise 



1 

a) | 0 

1 

d) | 0 

0 

Technology Connection 

After an augmented matrix is 
entered in a graphing calcula- 
tor, reduced row-echelon form 
can be found directly using 
the “rref” operation from the 
MATRIX MATH menu. 

rref([A]) » Frac 
[ER 030"3'> |] 
LONeO-7— 4 
OO 1 s1/2]] 

The application PolySmlt 
from the APPS menu can also 
be used to solve a system of 

equations. 

SECTION 9.3 663 Matrices and Systems of Equations 

EXAMPLE 2. Which of the following matrices are in row-echelon form? Which, 
if any, are in reduced row-echelon form? 

5 | -2 Bee (xS 1-2 -6 4 7 

—4 3 b) L | : o}0 3 #5 -8] -1 

Te |iar0 Oe Sirs =e) 2 

et OseeO fe Obl eges 
0 | —2.4 atrioe -4 2 5 

0 0.8 e) : Tl xr. 20 0 
Oe eal 

1 5.6 1 -—3 | -8 
ONS ae) 

Solution The matrices in (a), (d), and (e) satisfy the row-echelon criteria and, 

thus, are in row-echelon form. In (b) and (c), the first nonzero elements of the first 

and second rows, respectively, are not 1. In (f), the row consisting entirely of 0’s 
is not at the bottom of the matrix. Thus the matrices in (b), (c), and (f) are not in 

row-echelon form. In (d) and (e), not only are the row-echelon criteria met but each 

column that contains a leading 1 also has 0’s elsewhere, so these matrices are in re- 
duced row-echelon form. 

» Gauss-Jordan Elimination 

We have seen that with Gaussian elimination we perform row-equivalent opera- 
tions on a matrix to obtain a row-equivalent matrix in row-echelon form. When 
we continue to apply these operations until we have a matrix in reduced row- 
echelon form, we are using Gauss-Jordan elimination. This method is named for 
Karl Friedrich Gauss and Wilhelm Jordan (1842-1899). 

EXAMPLE 3_ Use Gauss-Jordan elimination to solve the system of equations in 

Example 1. 

Solution Using Gaussian elimination in Example 1, we obtained the matrix 

[1 -2 -10 | -6 
0 8 3 

0 0 ] l 
2 

We continue to perform row-equivalent operations until we have a matrix in 
reduced row-echelon form. We multiply the third row by 10 and add it to the first 
row. We also multiply the third row by —8 and add it to the second row. 

Loz bask = 

0 iL 0) 7 

0 o1f -3 

New row 1 10(row 3) + rowl 

—8(row 3) + row2 New row 2 

Next, we multiply the second row by 2 and add it to the first row. 

GOVE) 3 New row 1 = 2(row2) + row] 

58 = 3, 

y = 7, 
Z = 

NI 

We can actually read the solution, (3, 7,-3 \ directly from the last column of the 

reduced row-echelon matrix. Now Try Exercise 27. 
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EXAMPLE 4 Solve the following system: 

aN AY, = aE 1 ©) 

2 ee ee 

Aime Veneer 

Solution First, we write the augmented matrix and use Gauss—Jordan elimination. 

Secs: Se ee 6 

DE = Laye 3 

- ee aaa 13 

We then multiply the second and third rows by 3 so that each number in the 

first column below the first number, 3, is a multiple of that number. 

ta Taga 6 

Giemsa) 6 Mie) New row 2 = 3(row 2) 

12 grt 2h! wa OUlaeos New row 3 = 3(row3) 

Next, we multiply the first row by —2 and add it to the second row. We also multiply 

the first row by —4 and add it to the third row. 

oie: et 1 6 

0 5 ea ps) Newrow2 = —2(rowl) + row2 

Oar Saiz iM New row3 = —4(rowl) + row3 

Now we add the second row to the third row. 

3 =“al Sil 6 

0 5 & ||) ils 

0 0 0 0 New row3 = row2 + row3 

We can stop at this stage because we have a row consisting entirely of 0’s. The last 
row of the matrix corresponds to the equation 0 = 0, which is true for all values of 
x, y, and z. Therefore, the equations are dependent and the system is equivalent to 

3k why —! 2 = "6, 

DP er oer = SS. 

This particular system has infinitely many solutions. (A system containing depend- 
ent equations could be inconsistent.) 

Solving the second equation for y gives us 

IIIA el 

Substituting —z — 3 for y in the first equation and solving for x, we get 

35 Aap eed Nie ae 

Oh Ag, D9 = 96 

Bie qe Bie se (2 = © 

3x) == 327, — 6 

56 as 

Then the solutions of this system are of the form 

COR An 

where z can be any real number. Now Try Exercise 33. 
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Similarly, if we obtain a row whose only nonzero entry occurs in the last col- 
umn, we have an inconsistent system of equations. For example, in the matrix 

10g S35 ee 

OS 4 |, 

0 0 0 6 

the last row corresponds to the false equation 0 = 6, so we know the original sys- 
tem of equations has no solution. 

9.3 Exercise Set — 

Determine the order of the matrix. Solve the system of equations using Gaussian elimination or 
7 Gauss—Jordan elimination. 

tee = 15. 4x + 2y = 11, 16. 2x + y=], 
1 il eae 2 96, ah Shania Vi 2 3X ADV 

<8 4 17. 5x — 2y = -3, 18. 2x+ y=1 
OX Oy eames Oo area 

3.[2 -4 0 9] 4. [-8] 
19. 3x+4y=7, 20. 5x — 3y = —2, 

IT =5° =8 Ei ie ‘i : ‘ ; : F ie Ode 4 De ey ee, AX ya 

=—1+ 18 Sj lp 21 OX Vas 10; 22. WE eA O, 

Write the augmented matrix for the system of equations. 23) Bex yi 24, 40= By = 12, 

eee y= 7, nae Sam Cog) =o) ace PA eas: 

ae oP 25. 2x + by = 4, 26. 6x 27 = =10, 
8. 3x + 2y = 8, Gre te Nh els) ec cka= 5) = Xe 

eg 27. ee yi 37 = 19 28. ye 80, 
OMe geo — 12, DES ign ING ies mesh Keay lee eee 

2K iO; Oe thy ah eae ee 

ae ra 29. 4x - y —3z=1, 30. 3x + 2y + 22 = 3, 
10. ae pare = is SA Salen Vapi gas Os Xk 2 z= 25, 

SV etgecza— 1, PPR SGV cd eA, ae ha) ie Ayre 20 

Trees mee 31. x-2y+3z=-4, 32. 2x - 3y+2z2=2, 
Write the system of equations that corresponds to the BX to Wwe a= 10> xt4y—- z2=9, 

augmented matrix. 25 A OY eee 1 aloha pee pias Fs 

val ater 1 33. 2x — 4y — 3z = 3, 34. x+ y-3z=4, 
CN 2) x+3y+ z2=-1, Ae Sy ic = 1, 

DAA MVM acre PSS a Sas Ks aaa tld 
ee aa) 

ay, Th ee Soe ap met 305 [11st ete, 1 

Pag or eae fo = i b= Shs, 

i Bi NS | 4p + 5q + 6r = Bm +nt+t=2 
hee) es ea 

376, OD ico J, 38, .4— b+ c= 3; 
=i 1 2 a-b+c=5, 24 0. 30 ==; 

ea) 6 3a. b — = —1 4g b= C— 11 

14. SS AS 

oOo WY 
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39 S2Wwitk 2k 2s 22 10, 47. f(x) =S [4.5] 
Wich AaXirte avira toe O8 a+ 4 

SIRS manip Lalas ae ee 48. f(x) = —3x4 + 32° + 2x7 — 4 [4.1] 
Wee Oxi 2) 22 = = 6 

49. f(x) = In (3x — 1) [5.3] 
AQ Wea 2X = Sy +2. 8, ane 

=p de ge ok Vga A BO (Xl tae a = 2 Sd 

wt xt y+z= 22, 51h (x) 3) [3] 
=Wwer. x Vie 

phe C Ii =o) a ae 4 
Use Gaussian elimination or Gauss—Jordan elimination in 

Exercises 41-44. 

41. Borrowing. Greenfield Manufacturing borrowed 
» Synthesis 

$30,000 to buy a new piece of equipment. Part of the In ESOS 53 and 54, three solutions of the equation 

money was borrowed at 8%, part at 10%, and part y = ax’ + bx + care given. Use a system of three 
at 12%. The annual interest was $3040, and the total equations in three variables and Gaussian elimination or 
amount borrowed at 8% and at 10% was twice the Gauss-Jordan elimination to find the constants a, b, and c 

amount borrowed at 12%. How much was borrowed and write the equation. 
at each rate? BS on loa 7 and (les) 

42. Time of Return. The Patels pay their babysitter $11 BAe (a0) Gla o manic (a.e22 | 

per hour before 11 p.m. and $14.50 after 11 p.m. One 
evening, they went out for 6 hr and paid the sitter $73. 55. Find two different row-echelon forms of 

What time did they return? is) | 

43. Stamp Purchase. For her business, Olivia spent = 
$86.80 on both 49¢ and 21¢ stamps. She bought a total 56. Consider the system of equations 
of 200 stamps. How many of each type did she buy? x—- yt 3z=-8, 

Fy — ee 
3x + 2y + 2kz = —3k. 

For what value(s) of k, if any, will the system have: 

a) no solution? 

b) exactly one solution? 
c) infinitely many solutions? 

Solve using matrices. 

Vise jae pe 

3y + 5z = 4, 

aE a ese 

ay er. 58. x + y = 2z, 
2x — 5z2— 4, 

44. Advertising Expense. eAuction.com spent a total of Xe NS 
$11 million on advertising in fiscal years 2010, 2011, 59. x = 4y +22 = 7; 
and 2012. The amount spent in 2012 was three times 3x + y+3¢=—-5 
the amount spent in 2010. The amount spent in 2011 
was $3 million less than the amount spent in 2012. oe NS cre ae 
How much was spent on advertising each year? Se ye ee 

o : 61. 4x + 5y = 3, » Skill Maintenance ee Vv ) 

In Exercises 45-52, classify the function as linear, quadratic, oe eee ake 
cubic, quartic, rational, exponential, or logarithmic. 62. 2x — 3y = —1 

AST is) = 3°, (5.2) =x + 2y = 2, 

46. f(x) = 3x —1 [1.3] cm a 
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Matrix Operations 

® Add, subtract, and multiply matrices when possible. 

h Write a matrix equation equivalent to a system of equations. 

In addition to solving systems of equations, matrices are useful in many other types 
of applications. In this section, we study matrices and some of their properties. 

A capital letter is generally used to name a matrix, and lower-case letters with 
double subscripts generally denote its entries. For example, a47, read “a sub four 
seven,” indicates the entry in the fourth row and the seventh column. A general 
term is represented by aj. The notation a; indicates the entry in row iand column j. 
In general, we can write a matrix as 

ayy 42 443 A\n 

az} 422 3 A2n 

A= [aj = | 43; 432 33 a3 

Am) An2 Am3 . Amn 

The matrix above has m rows and n columns; that is, its order is m X n. 
Two matrices are equal if they have the same order and corresponding entries 

are equal. 

» Matrix Addition and Subtraction 

To add or subtract matrices, we add or subtract their corresponding entries. The 
matrices must have the same order for this to be possible. 

ADDITION AND SUBTRACTION OF MATRICES 

Given two m X n matrices A = [aj] and B = [bj], their sum is 

AF B= dar Dy| 

and their difference is 

Addition of matrices is both commutative and associative. 

EXAMPLE 1 FindA + B for each of the following. 

=| ooh By 
ole ona ae ee 
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Technology Connection 

We can use a graphing calcula- 
tor to add matrices. In Exam- 

ple 1(a), we enter A and B and 

then find A + B. 

{A]+[B] 
(isi 
[6 3.5] 

We can do the same for 

the matrices in Example 1(b). 

[A]+[B] 

Technology Connection 

We can use a graphing calcu- 
lator to subtract matrices. In 

Example 2(a), we enter C and 

D and then find C — D. 

Systems of Equations and Matrices 

Solution We have a pair of 2 X 2 matrices in part (a) and a pair of 3 X 2 ma- 

trices in part (b). Since each pair of matrices has the same order, we can add the 

corresponding entries. 

Wes -1 -2 
b) A+B=|-1 5/+] 1 -2 

6 0 3 1 

1+(-1) 3+ (-2) 0.1 
=|-1+1 5+4+(-2)/=/0 3 

6+(-3) 0+1 oul 
Now Try Exercise 5. 

EXAMPLE 2 Find C — D for each of the following. 

i te { —1 
ACC |) =D Lipp ah 

=—3.9=1 ames 

5 —6 —4 wea[ 5], v=[ +] 
—3 4 1 

Solution 

a) Since the order of each matrix is 3 X 2, we can subtract corresponding entries: 

i 2 | 

Creat D="|| | 2 ER ese (i 3 

au 2 

II | 
Lo 
| 

i) 

| 
a 

Le, 

I| | 
ee Ne af 

| 
WwW OD 

-3-2 -1-3 —5 —4 

b) Cisa2 X 2 matrix and D isa2 X 1 matrix. Since the matrices do not have the 
same order, we cannot subtract. Now Try Exercise 13. 

The opposite, or additive inverse, of a matrix is obtained by replacing each 
entry with its opposite. 

EXAMPLE 3 Find —AandA + (—A) for 

L ne: 
A= ; 

Sees 
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Scalar products, like those in 
Example 4, can be found using 
a graphing calculator. 

3[A] 
{[-9 0] 
[12 15]l 

(-1)1A] 
ies OJ 

[4s Sill 
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Solution To find —A, we replace each entry of A with its opposite. 

a =|" 0 2 
= pall eel 

e i Omic 
00 0 ve 

A matrix having 0’s for all its entries is called a zero matrix. When a zero ma- 
trix is added to a second matrix of the same order, the second matrix is unchanged. 
Thus a zero matrix is an additive identity. For example, 

ke space. - 
OG. oS OW Ot Sa) 

The matrix 

f 0 0 
0 0 O 

is the additive identity for any 2 X 3 matrix. 

» Scalar Multiplication 

When we find the product of a number and a matrix, we obtain a scalar product. 

SCALAR PRODUCT 

The scalar product of a number k and a matrix A is the matrix denoted 
kA, obtained by multiplying each entry of A by the number k. The number 
k is called a scalar. 

EXAMPLE 4 Find 3A and (—1)A for 

Se 
Solution We have 

_ [-3 0] [-1(-3) -1-0] _[ 3 0 
(“a= = 4 el elele a 

The properties of matrix addition and scalar multiplication are similar to the 
properties of addition and multiplication of real numbers. 
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PROPERTIES OF MATRIX ADDITION 

AND SCALAR MULTIPLICATION 

For any m X n matrices A, B, and C and any scalars k and /: 

A+B=B+t+A4. Commutative property of addition 

A+(@4C)=(A+B)4¢ 
(KI)A = K(IA). 

Associative property of addition 

Associative property of scalar 

multiplication 

k(A + B) = kA + KB. Distributive property 

(k + lA = kA + IA. Distributive property 

There exists a unique matrix 0 such that: 

A+0=0+A=A. Additive identity property 

There exists a unique matrix —A such that: 

A+(-A)=-A+A=0. Additive inverse property 

So 

EXAMPLE 5 Production. Waterworks, Inc., manufactures three types of kay- 
aks in its two plants. The following table lists the number of each style produced at 
each plant in April. 

Whitewater Ocean Crossover 

Kayak Kayak Kayak 

Madison Plant 150 120 100 

Greensburg Plant 180 90 130 

a) Write a2 X 3 matrix A that represents the information in the table. 

b) The manufacturer increased production by 20% in May. Find a matrix M that 
represents the increased production figures. 

c) Find the matrix A + M and tell what it represents. 

Solution 

a) Write the entries in the table ina 2 X 3 matrix A. 

ee ee 120 100 
[807905 9130 

b) The production in May will be represented by A + 20%A, or A + 0.2A, or 
E2A: Thus; 

150 120 100 18 a). (12), r | 0 144 120] 
180 90 130 216 108 156 

150 120 100] | Be 144 120 

180 90 130 216 108 156 

r 264 220 
396 198 286 

The matrix A + M represents the total production of each of the three types 
of kayaks at each plant in April and May. 

oatM=| 
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» Products of Matrices 

Matrix multiplication is defined in such a way that it can be used in solving sys- 
tems of equations and in many applications. 

MATRIX MULTIPLICATION 

Foranm X n matrix A = [aj] andann X p matrix B = [bj], the 
product AB = [c;| isan m X p matrix, where 

Cij at aj, * by; ale Ain * bo, =r Aj3* bs, ae oe Gig Dag 

In other words, the entry c; in AB is obtained by multiplying the entries in 
row i of A by the corresponding entries in column j of B and adding the results. 

Note that we can multiply two matrices only when the number of columns 
in the first matrix is equal to the number of rows in the second matrix. 

EXAMPLE 6 For 

1 6 
2 i = A ==6 

K = 3 ih = 3 =§ |, ad C= | : 
2 0) 3 y 1 2 

find each of the following. 

a) AB b) BA 

c) BC d) AC 

Solution 

a) Aisa2 X 3 matrix and Bisa3 X 2 matrix, so AB will bea 2 X 2 matrix. 

| 1 ma hooks AB = 3 5 20 eh ag oo 

ae gist ie eee 
W214 073 + 3(—2) 216i (=o a 

(2 2] 
b) Bisa3 X 2 matrix and Aisa2 X 3 matrix, so BA willbea3 X 3 matrix. 

ans 

1:3 + 6-2 1-1 + 6-0- 1(-1) + 63 Gai 
3-3 + (—5)(2) 3-1 + (—5)(0) 3(—1) + (-5)(3) | =|=1 3 18 
—2-3+4-2  -2:14+4:0 —2(-1) + 4:3 2 -2 

Note in parts (a) and (b) that AB # BA. Multiplication of matrices is gener- 
ally not commutative. 
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c) Bisa3 X 2 matrix and Cisa2 X 2 matrix, so BC will bea3 X 2 matrix. 

Technology Connection 
1 6 

4 4 —6 
Matrix multiplication can BC = 3-5 1 ») 

be performed on a graphing =D wt 

calculator. The products in Pea ey 6-2 10 6 

Examples 6(a) and 6(b) are i 

shown below. = Aree) (INE GO) ar (5) (2) ole 7 —28 

-2:44+4+1  —2(-6) + 4-2 -4 20 

ve (8 9] d) The product AC is not defined because the number of columns of A, 3, is not 

in [-4 24] equal to the number of rows of C, 2. 

mo 7 ail 

Bre oy ; EXAMPLE 7 Bakery Profit. Two of the items sold at Sweet Treats Bakery are 

gluten-free bagels and gluten-free doughnuts. The following table lists the number of 
dozens of each product that are sold at the bakery’s three stores one week. 

When the product AC in 
Example 6(d) is entered on a 

graphing calculator, an ERROR 
message is returned, indicat- 
ing that the dimensions of the 
matrices are mismatched. 

Avon Road Dalton 

Store Avenue Store 

Main Street 

Store 

Bagels (in dozens) 

Doughnuts (in dozens) 
[A] [C] 1 

The bakery’s profit on one dozen bagels is $5, and its profit on one dozen 
doughnuts is $6. Use matrices to find the total profit on these items at each store for 

ERR:DIM MISMATCH the given week. 

Haut 

2: Goto Solution We can write the table showing the sales of the products as a2 X 3 
matrix: 

ae a 30 20 | 
£0," 35 015 

The profit per dozen for each product can also be written as a matrix: 

PS sel 

Then the total profit at each store is given by the matrix product PS: 

255 30) 20 

PSpale 6] AQ 35 15 

= [S72pe+ 6.40 B= 30 +6235 520 45-15) 

= [365 360 190]. 

The total profit on the sale of gluten-free bagels and gluten-free doughnuts for 
the given week was $365 at the Main Street store, $360 at the Avon Road store, and 
$190 at the Dalton Avenue store. 

A matrix that consists of a single row, like P in Example 7, is called a row ma- 
trix. Similarly, a matrix that consists of a single column, like 

8 

—3 |, 

5 

is called a column matrix. 
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We have already seen that matrix multiplication is generally not commutative. 
Nevertheless, matrix multiplication does have some properties that are similar to 
those for multiplication of real numbers. 

PROPERTIES OF MATRIX MULTIPLICATION 

For matrices A, B, and C, assuming that the indicated operations are 
possible: 

A(BC) = (AB)C. Associative property of multiplication 

A(B + C) = AB + AC. Distributive property 

(B + C)A = BA + CA. Distributive property 

» Matrix Equations 

We can write a matrix equation equivalent to a system of equations. 

EXAMPLE 8 Write a matrix equation equivalent to the following system of 
equations: 

Ge a) ere ees 

9x ‘rere =e 

Negi y seca h 

Solution We write the coefficients on the left in a matrix. We then write the 
product of that matrix and the column matrix containing the variables and set the 
result equal to the column matrix containing the constants on the right: 

uy Il iG 3} 

OO ee 1 ly | = les 
Ay Sy Z 1 

If we let 

A II BG 3 

(AG=a 9809 “1. Oe Xe— ays and Be — pon, 

Al I 9} Gi 

we can write this matrix equation as AX = B. Now Try Exercise 39. 

Find x and y. A ° leL, =| 

Ixilsaeriestlya=3 Bly 8 1 -8 

rel ‘eee 
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For Exercises 5-20, let 

a. 2 
ee eta 
leer laa 
[ok tLe 1} 
Find each of the following. 

5. A+B 6. B+A 7.E+0 

8. 2A 9, 3F 10. (—1)D 

11. 3F + 2A 12. A—-B 

13.B—A 14, AB 

15. BA 16. OF 

17. CD 18. EF 

19, AI 20. IA 

Find the product, if possible. 

6 
al Ones, 

a. | —4 
Be VmOe 52 

4 

0 

1 

1 

22. [6 -1 2]| -2 

eee 

=f ay 
‘ oie 

ae | | 
=e ed 

Zi 8} 

od ak 
OF 

P| ei aa (\ eye) 

a Sef 

Fn 
nee 

D5) | 5 
Ove sai 

ees 

ere th =e 8 

IG0\a0e 1980 2s thew 

| 0 OS” Mee a 

a Se a Re cry i 

De Oe) 68.210) NOL = 4am0 

=o =P Silke 0 4 

ah 
[4 

28. Ile = 
=5 

Systems of Equations and Matrices 

29: 

30. 

31. 

32% 

Produce. The produce manager at Dugan’s Market 

orders 40 lb of tomatoes, 20 Ib of zucchini, and 30 Ib 

of onions from a local farmer one week. 

a) Write a1 X 3 matrix A that represents the 

amount of each item ordered. 

b) The following week, the produce manager 

increases his order by 10%. Find a matrix B that 

represents this order. 

c) Find A + Band tell what the entries represent. 

Budget. For the month of June, Maggie budgets $320 
for food, $140 for clothes, and $80 for entertainment. 

a) Write a1 X 3 matrix B that represents the 
amount budgeted for each of these items. 

b) After receiving a raise, Maggie increases the 
amount budgeted for each item in July by 5%. Find 

a matrix R that represents the new amounts. 

c) Find B + Rand tell what the entries represent. 

Nutrition. A 3-oz serving of roasted, skinless chicken 
breast contains 140 Cal, 27 g of protein, 3 g of fat, 
13 mg of calcium, and 64 mg of sodium. One-half cup 
of potato salad contains 180 Cal, 4 g of protein, 11 g 
of fat, 24 mg of calcium, and 662 mg of sodium. One 
broccoli spear contains 50 Cal, 5 g of protein, 1 g of 
fat, 82 mg of calcium, and 20 mg of sodium. (Source: 
Home and Garden Bulletin No. 72, U.S. Government 
Printing Office, Washington, D.C. 20402) 

a) Write 1 X 5 matrices C, P, and B that represent 
the nutritional values of each food. 

b) Find C + 2P + 3B and tell what the entries 

represent. 

Nutrition. One slice of cheese pizza contains 290 Cal, 
15 g of protein, 9 g of fat, and 39 g of carbohydrates. 
One-half cup of gelatin dessert contains 70 Cal, 2 g 
of protein, 0 g of fat, and 17 g of carbohydrates. One 
cup of whole milk contains 150 Cal, 8 g of protein, 
8 g of fat, and 11 g of carbohydrates. (Source: Home 
and Garden Bulletin No. 72, U.S. Government Printing 
Office, Washington, D.C. 20402) 

a) Write 1 X 4 matrices P, G, and M that represent 

the nutritional values of each food. 
b) Find 3P + 2G + 2M and tell what the entries 

represent. 



33. Food Service Management. The food service man- 
ager at a large hospital is concerned about maintaining 
reasonable food costs. The following table lists the cost 
per serving, in dollars, for items on four menus. 

Potato Vegetable Salad Dessert 

0.30 0.36 0.45 

0.28 0.48 ORS, 

0.52 0.65 0.38 

0.43 0.40 0.42 

On a particular day, a dietician orders 65 meals from 
menu 1, 48 from menu 2, 93 from menu 3, and 57 

from menu 4. 

a) Write the information in the table asa4 X 5 

matrix M. 

b) Write a row matrix N that represents the number 
of each menu ordered. 

c) Find the product NM. 
d) State what the entries of NM represent. 

34. Food Service Management. A college food service 
manager uses a table like the one below to list the 
number of units of ingredients, by weight, required 
for various menu items. 

White Sugar 
Cake Bread Cookies 

The cost per unit of each ingredient is 25 cents for 
flour, 34 cents for milk, 54 cents for eggs, and 83 
cents for butter. 

a) Write the information in the table asa 4 x 4 

matrix M. 
b) Write a row matrix C that represents the cost per 

unit of each ingredient. 
c) Find the product CM. 
d) State what the entries of CM represent. 

35. Production Cost. Karin supplies two small campus 

coffee shops with homemade chocolate chip cook- 

ies, oatmeal cookies, and peanut butter cookies. The 

following table shows the number of each type of 

cookie, in dozens, that Karin sold in one week. 

36. 
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The Coffee 

Club 

Mugsy’s 
Coffee Shop 

Chocolate Chip 

Oatmeal 

Peanut Butter 

Karin spends $4 for the ingredients for one dozen 
chocolate chip cookies, $2.50 for the ingredients for 
one dozen oatmeal cookies, and $3 for the ingredi- 
ents for one dozen peanut butter cookies. 

a) Write the information in the table asa3 X 2 

matrix S. 

b) Write a row matrix C that represents the cost, per 
dozen, of the ingredients for each type of cookie. 

c) Find the product CS. 
d) State what the entries of CS represent. 

Profit. A manufacturer produces exterior plywood, 
interior plywood, and fiberboard, which are shipped 
to two distributors. The following table shows the 
number of units of each type of product that are 
shipped to each warehouse. 

Exterior 

Plywood 900 500 

Interior 

Plywood 450 1000 

Fiberboard 600 700 

The profits from each unit of exterior plywood, interior 
plywood, and fiberboard are $8, $10, and $7, respectively. 

a) Write the information in the table asa 3 X 2 

matrix M. 

b) Write a row matrix P that represents the profit per 
unit of each type of product. 

c) Find the product PM. 
d) State what the entries of PM represent. 
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37. Profit. In Exercise 35, suppose that Karin’s profits on 

one dozen chocolate chip, oatmeal, and peanut butter 
cookies are $7.50, $4.80, and $6.25, respectively. 

a) Write a row matrix P that represents this 
information. 

b) Use the matrices S and P to find Karin’s total 
profit from each coffee shop. 

38. Production Cost. In Exercise 36, suppose that the 
manufacturer's production costs for each unit of 
exterior plywood, interior plywood, and fiberboard 
are $20, $25, and $15, respectively. 

a) Write a row matrix C that represents this 
information. 

b) Use the matrices M and C to find the total 

production cost for the products shipped to each 
distributor. 

Write a matrix equation equivalent to the system of 
equations. 

SON INT SV Sts 

is BOW IO 

AS EeX te a) 7s 

Sa gaan Ihe) 

AVY) eee 0 

Oo matey ine 2/5 

8 EN cote Vee 

DAR hee 1A Sie aa) 

ete Vay ame, 

CEE ae Ep pees AN 

43. 3K > 2y Az = 17, 
Tiiy= 32 — 13 

44, 3x + 2y + 5z = 9, 

AS, AW OY 27 

46.01 2wehi2e Soy Sz eZ, 

yeahs a4) = 13; 
Dey aan 2 ae 

» Skill Maintenance 

In Exercises 47-50: 

a) Find the vertex. 

b) Find the axis of symmetry. 
c) Determine whether there is a maximum or a minimum 

value and find that value. 
d) Graph the function. [3.3] 

AT of 0 at een 

ASE \ eed 

ee 5? = 3x 2 

0. f= 3 4s 

» Synthesis 

For Exercises 51-54, let 

ie 
A= 

2; 

51. Show that 

(A +B)(A— 
where 

Ah = AA ands B= BB: 

52. Show that 

(A + B)(A + B) 4 & + 2AB + B’. 

B) = & = B, 

53. Show that 

(A + B)(A — B) = & + BA — AB — B’. 

54. Show that 

(A + B)(A + B) = & + BA + AB + B’. 
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Mid-Chapter Mixed Review 

Determine whether the statement is true or false. 

1. For a system of two linear equations in two vari- 2. One of the properties of a matrix written in row- 
ables, if the graphs of the equations are parallel lines, echelon form is that all the rows consisting entirely 
then the system of equations has infinitely many of 0’s are at the bottom of the matrix. [9.3] 
solutions. [9.1] 

3. We can multiply two matrices only when the number 4, Addition of matrices is not commutative. [9.4] 
of columns in the first matrix is equal to the number 
of rows in the second matrix. [9.4] 

Solve. [9.1], [9.2] 

5. 2x +y=-4, 6 yi 
Dae hee BO, =o 

7. 2x%'— 3y = 8, Sik = oy —_L, 

OX et 2) 1 CVs 2X ae 

OF Xe e2yer 32 — 4, 

ee Vac os 

eC 42s), 

10. e-Commerce. computerwarehouse.com charges $8 to ship orders up to 10 lb, $12 for orders from 10 lb up to 
15 lb, and $15 for orders of 15 lb or more. One day, shipping charges for 150 orders totaled $1620. The number 
of orders under 10 Ib was three times the number of orders weighing 15 lb or more. Find the number of packages 
shipped at each rate. [9.2] 

Solve the system of equations using Gaussian elimination or Gauss-Jordan elimination. [9.3] 

| 93, i A oe RT ALY) aa, 

SEG IA aM) Diese VY) a? ig ey) 
a Ayer Az ="1 

For Exercises 13-20, let 

3 -1 [-2 6 —4 1 -1 ha ee 
A= ? a B= et 3 C= | Se 34} and D= ee eee 

==3 4 1 

Find each of the following. [9.4] 

13. A+B 14.B—A 

15. 4D 16. 2A + 3B 

17. AB 18. BA 

19. BC 20. DC 

21. Write a matrix equation equivalent to the following system of equations: [9.4] 

Da VEO e o/s 

ae eee sop 

ONC RAV 22D 



678 CHAPTER 9 Systems of Equations and Matrices 

Collaborative Discussion and Writing 

22. Explain in your own words when the elimination 23. Given two linear equations in three variables, 

method for solving a system of equations is preferable Ax + By + Cz = Dand Ex a Fy + Gz = H, 

to the substitution method. [9.1] explain how you could find a third equation such that 

the system contains dependent equations. [9.2] 

24. Explain in your own words why the following 25. Is it true that if AB = 0, for matrices A and B, then 

augmented matrix represents a system of dependent A = 0orB = 0? Why or why not? [9.4] 

equations. [9.3] 

Inverses of Matrices 

® Find the inverse of a square matrix, if it exists. 

®» Use inverses of matrices to solve systems of equations. 

In this section, we continue our study of matrix algebra, finding the multiplicative 
inverse, or simply inverse, of a square matrix, if it exists. Then we use such in- 
verses to solve systems of equations. 

» The Identity Matrix 

Recall that, for real numbers, a 1 = 1+a = a; 1 is the multiplicative identity. A 
multiplicative identity matrix is very similar to the number 1. 

JUST 
IN 

TIME 

= 

IDENTITY MATRIX 

For any positive integer n, the n X n identity matrix is an n X n matrix 
with 1’s on the main diagonal and 0’s elsewhere and is denoted by 

Mee a 

Then AI = IA = A, for anyn X n matrix A. 



eee rn | 
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EXAMPLE 1 For 

A a 
A= | and [= k it 

=) 2 @ 1 

find each of the following. 

a) Al b) IA 

Solution 

a ar=|_4 a "| 

—3 2}|0 1 

ae en Ate | =| 4 ah 
—3-14+2-0 —3:0+2+1 3a 0 

[1 O|[| 4 -7 
b) IA = | 

{O eleli=3. 0 62 

e470) pe 

L0°4 + 1(-3) O(-7) + 1-2 

ee 
Silom ihe a 

» The Inverse of a Matrix 

Recall that for every nonzero real number a, there is a multiplicative inverse 1/a, 
ora ',suchthata:a' = a':a = 1. The multiplicative inverse of a matrix be- 
haves in a similar manner. 

INVERSE OF A MATRIX 

For ann X n matrix A, if there is a matrix A | for which 

A'-A =I=A-A|,then A: is the inverse of A. 

We read A ' as “A inverse.” Note that not every matrix has an inverse. 

EXAMPLE 2 Verify that 

A) =) 3 
B= | is the inverse of A = } 

3 =2 =3) Al 

Solution Weshowthat BA = I = AB. 

Now Try Exercise 1. 
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Technology Connection 

The G3 key on a graphing 
calculator can also be used to 

find the inverse of a matrix 

like the one in Example 3. 

[A]! 

We can find the inverse of a square matrix, if it exists, by using row-equivalent 

operations as in the Gauss-Jordan elimination method. For example, consider the 

matrix 

nee = , 
sea 

To find its inverse, we first form an augmented matrix consisting of A on the left 

side and the 2 X 2 identity matrix on the right side: 

Sn as Hai A) : 
: Augmented matrix 

= Oa POs 
Sy 

i ad 
The2 X2 The2 X 2 
matrix A identity matrix 

Then we attempt to transform the augmented matrix to one of the form 

; Ola ‘ 

0 eda 
\_ J -—,-/ 

The 2 X 2 The matrix A’! 

identity matrix 

; TOA Ss 
If we can do this, the matrix on the right, ais AX. 

c 

EXAMPLE 3 Find A !, where 

3 4 A= : 
=e 

Solution First, we write the augmented matrix. Then we transform it to the de- 
sired form. 

is Syl i 
oye 245 Oneal 

f 1 3 —+; 0 New rowl = —}(row 1) 

ae) f Or) 

b 3 | —7 0 
0 ->|-3 1 New row2 = 3(rowl) + row2 

[; Sa 0 
0 1 5A ey) New row 2 = —2(row 2) 

b 0 | 43 New row 1 = 3(row2) + row] 

OR hes ie? 

Thus, 

34 = 2) 

which we verified in Example 2. Now Try Exercise 5. 
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EXAMPLE 4 Find A |, where 

Solution First, we write the augmented matrix. Then we transform it to the 
desired form. 

1 = OA 

3 HO 

2 0 1 

1 20 = E050 

: oat reer. wl } Newrow2 = —3(rowl) + row2 

0 0 2 Onl Newrow3 = —2(rowl) + row3 

I eS 100 

f = (oleae 1 

0 0 —5 0 : Newrow3 = +(row3) 

1 ts ai) : 0 t Newrowl = row3 + rowl 

f ae) —3 1 4 Newrow2 = —6(row3) + row2 

0 0 1/-2 0 ¢ 

: OL 38) -} 2 -2 Newrowl = 2(row2) + rowl 

Oe Os) hee 
7 Oakes th 

1 00/-2 2 -# 
OF ESO: 3 = é Newrow2 = —1(row2) 

: 0 1|/-% oO #¢ 

Thus, 

2 Rent 
Technology Connection (en= es : 

osu When we try to find the 
inverse of a singular matrix ate 

If a matrix has an inverse, we say that it is invertible, or nonsingular. When 
we cannot obtain the identity matrix on the left using the Gauss—Jordan method, 
then no inverse exists. This occurs when we obtain a row consisting entirely of 0’s 
in either of the two matrices in the augmented matrix. In this case, we say that A is 

a singular matrix. 

using a graphing calculator, 
the calculator returns an error 
message similar to ERR: SINGULAR 

MATRIX. 

» Solving Systems of Equations 

epee We can write a system of n linear equations in n variables as a matrix equation 
AX = B. If A has an inverse, then the system of equations has a unique solution 

eee eee Cs tthat can be found by solving for X, as follows: 

AX = B 

AS (AX) = A 'B Multiplying by A | on the left on both sides 

(A *A)X = A 'B Using the associative property of matrix multiplication 

ix-="A “B ATA =I 

X= AB: IX = X 
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MATRIX SOLUTIONS OF SYSTEMS OF EQUATIONS 

For a system of n linear equations in n variables, AX = B, if A is an 

invertible matrix, then the unique solution of the system is given by 

X = A‘B. 

Since matrix multiplication is not commutative in general, care must be 
taken to multiply on the left by A’. 

EXAMPLE 5. Use an inverse matrix to solve the following system of equations: 

—2x + 3y = 4, 
—3x + 4y = 5. 

Solution We write an equivalent matrix equation, AX = B: 

Ae El 
Technology Connection 

To use a graphing calculator to 
A A a, rte 

solve the system of equations 
in Example 5, we enter A and In Example 3, we found that 

B and then enter the notation hae 

A 'B on the home screen. 1 ; ; } 

A") We also verified this in Example 2. Now we have 

(eI) -E3 
The solution of the system of equations is (1, 2). Now Try Exercise 25. 

Exercise Set 

Determine whether B is the inverse of A. Use the Gauss—Jordan method to find A ', if it exists. Check 
aye 1 Fo aa ! | your answers by finding AA and AA}, 

cea ee Pt IS 3.2 thoy a) cA | a=? : 
pa 3-2 2 1 2 

2,.A= age: B= , ; as 

74 =| | wh a 
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ha netgear 
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Se 
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In Exercises 25-28, a system of equations is given, together 

with the inverse of the coefficient matrix. Use the inverse of 

the coefficient matrix to solve the system of equations. 

Zee ate pee gS 
7x + 2y =5; —7* il 

26. 8x 4+7°5y = —6, gees Re ‘ 
CEO am BA =e P43 oes: 

aa 
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27 oxer oy = 2, i 3 ys 

2ka sty Cri 2A 5 pn Reet jie 6 

Ay) att ZS 5; 2 3 3 5 

Wie eS ess ; ao yy Ih 

toy, Sa i a al 
ws a =. 75 SVE cael 7 3 4 

Solve the system of equations using the inverse of the 
coefficient matrix of the equivalent matrix equation. 

OO FANS Sy — 22, BI RZ dike gE 8 

ie 2y sO CS ines oad oe 

Soke y= 2, Soe "OY =o, 

3k = 2y =A er eyes ee IS 

Sones a aha. le 34. Xe yal? oa ale 

Tie) aed 2X SV AZ a 

SS SG) Ae —3X 47 oY = 62 —4 

Donel X ect 3Y) ah Zam od, 36s store ay, = 7s 

SIS CYP Ie bya aa I 3x Dig e imo 

Shea Vea PH ig 0) lies 676 =) 

37) Wa Xa TAY cass 
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40. 

Lt Pee Sag ig 
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IW ON ge se te 

Cranberry Production. In 2012, a total of 660 million 
Ib of cranberries were produced in Wisconsin and 
Massachusetts. Wisconsin grew 240 million lb more 
than Massachusetts grew. (Source: U.S. Department of 
Agriculture) How many pounds of cranberries were 
grown in each state? 

Lunch Cost. Coworkers Jan and Richard purchase 
lunch from a food truck. Jan buys 1 beef taco and 
2 fruit cups for $5.25. Richard buys 3 beef tacos 
and 1 fruit cup for $8.25. Find the price of each 
item. 
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41. Landscaping Cost. Green-Up Landscaping bought 
4 tons of topsoil, 3 tons of mulch, and 6 tons of pea 
gravel for $2825. The next week, the firm bought 
5 tons of topsoil, 2 tons of mulch, and 5 tons of pea 
gravel for $2663. Pea gravel costs $17 less per ton than 
topsoil. Find the price per ton for each item. 

42. Investment. Trevor receives $230 per year in simple 

interest from three investments totaling $8500. Part is 
invested at 2.2%, part at 2.65%, and the rest at 3.05%. 
There is $1500 more invested at 3.05% than at 2.2%. 
Find the amount invested at each rate. 

» Skill Maintenance 
Use synthetic division to find the function values. 

ABs f(x) =x — 6x? 44x — 8; find f(=2). [4:3] 

Ad f(x) = 2x — x° + 5x° + 6x — 4; find f(3) [4.3] 

Solve. 

AS Ai acta 7 [30] 

1 
46. = 1 [3.4] 
aL eee 

AT, Ni 2 al = VV 2x — 4 34) 

48. x — Vx — 6 =0 [3.4] 
Factor the polynomial f(x). [4.3] 

ADS (k= aK 08 eS 

EUR AG) eee ae Gt Niee = Poe cole 

» Synthesis 

State the conditions under which A‘ exists. Then find a 
formula for A’. 

ge 0 
51. A = [x] 2.4 =| | 

Oy 

Sadi police all 

een 0 y 0 0 
55m Aes One a 10 SA Ate 4 

Oi OZ a0 
ZO) 

OR OO ay 

Determinants and Cramer’s Rule 

» Evaluate determinants of square matrices. 

» Use Cramer’s rule to solve systems of equations. 

» Determinants of Square Matrices 

With every square matrix, we associate a number called its determinant. 

DETERMINANT OF A 2 x 2 MATRIX 

The determinant of the matrix . 

G26 

Gel. Gc 
‘ is denoted b and is defined as 

= ad — be. 
Dog 
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Va) es 
ey oi 

JUST EXAMPLE 1 Evaluate: 
IN 

TIME 

Solution 

WO ee Oe 
= V2(-V2) — (-4)(-3) 
eet 

= =]|4 Now Try Exercise 1. 

We now consider a way to evaluate determinants of square matrices of order 
3 X 3 or higher. 

The arrows indicate the products involved. 

» Evaluating Determinants Using Cofactors 

Often we first find minors and cofactors of matrices in order to evaluate 

determinants. 

MINOR 

For a square matrix A = [a], the minor M; of an entry a; is the determi- 
nant of the matrix formed by deleting the ith row and the jth column of A. 

EXAMPLE 2 For the matrix 

=) 0 6 

Avena i= eneaume Gate, 
=e iS 

find each of the following. 

a) My b) Mo; 

Solution 

a) For M,,, we delete the first row and the first column and find the determinant of 

the 2 X 2 matrix formed by the remaining entries. 

ro 

ee i =O eS 

= (-6)+5 — (-3)+7 
= —30 = (21) 
= —30 + 21 
= -9 

b) For M);, we delete the second row and the third column and find the determi- 

nant of the 2 X 2 matrix formed by the remaining entries. 

& | 

= 24 Now. Try Exercise 9. 
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COFACTOR 

For a square matrix A = [aj], the cofactor Aj of an entry aj is given by 

Aj oa on 1 My 

where M,; is the minor of aj. 

EXAMPLE 3 For the matrix given in Example 2, find each of the following. 

a) Ay b) Ay; 

Solution 

a) In Example 2, we found that M,, = —9. Then 

Ay a cell) 9) ea (cl) ca) acer: 

b) In Example 2, we found that M,; = 24. Then 

Ags = (al)? (24) Sage ean 24: 
Now Try Exercise 11. 

Note that minors and cofactors are numbers. They are not matrices. 

Consider the matrix A given by 

A=|@, 4) 43 

43; 432 33 

The determinant of the matrix, denoted | A], can be found by multiplying each ele- 
ment of the first column by its cofactor and adding: 

|A| = aA, + a )Aq, + 43)A3). 

Because 

Ay = (er 9 ene fr = Mins 

Ay = —1)?*!M), = Vy 

and A; = (1) Ma = M3), 

we can write 

= a\3 A2 43 
JA| = + @3)° 

32. 433 432 433 422 493 

It can be shown that we can determine |A| by choosing any row or column, mul- 
tiplying each element in that row or column by its cofactor, and adding. This is 
called expanding across a row or down a column. We just expanded down the first 
column. We now define the determinant of a square matrix of any order. 
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Determinants can be evaluated 

on a graphing calculator. After 
entering a matrix, we select the 
determinant operation from 
the MATRIX MATH menu and 

enter the name of the matrix. 

The calculator will return the 

value of the determinant of the 

matrix. For example, for 

we have 

det ([A]) 

SECTION 9.6 Determinants and Cramer’s Rule 687 

DETERMINANT OF ANY SQUARE MATRIX 

For any square matrix A of order n X n(n > 1), we define the determi- 
nant of A, denoted | A], as follows. Choose any row or column. Multiply each 
element in that row or column by its cofactor and add the results. The deter- 
minant ofa 1 X 1 matrix is simply the element of the matrix. The value of a 
determinant will be the same no matter which row or column is chosen. 

EXAMPLE 4 Evaluate | A| by expanding across the third row. 

= OG 
Aen 67 

=] +315 

Solution We have 

|A| = (—1)As, + (—3)A32 + 5A33 

Bel 0 6 AW eD —8 6 =(-ryas| 8 Sf aye |e S| 
343, —8 0 + 5(=1) ; » 

I CSIs 0856 = (SOG) SEES) (al ie eas 

heen 8 (c= 6) m0) 

= —[36] + 3[-80] + 5/48] 

= —36 — 240 + 240 = —36. 

The value of this determinant is —36 no matter which row or column we 

expand on. Now Try Exercise 13. 

» Cramer’s Rule 

Determinants can be used to solve systems of linear equations. Consider a system 
of two linear equations: 

axt by = a, 

Ax + boyy = &, 

Solving this system using the elimination method, we obtain 

b> oa Cob, - A\Cz — Axl, 

Se oe ee an Se i oa oP 

a,b, = ayb, a,b, = ayb, 

The numerators and the denominators of these expressions can be written as 

determinants: 

Cc 0d, ay Cy 

C, b, a4 
x= and + 7s= 

a, 0b, a, 

ay b, ay b, 
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Technology Connection 

To use Cramer’s rule to solve 

the system of equations in 

Example 5 on a graphing calcu- 
lator, we first enter the matrices 

corresponding to D, D,, and D,,. 
We enter 

A 

5) 

det ([B])/det([A] 
)> Frac 

det ([C])/det([A] 

)> Frac 

Systems of Equations and Matrices 

If we let 

b GG 
foe Zi De “1 a and De = yes ae 

ay b, C b, a C2 

we have 

De Fe Dy 
x 5 and y a 

This procedure for solving systems of equations is known as Cramer's rule. 

CRAMER’S RULE FOR 2 x 2 SYSTEMS 

The solution of the system of equations 

ax+ by = cq, 

ax + by = C9 

is given by 

a 
: Ay and D # 0. 

a © 

Note that the denominator D contains the coefficients of x and y, in the same 
position as in the original equations. For x, the numerator is obtained by replac- 
ing the x-coefficients in D (the a’s) with the c’s. For y, the numerator is obtained by 
replacing the y-coefficients in D (the b’s) with the c’s. 

EXAMPLE 5 Solve using Cramer's rule: 

PRS Sea is 

5x — 2y = —3. 

Solution We have 

eee Ses eee Pie) (Hs). eet 

ce P | Sos) aoe oe 
5-2 
‘ 7 

oe et es) Or ee eal 

oa P an ee —29 ~ =29 °° «29 
5 “3 

The solution is ( — + $3 | ; Now Try Exercise 29. 

Cramer's rule works only when a system of equations has a unique solution. 
This occurs when D ¥ 0. If D = 0 and D, and D, are also 0, then the equations 
are dependent. If D = 0 and D, and/or D, is not 0, then the system is inconsistent. 

Cramer's rule can be extended to a system of n linear equations in n variables. 
We consider a 3 X 3 system. 
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CRAMER’S RULE FOR 3 x 3 SYSTEMS 

The solution of the system of equations 

axt+ by +coz= d, 

Ax + by + Ez = dy, 

a3x + bsy + 32 = dy 

is given by 

and D 4.0. 

Note that the determinant D, is obtained from D by replacing the x-coefficients 
with dj, d), and d;. D, and D, are obtained in a similar manner. As with a system 

of two equations, Cramer's rule cannot be used if D = 0. If D = 0 and D,, D,, and 
D, are 0, then the equations are dependent. If D = 0 and one of D,, D,, or D, is not 

0, then the system is inconsistent. 

EXAMPLE 6 Solve using Cramer's rule: 

PRES SW oie 1S = ‘hey 

aa SV Aly eZee all 5 

5B Sil A ts a 

Solution We have 

it eee, ia) 2387 

DE We 92 he 10 De = | 

iL phe 3 42953 

lies eer 1 6 ie 

1B Rama Vtg eens hag a et Cn? 8 hia 

iP eae) ee ey ee 

Then 

DE a0 2 D -6 3 Dd tis 24 bas 
—— ===4 a= > SSS 7 — ; Z= a oS, * 

4 aia 210 aaa yu Ogniaes Dares tues 

The solution is ( —2,2,2 3 
In practice, it is not necessary to evaluate D,. When we have found values for x 

and y, we can substitute them into one of the equations to find z. 
Now Try Exercise 37. 
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. Exercise Set 9.6 

Evaluate the determinant. 

oh 

Ts 

8 2 | 
2 

ee | agih  o 

| 4 4 ie 2 
4, 

= g) 5 4 

-2 -V5 : V5 -3 
-V5 3 oie aoe 

4 jee pe Oe | 
x y 8) 

Use the following matrix for Exercises 9-16: 

Oo OL Sak Gaal 

A=] 2 OF = 

1 Dig) 

. Find M,,, M32, and M)). 

. Find M,3, M3), and M)3. 

. Find A),, A32, and A). 

. Find Aj3, A3;, and A)3. 

. Evaluate A| by expanding across the second row. 

. Evaluate |A| by expanding down the second 
column. 

. Evaluate |A| by expanding down the third column. 

16. Evaluate | A| by expanding across the first row. 

Use the following matrix for Exercises 17-22: 

Wie 

18. 

19. 

20. 

aL, 

22. 

1 0 Opn rae 

4 1 0 

5 6 vk 

an er ay 

Find M,, and Mgy. 

Find M,, and M33. 

Find A) and A34. 

Find Arg and Ag, 

S © © 

Evaluate |A| by expanding across the first row. 

Evaluate |A| by expanding down the third column. 

Evaluate the determinant. 

23. 

Sed 2 

=e aa 1 

o. Ar = 6 

Systems of Equations and Matrices 

Dome cre tL 

24 2 4 3 

al Se 

hoe Ua 

25. ee cae, 

a eX 1 

xe els 

eee 3 x 

0 x 1 

Solve using Cramers rule. 

D1 Ie Ay "3, 28s Skea A ee, 

Oat Vaal TA ee 

DS NAO) tree) AC S08 SX ct AV) ees 

Nee nl DX veel 

De kat Vee, 

AXE OY ead 

Sle Noel 

SILO Veet 5 

Soe ee creo e 

Sh pare yaa) 

34.34 + 2y = 7; 
Pp Ra Unrate 

SDnpok rely = eo 4, 

Bi. Se = 

Vas bin nie) aero ny Sasa 

38. 

Sod 

40. 

¥ 

- 

¥ 

— CO NSD eB We w ° 
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Al. 6y + ——— = 

fee’ » Synthesis 
4x + 9y =8 Solve. 

: = 2 A228 47 SY Dp 51. =y 
2X OYA edie Sry, 

4yi 22 = —|] 

d ; 52. | eae 
>» Skill Maintenance Tings 
Determine whether the function is one-to-one, and if it is, CR ae 
find a formula for f-'(x). [5.1] SET EN as We 

43. f(x) = 3x +2 3 4 —2 

44. =x? — +2 - 
I) elie 54. lé S| sams 

45. f(x) = |x| + 3- eae thee 
46. f(x) = ee | Rewrite the expression using a determinant. Answers may 

vary. 
Simplify. Write answers in the form a + bi, where a and b ae 
are real numbers. [3.1] 

47. (3°— 4i)'— (=2 +1) 

48. (5 + 2i) + (1 — 4i) 

49. (1 — 2i)(6 + 2i) 

3 ar 

56. h(a + b) 

57. 2ar + 2arh 

5S iy aa 

50. 
4 — 31 

Systems of Inequalities and Linear Programming 

® Graph linear inequalities. | | 

» Graph systems of linear inequalities. 

» Solve linear programming problems. 

A graph of an inequality is a drawing that represents its solutions. We have already 
seen that an inequality in one variable can be graphed on the number line. An 
inequality in two variables can be graphed on a coordinate plane. 

~ soweuneaRincquauTes © Graphs of Linear Inequalities 

REVIEW SECTION 1.6 | | 
win rs Tie) ae 3 ‘ Z oe 

A statement like 5x — 4y < 20 is a linear inequality in two variables. 
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5 
4 
ic 

FG) 

oo 

Say (a 
if 

7 2 

#e 3 
—4 
5 

Systems of Equations and Matrices 

LINEAR INEQUALITY IN TWO VARIABLES 

A linear inequality in two variables is an inequality that can be written in 

the form 

AXE Bye, 

where A, B, and C are real numbers and A and B are not both zero. The 

symbol < may be replaced with S, >, or =. 

A solution of a linear inequality in two variables is an ordered pair (x, y) for 
which the inequality is true. For example, (1, 3) is a solution of 5x — 4y < 20 
because 5° 1 — 4°3 < 20, or —7 < 20, is true. On the other hand, (2, —6) is not 
a solution of 5x — 4y < 20 because 5:2 —4:(—6) £ 20, or 34 < 20. 

The solution set of an inequality is the set of all ordered pairs that make it 
true. The graph of an inequality represents its solution set. 

EXAMPLE 1 Graph: y < x + 3. 

Solution We begin by graphing the related equation y = x + 3. We usea 
dashed line because the inequality symbol is <. This indicates that the line itself is 
not in the solution set of the inequality. 

Note that the line divides the coordinate plane into two regions called 
half-planes. One of these half-planes satisfies the inequality. Either all points in a 
half-plane are in the solution set of the inequality or none is. 

To determine which half-plane satisfies the inequality, we try a test point in 
either region. The point (0, 0) is usually a convenient choice so long as it does not 
lie on the line. 

bt ene) ae 
Oita Qi a3 

0 | 3 TRUE 0 < 3istrue. 

Since (0, 0) satisfies the inequality, so do all points in the half-plane that contains 
(0, 0). We shade this region to show the solution set of the inequality. 

Now Try Exercise 13. 
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Technology Connection 

One way to graph the inequality in Example 1 on 
a graphing calculator is to first enter the related 
equation, y = x + 3. Then select the “shade below” 
graph style. Note that we must keep in mind that the 
line y = x + 3 is not included in the solution set. 

VS 35rd 

Plot! Plot2 Plot3 

avi X+3 

a ull \Y3= atl 
\Y4= 

\Y5= 

\Yo= 

\Y7= 

| ==-====== 

Some calculators have an application Inequalz on 
the APPS menu that can be used to graph an inequal- 
ity. When this application is used, the inequality 
y <x + 3 is entered directly and the graph of the 
related equation appears as a dashed line. 

X= Plot] Plot2 Plot3 

KYB X+3 
\Y2= 

\Y3= es P| 
ve cl MG 

In general, we use the following procedure to graph linear inequalities in two 
variables by hand. 

To graph a linear inequality in two variables: 

1. Replace the inequality symbol with an equals sign and graph this 
related equation. If the inequality symbol is < or >, draw the line 
dashed. If the inequality symbol is = or =, draw the line solid. 

. The graph consists of a half-plane on one side of the line and, if the 
line is solid, the line as well. To determine which half-plane to shade, 
test a point not on the line in the original inequality. If that point is a 
solution, shade the half-plane containing that point. If not, shade the 
opposite half-plane. 

EXAMPLE 2 Graph: 3x + 4y = 12. 

Solution 

1. First, we graph the related equation 3x + 4y = 12. We use a solid line because 
the inequality symbol is =. This indicates that the line is included in the solu- 

tion set. 

2. To determine which half-plane to shade, we test a point in either region. We 

choose (0, 0). 

3x + 4y = 12 
8) (a es Os | a a I 

12. ‘FALSE 0 =} 12 is false. 
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Because (0, 0) is not a solution, all the points in the half-plane that does not 

Technology Connection contain (0,0) are solutions. We shade that region, as shown in the following 

figure. 
To graph the inequality in 
Example 2 on a graphing 
calculator, we first solve the 
related equation for y and enter 

sow cred 2 
ji 

Then we select the “shade 
above” graph style. yy PVE Ta ET a a ee 

3x + 4y = 12 

itin the form y = 

Now Try Exercise 17. |
 

EXAMPLE 3 Graphx > —3 ona plane. 

Solution 

1. First, we graph the related equation x = —3. We use a dashed line because 
the inequality symbol is >. This indicates that the line is not included in the 
solution set. 

To use the Inequalz 
application on the APP menu, 
we solve the inequality for y 

and enter 2. The inequality tells us that all points (x, y) for which x > —3 are solutions. 
SB 19 These are the points to the right of the line. We can also use a test point to 

y= prepa: determine the solutions. We choose (5, 1). 

Lees fecal ae EP Te: 
bree 3... TRUE Sad 1S. true. 

Because (5, 1) is a solution, we shade the region containing that point—that is, 
the region to the right of the dashed line. 

Now Try Exercise 23. 



Technology Connection 

We can graph inequalities, 
such as the one in Example 3, 
on a calculator that has the 
Inequalz application on the 
APPS menu. 

Piot2 Plot3 

We can graph the 
inequality y = 4in Example 4 
using Inequalz or by first 
graphing y = 4 and then 
using the “shade below” graph 
style. 

yes 

TT 
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EXAMPLE 4 Graph y <= 4onaplane. 

Solution 

1. First, we graph the related equation y = 4. We use a solid line because the 
inequality symbol is =. 

2. The inequality tells us that all points (x, y) for which y = 4 are solutions of 
the inequality. These are the points on or below the line. We can also use a test 
point to determine the solutions. We choose (—2, 5). 

ys4 ha rs 

5 2 4 FALSE 5 = 4is false. 

Because (—2, 5) is not a solution, we shade the half-plane that does not contain 
that point. 

Now Try Exercise 25. 

» Systems of Linear Inequalities 

A system of inequalities consists of two or more inequalities considered simultane- 

ously. For example, 

poe Bye = 4, 

eV eee 

is a system of two linear inequalities in two variables. 
A solution of a system of inequalities is an ordered pair that is a solution of 

each inequality in the system. To graph a system of linear inequalities, we graph 
each inequality and determine the region that is common to all the solution sets. 
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Technology Connection 

We can use different shad- 
ing patterns on a graphing 
calculator to graph the system 
of inequalities in Example 5. 
The solution set is the region 
shaded using both patterns. 

Val AX OY ys 

6 

eG 

We can also use the In- 
equalz application to graph 
this system of inequalities. If 
we choose the Ineq Intersec- 
tion option from the Sxapes 
menu, only the solution set 
is shaded, as shown in the 
following figure. 

Systems of Equations and Matrices 

EXAMPLE 5_ Graph the solution set of the system 

Nei Viena: 

Aiea hee 

Solution We graph x + y = 4 by first graphing the equation x + y = 4 

using a solid line. Next, we choose (0, 0) as a test point and find that it is a solu- 
tion of x + y < 4, so we shade the half-plane containing (0, 0) using red. Next, 
we graph x — y = 2 using a solid line. We find that (0, 0) is not a solution of 
x — y = 2, so we shade the half-plane that does not contain (0, 0) using green. 
The arrows near the ends of each line help to indicate the half-plane that contains 
each solution set. 

The solution set of the system of equations is the region shaded both red and 
green, or brown, including parts of the lines x + y = 4andx — y = 2. 

A system of inequalities may have a graph that consists of a polygon and its 
interior. As we will see later in this section, in many applications we will need to 
know the vertices of such a polygon. 

EXAMPLE 6 Graph the following system of inequalities and find the 
coordinates of any vertices formed: 

Sx 6: (1) 

pe ie) | hae OA) 

tyne): (3) 

Solution We graph the related equations 3x — y = 6, y — 3 = 0, and 
x + y = 0 using solid lines. The half-plane containing the solution set for each 
inequality is indicated by the arrows near the ends of each line. We shade the region 
common to all three solution sets. 
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To find the vertices, we solve three systems of equations. The system of 
equations from inequalities (1) and (2) is 

3X = y= 6, 

Vice fo). 

Solving, we obtain the vertex (3, 3). 
The system of equations from inequalities (1) and (3) is 

3x — y = 6, 

ey Eas 

Solving, we obtain the vertex e —3 ) : 
The system of equations from inequalities (2) and (3) is 

as, 

Cea aaa): 

Solving, we obtain the vertex (—3, 3). Now Try Exercise 55. 

» Applications: Linear Programming 

In many applications, we want to find a maximum value or a minimum value. 
In business, for example, we might want to maximize profit and minimize cost. 
Linear programming can tell us how to do this. 

In our study of linear programming, we will consider linear functions of two 
variables that are to be maximized or minimized subject to several conditions, or 
constraints. These constraints are expressed as inequalities. The solution set of the 
system of inequalities made up of the constraints contains all the feasible solutions 
of a linear programming problem. The function that we want to maximize or 
minimize is called the objective function. 

It can be shown that the maximum and minimum values of the objective 
function occur at a vertex of the region of feasible solutions. Thus we have the 
following procedure. 

Linear Programming Procedure 

To find the maximum or minimum value of a linear objective function 
subject to a set of constraints: 

1. Graph the region of feasible solutions. 
2. Determine the coordinates of the vertices of the region. 

. Evaluate the objective function at each vertex. The largest and smallest 
of those values are the maximum and minimum values of the function, 

respectively. 
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Technology Connection 

We can create a table in which 
an objective function is evalu- 
ated at each vertex of a system 
of inequalities if the system 
has been graphed using the 
Inequalz application in the 
Apps menu. Refer to the online 
Graphing Calculator Manual 
that accompanies the text for 
details. 

EXAMPLE 7 Maximizing Profit. Dovetail Carpentry Shop makes bookcases 

and desks. Each bookcase requires 5 hr of woodworking and 4 hr of finishing. 

Each desk requires 10 hr of woodworking and 3 hr of finishing. Each month the 

shop has 600 hr of labor available for woodworking and 240 hr for finishing. The 

profit on each bookcase is $40 and on each desk is $75. How many of each product 

should be made each month in order to maximize profit? What is the maximum 

profit? 

Solution We let x = the number of bookcases to be produced and y = the 

number of desks. Then the profit P is given by the function 

Pee aX a ys To emphasize that P is a function of two variables, 
we sometimes write P(x, y) = 40x + 75y. 

We know that x bookcases require 5x hr of woodworking and y desks require 10y 
hr of woodworking. Since there is no more than 600 hr of labor available for wood- 
working, we have one constraint: 

ake LOY = 600: 

Similarly, the bookcases and the desks require 4x hr and 3y hr of finishing, 
respectively. There is no more than 240 hr of labor available for finishing, so we 
have a second constraint: 

Ae Ves DAU, 

We also know that x = 0 and y = 0 because the carpentry shop cannot make a 
negative number of either product. 

Thus we want to maximize the objective function. 

P = 40x + 75y 

subject to the constraints 

5x + 10y < 600, 
Ax +; 3y = 240, 

0, 

ye: 

lV x 

We graph the system of inequalities and determine the vertices, as shown in the 
figure at left. 

Next, we evaluate the objective function P at each vertex. 

Vertices Profit 

(x, y) P = 40x + 75y 

(0, 0) P= 40°0+ 75:0 =0 

(60, 0) P = 40-60 + 75-0 = 2400 
(24, 48) P = 40-24 + 75:48 = 4560 | <— Maximum 

(0, 60) P = 40:0 + 75:60 = 4500 

The carpentry shop will make a maximum profit of $4560 when 24 bookcases 
and 48 desks are produced and sold. 
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<6 _ Exercise Set 

In Exercises 1-8, match the inequality with one of the 1 Os ee sak) 12, y—x<0 
graphs (a)-(h) that follow. eee, eee ee 

a) 15 .2X  4 16:4. = Wee 

17. 3x — 2y = 6 18. 2x — 5y < 10 

19S Sat 2x 6 205 2g 

D4 Eh 8 aS PAN SES A123 22: 2% — OVO 1, ZY 

23. x= 4 PL) a 5) 

295 Vn 26. Xt="5 

27 ey 
(Hint: Think of this as -4 < yandy < —1.) 

28. 3S = 38 29. y= |x| 

300 5y ale 

In Exercises 31-36, match the system of inequalities with 
one of the graphs (a)-(f) that follow. 

b) 
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S32 a4, By oe ss Sh, 

AX ye 2 Veal 

Seay = 4, 305 — year); 

Sb ee ary, AP eae 

se = se 22 

yea) Vi=0 

Find a system of inequalities with the given graph. 
Answers may vary. 

38. 

Graph the system of inequalities. Then find the coordinates 
of the vertices. 

AS. VFX, 4A, y= xX, 

atin age Vea, 

AS ek, AGW =X, 

Vi As x Vee at 

47) =o, 435) =), 

nee at eae 

49 5 == 3; DO ater =, 
Ware 2 3 yess io =k 

Sete D2 Net Oke ay, 

x-ys2 BS he ae 

53 Ve ee. 54. VS ler 

Veo Nge= ‘yee Cra 

Ni) an) 

5a 2, 56. eo yea, 

ey ea Oe DE SE we e Ws 

Vi 470) ie, 

baat 
Bye 3X = = i12, 58. 8x57 Oy ==240, 

ayes 3X2 30, x 2 yes 

V0; 53 = (0). 

a0 ya0 

89; “seer 4) = "17, 6057 rt, 

Shor Gy = 30, A = real 

Ps S35 LS So 

Find the maximum value and the minimum value of the 
function and the values of x and y for which they occur. 

61. P = 17x — 3y + 60, subject to 

6x + 8y ="48, 
OS S34 

OSX 7. IA IA 

62. Q = 28x — 4y + 72, subject to 

Be > dy 720, 

OS = 4: 

ae 

63. F = 5x + 36y, subject to 

Bats ya. 

ae + Sys 30; 

x= 0; 

y=0, 

64. G = 16x + 14y, subject to 

ae. 27 = Lo. 

qe cb OY 820, 

<= 0; 

Vie 

IA IA 

65. Maximizing Mileage. Jazmin owns a pickup truck 
and a moped. She can afford 12 gal of gasoline to 
be split between the truck and the moped. Jazmin’s 
truck gets 20 mpg and, with the fuel currently in the 
tank, can hold at most an additional 10 gal of gas. 

Her moped gets 100 mpg and can hold at most 3 gal 
of gas. How many gallons of gasoline should each 
vehicle use if Jazmin wants to travel as far as possible 
on the 12 gal of gas? What is the maximum number 
of miles that she can travel? 



66. 

67. 

68. 

69. 

SECTION 9.7 

Maximizing Income. Golden Harvest Foods makes 
jumbo biscuits and regular biscuits. The oven can 
cook at most 200 biscuits per day. Each jumbo biscuit 
requires 2 oz of flour, each regular biscuit requires 
1 oz of flour, and there are 300 oz of flour available. 
The income from each jumbo biscuit is $0.45 and 
from each regular biscuit is $0.30. How many of each 
size biscuit should be made in order to maximize in- 
come? What is the maximum income? 

Maximizing Profit. Waterbrook Farm includes 240 
acres of cropland. The farm owner wishes to plant this 
acreage in both corn and soybeans. The profit per acre 
in corn production is $325 and in soybeans is $180. 
A total of 320 hr of labor is available. Each acre of 
corn requires 2 hr of labor, whereas each acre of soy- 
bean requires 1 hr of labor. How should the land be 
divided between corn and soybeans in order to yield 
the maximum profit? What is the maximum profit? 

Maximizing Profit. Norris Mill can convert logs into 
lumber and plywood. In a given week, the mill can 
turn out 400 units of production, of which at least 
100 units of lumber and at least 150 units of plywood 
are required by regular customers. The profit is 
$25 per unit of lumber and $38 per unit of plywood. 
How many units of each should the mill produce in 
order to maximize the profit? What is the maximum 

profit? 

Minimizing Cost. An animal feed to be mixed from 
soybean meal and oats must contain at least 120 Ib 

of protein, 24 lb of fat, and 10 Ib of mineral ash. Each 

100-lb sack of soybean meal costs $20 and contains 

50 Ib of protein, 8 lb of fat, and 5 Ib of mineral ash. 

Each 100-Ib sack of oats costs $8 and contains 15 Ib 

of protein, 5 Ib of fat, and 1 Ib of mineral ash. How 

many sacks of each should be used in order to satisfy 

the minimum requirements at minimum cost? What 

is the minimum cost? 

70. 

71. 

72. 

73. 

74. 
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Minimizing Cost. Suppose that in the preceding 
exercise the oats were replaced by alfalfa, which costs 
$10 per 100-lb sack and contains 20 lb of protein, 
6 lb of fat, and 8 lb of mineral ash. How much of each 
would now be required in order to minimize the 
cost? What is the minimum cost? 

Maximizing Income. _ Francisco is planning to invest 

up to $40,000 in corporate and municipal bonds. 
The least he is allowed to invest in corporate bonds 
is $6000, and he does not want to invest more than 
$22,000 in corporate bonds. He also does not want 
to invest more than $30,000 in municipal bonds. 
The interest is 3% on corporate bonds and 44% on 
municipal bonds. This is simple interest for one year. 
How much should he invest in each type of bond in 
order to maximize his income? What is the maxi- 
mum income? 

Maximizing Income. Mila is planning to invest up 

to $22,000 in certificates of deposit at City Bank and 
People’s Bank. She wants to invest at least $2000 but 
no more than $14,000 at City Bank. People’s Bank 
does not insure more than a $15,000 investment, so 

she will invest no more than that in People’s Bank. 
The interest is 2;% at City Bank and 1}% at People’s 
Bank. This is simple interest for one year. How much 
should she invest in each bank in order to maximize 
her income? What is the maximum income? 

Minimizing Transportation Cost. An airline with 

two types of airplanes, P, and P;, has contracted 

with a tour group to provide transportation for a 
minimum of 2000 first-class, 1500 tourist-class, and 
2400 economy-class passengers. For a certain trip, 

airplane P, costs $12 thousand to operate and can 
accommodate 40 first-class, 40 tourist-class, and 120 
economy-class passengers, whereas airplane P, costs 
$10 thousand to operate and can accommodate 80 
first-class, 30 tourist-class, and 40 economy-class pas- 
sengers. How many of each type of airplane should be 
used in order to minimize the operating cost? What 
is the minimum operating cost? 

Minimizing Transportation Cost. Suppose that in 

the preceding exercise a new airplane P; becomes 
available, having an operating cost for the same trip 
of $15 thousand and accommodating 40 first-class, 
40 tourist-class, and 80 economy-class passengers. 
If airplane P, were replaced by airplane P;, how many 
of P, and P; should be used in order to minimize 
the operating cost? What is the minimum operating 

cost? 
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76. 

Te. 

78. 
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Maximizing Profit. It takes Fena Tailoring 3 hr of cut- 
ting and 6 hr of sewing to make a tiered silk organza 
bridal dress. It takes 6 hr of cutting and 3 hr of sewing 
to make a lace sheath bridal dress. The shop has at most 
27 hr per week available for cutting and at most 36 hr 
per week for sewing. The profit is $320 on an organza 
dress and $305 ona lace dress. How many of each kind 
of bridal dress should be made each week in order to 
maximize profit? What is the maximum profit? 

Maximizing Profit. Cambridge Metal Works manu- 
factures two sizes of gears. The smaller gear requires 
4 hr of machining and | hr of polishing and yields 
a profit of $45. The larger gear requires | hr of ma- 
chining and 1 hr of polishing and yields a profit of 
$30. The firm has available at most 24 hr per day for 
machining and 9 hr per day for polishing. How many 
of each type of gear should be produced each day 
in order to maximize profit? What is the maximum 
profit? 

Minimizing Nutrition Cost. Suppose that it takes 
12 units of carbohydrates and 6 units of protein to 
satisfy Jacob’s minimum weekly requirements. A 
particular type of meat contains 2 units of carbohy- 
drates and 2 units of protein per pound. A particular 
cheese contains 3 units of carbohydrates and 1 unit of 
protein per pound. The meat costs $3.50 per pound 
and the cheese costs $4.60 per pound. How many 
pounds of each are needed in order to minimize the 
cost and still meet the minimum requirements? What 
is the minimum cost? 

Minimizing Salary Cost. The Spring Hill school 
board is analyzing education costs for Hill Top 
School. It wants to hire teachers and teacher’s aides 
to make up a faculty that satisfies its needs at mini- 
mum cost. The average annual salary for a teacher is 
$53,000 and for a teacher’s aide is $23,600. The school 
building can accommodate a faculty of no more than 
50 but needs at least 20 faculty members to function 

properly. The school must have at least 12 aides, but 

the number of teachers must be at least twice the 

number of aides in order to accommodate the expec- 

tations of the community. How many teachers and 
teacher’s aides should be hired in order to minimize 
salary costs? What is the minimum salary cost? 

79. Maximizing Animal Support in a Forest. A certain 

area of forest is populated by two species of animal, 
which scientists refer to as A and B for simplicity. 
The forest supplies two kinds of food, referred to as 
F, and F,. For one year, each member of species A 
requires 1 unit of F, and 0.5 unit of F,. Each member 

of species B requires 0.2 unit of F, and 1 unit of F). 
The forest can normally supply at most 600 units of 
F, and 525 units of F, per year. What is the maximum 

total number of these animals that the forest can 

support? 

80. Maximizing Animal Support in a Forest. Refer to 

Exercise 79. If there is a wet spring, then supplies of 
food increase to 1080 units of F; and 810 units of F. 
In this case, what is the maximum total number of 
these animals that the forest can support? 

» Skill Maintenance 

Solve. 

$1, =5 = 2 4 [16] 

82. |= Sh 2 [35] 

83. x’? — 2x < 3 [4.6] 

x IL 
84. > 4 [4.6] 

Xia, 

» Synthesis 

Graph the system of inequalities. 

85. y= x — 2, 
Ys. — x 

A ase, ess ie 

y2x 
Graph the inequality. 

870s y= 88. |x| + |y| <1 

89. |x| > |y| 902 |x Vy S20 

91. Allocation of Resources. Comfort-by-Design 
Furniture produces chairs and sofas. Each chair 
requires 20 ft of wood, 1 Ib of foam rubber, and 2 yd* 
of fabric. Each sofa requires 100 ft of wood, 50 Ib of 
foam rubber, and 20 yd? of fabric. The manufacturer 
has in stock 1900 ft of wood, 500 Ib of foam rubber, 
and 240 yd? of fabric. The chairs can be sold for $200 
each and the sofas for $750 each. How many of each 
should be produced in order to maximize income? 
What is the maximum income? 



SECTION 3.8 Partial Fractions 703 

Partial Fractions 

» Decompose rational expressions into partial fractions. 

There are situations in calculus in which it is useful to write a rational expression 
as a sum of two or more simpler rational expressions. In the equation 

Abe — js) 3 =?) 
Eas a ; 

DP se 96 —= 6 goose 2 Die = 3 

for example, each fraction on the right side is called a partial fraction. The expres- 
sion on the right side is the partial fraction decomposition of the rational expres- 
sion on the left side. In this section, we learn how such decompositions are created. 

» Partial Fraction Decompositions 

The procedure for finding the partial fraction decomposition of a rational expres- 
sion involves factoring its denominator into linear factors and quadratic factors. 

Procedure for Decomposing a Rational Expression 

into Partial Fractions 

Consider any rational expression P(x) /Q(x) such that P(x) and Q(x) have 
no common factor other than 1 or —1. 

1. If the degree of P(x) is greater than or equal to the degree of Q(x), 
divide to express P(x) /Q(x) as a quotient + remainder /Q(x) and 
follow steps (2)—(5) to decompose the resulting rational expression. 

. If the degree of P(x) is less than the degree of Q(x), factor Q(x) into 
linear factors of the form (px + q)" and/or quadratic factors of the 
form (ax? + bx + c)™. Any quadratic factor ax* + bx + c must be 
irreducible, meaning that it cannot be factored into linear factors with 

rational coefficients. 
. Assign to each linear factor (px + q)" the sum of n partial fractions: 

Ay A ik 

= = ee 
Pe Ge (px 1G) ( Reg) 

. Assign to each quadratic factor (ax* + bx + c)” the sum of m partial 
fractions: 

B,x she Ci B,x == Cy Baw = Ce 

axe + bx +c (ax* + bx +c) (axe cw 

. Apply algebraic methods, as illustrated in the following examples, to 
find the constants in the numerators of the partial fractions. 
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JUST EXAMPLE 1 Decompose into partial fractions: 

“ME 4x a 13 

a. 2? +x -6 

Technology Connection 

We can use the TABLE feature 
on a graphing calculator to 
check a partial fraction de- 
composition. To check the de- 
composition in Example 1, we 
compare values of 

dle —= 13 

2x7 +x -—6 

2 

Kees ee. ver 

for the same values of x. Since 
¥, = y2 for the given values 
of x as we scroll through the 
table, the decomposition 
appears to be correct. 

= 

Solution The degree of the numerator is less than the degree of the denomina- 

tor. We begin by factoring the denominator: (x + 2)(2x — 3). We find constants 

A and B such that 

AN SoS ere B 

(ad tol Doerr te De ea 

To determine A and B, we add the expressions on the right: 

« ie SNe ol ot) 

(nae Ox = 33)) 

Ace — alk 

(x + 2)(2x —3) 

Next, we equate the numerators: 

Ay 13: = A(x = 3) Bla 2); 

Since the last equation containing A and B is true for all x, we can substitute any 
value of x and still have a true equation. If we choose x = >, then 2x — 3 = Oand 
A will be eliminated when we make the substitution. This gives us 

4(3) — 13 = A(2+}- 3) + B(} +2) 
= 0er We. 

Solving, we obtain B = —2. 
If we choose x = —2, then x + 2 = 0 and B will be eliminated when we make 

the substitution. This gives us 

4(—2) — 13 = A[2(—2) — 3] + B(-2 + 2) 
2) = Aga 0: 

Solving, we obtain A = 3. 
The decomposition is as follows: 

aXe 13 3 = 3 ms 
5 = a ; OF ‘ 

Jeers x On keels eas Me ae 

To check, we can add to see if we get the expression on the left. 

Now Try Exercise 3. 

EXAMPLE 2 Decompose into partial fractions: 

Ti 29x OA 
(Degen 1) — 22 

Solution The degree of the numerator is 2 and the degree of the denominator 
is 3, so the degree of the numerator is less than the degree of the denominator. The 
denominator is given in factored form. The decomposition has the following form: 

[ce 20 A oe A B C 
= - + 

aes aia) me oe) Nees a) een 

As in Example 1, we add the expressions on the right: 

_ Ate = 2)h + B(2 X Sel (X= 52)) eC ore 1) 

(2 lio) a 

7x” — 29x + 24 

(Qe =H) 2) 

Then we equate the numerators. This gives us 

We 29x + 2A = Ae 2) Bi On 1) ee a 
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Since the equation containing A, B, and C is true for all x, we can substitute any 
value of x and still have a true equation. In order to have 2x — 1 = 0, we let x = 
This gives us 

7(1)? — 29. 

l 
2 

+ 24=A(}-2)?+0+0 
45 _ 9 
Ge = TN, 

DlR 

Solving, we obtain A = 5. 

In order to have x — 2 = 0, we let x = 2. Substituting gives us 

72) 292) 240 0 C22 — 1) 

6 236. 

Solving, we obtain C = —2. 
To find B, we choose any value for x except 3 or 2 and replace A with 5 and C 

with —2. We let x = 1: 

7-P — 29+1 4+ 24 I (teed 2) tO ( 2 alee als) (Glee) 
+ (—2)(2-1-1) 

Zo = B=) 

Bel, 

The decomposition is as follows: 

7x’ — 29x + 24 5 1 g) 

(=e ae oo) eo Cea 
Now Try Exercise 7. 

POLYNOMIAL DIVISION 
1 

EXAMPLE 3 _ Decompose into partial fractions: 

REVIEW SECTION 4.3 6x 5x? 7 

pak am ges cs B= De 

Solution ‘The degree of the numerator is greater than that of the denominator. 
Therefore, we divide and find an equivalent expression: 

se ap 3 

Bx tte = exe —7 

6x? — 4x? — 2x 

9x* + 2x — 7 

9x? — 6x — 3 

Se — Al 

The original expression is thus equivalent to 

8x — 4 

Se ee 
De ae 3 FF 

We decompose the fraction to get 

sla ca Lge 
Cre lit = sxe le nal 

The final result is 

5 1 
=F : 

Bee ce Ml ee | Now Try Exercise 17. 

Systems of equations can also be used to decompose rational expressions. Let's 

reconsider Example 2. 

Dee ar 3 ar 
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EXAMPLE 4 Decompose into partial fractions: 

hg Sos i a 
(2x =A) = 2)" 

Solution The decomposition has the following form: 

A ie B i Cc 

Oc lei te ae | 

We first add as in Example 2: 

(ee ae, A B G 
= 7 + 

CSC ea 
seas 2\? be B(QKt all) (= 2 eat eee) 

(Qxi— 1 ieee?) 

Then we equate numerators: 

7x” — 29x + 24 
6 na) act oat SI (OG I WG Seca cee aol 5m Big 

SA (oA Ace B( 2x St Vic Cl eee) 

Ae AA eA Ok = Byers Cea, 

or, combining like terms, 

Ti 29x 24 

= (A + 2B)x* + (—4A — 5B + 2C)x + (4A + 2B — C). 

Next, we equate corresponding coefficients: 

7 =A + 2B; The coefficients of the x?-terms must be the same. 

=292— = 4A = 5SBer 2C The coefficients of the x-terms must be the same. 

24 = 4A + 2B-C. The constant terms must be the same. 

| systemsorequations | = We now have a system of three equations. You should confirm that the solution of 
IN THREE VARIABLES the system is 

ee es = Mle aus (© 9) 
The decomposition is as follows: 

Mame 29524 5 hee 2 
(Qneml) (2)* 9 Ohi eall lei (= 2) 

Now Try Exercise 15. 

EXAMPLE 5 Decompose into partial fractions: 

Ne ay 
(2x? =.1)(% = 3) 

Solution The decomposition has the following form: 

lic anaes) LB) EG 

(2x7 = VG 58 ee 2x Shee = 3 

Adding and equating numerators, we get 

l1x* — 8x — 7 = (Ax + B)(x — 3) + C(2x? = 1) 

Ak iB ANer BKe= BB IC eG 
of? Ti "8x "7 Aaa AB) eG oper ic), 



Decompose into partial fractions. 

98 

se ae W/ 

prey a) 
2x 

| (e+ 1)(x = 1) 

Weer: 

6x? — 5x + 1 

13x + 46 

” 12x? — llx — 15 

3x? — llx — 26 

ie 7A Need) 

5x? + 9x — 56 

(Caen (ae) 

9 

~ (x + 2)'(x — 1) 
x7 —x-4 

G2) 

2x7 + 3x +1 

Ris 1) 2ag— 1) 

10. 

11. 

12. 

13. 

x? — 10x + 13 

(ae 6 (4 — 1) 

x4 — 3x? — 3x* + 10 

(ect Ce 8) 

10x? — 15x? — 35x 

x —x- 6 

—x*? + 2x — 13 

(at 2) 1)) 
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We then equate corresponding coefficients: 

Lt — SAS Gs The coefficients of the x?-terms 

= 0) = Bl ae IR The coefficients of the x-terms 

=] => — Bie) = (C, The constant terms 

We solve this system of three equations and obtain 

A355 We Ba— vhs, anda G4. 

The decomposition is as follows: 

Exercise Set 

Lk era8 ee ee oe a re 
(Qxo 1G 1 

a 26x? + 208x 

" (x? + 1)(x + 5) 

(Tee LER 
15. 

Oe iG: = Oe 

5x? + 6x? + 5x 

(ean) (errs Le 

6x? + 5x? + 6x — 2 

16. 

1 ; 
Dee ae $e — I 

3 2x? + 3x? — 1lx — 10 

. x? + 2x — 3 

2x? — llx +5 

7 (x= 3) (atx 5) 

3x? — 3x — 8 

Sg = 15) ears 
—4x? — 2x + 10 

ah 
(3x +5) (ect ll)? 

26x* — 36x + 22 

(~ = 4)(20 — 1)? 

one se ll 

12x? — 7x — 10 

=1l75e se Ol 

6x? + 39x — 21 

—4x? — 9x + 8 

(Ce se CI) 

IW ogee eed) 

(Goa ee — |) 

22. 

23. 

24. 

20. 

26. 
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» Skill Maintenance 33. 
Find the zeros of the polynomial function. 

D7. f(x) = x x? Ox Ora 1) (4:3); [a4] hee 

Bea x — 3x4 x — 3 [41f 48), 144) ‘aoe 

29m x. ex — 3x 2 [4.4 og (Inx + 2)(In x — 3)? 

BOM Cues ae Ox ke 6 (4s3] 

Slvape= sox Sx 3 [4:3] 

» Synthesis 
Decompose into partial fractions. 

Dit 2ax ASX 
(a2) aL) 

[Hint: Let the expression equal 

32. 

A a Bes) 

ett (x 22)e 

and find P(x)]. 

Chapter 9 Summary and Review 

STUDY GUIDE 

KEY TERMS AND CONCEPTS EXAMPLES 

SECTION 9.1: SYSTEMS OF EQUATIONS IN TWO VARIABLES 

A system of two linear equations in two Solve: x + y = 2, 

variables is composed of two linear equa- y=x-4, 

tions that are considered simultaneously. 

The solutions of the system of equa- 

tions are all ordered pairs that make both 

equations true. 

A system of equations is consistent 

if it has at least one solution. A system 

of equations that has no solution is 

inconsistent. 

The equations are dependent if one 

equation can be obtained by multiplying The solution is the point of intersection, (3, —1). The system 
on both sides of the other equation by a is consistent. The equations are independent. 
constant. Otherwise, the equations are 

independent. 

Systems of two equations in two 
variables can be solved graphically. 
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Solve: x + y = 2, 

The graphs do not intersect, so there is no solution. The system 

is inconsistent. The equations are independent. 

Solve: x + y= 2, 
3x + 3y = 6. 

x+y=2, 

3x + 3y =6 

The graphs are the same. There are infinitely many common 

points, so there are infinitely many solutions. The solutions are 

of the form (x, 2 — x) or (2 — y, y). The system is consistent. 
The equations are dependent. 

Systems of two equations in two variables Solve: i=") os 

can be solved using substitution. 2x + 3y = 5. 

Substitute and solve for y: Back-substitute and solve for x: 

2 3). SV = 5 x=y-—5 

Pigs NN) SER OES) Elite me) 

5y- 10 =5 x= -2. 
sy = 15 
We: 

The solution is (—2, 3). 

Systems of two equations in two variables Solve: 3x + y= —1, 

can be solved using elimination. x — 3y = 8. 

Eliminate y and solve for x: Back-substitute and solve for y: 

OK Sy =e OA eal 

x—3y= 8 . oy 
10x a5 $+ y=-] 

x= y= -3, rh 
Be 

The solution is ic —3 y 
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Some applied problems can be solved by 

translating to a system of two equations 

in two variables. 

A solution of a system of equations in 

three variables is an ordered triple that 

makes all three equations true. 

We can use Gaussian elimination 
to solve a system of three equations 
in three variables by using the opera- 

tions listed on p. 651 to transform the 
original system to one of the form 

To TeV me Orca) BP 

EV ee Zone 

HZ TK. 

Then we solve the third equation for z 

and back-substitute to find y and x. 

Some applied problems can be solved 

by translating to a system of three 

equations in three variables. 

We can use a system of three equations 

to model a situation with a quadratic 

function. 

SECTION 9.2: SYSTEMS OF EQUATIONS IN THREE VARIABLES 

Systems of Equations and Matrices 

See Examples 6-8 on pp. 641-645. 

As we see in Example 1 on p. 651, Gaussian elimination can be 

used to transform the system of equations 

Seo Dy ap Se == Mh 

UD ies) PA Wiad OFA Ben 

SL Erisyi— 2 = A 

to the equivalent form 

Ves 

10y — 15z = —40, 
ae, == AV), 

Solve for z: 35z = 70 

(pss 

Back-substitute to find y and x: 

l0y — 15-2 = —40 
Oy = 30) == av fe sh se Gy = All 

1l0y = -10 x+8=11 

5 beast GS. 

The solution is (3, —1, 2). 

See Example 3 on p. 654. 

Find a quadratic function that fits the data points 

(OFS Vi loa’ Neand.( 21 \e 

We substitute in the function f(x) = ax* + bx + ¢: 

For (0; —5); 5=aP+b0+.¢6, 

For (1, =4): J=a-P+b1t¢, 

For (2; 1); lL=a-2?+b-2+6. 

We now have a system of equations: 

C=" 5, 

aa a a ace 

4a+2b+c=1. 

Solving this system of equations gives (2, —1, —5). Thus, 

f(x) = 2x7 — x — 5. 
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SECTION 9.3: MATRICES AND SYSTEMS OF EQUATIONS 

A matrix (pl., matrices) is a rectangular Row 1 “| She SS) 

Row 2 > 
array of numbers called entries, or =| Teens 
elements, of the matrix. 

Column 1 Column 2 Column 3 

This matrix has 2 rows and 3 columns. Its order is 2 X 3. 

We can apply the row-equivalent Solve: x — 2y = 8, 
operations on p. 661 to use Gaussian 2cruey, ==» L, 

elimination with matrices to solve We write the augmented matrix and transform it to 
systems of equations. 

row-echelon form or reduced row-echelon form: 

[ =e | 7 , 1 i | 
> —> 

2} iL jh at 0 I | =3 @ | = 

an 4) 
Row-echelon form Reduced row- 

echelon form 

Thus we have x = 2, y = —3. The solution is (2, —3). 

SECTION 9.4: MATRIX OPERATIONS 

Matrices of the same order can be added Find each of the following. 
or subtracted by adding or subtracting Le Wee ena ey mes wh 
their corresponding entries. o = 

-—1 2 3 0) | 8 jot) 

af + 
2 2 

3. =4 5 I a ee! ely 
-1 2 3° «o}) ol -1 -3 2-0 

— | es ~| 
L—4 2 

The scalar product of a number k and a 2 Bh Sal ae 

matrix A is the matrix kA obtained by For A= i aad Dar 
multiplying each entry of A by k. The a ee nD, AE: 2a) 

number k is called a scalar. A= 2 oF A Neil ee eee 

The properties of matrix addition and ae PN a 5 ee 5 

scalar multiplication are given on p. 670. jaa EAP ae A 

=$ =4 10 

For an m X nmatrix A = [a;] andan ioe 3 

n X pmatrixB = [bj], the product For A = | andB=| 3 4 |, find AB. 
AB = [c,] isan m X p matrix, where OF S21 i. 

Cy = ane by + ap? by; pe) © [ 3 | 
or Az ° D3; ap O28 Fe Gipaoan: AB = cs ; : | 3 { 

0 es 

The properties of matrix multiplication . [ 2 | 

are given on p. 673. [4+ ( 3) + (-1)°34+3°2 4+] +(-1)-4+3-(-1) I 

NO 3) = 2) Sale 2” 0d 4 (2dr 1 (1) 
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We can write a matrix equation equiva- Write a matrix equation equivalent to the system of equations: 

lent to a system of equations. ax — 3y = 6, 

Co ee, 

This system of equations can be written as 

foal GE 1 —4] Ly ie 

SECTION 9.5: INVERSES OF MATRICES 

Then X nidentity matrix lis ann X n The inverse of ann X n matrix A can be found by first writing 

matrix with 1’s on the main diagonal and an augmented matrix consisting of A on the left side and the 

0’s elsewhere. n X n identity matrix on the right side. Then row-equivalent 
For any n X n matrix A, operations are used to transform the augmented matrix to a 

matrix with the n X n identity matrix on the left side and the 
inverse on the right side. 

For ann X n matrix A, if there is a matrix See Examples 3 and 4 on pp. 680 and 681. 

A’ for which A'?A = I= A:A’, 
then A! is the inverse of A. 

Al = JA-=-A; 

For a system of n linear equations in Use an inverse matrix to solve the following system of equations: 

variables, AX = B, if A has an inverse, BAe okey 

then the solution of the system of equa- y : 

tions is given by cae) ieee ae 

X = A'B. First, we write an equivalent matrix equation: 

Since matrix multiplication is not com- Le | ; | = l | 

mutative, in general, B must be multi- is a ey, =1/ 

plied on the left by A’. Re Ae ee 

Then we find A! and multiply on the left by A!: 

X= A'-B 

Fe esaleah [a 
The solution is (3, 2). 

SECTION 9.6: DETERMINANTS AND CRAMER’S RULE 

Determinant of a2 X 2 Matrix iil 
Evaluate: : 

The determinant of the matrix is 
b d | 3 | 

a G 3 = Sel = 24 Be al 

‘denoted by A and is defined as 2 1 aa 

ac 
= ad — be. b d : 

The determinant of any square matrix See Example 4 on p. 687. 
can be found by expanding across a row 

or down a column. See p. 687. 



We can use determinants to solve systems 
of linear equations. 

Cramer's rule fora 2 X 2 system 
is given on p. 688. Cramer’s rule for a 

3 X 3 system is given on p. 689. 

To graph a linear inequality in two 

variables: 

1. Graph the related equation. Draw a 

dashed line if the inequality symbol 

is < or >. Draw a solid line if the 
inequality symbol is = or =. 

2. Use a test point to determine which 

half-plane to shade. 

To graph a system of inequalities, graph 

each inequality and determine the region 

that is common to all the solution sets. 

The maximum or minimum value of 

an objective function over a region of 

feasible solutions is the maximum or 

minimum value of the function at a 

vertex of that region. 

SECTION 9.7: SYSTEMS OF INEQUALITIES AND LINEAR PROGRAMMING 

Summary and Review 

Solve: 2x — 3y = 2, 

6x + 6y = 1. 
» 

23 
(Il 

1 6 = 
beet Ce ONS 8 

See Ne) 
6 6 

6 6 

IS 1 10) 1 
C= == y i 

30 2 30 3 

The solution is (3; = ) : 

Graphox yi 2! 

1. Graph x + y = 2 using a dashed line. 

2. Test a point not on the line. We use (0, 0). 

nde Vea 

Die sO) 

0 FALSE 

Since 0 > 2 is false, we shade the half-plane that does not 

contain (0, 0). 

ts = 

Dededetet Ok ow= | Hr 

Graph the solution set of the system 

Cee Vaan. 

kV eae 

Maximize G = 8x — 5y subject to 

SP ae OS 

ev 

y, 

oes ie 

(0, 1) Cae. 
(0, 3) G=8: 

2,1) G= 832 591 =" <— Maximum 

713 
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SECTION 9.8: PARTIAL FRACTIONS 

The procedure for decomposing a See Examples 1-5 on pp. 704-707. 

rational expression into partial 

fractions is given on p. 703. 

REVIEW EXERCISES 

Determine whether the statement is true or false. 

1. A system of equations with exactly one solution is 
consistent and has independent equations. [9.1] 

2. A system of two linear equations in two variables can 
have exactly two solutions. [9.1] 

3. For any m X n matrices AandB,A +B=B+t+ A. 
[9.4] 

4. In general, matrix multiplication is commutative. 
[9.4] 

In Exercises 5-12, match the equations or inequalities with 
one of the graphs (a)-(h) that follow. FV 8. 6x — ay = 5, 

4x — 2y = 2 [9.1] y = 2x +3 [91 

OV 3x = 45 [9-7] 10. 2x = 3) = 67/97 

ll. x — y $3, 12.2x+ y2=4, 
ep st [7] 3x Sy Se ISS 

Solve. 

US ey Ries) phat ts 14, 205 Sy = 25 

3x) tS 49 1) 5x = -y = =29 [9.1] 

15.2) Sy 12, 16. xt y=-2, 
5x + 25y = 12 [9.1] —3x — 3y = 6 [9.1] 

Lh Os ROY ee ee ees 

ox Sy Ag S33; 

LS. = 24 = Ay 232 = 

1S). Xp — 5, 

View a, 

Wi aa 

wt+ x = 8 [9.2] 

20. Classify each of the systems in Exercises 13-19 as 
either consistent or inconsistent. [9.1], [9.2] 

21. Classify each of the systems in Exercises 13-19 as 
having either dependent equations or independent 
equations. [9.1], [9.2] 



Solve the system of equations using Gaussian elimination or 
Gauss—Jordan elimination. [9.3] 

Dae XAT 225, 233k Taye 22 = 
2X = Vs— =8 OKP EA Ey lSz — 3, 

AX OY Se Bz 

| ye 

II ron 

24) 34" Sy + z= 

2x — 4y — 3z = 
Nasty cia, 2a) 

Doe Ware Setar eZee aes 

GoW eee By t.22 = 10, 

DWE OG A edo [z= LD. 

ZW AX Vat 2, = 1 

26. Coins. The value of 75 coins, consisting of nickels 

and dimes, is $5.95, How many of each kind of coin 

are there? [9.1] 

27. Investment. The Davidson family invested $5000, part 
at 3% and the remainder at 3.5%. The annual income 

from both investments is $167. What is the amount 

invested at each rate? [9.1] 

28. Nutrition. A dietician must plan a breakfast menu 

that provides 460 Cal, 9 g of fat, and 55 mg of calci- 
um. One plain bagel contains 200 Cal, 2 g of fat, and 
29 mg of calcium. A one-tablespoon serving of cream 
cheese contains 100 Cal, 10 g of fat, and 24 mg of 

calcium. One banana contains 105 Cal, 1 g of fat, and 

7 g of calcium. (Source: Home and Garden Bulletin 
No. 72, U.S. Government Printing Office, Washington 
D.C. 20402) How many servings of each are required 
to provide the desired nutritional values? [9.2] 

29. Test Scores. A student has a total of 226 on three 

tests. The sum of the scores on the first and second 

tests exceeds the score on the third test by 62. The 
first score exceeds the second by 6. Find the three 
scores. [9.2] 

30. Employed Civilians. The following table lists the 
number of persons, ages 16 and older, employed in 
the United States, represented in terms of the number 

of years after 2008. [9.2] 

Persons Ages 16 and Older 
Year, x Employed (in millions) 

2008, 0 145 

2010, 2 iS9 

2012, 4 142 

Source: Bureau of Labor Statistics, U.S. Department 

of Labor 

a) Use a system of equations to fit a quadratic 

function f(x) = ax’ + bx + c to the data. 

Summary and Review ES 

b) Use the function to estimate the number of persons 
employed in 2014. 

For Exercises 31-38, let 

sal 0 == 0 6 

A= 2 By Sk B= Wn ea? OME 

say) 0 1 0 e353 

and 

aa 
Find each of the following, if possible. |9.4] 

31. A+ B SPR = 37 \ 

335A 34, AB 

35,.5B 7 C 36. A—- B 

37. BA 38. A + 3B 

39. Food Service Management. The following table 
lists the cost per serving, in dollars, for items on four 
menus that are served at an NFL football training 
camp. 

Potato 

On a particular day, a dietician orders 41 meals from 
menu 1, 18 from menu 2, 39 from menu 3, and 36 

from menu 4. 

a) Write the information in the table asa 4 X 5 

matrix M. [9.4] 

b) Write a row matrix N that represents the number 
of each menu ordered. [9.4] 

c) Find the product NM. [9.4] 

d) State what the entries of NM represent. [9.4] 

Find A}, if it exists. [9.5] 

hal | 
| cif 

0 OF as 

41 A = 1,0, 7-2. 0 

4 Og-0 

10 0 0 

A =o) 
42. A= 

Omer Tan) 

OO Ue a 
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43. Write a matrix equation equivalent to this system of 
equations: 

See Vea ze— 6135 

IB SO ATIG 

2x — 3y + 7z = —8. [9.4] 

Solve the system of equations using the inverse of the coef- 
ficient matrix of the equivalent matrix equation. [9.5] 

44. 2x + 3y = 5, 
Bye ogee AM 

45.5x— y+2z=17, 
3x + 2y — 3z = -16, 
4X Sy = U5 

AOE ere Kuen oy Mae ec ee | 

OWI OX ae Le na ads 

PSS Se Bs ee 

Oi OR aS) ae ye, ee 

Evaluate the determinant. [9.6] 

cig! a a bes a 
>| poles) 

ft taal | i (ire cen gene 

49, |1 2 ie al | St Pie | Za 

3 4oe— 3 “a | Si 

Solve using Cramer’ rule. [9.6] 

51. 5x — 2y = 19, 52. xt+ y=4, 
7x + 3y = 15 4x + 3y = 11 

53. 3x — 2y + z= 5, 
Lieto ai <1, 

Sey ze 4 

54, Neue ye 7 =), 

oir Ly a 22 —= 10, 

KY a San 

Graph. [9.7] 

DON ee Mao 

56. 4x — 3y = 12 

57. Graph this system of inequalities and find the 

coordinates of any vertices formed. [9.7] 

DIS a es eee 

4x + 3y = 23, 
x 4, 3y°= 8; 

OC = 0 

y20 
> 

Systems of Equations and Matrices 

58. 

59: 

Find the maximum value and the minimum value of 

T = 6x + 10y subject to 

ot ys 10; 

bxXe FOV = 50; 

ne Sa) > 

y = 0. [9.7] 

Maximizing a Test Score. Jackson is taking a test 
that contains questions in group A worth 7 points 

each and questions in group B worth 12 points each. 
The total number of questions answered must be at 
least 8. If Jackson knows that group A questions take 
8 min each and group B questions take 10 min each 
and the maximum time for the test is 80 min, how 

many questions from each group must he answer 
correctly in order to maximize his score? What is the 
maximum score? [9.7] 

Decompose into partial fractions. [9.8] 

60. 

61. 

62. 

63. 

64. 

5 

ee te) ml Cs cay 

See Se 3) 

2x? + 5x — 12 

Solve: 2xi-> sy = 7, 
x — 2y = 6. [9.1] 

A. x and y are both positive numbers. 
B. x and y are both negative numbers. 
C. x is positive and y is negative. 

D. x is negative and y is positive. 

Which of the following is not a row-equivalent opera- 
tion on a matrix? [9.3] 

A. Interchange any two columns. 
B. Interchange any two rows. 
C. Add two rows. 
D. Multiply each entry in a row by —3. 

The graph of the given system of inequalities is which 
of the following? [9.7] 

Ney yas 

re Vi Sao 

A. 



Test FAW 

y, = 2x + Sand y, = 3x — 7. He finds the same 
point when he solves the system of equations 

(2 SP PRES ey, 

GD oak ip 

Explain the difference between the solution of 
the equation and the solution of the system of 
equations. [9.1] 

71. For square matrices A and B, is it true, in general, 
that (AB)* = AB’? Explain. [9.4] 

> Synthesis 72. Given the system of equations 

65. One year, Lucia invested a total of $40,000, part ax + by = a, 
at 4%, part at 5%, and the rest at 55%. The total ax + by = 6, 
amount of interest received on the investments was 

$1990. The interest received on the 5}% investment 
was $590 more than the interest received on the 

explain why the equations are dependent or the system 
is inconsistent when 

4% investment. How much was invested at each a by = 0. [9.6] 
rate? [9.2] ae ob, 

Solve. 73. If the lines a,x + bby = c, and a,x + by = care 
2 4 parallel, what can you say about the values of 

60.508 8, 
a y ay : Cy ‘ ond a 2 [9.6] 

a c Gone een lee SFR GT) 2 % 2 92 nen 

4x dy 74. Describe how the graph of a linear inequality differs 

Bile Aen ih from the graph of a linear equation. [9.7] 
5 a ee 

e. Oe CS ee 75. What would you say to a classmate who tells you that 

© zs shea aaa ; the partial fraction decomposition of 

then Salat 5 , 3x? — 8x + 9 

Uk ee ge) (x + 3)(x? — 5x + 6) 
ROP bk eZ is 

Graph. [9.7] ot Pe ee eae 
68. |x| — |y-=1 69. |xy| > 1 Rates § gk ox OF 

5 A = Explain. [9.8 
» Collaborative Discussion splain 128] 

and Writing 

70. Dylon solves the equation 2x + 5 = 3x — 7 by 
finding the point of intersection of the graphs of 

Chapter Test 

Solve. Use any method. Also determine whether the system Solve. 

is consistent or inconsistent and whether the equations are 5. 4x t+2yt+ 2=4, 

dependent or independent. 3x — yt5z=4, 

eo 0 oy) es Pa EG SS ea eh SX cme 

Gs Bee Semen = © 6. Ticket Sales. One evening, 620 tickets were sold 

3.x -y=4, Ax 3 — 8, for Clearview Community College's talent show. 

Sy Ox 8 ox = ly = 9 Tickets cost $8 each for students and $12 each for 
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nonstudents. Total receipts were $5592. How many of 
each type of ticket were sold? 

7. Hui, Ashlyn, and Sheriann can process 352 telephone 
orders per day. Hui and Ashlyn together can process 
224 orders per day while Hui and Sheriann together 
can process 248 orders per day. How many orders can 

each of them process alone? 

For Exercises 8-13, let 

1 -l —5 1 | 
— s B = : 

=) Dy =) Al 

and 

Find each of the following, if possible. 

8.) B + GC oF A — C 

11. AB 12. 2A 

10. CB 

136Ce 

14. Food Service Management. The following table lists 
the cost per serving, in dollars, for items on three 
lunch menus served at a senior citizens’ center. 

On a particular day, 26 Menu 1 meals, 18 Menu 2 
meals, and 23 Menu 3 meals are served. 

a) Write the information in the table asa 3 X 3 

matrix M. 

b) Write a row matrix N that represents the number 
of each menu served. 

c) Find the product NM. 
d) State what the entries of NM represent. 

15. Write a matrix equation equivalent to the system of 

equations 

Shee Aye 12 = 78) 

2X ae eOY sh Zee; 

NOY Sct at 

16. Solve the system of equations using the inverse of the 
coefficient matrix of the equivalent matrix equation. 

SKN ZLY te Ge = 2, 

Mate Varro zee, 

Zia te 5Z == 

Evaluate the determinant. 

3 ; | = 4 

ak 7 ils}, |) 33} ihe <==) 

19. Solve using Cramer's rule. Show your work. 

oe Oi A ee tae 

7x + 6y = 1 

20. Graph: 3x + 4y = —12. 

21. Find the maximum and minimum values of 

Q = 2x + 3y subject to 

Kye 16: 

2) ees Vea me 

x1; 

yi), 

22. Maximizing Profit. Janes Cakes prepares pound 
cakes and carrot cakes. In a given week, at most 
100 cakes can be prepared, of which 25 pound 
cakes and 15 carrot cakes are required by regular 
customers. The profit from each pound cake is 
$6, and the profit from each carrot cake is $8. How 
many of each type of cake should be prepared in 
order to maximize the profit? What is the maximum 
profit? 

23. Decompose into partial fractions: 

BS sewers | 

ee 

24. The graph of the given system of inequalities is which 
of the following? 

x ly 2-4. 

cay aee 

A. B. 
VA YA 

» Synthesis 

25. Three solutions of the equation Ax — By = Cz — 8 
are, (2; —2, 2); (=3,=1,1),and (4 2,9)e bindiAs 
and C. 



CHAPTER 

APPL ICATI ON this problem appears as Exercise 54 in Section 10.2. 

The lighting of the National Christmas 

Tree located on the Ellipse, a large grassy 

area south of the White House, marks 

the beginning of the holiday season in 

Washington, D.C. This area of the lawn 

is actually an ellipse with major axis of 

length 1048 ft and minor axis of length 

898 ft. Assuming that a coordinate system 

is superimposed on the area in such a way 

that the center is at the origin and the major 

and minor axes are on the x- and y-axes of 

the coordinate system, respectively, find an 

equation of the ellipse. 

10.1 The Parabola 

10.2 The Circle and the Ellipse 

10.3 The Hyperbola 

10.4 Nonlinear Systems of Equations 
and Inequalities" 

Visualizing the Graph 

Mid-Chapter Mixed Review 

10.5 Rotation of Axes 

10.6 Polar Equations of Conics 

10.7 Parametric Equations - 

Study Guide 

_ Review Exercises | 

_ ChapterTest 

a= e719 
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The Parabola 

» Given an equation of a parabola, complete the square, if necessary, and then find the 

vertex, the focus, and the directrix and graph the parabola. 

A conic section is formed when a right circular cone with two parts, called nappes, 

is intersected by a plane. One of four types of curves can be formed: a parabola, a 

circle, an ellipse, or a hyperbola. 

Parabola Circle Ellipse Hyperbola 

Conic Sections 

Conic sections can be defined algebraically using second-degree equations of 
the form Ax? + Bxy + Cy’ + Dx + Ey + F = 0. In addition, they can be de- 
fined geometrically as a set of points that satisfy certain conditions. 

» Parabolas 

The graph of the quadratic function f(x) = ax? + bx + c,a # 0, isa parabola. 
A parabola can be defined geometrically. 

Axis of 
symmetry 

PARABOLA 

A parabola is the set of all points in a plane equidistant from a fixed line 
(the directrix) and a fixed point not on the line (the focus). 

Les] i) a for) a 

-@- == — SSS 

Peel ae Os re The line that is perpendicular to the directrix and contains the focus is the 
axis of symmetry. The vertex is the midpoint of the segment between the focus 
and the directrix. (See the figure at left.) 



\y 

G(—p, y) | 

| 
| 

5 
RV | 

| 
| 
| 
| 
| 
| 
| 

P 

Figure 2. 

SECTION 10.1 The Parabola 721 

Let's derive the standard equation of a parabola with vertex (0, 0) and direc- 
trix y = —p, where p > 0. We place the coordinate axes as shown in Fig. 1. The 
y-axis is the axis of symmetry and contains the focus F. The distance from the 
focus to the vertex is the same as the distance from the vertex to the directrix. 
Thus the coordinates of F are (0, p). 

Equal 

distances 

Figure 1. 

Let P(x, y) be any point on the parabola and consider PG perpendicular to the 
line y = —p. The coordinates of G are (x, —p). By the definition of a parabola, 

PEI PG. The distance from P to the focus is the same 

as the distance from P to the directrix. 

Then using the distance formula, we have 

V(x — 0) + (yp? = Vix — x)? + [Ly - (-p)P 
x + y' — 2py + p= y + Ipy + pr Squaring both sides and 

squaring the binomials 

We have shown that if P(x, y) is on the parabola shown in Fig. 1, then its 
coordinates satisfy this equation. The converse is also true, but we will not prove 

it here. 
Note that if p > 0, as above, the graph opens up. If p < 0, the graph opens 

down. 
The equation of a parabola with vertex (0, 0) and directrix x = —p is derived 

similarly. Such a parabola opens either to the right (p > 0), as shown in Fig. 2, 
or to the left (p < 0). 

ae 
STANDARD EQUATION OF A PARABOLA 
WITH VERTEX AT THE ORIGIN 
The standard equation of a parabola with vertex (0, 0) and directrix 
Y= =p 1s 

x’ = Apy. 

The focus is (0, p), and the y-axis is the axis of symmetry. 

The standard equation of a parabola with vertex (0, 0) and directrix 

Kea = is 

y = 4px. 

| th focus is (p, 0), and the x-axis is the axis of symmetry. 
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EXAMPLE 1. Find the vertex, the focus, and the directrix of the parabola 

ieee x’. Then graph the parabola. 

Solution We write y = —j5x° in the form x” = 4py: 

— 3x? = Given equation 

Koy Multiplying by —12 on both sides 

= (23). Standard form 

Since the equation can be written in the form x* = 4py, we know that the vertex is 
(0, 0). 

We have p = —3, so the focus is (0, p), or (0, —3). The directrix is 

y = —p = -(-3) =3. 

0 0 Directrix: y = | ae 

1 4 a =) Al 

1 sere eel 
3 

+4 = 
3 

—3¢ Focus: 

41 (()ea3) 
ZEUS) 

Degen Dos 5 

Now Try Exercise 7. 

EXAMPLE 2 Find an equation of the parabola with vertex (0,0) and focus 
(5,0). Then graph the parabola. 

Solution The focus is on the x-axis so the line of symmetry is the x-axis. Thus 
the equation is of the type 

y ==ADX, 

Since the focus (5, 0) is 5 units to the right of the vertex, p = 5 and the equation is 

y =A4(5)x, or y? = 20x. 

y) 
6 
5 

4 

3 

2 Focus 

: (5, 0) (ene L aie Sa EAE 
mine wea? soaky 2S AN 6s ox 

=2 'y? = 20x 
—3 = 

=A we 

—5 

Now Try Exercise 17. 
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Technology Connection 

We can use a graphing calculator to graph parabolas. Consider the parabola in 
Example 2. It might be necessary to solve the equation for y before entering it 
in the calculator: 

Wa OK 

y= +V 20x. 

—9 eae cree We now graph y, = V 20x and y, = —V 20x or y; = V 20x andy, = —-y, 
in a squared viewing window. 

On some graphing calculators, the Conics application from the APPS 
menu can be used to graph parabolas. This method will be discussed fol- 
lowing Example 4. 

» Finding Standard Form by 
Completing the Square 

If a parabola with vertex at the origin is translated horizontally |h| units and 
vertically |k| units, it has an equation as follows. 

STANDARD EQUATION OF A PARABOLA WITH VERTEX (h, k) 
AND VERTICAL AXIS OF SYMMETRY 

The standard equation of a 
parabola with vertex (h, k) and 
vertical axis of symmetry is 

(x — h)* = 4p(y — k), 

where the vertex is (h, k), the focus 

is (h,k + p), and the directrix is 

oe. 

Axis of 

symmetry 

Focus: (h, k + p) 

Directrix: y= k — p 
| 
| > 

| ‘ 
(When p < 0, the parabola opens down.) 

STANDARD EQUATION OF A PARABOLA WITH VERTEX (h, k) 
AND HORIZONTAL AXIS OF SYMMETRY 

The standard equation of a Directrix:x=h-p 
parabola with vertex (h, k) and 
horizontal axis of symmetry is 

(y — k)’ = 4p(x — h), 
where the vertex is (h, k), the focus 
is (h + p,k), and the directrix is 
X=h-—p. 

(When p < 0, the parabola opens to the left.) 
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We can complete the square on equations of the form | COMPLETING THE SQUARE 
| 

| 

REVIEW SECTION 3.2 | y= ax + bx €or ak = ay Uy hic 

in order to write them in standard form. 

EXAMPLE 3 For the parabola 

x + 6x + 4y+5=0, 

find the vertex, the focus, and the directrix. Then draw the graph. 

Solution We first complete the square: 

x + 6x + 4y+5=0 
x? + 6x = —4y—5 Subtracting 4y and 5 on both sides 

i x + 6x +9 = —4y—-54+9 Adding 9 on both sides to complete 
Technology Connection the square on the left side 

; x 6x 9 a dy hd 
We canes the oa in Ge pa ENG= 1) See 
Example 3 on a graphing 

calculator using a squared ee = ity — 1), Writing standard form: 

viewing window. It might be (x — hy’ = 4p(y — k) 

necessary to solve for y first: We see thath = —3,k = 1, and p = —1,s0 we have the following: 
x + 6x + 4y +5 =0 

A ae 3 Vertex (h, k): (==3;.1): 
eX pa OK ae 

y Focus (h, k + p): (eniee(-1))ar( 360): aie = 1(-x2 — 6x — 5). 
tata : ) Directrixy=k-p: y=1-(-1),ory =2. 

The graph at right appears to 
be correct. 

Now Try Exercise 25. 

EXAMPLE 4 For the parabola 

y — dy — 8x — 31 = 0, 

find the vertex, the focus, and the directrix. Then draw the graph. 

Solution We first complete the square: 

y — 2y — 8 — 31 =0 

y pe 4 = x0 31 Adding 8x and 31 on both sides 

ye LV ae sO et ool eoee Adding 1 on both sides to 
complete the square on the 
left side 

y — 2y + 1 = 8x + 32 

8(x + 4) Factoring 

A(2) (4 — | =a Writing standard form: 

(y — k) = 4p(x — h) 
oS 

el 
—- 
Brart a 

it 



Technology Connection 

When the equation of a para- 
bola is written in standard 
form, we can use the Conics 
PARABOLA APP to graph it. The 
standard form of the equation 
of the parabola in Example 4 is 

G1) S42) (4). 
We enter —4 for H, 1 for K, 

and 2 for P. 

PARABOLA ~ 

(Y—K)2=4P(X—H) 

H=—4 
K=1 
P=2 oil 

ESC 

Dy — 8x — ol = 0 
9 

oa 

=F 

SECTION 10.1 The Parabola I pAe) 

We see that h = —4,k = 1, and p = 2, so we have the following: 

Vertex (Hak): (4a): 

Focus (i + p, k): pele ls Ol aaa); 

Directtixx = h — ps ix—7—4 = 2;0rx — —6. 

y? — 2y — 8x — 31 = 0 | 

Now Try Exercise 31. 

» Applications 

Parabolas have many applications. For example, cross sections of car headlights, 
flashlights, and searchlights are parabolas. The bulb is located at the focus and 
light from that point is reflected outward parallel to the axis of symmetry. Satellite 
dishes and field microphones used at sporting events often have parabolic cross 
sections. Incoming radio waves or sound waves parallel to the axis are reflected 

into the focus. 
Similarly, in solar cooking, a parabolic mirror is mounted on a rack with a 

cooking pot hung in the focal area. Incoming sun rays parallel to the axis are re- 
flected into the focus, producing a temperature high enough for cooking. 
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40.1. Exercise Set 

In Exercises 1-6, match the equation with one of the Find an equation of a parabola satisfying the given 

graphs (a)-(f) that follow. conditions. 

15. Vertex (0, 0), focus (—3, 0) 

16. Vertex (0,0), focus (0, 10) 

17. Focus (7, 0), directrix x = —7 

18. Focus (0, +)» directrix y= 

19. Focus (0, —7r), directrix y = 7 

20. Focus (-V2, 0), directrix x = V2 

21. Focus (3, 2), directrix x = —4 

22. Focus (—2, 3), directrixy = 3 

Find the vertex, the focus, and the directrix. Then draw 
the graph. 

Dae 2) = 6 yi 21) 

DAS (Vid ee 20( Kt ee) 

25reaeeetey + 2 = 0 

Gay Oe 1G 0 

27. SS QS 0 

L 28: x = 4 —2y.— 0 
=5e4-3-2-1 a L234 Say 29. y= x? + 4x +3 

—2b 

0 30: y = x + 6x + 10 
eli D 

aleve ey — x 6 = "0 

32. y +y—-x-4=0 

33. Satellite Dish. An engineer designs a satellite dish 
with a parabolic cross section. The dish is 15 ft wide 
at the opening, and the focus is placed 4 ft from the 
vertex. 

one Oye noe) 

6. 4a 6) s12 

Find the vertex, the focus, and the directrix. Then draw 
the graph. 

7. x = 20y 8. x° = 16y 

9. y = —6x 10, 7 = =2x 

ll. x? = 4y =0 lay oe ae 0) 

13.x = 2y ay ae 



34. 

oD. 

36. 

a) Position a coordinate system with the origin 
at the vertex and the x-axis on the parabola’s 
axis of symmetry and find an equation of the 
parabola. 

b) Find the depth of the satellite dish at the vertex. 

Flashlight Mirror. A heavy-duty flashlight mirror 
has a parabolic cross section with diameter 6 in. and 
depth 1 in. 

a) Position a coordinate system with the origin 
at the vertex and the x-axis on the parabola’s 
axis of symmetry and find an equation of the 
parabola. 

b) How far from the vertex should the bulb be posi- 
tioned if it is to be placed at the focus? 

Spotlight. A spotlight has a parabolic cross section 
that is 4 ft wide at the opening and 1.5 ft deep at the 
vertex. How far from the vertex is the focus? 

Ultrasound Receiver. Information Unlimited 
designed and sells the Ultrasonic Receiver, which 
detects sounds unable to be heard by the human ear. 
The HT90P can detect mechanical and electrical 

sounds such as leaking gases, air, corona, and mo- 
tor friction noises. It can also be used to hear bats, 

insects, and even beading water. The receiver 
has a parabolic cross section and is 2.625 in. deep. 
The focus is 3.287 in. from the vertex. (Source: 

Information Unlimited, Amherst, NH, Robert 

Iannini, President) Find the diameter of the outside 

edge of the receiver. 

be 

SECTION 10.1 The Parabola Bee, 

Skill Maintenance 

Consider the following linear equations. Without graphing 
them, answer the questions below. 

a) y = 2x b) y=Gxt+5 
Cy ea Ki d) y= "—0.9x% + 7 

Chey = = 5xEts f) y=x+t+4 
g) 8x —4y =7 

37. 

38. 

39. 

40. 

. Which has/have slope }? [1.3] 

. Which, if any, contain the point (3,7)? [1.1] 

45. 

46. 

47. 

h) 3x + 6y = 2 

Which has/have x-intercept ( 0 2 [1.1] 

Which has/have y-intercept (0,7)? [1.1], [1.4] 

Which slant up from left to right? [1.3] 

Which has the least steep slant? [1.3] 

. Which, if any, are parallel? [1.4] 

. Which, if any, are perpendicular? [1.4] 

Synthesis 

Find an equation of the parabola with a vertical axis 
of symmetry and vertex (—1, 2) and containing the 
point (23,1). 

Find an equation of a parabola with a horizontal axis 
of symmetry and vertex (—2, 1) and containing the 
point (—3, 5). 

Suspension Bridge. The parabolic cables of a 
200-ft portion of the roadbed of a suspension 
bridge are positioned as shown below. Vertical 
cables are to be spaced every 20 ft along this 
portion of the roadbed. Calculate the lengths 
of these vertical cables. 
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- The Circle and the Ellipse 
Given an equation of a circle, complete the square, if necessary, 

and then find the center and the radius and graph the circle. 

» Given an equation of an ellipse, complete the square, if necessary, 

and then find the center, the vertices, and the foci and graph the ellipse. 

» Circles 

We can define a circle geometrically. 

CIRCLE 

A circle is the set of all points in a plane that are at a fixed distance from a 
fixed point (the center) in the plane. 

ecincles gg Recall the standard equation of a circle with center (h, k) and radius r. 

REVIEW SECTION 1.1 

YR STANDARD EQUATION OF A CIRCLE 

The standard equation of a circle with center (h, k) and radius r is 

(Gee hh)? & (y — k)? a9, 
RV 

EXAMPLE 1. For the circle 

ney — lox + 14y + 32 = 0, 

(x, y) 

find the center and the radius. Then graph the circle. 

Solution First, we complete the square twice: 

x + y? — 16x + l4y + 321= 0 

ee 16% + y+ 14y = $32 

x? — 16x + 64+ y? + 1l4y + 49 = —32 + 64 + 49 

[3(-16)}? = (—8)? = 64and(} +14)? = 7? = 49; 
adding 64 and 49 on both sides to complete the square 
twice on the left side 

(x = 8)* (G2) 81 

(Ce Ve “eles (7 )ie == 9" Writing standard form 
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The center is (8, —7) and the radius is 9. We graph the circle as shown below. 

oes | 

Now Try Exercise 7. 

Technology Connection 

When we use the Conics CIRCLE APP to graph a circle, it is not necessary to write 
the equation in standard form or to solve it for y first. We enter the coefficients 
of x’, y’, x, and y and also the constant term when the equation is written in 
the form ax” + ay’ + bx + cy + d = 0. For the circle in Example 1, we enter 
1 for A, —16 for B, 14 for C, and 32 for D. 

x7 + ¥y7— 16x 14y + 32 = 0 
4 

CIRCLE 

Me 24 
AX2+AY2+BX+CY+D=0 

A=1 
B=-16 
C=14 
D=32 
ESC 

—20 

Some graphing calculators have a DRAW feature that provides a quick way 
to graph a circle when the center and the radius are known. This feature is 
described on p. 12. 

» Ellipses 

We have studied two conic sections, the parabola and the circle. Now we turn our 

attention to a third, the ellipse. 

ELLIPSE 

An ellipse is the set of all points in a plane, the sum of whose distances 
from two fixed points (the foci) is constant. The center of an ellipse is the 

midpoint of the segment between the foci. 
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minor axis. 

A(—a, 0) 

We can draw an ellipse by first placing two thumbtacks in a piece of card- 

board. These are the foci (singular, focus). We then attach a piece of string to the 

tacks. Its length is the constant sum of the distances d, + d from the foci to any 
point on the ellipse. Next, we trace a curve with a pencil held tight against the 

string. The figure traced is an ellipse. 
Let’s first consider the ellipse shown below with center at the origin. The 

points F, and F, are the foci. The segment A’A is the major axis, and the points 
A’ and A are the vertices. The segment B’B is the minor axis, and the points B’ 
and B are the y-intercepts. Note that the major axis of an ellipse is longer than the 

B(0, b) 

B'(0, —b) 

STANDARD EQUATION OF AN ELLIPSE WITH CENTER AT THE ORIGIN 

Major Axis Horizontal 

res 

ae 
Vertices: (—a, 0), (a, 0) 

y-intercepts: (0, —b), (0, b) 

Foci: (—c, 0), (c,0), where c? = a” — Bb’ 

= 1, ab ji0 

Major Axis Vertical 
2 2 UN 

RP oO Sot Gee a) 

Vertices: (0, —a), (0, a) 

x-intercepts: (—b, 0), (b, 0) 

Foci: (0, —c), (0,c), where c? = a’ — b° | 

Va 

(0, b) 

(=a30) (a, 0) 
aS 
6 

(0, —b) 

YA 

(0, a) 

ele 0) (b, 0) SS 

« 

(0, Ea) 



Technology Connection 

SECTION 10.2 ~~ The Circle and the Ellipse 731 

EXAMPLE 2 Find the standard equation of the ellipse with vertices (—5, 0) and 
(5, 0) and foci (—3, 0) and (3, 0). Then graph the ellipse. 

Solution Since the foci are on the x-axis and the origin is the midpoint of the 
segment between them, the major axis is horizontal and (0, 0) is the center of the 
ellipse. Thus the equation is of the form 

y) 2 
xy 
a a b 

Since the vertices are (—5, 0) and (5, 0) and the foci are (—3, 0) and (3, 0), we 
know that a = 5 andc = 3. These values can be used to find b*: 

C= a — bl 

Sle 

ey naa 

Qua 25) ain 
b= 16. 

Thus the equation of the ellipse is 

a 2 2 2 a i 
agian Lge OF ae 
5) 4 25 16 

To graph the ellipse, we plot the vertices (—5, 0) and (5, 0). Since b’ = 16, we 
know that b = 4 and the y-intercepts are (0, —4) and (0, 4). We plot these points 
as well and connect the four points we have plotted with a smooth curve. 

Now Try Exercise 31. 

When the equation of an ellipse is written in standard form, we can use the 
Conics ELLIPSE APP on a graphing calculator to graph it. The standard equation 
of the ellipse in Example 2 is 

ee ee 
3 2 

Note that the center is (0, 0). We enter 5 for A, 4 for B, 0 for H, and 0 for K. 

Sails 

ELLIPSE 
—K)2 

Gee, (X=H)? 
A2 B2 

A=5 

B=4 

H=0 

K=0 

EXAMPLE 3 For the ellipse 

9x? + 4y? = 36, 

find the vertices and the foci. Then draw the graph. 
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Solution We first find standard form: 

Ox" Ay = 36 
2 

Om ss Aye 20 Dividing by 36 on both sides 
a6 ae PEG to get 1 on the right side 

2 2 We 
YA ee =e il 

9x? + 4y? = 36 57 ‘ z 

*1(0, 3) ores 
a (0, V5) mo) al es) = 1. Writing standard form 

(52,9) (2,0) Thus, a = 3 and b = 2. The major axis is vertical, so the vertices are (0, —3) and 
Se ae pes Te (0, 3). Since we know that c? = a’ — b’, we have c? = 3’ — 27=9 — 4 = 5,s0 

c = V5 and the foci are (0, -V5) and (0,Vs). (0, -V5) : Zz 
(0, -3) To graph the ellipse, we plot the vertices. Note also that since b = 2, the 

be [ x-intercepts are (—2,0) and (2,0). We plot these points as well and connect the 
"Ty four points we have plotted with a smooth curve. 

Now Try Exercise 25. 

If the center of an ellipse is not at the origin but at some point (h, k), then we 

can think of an ellipse with center at the origin being translated horizontally |h| 
units and vertically |k| units. 

eae 
STANDARD EQUATION OF AN ELLIPSE WITH CENTER AT (h,k) 

Major Axis Horizontal yA 

x — h)? ak) 
( 3 ) aw = =, a= b > 0 (h — ck) (h + ck) 

Vertices:::( 14. a, k)s'Gh t vayk) (h + a,k) 
Length of minor axis: 2b 

Boct, (hick) (etic, k), wherec =a =" (h= 4k) Me 
x 

Major Axis Vertical YA 
(x - hy? (y oy. k)? (h, k + a) 

i 1 % Rawls (eee) (h, k +c) 

Vertices: Gh, ke =a) h, kira) 

Length of minor axis: 2b 

Foci: (h,k — c), (h,k + c), where c? = a@ — W’ re x 
: (isk) 

(hskiaia) 

EXAMPLE 4 For the ellipse 

Ax? +? + 24x = 2y + 21 = 0, 

find the center, the vertices, and the foci. Then draw the graph. 



SECTION 10.2 — The Circle and the Ellipse 733 

Solution First, we complete the square twice to get standard form: 

Ae tite Tanyas 21 — 

AGG re Bet) SNe 1D ya Sr = 9] 

4(x? OX ie okor eo) oor (y° yt | 2] Completing the square twice 

4(x* + 6x + 9) + 4(-9) + (y? — 2y + 1) + (-1) = -21 

cae | A(wit53)5 136 Falv ised )F = -21 

A(x + Se ey 14 SG Adding 37 on both sides 

sy) ee (ea) — teal 
nes.) = 1)? ( Jbl Tad aE 3 

4 16 

siaaeaal eze Seale 
| C ) + Y 5 ) — ie Writing standard form 

Ms 4 

The center is (—3, 1). Note that a = 4 and b = 2. The major axis is vertical, so the 
vertices are 4 units above and below the center: 

(S3yia 4 )randi@ss = 64), or (—3)5 and (eeoweao) 

We know that —"@ — Uso = 4 — 2 = 16 — 4= 12 and¢ = \/12, or 

RV Then the foci are ON units above and below the center: 

YA (-3,1+2V3) and (-3,1 - 2V3). ae yt 24e  Dy 4 2b = 0 

(305) oo To graph the ellipse, we plot the vertices. Note also that since b = 2, BD P Pp 
Re : [ two other points on the graph are the endpoints of the minor axis, 2 units 
ee oe i ail right and left of the center: 

(=5,1) Agee Gor Wendel ea), 
er rae sees 

(—3,1 — 2 V3) =A, Gale) sean! “(= 5.01"), 

(333) ZL We plot these points as well and connect the four points with a smooth 
curve, as shown, at left. Now Try Exercise 43. 

Technology Connection 

When the equation of an ellipse is written in standard form, we can use the 
Conics ELLIPSE APP to graph it. The standard equation of the ellipse in Example 4 is 

[x= (=3)F | =? _ 2 

alle 1 2 gz 

Note that the center is (—3, 1). We enter 4 for A, 2 for B, —3 for H, and 1 for K. 

4x? + y? + 24x — 2y + 21=0 
6 

ELLIPSE 
(X=H)2_, (Y=K)2 _ 

Sy arr 

\ cael | a a en cad RRL 
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» Applications 

An exciting medical application of an ellipse is a device called a lithotripter. One 
type of this device uses electromagnetic technology to generate a shock wave to 
pulverize kidney stones. The wave originates at one focus of an ellipse and is re- 
flected to the kidney stone, which is positioned at the other focus. Recovery time 
following the use of this technique is much shorter than with conventional surgery. 

Ellipses have many other applications. Planets travel around the sun in ellipti- 
cal orbits with the sun at one focus, for example, and satellites travel around the 
earth in elliptical orbits as well. 

A room with an ellipsoidal ceiling is known as a whispering gallery. In such a 
room, a word whispered at one focus can be clearly heard at the other. Whispering 
galleries are found in the rotunda of the Capitol Building in Washington, D.C., 
and in St. Paul’s Cathedral in London. 

Mars’ Earth LOfevitins 

Saturn 

Venus Mercury 

Lithotripter 

10.2 Exercise Set 

In Exercises 1-6, match the equation with one of the graphs e) 
(a)-(f) that follow. a 
a) b) Al 

4 ee ee sees 
, 

re Line yn = 

2. 7 = 20 — + c) ms d) i ~ 

nae 5h 3. x+y — 6x + 2y = 6 

4b : p 
5 fan ye 10x = ya 8 

bee + 5x 4 3y = 0 

2 Ps Mee 2 
fo fats ( 26 ap Ale DOs SV 6 

=16 —12 ers 
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Find the center and the radius of the circle with the given 2 2 
equation. Then draw the graph. 14, = | 

25. 36 
Tabac + y — 14x + 4y = 11 

25elGre 97 — 144 
8.x + y + 2x — by = —6 

Son 26. 9x? + 4y° = 36 
2a Wet OX = yo = 6 

i ahi, 27, Be Sy. 6 
LOD x ty? — 4x 2y ='4 

Deh SEO AE Wie a Si 
Thay t+ 4x = 6y — 12 5 

29M Oy 1 
II ° 

12. oe fey Bk = 29 — 19100 

13. x + y — 6x — 8y + 16 =0 

14. 4° 4+ y — 2x + 6y+1=0 

30. 25x* + 16y’ = 1 

Find an equation of an ellipse satisfying the given 
conditions. 

1S etay ox 10y — 0 31: Vertices:4(— 7, 0)'and (7,0); 
16. 2 4+ = 7x — 2 = 0 fociza( =3,.0) and.(3; 0) 

See een 32. Vertices:) (0; —6) and (0; 6); 
17 eR DAT Ay foci: (0, —4) and (0, 4) 
18)y7 — 6y — 1:= 8x — x + 3 

33. Vertices: (0, —8) and (0 
In Exercises 19-22, match the equation with one of the length of minor axis: 10 
graphs (a)-(d) that follow. 

8); 

34. Vertices: (—5, 0) and (5, 0); 

length of minor axis: 6 

35. Focian( 2,0) andi 2310)); 
length of major axis: 6 

36. Foci:)(0s=3)and (0;3))s 
length of major axis: 10 

Find the center, the vertices, and the foci of the ellipse. Then 
draw the graph. 

x — 1)? — 2)? ae Ey ae 
9 4 

x—1) — 2)? 
3g 2 AS ee ei 

l 4 

x + 3)? — 5)? pcs AUS a 
25 36 

bee a) 

19. 16x* + 4y° = 64 16 25 

20. 4x7 + 5y° = 20 AT (0 cb 2)2ioe Ayre ly = 1192 

21. x2 + 9y? — 6x + 90y = —225 4DPA ee eee 4) a8 
2 ee 2 on 

92. 9x2 + 4y? + 18x — l6éy= 11 43. 4x° + 9y lols) ce de 

2 an a 
Find the vertices and the foci of the ellipse with the given 4A A OV) Se OXe Oy 29 0 

equation. Then draw the graph. 45. 42 + y? — 8x —2y+1=0 

2 
3 ce eae 46. 9x* + 4y’ + 54x — 8y + 49 = 0 
a sh 
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The eccentricity of an ellipse is defined as e = c/a. For 
an ellipse,0 <c <a,so0 <e < 1. Whene is close 
to 0, an ellipse appears to be nearly circular. When e is close 
to 1, an ellipse is very flat. 

47. Note the shapes of the ellipses in Examples 2 and 4. 
Which ellipse has the smaller eccentricity? Confirm 
your answer by computing the eccentricity of each 
ellipse. 

48. Which ellipse has the smaller eccentricity? (Assume 
that the coordinate systems have the same scale.) 

a) b) 
YI YA 

cA 

49. Find an equation of an ellipse with vertices (0, —4) 
and (0,4) ande = {. 

50. Find an equation of an ellipse with vertices (—3, 0) 
and (3,0) ande = %. 

51. Bridge Supports. The bridge support shown in 
the following figure is the top half of an ellipse. 
Assuming that a coordinate system is superim- 

posed on the drawing in such a way that point Q, 
the center of the ellipse, is at the origin, find an 
equation of the ellipse. 

WAVAVAVAV AVA AVAVAVAVAYAYAYAY yt zs a Ss RE NaS 

RV 

52. Whispering Gallery. An art museum is adding a new 
exhibit room in the shape of an ellipse. The director 
wants to mark the foci so that a tour guide can stand 

at one focus and without speaking loudly can be 
clearly heard by a group touring the museum. If the 
room is 64 ft long and each focus is 5 ft from the out- 
side wall along the major axis, how high is the ceiling? 
Round to the nearest tenth of a foot. 

53. Whispering Gallery. A whispering gallery, often 
elliptical in shape, has acoustic properties such that 

a whisper made at one point can be heard at other 

54. 

So. 

56. 

distant points. A science museum is designing a new 

exhibit hall that will illustrate a whispering gallery. 

The hall will be 90 ft in length with the ceiling 30 ft 

high at the center. How far are the foci from the 

center of the ellipse? Round to the nearest tenth of a 

foot. 

The Ellipse. The lighting of the National Christmas 
Tree located on the Ellipse, a large grassy area south of 
the White House, marks the beginning of the holiday 
season in Washington, D.C. This area of the lawn is 
actually an ellipse with major axis of length 1048 ft 
and minor axis of length 898 ft. Assuming that a co- 
ordinate system is superimposed on the area in such a 
way that the center is at the origin and the major and 
minor axes are on the x- and y-axes of the coordinate 
system, respectively, find an equation of the ellipse. 

The maximum distance of the The Earths Orbit. 

earth from the sun is 9.3 X 10’ mi. The minimum 

distance is 9.1 X 10’ mi. The sun is at one focus of 

the elliptical orbit. Find the distance from the sun to 
the other focus. 

Carpentry. A carpenter is cutting a 3-ft by 4-ft 
elliptical sign from a 3-ft by 4-ft piece of plywood. 
The ellipse will be drawn using a string attached to the 
board at the foci of the ellipse. 

3 ft 

4 ft 

a) How far from the ends of the board should the 
string be attached? 

b) How long should the string be? 



> Skill Maintenance 

Vocabulary Reinforcement 

In each of Exercises 57-64, fill in the blank with the correct 
term. Some of the given choices will not be used. 

Sip 

58. 

59. 

60. 

6l. 

62. 

63. 

64. 

piecewise function 
linear equation 
factor 
remainder 
solution 
zero 
x-intercept 

y-intercept 

parabola 
circle 
ellipse 
midpoint 
distance 
one real-number solution 
two different real-number solutions 
two different imaginary-number solutions 

The between two points (x;, y,;) and 
+ + 

(x2, y2) is given by (4 al wee [1.1] 
2 2 

An input c of a function f is a(n) of 
the function if f(c) = 0. [1.5] 

A(n) of the graph of an equation is a 

point (0, b). [1.1] 

For a quadratic equation ax* + bx + c = 0, if 
b? — 4ac > 0, the equation has _ [3.2] 

Given a polynomial f(x), then f(c) is the 
that would be obtained by dividing 

(%) DY eC, [4.3] 

A(n) is the set of all points in a plane 

the sum of whose distances from two fixed points is 

constant. [10.2] 

A(n) is the set of all points in a plane 
equidistant from a fixed line and a fixed point not on 

the line. [10.1] 

A(n) is the set of all points in a plane 

that are at a fixed distance from a fixed point in the 

plane. [10.2] 

> 

SECTION 10.2 The Circle and the Ellipse Tho 

Synthesis 

Find an equation of an ellipse satisfying the given 
conditions. 

65. 

66. 

67. 

68. 

69. 

Werticesin( 355-4) 5 (356); 
endpoints of minor axis: (1, 1), (5, 1) 

Wertieess (cll wall) Geel, 5). 
endpoints of minor axis: (—3, 2), (1, 2) 

Vertices: (—3, 0) and (3, 0); 

passing through e = ) 

Center: (—2, 3); major axis vertical; 
length of major axis: 4; 
length of minor axis: 1 

Bridge Arch. A bridge with a semielliptical arch 
spans a river as shown here. What is the clearance 6 ft 
from the riverbank? 



738 CHAPTER 10 = Analytic Geometry Topics 

® Given an equation of a hyperbola, complete the square, if necessary, and then find 

the center, the vertices, and the foci and graph the hyperbola. 

The last type of conic section that we will study is the hyperbola. 

HYPERBOLA 

A hyperbola is the set of all points in a plane for which the absolute value 
of the difference of the distances from two fixed points (the foci) is con- 

stant. The midpoint of the segment between the foci is the center of the 
hyperbola. 

» Standard Equations of Hyperbolas 

We first consider the equation of a hyperbola with center at the origin. In the fig- 
ure at left, F, and F, are the foci. The segment VV, is the transverse axis and the 
points V, and V, are the vertices. 

STANDARD EQUATION OF A HYPERBOLA 

WITH CENTER AT THE ORIGIN 

Transverse Axis Horizontal 
y) 2 

a b 

Vertices: (—a, 0), (a, 0) 

Fock (=<, 0); (e; 0); 
where c? = a + U? 

Transverse Axis Vertical YN 

Vee ah N 2 
ie: O04 

Vertices: (0, —a), (0, a) (0, a) 

Fociat 0) —6),.0, Gc), cE ALES Bulb, oN 
where c? = a + b* (On ; 

(0, -c)} 

The segment B,B, is the conjugate axis of the hyperbola. 
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To graph a hyperbola with a horizontal transverse axis, it is helpful to begin 
by graphing the lines y = —(b/a)x and y = (b/a)x. These are the asymptotes 
of the hyperbola. For a hyperbola with a vertical transverse axis, the asymptotes 
are y = —(a/b)x and y = (a/b)x. As |x| gets larger and larger, the graph of the 
hyperbola gets closer and closer to the asymptotes. 

EXAMPLE 1 Find an equation of the hyperbola with vertices (0, —4) and (0, 4) 
and foci (0, —6) and (0, 6). 

Solution We know that a = 4 andc = 6. We find 0’: 

C= aah 

6=4+h 
36 = 16 

20 be. 

Since the vertices and the foci are on the y-axis, we know that the transverse axis is 
vertical. We can now write the equation of the hyperbola: 

Vee bars 
a b- 

vo ae 
ik. 

16 20 

EXAMPLE 2 For the hyperbola given by 

9x° — 16y’ = 144, 

find the vertices, the foci, and the asymptotes. Then graph the hyperbola. 

Solution First, we find standard form: 

9x — 1l6y? = 144 

] 1 
Paes (9x? = 16y’) = ——: 144 Multiplying by ;4; to get 1 on the right side 
144 144 

2 2 
x ree 
16 9 

D 2 

- = ee = |. Writing standard form 
4 oi 
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Technology Connection 

The hyperbola has a horizontal transverse axis, so the vertices are (—a, 0) and 

(a, 0), or (—4,0) and (4,0). From the standard form of the equation, we know 

that a = 4, or 16, and b* = 3”, or 9. We find the foci: 

C= et 

c=16+9 

= 25 

c= 5. 

Thus the foci are (—5, 0) and (5, 0). 
Next, we find the asymptotes: 

b 3 b 3 
Ledeen 4% and Ve tama 

To draw the graph, we sketch the asymptotes first. This is easily done by draw- 
ing the rectangle with horizontal sides passing through (0, 3) and (0, —3) and ver- 
tical sides through (4, 0) and (—4, 0). Then we draw and extend the diagonals of 
this rectangle. The two extended diagonals are the asymptotes of the hyperbola. 
Next, we plot the vertices and draw the branches of the hyperbola outward from the 
vertices toward the asymptotes. 

9 Dec tes Pee | See Me ae Now Try Exercise 17. 

When the equation of a hyperbola is written in standard form, we can use the 
Conics HYPERBOLA APP to graph it. The standard equation of the hyperbola in 
Example 2 is 

Note that the center is (0, 0). We enter 4 for A, 3 for B, 0 for H, and 0 for K. 

9x? — l6y? = 144 
6 

HYPERBOLA 

(X=H)* _ (Y=K)? _ 
Mes Pe ee 

Trad 
Il Il 

COoWwnA 

2) oO 
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If a hyperbola with center at the origin is translated horizontally |h| units and 
vertically |k| units, the center is at the point (h, k). 

eee ee EQUATION OF A HYPERBOLA WITH CENTER AT (h, k) 

Transverse Axis Horizontal 

eae ey Roy 
a b? ee 

Vertices:2( i —ca, ik). h + fask) 

1 

b b 
Asymptotes: y — k = ric a A) Wek Aes it) 

Foci: (h — c,k), (h + c,k), where c? = a” + b* 

Transverse Axis Vertical 

Cre Can ae 
a - b* rf 

Vertices: (h,k — a), (h,k + a) 

1 

a 
Asymptotes: y — k = He Shiva k = mars i) 

Foci: (h, k — c), (h,k + c), wherec? = a + 

RV 
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EXAMPLE 3 For the hyperbola given by 

4y? — x? + 24y + 4x + 28 = 0, 

find the center, the vertices, the foci, and the asymptotes. Then draw the graph. 

Solution First, we complete the square to get standard form: 

4y? — x? + 24y + 4x + 28 = 0 

A(y* + 6y ee = ) = —28 

A(y’? + 6y + 9 — 9) — (x? — 4x + 4-4) = —28 

Ay’ + 6y + 9) 4(=9) = (x? = 4x A) = 1( = 4) 28 

Aly? =P Gyr 19) 936 (x7 = Anita es 

A(y? + 6y + 9) — (x? — 4x + 4) = —28 + 36-4 

A(y #3) = (x= 2)? =4 

(Aa) eee Dividing 
1 i = by4 

Bie: (eau (ea. Je ~ Standard 
P 72 elie form 

Technology Connection 
The center is (2, —3). Note that a = 1 and b = 2. The transverse axis is vertical, 

f so the vertices are 1 unit below and above the center: 
When the equation of a 
hyperbola is written in standard Q)-3 —l)and(2)-3 Leer (24 )and(2.—2)- 

ROS GEA WE INS Coes We know that? = @ + Bso® =P +2=1+4=5andc = V5. Thus 
HYPERBOLA APP to graph it. The ; 
hyperbola in Example 3 is the foci are WS units below and above the center: 

shown below. (2, -3 = V5) and (2, -3 + V5). 

The asymptotes are 

1 1 
HYPERBOLA aie 3) a Ae: = 2) and yy ( oy (22): 

(Y=K)?_(K=H)?_, : A2 B20 

A=1 x 

ee l l 
oe See ae ate —2) and y+3= SC = 2) 

We sketch the asymptotes, plot the vertices, and draw the graph. 

5 

| 4y — x? + 2y+4x+28 =0 4 
3 

; 2 

RV 

= 

i 1 

Now Try Exercise 29. 
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CONNECTING THE CONCEPTS 

Classifying Equations of Conic Sections 

EQUATION TYPE OF CONIC SECTION 

x 4 EA aye Only one variable is squared, so this cannot be a circle, 
an ellipse, or a hyperbola. Find an equivalent equation: 

beta MO 

This is an equation of a parabola. 

Shanes) a5 Both variables are squared, so this cannot be a parabola. 
The squared terms are added, so this cannot be a hyperbola. 
Divide by 3 on both sides to find an equivalent equation: 

im aye = 25. 

This is an equation of a circle. 

Both variables are squared, so this cannot be a parabola. 
Add 4x on both sides to find an equivalent equation: 
4x? + y* = 16. The squared terms are added, so this 
cannot be a hyperbola. The coefficients of x* and y’ are 
not the same, so this is not a circle. Divide by 16 on both 
sides to find an equivalent equation: 

2 
L. 16 

This is an equation of an ellipse. 

Both variables are squared, so this cannot be a parabola. 
Subtract 4y* on both sides to find an equivalent equation: 
x — 4y’ = 36. The squared terms are not added, so this 
cannot be a circle or an ellipse. Divide by 36 on both sides 
to find an equivalent equation: 

This is an equation of a hyperbola. 
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» Applications 

Some comets travel in hyperbolic paths with the sun at one focus. Such comets pass 
by the sun only one time, unlike those with elliptical orbits, which reappear at in- 
tervals. We also see hyperbolas in architecture, such as in a cross section of a plan- 
etarium, an amphitheater, or a cooling tower for a steam or nuclear power plant. 

Another application of hyperbolas is in the long-range navigation system 
LORAN. This system uses transmitting stations in three locations to send out si- 
multaneous signals to a ship or an aircraft. The difference in the arrival times of 
the signals from one pair of transmitters is recorded on the ship or aircraft. This 
difference is also recorded for signals from another pair of transmitters. For each 

pair, a computation is performed to determine the difference in the distances from 
each member of the pair to the ship or aircraft. If each pair of differences is kept 
constant, two hyperbolas can be drawn. Each has one of the pairs of transmitters 
as foci, and the ship or aircraft lies on the intersection of two of their branches. 

In Exercises 1-6, match the equation with one of the graphs e) yA f) 2 
(a)-(f) that follow. ar 8 

So ot 4 
TK 

ee a Tee 
-4 Po a 

an =8 
—5r 

2 2 2 
ig eee 5 ee ee 

23 9 4 36 

Gee) 
3h: == jl 

16 1 

CoA eee) 
4, Ail 

100 81 

Sy on al Gy nM) 

Cee 9 



Find an equation of a hyperbola satisfying the given 
conditions. 

7. Vertices at (0, 3) 

0) an 

nd (0,3); 
foci at (0,5) and 

(1, 

a 

(0, -5) 
8. Vertices at an ovat 0); 

foci at (2,0) and (—2 

a 
2x 

0) 
9. Asymptotes y = $x, y = —3x; 

one vertex (2, 0) 

10. Asymptotes y = 3x, y = —2x; 

one vertex (0, 3) 

Find the center, the vertices, the foci, and the asymptotes. 
Then draw the graph. 

2 2 

ee ae 
oe 
x2 2 

eee a 
1 9 

x — 2)? + 5)? - Ga tee 
9 l 

ye = 2 As Be 
16 9 

Heys et)? eos Sa em 
4 16 

- (y + 4)’ (a2 )s 

Ss 16 

Wax — 4y = 4 18. 4x7 — ¥ = 16 

19, 97 — x? = 81 20. y — 4° =4 

UE DAY Xe 

Find the center, the vertices, the foci, and the asymptotes of 
the hyperbola. Then draw the graph. 

25. x = —2x = 4y —4=0 

26. 4x7 — y° + 8k —4y —-4=0 

27. 36x? — y’ — 24x + 6y — 41 =0 

28. 9x7 — 4y? + 54x + 8y + 41 = 0 

29. 9y — 4x? — 18y + 24x — 63 = 0 

30. x7 — 25y’ + 6x — 50y = 41 

31. x2? —y —2x-—4y=4 

82) oy An = 54y — 8x + 41 = 0 

Soe 0k y= 29 0) 

34, 7° — Y = 8x — 2y — 13 

SECTION 10.3 = The Hyperbola 745 

The eccentricity of a hyperbola is defined as e = c/a. For 
a hyperbola, c > a > 0, soe > 1. When e is close to 1, 
a hyperbola appears to be very narrow. As the eccentricity 
increases, the hyperbola becomes “wider.” 

35. Note the shapes of the hyperbolas in Examples 2 
and 3. Which hyperbola has the larger eccentricity? 
Confirm your answer by computing the eccentricity 
of each hyperbola. 

36. Which hyperbola has the larger eccentricity? (Assume 
that the coordinate systems have the same scale.) 

a) yA 

eV 

b) YA 

RV 

37. Find an equation of a hyperbola with vertices (3, 7) 
and (—3,7) ande = 3. 

38. Find an equation of a hyperbola with vertices (—1, 3) 
and (—1,7) ande = 4. 

39. Hyperbolic Mirror. Certain telescopes contain 
both a parabolic mirror and a hyperbolic mirror. In 
the telescope shown in the figure, the parabola and 
the hyperbola share focus F,, which is 14 m above the 
vertex of the parabola. The hyperbola’s second focus 
F, is 2 m above the parabola’s vertex. The vertex of 
the hyperbolic mirror is 1 m below F;. Position a 
coordinate system with the origin at the center of the 
hyperbola and with the foci on the y-axis. Then find 
the equation of the hyperbola. 
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40. Nuclear Cooling Tower. A cross section of a nuclear 
cooling tower is a hyperbola with equation 

sae y 

90? 130° 
The tower is 450 ft tall and the distance from the top 
of the tower to the center of the hyperbola is half the 
distance from the base of the tower to the center of 
the hyperbola. Find the diameter of the top and the 
base of the tower. 

>» Skill Maintenance 

In Exercises 41-44, given the function: 

a) Determine whether it is one-to-one. [5.1] 

b) If it is one-to-one, find a formula for the inverse. [5.1] 

41, f(x) = 2x = 3 42, f(x) =x +2 

43. f(x) = 2 44, f(x) = Vx +4 
se-=> Il 

Solve. [6.1], [6.3], [6.5], [6.6] 

45.x + y= 5, AG Oth yD, 
pg Nas SXF Ly = 3 

47. 2x > Sy = 7; AS. 3x. + 2y'=.-1, 

3x + Sy = 1 2X FF B= 6 

» Synthesis 

Find an equation of a hyperbola satisfying the given 

conditions. 

49. Vertices at (3, —8) and (3, —2); 
asymptotes y = 3x — 14,y = —3x 14 

50. Vertices at (—9, 4) and (—5, 4); 
asymptotesiy’ = 34 4 25,7 = =x 17 

51. Navigation. Two radio transmitters positioned 
300 mi apart along the shore send simultaneous 
signals to a ship that is 200 mi offshore and sailing 
parallel to the shoreline. The signal from transmit- 
ter S reaches the ship 200 microseconds later than 
the signal from transmitter T. The signals travel at 
a speed of 186,000 miles per second, or 0.186 mile 
per microsecond. Find the equation of the hyperbola 
with foci S and T on which the ship is located. (Hint: 
For any point on the hyperbola, the absolute value of 
the difference of its distances from the foci is 2a.) 

2 ~<a (ionamin siaialimataas r 
\ iM la ie 7 

Nonlinear Systems of Equations and Inequalities 

» Solve a nonlinear system of equations. 

» Use nonlinear systems of equations to solve applied problems. 

»® Graph nonlinear systems of inequalities. 

The systems of equations that we have studied so far have been composed of linear 
equations. Now we consider systems of two equations in two variables in which at 
least one equation is not linear. 
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» Nonlinear Systems of Equations 

The graphs of the equations in a nonlinear system of equations can have no point 
of intersection or one or more points of intersection. The coordinates of each point 
of intersection represent a solution of the system of equations. When no point of 
intersection exists, the system of equations has no real-number solution. 

Solutions of nonlinear systems of equations can be found using the substitution 
method or the elimination method. The substitution method is preferable for a sys- 
tem consisting of one linear equation and one nonlinear equation. The elimination 

method is preferable in most, but not all, cases when both equations are nonlinear. 

EXAMPLE 1 Solve the following system of equations: 

x? + y US, (1) The graph is a circle. 

3x — 4y = 0. (2) The graph is a line. 

Algebraic Solution 

Visualizing the Solution 

We use the substitution method. First, we solve equation (2) for x: 

The ordered pairs corresponding to the 

aa ae 2) points of intersection of the graphs of 
3x = 4y the equations are the solutions of the 
eS ; Ve (3) We could have solved for y instead. system of equations. 

Next, we substitute $y for x in equation (1) and solve for y: 

(sy)? + y = 25 
oy + = 25 

3x -—4y=0 

Sy = 25 
y = Multiplying by 3 

y= +3. 

Now we substitute these numbers for y in equation (3) and solve for x: 

x= £(3) = 4, The pair (4, 3) appears 
to be a solution. 

0 $(—3) = —4. The pair (—4, —3) appears 
to be a solution. 

Check: For (4, 3): Kyo 25 

r+ y= 25 Oh at ae 

WORE Mat Ae i De We see that the solutions are (4, 3 Ae 3 2 25 (4) = 413) 80 
andi 40): 

16+ 9 12-12 ( 

25) We BOTRUE 0 | O TRUE Now Try Exercise 7. 

Ot 43): 

ety = 25 Ca i il) 
mee 

(24) (3) 2 25 Bt etl (ro) nO 

169 —(2— 12 

258 | 25° TTRUE 0 | O TRUE 

The pairs (4, 3) and (—4, —3) check, so they are the solutions. 
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Technology Connection 

To solve the system of equations in Example | on a graphing calculator, we 

graph both equations in the same viewing window. Note that there are two 

points of intersection. We can find their coordinates using the INTERSECT 

feature. 

Ke ty" =25 
NS 

y= VB x, y= -VB—R, yy= 4% 

6 

The solutions are (4, 3) and (—4, —3). 

In the solution in Example 1, suppose that to find x we had substituted 3 and —3 
in equation (1) rather than equation (3). If y = 3, y> = 9, andif y = —3,y° = 9, 
so both substitutions can be performed at the same time: 

eo yi oe (dN) 

be (es Ngee 

x +9 = 25 
x = 16 

x= +4 

Each y-value produces two values for x. Thus, if y = 3,x = 4 or x = —4, and 
if y = —3,x = 4 or x = —4. The possible solutions are (4, 3), (—4, 3), (4, —3), 
and (—4, —3). A check reveals that (4, -3) and (—4, 3) are not solutions of equa- 
tion (2). Since a circle and a line can intersect in at most two points, it is clear that 
there can be at most two real-number solutions. 
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EXAMPLE 2 Solve the following system of equations: 

xty=5, (1) The graph is a line. 

Veaes i Xe: (2) The graph is a parabola. 

Algebraic Solution 

Visualizing the Solution 

We use the substitution method, substituting 3 — x? for yin 
equation (1): We graph the equations, as shown 

sed By x2 =5 below. 

I —-x*+x-2=0 Subtracting 5 and rearranging 

Kt 2 = 0. Multiplying by —1 

Next, we use the quadratic formula: 

=b + Vb — 4ac 

2a 

supa oe 41) 2) 
2(1) 

Vi-8 1+ V-7 
2 

1 iV TING 
2 as) 

x= 

I+ 

I+ 

Note that there are no points of in- 
tersection. This indicates that there are 

no real-number solutions. 

Now, we substitute these values for x in equation (1) and solve 

for y: 

Lene 
“at wT +y=5 Now Try Exercise 17. 

Phan WOE 
Bal tite celts 9% 

Eee ee 
Beas ee 

and 

1 ermaeee 
ae a 

‘i one 
es 

— Oe en ae bs 
2 2 

The solutions are 

(442 v2) and (2,24 4) 
Fie Fae wD 

There are no real-number solutions. 
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EXAMPLE 3 Solve the following system of equations: 

2x* + 5y = 39, (1) The graph is an ellipse. 

oa y Sl. (2) The graph is a hyperbola. 

Visualizing the Solution 

We use the elimination method. First, we multiply 
equation (2) by 5 and add to eliminate the y*-term: 

2x* + 5y? = 39 (1) 

15x? — 5y> = —5 — Multiplying (2) by 5 

ibe 34 Adding 

x =2 

x= tV2. 

Ifx = V2,x2 = 2, and ifx = SV = 

Thus substituting V2 or — V2 for xin equation 
(2) gives us 

3( £N/2))? =y = Sl 

3°52 — 77 = =1 

6-y=-1 

=) om 

Ui 

y=r WE 

Thus, for x = V2, we have = V7 or 

y = —V7, and for x = —V 2, we have 

y= V7 or y == V7, The possible 

solutions are (Ya, 7) ( A) -\/7), 

(-V2, Wii (-V2, -V7), All four pairs 
check, so they are the solutions. 

We graph the equations and note that there 
are four points of intersection. 

3x2 — y2=—-1 

2x2 5y2— 39 

The coordinates of the points of 

intersection are ( Ve V7), ( V2, =V/7), 

(—V2, V7), and (-V2, -V7). These 

are the solutions of the system of equations. 

Now Try Exercise 27. 

Technology Connection 

To solve the system of equations in Example 3 ona 
Jy = VB9 — 2x°)/5, yo = —V (39 — 2x°)/5, graphing calculator, we graph the equations in the 

: V3 = V 3x7 +1, ¥, = —V 3x? + 1 same viewing window. We can use the INTERSECT 
(—1.414, 2.646)~ (1.414, 2.646) feature to find the coordinates of the four points of 

intersection. 

Note that the algebraic solution yields exact 
solutions, whereas the graphical solution yields 
decimal approximations of the solutions on most 

(—1.414, —2.646) (1.414, —2.646) graphing calculators. 

The solutions are approximately (1.414, 2.646), 
(1.414, —2.646), (—1.414, 2.646), and 

(—1.414, —2.646). 
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EXAMPLE 4 Solve the following system of equations: 

iG ex tsirsom (1) 

xy = 3. (2) 

Algebraic Solution 

Visualizing the Solution 

We use the substitution method. First, we solve equation (2) for y: 

eae (2) The coordinates of the points of inter- 
a section of the graphs of the equations 
a 3. (3) Dividing by x give us the real-number solutions of 

the system of equations. These graphs 

Next, we substitute 3 /x for y in equation (1) and solve for x: do not show us the imaginary-number 
solutions. 

3 2 

x= (2) = 6 
x 

9 2 Le ee 2 

27 2 es Xelicce 0 xe 

a anls = 2 : : 2) x 2/ = 6x Multiplying by x 

M6 2710 
uw — 6u — 27 =0 Letting u = x? 

(u—9)(ut+ 3) =0 Factoring 

(aa) Of) Principle of zero 
products 

a or Uo 

v7 =9 or x* = —3 — Substituting x for u Now Try Exercise 19. 

=e aor x= +iV3. 

Since y = 3/x, 

S) 
when x = 3, Na deta We 

3 
when x = —3, Veates = 

3 3 -iV3 
h = yey — =< ° _= Ne 

awed REN OE 
3 eG 

= -iV3, y= = eee a V3 
aaa eee Ns 3 

The pairs (3, 1), (—3,-1), (17V3,-1'V 3), and (13,73 ) 
check, so they are the solutions. 
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» Modeling and Problem Solving 

EXAMPLE 5_ Dimensions of a Piece of Land. For a student recreation build- 

ing at Southport Community College, an architect wants to ae out a rectangular 

piece of land that has a perimeter of 204 m and an area of 2565 m’. Find the dimen- 

sions of the piece of land. 

Solution 

| 1. Familiarize. We make a drawing and label it, letting / = the length of the piece 

of land, in meters, and w = the width, in meters. 

2. Translate. We now have the following: 

Perimeter: 2w + 2] = 204, (1) 

Area: lw = 2565. (2) 

3. Carry out. We solve the system of equations 

Perimeter = 2w + 2] 2w + 21 = 204, 

= 203m lw = 2565. 

Solving the second equation for / gives us 1 = 2565/w. We then substitute 
2565/w for 1 in equation (1) and solve for w: 

2565 
DW eats 2 ) = 204 

Vy 

2w? + 2(2565) = 204w Multiplying by w 

2w? — 204w + 2(2565) = 0 

w? — 102w + 2565 = 0 Multiplying by } 

(w — 57)(w — 45) =0 
Wie O anOr (We 45: 0 Principle of zero products 

Wi =957° or w = 45. 

Ifw = 57, then! = 2565/w = 2565/57 = 45.Ifw = 45, then! = 2565/w= 

2565/45 = 57. Since length is generally considered to be longer than width, 
we have the solution / = 57 and w = 45, or (57, 45). 

4. Check. If! = 57 and w = 45, the perimeter is 2-45 + 2°57, or 204. The area 
is 57* 45, or 2565. The numbers check. 

5. State. The length of the piece of land is 57 m and the width is 45 m. 

Now Try Exercise 61. 

» Nonlinear Systems of Inequalities 

f "SYSTEMS OF INEQUALITIES Recall that a solution of a system of inequalities is an ordered pair that is a solution 
| REVIEW SECTION 6.7 of each inequality in the system. We graphed systems of linear inequalities in Sec- 
ma "tion 6.7. Now we graph a system of nonlinear inequalities. 

EXAMPLE 6 Graph the solution set of the system 

Maye Ss 

ee Ay). 



Technology Connection 

To use a graphing calcula- 
tor to graph the system of 
inequalities in Example 7, we 
first graph y, = 4 — x’? and 
yy = 2 — x. Using the test 
point (0, 0) for each inequal- 
ity, we find that we should 
shade below y, and above yp. 
We can find the points of 
intersection of the graphs of 
the related equations, (—1, 3) 
and (2, 0), using the INTERSECT 
feature. 

SECTION 10.4 Nonlinear Systems of Equations and Inequalities 753 

Solution We graph x° + y’ < 25 by first graphing the related equation of the 
circle x* + y’ = 25. We use a solid line since the inequality symbol is =. Next, we 
choose (0, 0) as a test point and find that it is a solution of x* + y’ < 25, so we 
shade the region that contains (0, 0) using red. This is the region inside the circle. 
Now we graph the line 3x — 4y = 0 using a dashed line since the inequality sym- 
bol is >. The point (0, 0) is on the line, so we choose another test point, say, (0, 2). 
We find that this point is not a solution of 3x — 4y > 0, so we shade the half-plane 

that does not contain (0, 2) using green. The solution set of the system of inequali- 
ties is the region shaded both red and green, or brown, including part of the circle 
eo i Os 

To find the points of intersection of the graphs of the related equations, we 
solve the system composed of those equations: 

Cy == 25; 
kta sy gO): 

In Example 1, we found that these points are (4, 3) and (—4, —3). 
Now Try Exercise 75. 

EXAMPLE 7 Graph the solution set of the system 

peak e 

egy 2. 

Solution We graph y < 4 — x’ by first graphing the equation of the parabola 
y = 4 — x’. We use a solid line since the inequality symbol is <. Next, we choose 
(0, 0) as a test point and find that it is a solution of y < 4 — x’, so we shade the 
region that contains (0, 0) using red. Now we graph the line x + y = 2, again us- 
ing a solid line since the inequality symbol is =. We test the point (0, 0) and find 
that it is not a solution of x + y = 2, so we shade the half-plane that does not con- 
tain (0, 0) using green. The solution set of the system of inequalities is the region 
shaded both red and green, or brown, including part of the parabola y = 4 — x* 
and part of the line x + y = 2. 

Solving the system of equations 

ye A x, 

ci) te, 

we find that the points of intersection of the graphs of the related equations are 
(a iand'(2, 0): 

Now Try Exercise 81. 
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Visualizing 
the Graph 

QO.) Ah ey Nee OS 

Match the equation or system of 
| _ equations with its graph. 

ls Sur = Se 

Ds Sp 5G de Ds eG} 

Nel 

a ei ae 

N Me rus 20 

Sie Gy —=64 

10. y = 2* 

Answers on page A-58 



SECTION 10.4 

. Exercise Set 

Nonlinear Systems of Equations and Inequalities 159 

In Exercises 1-6, match the system of equations with one of 
the graphs (a)-(f) that follow. 

lx +y = 16, 
bg ae 

aay x2 
OL ies 6,5! 

Ch er ae ak 
x’ + 4 = 16 

Solve 

Tae ty — 25, 
jm 

9. 4x” + 9y* = 36, 
Sy alee 

Ls x? + y’ = 25, 
yp=xts 

Bei EO 
vr —-y=9 

. 16x* + 97 = 144, 
oye eee 

. 4x? — 9 = 36, 
ety =25 

Ven 3, 

8 Bea 3 

x + y = 100, 
Vie aac 

. 9x7 + 4y? = 36, 
Siete y. — 0 

Ly =X, 
x =i? 

~~ 4° = 4, 

Ax? + y = 

V7. 

19. 

21° 

23. 

25. 

27. 

29. 

eW'> 

38. 

40. 

42. 

44. 

45. 

46. 

47. 

48. 

Aa 

TS ny, 

PP = 0b 3; 

Cy eat 

ety a n)5, 

a 

yy = A, 

16x* + 9y? = 144 

i Ay 25, 
ete y ae 

Max) 3y 27, 

VL, 

ey a6, 

=e 10 
e+ y=s5, 

xy 2 

OX Veet 7s 

Ax? + 5y = 56 

a te =: 

ab=4 

A ole ok oe Ne 
NG) 1) 

xi yy? + 6y +5 

aay xO 

2xy + 3y = 7, 
3xy — 2 = 4 

Ax? + 9y* = 36, 
Pp omey ata &) 

xy = 4, 

tard PRS) 

4a’ — 25b’ = 0, 
Die le = 

m —3mn+rnrt+1 

3m? — mn + 3? = 13 

gob = =—4) 
ab. — 2b’ = —6 
e+y=s5, 

COR aes) 

Ax’? + 9y = 36, 
Via ea, 

I S 

16. 

18. 

20. 

Das 

24, 

26. 

28. 

30. 

32. 

34. 

36. 

39. 

43. 

xia tO; 

OSes art 

yar, 
Sty te 2 

xy = 16, 
xy = 

x + yf = 25, 

2527 + 1677 = 400 

Wo aa ae Gs 
ae eel 

ay + xy + x7 = 7, 

Xe 

x ty = 14, 
ey =A 

ily? = 20) 

xy =73 

2y + xy = 5, 
Aya xa ei 

Dichcdere coy 
Ep 2° 
x’ + 4y? = 20, 
LV 

2a+b=1, 
b=4-—@ 

a + b’ = 89, 
a—-b=3 

xy = 2, 
2xy — 3y° = 0 
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49, a + b* = 14, 50. x? + xy = 5, 
ab = 3/5 2x? + xy = 2 

Slee iy = 25, 52x + yy = 1, 

9x? + 4y* = 36 9x* — 16y* = 144 

5305 1 54. x — Ty" = 6, 
CON 7: 6g) 

In Exercises 55-58, determine whether the statement is true 
or false. 

55. A nonlinear system of equations can have both 

56. 

OT: 

58. 

ao: 

real-number solutions and imaginary-number 
solutions. 

If the graph of a nonlinear system of equations con- 
sists of a line and a parabola, then the system has two 
real-number solutions. 

If the graph of a nonlinear system of equations con- 
sists of a line and a circle, then the system has at 
most two real-number solutions. 

If the graph of a nonlinear system of equations 
consists of a line and an ellipse, then it is possible 
for the system to have exactly one real-number 
solution. 

Photo Dimensions. Hailey’s Frame Shop has been 
commissioned to frame 5 black-and-white photos for 
an island resort. Each photo has a perimeter of 68 in. 
and a diagonal of 26 in. Find the dimensions of the 
photos. 

60. 

6l. 

62. 

Sign Dimensions. Alison's Advertising is building a 
rectangular sign with an area of 2 yd’ and a perim- 
eter of 6 yd. Find the dimensions of the sign. 

Graphic Design. Marcia Graham, owner of Gra- 
ham’s Graphics, is designing an advertising bro- 
chure for the Art League’s spring show. Each page 
of the brochure is rectangular with an area of 20 in? 
and a perimeter of 18 in. Find the dimensions of 
the brochure. 

Landscaping. Green Leaf Landscaping is planting a 
rectangular wildflower garden with a perimeter of 

63. 

64. 

65. 

66. 

67. 

6 mand a diagonal of \/5 m. Find the dimensions 

of the garden. 

Fencing. Clark’s Country Pet Resort is fencing a 

new play area for dogs. The manager has purchased 

210 yd of fence to enclose a rectangular pen. The 

area of the pen must be 2250 yd’. What are the 

dimensions of the pen? 

Carpentry. Ted Hansen of Hansen Woodworking 
Designs has been commissioned to make a rectangu- 
lar tabletop with an area of \/2 m’ and a diagonal of 

V3 m for the Decorators’ Show House. Find the 

dimensions of the tabletop. 

Banner Design. A rectangular banner with an area 
of \/3 nm’ is being designed to advertise an exhibit 
at the Davis Gallery. The length of a diagonal is 2 m. 
Find the dimensions of the banner. 

Investment. Luke made an investment for 1 year 
that earned $72 simple interest. If the principal 
had been $240 more and the interest rate 1% less, 
the interest would have been the same. Find the 
principal and the interest rate. 

Seed Test Plots. The Burton Seed Company has two 
square test plots. The sum of their areas is 832 ft?and 
the difference of their areas is 320 ft’. Find the length 
of a side of each plot. 



68. Office Dimensions. The diagonal of the floor of 
a rectangular office cubicle is 1 ft longer than the 
length of the cubicle and 3 ft longer than twice the 
width. Find the dimensions of the cubicle. 

In Exercises 69-74, match the system of inequalities with 
one of the graphs (a)-(f) that follow. 

a) 

69. 4+ y =5, 
Ro yo 2 

Tiny =x. 
Vie ax. 

73 ay at al, 
Ketel 

b) 
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Graph the system of inequalities. Then find the coordinates 
of the points of intersection of the graphs of the related 
equations. 

sc Be ar Se sa MGs 76.x° + y = 10, 
Vast, Vea 

Wh Ger gy TSG ty 
tay eee x Vise? 

Th), Be eS DS SO ay 9) 
Neate em Me Vata 

81. y¥ = x — 3; 82. y= 3 - x 

Ss es y= Xt! 

Soa =x 84. y= 1-2, 

VEEN ecte Var ae oL 

» Skill Maintenance 

Solve. [5.5] 

85. 

86. 

87. 

88. 

2°* = 64 

5 = 2 / 

log,;x = 4 

log(x — 3) + logx = 1 

» Synthesis 

89. 

90. 

91. 

92. 

93. 

94. 

Find an equation of the circle that passes through the 
points (2, 4) and (3, 3) and whose center is on the 
WS Gke I) == ah 

Find an equation of the circle that passes through 
the points (2, 3), (4, 5), and (0, —3). 

Find an equation of an ellipse centered at the ori- 
gin that passes through the points ( Ve 2 ) and 

(V3, 1/2). 
Find an equation of a hyperbola of the type 

Xena 
ees 

that passes through the points ( =e 22/5 y2 ) and 

(—3/2, 0). 

Show that a hyperbola does not intersect its asymp- 
totes. That is, solve the system of equations 

ey 
BP Vee 

22 aPhe, ae ony = | 

Numerical Relationship. Find two numbers whose 
product is 2 and the sum of whose reciprocals 
=: 38 
1S °g. 
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95. Numerical Relationship. The sum of two numbers Solve. 
is 1, and their product is 1. Find the sum of their ; : ait5 

cubes. There is a method to solve this problem that is OT may mat aes 98.a + b= 6 

easier than solving a nonlinear system of equations. ba) A et eae 8 a 
Can you discover it? a + <a Pe 

96. Box Dimensions. Four squares with sides 5 in. long 2 eee ee ees 
are cut from the corners of a rectangular metal sheet 99. Ded ae 1G. a a ee a < 
that has an area of 340 in’. The edges are bent up to pa gate e ie 
form an open box with a volume of 350 in’. Find the Pq 6 

dimensions of the box. 

Mid-Chapter Mixed Review 

Determine whether the statement is true or false. 

1. The graph of (x + 3)? = 8(y — 2) isa parabola 2. The graph of (x — 4)? + (y + 1)? = 9isa circle 
with vertex (—3, 2). [10.1] with radius 9. [10.2] 

2 2 

3. The hyperbola ae es 1 has a horizontal 4, Every nonlinear system of equations has at least one 
; real-number solution. [10.4] 

transverse axis. [10.3] 

In Exercises 5-12, match the equation with one of the graphs (a)-(h) that follow. [10.1], [10.2], [10.3] 

h) y 
5 

4 

3 

Bye 1 
=) moe ae Oe a Dia eAr 5x = r23 4 367 3 x 
-4 —2- —2 

eA Se i 
mali ar =5 

5, x? = —4y 

7. 16K Oya 144 

97A(y 1) 9(x + 2)* = 36 10. 4(x + 1)? + 9(y — 2)? = 36 

1 (a2) G8) = 4 12.2507 = 42 9100 

Find the vertex, the focus, and the directrix of the parabola. Then draw the graph. [10.1] 

ye = 12k 14. x? = 6% = 4y'= 17 

Find the center and the radius of the circle. Then draw the graph. [10.2] 

hex + y + 4c Sy = 5 16. x? + y — 6x + 2y-6=0 



SECTION 10.5 = Rotation of Axes 759 

Find the vertices and the foci of the ellipse. Then draw the graph. [10.2] 
2 2 

ha ede a Lier Giniths gure 18. 25x + 4y/ —.50x + 8y = 71 

Find the center, the vertices, the foci, and the asymptotes of the hyperbola. Then draw the graph. [10.3] 

19. 9° — 16x? = 144 pa es Vawies 
; 1 4 

Solve. [10.4] 

Oi yo —_29, 22 aX gave 
xy =S3 xy=A4 

23 Re oes y= 0), 24, Sy = = 4) 
RESO 3x° + 2y =7 

25. The sum of two numbers is 1 and the sum of their squares is 13. Find the numbers. [10.4] 

Graph the system of inequalities. Then find the coordinates of the points of intersection of the 
graphs of the related equations. [10.4] 

2600 + yi S 8, age 
ey Seow il 

Lote) i F-leley g-yai'(-m PB] tyelll-t-yfeolabr-larema i gidi ale) 

28. Is a parabola always the graph of a function? Why or 29. Is the center of an ellipse part of the graph of the 
why not? [10.1] ellipse? Why or why not? [10.2] 

30. Are the asymptotes of a hyperbola part of the graph 31. What would you say to a classmate who tells you that 
of the hyperbola? Why or why not? [10.3] it is always possible to visualize all the solutions of a 

nonlinear system of equations? [10.4] 

10.5 : Rotation of Axes 

m® Use rotation of axes to graph conic sections. 

» Use the discriminant to determine the type of conic 

represented by a given equation. 

| ~~ CONIC SECTIONS ‘Sa, In Section 10.1, we saw that conic sections can be defined algebraically using a sec- 

ee )8=s ond “degree equation of the form Ax” + Bxy + Cy* + Dx + Ey + F = 0. Up to 
| REVIEW SECTIONS 10.1-10.3. : : ; “ Ray j = 
eis. Wee: Oe eo ee this point, we have considered only equations of this form for which B = 0. Now 

we turn our attention to equations of conics that contain an xy-term. 

» Rotation of Axes 

When B is nonzero, the graph of Ax* + Bxy + Cy + Dx + Ey FF = Cisa 

conic section with an axis that is parallel to neither the x-axis nor the y-axis. We 
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use a technique called rotation of axes when we graph such an equation. The goal 

is to rotate the x- and y-axes through a positive angle 0 to yield an x'y'-coordinate 

system, as shown at left. For the appropriate choice of 6, the graph of any conic sec- 

tion with an xy-term will have its axis parallel to the x’-axis or the y’-axis. 

Algebraically we want to rewrite an equation 

Ax’? + Bxy + Cy? + Dx + Ey + F=0 

in the xy-coordinate system in the form 

Are a CW. ze Dix! aL Ey ae jeu = 0 

in the x'y’-coordinate system. Equations of this second type were graphed in Sec- 

tions 10.1-10.3. 

To achieve our goal, we find formulas relating the xy-coordinates of a point 
and the x’y’-coordinates of the same point. We begin by letting P be a point with 
coordinates (x, y) in the xy-coordinate system and (x’, y’) in the x’y’-coordinate 
system. 

We let r represent the distance OP, and we let a represent the angle from the 
x-axis to OP. Then 

x : y 
COS Q =" ands sina, — — 

r r 

SO 

x—=rcosa and y= rsina. 

We also see from the figure above that 

, ! 

cos(a — 6) = = and sin(a — @) = “, 

sO 

x' = rcos(a—@) and y' = rsin(a — 6). 

Then 

x' = rcosacos@ + rsinasin6@ 

and 

y’ = rsinacos@ — rcosasin@. 

Substituting x for rcos a and y for r sin @ gives us 
' 

x xcos@ + ysin6é (1) 

and 

NV FA MCOSOR = sine: (2) 
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We can use these formulas to find the x'y’-coordinates of any point given 
that point’s xy-coordinates and an angle of rotation 0. To express xy-coordinates 
in terms of x'y’-coordinates and an angle of rotation 6, we solve the system com- 
posed of equations (1) and (2) above for x and y. (See Exercise 43.) We get 

x = x'cos@ — y’ sin®@ 

and 

= x’ sin@ + y’ cos@. S 
| 

ROTATION OF AXES FORMULAS 

If the x- and y-axes are rotated about the origin through a positive acute 
angle 0, then the coordinates (x, y) and (x’, y’) of a point P in the xy- and 
x'y'-coordinate systems are related by the following formulas: 

x’ = xcos@ + ysin6, = —xsin@ + ycos8@; 

x=x'cosd—y'siné, y=x’'sin@ + y'cosé. 

EXAMPLE 1 Suppose that the xy-axes are rotated through an angle of 45°. 
Write the equation xy = 1 in the x’y’-coordinate system. 

Solution We substitute 45° for @ in the rotation of axes formulas for x and y: 

x = x’ cos 45° — y’ sin 45°, 

y = x' sin 45° + y’ cos 45°. 

We know that 

2 ; 2 
sin 45° = — and cos45° = —, 

D) » 

so we have 

ONE: Tee V2 \ 
= Seed = 

te GN ae 2 y 

and 

a “(~) a (2) S we Vs a 2 2 

Next, we substitute these expressions for x and y in the equation xy = 1: 

Vay E ne: a 
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We have the equation of a hyperbola in the x’y’-coordinate system with 

its transverse axis on the x-axis and with vertices (AN 0) and (Vs Osle 

Its asymptotes are y’ = —x’ and y’ = x’. These correspond to the axes of the 

xy-coordinate system. We now sketch the graph. 

KYL 

ay oa 
(Qe (V2) 

— ——_ I 

Now let’s substitute the rotation of axes formulas for x and y in the equation 

Ax? + Bey + Cy + Dx + Ey + F = 0. 

We have 

A(x’ cos@ — y’ sin 6)? + B(x’ cosé— y' sin@)(x sin @ + y’ cos #@) 

+ C(x’ sin@ + y' cos6@)* + D(x’ cos@ — y’ sin@) 

+ E(x’ sin@ + y’ cos) + F =" 0. 

Performing the operations indicated and collecting like terms yields the equation 

Au gs Vee Bi ey Lt eGu( yale wpe hob ie ee (3) 

where 

A’ Acos’@ + Bsin@cos@ + Csin’ 6, 

B' = 2(C — A) sin@cos@ + B(cos’6 — sin’ 6), 

C' = Asin’ @ — Bsin@cos@ + Ccos’ 0, 

D' = Dcos@ + Esin@, 

E’ = —Dsin@ + Ecos@, and 

F' = Ff, 

Recall that our goal is to produce an equation without an x’y’-term, or with 
B' = 0. Then we must have 

2(C — A) sin@cos@ + B(cos’6 — sin’ 0) = 0 

(C= Al sin 20. Bcos20 10 Using double- 
angle formulas 

B cos 20 = (A — C) sin 26 

COSZO SAS C, 

sin 20 B 

vena 
tage cot 26 = 

Thus, when @ is chosen so that 

ALG 
> cotZGs— 
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equation (3) will have no x’y’-term. Although we will not do so here, it can be 
shown that we can always find @ such that 0° < 26 < 180°, or 0° < @ < 90°. 

ELIMINATING THE xy-TERM 

To eliminate the xy-term from the equation 

Ax* + Bxy + Cy + Dx + Ey + F=0, B# 0, 

select an angle 6 such that 

AaaG. 
cot 26 = win Ore= 20 =. 180", 

and use the rotation of axes formulas. 

EXAMPLE 2. Graph the equation 

3x* — 2V 3xy tp SP eae 2V3y = 0. 

Solution We have 

eax eo Sew nineli 9s ip = VE cael = 0. 
To select the angle of rotation 6, we must have 

ee Oph Rib WA noe gh Mew 

i ye 
Thus, 20 = 120°, and 6 = 60°. We substitute this value for @ in the rotation of 

axes formulas for x and y: 

cot 26 = 

x 16 COs60) = yasino0 ; 

y = x' sin 60° + y’ cos 60°. 

This gives us 

and 

ae 
al Bm ee a 5" 

Z 

Oe oe ee 
After simplifying, we get 

Alay) Ax 00) or: 

0 Sea 
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This is the equation of a parabola with its vertex at (0,0) of the x'y’-coordinate 

system and axis of symmetry y’ = 0. We draw the graph. 

3x? — 2V3xy + y? + 2x + 2V3y =0 

(n= ox 

Now Try Exercise 23. 

» The Discriminant 

It is possible to determine the type of conic represented by the equation 
Ax? + Bxy + Cy* + Dx + Ey + F = 0 before rotating the axes. Using the ex- 
pressions for A’, B’, and C’ in terms of A, B, C, and 6 developed earlier, it can be 
shown that 

(By = 4A CB AAG. 

Now when @ is chosen so that 

Aten © 
cot 20 = : 

B 

rotation of axes gives us an equation 

A'(x')* + C'(y’)? + D'x' + Ely’ +-£= 0, 

If A’ and C’ have the same sign, or A’C’ > 0, then the graph of this equation 
is an ellipse or a circle. If A’ and C’ have different signs, or A’C’ < 0, then the 
graph is a hyperbola. And, if either A’ = 0 or C’ = 0, or A'C’ = 0, the graph is 
a parabola. 

Since B’ = 0 and (B’)? — 4A'C’' = B? — 4AC, then it follows that B? — 
4AC = —4A'C’. Then the graph is an ellipse or a circle if B’ — 4AC < 0, a hy- 
perbola if BX — 4AC > 0, or a parabola if B’ — 4AC = 0. (There are certain 

special cases, called degenerate conics, where these statements do not hold, but 
we will not concern ourselves with these here.) The expression B* — 4AC is the 
discriminant of the equation Ax” + Bxy + Cy? + Dx + Ey + F= 0. 

The graph of the equation 

Ax’ + Bxy + Cy* + Dx + Ey + F=0 

is, except in degenerate cases, 

1. an ellipse or a circle if B? — 4AC < 0, 
2. ahyperbola if B? — 4AC > 0, and 
3; aparabolait B> — 4A@ — 0. 
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EXAMPLE 3 = Graph the equation 3x? + 2xy + 3y’ = 16. 

Solution We have 

A = 3, B= 2, and C = 3, 

SO ge Be 4AG =) a 33h 4 836 = 32) 

Since the discriminant is negative, the graph is an ellipse or a circle. Now, to rotate 
the axes, we begin by determining 0: 

A-C 3-3 0 
B 2 D) 

Then 26) = 90> andid = 45°%so 

CouzG— = i 

V2 
ree Simo ae anGmCosio— 

As we saw in Example 1, substituting these values for sin @ and cos @ in the rotation 
of axes formulas gives 

Ni eg ke ey ale Al ye (ee te 
2 2 

Now we substitute for x and y in the given equation: 

[Ye] sd Be» [Me +7] 
2 2 

After simplifying, we have 

AGG (y= — 16,8 or 

(0 ORNs 

This is the equation of an ellipse with vertices (0, -V/3) and (0, V3), or 

(0, 2) and (0, 2V2) , on the y’-axis. The x’-intercepts are (—2, 0) and (2, 0). 

We draw the graph. 

3x? + Ixy + 3y? = 16 
1\2 1\2 

(x') ~w 
4 8 

1 

Now Try Exercise 19. 
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EXAMPLE 4 Graph the equation 4x7 — 24xy — 3y — 156 = 0. 

Solution We have 

A =A: Bly 240 and (CG = 3, 

so B* — 4AC = (—24)* — 4°4(—-3) = 576 + 48 = 624. 

Since the discriminant is positive, the graph is a hyperbola. To rotate the axes, we 

begin by determining 0: 

Apap A Geo) 7 
26 = , 

ce B —74 24 

Since cot 20 < 0, we have 90° < 20 < 180°. From the triangle at left, we see that 

cos 20 = —<. 

Using half-angle formulas, we have 

1 — cos 26 1— (-s) 4 
sindicde =e = 

y) 2 5 

nd 

Aeeoe ls Sic oe 
cos 6 = SS = 

2 2 5 

a 

Substituting in the rotation of axes formulas gives us 

x = x'cos@ — y’sin@ = 2x’ — zy’ 

and 

y = x'sin@ + y' cos0 = x' + zy’, 

Now we substitute for x and y in the given equation: 

4(2x’ = sy’)? = 24 ( 3x’ = zy! } (4x + 3y') = 3 (2x! + By! )? — 156 = 0. 

After simplifying, we have 

focy je Ieee eo. 10) 

13(y')? — 12(x’)? = 156 

12 13 

The graph of this equation is a hyperbola with vertices ( UE aL) and ( 0, V2 ) ; 

or (0, -2V/3) and (0, Ve Ne on the y’-axis. Since we know that sin @ = 3 and 
0° < 6 < 90°, we can use a calculator to find that @ ~ 53.1°. Thus the xy-axes are 
rotated through an angle of about 53.1° in order to obtain the x’y’-axes. We sketch 
the graph. 

4x? = Dany + 3y?— 156 = 10 

en (aan 
12 13 

Now Try Exercise 35. 
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For the given angle of rotation and coordinates of a point in 
the xy-coordinate system, find the coordinates of the point 
in the x'y'-coordinate system. 

Th, A se 2s oh 
2. 0 = 45°, (=1,3) 

3. 6 = 30°, (0,2) 

4. 6 = 60°, (0, V3) 
For the given angle of rotation and coordinates of a point in 
the x'y'-coordinate system, find the coordinates of the point 
in the xy-coordinate system. 

5. 0 = 45°, (1,-1) 

EOS 
Tce 02,0) 

Seo \/ 3) 
Use the discriminant to determine whether the graph of the 
equation is an ellipse or a circle, a hyperbola, or a parabola. 

Ds BO — Seep Oy ee =P aay = 0 

hONoY Oxy — 4) x oy 4 0) 

We a" = Seay a Die 

12. 4x7 + 7xy + 2y — 3x + y =0 

13. 4x? — ldxy + 9Y — 3x + y=0 

14, 6x? + 5xy + 6y + 15=0 

15. 2x? — 8xy + Jy + x —Dyal =. 

16. x? + 6xy + 9y* — 3x + 4y = 0 

We 8x? — 7xy + 5y — 17 =0 

iS yy 7 4x sy 20 

Graph the equation. 

19. 4x? + 2xy + 4y° = 15 

20. 3x? + 10xy + 3y° + 8 = 0 

21. x7 — 10xy + y’ + 36 = 0 

22, x2 + Ixy + + 4V 2x - 4V2y = 0 

23. x2 — 2V3xy + 3y? — 12V3x — 12y = 0 

24. 13x? + 6V3xy + 772 — 16 = 0 

25, 7x2 + 6V 3xy + 13 — 32 =0 

26. x7 + 4xy + Y —9 =0 

27. 11x? + 10V3xy + y? = 32 

28eoe 8x) 65) = 81 

29. V 2x? alr 2V 2xy ar V2 — 8k + 8y = 0 

30. x? + 2V 3xy oy 16h 8V/3y 10 

31. x + 6V3xy — Sy? + 8x — 8V/3y — 48 = 0 

32. 3x2 — Ixy + 3y? — 6V2x + 2V2y — 26 = 0 

Bi ae work 5 

34. 4x? + 3V/3xy + 2 = 55 

35. 4x2 — dxy + 2 — 8V5x — 16V5y = 0 

36. 9x” — 24xy + 16y* — 400x — 300y = 0 

Mie WE =e gp = Be — Gl 

38. 3x° + Axy + 6° = 28 

» Skill Maintenance 

Convert to radian measure. |6.4| 

395 120° AN, 215" 

Convert to degree measure. |6.4| 

7 Sali 
41. — LO rs 

3 4 

» Synthesis 

43. Solve this system of equations for x and y: 
x! \ xcos@ + ysin 6, 

y = ycosd — x sin 0. 

Show your work. 

44. Show that for any angle 0, the equation x° + y” = r° 
becomes (x')* + (y’)? = r° when the rotation of 
axes formulas are applied. 

AS. Show that A. 41G-— A+ GC. 
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Polar Equations of Conics 

® Graph polar equations of conics. 

Convert from polar equations of conics to 

rectangular equations of conics. 

® Find polar equations of conics. 

In Sections 10.1-10.3, we saw that the parabola, the ellipse, and the hyperbola have 
different definitions in rectangular coordinates. When polar coordinates are used, 
we can give a single definition that applies to all three conics. 

: Sn 
| CONIC SECTIONS 

AN ALTERNATIVE DEFINITION OF CONICS 

Let L be a fixed line (the directrix), let F be a fixed point (the focus) not on 

L, and let e be a positive constant (the eccentricity). A conic is the set of all 
points P in the plane such that 

REVIEW SECTIONS 10.1-10.3 

BE 

PL 
=e, 

where PF is the distance from P to Fand PL is the distance from P to L. 
The conic is a parabola if e = 1, an ellipse if e < 1, and a hyperbola if 
Cath. 

Note that ife = 1, then PF = PL and the alternative definition of a parabola 
is identical to the definition presented in Section 10.1. 

» Polar Equations of Conics 

To derive equations for the conics in polar coordinates, we position the focus 
F at the pole and position the directrix L either perpendicular to the polar axis 
or parallel to it. In the following figure, we place L perpendicular to the polar 
axis and p units to the right of the focus, or pole. 
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Note that PL = p — rcos 6. Then if P is any point on the conic, we have 

PE cage 
PL 

epi at Lie Pee 
Di cose 

Cp aa ch COS, 

r+ ercos@ = ep 

r(1 + ecos@) = ep 

ep 
iain eccaeases 

1 + ecosé 

Thus we see that the polar equation of a conic with focus at the pole and directrix 
perpendicular to the polar axis and p units to the right of the pole is 

ep 
ae 

eiecOsiG 

where e is the eccentricity of the conic. 
For an ellipse and a hyperbola, we can make the following statement regarding 

eccentricity. 

For an ellipse and a hyperbola, the eccentricity e is given by 

where c is the distance from the center to a focus and a is the distance 

from the center to a vertex. 

18 ibe and graph the conic r = —————_. EXAMPLE 1 Describe and graph the conic r = —7 > 

Solution We begin by dividing the numerator and the denominator by 6 to ob- 
tain a constant term of 1 in the denominator: 

3 

1 + 0.5cos@ 

This equation is in the form 

ep 
aa 

eeCICOsiG, 

with e = 0.5. Since e < 1, the graph is an ellipse. Also, since e = 0.5 and 
ep = 0.5p = 3, we have p = 6. Thus the ellipse has a vertical directrix that lies 

6 units to the right of the pole. 
It follows that the major axis is horizontal and lies on the polar axis. The verti- 

ces are found by letting 9 = 0 and @ = 7a. They are (2,0) and (6, 77). The center 

of the ellipse is at the midpoint of the segment connecting the vertices, or at (2, 77). 
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The length of the major axis is 8, so we have 2a = 8, ora = 4. From the equa- 

tion of the conic, we know that e = 0.5. Using the equation e = c/a, we can find 

that c = 2. Finally, using a = 4andc = 2in be = @ — ¢ gives us 

pS 2 S16 a 

eV orn. V3 

so the length of the minor axis is V/12, or N/ 3. 
We sketch the graph. 

Technology Connection 
18 

Ue 6 & 5 cost Ble We can check the graph in 
Example 1 by graphing the 
equation in POLAR (POL) mode 
in a square window. 

18 

(6s cose 

Now Try Exercise 15. 

Other derivations similar to the one on pp. 768 and 769 lead to the following 
result. 

POLAR EQUATIONS OF CONICS 

A polar equation of any of the four forms 

ep ep 
a A to 

fae cos oe fe Sin 

is a conic section. The conic is a parabola if e = 1, an ellipse if0 < e < 1, 
and a hyperbola ife > 1. 

=| 

The following table describes the polar equations of conics with a focus at the 
pole and the directrix either perpendicular to or parallel to the polar axis. 

Equation Description 

we ep Be Vertical directrix p units to 

Lo ecos.@ the right of the pole (or focus) 

— de Vertical directrix p units to 
ewe COSIG: the left of the pole (or focus) 

pres me Horizontal directrix p units 
1 + esin@ above the pole (or focus) 

ae ep Horizontal directrix p units 
1 — esin@ below the pole (or focus) 

10 

5 — 5sin@ 
EXAMPLE 2 Describe and graph the conic r = 



Technology Connection 

We can check the graph in 
Example 2 by graphing the 
equation in POLAR mode in a 
square window. 

10 

TG GeO 

1) 9 

SECTION 10.6 Polar Equations of Conics Vos 

Solution We first divide the numerator and the denominator by 5: 

2 

7 7 sino! 

This equation is in the form 

ep 
ee a 

il = esta’ 

with e = 1, so the graph is a parabola. Since e = 1 and ep = 1° p = 2, we have 
p = 2. Thus the parabola has a horizontal directrix 2 units below the pole. 

It follows that the parabola has a vertical axis of symmetry. Since the directrix 
lies below the focus, or pole, the parabola opens up. The vertex is the midpoint of 
the segment of the axis of symmetry from the focus to the directrix. We find it by 
letting 0 = 37/2. It is (1, 3277/2). 

To help determine the shape of the graph, we find two additional points. When 
6 = 0,r = 2, and when 0 = 77, r = 2, so we have the points (2, 0) and (2, 77). We 
draw the graph. 

iG 
y "5 —5 sind 

(2, 77) (2, 0) 
Se 4 — 

—5—4—3- ey aes 

Now Try Exercise 17. 

4 
EXAMPLE 3 _ Describe and graph the conic r 2 + 6siné@ 

Solution We first divide the numerator and the denominator by 2: 

2 

ae a 

This equation is in the form 

ep 
SS SSS 

il =- @sin@ 

with e = 3.Sincee > 1, the graphisa hyperbola. We havee = 3 andep = 3p = 2, 
so p = §. Thus the hyperbola has a horizontal directrix that lies + unit above the 

ole. 
: It follows that the transverse axis is vertical. To find the vertices, we let @ = 7/2 
and @ = 32/2. The vertices are (1/2, 7/2) and (—1, 37/2). The center of the 
hyperbola is the midpoint of the segment connecting the vertices, or (3/4, 7/2). 

Thus the distance c from the center to a focus is 3/4. Using c = 3/4,e = 3, and 

e = c/a, we havea = 1/4. Then since c’ = a’ + b’, we have 

a \? io eerie 
be=[(-)] —(-}) =—-—=- 

4 ‘f 16 16 2 

1 2 
= =, or. 

) y 
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Technology Connection 

To check the graph in Example 3, 
we can graph the equation in 
POLAR mode and in DOT mode 
in a square window. 

ae en ct, 
2+ 6sin@ 

bead | iin asi LL il 

Knowing the values of a and b allows us to sketch the asymptotes when we 

graph the hyperbola. We can also easily plot the points (2,0) and (2, 7) on the 

polar axis. 
2 4 

~ 24 6sin@ 
ig 

Now Try Exercise 13. 

» Converting from Polar Equations 
to Rectangular Equations 

We can use the relationships between polar coordinates and rectangular coordi- 
nates that were developed in Section 8.4 to convert polar equations of conics to 
rectangular equations. 

EXAMPLE 4 Convert toa rectangular equation: r = = 

Solution We have 

2 

"7 = sind 

r—rsin@ = 2 Multiplying by 1 — sin@ 

=r sin oer 2 

V x2 si y SSNS! Substituting Vx? + y? for rand y for r sin 0 

x? + y = y + 4y + 4 Squaring both sides 

Bee 5 a SOD 8 

= Avitida tO 

This is the equation of a parabola, as we should have anticipated, since e = 1. 

Now Try Exercise 23. 

» Finding Polar Equations of Conics 

We can find the polar equation of a conic with a focus at the pole if we know its 
eccentricity and the equation of the directrix. 

EXAMPLE 5 _ Find a polar equation of the conic with a focus at the pole, eccen- 
tricity }, and directrix r = 2 csc 0. 

Solution The equation of the directrix can be written 

ps 

sin@ 
r= Onn SInig aan 
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This corresponds to the equation y = 2 in rectangular coordinates, so the directrix 
is a horizontal line 2 units above the polar axis. Using the table on p. 770, we see 
that the equation is of the form 

ep 

1+ esind 
T= 

Substituting } for e and 2 for p gives us 

52 3 2 
r= SF = OO  — 

1+jsin@d 1+ sing 3+ sin@ 
Now Try Exercise 39. 

In Exercises 1-6, match the equation with one of the graphs For each equation: 

(a)-(f) that follow. a) Tell whether the equation describes a parabola, an 
ellipse, or a hyperbola. 

b) State whether the directrix is vertical or horizontal and 

give its location in relation to the pole. 
c) Find the vertex or vertices. 

d) Graph the equation. 

1 = 
et ier aaa 8.0 

1 + cosé Zot COs, 

ils) 12 
OMe Siar 10.30 ee 

Sel O:sind 4+ 8sin0 

11 : 12 e a! eee 2 ee et 
ie Glaieicosd 2 + 2sin0 

B 20 14 10 
i — eee a manent "10 + 15sin 6 8 — 2cosd 

15 g 16 a A pce aan ee oe i aa oe 
(Ne Greescose 3-2 si 

17 : 18 ie SWiFiGas ee SB eee ae 
oe Ne aa 6 3 4 9:cos@ 

19 z 20 2 Nee = 
Ros 0 ESA) 

21 d 22 : Py i Dates eet os a Ch 
> 22 iden é 8 — 4cos@ 

| 
‘eee ——— 2.01 = aS ew 23.-38. Convert the equations in Exercises 7-22 to 

EON ee ca rectangular equations. 

4 p= an Oin m4 4r= peer Find a polar equation of the conic with a focus at the pole 

4 — 2cosO 4 + 6sin6 and the given eccentricity and directrix. 

5 6 39, € = 2, r = 3.csc0 40. e = 3, r = —secO 
= 64 —* == eS 

3 — 3sin0 3 + 2 cos 6 Ate eo |p ec 8 AD e937 2icseu 
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43. e = 35, r = —2secO AA we = Nf Acs » Synthesis 

45, e = 4, r = 5csc0 46. ¢ = 5 rf = 2secO Parabolic Orbit. Suppose that a comet travels in a parabolic 

hgh adh ee hee (4 Uy ea a eee orbit with the sun as its focus. Position a polar coordinate sys- 

tem with the pole at the sun and the axis of the orbit perpen- 

i A dicular to the polar axis. When the comet is the given distance 

«SUSI DLO ed from the sun, the segment from the comet to the sun makes 

For f(x) = (x — 3)? + 4, find each of the following. [1.2] the given angle with the polar axis. Find a polar equation of 

49. f(t) 50. f(2t) the orbit, assuming that the directrix lies above the pole. 

TT he : 7 
BL a filial) 524 fll 2) 53. 100 million miles, = 54. 120 million miles, a 

Parametric Equations 

Graph parametric equations. 

Determine an equivalent rectangular equation for parametric equations. 

Determine parametric equations for a rectangular equation. 

VY VV YW Solve applied problems involving projectile motion. 

» Graphing Parametric Equations 

We have graphed plane curves that are composed of sets of ordered pairs (x,y) in 
the rectangular coordinate plane. Now we discuss a way to represent plane curves 
in which x and y are functions of a third variable, t. 

EXAMPLE 1. Graph the curve represented by the equations 

C=pieiey == 3, =e & 

Solution We can choose values for t between —3 and 3 and find the correspond- 
ing values of x and y. When t = —3, we have 

Ae ea oy 
The following table lists other ordered pairs. We plot these points and then draw the 
curve. 

f—3,-32123 

| 
NO 
Se 

rm nie Ss 

he oS EES ea 

| 
ww 7 

NIQGB FRE ODO NRF KS Nw 

He 
NIw ONe —— 
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The curve on the preceding page appears to be part of a parabola. Let’s verify 
this by finding the equivalent NTE AES equation. Solving x = 5t for t, we get 
t = 2x. Substituting 2x for tin y = t* — 3, we have 

Jian) 3. A? 3, 
This is a quadratic SUSE Hence its graph is a parabola. The curve is part of 

the parabola y= Ax? — 3. Since -3 S$ t < 3andx = +t, we must include the re- 

striction —3 = 2 5 When we write the equivalent rectangular equation: 

Wolo 3) —-$<x <3. 

The equations x = 5t and y = f — 3 are parametric equations for the 
curve. The variable t is the parameter. When we write the corresponding rectan- 
gular equation, we say that we eliminate the parameter. 

PARAMETRIC EQUATIONS 

If fand g are continuous functions of t on an interval J, then the set of 
ordered pairs (x,y) such that x = f(t) and y = g(t) isa plane curve. The 
equations x = f(t) and y = g(t) are parametric equations for the curve. 

The variable t is the parameter. 

» Determining a Rectangular Equation 

for Given Parametric Equations 

EXAMPLE 2 Finda rectangular equation equivalent to each pair of parametric 

equations. 

Dy fe ee eee 

b) x= Vi y=2t+3;0<t<3 

Solution 

a) We can first solve either equation for t. We choose the equation y = t — 1: 

tye Stik ah 

ya ME te 

We then substitute y + 1 for tin x = ¢°: 

=f 

x= (y+ ig Substituting 

This is an equation of a parabola that opens to the right. Given that —1 = t = 4, 
we have the corresponding restrictions onxand y: 0 = x S loand—2 = y S 3. 
Thus the equivalent rectangular equation is 

= (yt 1). (0 =a 

b) We first solve x = Vt for E 

x= Vt 
Be ot, 

Then we substitute x* for tin y = 2t + 3: 

iS Ree, 

y= 2x + 3. Substituting 
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Technology Connection 

When 0° t= "37 welave 02 =x = \V/3. The equivalent rectangular equation is 

y=243, 05x5 V3 

We can graph parametric equations on a graphing calculator set in PARAMETRIC 

mode. The window dimensions include minimum and maximum values 

for x, y, and t. For the parametric equations in Example 2(b), we can use the 

settings shown below. 

WINDOW x=Vt, y= 20+ 3: 
é S53 

Tmin = 0 

Tmax = 3 (ae 

Tstepe= = 

Xmin = —3 

Xmax = 3 

Xscl = 1 

Ymin = —2 

Ymax = 10 

Yscl = 1 

10 

EXAMPLE 3 Find a rectangular equation equivalent to each pair of parametric 
equations. 

a) x = cost, y= sint}0 =t< 27 

b) x = 5cost, y= 3sinth OS tS 27 

Solution 

a) First, we square both sides of each parametric equation: 

a 
2 ea 

x cos t)-and. 47 = sinek 

This allows us to use the trigonometric identity sin’ @ + cos’ @ = 1. Substitut- 
ing, we get 

al 

This is the equation of a circle with center (0, 0) and radius 1. 

b) First, we solve for cos t and sin t in the parametric equations: 

=p, cost Ve =e Set 

= cost, = sint. 
W|R & WwW |< 

| 

Using the identity sin’ @ + cos’@ = 1, we can substitute to eliminate the 
parameter: 

sin’ t + cos*t = 1 

1 Substituting 
Vi ww |= = 

+ 

a in | Sy 

i) 

II 

ee oe 

This is the equation of an ellipse centered at the origin with vertices at (5,0) and 
(3 0). Now Try Exercises 13 and 15. 
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» Determining Parametric Equations 
for a Given Rectangular Equation 

Many sets of parametric equations can represent the same plane curve. In fact, 
there are infinitely many such equations. 

EXAMPLE 4 Find three sets of parametric equations for the parabola 

y=4-— (x + 3)%, 

Solution 

Ifx = t,then y = 4 — (t + 3)?,or-f — 6t — 5. 

livi=*p = 3 thenyi—= 4 We 3 3), 0rd — fF 
2 t t : t? 

Ife = Ftheny=4—(£43),or-£ ar, 
2 3 9 

Now Try Exercise 21. 

» Applications 

The motion of an object that is propelled upward can be described with paramet- 
ric equations. Such motion is called projectile motion. It can be shown using more 
advanced mathematics that, neglecting air resistance, the following equations 
describe the path of a projectile propelled upward at an angle 6 with the horizontal 
from a height h, in feet, at an initial speed vo, in feet per second: 

X= AvacosO\t.. “yi — 4 ( yasing)t — or. 

We can use these equations to determine the location of the object at time f¢, in 
seconds. 

EXAMPLE 5 Projectile Motion. A baseball is thrown from a height of 6 ft 
with an initial speed of 100 ft/sec at an angle of 45° with the horizontal. 

a) Find parametric equations that give the position of the ball at time ¢, in seconds. 

b) Find the height of the ball after 1 sec, after 2 sec, and after 3 sec. 

c) Determine how long the ball is in the air. 

d) Determine the horizontal distance that the ball travels. 

e) Find the maximum height of the ball. 

Solution 

a) We substitute 6 for h, 100 for vo, and 45° for @ in the equations above: 

x = (v9 cos O)t 

= (100 cos 45°)t 

= (100.2), = 50V 21; 

y =h +t (vysin@)t — 16¢ 

6 + (100 sin 45°)t = 16¢? 

V2 ; 
(6 oF ip = IGE 

BEE 50N/04-— 16P. 
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b) 

d — 

The height of the ball at time f is represented by y. 

When t = 1, y = 6 + 50V/2(1) — oe ~ 60.7 ft. 
When t = 2, y = 6 + 50V/2(2) — 16(2)? ~ 83.4 ft. 
i ne MERE 2 — 16(3)? = 74.1 ft 

The ball hits the ground when y = 0. Be in order to determine how long the 

ball is in the air, we solve the equation y = 0: 

6 + 50 2t — 162 = 0 
—16¢? + 50V2t = a Oa) Standard form 

—50V2 + V (502)? — 4(-16)(6) 
Date) 

Using the quadratic formula 

7 

pe Mil ie ye ee GES. 

The negative value for t has no meaning in this application. Thus we determine 
that the ball is in the air for about 4.5 sec. 

Since the ball is in the air for about 4.5 sec, the horizontal distance that it travels 

is given by 

x = 50V2(4.5) ~ 318.2 ft. 

To find the maximum height of the ball, we find the maximum value of y. This 
occurs at the vertex of the quadratic function represented by y. At the vertex, we 
have 

b 50V2 
= —— —_— — 9) 

2a 2(=16) 

VWWinensta—— oe 

= 6 + 50V/2(2.2) — 16(2.2)? ~ 84.1 ft. 
Now Try Exercise 25. 

The path of a fixed point on the circumference of a circle as it rolls along a 
line is called a cycloid. For example, a point on the rim of a bicycle wheel traces a 
cycloid curve. 

The parametric equations of a cycloid are 

x= alt —“sinit), “yall —"cos ¢); 

where a is the radius of the circle that traces the curve and t is in radian measure. 

The graph of the cycloid described by the parametric equations 

i= Oh SI) eer Ho COS Fn) ps One 

is shown below. 

8h x = 3(t — sin t), y = 3(1 — cost),0=tS 67 

| | 1 i i | 1 i i > 

0 5 10 15 20 25 30 35 40 45 5055 
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Graph the plane curve given by the parametric equations. 
Then find an equivalent rectangular equation. 

lx = jy =6t-7; -l1<t<6 

2X eee ate) ooh 3 

Oo ty 2 1 = t = | 

4.x= Vt y=2t+3;0<t=<8 

Find a rectangular equation equivalent to the given pair of 
parametric equations. 

Bx= tf y=Vt;0<t<4 

CS oS MO ed eed Very sen cer 

Ot hy — fF: 3 SS 3 

Weve ah y—f-5=7=5 

es —c0 <t< lex —¢ 4 y= 

ieee 2nd. y= 10 <1 < 6 

Saye? COs tees isp t= 277 

1a 2 cost, —4sint OShar 

sei COst, Vi 2 Sint, 0) = = 277 

i622 cost, y — 25m 0 St = 27 

7 7 
Mica’ tSeC 1, by>—1 COS f, an a. 

18. x = sint, y=csch O< t<7 

190 li cost yi 2 + 2 sin t; 0 St = 277 

7 
Oe coh = Lan Es Ee , 

Find two sets of parametric equations for the rectangular 

equation. 

2. y= 4x -3 
DOR GS =e ae ah 

25 ex 

2AM +) 3 

Pda. 

26. 

Be 
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Projectile Motion. 
7 ft with an initial speed of 80 ft/sec at an angle of 
30° with the horizontal. 

A ball is thrown from a height of 

a) Find parametric equations that give the position 
of the ball at time ¢, in seconds. 

b) Find the height of the ball after 1 sec and after 
2 SEC: 

c) Determine how long the ball is in the air. 
d) Determine the horizontal distance that the ball 

travels. 
e) Find the maximum height of the ball. 

Projectile Motion. A projectile is launched from the 
ground with an initial speed of 200 ft/sec at an angle 
of 60° with the horizontal. 

a) Find parametric equations that give the position 
of the projectile at time tf, in seconds. 

b) Find the height of the projectile after 4 sec and 
after 8 sec. 

c) Determine how long the projectile is in the air. 
d) Determine the horizontal distance that the projec- 

tile travels. 
e) Find the maximum height of the projectile. 

Skill Maintenance 

Graph. 

27. 

28. 

29: 

30. 

31. 

32. 

yor [iat] 

Ley (Til 

f(x) = Vx — 2 [1.2] 

2) 
f(x) = ea [4.5] 

Synthesis 

Consider the curve described by 

y=" 3 isin tO! te age 

As t increases, the path of the curve is generated in 
the counterclockwise direction. How can this set of 
equations be changed so that the curve is generated 
in the clockwise direction? 

Ka SNCOSi 

Find an equivalent rectangular equation for the curve 
described by 

i rcOs, eau ae Of tis 2: 
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Chapter 10 Summary and Review 

STUDY GUIDE 

KEY TERMS AND CONCEPTS 

SECTION 10.1: THE PARABOLA 

Standard Equation of a Parabola with 

Vertex (0, 0) and Vertical Axis of 

Symmetry 

The standard equation of a parabola with 

vertex (0, 0) and directrix y = —p is 

x? = Apy. 

The focus is (0, p) and the y-axis is the 
axis of symmetry. 

Standard Equation of a Parabola with 

Vertex (0, 0) and Horizontal Axis of 

Symmetry 

The standard equation of a parabola with 

vertex (0, 0) and directrix x = —p is 

yy = Apx. 

The focus is (p, 0) and the x-axis is the 

axis of symmetry. 

Standard Equation of a Parabola with 

Vertex (h, k) and Vertical Axis of 

Symmetry 

The standard equation of a parabola 

with vertex (h, k) and vertical axis of 

symmetry is 

(x — h)’ = 4p(y — k), 
. where the vertex is (h, k), the focus 

is (h,k + p), and the directrix is 

Vika p: 
The parabola opens up if p > 0. 

It opens down if p < 0. 

EXAMPLES 

yr 

Focus: (0, p) 

Directrix: y = =i Ara nee 

Axis of 
symmetry: x = 0 

(When p < 0, the parabola opens down.) 

See also Example 1 on p. 722. 

| 

| 

Vertex: (0, 0) ! 

Axis of 

T 
I 

Focus: (p, 0) 
2 symmetry: 

y=0 
x 

Directrix: 

SS) | 

(When p < 0, the parabola opens to the left.) 

See also Example 2 on p. 722. 

Axis of 

symmetry 

poe 
Focus: (h, k + p) 

Vertex: (h, k 
de , si a N Directrix: Ne Se) 

| 
+ > 

x 

(When p < 0, the parabola opens down.) 

See also Examples 1 and 3 on pp. 722 and 724. 
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Standard Equation of a Parabola with y 
Vertex (h, k) and Horizontal Axis of Sean ay 
Symmetry Vertex: 
The standard equation of a parabola Sos SP Uae Dae 
with vertex (h, k) and horizontal axis of ee 
symmetry is 

Oia A(x = h), 
where the vertex is (h, k), the focus 

is (h + p,k), and the directrix is 
c= h— p. 

(When p < 0, the parabola opens to the left.) 

See also Examples 2 and 4 on pp. 722 and 724. 

The parabola opens to the right if p > 0. 

It opens to the left if p < 0. 

SECTION 10.2: THE CIRCLE AND THE ELLIPSE 

Standard Equation of a Circle 

The standard equation of a circle with 

center (h, k) and radius r is 

(x —h)? + (y—kP =P. 

Standard Equation of an Ellipse 

with Center at the Origin 

Major Axis Horizontal 

2 te a b? 

Vertices: (—a, 0), (a, 0) 

y-intercepts: (0, —b), (0, b) 

Foci: (—c, 0), (c, 0), where 
Cana Y 

a ee =) 

Major Axis Vertical 

oe 
pe DP I, @ela SC 

Vertices: (0, —a), (0, a) 

x-intercepts: (—b, 0), (b, 0) 

Foci: (0, —c), (0, c), where 
C2 = a = b? 

See also Examples 2 and 3 on pp. 731 and 732. 
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Standard Equation of an Ellipse with yA 

Center at (h, k) 

Major Axis Horizontal GaeD Gen 

aye wisi GC ew ay ORAS ee CP Yuvan 
a’ b? / 

(h — a, k) 

Vertices: (h — a,k), (h + a,k) x 

Length of minor axis: 2b 

Foci) (i — ck), (h' +c.) where 
C2 = a <s b2 

Major Axis Vertical 4 

x —h) — k) (h, k + a) aaa ia a nee 
Vertices: (h,k — a), (h,k + a) 

Length of minor axis: 2b am - 

Foci: (h,k — c), (h,k + c), where Pal 
2 a Le b2 

See also Example 4 on pp. 732 and 733. 

SECTION 10.3: THE HYPERBOLA 

Standard Equation of a Hyperbola with 

Center at the Origin 

Transverse Axis Horizontal 

Vertices: (—a, 0), (a, 0) 

b 
Asymptotes: y = Siew ae 

Foci: (—c, 0), (c, 0), where c? = a? + B? 

Transverse Axis Vertical 

cae 
Ameo 

Vertices: (0, —a), (0, a) 

Asymptot : : symptotes: y = ——x, y = — ymp y Rage aca 5 4 

‘Foci: (0, —c), (0, c), where c? = q* + b’ 
See also Examples | and 2 on pp. 739 and 740. 
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Standard Equation of a Hyperbola 
with Center at (h, k) 

Transverse Axis Horizontal 

a) pie 
a b? 2 

Wertices:1(hi—"a,.k), (h rank) 

Asymptotes: y — k = ae? = 10). 
a 

Boci: (=k) (he bk); 

where 2 = @ + U7 

Transverse Axis Vertical 

Sohal Cae ie 
a b* ined 

WeEUCES (it keen) (i ob) 

a 
Asymptotes: y — k = p Sat). 

poke th) 
Foci: (h,k — c), (h,k + c) See also Example 3 on p. 742. 

where? = a+b’ 

SECTION 10.4: NONLINEAR SYSTEMS OF EQUATIONS AND INEQUALITIES 

Substitution or elimination can be Solve: x7 — y = 2, (1) The graph is a parabola. 

used to solve systems of equations Xi ye (2) The graph is a line. 

containing at least one nonlinear x=y-4 Solving equation (2) for x 

equation. 
(y-4/?-—y=2 Substituting for x in equation (1) 

Vee Oy tN Gey 2 

y —-9y + 14=0 

(ieee 2) Oana 
VD =O Of ey a = 0 

Vase On 7 

If y = 2,thenx = 2 —-4= —2. 

Tyee, then ea ads a 

The pairs (—2, 2) and (3, 7) check, so they are the solutions. 

Some applied problems translate to a See Example 5 on p. 752. 

nonlinear system of equations. : 
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To graph a nonlinear system of Graph: x7 = y = 2, 
inequalities, graph each inequality in the x—y>-—4. 

system and then shade the region where 

their solution sets overlap. 

To find the point(s) of intersection of the 

graphs of the related equations, solve the 

system of equations composed of those 

equations. 

To find the points of intersection of the graphs of the related 

equations, solve the system of equations 

xe ay = 2, 

55 =) = 4b 

We saw in the example on the preceding page that these points 

are (=2,.2)-andi( 3.7): 

SECTION 10.5: ROTATION OF AXES 

To eliminate the xy-term from the equation See Example 2 on pp. 763 and 764. 

Ax” + Buy + Cy + Dx + Ey + F = 0, 

D0): 

select an angle @ such that 

A 
cot 20 = 7 Omer OR aa SO 

and use the rotation of axes formulas 

below. 

If the x- and y-axes are rotated about the 
origin through a positive acute angle 0, 

then the coordinates (x, y) and (x’, y’) 
of a point P in the xy- and x'y’-coordi- 

nate systems are related by the following 

formulas: 

x' = xcos@ + ysin6, 

y = -—xsin0d + ycos8; 

= x’ cos@ — y’ sind, 

y =x’ sin@ + y’ cos. 
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The expression B’ — 4AC is the discrimi- Use the discriminant to determine whether the equation is an 
nant of the equation ellipse or a circle, a hyperbola, or a parabola. 

ajox = 2xy = By + 5k P10 
b) 3x? + 6xy + 3y° + 4x —-7y +2=0 
c) 5x’ + 3xy +77 — 8 =0 

Ax’ + Buy + Cy + Dx + Ey + F=0. 

The graph of the equation 

Ax’ + Oe = xX BxyiaCy- Dx By > B= "0 2) A = leh =o and C= 3.60 

is, except in degenerate cases, Bo 4AC= "(7 4A (3 =e = 16 0. 

1. an ellipse or a circle if B’? — 4AC < 0, 

2. ahyperbola if B’ — 4A4C > 0, and 

3. a parabola if B = HAC = (0). b) A = 3,B = 6, and C = 3, s0 

B= AAC =16' "4-33" = 36 —36 —=10: 

The graph is a hyperbola. 

The graph is a parabola. 

c) A = 5,B = 3,andC = 1,s0 

B= 4AC = 3° — 4-5-1 —9 — 20 = =11 = 0. 

The graph is an ellipse or a circle. 

SECTION 10.6: POLAR EQUATIONS OF CONICS 

A polar equation of any of the four forms 

ep ep 3 
———— (fe r= ————. 
eeCTCOSIO, 1 + esin#é 3 + cosé 

Describe and graph the conic 

if => 

is a conic section. The conic is a parabola 

ife = l, anellipseif0 < e < l,anda 

We first divide the numerator and the denominator by 3: 

1 
hyperbola ife > 1. r= —_—_. 

es cos.6 

Equation Description The equation is of the form 

ep Vertical directrix As ep, 
ri + ecos@ | Punits to the right 1 + ecos? 

of the pole (or 
aoe with e = }. Since 0 < } < 1, the graph is an ellipse. 

1 1 ae =3 = 3°p= = 3. Thus th ep Treeeal aivectiik Since e 3 and aed A, we have p = 3. Thus the 

r= -—— | punits to the left ellipse has a vertical directrix 3 units to the right of the pole. We 

Pecos of the pole (or find the vertices by letting 9 = 0 and @ = 7. When @ = 0, 

focus) B 3 3 

ep Horizontal eee eer ee oY 

cae directrix p units ik -Presin 0 
above the pole (or When 6 = 7, 

poy 7 3 ee te 

Pee ae a a ee 
een directrix p units e 

below the pole (or The vertices are (3, 0) and (3 7 ) : aL ; 

focus) 2 "=~ 3+ cosd 

| 
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We can use the relationships between 

polar coordinates and rectangular coor- 

dinates to convert polar equations of 

conics to rectangular equations. 

Convert to a rectangular equation: 

4 
f = aa: 

Se cOSt 

We have 

4 

ag 3 =9c0s.0 

3r — rcos0@ = 4 Multiplying by 3 — cos@ 

3r = rcos6+ 4 

3V x7 + y =xt+4 Substituting 

Ox7 Oy tae 4 Biel 16 Squaring 
both sides 

8x + 9 — 8x — 16 = 0. 

SECTION 10.7: PARAMETRIC EQUATIONS 

Parametric Equations 

If fand g are continuous functions of t on 

an interval I, then the set of ordered pairs 

(x, y) such that x = f(t) and y = g(t) 
is a plane curve. The equations x = f(t) 

and y = g(t) are parametric equa- 
tions for the curve. The variable ¢ is the 
parameter. 

Graph the plane curve given by the following pair of parametric 

equations. Then find an equivalent rectangular equation. 

i milaneeY = 2b geld ale aie 

We can choose values of t between —2 and 3 and find the 

corresponding values of x and y. 

t x y (xy) 

2 3 5 eso) 

1 3 eee) 
0 0) = Ieeencos—ny 

1 3 eee) 
2 3 orale as.) 

aw 33 Gal Gas 
ie | 

Solving x = $t for t, we have $x = t. Then we have 

y= 2t=1=2-$x-1=4x—-1, 

Since -2 < t = 3andx = 3t, wehave -3 < x < >. Thus we 
have the equivalent rectangular equation 

pera s) y=4x-1, 38x53, 
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REVIEW EXERCISES 

Determine whether the statement is true or false. 6. y = 5x [10.1] 

1. The-graph ofx + y*"= 1 is a parabola that opens to .~ =9- x [10.2] be | 

. The graph of 

the left. [10.1] 

CED OT Se 
) 

= 1 isan ellipse 

with center (—2, 3). [10.2] 

. A parabola must open up or down. [10.1] 

2 

. The major axis of the ellipse = + y = lis 
16 

vertical. [10.2] 

. The graph of a nonlinear system of equations shows 
all the solutions of the system of equations. [10.4] 

In Exercises 6-13, match the equation with one of the 
graphs (a)-(h) that follow. 

16. 

17. 

18. 

19. 

20. 

» 3x" + 4y? = 12 [10.2] 

. 97 — 4x’ = 36 [10.3] 

Bx, rae aes yas 8 [10,2] 

ae ty 16x = 6y = "15 [10.2) 

ok eS iGy = OmLOl| 

(tae Wied Oar] Se 
16 25 

= 1 [10.3] 

. Find an equation of the parabola with directrix y = 3 
and focus (0, —3), [10.1] 

. Find the focus, the vertex, and the directrix of the 

parabola given by 

y = —12x. [10.1] 

Find the vertex, the focus, and the directrix of the 
parabola given by 

x + 10x + 2y +9 = 0. [10.1] 

Find the center, the vertices, and the foci of the ellipse 
given by 

16x? + 25y’ — 64x + 50y — 311 = 0. 

Then draw the graph. [10.2] 

Find an equation of the ellipse having vertices (0, —4) 
and (0, 4) with minor axis of length 6. [10.2] 

Find the center, the vertices, the foci, and the 

asymptotes of the hyperbola given by 

ve -—2yt+4xty—3=0. [10.3] 

Spotlight. A spotlight has a parabolic cross section that 
is 2 ft wide at the opening and 1.5 ft deep at the vertex. 
How far from the vertex is the focus? [10.1] 

Solve. [10.4] 

21. x? — l6y = 0, 22. 4x* + 4y? = 65, 
6x? — 4 = 25 x —y = 64 
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eae jy — 32, DA ele ye 8. 
Bw 26 Rray = 6 

25. 3 y= 3, 26..x7 +7 = 25, 
2 yi=S Katy = 7 

D7 ty 3, 28x tay a8, 
Va 3 2x + y = 3 

29. x? + y’ = 100, 30. x? + 2y" = 12, 
2x* — 3y* = —120 xy=4 

31. Numerical Relationship. The sum of two numbers 
is 11, and the sum of their squares is 65. Find the 

numbers. [10.4] 

32. Dimensions of a Rectangle. A rectangle has a 
perimeter of 38 m and an area of 84 m*. What are the 
dimensions of the rectangle? [10.4] 

33. Numerical Relationship. Find two positive integers 
whose sum is 12 and the sum of whose reciprocals 
is 3. [10.4] 

34. Perimeter. The perimeter of a square is 12 cm more 
than the perimeter of another square. The area of the 
first square exceeds the area of the other by 39 cm’. Find 
the perimeter of each square. [10.4] 

35. Radius of a Circle. The sum of the areas of two circles 
is 13077 ft”. The difference of the areas is 11277 ft”. 

Find the radius of each circle. [10.4] 

Graph the system of inequalities. Then find the coordinates 
of the points of intersection of the graphs of the related 
equations. {10.4 

36. j= 4 — 3, 37 Ker == 16, 
8 emt er D4 KV <n 4 

38 ey = ee | 39.7 +y =9, 
Val 3 SS il 

Graph the equation. {10.5] 

40. 5x? — Ixy + 5yY — 24 =0 

ALO x = 10xy + yy” + 1210 

42, 5x2 + 6V3xy — y* = 16 

43. x + Ixy t Y — V2x+ Vay =0 

Graph the equation. State whether the directrix is vertical 
or horizontal, describe its location in relation to the pole, 
and find the vertex or vertices. [10.6] 

8 
ie ee ae | 45, r = —————_- 

3) = Betas 2+ 4cos@ 

4 
46. r = —————_- ih ees 

ee COSG, 9 + 6sin89 

48.-51. Convert the equations in Exercises 44-47 to 
rectangular equations. [10.6] 

Find a polar equation of the conic with a focus at the pole 

and the given eccentricity and directrix. [10.6] 

52 ea i, fi— SCG 

53..€a—" 5 ,ahi— 9 0.CSC0 

54) eS; or) = —4 sec 0 

55. e= 2, r= 3csc0 

Graph the plane curve given by the set of parametric equa- 
tions and the restrictions for the parameter. Then find the 
equivalent rectangular equation. [10.7] 

56.x=ty=2+h —-35t53 

Viy=t-1l 0=ts9 

= cost, y= 2sint; OS t= 27 a wo e oN She Oe i al 

59a x = 3 sink, y = cost; 0 Sb e277, 

Find two sets of parametric equations for the given rectan- 
gular equation. [10.7] 

60. y = 2x — 3 61. y=x +4 

62. Projectile Motion. A projectile is launched from the 
ground with an initial speed of 150 ft/sec at an angle 
of 45° with the horizontal. [10.7] 

a) Find parametric equations that give the position 
of the projectile at time ¢, in seconds. 

b) Find the height of the projectile after 3 sec and 
after 6 sec. 

c) Determine how long the projectile is in the air. 
d) Determine the horizontal distance that the 

projectile travels. 

e) Find the maximum height of the projectile. 

63. The vertex of the parabola y* — 4y — 12x — 8 = 0 
is which of the following? [10.1] 

Asi (Ved) Bs (152) 
Creek) De (271) 

64. Which of the following cannot be a number of solu- 
tions possible for a system of equations representing 

an ellipse and a straight line? [10.4] 
A. 0 B. 1 
C22 D. 4 

65. The graph of x* + 4y” = 4 is which of the 
following? [10.2], [10.3] 

A. 



68. 

69. 

Synthesis 

. Find two numbers whose product is 4 and the sum of 
whose reciprocals is 2. [10.4] 

. Find an equation of the circle that passes through the 
points (10, 7), (—6, 7), and (—8, 1). [10.2], [10.4] 

Find an equation of the ellipse containing the point 

(-1/2, 3V3/2) and with vertices (0, —3) and 

(O73) 110.2) 

Navigation. Two radio transmitters positioned 
400 mi apart along the shore send simultaneous 
signals to a ship that is 250 mi offshore, and sailing 
parallel to the shoreline. 

A ar spon aC RENN RATE ie B 
) a AO eee 

iis Se 

In Exercises 1-4, match the equation with one of the graphs 

(a)-(d) that follow. 

70. 

Tks 

72. 

73. 

2s 

Test 789 

The signal from transmitter A reaches the ship 300 
microseconds before the signal from transmitter B. 
The signals travel at a speed of 186,000 miles per sec- 
ond, or 0.186 mile per microsecond. Find the equa- 
tion of the hyperbola with foci A and B on which the 
ship is located. (Hint: For any point on the hyperbola, 
the absolute value of the difference of its distances 
from the fociis 2a.) [10.3] 

Collaborative Discussion 
and Writing 

Explain how the distance formula is used to find the 
standard equation of a parabola. [10.1] 

Explain why function notation is not used in 
Section 10.2. [10.2] 

Explain how the procedure you would follow for 
graphing an equation of the form Ax” + Bxy + 
Cy’ + Dx + Ey + F = OwhenB # 0 differs 
from the procedure you would follow when 
B = 0. [10.5] 

Consider the graphs of 

“ e 

LS RO 

for e = 0.2, 0.4, 0.6, and 0.8. Explain the effect of the 
value of e on the graph. [10.6] 

x 92k ye 5 



790 CHAPTER 10 = Analytic Geometry Topics 

Bae yy 0 

4. 9x° + 4y’ = 36 

Find the vertex, the focus, and the directrix of the parabola. 
Then draw the graph. 

Suede = Dy 

Gay + 2y —8x— 7 =0 

7. Find an equation of the parabola with focus (0, 2) 
and directrix y = —2. 

8. Find the center and the radius of the circle given by 
x? + y + 2x — 6y — 15 = 0. Then draw the 
graph. 

Find the center, the vertices, and the foci of the ellipse. Then 
draw the graph. 

9. 9x7 + 16y* = 144 

re = 2) (ees 
4 9 

1 

11. Find an equation of the ellipse having vertices (0, —5) 
and (0, 5) and with minor axis of length 4. 

Find the center, the vertices, the foci, and the asymptotes of 
the hyperbola. Then draw the graph. 

12.47 = =4 

at?) tl)? Peder?) nai (2 to 
4 9 

14, Find the asymptotes of the hyperbola given by 
av — x = 18. 

15. Satellite Dish. A satellite dish has a parabolic cross 
section that is 18 in. wide at the opening and 6 in. 
deep at the vertex. How far from the vertex is the 
focus? 

Solve. 

16. 2x° —3y = —10, 
Seige tae 2 yirms.9 

1S. Xe y =" 5, 

Ay 6 

17. + y¥ = 13, 
Mache Vim 

19. Landscaping. Leisurescape is planting a rectangular 
flower garden with a perimeter of 18 ft and a diago- 

nal of V/41 ft. Find the dimensions of the garden. 

20. Fencing. It will take 210 ft of fencing to enclose a 
rectangular playground with an area of 2700 ft”. Find 
the dimensions of the playground. 

21. Graph the system of inequalities. Then find the coor- 
dinates of the points of intersection of the graphs of 
the related equations. 

Vid, 
ene Xeon | 

22. Graph: 5x” — 8xy + 5y = 9. 

D : see 
—_——. State whether the directrix is 
esi 

vertical or horizontal, describe its location in relation 

to the pole, and find the vertex or vertices. 

23. Graph r = 

24. Find a polar equation of the conic with a focus at the 
pole, eccentricity 2, and directrix r = 3 sec 0. 

25. Graph the plane curve given by the parametric 

equationsx = Viiy=t+2;0 =¢=a06: 

26. Find a rectangular equation equivalent to 

x = 3cos6,y = 3sin0;0 = 0 S 27. 

27. Find two sets of parametric equations for the rectan- 
gular equation y = x — 5. 

28. Projectile Motion. A projectile is launched from a 
height of 10 ft with an initial speed of 250 ft/sec at an 
angle of 30° with the horizontal. 

a) Find parametric equations that give the position 
of the projectile at time t, in seconds. 

b) Find the height of the projectile after 1 sec and 
after 3 sec. 

c) Determine how long the projectile is in the air. 
d) Determine the horizontal distance that the 

projectile travels. 
e) Find the maximum height of the projectile. 

29. The graph of (y — 1)? = 4(x + 1) is which of the 
following? 

A. 

» Synthesis 

30. Find an equation of the circle for which the endpoints 
of a diameter are (1, 1) and (5, —3). 



DN od oe LICATI ON : “This problem a appears as Example 10 in Section 11.3. 

411. 1 Beuuereee and Series 

41.2 Arithmetic Sequences and Series 

11.3 Geometric Sequences and Series 

Large sporting events have a significant 

impact on the economy of the host city. 

Super Bowl XLVII, hosted by New Orleans, 

generated a $480-million net impact for __ Visualizing the Graph 

the region (Source: NewOrleansSaints.com, 11.4 Mathematical Induction 

posted April 18, 2013, Marius M. Mihai, _ Mid-Chapter Mixed Review 

Research Analyst of the Division of Business 44.5 Combinatorics: Permutations 

and Economic Research at the University 44.6 Combinatorics: Combinations 

of New Orleans (DBER)). Assume that 60% 41.7. The Binomial Theorem 

of that amount is spent again in the area, a 11.8 Probability 

and then 60% of that amount is spent again, | aw. 

and so on. This is known as the economic 

multiplier effect. Find the total effect on the ci per Test _ 

economy. 
791 
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Sequences and Series 

Find terms of sequences given the nth term. 

Look for a pattern in a sequence and try to determine a general term. 

Convert between sigma notation and other notation for a series. 

Ao, 0), Gee Construct the terms of a recursively defined sequence. 

In this section, we discuss sets or lists of numbers, considered in order, and their 

sums. 

» Sequences 

Suppose that $1000 is invested at 4%, compounded annually. The amounts to 
which the account will grow after 1 year, 2 years, 3 years, 4 years, and so on, form 
the following sequence of numbers: 

(1) (2) (3) (4) 

$1040.00 $1081.60 $1124.86 $1169.86. 

We can think of this as a function that pairs 1 with $1040.00, 2 with $1081.60, 
3 with $1124.86, and so on. A sequence is thus a function, where the domain is a 
set of consecutive positive integers beginning with 1. 

If we continue to compute the amounts of money in the account forever, we 
obtain an infinite sequence with function values 

$1040.00, $1081.60, $1124.86, $1169.86, $1216.65, $1265.32,.... 

The dots “...” at the end indicate that the sequence goes on without stopping. If 
we stop after a certain number of years, we obtain a finite sequence: 

$1040.00, $1081.60, $1124.86, $1169.86. 

SEQUENCES 

An infinite sequence is a function having for its domain the set of positive 
Tntegerss lad, 3) 4595.0. 2 Fs 

A finite sequence is a function having for its domain a set of positive inte- 
gers, {1, Dee A Oe aces nh, for some positive integer n. 

Consider the sequence given by the formula 

a(n) = 2", or a, = 2". 

Some of the function values, also known as the terms of the sequence, follow: 

2, 

i ee 4, 

i= 8; 

dg = 16; 

Gale 32, 



Technology Connection 

SECTION 11.41 Sequences and Series 793 

The first term of the sequence is denoted as a, the fifth term as as, and the nth 
term, or general term, as a,. This sequence can also be denoted as 

DANO AGRE OLAS Ean 8 eh Ce 2 es 5, 

EXAMPLE 1 Find the first 4 terms and the 23rd term of the sequence whose 
general term is given by a, = (—1)"n’. 

Solution We have a,, = (—1)"n’, so 

a = (-1)'-P = -1, 

a= (1 aed, 

a, = (-1)°:3?'= -9, 

ag =) (—1)9 24? =. 16; 

ayy = (—1)8 +238 = —599. 
Note in Example | that the power (—1)” causes the signs of the terms to alter- 

nate between positive and negative, depending on whether n is even or odd. This 
kind of sequence is called an alternating sequence. 

We can use a graphing calculator to find the desired terms of the sequence in 
Example 1. We enter y, = (—1)*x*. We then set up a table in ASK mode and 
enter 1, 2, 3, 4, and 23 as values for x. 

We can also use the SEQ feature to find the terms of a sequence. Suppose, 
for example, that we want to find the first 5 terms of the sequence whose gen- 
eral term is given by a, = n/(n + 1). We select SEQ from the LIST OPS menu 
and enter the general term, the variable, and the numbers of the first and last 
terms desired. The calculator will write the terms horizontally as a list. The list 
can also be written in fraction notation. The first 5 terms of the sequence are 
1/2, 2/3, 3/4, 4/5, and 5/6. 

We can graph a sequence just as we graph other functions. Consider the function 
given by f(x) = x + land the sequence whose general term is given bya, = n + 1. 
The graph of f(x) = x + 1 is shown on the left below. Since the domain of a se- 
quence is a set of positive integers, the graph of a sequence is a set of points that are 

not connected. Thus if we use only positive integers for inputs of f(x) = x + 1, we 
have the graph of the sequence a, = n + 1, as shown on the right below. 

5 
5 * 4s 

4 (4, 5) 
4 sa ) 

nes | ___ ll eC 
ites 2) 

———> 
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» Finding the General Term 

When only the first few terms of a sequence are known, we do not know for sure 

what the general term is, but we might be able to make a prediction by looking for 

a pattern. 

EXAMPLE 2 For each of the following sequences, predict the general term. 

a) ee WO 28 cae by Sis 
C2345 Shor 

Solution 

a) These are square roots of consecutive integers, so the general term might be Vn. 

b) These are powers of 3 with alternating signs, so the general term might be 
( =] NES: = 1 

c) If we see the pattern of powers of 2, we will see 16 as the next term and guess oe 

for the general term. Then the sequence could be written with more terms as 

2,4, 8; LO; 92, 04, 1283-05 «.« 

If we see that we can get the second term by adding 2, the third term by adding 
4, and the next term by adding 6, and so on, we will see 14 as the next term. A 
general term for the sequence is n’ — n + 2, and the sequence can be written 

with more terms as 

DA SMe A Ne aD a) OM Now Try Exercise 19. 

Example 2(c) illustrates that, in fact, you can never be certain about the gen- 
eral term when only a few terms are given. The fewer the number of given terms, 
the greater the uncertainty. 

» Sums and Series 

SERIES 

Given the infinite sequence 

Gitte, Gast ay. ono) seas 

the sum of the terms 

dase rang es ODOR ral? tan Oe 

is called an infinite series. A partial sum is the sum of the first n terms: 

I Slip ob alien Plea w aea ace 78 

A partial sum is also called a finite series, or nth partial sum, and is 
denoted S,,. 

EXAMPLE 3 For the sequence —2, 4, —6, 8, —10, 12, -14,..., find each of 
the following. 

a) S; b) S, c) Sz 

Solution 

a) S; = —2 

b) S,= —-2+4+(-6)+8=4 

€) Si 2 + 4-s(=6) £8 (10) =i 6 



Technology Connection 

cumSum(seq(n2 — 3,n,1,4)) 
{-2 -1 5 18} 

Technology Connection 

We can combine the SUM and 

SEQ features on a graphing 
calculator to add the terms of a 

sequence. We find the sum in 
Example 4(a) as shown below. 

sum(seq(n2,n,1,5)) 
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We can use a graphing calculator to find partial sums of a sequence when a 
formula for the general term is known. Suppose, for example, that we want 
to find S,, S,, S3, and S, for the sequence whose general term is given by 

a, = nm — 3. Wecanuse the CUMSUM feature from the LIST OPS menu. The 

calculator will write the partial sums as a list. (Note that the calculator can be 
set in either FUNCTION mode or SEQUENCE mode. Here we show SEQUENCE mode.) 

We have S; = —2,S, = —1, 8, = 5, and S, = 18. 

» Sigma Notation 

The Greek letter > (sigma) can be used to denote a sum when the general term of a 
sequence is a formula. For example, the sum of the first four terms of the sequence 
3,5, 7,9,...,2k + 1,...can be named as follows, using what is called sigma 
notation, or summation notation: 

S (2k Hal Je 
= 

This is read “the sum as k goes from 1 to 4 of 2k + 1.” The letter k is called the 
index of summation. The index of summation might start at a number other than 1, 
and letters other than k can be used. 

EXAMPLE 4 Find and evaluate each of the following sums. 

5 4 11 

Se Sie i) Sls Ss c) S(2 ++) 
k=1 i=8 k=0 

Solution 

a) We replace k with 1, 2, 3, 4, and 5. Then we add the results. 

5 

BS ae eee ane 
k=1 

| 8 27s 64-4125 

Ss 

4 

b) es = (=1)5) a1) 15 1 (1) Sree a Gene: 
> 

mS 2b 025. — O21 

ee Gs)Gog) Com 
1691 

3960 Now Try Exercise 33. 

EXAMPLE 5 Write sigma notation for each sum. 

oO 
— 

il = 
lo e) aN 

to 4. 
=. | — 
—— 

\| 

a)1+2+4+8+ 16+ 32 + 64 

b) -2+4-6+8-10 
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Solution 

Souk te 4 8 6 Siar 64 

This is the sum of powers of 2, beginning with 2°, or 1, and ending with 2°, or 64. 

Sigma notation is Saye 

b) 24 ror 8 110 

Disregarding the alternating signs, we see that this is the sum of the first 5 
even integers. Note that 2k is a formula for the kth positive even integer, and 
(—1)* = —1 when k is odd and (—1)* = 1 when k is even. Thus the general 
term is (—1)*(2k). The sum begins with k = 1 and ends with k = 5, so sigma 

notation is };—,(—1)*(2k). 

C)iGer ee an ss a2 ce 
Z 3 4 

The general term is x*/k, beginning with k = 1. This is also an infinite series. 
We use the symbol oo for infinity and write the series using sigma notation: 

00 k Bie (/h). 

+ .-- 

» Recursive Definitions 

A sequence can be defined recursively or by using a recursion formula. Such a 
definition lists the first term, or the first few terms, and then describes how to de- 
termine the remaining terms from the given terms. 

EXAMPLE 6 Find the first 5 terms of the sequence defined by 

a, = 5, Ging = 24,,—" 3.5 fork 

Solution We have 

a, = 5, 

Gp a8 eee 

I i) NS 
| 

Oo | — —_ a, = 2a, — 3 

| i) = — | 
OW II = xe a, = 2a, — 3 

| to \O | ee) | (ey) o). Gs = 24, 3 Now Try Exercise 61. 

Technology Connection 

Many graphing calculators have the capability to work with recursively defined 
sequences when they are set in SEQUENCE mode. In Example 6, for instance, the 
function could be entered as u(n) = 2 * u(n — 1) — 3 with u(nMin) = 5. 
We can read the terms of the sequence from a table. 

{ Plot? Plot2 Plot3 
nMin=1 

\u(n)2*u(n—1)—3 

u(nMin)ER{5} 
\v(n)= 

v(nMin) = 

\w(n)= 

w(nMin)= 
S 
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In each of the following, the nth term of a sequence is given. 
Find the first 4 terms, ayo, and ays. 

Ia, -4n =A 

Pare ieee lL) 2) (4 3) 

3. a, = : atin ee 
al 

4.4,=n-1,n2=3 

5 n—1 
— 

7 we +1 

1\""} 

6. a, =(-+) 
2 

74a, = (—1)"r 

Sa, 1) on 5 
=a 

ec ) 
2 

10 Din = Il 
i 

o n + 2n 

Find the indicated term of the given sequence. 

MIG oa oi Oe 

12. a, = (3n — 4)(2n + 5); ay 

See 

14, a, = (Le 4 onl 1833); 2055 

15. a, = 5n’(4n — 100); ay 
12 

16 a= (1 +>) a 

17. a, = Ine”; ag 

Res ye ae 4100 

Predict the general term, or nth term, a,, of the sequence. 

Answers may vary. 

19, 2, 4,6, 8, 10,... 

DOM S792 OlcA Oy a 

98 OPT eee oe pane 

Jide Ihe Spashs MOA Co cece: 

23. 3249596? 7? °° 

PANN 6.2/2, \/ 10s 

DO elise 2 et nO, B.A, iO ay 

2G Sao 710 Ca Ui, 

27. 0, log 10, log 100, log 1000, ... 

28. Ine’, Ine’, In e4, Ine’, ... 

Find the indicated partial sums for the sequence. 

29. 12) 3,4, 5.6.7 eS and sy 

BU), 1 = 8 SO Th ok Carel 

DVL sAnOy Seen ee 784 ANG Sz 

32. Lib oe S, and Sz 

Find and evaluate the sum. 
5) 1 6 ] 

33. 4 — 34, 
=k >> 2¢+1 

6 ; 7} 

355 2 362 Von all 
i=0 k=4 

10 4 

37.5 Salih 38. >) awk 
k=7 k=1 

ns Spiel 
39. 40. 2 ae 

5 5 

ESM dll) “Gh SS (ecsipro! 
i=1 k=0 

8 W 

Le lS Nb Le Ss (ayer 
k=1 k=0 

6 2 s 

45. 46. > i(i + 1) 
= k? an il j= il 

5 10 ] 

47. k* — 2k +3 48. eee >| meet D 
10 DE S 2k 

49. 50. SY’ (-2 
ETAL eal | k=0 

Write sigma notation. Answers may vary. 

Sieg) rg l0 1 pe OG ote 

52S Tae 2 hes 2S ia 250 hs ie 

53,2 42 6 = 16 oo SOs 

5A dat Ore) eka 
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Bile, Ay MG) at PAO ee Or (-1)"v 

bier, ) = NO ar ZS are 6° ° sr (-1)" ne 

yj eae rae rogmee 
Oy 2s 3-4 4s 

l l l l 
60. al ee SiaT his ha ogee Sem horse 

Find the first 4 terms of the recursively defined sequence. 

1 
61a; — 4, G47 = 1 see 

n 

(De (== Oe eet ee 

63. a, = 6561, an4, = (-1)"Va, 

64 ae a = Ine, 

OS SG = 0 = on ae a oh ea 

66. 4a; = —10,a, = 8, 4,4) = @, — Qhe1 

67. Compound Interest. Suppose that $1000 is invested 

at 6.2%, compounded annually. The value of the 
investment after n years is given by the sequence model 

a= $1000(1.062)" 1 = 1,2, 3,04. 
a) Find the first 10 terms of the sequence. 
b) Find the value of the investment after 20 years. 

68. Salvage Value. The value of a post-hole digger is 
$5200. Its salvage value each year is 75% of its value 
the year before. Give a sequence that lists the sal- 
vage value of the machine for each year of a 10-year 
period. 

69. Wage Sequence. Adahy is paid $9.80 per hour for 
working at Red Freight Limited. Each year he receives 
a $1.10 hourly raise. Give a sequence that lists Adahy’s 
hourly wage over a 10-year period. 

70. Bacteria Growth. Suppose that a single cell of 
bacteria divides into two every 15 min. Suppose that 
the same rate of division is maintained for 4 hr. 
Give a sequence that lists the number of cells after 
successive 15-min periods. 

71. Fibonacci Sequence: Rabbit Population Growth. One 
of the most famous recursively defined sequences is 
the Fibonacci sequence. In 1202, the Italian mathe- 

matician Leonardo da Pisa, also called Fibonacci, 
proposed the following model for rabbit population 
growth. Suppose that every month each mature pair 
of rabbits in the population produces a new pair that 

Sequences, Series, and Combinatorics 

begins reproducing after two months, and also sup- 

pose that no rabbits die. Beginning with one pair of 

newborn rabbits, the population can be modeled by 

the following recursively defined sequence: 

Oye l=. ly ween Gen tae 

where a,, is the total number of pairs of rabbits in 

month n. Find the first 7 terms of the Fibonacci 

sequence. 

» Skill Maintenance 

Solve. [9.1], [9.3], [9.5], [9.6] 

TKS LV Os 

2x-F sy S11 

73. Harvesting Pumpkins. A total of 23,400 acres of 
pumpkins were harvested in Illinois and Ohio in 2012. 
The number of acres of pumpkins harvested in Ohio 
was 9000 fewer than the number of acres of pumpkins 
harvested in Illinois. (Source: U. S. Department of 
Agriculture) Find the number of acres of pumpkins 
harvested in Illinois and in Ohio in 2012. 

Find the center and the radius of the circle with the given 
equation. [10.2] 

74, x° + y° — 6x + 4 = 

Pack Fy Oe — Sy in) 

» Synthesis 

Find the first 5 terms of the sequence, and then find Ss. 

1 
76. a, = 5 log 1000" 

i eA 

7350, = 10 (125 3ee 

For each sequence, find a formula for S,,. 

79. a, = Inn 

] 1 
$0...4,,.=4 

n Pl 
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Arithmetic Sequences and Series 

» For any arithmetic sequence, find the nth term when nis given and n when the nth term 

is given, and given two terms, find the common difference and construct the sequence. 

» Find the sum of the first n terms of an arithmetic sequence. 

A sequence in which each term after the first is found by adding the same number 
to the preceding term is an arithmetic sequence. 

» Arithmetic Sequences 

The sequence 2, 5, 8, 11, 14, 17, ... is arithmetic because adding 3 to any term 
produces the next term. In other words, the difference between any term and the 
preceding one is 3. Arithmetic sequences are also called arithmetic progressions. 

ARITHMETIC SEQUENCE 

A sequence is arithmetic if there exists a number d, called the common 
difference, such that a,,, = a, + d for any integer n = 1. 

EXAMPLE 1 For each of the following arithmetic sequences, identify the first 
term, a,, and the common difference, d. 

a) 4,9, 14,19) 24... .. 

D542 70 2081306.0= 1,-8.7, 

c) 2,25, 3, 35,445... 

Solution The first term, a, is the first term listed. To find the common difference, d, 

we choose any term beyond the first and subtract the preceding term from it. 

SEQUENCE FIRST TERM, a, COMMON DIFFERENCE, d 

a)p4n9, 14, 19,04... 4 5 (9-4=5) 
b) 34, 27, 20, 13, 6, -1, -8,... 34 -7 (27 - 34 = -7) 
c) 2,24,3,334,45.-- 2 el aaa) 

Note that we obtained the common difference by subtracting a, from a). Had 
we subtracted a, from a or a3 from a4, we would have obtained the same values for 

d. Thus we can check by adding d to each term in a sequence to see if we progress 

correctly to the next term. 

Check: 

Dette = 9 O+5—=14. 1445-19 1945 = 24 

b) 34 + (-7) = 27, 27 + (-7) = 20, 20+ (-7) = 13, 
13+ (-7) =6, 6+ (-7)=-1, -1+(-7)=-8 

O) Dor , a G=3, 34+5=3, 33 +5 =4 l 
23 

DO 45 Now Try Exercise 1. 
Rie Re 
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To find a formula for the general, or nth, term of any arithmetic sequence, we 

denote the common difference by d, write out the first few terms, and look for a 

pattern: 

Qa), 

a =a, +d, 

aya id'= (ay + ad) d= 1a, + 24, Substituting for a, 

ag cancrid =(ay aed et eda ed. Substituting for a, 

\ i) Note that the coefficient of 
din each case is 1 less than 

the subscript. 

Generalizing, we obtain the following formula. 

nTH TERM OF AN ARITHMETIC SEQUENCE 

The nth term of an arithmetic sequence is given by 

a, = a, + (n—1)d, foranyintegern = 1. 

EXAMPLE 2 Find the 14th term of the arithmetic sequence 4, 7, 10, 13,.... 

Solution We first note that a, = 4,d = 7 — 4, or 3, andn = 14. Then using 
the formula for the nth term, we obtain 

Cb zeiea (Gi nl ie 

4 (14 — 13 Substituting 

eet 13030 4s 39 

= 43. 

The 14th term is 43. 

EXAMPLE 3 In the sequence of Example 2, which term is 301? That is, find n if 
a, = 301. 

a\4 

Solution We substitute 301 for a,,, 4 for a,, and 3 for d in the formula for the nth 

term and solve for n: 

a, =a, + (n-1)d 

301 = 4+ (n—1):3 Substituting 

301-4. SH 3 

301 = 3n + 1 Solving for n 
300 = 3n 

100 = n. 

The term 301 is the 100th term of the sequence. Now Try Exercise 15. 

Given two terms and their places in an arithmetic sequence, we can construct 
the sequence. 

EXAMPLE 4 The 3rd term of an arithmetic sequence is 8, and the 16th term is 
47. Find a, and d and construct the sequence. 
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Solution We know that a; = 8 and a, = 47. Thus we would have to add d 13 
times to get from 8 to 47. That is, 

8 + 13d = 47. a; and a,, are 16 — 3, or 13, terms apart. 

Solving 8 + 13d = 47, we obtain 

13d = 39 

d = 3. 

Since a; = 8, we subtract d twice to get a). Thus, 

Dy Os ae a, and a; are 3 — 1, or 2, terms apart. 

The sequence is 2, 5, 8, 11, . ... Note that we could also subtract d 15 times from aj, 

in order to find aj. Now Try Exercise 23. 

In general, d should be subtracted n — 1 times from a,, in order to find a. 

» Sum of the First n Terms of 

an Arithmetic Sequence 

Consider the arithmetic sequence 

DO eae 

When we add the first 4 terms of the sequence, we get S,, which is 

Se Oot 7 4: 95, Or 24. 

This sum is called an arithmetic series. To find a formula for the sum of the first 

n terms, S,, of an arithmetic sequence, we first denote an arithmetic sequence, as 
follows: 

This term is two terms back from the 

last. If you add d to this term, the result 

is the next-to-last term, a,, — d. 

aan 

he (Orpen ale erler Dele re, ie en n= Ne 
ee ey 

f 
This is the next-to-last term. If you 

add d to this term, the result is a,,. 

Then S,, is given by 

Cag) tala 2) "+ (d= 2a) 

an (a, ae d) ae Ay: 
(1) 

Reversing the order of the addition gives us 

Se Gee) (Oy, — 2d) gd) 

ia te) oe eye (2) 

If we add corresponding terms of each side of equations (1) and (2), we get 

Seana Get (Gp ead) (A, — 4) || (ay te 2d) (a, 2d) | 

+ +--+ [(a, — 2d) + (a, + 2d)] 

(a, —-d) (a +d)) + [a, + a; |. 
n 
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In the expression for 2S,, there are n expressions in square brackets. Each of 

these expressions is equivalent to a; + a, Thus the expression for 2S, can be writ- 

ten in simplified form as 

25, =a, +a, le an lay ye ae ag 

+ la, + a,| + lay aq), 

Since a; + a, is being added n times, it follows that 

2S, re n(a, uy a) 

from which we get the following formula. 

SUM OF THE FIRST n TERMS 

The sum of the first n terms of an arithmetic sequence is given by 

n 
St tae Oe n >, (a Ay) 

EXAMPLE 5 Find the sum of the first 100 natural numbers. 

Solution The sum is 

l are Par B ae ope ae OS) Se TOO). 

This is the sum of the first 100 terms of the arithmetic sequence for which 

a, = 1, a, = 100, and n = 100. 

Thus substituting into the formula 

n 
Sy = ma “s An), 

we get 

100 
Sioo = —~ (1 + 100) = 50(101) = 5050. 

The sum of the first 100 natural numbers is 5050. 

Now Try Exercise 27. 

EXAMPLE 6 Find the sum of the first 15 terms of the arithmetic sequence 
Ae NOT Diets: 

Solution Note that a, = 4,d = 3, and n = 15. Before using the formula 

n 
Sn a macs + An)» 

we find the last term, a)s: 

as = 4+ (15 —1)3 Substituting into the formula a, = a, + (n — 1)d 

=4+ 14:3 = 46. 

Thus, 

15 US 
Sis = > (4 + 46) = = (50) = 375. 

The sum of the first 15 terms is 375. Now Try Exercise 25, 
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130 

EXAMPLE 7 Find the sum: >) (4k +35 ). 
=i 

Solution It is helpful to first write out a few terms: 

SS le ee pat Mepis io oe 

It appears that this is an arithmetic series coming from an arithmetic sequence 
with a, = 9,d = 4,andn = 130. Before using the formula 

nN 

Cie 5 (a sts as 

we find the last term, a)39: 

4439 = 4°130 + 5 The kth term is 4k + 5, 

== SVAUE SRS 

2525, 

Thus, 

Si30 = =. (Ore 525) Substituting into S, = 5 (a1 Sy) 

34,710, I 

» Applications 

The translation of some applications and problem-solving situations may involve 
arithmetic sequences or series. We consider some examples. 

EXAMPLE 8 Hourly Wages. Kendall accepts a job, starting with an hourly 
wage of $14.25, and is promised a raise of 15¢ per hour every 2 months for 5 years. 
At the end of 5 years, what will Kendall's hourly wage be? 

Solution It helps to first write down the hourly wage for several 2-month time 
periods: 

Beginning: $14.25, 

After 2 months: $14.40, 

After 4 months: $14.55, 

and so on. 

What appears is a sequence of numbers: 14.25, 14.40, 14.55, .... This sequence is 
arithmetic, because adding 0.15 each time gives us the next term. 

We want to find the last term of an arithmetic sequence, so we use the formula 
A, = a, + (n — 1)d. We know that a, = 14.25 and d = 0.15, but what is n? That 
is, how many terms are in the sequence? Each year there are 12/2, or 6 raises, since 
Kendall gets a raise every 2 months. There are 5 years, so the total number of raises 
will be 5-6, or 30. Thus there will be 31 terms: the original wage and 30 increased 

rates. 
Substituting in the formula a, = a, + (n — 1)d gives us 

ay, = 14.25 + (31 — 1)*0.15 
—= {Reni Sy 

Thus, at the end of 5 years, Kendall’s hourly wage will be $18.75. 
Now Try Exercise 43. 
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The calculations in Example 8 could be done in a number of ways. There 

is often a variety of ways in which a problem can be solved. In this chapter, we 

concentrate on the use of sequences and series and their related formulas. 

EXAMPLE 9 Total inaStack. A stack of electric poles has 30 poles in the bot- 

tom row. There are 29 poles in the second row, 28 in the next row, and so on. How 

many poles are in the stack if there are 5 poles in the top row? 

Solution A drawing will help in this case. The following figure shows the ends of 

the poles and the way in which they stack. 

5 poles in 26th row — paras 

28 poles in 3rd row 

29 poles in 2nd row 

30 poles in lst row 

Since the number of poles decreases from 30 in a row up to 5 in the top row, 

there must be 26 rows. We want the sum 

0-29 oer Oe 

Thus we have an arithmetic series. We use the formula 

n 
Sn oa 2 (a, a Gals 

with n = 26, a, = 30, and ay, = 5. 

Substituting, we get 

26 
Sa a0 aie 405: 

There are 455 poles in the stack. Now Try Exercise 39. 

Exercise Set 

Find the first term and the common difference. 8. Find the 11th term of the arithmetic sequence 
1. 3,8, 13,18... DOTSOM2E0I75.. 2.5 
DSU O8iS1 16, $124, 61.32)... 9. Find the 12th term of the arithmetic sequence 

PAR SSA cca 
bls Seid [Ri to aaa ae 

10. Find the 17th t f the ari pee ee erm of the arithmetic sequence 
pA hd Leh 

eee oe i Geb aoa 11. Find the 14th term of the arithmetic sequence 
6. a Dyers ee 

7. $316, $313, $310, $307,... 12. Find the 13th term of the arithmetic sequence 
$1200, $964.32, $728.64, .... 



13; 

14. 

LS. 

16. 

17. 

18. 

19: 

20. 

21. 

Das 

235. 

24. 

29. 

26. 

27. 

28. 

29; 

30. 

D1; 

32. 

Find the 10th term of the arithmetic sequence 
$2345.78, $2967.54, $3589.30, .... 

In the sequence of Exercise 8, what term is the 
number 1.67? 

In the sequence of Exercise 9, what term is the 
number 106? 

In the sequence of Exercise 10, what term is 
= 2966 

In the sequence of Exercise 11, what term is 
27s 

Find ay) when a, = 14 andd = —3. 

Find a, when d = 4 and ag = 33. 

Find d when a, 8 and a), = 26. 

Find n when a, = 25,d = —14, anda, = —507. 

In an arithmetic sequence, a, = —40 and 

ayg = —73. Find a, and d. Write the first 5 terms of 
the sequence. 

: 25 95 
In an arithmetic sequence, a), = F and a3, = %. 

Find a, and d. Write the first 5 terms of the 
sequence. 

Find the sum of the first 14 terms of the series 

11+ 74+34-"°. 

Find the sum of the first 20 terms of the series 

E oe ae Jil sp 4b se ooo, 

Find the sum of the first 300 natural numbers. 

Find the sum of the first 400 even natural numbers. 

Find the sum of the odd numbers 1 to 199, 

inclusive. 

Find the sum of the multiples of 7 from 7 to 98, 

inclusive. 

Find the sum of all multiples of 4 that are between 14 

and 523. 

If an arithmetic series has a, = 2,d = 5, and 

n = 20, what is S,,? 

If an arithmetic series has a, = 7,d = —3, and 

fr = "32, whatis’S,¢ 

Find the sum. 

333 

34. 

S (2k reed) 
k=1 

20 

> 8k 
k=5 
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35 a>: 

36. 

o/s 

38. 

359; 

40. 

41. 
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k=0 4 

50 

> (2000 — 3k) 
k=2 

SAN ae 

k=12_ «13 

200 5 k+4 
gill aks e228) sf ) 

k=701 k=1\ 10 

Total Savings. If 10¢ is saved on October 1, 20¢ is 
saved on October 2, 30¢ on October 3, and so on, 

how much is saved altogether during the 31 days of 
October? 

Stacking Poles. How many poles will be in a stack of 
telephone poles if there are 50 in the first layer, 49 in the 
second, and so on, with 6 in the top layer? 

Auditorium Seating. Auditoriums are often built 
with more seats per row as the rows move toward the 
back. Suppose that the first balcony of a theater has 
28 seats in the first row, 32 in the second, 36 in the 
third, and so on, for 20 rows. How many seats are in 
the first balcony altogether? 

42. 

43. 

Investment Return. Brett sets up an investment 

situation for a client that will return $5000 the first 
year, $6125 the second year, $7250 the third year, and 
so on, for 25 years. How much is received from the 
investment altogether? 

Parachutist Free Fall. When a parachutist jumps 

from an airplane, the distances, in feet, that the 
parachutist falls in each successive second before 
pulling the ripcord to release the parachute are as 

follows: 

16, 48, 80, 112, 144,.... 

Is this sequence arithmetic? What is the common 
difference? What is the total distance fallen in 

10 sec? 
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44, Lightning Distance. The following table lists 
the distance, in miles, from lightning d,, when 

thunder is heard n seconds after lightning is seen. 
Is this sequence arithmetic? What is the common 

difference? 

n (in seconds) d,, (in miles) 
[se 

5 1 

6 ee 

# 1.4 

8 1.6 

g) 1.8 

10 2 

45. Garden Plantings. A gardener is making a planting 
in the shape of a trapezoid. It will have 35 plants in 
the front row, 31 in the second row, 27 in the third 
row, and so on. If the pattern is consistent, how many 

plants will there be in the last row? How many plants 
are there altogether? 

46. Band Formation. A formation of a marching band 
has 10 marchers in the front row, 12 in the second 
row, 14 in the third row, and so on, for 8 rows. How 

many marchers are in the last row? How many 
marchers are there altogether? 

47. Raw Material Production. In a manufacturing pro- 

cess, it took 3 units of raw materials to produce 1 unit 
of a product. The raw material needs thus formed the 
sequence 

Oye aera Bo fy axa seis rs 

Is this sequence arithmetic? What is the common 
difference? 

» Skill Maintenance 

Solve. [9.1], [9.3], [9.5], [9.6] 

AS. 7X 2) = 4; 

a oy) a1 
AD SQ” Witt g e=P |). 

KM —e3y Tle — 1) 
DX oh pag a A 

Sequences, Series, and Combinatorics 

50. Find the vertices and the foci of the ellipse with the 

equation 9x” + 16y* = 144. [10.2] 

51. Find an equation of the ellipse with vertices (0, —5) 

and (0, 5) and minor axis of length 4. [10.2] 

» Synthesis 

52. Straight-Line Depreciation. A company buys an 

office machine for $5200 on January 1 of a given 
year. The machine is expected to last for 8 years, at 
the end of which time its trade-in value, or salvage 
value, will be $1100. If the company’s accountant 
figures the decline in value to be the same each year, 
then its book values, or salvage values, after f years, 
0 < t < 8, form an arithmetic sequence given by 

Coe" EN errr 
N 

where C is the original cost of the item ($5200), N is 
the number of years of expected life (8), and S is the 

salvage value ($1100). 

ay 

a) Find the formula for a, for the straight-line 
depreciation of the office machine. 

b) Find the salvage value after 0 year, 1 year, 2 years, 

3 years, 4 years, 7 years, and 8 years. 

53. Find a formula for the sum of the first n odd natural 

numbers: 

Fe eg No CRI Cael (Os Ve ee! 

54. Find three numbers in an arithmetic sequence such 
that the sum of the first and the third is 10 and the 
product of the first and the second is 15. 

55. Find the first term and the common difference for 
the arithmetic sequence for which 

a,—40 —3q and a,= 10p + @. 

If p, m, and q form an arithmetic sequence, it can be shown 
that m = (p + q)/2. The number m is the arithmetic 

mean, or average, of p and q. Given two numbers p and q, 
if we find k other numbers m,, mp, . . . , m, such that 

PHN shy < NG 

forms an arithmetic sequence, we say that we have 
“inserted k arithmetic means between p and q.” 

56. Insert three arithmetic means between —3 and 5. 

57. Insert four arithmetic means between 4 and 13. 
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Geometric Sequences and Series 

® Identify the common ratio of a geometric sequence, and find a given term 

and the sum of the first n terms. 

» Find the sum of an infinite geometric series, if it exists. 

A sequence in which each term after the first is found by multiplying the preced- 
ing term by the same number is a geometric sequence. 

» Geometric Sequences 

Consider the sequence: 

Pigs olen © 1Kek, ees MUG ca 

Note that multiplying each term by 3 produces the next term. We call the number 
3 the common ratio because it can be found by dividing any term by the preceding 
term. A geometric sequence is also called a geometric progression. 

GEOMETRIC SEQUENCE 

A sequence is geometric if there is a number 7, called the common ratio, 
such that 

ant+1 

ay 

=f, Of a,,, = 4,', foranyintegern = 1. 

EXAMPLE 1 For each of the following geometric sequences, identify the 

common ratio. 

A) OR Osel 2 e24 GAS. ions 

©)i352005$39005, $2925, $2193.70... 

d) $1000, $1060, $1123.60, ... 

Solution 

SEQUENCE COMMON RATIO 

Alo Oy L2s02 4 248i 2 ($ = 2,2 = 2,and soon) 
1 1 

=a ier) 1 
b) 1 _s 2 Lee a —— A= ~Landsoon] 

ae eae: Nal Wes, 2 

0;5$29253"$2193:75 0.75 ea ——a(0R/E) $2922 = A(e75vanedso on) c) $5200, $3900, ; ete Jd were ae er me 

a ae (Se a $1123.60 ae ) 
2 i ———- = 1,06, ————_ = _ 1.06, and so on d) $1000, $1060, $1123.60, .. $1000 $1060 

Now Try Exercise 1. 
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We now find a formula for the general, or nth, term of a geometric sequence. 

Let a, be the first term and r the common ratio. The first few terms are as follows: 

ay 

a, = arr, 

a, = ar = (ar)r = at Substituting a,r for a, 

Be = Oye = (a,r?)r = Gui Substituting a,r’ for a; 

‘a i Note that the exponent is 1 less 

than the subscript. 

Generalizing, we obtain the following. 

nTH TERM OF A GEOMETRIC SEQUENCE 

The nth term of a geometric sequence is given by 

a, = ar" ', foranyintegern = 1. 

EXAMPLE 2 Find the 7th term of the geometric sequence 4, 20, 100,.... 

Solution We first note that 

a,=4 and n=7. 

To find the common ratio, we can divide any term (other than the first) by the pre- 
ceding term. Since the second term is 20 and the first is 4, we get 

20 
(ee Ole. 

4 

Then using the formula a, = a,r"_', we have 

Opa = 455° = 0°15,625 =962,500, 

Thus the 7th term is 62,500. 

EXAMPLE 3 Find the 10th term of the geometric sequence 64, —32, 16, 
eo cere 

Solution We first note that 

=a I 
a, = 64, n= 10, and r= y 30 se 

64 2 

Then using the formula a,, = a,r"_', we have 

l OA t l 9 ; 1 ] 1 
= 64- —— = 5 pai jiae =) Oe 2 a 

ayo = 64 ( | aos 64 7 = 2 ( =) — 3 = 8. 

Thus the 10th term is —%. Now Try Exercise 15. 

» Sum of the First n Terms of 
a Geometric Sequence 

Next, we develop a formula for the sum S,, of the first n terms of a geometric 
sequence: 

Hil 
ai) elnayce 

2 3) 
Q), 47, A,r ,ayr,..., ar 
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The associated geometric series is given by 

Sh = a, ar ayr ar re + ath tee t game 
(1) 

We want to find a formula for this sum. If we multiply by r on both sides of equa- 
tion (1), we have 

tS, = art ar tear + art + ++ + ar". (2) 

Subtracting equation (2) from equation (1), we see that the differences of the terms 

shown in red are 0, leaving 

Siete Uh die aGiie 

or 

5 (elieemmerts ime 702 dame Tags Factoring 

Dividing by 1 — r on both sides gives us the following formula. 

SUM OF THE FIRST n TERMS 

The sum of the first n terms of a geometric sequence is given by 

ale) 

Laer 
» forany ri 1. 

EXAMPLE 4 Find the sum of the first 7 terms of the geometric sequence 
con MMC HicR mere 

Solution We first note that 

lis 
a, = 3, n= 7, and pemlespp oe 

Then using the formula 

cae a bis el, 

| nie 

we have 

3(1 — 5’ eee) 
l= 5 

up (1.78, 125) 
iy =A 

= 58,593. 

Thus the sum of the first 7 terms is 58,593. 

11 

EXAMPLE 5 Find thesum: 5) (0.3)< 
k=1 

Solution This is a geometric series with a, = 0.3,r = 0.3,andn = 11. Thus, 

0.3(1 — 0.3”) 

Saar 

~ 0.42857, 
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TABLE 1 

[ n al Sn 

1 0.5 

5 0.96875 

10 0.9990234375 

20 0.9999990463 

30 0.999999999] 

TABLE 2 

ie Sinead 
2) 

5 62 

10 2,046 

20 2,097,150 

30 2,147,483,646 

» Infinite Geometric Series 

The sum of the terms of an infinite geometric sequence is an infinite geometric 

series. For some geometric sequences, S,, gets close to a specific number as n gets 

large. For example, consider the infinite series 

1 1 1 1 1 
+o—t—+—HF---+—+4+-:- 

Dae at 65a G ze 

We can visualize S,, by considering the area of a square. For S;, we shade half 
the square. For S,, we shade half the square plus half the remaining half, or 3 +. For 
S;, we shade the parts shaded in S, plus half the remaining part. We see that the 
values of S,, will get close to 1 (shading the complete square). 

=5 = 4 4=3 = 3 
n 

Oo 

We examine some partial sums. Note that each of the partial sums in Table 1 
is less than 1, but S,, gets very close to 1 as n gets large. We say that 1 is the limit of 
S, and also that 1 is the sum of the infinite geometric sequence. The sum of an 
infinite geometric sequence is denoted S,,. In this case, S,, = 1. 

Some infinite sequences do not have sums. Consider the infinite geometric 
series 

24+44+8+ 16+---+2"4+ 

We again examine some partial sums. Note in Table 2 that as n gets large, S,, gets 
large without bound. This sequence does not have a sum. 

It can be shown (but we will not do so here) that the sum of an infinite geo- 
metric series exists if and only if |r| < 1 (that is, the absolute value of the com- 
mon ratio is less than 1). 

To find a formula for the sum of an infinite geometric series, we first consider 
the sum of the first n terms: 

a,(1 a 1) a, = a,r” 

S, = = Using the distributive law 
ieee ¢ | ea 

For |r| < 1, values of r” get close to 0 as n gets large. As r’ gets close to 0, so 
does a,r". Thus, S,, gets close to a,/(1 — r). 

LIMIT OR SUM OF AN INFINITE GEOMETRIC SERIES 

When |r| < 1, the limit or sum of an infinite geometric series is given by 

ay 
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EXAMPLE 6 Determine whether each of the following infinite geometric series 
has a limit. If a limit exists, find it. 

hal ise Osh yh apo be-24 = S45 - 30: 

Solution 

3. Since |r| > 1, the series does not have a limit. wo II a) Here r = 3,so |r| = | 

b) Here r = —3, so |r| = |—3| = }. Since |r| < 1, the series does have a limit. 
We find the limit: 

a 4 are. 

3) 

Now Try Exercises 33 and 37. 

EXAMPLE 7 Find fraction notation for 0.78787878 .. ., or 0.78. 

Solution We can express this as 

Osean OLO07Sa a OL000078s oe 

Then we see that this is an infinite geometric series, where a; = 0.78 andr = 0.01. 
Since |r| < 1, this series has a limit: 

ay OFS vs desen 0/8 78 26 
So = = = =—, or i 

Lael OO 6 0.995 melo 33 

Thus fraction notation for 0.78787878. . . is $$. You can check this on your calculator. 
Now Try Exercise 51. 

» Applications 

The translation of some applications and problem-solving situations may involve 
geometric sequences or series. Examples 9 and 10, in particular, show applications 
in business and economics. 

EXAMPLE 8 A Daily Doubling Salary. Suppose someone offered you a job 
for the month of September (30 days) under the following conditions. You will be 
paid $0.01 for the first day, $0.02 for the second, $0.04 for the third, and so on, dou- 
bling your previous day’s salary each day. How much would you earn altogether for 
the month? (Would you take the job? Make a conjecture before reading further.) 

Solution You earn $0.01 the first day, $0.01(2) the second day, $0.01(2)(2) the 
third day, and so on. The amount earned is the geometric series 

$0.01 + $0.01(2) + $0.01(27) + $0.01(2?) + --- + $0.01(2”), 

where a, = 0.01, r = 2, and n = 30. Using the formula 

a, a ta) 

S cniype. 00 : 

we have 

$0.01(1— 2°) - 
S39 = oe = $10,737,418:23. 

The pay exceeds $10.7 million for the month. 
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EXAMPLE 9 The Amount of an Annuity. An annuity is a sequence of equal 

payments, made at equal time intervals, that earn interest. Fixed deposits in a savings 

account are an example of an annuity. Suppose that to save money to buy a car, Jacob 

deposits $2000 at the end of each of 5 years in an account that pays 3% interest, com- 

pounded annually. The total amount in the account at the end of 5 years is called the 

amount of the annuity. Find that amount. 

Solution The following time diagram can help visualize the problem. Note that 

no deposit is made until the end of the first year. 

; ' 3 ae 5 years 

i a re a or ) 
$2000 $2000 $2000 $2000 $2000 

ue ;) 

$2000(1.03 1 | These are the 

e amounts to 
* $2000(1.03) which each 

) 

) 

( 
> $2000(1.03)° deposit grows. 

( —> $2000(1.03)* 

The amount of the annuity is the geometric series 

$2000 + $2000(1.03)! + $2000(1.03)? + $2000(1.03)° + $2000(1.03)%, 

where a; = $2000, n = 5, andr = 1.03. Using the formula 

ce a1 -— ae 

ll = 

we have 

$2000(1 — 1.03°) 
eS = $10,618.27. 

jth bs 

The amount of the annuity is $10,618.27. 

EXAMPLE 10 The Economic Multiplier. Large sporting events have a 
significant impact on the economy of the host city. Super Bowl XLVI, hosted 
by New Orleans, generated a $480-million net impact for the region (Source: 
NewOrleansSaints.com, posted April 18, 2013, Marius M. Mihai, Research Analyst 
of the Division of Business and Economic Research at the University of New Orleans 
(DBER)). Assume that 60% of that amount is spent again in the area, and then 60% 
of that amount is spent again, and so on. This is known as the economic multiplier 
effect. Find the total effect on the economy. 

Solution ‘The total economic effect is given by the infinite series 

$480,000,000 + $480,000,000(0.6) + $480,000,000(0.6)? + --- 

Since |r| = |0.6| = 0.6 < 1, the series has a sum. Using the formula for the sum 
of an infinite geometric series, we have 

a, $480,000,000 
So = == = $1,200,000,000. CO 

| aaa es 

The total effect of the spending on the economy is $1,200,000,000. 

Now Try Exercise 67. 
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Visualizing 
the Graph 

Match the equation with its graph. 

Wee (2) re 

ys A Nextes 6s Se gs ap dll 

beta fe) ph oe 

4. f(x) =x 

5. a, =n 

N Ss ma ef ~~" 
I | 

a R 
| SS) 

~ 

i) 
+ — 

10. y= ox 4 

Answers on page A-65 
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| 

11.3 | Exercise Set 

Find the common ratio. 

Deo 48a on. 

2. 18, —6, 2, -%,... 

Belly aot 1: 

4, —8, —0.8, —0.08, —0.008, .. . 
2 4 8 16 

2D: 3> 3 3> 2H 

‘Supe ohel erase eee 

7. 6275) 0.6275, 0.06275,.... 

eel sa) 
: x x? Py oe 

5a 5a* 5a 
9. 5) SC Lee eG 

Dee Aas 28 

10. $780, $858, $943.80, $1038.18, ... 

Find the indicated term. 

Te 4,.84 16,0705 —the./ thterm 

12210550, 250; 4 2, the 9th term 

13. 2,2V3,6,...; the 9th term 
141 ee the > thiterm 

15. 4, —&,...; the 23rd term 

16. $1000, $1060, $1123.60, ...; the 5th term 

Find the nth, or general, term. 

D7 3509) oe. 1B 25 Ost ly seme 

je a Fal be are LO 2, AS Oe 

ee! RO EL 

IPH SS i as aL 
2 A 8 

23. Find the sum of the first 7 terms of the geometric series 

" 64124244", 

24. Find the sum of the first 10 terms of the geometric series 

16-8+4---:, 

25. Find the sum of the first 9 terms of the geometric series 

26. Find the sum of the geometric series 

= Sid (= 2 ee et), 

Determine whether the statement is true or false. 

270 Lhesequence 2, ONO 4, 4) > Sukie is 

geometric. 

28. The sequence with general term 3n is geometric. 

29. The sequence with general term 2” is geometric. 

30. Multiplying a term of a geometric sequence by 
the common ratio produces the next term of the 

sequence. 

31. An infinite geometric series with common ratio 
—0.75 has a sum. 

32. Every infinite geometric series has a limit. 

Find the sum, if it exists. 

33.4+2+1+--- 34.74+34+3+4+--- 

35. 25+ 20+ 16+--:- 

36. 100-10 +1-—y+-:- 

37.8 +40 + 200+ --- 

38. -6 + 3 —$ +3---- 

39. 0.6 + 0.06 + 0.006 + --- 

10 11 ») k 

400 > 3 Al. >15(=) 

50 CO 1 k=1 

42. S$} 200(1.08)* 43.055 (=) 
k=0 k= 1 

CO CO 

440 0! ASP y 12 5h 
k=1 k=1 

CO oO 

46. >' 400(1.0625)' 47. 5) $500(1.11)* 
k=1 k=] 

Co [oe 

48. S'$1000(1.06) * 49. 5) 16(0.1)k7} 
k=1 k=1 

[o.2} 8 ( 1 i 1 

50. =| 4 
= 3 \ 2 

Find fraction notation. 

51. 0.131313. .., or 0.13 52<-0.222244 or 02 

53. 8.9999 54. 6.161616 

55. 3.4125125 56. 12.7809809 



Dis 

58. 

Bo: 

60. 

6l. 

62. 

Daily Doubling Salary. Suppose that someone 
offered you a job for the month of February 
(28 days) under the following conditions. You will 
be paid $0.01 the 1st day, $0.02 the 2nd, $0.04 the 
3rd, and so on, doubling your previous day’s salary 
each day. How much would you earn altogether for 
the month? 

Bouncing Ping-Pong Ball. A ping-pong ball is 
dropped from a height of 16 ft and always rebounds 
{ of the distance fallen. 

a) How high does it rebound the 6th time? 
b) Find the total sum of the rebound heights of the 

ball. 

Bungee Jumping. A bungee jumper always rebounds 
60% of the distance fallen. A bungee jump is made 
using a cord that stretches to 200 ft. 

ak 

60% 

60% | / 
Yi 

a) After jumping and then rebounding 9 times, how 
far has a bungee jumper traveled upward (the total 
rebound distance)? 

b) About how far will a jumper have traveled upward 
(bounced) before coming to rest? 

Population Growth. A coastal town has a present 
population of 32,100, and the population is increas- 
ing by 3% each year. 

a) What will the population be in 15 years? 
b) How long will it take for the population to 

double? 

Amount of an Annuity. To save for the down pay- 

ment on a house, the Clines make a sequence of 

10 yearly deposits of $3200 each in a savings account 

on which interest is compounded annually at 4.6%. 

Find the amount of the annuity. 

Amount of an Annuity. To create a college fund, 

a parent makes a sequence of 18 yearly deposits of 

$1000 each in a savings account on which interest is 

compounded annually at 3.2%. Find the amount of 

the annuity. 

SECTION 11.3 

63. 

64. 

65. 

66. 

67. 

68. 

815 Geometric Sequences and Series 

Doubling the Thickness of Paper. A piece of paper is 
0.01 in. thick. It is cut and stacked repeatedly in such 
a way that its thickness is doubled each time for 
20 times. How thick is the result? 

Start 

Amount of an Annuity. A sequence of yearly 

payments of P dollars is invested at the end of each of 
N years at interest rate i, compounded annually. The 
total amount in the account, or the amount of the 
annuity, is V. 

a) Show that 

THUR as oy 

1 

b) Suppose that interest is compounded n times per 
year and deposits are made every compounding 
period. Show that the formula for V is then given by 

i nN 

A (1 “0 ‘| = | 
n 

i/n 

Amount of an Annuity. A sequence of payments of 
$300 is invested over 12 years at the end of each quarter 
at 5.1%, compounded quarterly. Find the amount of the 
annuity. Use the formula in Exercise 64(b). 

Vi= 

Amount of an Annuity. A sequence of yearly pay- 
ments of $750 is invested at the end of each of 10 years 
at 4.75%, compounded annually. Find the amount of the 
annuity. Use the formula in Exercise 64(a). 

The Economic Multiplier. Suppose that the gov- 
ernment is making a $13,000,000,000 expenditure 
to stimulate the economy. If 85% of this is spent 
again, and so on, what is the total effect on the 
economy? 

Advertising Effect. Gigi’s Cupcake Truck is about 
to open for business in a city of 3,000,000 people, 
traveling to several curbside locations in the city 
each day to sell cupcakes. The owners plan an 
advertising campaign that they think will induce 30% 
of the people to buy their cupcakes. They estimate 
that if those people like the product, they will induce 
30% + 30% + 3,000,000 more to buy the product, and 
those will induce 30% + 30% * 30% + 3,000,000 and so 

on. In all, how many people will buy Gigi’s cupcakes 
as a result of the advertising campaign? What per- 
centage of the population is this? 
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» Skill Maintenance 76. Find the sum of the first n terms of 

| ee tek 
For each pair of functions, find (f° g)(x) and 

(gof)(x). [2.3] 77. Find the sum of the first n terms of 

69. f(x) = x7, g(x) = 4x +5 7 — P+ xt -— 9 +-- 

70 (sx Ie e(xyt= x 8 78. The sides of a square are 16 cm long. A second square 
is inscribed by joining the midpoints of the sides, 

Solve. [5.5] successively. In the second square, we repeat the 

71. 5° = 35 72. logyx = —4 process, inscribing a third square. If this process is 

8 continued indefinitely, what is the sum of all the 

> Synthesis areas of all the squares? (Hint: Use an infinite 

73. Prove that 3 = Sviok 4 — We and 63 = 22 geometric series.) 

form a geometric sequence. 

74. Assume that a), a, a3, ... is a geometric sequence. 

Prove that In aj, In a), In a3, . . . is an arithmetic 

sequence. 

7s mconsiderthe sequence x + 3,Xcr 7.4% = 25. > o” 

a) Ifthe sequence is arithmetic, find x and then 
determine each of the 3 terms and the 4th term. 

b) If the sequence is geometric, find x and then de- 
termine each of the 3 terms and the 4th term. 

11.4 | | Mathematical Induction 

» Prove infinite sequences of statements using mathematical induction. 

In this section, we learn to prove a sequence of mathematical statements using a 

procedure called mathematical induction. 

» Proving Infinite Sequences of Statements 

Infinite sequences of statements occur often in mathematics. In an infinite 
sequence of statements, there is a statement for each natural number. For example, 

consider the sequence of statements represented by the following: 

“The sum of the first n positive odd integers is n°,” or 
se i a ata es tO el a 

Let’s think of this as S(m), or S,. Substituting natural numbers for n gives a 
sequence of statements. We list the first four: 

Si: lee f: 

SS ied a ef we 

See ledegea 6) Qua 34 

Sis ek oS +7 Slo. 

The fact that the statement is true for n = 1, 2, 3, and 4 might tempt us to con- 
clude that the statement is true for any natural number n, but we cannot be sure 
that this is the case. We can, however, use the principle of mathematical induction 
to prove that the statement is true for all natural numbers. 



When you are learning to 
do proofs by mathematical 
induction, it is helpful to 

first write out S,, S,, S,, and 

S,.+1- This helps to identify 

what is to be assumed and 
what is to be deduced. 
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THE PRINCIPLE OF MATHEMATICAL INDUCTION 

We can prove an infinite sequence of statements S,, by showing the following. 

(1) Basis step. S, is true. 

(2) Induction step. For all natural numbers k, S, > S; 41. 

Mathematical induction is analogous to lining up a sequence of dominoes. 
The induction step tells us that if any one domino is knocked over, then the one 
next to it will be hit and knocked over. The basis step tells us that the first domino 
can indeed be knocked over. Note that in order for all dominoes to fall, both condi- 
tions must be satisfied. 

EXAMPLE 1 Prove: For every natural number n, 

1434+5+---+ (Qn-1)=7f. 

Proof. We first write out S,, S), S,, and S;,44. 

Si | CLC ECBO Hee t+ On - 1) =r 

Si: =e 

So 14+34+54+---+(2k-1) =F 

Sate LR ed 5 +e (Ok 1) (hee 1) Sl | (Kee) 

(1) Basis step. S;, as listed, is true since 1 = ior eae 

(2) Induction step. We let k be any natural number. We assume S; to be true and try 
to show that it implies that S,; is true. Now S; is 

1+34+5+---+ (2k-1) =k. 

Starting with the left side of S,,, and substituting kK? forl+3+5+--- 

+ (2k — 1), we have 

ebegme cee (Oke i (2k aL) a | 

[aera Aes eoaley aU We assume §S; is true. 

=the Geek Aely—al 

kot 2a 
(k + 1). 

We have shown that for all natural numbers k, S, > S,4,. This completes the 

induction step. It and the basis step tell us that the proof is complete. 

Now Try Exercise 5. 
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EXAMPLE 2 Prove: For every natural number n, 

l ie a 
e+ +—= 
8 2 oF 

Proof. We first list S,, S,, S,, and S; +1. 

Teeeet | meme (oot 
Sy PUM ek EE ae > 

ae eras 2 gy 

1 2'-1 
Si: hoe | 

2 p 

Dy nln al oy a) 
Sy Sb = ge = Fe oF ry k 

ee oe ok 2 

' Nera eee tok iL Re 
wea tee: rene jig 

(1) Basis step. We show S, to be true as follows: 

2 =k, ae 
2 2 op 

(2) Induction step. We let k be any natural number. We assume S, to be true and try 
to show that it implies that S; ,, is true. Now S; is 

I ae Te ol 
~f—f=—F---f == = 
2) A 88 2 a 

We start with the left side of S,,,. Since we assume that S; is true, we can 

substitute 

ae] ihe er 
i 10) mi ig = a migcle  a 

2 2 4 2 

We have 

eles ee + : 
a) 4 8 2 op get 

V 
ed rl Lente tas al 
ae: akt1 9k 2 i ak+1 

get 

FH 241 
- ak+1 

We have shown that for all natural numbers k, S, > S;,,.,. This completes the in- 
duction step. It and the basis step tell us that the proof is complete. 

Now Try Exercise 15. 
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EXAMPLE 3 Prove: For every natural number n,n < 2". 

Proof. We first list S,, S,, S, and Sj. 

Ss Hei) 

OT: k= 2 

Sk: ka 

Sea ee 

(1) Basis step. S,, as listed, is true since 2' = 2 and 1 < 2. 

(2) Induction step. We let k be any natural number. We assume S; to be true and try 
to show that it implies that S,,, is true. Now 

[eee oy This is S,. 

5) aes Joa Multiplying by 2 on both sides 

DESO Adding exponents on the right 

Kid — 2k Rewriting 2k ask + k 

Since k is any natural number, we know that 1 = k. Thus, 

Reatos este cian: Adding k on both sides of 1 = k 

Putting the results k + 1 < k + kandk + k < 2**! together gives us 

karl = Oe, | hints, 

We have shown that for all natural numbers k, S, > S;,,,. This completes the 
induction step. It and the basis step tell us that the proof is complete. 

Now Try Exercise 11. 

11.4 Exercise Set 

List the first five statements in the sequence that can be ob- 12ees eee 8272 
tained from each of the following. Determine whether each ’ ' ' " 
of the five statements is true or false. | eee ge ee ee = 

5 3 IW Pk 8 Oa ier ae ae al 
n= 7 

: 1 1 
2. nw — n+ 41 is prime. Find a value for n for which 15. : ae re Her ce 

tee os Died Ave Sie Ai the statement is false. 
1 Aiea) 

UCP e se oy) 8 Gee 
3. A polygon of n sides has [n(n — 3)]/2 diagonals. 

4, The sum of the angles of a polygon of n sides is 

(4— 2) =180", 

Use mathematical induction to prove each of the following. 

16. If x is any real number greater than 1, then for any 
natural number n, x = x". 

The following formulas can be used to find sums of powers 

Sh ae of natural numbers. Use mathematical induction to prove 

6.44+8+12+---+4n = 2n(n + 1) each formula. 

7.1+54+9+--: + (4n — 3) = n(2n - 1) Te re nee 
Z. 

3n(n + 1) 

VE eae ap ele eae eet a 3 

95) ee Bpe = (21) 
n(n a 1) 

it) 2S ye iliks 7a< Yar il 19 P42 eS. LS 

4 
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DO iD e ey fae 
Pe Oe 1)(31? + 3n — 1) 

z 30 

Use mathematical induction to prove each of the following. 

21. dil Shy eye ue ie 

2. +2442) (+2) 

= Gap il 

23. The sum of n terms of an arithmetic sequence: 

Vidi. @)) an ld) ay te ol) | 

= 5 (2a a Grits) | 

» Skill Maintenance 

Solve. 

2A oy = 1; 

3x — 4y = 3 [9.1], [9.3], [9.5], [9.6] 

25. Investment. Clarise received $104 in simple interest 
one year from three investments. Part is invested at 
1.5%, part at 2%, and part at 3%. The amount invested 
at 2% is twice the amount invested at 1.5%. There 
is $400 more invested at 3% than at 2%. Find the 
amount invested at each rate. [9.2], [9.3], [9.5], [9.6] 

» Synthesis 

Use mathematical induction to prove each of the following. 

26. The sum of n terms of a geometric sequence: 

2 Yeo) alee A ieee ot Ait ta 8 at 2 ae ee 
laa 3 

27 aX Feyisatactor ofa — 

Sequences, Series, and Combinatorics 

Prove each of the following using mathematical induction. 

Do the basis step forn = 2. 

28. For every natural number n = 2, 

2h oe 

29. For every natural number n = 2, 

log, (bib. - - * by) 
= log, b; + log, 0) = log, a 

Prove each of the following for any complex numbers Z,, 
Zyy » +> Zp» Where i? = —1 and Z is the conjugate of z. 

30,2 = 2 

3L-gse e+ eye ee eee 

32. The Tower of Hanoi Problem. There are three pegs 
on a board. On one peg are n disks, each smaller than 
the one on which it rests. The problem is to move this 
pile of disks to another peg. The final order must be 
the same, but you can move only one disk at a time 
and can never place a larger disk on a smaller one. 

a) What is the fewest number of moves needed to 
move 3 disks? 4 disks? 2 disks? 1 disk? 

b) Conjecture a formula for the fewest number of 
moves needed to move n disks. Prove it by math- 
ematical induction. 

Mid-Chapter Mixed Review 

Determine whether the statement is true or false. 

1. The general term of the sequence 1, —2, 3, —4,... 
can be expressed as a, = n. [11.1] 

Sx Lie Sequencey/.3. cal. Sameem 
[11.2], [11.3] 

is geometric. 

2. To find the common difference of an arithmetic 
sequence, choose any term except the first and then 
subtract the preceding term from it. [11.2] 

4. If we can show that S, > S,,, for some natural 
number k, then we know that S, is true for all natural 
numbers n. [11.4] 
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In each of the following, the nth term of a sequence is given. Find the first 4 terms, do, and a4. [11.1] 
5. a, = 3n +5 Gaye al) en a) 

Predict the general term, or nth term, a,, of the sequence. Answers may vary. [11.1] 
TES 5089 wli28 155 we oe rep ieee! p= he Me) a Sr 

* . z 9. vet! ane parial sum S, for the sequence 10. Find and evaluate the sum » k(k + 1). [11.1] 
Dosateige ok da dd aa 

11. Write sigma notation for the sum 12. Find the first 4 terms of the sequence defined by 
—4+8-—12+16-20+--:. fill] Deen ee 4g | 

13. Find the common difference of the arithmetic 14. Find the 10th term of the arithmetic sequence 
sequence 12,./,2;.=3,. =... [112] 4,6) 0310. an.) (Nd 2] 

15. In the sequence in Exercise 14, what term is the 16. Find the sum of the first 16 terms of the arithmetic 
number 44? [11.2] series Gy Wh. 6 at 2] hes el fide] 

17. Find the common ratio of the geometric sequence 18. Find (a) the 8th term and (b) the sum of the 
LN ei al ee bb first 10 terms of the geometric sequence 

Te [11.3] 16> 8 4222 4,---- [41. 

Find the sum, if it exists. [11.3] 
CO 

1D 3 oe Ce ie 20 5: 
k=0 

21. Landscaping. A landscaper is planting a triangular 22. Amount of an Annuity. To save money for adding a 
flower bed with 36 plants in the first row, 30 plants in bedroom to their home, at the end of each of 4 years 
the second row, 24 in the third row, and so on, for a the Davidsons deposit $1500 in an account that pays 
total of 6 rows. How many plants will be planted 4% interest, compounded annually. Find the total 
in all? [11.2] amount of the annuity. [11.3] 

23. Prove: For every natural number n, 

1+4+7+---+ (3n — 2) = jn(3n — 1). [11.4] 

fore) |F-lerele-1eh =m Plivetii-silelale-lalels anelare) 

24. The sum of the first n terms of an arithmetic 25. It is said that as a young child, the mathematician 

sequence can be given by Karl FE. Gauss (1777-1855) was able to compute the 

a sum da 3 ee 100 very quickly im his 

Sites 24 Te? aael) 4]. head to the amazement of a teacher. Explain how 
5 Gauss might have done this had he possessed some 

Compare this formula to knowledge of arithmetic sequences and series. Then 

n give a formula for the sum of the first n natural 
Sn = Pac + ay). numbers. [11.2] 

Discuss the reasons for the use of one formula over 

the other. [11.2] 

26. Write a problem for a classmate to solve. Devise 27. Write an explanation of the idea behind mathemati- 

the problem so that a geometric series is involved cal induction for a fellow student. [11.4] 

and the solution is “The total amount in the bank is 

900(1.08)*°, or about $19,552” [11.3] 
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Combinatorics: Permutations 

» Evaluate factorial notation and permutation notation 

and solve related applied problems. 

In order to study probability, it is first necessary that we learn about combinator- 

ics, the theory of counting. 

» Permutations 

In this section, we will consider the part of combinatorics called permutations. 

The study of permutations involves order and arrangements. 

EXAMPLE 1 How many 3-letter code symbols can be formed with the letters 
A, B, C without repetition (that is, using each letter only once)? 

Solution Consider placing the letters in these boxes. 

ner 

We can select any of the 3 letters for the first letter in the symbol. Once this 
letter has been selected, the second must be selected from the 2 remaining letters. 
After this, the third letter is already determined, since only 1 possibility is left. That 
is, we can place any of the 3 letters in the first box, either of the remaining 2 letters 
in the second box, and the only remaining letter in the third box. The possibilities 
can be determined using a tree diagram, as shown below. 

TREE DIAGRAM OUTCOMES 

A B—C ABC 

oman ACB 
= Each outcome 

B i es C BAC represents one 

C—A BCA permutation of 
. ean CAB the letters A, B, C. 

ee CBA 

We see that there are 6 possibilities. The set of all the possibilities is 

{ ABC, ACB, BAC, BCA, CAB, CBA}. 

This is the set of all permutations of the letters A, B, C. ——_ >I 

Suppose that we perform an experiment such as selecting letters (as in the 
preceding example), flipping a coin, or drawing a card. The results are called 
outcomes. An event is a set of outcomes. The following principle enables us to 
count actions that are combined to form an event. 



Technology Connection 

We can find the total number 
of permutations of n objects, 
as in Example 3, using the ,,P, 
operation from the MATH PRB 
(probability) menu on a 
graphing calculator. 

4 nPr 4 

Te Tia Je 
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THE FUNDAMENTAL COUNTING PRINCIPLE 

Given a combined action, or event, in which the first action can be performed 
in n; ways, the second action can be performed in n) ways, and so on, the total 
number of ways in which the combined action can be performed is the product 

Thus, in Example 1, there are 3 choices for the first letter, 2 for the second 
letter, and 1 for the third letter, making a total of 3 + 2 1, or 6 possibilities. 

EXAMPLE 2 How many 3-letter code symbols can be formed with the letters 
A, B, C, D, E with repetition (that is, allowing letters to be repeated)? 

Solution Since repetition is allowed, there are 5 choices for the first letter, 
5 choices for the second, and 5 for the third. Thus, by the fundamental counting 
principle, there are 5° 5° 5, or 125 code symbols. oo | 

PERMUTATION 

A permutation of a set of n objects is an ordered arrangement of all n objects. 

We can use the fundamental counting principle to count the number of per- 
mutations of the objects in a set. Consider, for example, a set of 4 objects 

ABBE IDS 

To find the number of ordered arrangements of the set, we select a first letter: 
There are 4 choices. Then we select a second letter: There are 3 choices. Then we 
select a third letter: There are 2 choices. Finally, there is 1 choice for the last selec- 
tion. Thus, by the fundamental counting principle, there are 4°3+2- 1, or 24, per- 
mutations of a set of 4 objects. 

We can find a formula for the total number of permutations of all objects in 
a set of n objects. We have n choices for the first selection, n — 1 choices for the 
second, n — 2 for the third, and so on. For the nth selection, there is only 1 choice. 

THE TOTAL NUMBER OF PERMUTATIONS OF n OBJECTS 

The total number of permutations of n objects, denoted ,,P,,, is given by 

P= i 1 tee 2 oy 3 I 

EXAMPLE 3 Find each of the following. 

a) 4P, b) >P; 
Solution 

Start with 4. 

A) By a OBO ey 

t i : — 4 factors 

DP es As3* 2-1 = 5040 
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Technology Connection 

We can evaluate factorial 

notation using the ! operation 

from the MATH PRB (probability) 

menu. 

EXAMPLE 4 In how many ways can 9 packages be placed in 9 mailboxes, one 

package in a box? 

Solution We have 

oPy = 9°8°7°6°5°4°3+2°1 = 362,880. 

» Factorial Notation 

We will use products such as 7*6°5+4+3+2+1 so often that it is convenient to 

adopt a notation for them. For the product 

TOPS A292 21, 

we write 7!, read “7 factorial.” 

We now define factorial notation for natural numbers and for 0. 

FACTORIAL NOTATION 

For any natural number n, 

nerenty "1 2 en ga aT: 

For the number 0, 

Ol 1. 

We define 0! as 1 so that certain formulas can be stated concisely and with a 
consistent pattern. 

Here are some examples of factorial notation. 

T= 700° 4 329 le = 5040 

Ol = 6°5*4°3-2°1-= "720 

5! = eae Dad e709 eae id 

Al = Ae S22 Wee 124 

31 = 2°21 6 

21 = 2-1>= i 

I! = | = 1 

Ol = | = 1 

We now see that the following statement is true. 

We will often need to manipulate factorial notation. For example, note that 

CUS 72 62094 1302) 

= 89(7-6-524< 359 "ye 7), 

Generalizing, we get the following. 

For any natural number n, n! = n(n — 1)! 

By using this result repeatedly, we can further manipulate factorial notation. 
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EXAMPLE 5 _ Rewrite 7! witha factor of 5!. 

Solution We have 7! = 7-6! = 7°6°5l. —— 

In general, we have the following. 

For any natural numbers k and n, with k < n, 

l= Seo) (ere eer |i (ki 1) | (n — ky Ge) ieee) eels (ke NI (n — &) 

k factors n — k factors 

» Permutations of n Objects 

Taken k at a Time 

Consider a set of 5 objects 

CANBY Ge DEN 

How many ordered arrangements can be formed using 3 objects from the set with- 
out repetition? Examples of such an arrangement are EBA, CAB, and BCD. There 

are 5 choices for the first object, 4 choices for the second, and 3 choices for the 
third. By the fundamental counting principle, there are 

5°43, or 60 permutations of a set of 5 objects taken 3 at a time. 

Note that 

3 ae 32 Deel 5 
Die 2 eee oem te Lene 

PERMUTATION OF n OBJECTS TAKEN k AT A TIME 

A permutation of a set of n objects taken k at a time is an ordered arrange- 
ment of k objects taken from the set. 

Consider a set of n objects and the selection of an ordered arrangement of k 
of them. There would be n choices for the first object. Then there would remain 

n — 1 choices for the second, n — 2 choices for the third, and so on. We make k 
choices in all, so there are k factors in the product. By the fundamental counting 
principle, the total number of permutations is 

nee (ieee eRe al) 

k factors 

We can express this in another way by multiplying by 1, as follows: 

(n — k)! 
TUG GA) 8 PON es Ae Doe ry 

n(n — 1)(n — 2)-+-[n — (k — 1)](n — k)! 

(=k)! 
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This gives us the following. 

THE NUMBER OF PERMUTATIONS OF n OBJECTS 

TAKEN k AT A TIME 

The number of permutations of a set of n objects taken k at a time, denoted 

nPp is given by 

Pe=intyia LL) se) nh ae (1) 

k factors 

ha n! : (2) 

(a kh! 

EXAMPLE 6 Compute sP, using both forms of the formula. 
Technology Connection 

Solution Using form (1), we have 

We can evaluate computations —— The 8 tells where to start. 

like the one in Example 6 | i 
using the ,,P, operation from Pp = 48+ Or oas=~ 1680, 

the MATH PRB menu on a ip re TEL 
graphing calculator. i 

8 nPr 4 Using form (2), we have 
1680 

8! 8! 
gy = es 

The 4 tells how many factors. 

(8-4)! 4! 
87767574! 872675 

4! at 
8°7°6°5 = 1680. Now Try Exercise 3. 

EXAMPLE 7 Flags of Nations. The flags of many nations consist of three 
horizontal stripes. For example, the flag of the Netherlands, shown here, has its first 
stripe red, its second white, and its third blue. 

Suppose that the following 7 colors are available: 

{black, yellow, red, white, blue, orange, green}. 

How many different flags of three horizontal stripes can be made without repetition of 
colors in a flag? (This assumes that the order in which the stripes appear is considered.) 

Solution We are determining the number of permutations of 7 objects taken 3 at 
a time. There is no repetition of colors. Using form (1), we get 

Py = 7+6+5 = 210. 
EXAMPLE 8 Batting Orders. A baseball manager arranges the batting order as 
follows: The 4 infielders will bat first. Then the 3 outfielders, the catcher, and the pitcher 
will follow, not necessarily in that order. How many different batting orders are possible? 

Solution ‘The infielders can bat in ,P, different ways, the rest in ;P; different 
ways. Then by the fundamental counting principle, we have 

4P4*5Ps; = 4!°5!, or 2880 possible batting orders. 

Now Try Exercise 31. 

If we allow repetition, a situation like the following can occur. 
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EXAMPLE 9 How many 5-letter code symbols can be formed with the letters 
A, B, C, and D if we allow a letter to occur more than once? 

Solution We can select each of the 5 letters in 4 ways. That is, we can select the 
first letter in 4 ways, the second in 4 ways, and so on. Thus there are 4°, or 1024 
arrangements. Now Try Exercise 37(b). 

[ | 
The number of distinct arrangements of n objects taken k at a time, 
allowing repetition, is n*. | 

» Permutations of Sets with 

Nondistinguishable Objects 

Consider a set of 7 marbles, 4 of which are blue and 3 of which are red. When they 
are lined up, one red marble will look just like any other red marble. In this sense, 
we say that the red marbles are nondistinguishable and, similarly, the blue marbles 
are nondistinguishable. 

We know that there are 7! permutations of this set. Many of them will look alike, 
however. We develop a formula for finding the number of distinguishable permutations. 

Consider a set of n objects in which n, are of one kind, n, are of a second 

kind, ..., and m are of a kth kind. The total number of permutations of the set is 
n!, but this includes many that are nondistinguishable. Let N be the total number 
of distinguishable permutations. For each of these N permutations, there are nj! 
actual, nondistinguishable permutations, obtained by permuting the objects of the 
first kind. For each of these N+ n,! permutations, there are ny! nondistinguishable 

permutations, obtained by permuting the objects of the second kind, and so on. By 
the fundamental counting principle, the total number of permutations, including 
those that are nondistinguishable, is 

EN fenutehty yar ais nd. 

Then we have N° n,!*n,!°---° n,! = n!. Solving for N, we obtain 

Ne 

Now, to finish our problem with the marbles, we have 

7! 
he 

413! 

7°6°5-Al TE See EO 2h HEN: ue -- = or LO) dane ne) 
NUE SOP Pa SE ao 1 

distinguishable permutations of the marbles. 
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In general, we have the following. 

For a set of n objects in which n, are of one kind, n, are of another kind, es 

and n; are of a kth kind, the number of distinguishable permutations is 

n! 

(OD SOF 78, | 

EXAMPLE 10 In how many distinguishable ways can the letters of the word 

CINCINNATI be arranged? 

Solution There are 2 C’s, 3 I’s, 3 N’s, 1 A, and 1 T for a total of 10 letters. Thus, 

7 10! 

MA sama 

The letters of the word CINCINNATI can be arranged in 50,400 distinguishable 

or 50,400. 

115 Exercise Set 

Evaluate. 27. How many permutations are there of the letters of 
ae 2. 4Ps the word EDUCATION if the letters are taken 4 at a 

time? 
3. 19P7 4. iP; 

28. How many permutations are there of the letters of 
5. 5! 6. 7! the word TOURISM if the letters are taken 5 at a 

70) 8. 1! time? 
9! 9! 29. How many 5-digit numbers can be formed using 

9. 51 10. 4 the digits 2, 4, 6, 8, and 9 without repetition? with 
f ; repetition? 

Ela oa): Ea Stat) 30. In how many ways can 7 athletes be arranged in a 
10! 7! straight line? 

ES ee TA eres ae 

73! (7 — 2)! 31. Program Planning. A program is planned to have 
15. sPp 16. 13P; 5 musical numbers and 4 speeches. In how many 

ways can this be done if a musical number and a 
17. soP4 18. 5)Ps speech are to alternate and a musical number is to 
19. ,P, 20. P> come first? 

ee DOE Ds 32. A professor is going to grade her 24 students on a 
curve. She will give 3 A’s, 5 B’s, 9 C’s, 4 D’s, and 

In each of Exercises 23-41, give your answer using per- 3 F’s, In how many ways can she do this? 

mutation notation, factorial notation, or other operations. 
Then evaluate. 33. Phone Numbers. How many 7-digit phone 

How many permutations are there of the letters in each numbers can be formed with the digits 0, 1, 2, 3, 
of the following words, if all the letters are used without 4, 5, 6,7, 8, and 9, assuming that the first number 
repetition? cannot be 0 or 1? Accordingly, how many telephone 

numbers can there be within a given area code, 
ee 24, ERULE before the area needs to be split with a new area 

25. EDUCATION 26. TOURISM code? 



34. 

35. 

36. 

55 

38. 

How many distinguishable code symbols can be 
formed from the letters of the word BUSINESS? 
BIOLOGY? MATHEMATICS? 

Suppose the expression a*b°c* is rewritten without 
exponents. In how many distinguishable ways can this 
be done? 

Coin Arrangements. A penny, a nickel, a dime, and a 
quarter are arranged in a straight line. 

a) Considering just the coins, in how many ways can 
they be lined up? 

b) Considering the coins and heads and tails, in how 
many ways can they be lined up? 

How many code symbols can be formed using 5 out of 
G letters ofA, B,'CyD) E, Fit the letters: 

a) are not repeated? 
b) can be repeated? 
c) are not repeated but must begin with D? 
d) are not repeated but must begin with DE? 

License Plates. A state forms its license plates by first 
listing a number that corresponds to the county in 
which the owner of the car resides. (The names of the 

counties are alphabetized and the number is its loca- 
tion in that order.) Then the plate lists a letter of the 
alphabet, and this is followed by a number from 1 to 
9999. How many such plates are possible if there are 
80 counties? 
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39. Zip Codes. 
number. 

A US. postal zip code is a five-digit 

a) How many zip codes are possible if any of the 
digits 0 to 9 can be used? 

b) If each post office has its own zip code, how many 
possible post offices can there be? 

40. Zip-Plus-4 Codes. A zip-plus-4 postal code uses a 
9-digit number like 75247-5456. How many 9-digit 
zip-plus-4 postal codes are possible? 

41. Social Security Numbers. A social security number is 
a 9-digit number like 243-47-0825. 

a) How many different social security numbers can 
there be? 

b) There are about 311 million people in the United 
States. Can each person have a unique social secu- 
rity number? 

» Skill Maintenance 
Find the zero(s) of the function. 

42. f(x) = 4x — 9 [1.5] 

COIN CO) Se eh (a) 

44. f(x eee = 13h =a 13.2] 

45. f(x) = x? — 4x? — 7x + 10 [4.4] 

> ne 

Solve for n. 

46. Ps = 7° Ps GPO IDs 

48. jee eee eth 4 49, yg = 8>,,P3 

50. Show that n! = n(n — 1)(n — 2)(n — 3)!. 

51. Single-Elimination Tournaments. In a single- 
elimination sports tournament consisting of n 
teams, a team is eliminated when it loses one game. 
How many games are required to complete the 
tournament? 

52. Double-Elimination Tournaments. Ina double- 
elimination softball tournament consisting of n 
teams, a team is eliminated when it loses two games. 
At most, how many games are required to complete 

the tournament? 
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Combinatorics: Combinations 

» Evaluate combination notation and solve related applied problems. 

eee 

We now consider counting techniques in which order is not considered. 

» Combinations 

We sometimes make a selection from a set without regard to order. Such a selection 

is called a combination. If you play cards, for example, you know that in most situ- 

ations the order in which you hold cards is not important. That is, 

The hand 

is “equivalent” 

to these hands. 

Each hand contains the same combination of three cards. 

EXAMPLE 1 Find all the combinations of 3 letters taken from the set of 5 letters 

{A,B Cy DAB 

Solution The combinations are 

AS Bats {A, B, D}, 

{A, B, E}, (A; GDR 

(AS GiB by ASD SE}. 

Cao Oe {B,CeES 

{BeDiE}, 1O.D Eye 

There are 10 combinations of the 5 letters taken 3 at a time. ———>if 

When we find all the combinations from a set of 5 objects taken 3 at a time, 

we are finding all the 3-element subsets. When a set is named, the order of the ele- 
ments is not considered. Thus, 

{A,C,B} names the same setas {A, B, C}. 

COMBINATION; COMBINATION NOTATION 

A combination containing k objects chosen from a set of n objects, k = n, 
is denoted using combination notation ,,C,. 



5C; of these 
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We want to derive a general formula for ,C, for any k = n. First, it is true that 
nCn = 1, because a set with n objects has only 1 subset with n objects, the set itself. 
Second, ,C, = n, because a set with n objects has n subsets with 1 element each. 

Finally, ,Cy = 1, because a set with n objects has only one subset with 0 elements, 
namely, the empty set @. To consider other possibilities, let’s return to Example 1 
and compare the number of combinations with the number of permutations. 

COMBINATIONS PERMUTATIONS 

(ARSC eee ABOREBCAGEGABe GBA) BAC AGB 
{A,B,D} —> ABD BDA DAB DBA BAD ADB 
{A,B,E} —> ABE BEA EAB EBA BAE_ AEB 
PAVG sD == ACD CDA DAG DCA) CAD AD© 
(ASGAE) == pA@Eul CEAMMEAGHRECA CAE AEC 
{A,D,E} > ADE DEA EAD EDA DAE AED 
{ByvG,D\ =s BCD “GCDB ‘BG DEB™ CBDEeBDE 
{B,C,E} —> BCE CEB EBC ECB CBE BEC 
{B,D,E} —> BDE DEB EBD EDB DBE BED 
{C.D} E} == CDE DEC \ECD EDC DCE CED 

3! + 5C3 of these 

Note that each combination of 3 objects yields 6, or 3!, permutations: 

SO On = 60 = 5P3 = By 0 Alo 3). 

SO 

In general, the number of combinations of n objects taken k at a time, ,,C;, times 

the number of permutations of these objects, k!, must equal the number of permu- 

tations of n objects taken k at a time: 

ier Gy = AER 

nUk = airs 

COMBINATIONS OF n OBJECTS TAKEN k AT A TIME 

The total number of combinations of n objects taken k at a time, denoted 

nCp is given by 

! 

G=—— (1) 

OF 

nk St a : (2) 
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Another kind of notation for ,C; is binomial coefficient notation. The reason 

for such terminology will be seen later. 

BINOMIAL COEFFICIENT NOTATION 

You should be able to use either notation and either form of the formula. 

vi 
EXAMPLE 2 Evaluate @ using forms (1) and (2). 

Solution 

a) By form (1), 

Technology Connection 

We can do computations like ae 

the one in Example 2 using the - = 2]. 
nC, Operation from the MATH ne Rel UG 
PRB (probability) menu on a 
graphing calculator. The 5 tells how many factors there 

are in both the numerator and 
pra the denominator and where to 

21 start the denominator. 
Now Try Exercise 11. 

n 

i) does not mean n + k, or n/k. Be sure to keep in mind that ( 

EXAMPLE 3. Evaluate (") and i 

Solution We use form (1) for the first expression and form (2) for the second. 
Then 

@ 2 n! — nl =i 

0/ ONMn—Oo)! ent’ 

using form (1), and 

(") n(n—1) n(n —1) ye 
Z 

= = Mor 

using form (2). Now Try Exercise 19. 

2! 2 aa 
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Note that 

(5) oie 
2 eal 

Using the result of Example 2 gives us 

This says that the number of 5-element subsets of a set of 7 objects is the same as 
the number of 2-element subsets of a set of 7 objects. When 5 elements are chosen 
from a set, one also chooses not to include 2 elements. To see this, consider the set 
{A, B, C, D, E, F, G}: 

{B, G} 
it 

| | Each time we form a subset with 
1D, Dera Gy 5 elements, we leave behind a subset 
ro with 2 elements, and vice versa. 

{A, C, D, E, F} 

In general, we have the following. This result provides an alternative way to 
compute combinations. 

SUBSETS OF SIZE k AND OF SIZE n — k 

(i) = (75) at a=. eek an. fl Kegel 1“ 

The number of subsets of size k of a set with n objects is the same as the 
number of subsets of size n — k. The number of combinations of n objects 
taken k at a time is the same as the number of combinations of n objects 
taken n — kata time. 

We now solve problems involving combinations. 

EXAMPLE 4 Indiana Lottery. Run by the state of Indiana, Hoosier Lotto is a 
twice-weekly lottery game with jackpots starting at $1 million. For a wager of $1, a 
player can choose 6 numbers from 1 through 48. If the numbers match those drawn 
by the state, the player wins the jackpot. (Source: www.hoosierlottery.com) 

a) How many 6-number combinations are there? 

b) Suppose it takes you 10 min to pick your numbers and buy a game ticket. How 
many tickets can you buy in 4 days? 

c) How many people would you have to hire for 4 days to buy tickets with all the 
possible combinations and ensure that you win? 
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Solution 

a) No order is implied here. You pick any 6 different numbers from 1 through 48. 

Thus the number of combinations is 

ee @ _ 48! _ 48! 
so \ 6 O48 6)! <6l42! 

48+47+46+45+44+ 43-421 
6°5+4+3+2+1-42t 

48-47-46 -45-44- 43 
eee oy 

=) 2,271,512. 

b) First, we find the number of minutes in 4 days: 

24hf 60 min 
4 days = 4 days: ° 

lday hf 

Thus you could buy 5760/10, or 576 tickets in 4 days. 

c) You would need to hire 12,271,512/576, or about 21,305 people, to buy tickets 
with all the possible combinations and ensure a win. (This presumes lottery tick- 

ets can be bought 24 hours a day.) 

EXAMPLE 5 How many committees can be formed from a group of 5 gover- 
nors and 7 senators if each committee consists of 3 governors and 4 senators? 

= 5760 min. 

Solution The 3 governors can be selected in ;C; ways and the 4 senators can be 
selected in 7C, ways. If we use the fundamental counting principle, it follows that 
the number of possible committees is 

5C3°7C4 = 3121 413 

Bedale 654! 
Aer sae 
5+2+2:3 7+B+2-5 +A 
We7-1 2 A321 

= 10-35 

= 350. 

CONNECTING THE CONCEPTS 

Permutations and Combinations 

" PERMUTATIONS COMBINATIONS 

Permutations involve order and arrangements Combinations do not involve order or 
of objects. arrangements of objects. 

Given 5 books, we can arrange 3 of them ona Given 5 books, we can select 3 of them in ;C;, 
shelf in ;P;, or 60 ways. or 10 ways. 

Placing the books in different orders produces The order in which the books are chosen does 
different arrangements. not matter. 
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Evaluate. 

aU) «(3) 
wa 

LEIS — SI Se 
a 

ae eS Co (es) SS 

ET. ( 
= (i) 

* (i)  (;) 
a (7) 2.(1) 
In each of the following exercises, give an expression for the 
answer using permutation notation, combination notation, 

factorial notation, or other operations. Then evaluate. 

23. Key Club Officers. There are 36 students in a high 
school Key Club, a service organization for teens. 
How many sets of 4 officers can be selected? 

24. League Games. How many games can be played in 

a 9-team sports league if each team plays all other 

teams once? twice? 

25. Test Options. Ona test, a student is to select 10 

out of 13 questions. In how many ways can this be 

done? 

26. 

27. 

28. 

29. 

30. 

31. 

32. 

Senate Committees. Suppose that the Senate of the 
United States consists of 58 Democrats and 
42 Republicans. How many committees can be 
formed consisting of 6 Democrats and 4 Republicans? 

Test Options. Of the first 10 questions on a test, a 
student must answer 7. Of the second 5 questions, the 
student must answer 3. In how many ways can this be 
done? 

Lines and Triangles from Points. How many lines are 
determined by 8 points, no 3 of which are collinear? 
How many triangles are determined by the same 
points? 

Poker Hands. How many 5-card poker hands are 
possible with a 52-card deck? 

Bridge Hands. How many 13-card bridge hands are 
possible with a 52-card deck? 

Baskin-Robbins Ice Cream. Burt Baskin and Irv 
Robbins began making ice cream in 1945. Initially 
they developed 31 flavors—one for each day of the 
month. (Source: Baskin-Robbins) 

a) How many 2-dip cones are possible using the 31 
original flavors if order of flavors is to be consid- 
ered and no flavor is repeated? 

b) How many 2-dip cones are possible if order is to 
be considered and a flavor can be repeated? 

c) How many 2-dip cones are possible if order is not 
considered and no flavor is repeated? 

Powerball”. Powerball® is a biweekly lottery game 
in which 5 white balls are drawn from a drum of 

59 balls numbered 1-59 and 1 red ball is drawn 

from a drum of 35 balls numbered 1-35. To win the 

jackpot, a player must select numbers to match in 
any order the 5 white balls and the 1 red ball. (Source: 
www.powerball.com) How many 6-number combina- 
tions are there? 

» Skill Maintenance 

Solve. 

33. 3x — 7 = 5x + 10 [1.5] 

34. 2x7 — x = 3 [3.2] 

35. x7 + 5x + 1=0 [3.2] 

36. x? + 3x* — 10x = 24 [4.4] 
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» Synthesis re (" i ) 7 s-(") 
37. Flush. A flush in poker consists of a 5-card ce! 2 

hand with all cards of the same suit. How many e a 

5-card hands (flushes) are there that consist of all 44. ( ) =2: ( : ) 

diamonds? 

45. How many line segments are determined by the n 
vertices of an n-gon? Of these, how many are diago- 
nals? Use mathematical induction to prove the result 

for the diagonals. 

38. Full House. A full house in poker consists of three 
of a kind and a pair (two of a kind). How many full 
houses are there that consist of 3 aces and 2 queens? 
(See Section 11.8 for a description of a 52-card deck.) 

39. League Games. How many games are played ina 46. Prove that 
league with n teams if each team plays each other n n ioe 
team once? twice? joe sc aes : 

40. There are n points on a circle. How many quadrilater- for any natural numbers n and k, k = n. 
als can be inscribed with these points as vertices? 

Solve for n. 

u(0)- 

The Binomial Theorem 

» Expand a power of a binomial using Pascal's triangle or factorial notation. 

» Find a specific term of a binomial expansion. 

» Find the total number of subsets of a set of n objects. 

In this section, we consider ways of expanding a binomial (a + b)". 

» Binomial Expansion Using Pascal’s Triangle 

Consider the following expanded powers of (a + b)", wherea + bis any binomial 
and n is a whole number. Look for patterns. 
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Gry) l 

ab) = ab 

eae = a + 2ab+ b? 

diet (0) a= a + 3a°b + 3a + BD 

ashi). = a’ + 4a’b + 6a°b’ + 4ab> + bt 

a+b) =@ + 5a’b + 10a°*b* + 10a°b? + Sab* + Db LE I 

S 

Each expansion is a polynomial. There are some patterns to be noted. 

1. There is one more term than the power of the exponent, n. That is, there are 
n + 1 terms in the expansion of (a + b)”. 

2. In each term, the sum of the exponents is 1, the power to which the binomial is 
raised. 

3. The exponents of a start with n, the power of the binomial, and decrease to 0. 
The last term has no factor of a. The first term has no factor of b, so powers of b 
start with 0 and increase to n. 

4. The coefficients start at 1 and increase through certain values about “half”-way 
and then decrease through these same values back to 1. 

Let’s explore the coefficients further. Suppose that we want to find an expan- 
sion of (a + b)°. The patterns we just noted indicate that there are 7 terms in the 

expansion: 

a + gab + cal? + ca°b? + cya’b* + csab? + DS. 

How can we determine the value of each coefficient, c;? We can do so in two ways. 
The first method involves writing the coefficients in a triangular array, as follows. 
This is known as Pascal’s triangle: 

(a+b) l 

(a + b): ] 1 

(a+ b): Eee owl 

(a + b)?: Ratan eng cY 

(a+ b)*: Lorreh drei Omens &, il 

(gicce) cre lenmomelO a0 5° 

There are many patterns in the triangle. Find as many as you can. 
Perhaps you discovered a way to write the next row of numbers, given the 

numbers in the row above it. There are always 1’s on the outside. Each remaining 

number is the sum of the two numbers above it. Let’s try to find an expansion for 

(a + b)° by adding another row using the patterns we have discovered: 
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We see that in the last row 

the 1st and last numbers are 1; 

the 2nd number is 1 + 5, or 6; 

the 3rd number is 5 + 10, or 15; 

the 4th number is 10 + 10, or 20; 

the 5th number is 10 + 5, or 15; and 

the 6th number is 5 + 1, or 6. 

Thus the expansion for (a + b)° is 

(a + b)® = 1a® + 6ab + 15a*b? + 20a°b? + 15a’b* + Gab? + 10°. 

To find an expansion for (a + b)°, we complete two more rows of Pascal’s 

triangle: 

Thus the expansion of (a + b)* is 

(a +b)’ = a + 8a'b + 28a + 56a@b + 70a + 56a 

+ 28a°b° + 8ab’ + B®. 

We can generalize our results as follows. 

THE BINOMIAL THEOREM USING PASCAL’S TRIANGLE 

For any binomial a + b and any natural number n, 

(a+ by = aah’ + ca" “b+ oa 7 - 

+6, GO Pd O 

where the numbers C9, ¢, C, . . . » C,—1,C, are from the (n + 1)st row of 
Pascal’s triangle. 

EXAMPLE 1° Expand: (u — v)°. 

Solution We have (a + b)", where a = u,b = —v,andn = 5. We use the 6th 
row of Pascal's triangle: 

I 5 10 10 5 1 
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Then we have 

(ea) oe) WuretOrv) fa 
= 1H)? + b(a) (=v) + 10(u)?(—v) + 10(u)7(—y)? 

+ 5(a)(=v) + (=v)? 

= 2 — 5u’v + 100 — 10? + Suv — v. 

Note that the signs of the terms alternate between + and —. When the power of —v 
is odd, the sign is —. Now Try Exercise 5. 

4 

EXAMPLE 2 Expand: (2 + *) 

Solution We have (a + b)", where a = 2t, b = 3/t,andn = 4. We use the 5th 
row of Pascal’s triangle: 

1 4 6 4 ] 

Then we have 

(2+ 2) = int + sen?) + oan(2) + 4en(2) +12) 
1(16¢!) + (s°\(2) - a(4r\(2 ) 7 4(20( 77) ' (2) 

= 16f + 962 + 216 + 216f2 + 81674. 
Now Try Exercise 9. 

» Binomial Expansion Using Factorial Notation 

Suppose that we want to find the expansion of (a + b)''. The disadvantage in 
using Pascal’s triangle is that we must compute all the preceding rows of the trian- 
gle to obtain the row needed for the expansion. The following method avoids this. 
It also enables us to find a specific term—say, the 8th term—without computing all 
the other terms of the expansion. This method is useful in such courses as finite 
mathematics, calculus, and statistics, and it uses the binomial coefficient notation 

(") developed in Section 11.6. 

We can restate the binomial theorem as follows. 

THE BINOMIAL THEOREM USING FACTORIAL NOTATION 

For any binomial a + b and any natural number n, 

(Ga De ("Jere + ("er + ("Jerre cee: 

n 

The binomial theorem can be proved by mathematical induction. (See Exer- 

cise 57.) This form shows why & is called a binomial coefficient. 
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EXAMPLE 3 Expand: (x* — 2y)°. 

Solution We have (a + b)", where a = x°, b = —2y, and n = 5. Then using 

the binomial theorem, we have 

(ye | 

anaes Sri See 
Paes 

ine) 

es 

nn 
+ 

a Ee uw Sa 
as 
R 

iw) 

Nw es 
| ie) SS eee 

+ 

TGA ee? 
OS 
S 

ine) 

~~”. 

Ww 

nS 

| 
ie) — Nee 

to 

1+ x!9 + 5x8(—2y) + 10x°(4y”) + 10x*(—8y’) 

+ 5x*(16y*) + 1+ (—32y”) 

x! — 10x8y + 40x%y* — 80x4y? + 80x*y*4 — 32y”. 

Now Try Exercise 11. 

4 
D, 

EXAMPLE 4 Expand: (2 : Vx) 

Solution We have (a + b)", where a = 2/x,b = 3x, and n = 4. Then us- 
ing the binomial theorem, we have 

(E+ 9ve) = ()CE) + GG) ove + G)(@) eve 
“jonas (ova 

6 as <(S)e= ‘) 

" “(Soo + 4 (2)e) 

4! ; 
tices (ilk) 

4! 0! 

16 96 216 ie . 
re iS ews epi Os oar OL Are 

XG x9/2 XG 

Now Try Exercise 13. 

» Finding a Specific Term 

Suppose that we want to determine only a particular term of an expansion. The 
method we have developed will allow us to find such a term without computing all 
the rows of Pascal’s triangle or all the preceding coefficients. 

n n 
Note that in the binomial theorem, ("Jane gives us the Ist term, ("ar 

n = ‘ : gives us the 2nd term, Na *b* gives us the 3rd term, and so on. This can be 

generalized as follows. 
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FINDING THE (k + 1)ST TERM 

The (k + 1)st term of (a + b)" is ("erie 

EXAMPLE 5 Find the 5th term in the expansion of (2x — 5y)°®. 

Solution First, we note that 5 = 4 + 1. Thus, k = 4,a = 2x,b = —5y, and 
n = 6. Then the 5th term of the expansion is 

6 6-4 4 6! 2 4 2,4 (2x (= Sys fOr = 28) (Sy) Mors 500K 

Now Try Exercise 21. 

EXAMPLE 6 Find the 8th term in the expansion of (3x — 2)'°. 

Solution First, we note that 8 = 7 + 1. Thus, k = 7,a = 3x,b = —2, and 
n = 10. Then the 8th term of the expansion is 

10 10-7 7 10! 3 y 3 (3x)orms (22) On Wa (Bx) (G2) 5 Ore 4 Oe 
wy 

Now Try Exercise 25. 

» Total Number of Subsets 

Suppose that a set has n objects. The number of subsets containing k elements is 

by a result of Section 11.6. The total number of subsets of a set is the number 

of subsets with 0 elements, plus the number of subsets with 1 element, plus the 
number of subsets with 2 elements, and so on. The total number of subsets of a set 

with n elements is 

(EGE 40) 
i ee 

srureGhra(}enesG em 

-(*)+(*)+ () eo +(") 
1)", or 2". We have proved the following. 

Now consider the expansion of (1 

Thus the total number of subsets is (1 

TOTAL NUMBER OF SUBSETS 

The total number of subsets ofa set with n elements is 2”. 

EXAMPLE 7 Theset {A, B,C, D, E} has how many subsets? 

Solution The set has 5 elements, so the number of subsets is or 32. 

Now Try Exercise 31. 
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EXAMPLE 8 Wendy’, a national restaurant chain, offers the following toppings 

for its hamburgers: 

{ catsup, mustard, mayonnaise, tomato, lettuce, onions, pickle}. 

In how many different ways can Wendy's serve hamburgers, excluding size of ham- 

burger or number of patties? 

Solution The toppings on each hamburger are the elements of a subset of the set 

of all possible toppings, the empty set being a plain hamburger. The total number of 

possible hamburgers is 

()=()2@--+G)-#- 
Thus Wendy’s serves hamburgers in 128 different ways. 

Now Try Exercise 33. 

Exercise Set 

Expand. Doe tire (s — 6) 

3a 3) Ate | orstaea) a fe BN? 
we4ths (pce lc 6. (x + y) 28. ain (Fe +5) 

7. (5x + 4y)® 8. (2x = 3y)° 29. Middle; (2u — 3v*)'° 

1 4 1 4 i 0 : aie 5 i (++) 2 (sy - f 30. Middle two; (Vx + V3) 
: y Determine the number of subsets of each of the following. 

Lier)? 123 (ea) 31. A set of 7 elements 

13 (V5 i ele 14 (x z= v2 32. A set of 6 members 

give 1s. (« £ 2) 16. (1 + 3)" 33. The set of letters of the Greek alphabet, which 
a contains 24 letters 

17. (V2 as li)? = ( lke i))° 34. The set of letters of the English alphabet, which 
“ey (1 ee V/2)4 ra (1 V2) contains 26 letters 

c 5 40 19 Gee; 35. What is the degree of (x? + 3)* 

i P 36. What is the degree of (2 — 5x°)’? 

20 (2. i. vs) Expand each of the following, where i° = —1. 

37.(3 ui)? 
Find the indicated term of the binomial expansion. - 

21. 3rd; (a +b)’ SBe tlie) 
_ ;)4 

22. 6th; (x + y)8 39. (V2 =i) 
Vieuinl 1] 

23. 6th; (x — y)!0 a (2 a 11) 

2Aw sth, (p= 2g). 
41. Find a formula for (a — b)". Use si 

25a (ae 62) ( )". Use sigma 
notation. 



42. Expand and simplify: 

Coy ee 

h 

43. Expand and simplify: 

(eto) 

h 

Use sigma notation. 

» Skill Maintenance 

Given that f(x) = x* + land g(x) = 2x — 3, find 
each of the following. 

44. (f + g(x) [2.2] 
45. (fg)(x) [2.2] 

46. (f°eg)(x) [2.3] 

47. (go f)(x) [2.3] 

» Synthesis 

Solve for x. 

8 8 
48. >( Fai at) 

k=0\k 

SoA\. 
49, >/( )(os'¢ = 81 

k=0\k 

50. Find the ratio of the 4th term of 

1 5 

(- is +pVa) 
to the 3rd term. 

141.8 | ___ Probability 
® Compute the probability of a simple event. 

SECTION 11.8 Probability 843 

51. Find the term of 

(ve) 
containing 1 /x 

52. Money Combinations. A money clip contains one 
each of the following bills: $1, $2, $5, $10, $20, $50, 

and $100. How many different sums of money can be 
formed using the bills? 

Find the sum. 

53. i00Co + 10001 + *** + yo0Ci00 

BA aoe Cock saath “st yn 

Simplify. 

55. DG \ (log, x)? *(log, t)* 

57. Use mathematical induction and the property 

i (act ase) 
to prove the binomial theorem. 

When a coin is tossed, we can reason that the chance, or the likelihood, that it will 

fall heads is 1 out of 2—that is, the probability that it will fall heads is 5. Of course, 

this does not mean that if a coin is tossed 10 times it will necessarily fall heads 5 

times. If the coin is a “fair coin” and it is tossed a great many times, however, it will 

fall heads very nearly half of the time. Here we give an introduction to two kinds of 

probability, experimental and theoretical. 
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» Experimental Probability and 

Theoretical Probability 

If we toss a coin a great number of times—say, 1000—and count the number of 

times it falls heads, we can determine the probability that it will fall heads. If 

it falls heads 503 times, we would calculate the probability of its falling heads 

to be 

503 
5 Oe OLSOS 

1000 

This is an experimental determination of probability. Such a determination of 

probability is discovered by the observation and study of data and is quite common 
and very useful. Here, for example, are some probabilities that have been deter- 

mined experimentally: 

1. 60% of all college freshmen entering four-year colleges graduate in 6 years 
(Source: www.satprepct.com, College Planning Partnership's Blog, February 24, 

2011, Sam Rosensohn). 

2. The probability that a woman will be diagnosed with breast cancer in her life- 
time is 7 (Source: National Cancer Institute). 

3. Anyone who reaches the age of 65 has a 0.4 probability of entering a nursing 
home during the remaining years of life (Source: “Facing the Future,’ Russ 
Banham, Wall Street Journal). 

If we consider a coin and reason that it is just as likely to fall heads as to fall 
tails, we would calculate the probability that it will fall heads to be }. This is a 
theoretical determination of probability. Here are some other probabilities that 
have been determined theoretically, using mathematics: 

1. If there are 30 people in a room, the probability that two of them have the same 
birthday (excluding year) is 0.706. 

2. While on a trip, you meet someone and, after a period of conversation, dis- 
cover that you have a common acquaintance. The typical reaction, “It’s a small 
world!’, is actually not appropriate, because the probability of such an occur- 
rence is quite high—just over 22%. 

In summary, experimental probabilities are determined by making observa- 
tions and gathering data. Theoretical probabilities are determined by reasoning 
mathematically. Examples of experimental and theoretical probability like those 
above, especially those we do not expect, lead us to see the value of a study of prob- 
ability. You might ask, “What is the true probability?” In fact, there is none. Exper- 
imentally, we can determine probabilities within certain limits. These may or may 
not agree with the probabilities that we obtain theoretically. There are situations 
in which it is much easier to determine one of these types of probabilities than the 
other. For example, it would be quite difficult to arrive at the probability of catch- 
ing a cold using theoretical probability. 

» Computing Experimental Probabilities 

We first consider experimental determination of probability. The basic principle 
we use in computing such probabilities is as follows. 



Number of occurrences 

o = — 
Right Left 

Hands used 

Both 
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PRINCIPLE P (EXPERIMENTAL) 

Given an experiment in which n observations are made, if a situation, 
or event, E occurs m times out of n observations, then we say that the 

experimental probability of the event, P(E), is given by 

EXAMPLE 1 Television Ratings. There are an estimated 114,200,000 house- 
holds in the United States that have at least one television. Each week, viewing infor- 
mation is collected and reported. One week, 28,510,000 households tuned in to the 
2013 Grammy Awards ceremony on CBS, and 14,204,000 households tuned in to the 
action series “NCIS” on CBS (Source: Nielsen Media Research). What is the prob- 

ability that a television household tuned in to the Grammy Awards ceremony during 
the given week? to “NCIS”? 

Solution The probability that a television household was tuned in to the Grammy 
Awards ceremony is P, where 

28,510,000 
P= =~ 0.2496 ~ 24.96%. 

114,200,000 

The probability that a television household was tuned in to “NCIS” is P, where 

14,204,000 ~ 0.1244 ~ 12.44%, 
114,200,000 

EXAMPLE 2 Sociological Survey. The authors of this text conducted an ex- 
perimental survey to determine the number of people who are left-handed, right- 
handed, or both. The results are shown in the graph at left. 

a) Determine the probability that a person is right-handed. 

b) Determine the probability that a person is left-handed. 

c) Determine the probability that a person is ambidextrous (uses both hands with 

equal ability). 

d) There are 120 bowlers in most tournaments held by the Professional Bowlers 

Association. On the basis of the data in this experiment, how many of the bowl- 

ers would you expect to be left-handed? 
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Solution 

a) The number of people who are right-handed is 82, the number who are left- 

handed is 17, and the number who are ambidextrous is 1. The total number of 

observations is 82 + 17 + 1, or 100. Thus the probability that a person is right- 

handed is P, where 

82 
P= Se Ola 0 O2 aOleno2 00 

100 

b) The probability that a person is left-handed is P, where 

7 
P=—— or 0.17, or 17%. 

100 

c) The probability that a person is ambidextrous is P, where 

| 
P= = = oe O00, or I% 

100 

d) There are 120 bowlers, and from part (b) we can expect 17% to be left-handed. 

Since 

17% of 120 = 0.17+120 = 20.4, 

we can expect that about 20 of the bowlers will be left-handed. 
Now Try Exercise 3. 

» Theoretical Probability 

Suppose that we perform an experiment such as flipping a coin, throwing a dart, 
drawing a card from a deck, or checking an item off an assembly line for quality. 
Each possible result of such an experiment is called an outcome. The set of all pos- 
sible outcomes is called the sample space. An event is a set of outcomes, that is, a 
subset of the sample space. 

EXAMPLE 3 Dart Throwing. Consider the dartboard at left. Assume that the 

experiment is “throwing a dart” and that the dart hits the board. Find each of the 
following. 

a) The outcomes b) The sample space 

Solution 

a) The outcomes are hitting black (B), hitting red (R), and hitting white (W). 

b) The sample space is {hitting black, hitting red, hitting white}, which can be 
stated simply as {B, R, W}. 

EXAMPLE 4 Die Rolling. A die (pl., dice) is a cube, with six faces, each con- 
taining a number of dots from 1 to 6 on each side. 

iS) es) py | Oo ON 

Suppose that a die is rolled. Find each of the following. 

a) The outcomes b) The sample space 
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Solution 

a) The outcomes are 1, 2, 3, 4, 5, 6. 

b) The sample space is {1, 2, 3, 4, 5, 6}. Pi 

We denote the probability that an event E occurs as P(E). For example, “a coin 
falling heads” may be denoted H. Then P(H) represents the probability of the coin 
falling heads. When all the outcomes of an experiment have the same probability 

of occurring, we say that they are equally likely. To see the distinction between 
events that are equally likely and those that are not, consider the dartboards shown 
below. 

iS , 

Black Black Red A 
] 

7 Black 

Board A Board B 

For board A, the events hitting black, hitting red, and hitting white are equally 
likely, because the black, red, and white areas are the same. For board B, however, 

the areas are not the same so these events are not equally likely. 

PRINCIPLE P (THEORETICAL) 

If an event E can occur m ways out of n possible equally likely outcomes 
of a sample space S, then the theoretical probability of the event, P(E), is 

given by 

P(E) = A : 
EXAMPLE 5 Suppose that we select, without looking, one marble from a bag 
containing 3 red marbles and 4 green marbles. What is the probability of selecting a 

red marble? 

Solution There are 7 equally likely ways of selecting any marble, and since the 
number of ways of getting a red marble is 3, we have 

P(selecting a red marble) = 7 

EXAMPLE 6 What is the probability of rolling an even number on a die? 

Solution The event is rolling an even number. It can occur 3 ways (rolling 2, 4, 
or 6). The number of equally likely outcomes is 6. By Principle P, 

3 1 
P(even) = Oe asia Now Try Exercise 7. 
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We will use a number of examples related to a standard bridge deck of 

52 cards. Such a deck is made up as shown in the following figure. 

4 Agateg? Asians & 
i kgatag A4adi ck he 

Hearts | Kgasie 4 oes rr Vv 

: Kosleg! Salah ¢ 
A DECK OF Ete 
52 CARDS tm (Ae 44: ¢ . 

EXAMPLE 7 What is the probability of drawing an ace from a well-shuffled 

deck of cards? 

Solution There are 52 outcomes (the number of cards in the deck), they are 
equally likely (from a well-shuffled deck), and there are 4 ways to obtain an ace, so 

by Principle P, we have 

4 
P(drawing an ace) = —, or — 

52 13° Now Try Exercise 9(a). 

The following are some results that follow from Principle P. 

PROBABILITY PROPERTIES 

a) If an event E cannot occur, then P(E) = 0. 
b) Ifan event E is certain to occur, then P(E) = 1. 
c) The probability that an event E will occur is a number from 0 

tol 0 2 P(E) c= 1. 

For example, in coin tossing, the event that a coin will land on its edge has 
probability 0. The event that a coin falls either heads or tails has probability 1. 

In the following examples, we use the combinatorics that we studied in 
Sections 11.5 and 11.6 to calculate theoretical probabilities. 

EXAMPLE 8 Suppose that 2 cards are drawn from a well-shuffled deck of 
52 cards. What is the probability that both of them are spades? 

Solution The number of ways n of drawing 2 cards from a well-shuffled deck of 
52 cards is 57C). Since 13 of the 52 cards are spades, the number of ways m of draw- 
ing 2 spades is }3C). Thus, 

j m 1302 IS 1 

P( drawing 2 spades) = — = = =—., 
( E2 SPAgeS) > eens. aur 

Now Try Exercise 11. 

EXAMPLE 9 Suppose that 3 people are selected at random from a group that 
consists of 6 men and 4 women. What is the probability that 1 man and 2 women are 
selected? 
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Solution The number of ways of selecting 3 people from a group of 10 is ;C;. 
One man can be selected in sC, ways, and 2 women can be selected in ,C, ways. By 
the fundamental counting principle, the number of ways of selecting 1 man and 

We can use the ,,C, operation 2 women is ¢C, * 4C,. Thus the probability that 1 man and 2 women are selected is 
from the MATH PRB menu and 

6Cy * 4a 3 the ® Frac operation from the P= 
MATH MATH menu to compute 103 10 Now Try Exercise 13. 
the probabilities in Examples 8 
and 9 on a graphing calculator. EXAMPLE 10 Rolling Two Dice. What is the probability of getting a total of 8 

on a roll of a pair of dice? 

Technology Connection 

13 nCr 2/52 nCr 2>Frac eB : E 5 

Solution On each die, there are 6 possible outcomes. The outcomes are paired 
so there are 6 * 6, or 36, possible ways in which the two can fall. (Assuming that the 
dice are different colors—say, one red and one blue—can help in visualizing this.) 

6 nCr 1*4 nCr 2/10 nCr 

3>Frac 

Pes 6 | (1,6) “Gem G6) (46) 6,6) 6) 

1 z 3) 4 5 6 

The pairs that total 8 are as shown in the figure above. There are 5 possible 

ways of getting a total of 8, so the probability is z Now Try Exercise 19. 

11.8 | Exercise Set 

1. Selecta Number. Ina survey conducted by the au- 2. Mason Dots”. Made by the Tootsie Industries of 

thors, 100 people were polled and asked to select a Chicago, Illinois, Mason Dots” is a gumdrop candy. 

number from 1 to 5. The results are shown in the fol- A box was opened by the authors and was found to 

lowing table. contain the following number of gumdrops: 

Orange 9 

Names Sea oe aL, Lemon 8 

Number Who Chose Strawberry 7; 

That Number Grape 6 

Lime 5 

a) What is the probability that the number chosen is Cherry 4 

Lee GA Cas 
b) What general conclusion might be made from the 

results of the experiment? 

If we take one gumdrop out of the box, what is the 
probability of getting lemon? lime? orange? grape? 

strawberry? licorice? 
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3. Marketing via E-mail. 

CHAPTER 11 

In the second quarter of 2013, 

the probability that a marketing e-mail would be 
opened was 28.5% (Source: Q2 2013 Email Trends 

and Benchmarks, Epsilon). A business sent a market- 
ing e-mail to 18,200 subscribers. How many of these 
e-mails can the business expect will be opened? 

. Linguistics. An experiment was conducted by the 
authors to determine the relative occurrence of vari- 
ous letters of the English alphabet. The front page of a 
newspaper was considered. In all, there were 9136 let- 
ters. The number of occurrences of each letter of the 
alphabet is listed in the following table. 

Number of 
Letter Occurrences Probability 

853 853/9136 ~ 9.3% 

136 

YS: 

286 

1229 

173 

190 

399 

ay) 

AM 

124 

Ail 21/9136 = 0.2% NS =e om 2 Ohm OZ ZS EASES tO oO eS 

On \o N 

a) Complete the table of probabilities with the per- 
' centage, to the nearest tenth of a percent, of the 

occurrence of each letter. 
b) What is the probability of a vowel occurring? 
c) What is the probability of a consonant occurring? 

. Marbles. Suppose that we select, without looking, 

one marble from a bag containing 4 red marbles and 
10 green marbles. What is the probability of selecting 
each of the following? 

a) A red marble 

c) A purple marble 
d) A red marble or a green marble 

b) A green marble 

Sequences, Series, and Combinatorics 

6. 

10. 

11. 

12. 

13. 

14. 

Five-Card Poker Hands. 

. Rolling a Die. 

. Rolling a Die. 

. Drawing a Card. 

Selecting Coins. Suppose that we select, without 

looking, one coin from a bag containing 5 pennies, 

3 dimes, and 7 quarters. What is the probability of 

selecting each of the following? 

a) Adime 

b) A quarter 
c) Anickel 

d) A penny, a dime, or a quarter 

What is the probability of rolling a 

number less than 4 on a die? 

What is the probability of rolling 

either a 1 or a6 ona die? 

Suppose that a card is drawn 
from a well-shuffled deck of 52 cards. What is the 
probability of drawing each of the following? 

a) A queen 
b) An ace ora 10 

c) A heart 

d) A black 6 

Drawing a Card. Suppose that a card is drawn from 
a well-shuffled deck of 52 cards. What is the probabil- 
ity of drawing each of the following? 

a) A7 

b) A jack or a king 
c) Ablack ace 

d) A red card 

Drawing Cards. Suppose that 3 cards are drawn 
from a well-shuffled deck of 52 cards. What is the 
probability that they are all aces? 

Drawing Cards. Suppose that 4 cards are drawn 
from a well-shuffled deck of 52 cards. What is the 
probability that they are all red? 

Production Unit. The sales force of a business con- 

sists of 10 men and 10 women. A production unit of 
4 people is set up at random. What is the probability 
that 2 men and 2 women are chosen? 

Coin Drawing. A sack contains 7 dimes, 5 nickels, 
and 10 quarters, and 8 coins are drawn at random. 
What is the probability of getting 4 dimes, 3 nickels, 
and 1 quarter? 

Suppose that 5 cards are drawn 
from a deck of 52 cards. What is the probability of drawing 
each of the following? 

15. 

16. 

| Wee 

18. 

3 sevens and 2 kings 

5 aces 

5 spades 

4 aces and 1 five 



19. 

Roulette. 

Tossing Three Coins. Three coins are flipped. An 
outcome might be HTH. 

a) Find the sample space. 

What is the probability of getting each of the 
following? 

b) Exactly one head 
d) At least one head 

c) At most two tails 

e) Exactly two tails 

An American roulette wheel contains 38 slots 

numbered 00, 0, 1, 2, 3, . . . , 35, 36. Eighteen of the slots 
numbered 1-36 are colored red and 18 are colored black. 

The 00 and 0 slots are considered to be uncolored. The wheel 

is spun, and a ball is rolled around the rim until it falls into 
a slot. What is the probability that the ball falls in each of 
the following? 

20. 

ZL: 

24. 

25. 

26. 

27. 

28. 

ae 
ONS WF ra SS gy 

SS i. 225% 
= 

= 

A red slot 21. A black slot 

The 00 slot 23. The 0 slot 

Either the 00 or the 0 slot 

A red slot or a black slot 

The number 24 

An odd-numbered slot 

Dartboard. The following figure shows a dartboard. 
A dart is thrown and hits the board. Find the follow- 

ing probabilities. 

a) P (red) 

b) P (green) 

c) P (blue) 

d) P (yellow) 
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Skill Maintenance 

In each of Exercises 29-36, fill in the blank with the correct 
term. Some of the given choices will be used more than once. 
Others will not be used. 

Pays), 

30. 

31. 

32. 

a3: 

34. 

35. 

36. 

range 

domain 

function 

inverse function 

composite function 
direct variation 

inverse variation 

factor 

solution 

zero 

y-intercept 

one-to-one 

rational 

permutation 

combination 

arithmetic sequence 
geometric sequence 

A(n) of a function is an input for 

which the output is 0. [1.5] 

A function is 
different outputs. [5.1] 

A(n) 
a first set, called the 

set, called the 

ber of the 

one member of the 

if different inputs have 

is a correspondence between 
, and a second 

, such that each mem- 

corresponds to exactly 
i i by 

The first coordinate of an x-intercept of a function is 
a(n) of the function. [1.5] 

A selection made from a set without regard to order is 
a(n) . [11.6] 

If we have a function f(x) = k/x, where k isa 
positive constant, we have Be | 

For a polynomial function f(x), if f(c) = 0, then 
= nCAS ali) of the polynomial. 
[4.3] 

An+1 
We have = r, for any integer n = 1, in 

. [11.3] 
n 

a(n) 
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» Synthesis 

Five-Card Poker Hands. Suppose that 5 cards are drawn 
from a deck of 52 cards. For the following exercises, give 
both a reasoned expression and an answer. 

37. Two Pairs. A hand with two pairs is a hand like 
Q-Q-3-3-A. 

a) How many are there? 

b) What is the probability of getting two pairs? 

38. Full House. A full house consists of 3 of a kind and a 
pair such as Q-Q-Q-4-4. 

a) How many full houses are there? 
b) What is the probability of getting a full house? 

STUDY GUIDE 

KEY TERMS AND CONCEPTS 

An infinite sequence is a function 

having for its domain the set of positive 

Ttegersny Th 2354 ois Wel 

A finite sequence is a function having o 

for its domain a set of positive integers ‘en 

{1, 2,3, 4,5,...,n} for some positive ie 
integer n. ay 

The sum of the terms of an infinite 

sequence is an infinite series. A partial 

sum is the sum of the first ” terms. It 

is also called a finite series or the nth 

partial sum and is denoted S,,. 

A sequence can be defined recursively 
by listing the first term, or the first 

few terms, and then using a recursion 
formula to determine the remaining 
terms from the given term. 

are 

Chapter 11 Summary and Review 

39. Three of a Kind. A three-of-a-kind is a 5-card hand 

in which exactly 3 of the cards are of the same de- 

nomination and the other 2 are not a pair, such as 

Q-Q-Q-10-7. 

a) How many three-of-a-kind hands are there? 
b) What is the probability of getting three of a kind? 

Four of a Kind. A four-of-a-kind is a 5-card hand in 
which 4 of the cards are of the same denomination, 

such as J-J-J-J-6, 7-7-7-7-A, or 2-2-2-2-5. 

a) How many four-of-a-kind hands are there? 

b) What is the probability of getting four of a kind? 

40. 

EXAMPLES 

SECTION 11.1: SEQUENCES AND SERIES 

The first four terms of the sequence whose general term is given 
by a, = 3n + 2are 

PCa 2h a= 5) 

302 es 

3° S42 = 11, and 

3°4+2= 14. 

For the sequence above, S, = 5 + 8 + 11 + 14, or 38. 

We can denote this sum using sigma notation as 

¥ (3k oO): 
k=1 

The first four terms of the recursively defined sequence 

3; On+1 = (a, ie 1)? 

2; 

(4 — 1)? =(3 =e 

(4p —1)>=(4 =e Owed 

(a, - 1)? = (9 — 1)? = 64, 
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SECTION 11.2: ARITHMETIC SEQUENCES AND SERIES 

For an arithmetic sequence: For the arithmetic sequence 5, 8, 11, 14,...: 

Qe — 20 ads dis the common dy 29; 
difference. 

d = (8 — 5 = 3,11 — 8 = 3, and soon); 
Ca it tel \a: The nth t ow (n — 1) ao a6=5+ (6-133 =5 + 15 = 20; 
S, = 3641 ed), The sum of the 6 

first n terms So = a0 see) (29) Sea: 

SECTION 11.3: GEOMETRIC SEQUENCES AND SERIES 

For a geometric sequence: PO NSaciMEeceaieneo 1, 6,4 u8 a 

Ant) = apr ris the = i 

common ratio. 

= n=l i = 1 3 il 
Ci, > Oe The nth term r= a = sees foe and aone 

foot n 

S = OU) The sum of the first ae Nome i 1 3 

, l-r n terms Os = W = ==) 8 maa 

Z 12) a" 2(1-4 
SoS or » |r| <1. The limit, or = | (-2)°] _ (ea “1 63, 

r sum, of an i= (-}) 3 8 

ates : |r| = =| = 5 < 1,s0 we have 
geometric series 

12 12 
Sx = — 7 8 

SECTION 11.4: MATHEMATICAL INDUCTION 

The Principle of Mathematical Induction See Examples 1-3 on pp. 817-819. 

We can prove an infinite sequence of 

statements S,, by showing the following. 

(1) Basis step. S, is true. 

(2) Induction step. For all natural 

numbers k, S, > S, +}. 

SECTION 11.5: COMBINATORICS: PERMUTATIONS 

The Fundamental Counting Principle 

Given a combined action, or event, in 

which the first action can be performed 

in n, ways, the second action can be per- 

formed in n, ways, and so on, the total 

number of ways in which the combined 

action can be performed is the product 

N° N° nz o. eary ee Nk. 

The product n(m-— 1)(n — 2)--- 
3-2-1, for any natural number n, can 

also be written in factorial notation as 

n!. For the number 0, 0! = 1. 

(continued ) 
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The total number of permutations, or ordered In how many ways can 7 books be arranged in a straight 

arrangements, of n objects, denoted ,,P,,, is given line? 

by We have 

Peet eta nds 21 OL arth, Py = 7! = 7°6°5°4°3°2°1 = 5040. 

The Number of Permutations of Compute 7P,. 

n Objects Taken k at a Time Using form (1), we have 

pe ==) (G2) “loa (ka) (1) oP, = 7°6°5°4 = 840. 

n! 
= (n — k)! (2) Using form (2), we have 

ee eee ee 
719) all? =A)! 3! 

Tig Ot car 
a ee 

x 

The number of distinct arrangements of The number of 4-number code symbols that can be 
n objects taken k at a time, allowing repetition, formed with the numbers 5, 6, 7, 8, and 9, if we allow a 
is n*. number to occur more than once, is 5*, or 625. 

For a set of n objects in which n, are of one Find the number of distinguishable code symbols that 

kind, n, are of another kind, ..., and n,; are can be formed using the letters in the word MISSISSIPPI. 

of a kth kind, the number of distinguishable There are 1 M, 41's, 4 S’s, and 2 P’s, for a total of 11 
Per MaUtallOns 1s letters, so we have 

i 11! 
nylemlerres ny! Talla or 34,650. 

SECTION 11.6: COMBINATORICS: COMBINATIONS 

The Number of Combinations of 6 

n Objects Taken k at a Time Compute: 6Cy, or ren 

n! not Ce = : 7 (1) Using form (1), we have 

k!(n — k)! P yi A 

= “A oe AMG ie Ve werdlial 
— 675+4! 65 +A 

PAG) G2 eine (k= 1) | eT icine. 
= 7. a) 12! OH) 

Using form (2), we have 
We can also use binomial coefficient 

notation: oe Lf Ee Oo 

, 43.012 
=; (") tke 
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SECTION 11.7: THE BINOMIAL THEOREM 

The Binomial Theorem Using 
Pascal’s Triangle 

For any binomial a + b and any natural 
number n, 

(2b) cab cab +04" -b" 
Ae 5.0.9 ae cm abies! as ex vi, 

Winere the MUMbETS Cy, Cys Cay «a> Cyo4y Cy ate 

from the (n + 1)st row of Pascal's triangle. 
(See Pascal's triangle on p. 838.) 

The Binomial Theorem Using 

Factorial Notation 

For any binomial a + b and any natural 

number n, 

("aro al ("Jar 

+ ("a8 fee 
2 

(a t2D)" 

The (k + 1)st term of (a + b)” is 

(") ee 

The total number of subsets of a set with 

n elements is 2”. 

Expands 2) 

We have a = x,b = —2,andn = 4. We use the 

fourth row of Pascal's triangle. 

(ge i a ( 2) 

+ 6:x7(—2)* + 4-x!(—2)? + 1(-2)* 

= x* + 4x7(—2) + 6x?+4 + 4x(-8) + 16 

ye Te YE == Ye iG I 

Expand: (x° + 3)°. 

We have a = x’, b = 3, andn = 3. 

1 

1-x® + 3-3x4 4+ 3-9x7 + 1-27 

x + Ont 4 2707 + 27 

The third term of (x? + 3)? is 

S\eres 5 Xx ie keaton) 

How many subsets does the set {W, X, Y, Z} have? 

The set has 4 elements, so we have 

22 wor 116: 

SECTION 11.8: PROBABILITY 

Principle P (Experimental) 

Given an experiment in which n observations 

are made, if a situation, or event, E occurs m 

times out of n observations, then we say that the 

experimental probability of the event, P(E), is 

given by 

From a batch of 1000 gears, 35 were found to be defec- 
tive. The probability that a defective gear is produced is 

oo 
—— = (0.035, or 3.5%. 
1000 

855 
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Principle P (Theoretical) What is the probability of drawing 2 red marbles and 1 green 

If an event E can occur m ways out of n marble from a bag containing 5 red marbles, 6 green marbles, 

possible equally likely outcomes of a and 4 white marbles? 

sample space S, then the theoretical 

probability of the event, P(E), is given by 
Number of ways of drawing 3 marbles from a bag of 15: ,5C3 

Number of ways of drawing 2 red marbles from 5 red 

im marbles: 5C) 

ae Number of ways of drawing | green marble from 6 green 

marbles: ¢C, 

Probability that 2 red marbles and 1 green marble are drawn: 

REVIEW EXERCISES 

Determine whether the statement is true or false. 

1. A sequence is a function. [11.1] 

2. An infinite geometric series with r = —1 hasa 
limit. [11.3] 

3. Permutations involve order and arrangements of 
objects. [11.5] 

4. The total number of subsets of a set with n elements 

isn’. [11.7] 

5. Find the first 4 terms, a,,, and a)3: 

Gera) a, = (-1)"{ ——— }. [1.1 a leame a 
6. Predict the general, or nth, term. Answers may vary. 

21m sy 26,6 & SEDI ey] 

7. Find and evaluate: 

4 ( = ae 12k 

Da a [11.1] 

8. Write sigma notation. Answers may vary. 
O+34+8+15 + 24+ 35 + 48 [11.1] 

9. Find the 10th term of the arithmetic sequence 

ie Ll) 

10. Find the 6th term of the arithmetic sequence 

10010 tele [las 

11. Find the sum of the first 18 terms of the arithmetic 

sequence 

MATa. «(he 

502° 6C] ~~ 10°6 fa 12 

455 ol 

12. Find the sum of the first 200 natural numbers. [11.2] 

13. The Ist term in an arithmetic sequence is 5, and the 
17th term is 53. Find the 3rd term. [11.2] 

14. The common difference in an arithmetic sequence is 3. 
The 10th term is 23. Find the first term. [11.2] 

15. For a geometric sequence, a; = —2,r = 2, and 

a, = —64. Findn and S,. [11.3] 

16. For a geometric sequence, r = 4 and S, = +. Find a, 
and as. [11.3] 

Find the sum, if it exists, of each infinite geometric series. 
[11.3] 

L7 cela 2 eStats Seed eee 

18. 0:27 + 0.002745 '0.00002 75h ae 

19.5 -f+%4- 

20. Find fraction notation for 2.43. [11.3] 

21. Insert four arithmetic means between 5 and 9. [11.2] 

22. Bouncing Golfball. A golfball is dropped to the 
pavement from a height of 30 ft. It always rebounds 
three-fourths of the distance that it drops. How far 
(up and down) will the ball have traveled when it hits 
the pavement for the 6th time? [11.3] 

23. The Amount of an Annuity. To create a college fund 
a parent makes a sequence of 18 yearly deposits of 
$2000 each in a savings account on which interest is 
compounded annually at 2.8%. Find the amount of 
the annuity. [11.3] 

> 



24. Total Gift. 

25. 

Us 

Suppose you receive 10¢ on the first day 
of the year, 12¢ on the 2nd day, 14¢ on the 3rd day, 
and so on. 

a) How much will you receive on the 365th day? 
[11.2] 

b) What is the sum of these 365 gifts? [11.2] 

The Economic Multiplier. Suppose that the govern- 
ment is making a $24,000,000,000 expenditure for 
travel to Mars. If 73% of this amount is spent again, 
and so on, what is the total effect on the economy? 
[11.3] 

e mathematical induction to prove each of the 
following. [11.4] 

26 

27 

28 

29 

30 

31 

32 

33 . Letter Arrangements. 

. For every natural number n, 

- ni sn 1) 
Tee ei G0 2) 

. For every natural number n, 

2 ig oes Cal Lo Rios Srna E aera 

. For every natural number n = 2, 

Use Nee eel ere 1-=}(1-=}---{1--) == 
Z eS n n 

. Book Arrangements. 
be arranged ona sheif? [11.5] 

. Flag Displays. 

inarow? [11.5] 

. Prize Choices. The winner of a contest can choose 

any 8 of 15 prizes. How many different sets of prizes 
can be chosen? [11.6] 

. Fraternity-Sorority Names. The Greek alphabet 
contains 24 letters. How many fraternity or sorority 

names can be formed using 3 different letters? [11.5] 

In how many distinguish- 

able ways can the letters of the word TENNESSEE be 

arranged? [11.5] 

In how many ways can 6 books 

If 9 different signal flags are available, 
how many different displays are possible using 4 flags 

34. Floor Plans. 

35. 

36. 

857 Summary and Review 

A manufacturer of houses has 1 floor 
plan but achieves variety by having 3 different roofs, 
4 different ways of attaching the garage, and 3 differ- 
ent types of entrances. Find the number of different 
houses that can be produced. [11.5] 

Code Symbols. How many code symbols can be 
formed using 5 out of 6 of the letters of G, H, I, J, K, L 
if the letters: 

a) cannot be repeated? [11.5] 

b) can be repeated? [11.5] 

c) cannot be repeated but must begin with K? 
[11.5] 

d) cannot be repeated but must end with IGH? 
[11.5] 

Determine the number of subsets of a set containing 
8 members. [11.7] 

Expand. [11.7] 

37. 

38. 

39. 

44. 

45. 

46. 

47. 

(m+ n)’ 

. (1 + 5i)®, where #* = —1 

. Find the 4th term of (a + x)'?. [11.7] 

. Find the 12th term of (2a — b)!*. Do not multiply 
out the factorials. [11.7] 

Rolling Dice. | What is the probability of getting 
a 10 ona roll of a pair of dice? on a roll of 1 die? 
[11.8] 

Drawing a Card. From a deck of 52 cards, 1 card is 
drawn at random. What is the probability that it is a 
club? [11.8] 

Drawing Three Cards. From a deck of 52 cards, 
3 are drawn at random without replacement. 
What is the probability that 2 are aces and 1 isa 
king? [11.8] 

Election Poll. Three people were running for 
mayor in an election campaign. A poll was con- 
ducted to see which candidate was favored. During 
the polling, 86 favored candidate A, 97 favored B, and 
23 favored C. Assuming that the poll is a valid indica- 
tor of the election results, what is the probability that 
the election will be won by A? B? C? [11.8] 
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48. Which of the following is the 25th term of the arith- 53. Write the first 3 terms of the infinite geometric series 

metic sequence 12, 10, 8,6,...? [11.2] with r = —3andS,. = 3. [11.3] 

Aes B. —36 54. The zeros of this polynomial function form an 

Gr 52 D. 60 arithmetic sequence. Find them. [11.2] 

49. What is the probability of getting a total of 4 on a roll fin) = SA = Ae 16x 

of a pair of dice? [11.8] ; 55. Simplify: 

A. 4 B. 5 10 10 : 

c D. ¢ 5 (-1)!(1? Jogx)!-A(logy)® [11.61 
k=0 

50. The graph of the sequence whose general term is 
a, = n — 1 is which of the following? [11.1] Solve for n. [11.6] 

= ; “(-5) ees, 6 5 
4 n 

a7. ( ) = 36 
iol 

career ery A 58. Solve for a: 

5 
>( ora =). (bez! 
f=0\k 

Cc D. = = = 

a ‘ on » Collaborative Discussion 
toe ae a lays and Writing 
3 e ee) -@ 

21-@ 2 ° 59. Circular Arrangements. In how many ways can 
ag fy — the numbers on a clock face be arranged? See if 

eet ie eal 1 2530425) n Paso 2 SAT 5 n ; a Wee 

ae ah you can derive a formula for the number of distinct 
£3 43 circular arrangements of n objects. Explain your 

ee aan eC Ae reasoning. [11.5] 

60. How “long” is 15? Suppose you own 15 books and 
. decide to make up all the possible arrangements of 

< Synthesis the books on a shelf. About how long, in years, would 
51. Suppose that a), a), ..., a, is an arithmetic sequence. it take you if you were to make one arrangement per 

Is by, by, ..., b, an arithmetic sequence if: second? Write out the reasoning you used for this 

ai bas lae (eh ile?) problem in the form of a paragraph. [11.5] 

b) 6, — a, + 8: [11.2] 61. Explain why a “combination” lock should really be 
c) b, = 7a,? [11.2] called a “permutation” lock. [11.6] 

Aiea = lay 11.2] 62. Give the reasoning that you might use with a fellow 
pad GS ; student to explain that 

e) b, = loga,? [11.2] n n 

f) b, = a3? [11.2] bi) ae oe 
52. Suppose that a), a,...,a, and bj, b),..., b, are 

geometric sequences. Prove that c,, &,...,C, isa 

geometric sequence, where c, = a,b,. [11.3] 



11 _Chapter Test 

For the sequence whose nth term is 
Gaal) (2a l jatind a5). 

. Find the first 5 terms of the sequence with general 
term 

i ar Al 

n+2 
ay 

. Find and evaluate: 

S(e et) 
k=1 

Write sigma notation. Answers may vary. 

4. 

5 

6. 

11. 

12. 

Seon ll lL Oxte 20+: O4 

2+4+8+16+32+-: 

Find the first 4 terms of the recursively defined sequence 

a, — 3, (Far tI ts aimee 

Gn 

. Find the 15th term of the arithmetic sequence 
DSS nee 

. The lst term of an arithmetic sequence is 8 and the 
21st term is 108. Find the 7th term. 

. Find the sum of the first 20 terms of the series 

DEE NES ge Pig mele eee 

25 

. Find the sum: 5) (2k + 1). 
k=1 

Find the 11th term of the geometric sequence 
10, —5,3, -3,.... 

For a geometric sequence, r = 0.2 and S, = 1248. 

Find ay. 

Find the sum, if it exists. 

| es 

14. 

15. 

16. 

8 

>? 
k=1 

1i8+6+2+::: 

Find fraction notation for 0.56. 

Salvage Value. The value of an office machine is 
$10,000. Its salvage value each year is 80% of its value 
the year before. Give a sequence that lists the salvage 

value of the machine for each year of a 6-year period. 

V7. 

18. 

19. 

Test 859 

Hourly Wage. William accepts a job, starting with 
an hourly wage of $12.25, and is promised a raise of 
30¢ per hour every three months for 4 years. What 
will William's hourly wage be at the end of the 4-year 
period? 

Amount of an Annuity. To create a college fund, a 
parent makes a sequence of 18 equal yearly deposits 
of $2500 in a savings account on which interest is 
compounded annually at 5.6%. Find the amount of 
the annuity. 

Use mathematical induction to prove that, for every 
natural number n, 

n(3n + 1). 
eee we se el 

Evaluate. 

n 

23. How many 4-digit numbers can be formed using the 

24. 

25. 

26. 

2/. 

28. 

29. 

30. 

31. 

digits 1, 3, 5, 6, 7, and 9 without repetition 

How many code symbols can be formed using 4 of 
the 6 letters A,B; G, X,Y, Z if the letters: 

a) can be repeated 
b) are not repeated and must begin with Z? 

Scuba Club Officers. The Bay Woods Scuba Club 
has 28 members. How many sets of 4 officers can be 
selected from this group? 

Test Options. Ona test with 20 questions, a student 
must answer 8 of the first 12 questions and 4 of the 
last 8. In how many ways can this be done? 

Expand: (4 -- 1). 

Find the 5th term of the binomial expansion (x — y)’. 

Determine the number of subsets of a set containing 
9 members. 

Marbles. Suppose that we select, without looking, 
one marble from a bag containing 6 red marbles and 
8 blue marbles. What is the probability of selecting a 

blue marble? 

Drawing Coins, Ethan has 6 pennies, 5 dimes, and 
4 quarters in his pocket. Six coins are drawn at 
random. What is the probability of getting 1 penny, 
2 dimes, and 3 quarters? 
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32. The graph of the sequence whose general term is b> Synthesis 

a, = 2n — 2 is which of the following? 
33. Solve for n: ,P7 = 9° ,P¢. 

B. an 

e 

5 

4 e 

3 

2 C 

1 & 

4 ee ee a essa 

=, 

ane) 

=4 
ah 

D. 
and 

5 

4 @ 

3 ® 

2 e 

1 @ 

., oe ae 3234 5 in 

+2 
a5) 

sah 

+5 



Throughout this text, there are Just-In-Time icons, numbered 125, that refer to the following 25 intermediate-algebra 
topics. Each mini-review lesson is accompanied by several exercises. All answers are provided in the answer section at 
the back of the text. 

Real Numbers 14.  Equation-Solving Principles 
Properties of Real Numbers 15.  Inequality-Solving Principles 
Absolute Value 16. Principle of Zero Products 
Operations with Real Numbers 17. Principle of Square Roots 
Order on the Number Line 18. Simplify Rational Expressions 
Interval Notation 19. Multiply and Divide Rational Expressions 
Integers as Exponents 20. Add and Subtract Rational Expressions 
Scientific Notation 21. Simplify Complex Rational Expressions 
Order of Operations 22. Simplify Radical Expressions 
Introduction to Polynomials : 23. Rationalizing Denominators 
Add and Subtract Polynomials 24. Rational Exponents 

Multiply Polynomials os 25. Pythagorean Theorem 

Factor Polynomials 

JUST 
IN 

TIME 

Some frequently used sets of real numbers and the relationships among them are shown in the 
following diagram. 

Irrational Numbers: Rational Numbers: 
Examples Examples 

7 2 
42 = 6.480740698..., 7, 0, 9, 3, 814,95, 
= /131331333133335... 0.125, =, 0.27 

Rational Numbers That Integers: 
Are Not Integers: es 10 8 

Examples 
ot z 
eae 8.3, 0.56 

Negative Integers: Whole Numbers: 

slier ey see OFIG 2s asa: 

Natural Numbers: 

Zero: 0 (Positive Integers) 

1 See cre 

(continued) 
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5 

Numbers that can be expressed in the form p/q, where p and q are In Exercises 1-6, consider the numbers 

integers and q # 0, are rational numbers. Decimal notation for eG, Nea 0S, 1/26, 18.4, 
rational numbers either terminates (ends) or repeats. Each of the fol- ae V7, 54, 7.151551555..., 

lowing is a rational number: 
ors A735. Nie —§, 0, Vi16. 

V25 =r; 1. Which are rational numbers? 

2. Which are rational numbers but 1 
ie 0.25 (terminating decimal); not integers? 

5 — . Which are irrational numbers? 
Fy 4045457. = 0S (repeating decimal); 

un . Which are integers? 

5 zi 
& ~ 0.8333... = 0.83 (repeating decimal). Which are whole numbers? 

Which are real numbers? 
The real numbers that are not rational are irrational numbers. 

Decimal notation for irrational numbers neither terminates nor 

repeats. Each of the following is an irrational number. Note in each 
that there is no repeating block of digits. 

\/2 = 1.414213562..., 

=6,12122122212222..., 

or = 31415926535... 
(4 and 3.14 are rational approximations of the irrational 
number 77. 

The set of all rational numbers combined with the set of all 
irrational numbers gives us the set of real numbers. 

Do Exercises 1-6. 



PROPERTIES OF REAL NUMBERS 

Properties of Real Numbers Name the property illustrated by the 

sentence. 

1. —24 + 24=0 
For any real numbers a, b, and c: 

at+b=b+a and - Commutative properties of 
ab = ba addition and multiplication - 7(xy) = (7x)y 

a+(b+c)=(a+b)+c Associative properties of FS) ieee 
and a(bc) = (ab)c addition and multiplication Tt eae 

at+0O=0O+a=a Additive identity property ee Oi 

Additive inverse property 

Multiplicative identity property 

Multiplicative inverse property 

Distributive properties (x+y) +w=xt (yt w) 

. 8(a + b) = 8a + 8b 

EXAMPLES Name the property illustrated in each sentence. 

DAS 259s 8 Commutative property 
of multiplication 

. 14+ (-14) =0 Additive inverse property 

l(a 1D) = 2a.— 20 Distributive property 

Moe) = (oF In) Associative property of 
addition 

Multiplicative identity 

property 

Do Exercises 1-10. > 
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JUST 
IN 

TIME ABSOLUTE VALUE 

The absolute value of a number a, denoted | a], is its distance from 0 

on the number line. For example, | —5| = 5, because the distance of 

—5 from 0 is 5. For any real number a, 

lal =a ifa=0 

and 

la! =—a ifa <0. 

EXAMPLES Simplify. 

Dale tO ea) 

2. |0| =0 

cs 3. SS 
9 9 

Absolute value can be used to find the distance between two 

points on the number line. For any real numbers a and b, the distance 

between a and bis |a — b| or, equivalently, |b — a]. 

EXAMPLE 4 Find the distance between —2 and 3. 

fee ee el ae 
or equivalently, 

eee hat 2) = [oo 
Do Exercises 1-8. > 

Simplify. 

1. |-98| 2. |0| 
D 

3)~|4.7| 4. |-2| 

Find the distance between the given 

pair of points on the number line. 

Sig ee 6. 2, 14.6 

We SS Ae Sie ea 



OPERATIONS WITH REAL NUMBERS 

Rules for Operations with Real Numbers Compute and simplify. 

Addition ot eels) 
* Positive Numbers: Add the same way that we add arithmetic num- io Sem ate 

bers. The answer is positive. Pi 3 
« Negative Numbers: Add absolute values. The answer is negative. 3,15 73) 

¢ A Positive Number and a Negative Number: If the numbers have 

different absolute values, subtract the smaller absolute value from safitoin ley 
the larger. If the positive number has the greater absolute value, the Blt." (50) 
answer is positive. If the negative number has the greater absolute 
value, the answer is negative. Srna pee 

Tiscaet op yeh 
EXAMPLES Add. 

8. —400 + (—40) 
Dee et 29) — == 20) 

2) 9, 4.2+(—3) 
2. —9 + (—29) = —38 

ey 10. —13 — (—33) 
3. —9 + 29 = 20 

11. —60 + 45 

Subtraction 8 

¢ To subtract, add the opposite, or additive inverse, of the number 12. aS 

being subtracted. 
Bis Ab oe 

EXAMPLES Subtract. 146. (16) 

. 15-6 = 15 + (-6) 

tise —6) = 15-691 a 

II \O 

| |— | 

as 

| 

ColuM Swe 

4 

5 

6. —15 —6 = -15 + (-6) = 21 

7. -15 — (-6) = -15+6=-9 

Multiplication and Division, where the divisor is nonzero 

« Multiply or divide the absolute values. If the signs are the same, the 

answer is positive. If the signs are different, the answer is negative. 

EXAMPLES Multiply or divide. 

8. —5+20 = —100 9, 32 + (-4) = -8 

10. -32+4=-8 11, —32 + (-4) = 8 

12. —5+(—20) = 100 13. 5+20 = 100 

Do Exercises 1-15. > 
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TIME ORDER ON THE NUMBER LINE 

The real numbers are modeled using a number line, as shown below. 

Each point on the line represents a real number, and every real num- 

ber is represented by a point on the line. 

=o 3 
<—_}+—_+—_»_+—_ + Se. 

5 4 3 a 3 wer 
Vv 

The order of the real numbers can be determined from the num- 

ber line. Ifa number a is to the left of a number b, then a is less than b 

(a < b). Similarly, a is greater than b (a > b) if is to the right of b 

on the number line. For example, we see from the number line above 

that —2.9 < —2, because —2.9 is to the left of —2. Also, 2 > v5 

because +f is to the right of V3. 
The statement a = J, read “a is less than or equal to b,” is true 

if either a < bis true ora = bis true. A similar statement holds for 

a= 7D; 

Do Exercises 1-6. 

Classify the inequality as true or false. 

1. 

Ds 

3 

4, 

S 

oy 

<< =f 

10 = ll 

= WV AS) SS 

Ve =V6 
=) 2 ws 

wget 
5 4 
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INTERVAL NOTATION 

Sets of real numbers can be expressed using interval notation. For 

example, for real numbers a and b such that a < b, the open interval 

(a, b) is the set of real numbers between, but not including, a and b. 
Some intervals extend without bound in one or both directions. 

The interval [a, oo), for example, begins at a and extends to the right 

without bound. The bracket indicates that a is included in the interval. 

SET INTERVAL 

NOTATION NOTATION GRAPH 

ialae—cecab (a, b) oe 

a b 

1a =x = bt [a, b| _ 

a b 

te gee Ut [a, b) +> 

a b 

{x|a <x <b} CO eee i 
a b 

ae at (a, 00) -——“@7™- 

(xlx = a} Co 

fee eet (-c,b) <_{_+__—__—__}> 

Wao = b} (Gon), > 

b 

{x|xisarealnumber} (—00,00) <—______» 

Do Exercises 1-10. 

Write interval notation. 

POLK ey ss 5 

eo oe at 

Pees econ 

ond Xi Se 

2 

3 

4, {x|x > 3.8} 

5 

6 WACO eeoa sien 22) 

Write interval notation for the graph. 

He 

ery MO Ih Oh Sh aS 

<t t 

et ee Sh hs) ah) 

9 <4} 4 

=i Ot 

10. V5 
Ht tt 
=§=4=—3—2=il O. I Ad 4) 5 
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Bl INTEGERS AS EXPONENTS 

When a positive integer is used as an exponent, it indicates the number 

of times that a factor appears in a product. For example, 7° means 

7+7:+7, where 7 is the base and 3 is the exponent. 

For any nonzero numbers a and b and any integers m and n, 

raat n 

a= 1 gt = a and bee Be > > = fe 
Qu b n iit 

Properties of Exponents 

For any real numbers a and b and any integers m and n, assuming 0 is 

not raised to a nonpositive power: 

Qa Product rule 

ge 

—=a" "(a # 0) Quotient rule 
a 

(aaa Power rule 

(ab)™ = a™b™ Raising a product to a power 

(2) = yr (b #0) Raising a quotient to a power 

EXAMPLES Simplify each of the following. 

1, 2-4 a=) = f°? or 

iS 
aS oO |N eee 

So 

\| 

Do Exercises 1-10. 

Simplify. 

i pa 

, 1 

nO ae 

wo 

3. =) 

Zz 2) 

4. (2) 
y, 

5. 100° 

a 

6. = 

FOS he) 
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We can use scientific notation to name both very large and very Convert to scientific notation. 
small positive numbers and to perform computations. Scientific 1. 18,500,000 
notation for a number is an expression of the type N X 10’, where ase 
1 = N < 10, Nis in decimal notation, and m is an integer. 2. 0.000786 

3. 0.0000000023 Ferre ae ee ae 

EXAMPLES Convert to scientific notation. 
4. 8,927,000,000 

1. 9,460,000,000,000 = 9.46 x 10!? Large number; exponent is 
positive. Convert to decimal notation. 

2. 0.0648 = 6.48 X 107 Small number; exponent is GS SUE 

negative. 6. 5.17 X 10° 

: Convert to decimal notation. 7°61203° 107 

3. 5.4 X 10’ = 54,000,000 8. 2.94 X 10° 

ASS 319 10. ="0,003819 

Do Exercises 1-8. > 

ORDER OF OPERATIONS 

Recall that to simplify the expression 3 + 4° 5, first we multiply 4 and Calculate. 
5 to get 20 and then we add 3 to get 23. Mathematicians have agreed i aS 

on the following procedure, or rules for order of operations. 
2.5°3 + 8-37 +4(6-—2 

Rules for Order of Operations 
3, 5(3 — 8-3 + 4°6 — 2) 

1. Do all calculations within grouping symbols before operations outside. 

When nested grouping symbols are present, work from the inside out. 4. 16 + 4°4 ~ 2°256 

2. Evaluate all exponential expressions. 5, 26.973 = 210 = 9-8 

3. Do all multiplications and divisions in order from left to right. ; 

4. Do all additions and subtractions in order from left to right. 6 4(8 = 6)) As 3238 

; BE! 
EXAMPLES 

13(5 — 3) — 20 2. 10 = (8 —6)) 49:4 

= 8-2 — 20 Dee be 
= 8-8 — 20 — 10+24+9-4 
= 64 — 20 By) ae & 

= 44 5 +36 41 
4] 4] 

Do Exercises 1-6. > 
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JUST-IN-TIME Review 

a INTRODUCTION TO POLYNOMIALS 

10 | 

Polynomials are a type of algebraic expression that you will often en- Determine the degree of the 

counter in your study of algebra. Some examples of polynomials are polynomial. 

Se ee yy es repre mn sic eden 2: 
NG vancleeze V5. DM yA 

Algebraic expressions like 8x — 13,x* + 3x — 4,and Sea od. 

3a — 11 + aare polynomials in one variable. Algebraic expressions 

like 3ab*> — 8 and 5x*y* — 3x*y8 + 7xy? + 6 are polynomials in 
several variables. The degree of a term is the sum of the exponents of 5. 4x — x? + 0.128 — 2x? 

the variables in that term. The degree of a polynomial is the degree of 

the term of highest degree. 

4, —41 

Classify the polynomial as a monomial, 

a binomial, or a trinomial. 
A polynomial with just one term, like —9y®, is a monomial. If a 

polynomial has two terms, like x? + 4, it is a binomial. A polynomial 6. x — 3 

with three terms, like 4x — 4xy + 1, isa trinomial. 7. 14y° 

EXAMPLES Determine the degree of the polynomial. 8.27 = a ire 

oe =I Degree: 3 

Dy = aS es) Degree: 0 

3. — 3.5 + 4 = 4w? + we — 3.5 Degree: 5 

A, 7xy — 16x-y" Degree: 2+ 4, or 6 

Do Exercises 1-8. >} 

ADD AND SUBTRACT POLYNOMIALS 

If two terms of an expression have the same variables raised to the Add or subtract. 
same powers, they are called like terms, or similar terms. We can Ly ty) 

combine, or collect, like terms using the distributive property. For 

example, 3y’ and 5y’ are like terms and 3y* + 5y? = (3 + 5)y’. We 

add or subtract polynomials by combining like terms. 

2. (3x7 — 2x — x° + 2) 

(5x” — 8x — x24 A) 

3. (20 Sy rape 7) 

EXAMPLES Add or subtract each of the following. + (4x = ly —Z 4 3) 
oy (= 3k = ed 

4. (3ab’ + 4a’b — 2ab + 6) 
+ (—ab’ — 5a*b + 8ab + 4) 

5. (5x7 + dxy — 3 + 2) 

2. (oxy = 9xy) = (Sy — 4xy) = (9ie say ya) 

(6x°y? — 9xy) + (—5x?y3 + xy) 

6x*y? — Oxy — by oh Axys = xy — dxy 

Le (ox 3x = x) P(e = 7 8) 

= (—5x? + 12x?) + (3x* — 7x") —x +3 

= (-5 + 12)? + (3-7)x*?* —x +3 = 70 — 4° —x4+3 

Do Exercises 1-5, > 
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MULTIPLY POLYNOMIALS 

To multiply monomials, we first multiply their coefficients, and then 
we multiply their variables. 

EXAMPLES 

Ve (20 \ Sa) = (25) Ge +x") = = 10%" 

2. (3yz)(8y'z") = (3°8)(yry?) (2927) = 2dy*z? 
We can find the product of two binomials by multiplying the First 

terms, then the Outer terms, then the Inner terms, then the Last terms. 

Then we combine like terms, if possible. This procedure is sometimes 
called FOIL. 

EXAMPLE 3 Multiply: (2x — 7)(3x + 4). 

F L 
re F O I L 

(xe eG 4) = 6x Sx 21x — 28 

at Ba (Oe SIE 
I 
O 

Special Products of Binomials 

(AaB) =A? 2AB + B? Square of a sum 

(A — B)? = A? — 2AB + B? Square of a difference 

(A + B)(A — B) = A? — B? 

EXAMPLES 

Ane te — Gx)? + 2-47-10 + 

—oveemou I 

Bye) — (3)7)- ae sy 2 +2 

= oy 12a 4 

Gmiee ty) ce ay h(x) 2 —(3y)- 
She gy? 

Do Exercises 1-10. > 

Product of a sum and a difference 

Multiply. 

1. 

= = 

SO ea ge 9 ee ee ee 

(30°) (—7a") 
(y - 3)(y + 5) 
(56) (rs) 
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JUST-IN-TIME Review 

FACTOR POLYNOMIALS 

When a polynomial is to be factored, we should always look first to 

factor out a factor that is common to all the terms using the distribu- 

tive property. We generally look for the constant common factor with 

the largest absolute value and for variables with the largest exponent 

common to all the terms. 

EXAMPLE 1. Factor: 15 + 10x — 5x’. 

15 + 10% = 5x7 S53" 52x = 5 oa? S53) xix) 

In some polynomials, pairs of terms have a common binomial 

factor that can be removed in a process called factoring by grouping. 

EXAMPLE 2 Factor: x° + 3x* — 5x — 15. 

9 Sx I GP 8x) (se 15) 

=C(xGr 3) = 5(x + 3) 

(ee 3) = 5) 

Some trinomials can be factored into the product of two bino- 

mials. To factor a trinomial of the form x* + bx + c, we look for 

binomial factors of the form (x + p)(x + q), where p-q = cand 
p + q = b. That is, we look for two numbers p and gq whose sum is 

the coefficient of the middle term of the polynomial, b, and whose 

product is the constant term, c. 

EXAMPLES Factor. 

3. + Sat 6 = (x + 2)(e + 3) 

fee OK 8 (xk Ok 8) 

To factor trinomials of the type ax? + bx + c,a # 1, using the 
FOIL method: 

1. Factor out the largest common factor. 

2. Find two First terms whose product is ax’: 

(Bx + )( Bx + Dia (uate 

FOIL 

3. Find two Last terms whose product is c: 

( «t8BB)( «+ BD) =art+bxe+ec 
| 

| FOIL 

4. Repeat steps (2) and (3) until a combination is found for which 

the sum of the Outer product and the Inner product is bx: 

(x + M(x + BB) Ho + bv te 

L 1 aon 

O 

(continued) 
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EXAMPLES factor. 

5. 3x7 — 10x — 8 = (3x + 2)(x — 4) 

6. 12y* + 44y — 45 = (2y + 9)(6y — 5) 

Special Factorizations 

EXAMPLES 

7. & — B= (A+ B)(A —B): 

x — 16 = 7 — £ = (x + 4)(x — 4) 

8. A + 2AB + B’ = (A + B)?: 

Rae Ox arulGe = xt Dye At AP ee (x 4-4)? 

9A 2AB B= (A= BY2 

25y? — 30y + 9 = (Sy)*-— 2-5y-3 + 2? 

ee yn) 
10. 4 + B= (A + B)(& — AB + B’): 

Ae eae (x 3)(x — 3x 2 9) 

tid — BoA —96)(4 + AB + B?): 

16) 250t—2(8y = 125) = 2] (2y)? = 5") 

= 2(2y — 5 )(4y + 107 +25) 

Do Exercises 1-20. > 

Factor out the largest common factor. 

1. 3x + 18 

2. 22° — 82" 

Factor by grouping. 

3, 3 ek at Sih 6 

4. ° + 6 — 2t- 12 

Factor the trinomial. 

5. w? — 7w + 10 

62 128i ee IS 

7 n — 207 8 

By Sly aay 

9. 2 + 9n — 56 

W027 ate, 6 

Factor the difference of squares. 

11. 2 - 81 

Dslr 

Bs Hie pis) 

Factor the square of a binomial. 

14, 9 + 128 36 

15. 927 — 122 + 4 

16. a@ + 24a + 144a 

Factor the sum or the difference of 

cubes. 

17. x + 64 

18. m> — 216 

19. 3a — 24a 

20. 1° + 1 

eae 



JUST-IN-TIME Review 
LRN 

JUST 

“HE EQUATION-SOLVING PRINCIPLES 

For any real numbers a, b, and c, Solve. 

The Addition Principle 1770 

Dh hy ca Ifa = bistrue, thena + c = b + cis true. 

The Multiplication Principle 3. 

. 6x — 15 = 45 

Byes 4 eS = 

If a = bis true, then ac = bc is true. 

3 Oh Ve a EE Die OY, 

4 

5 
EXAMPLES Solve. 

Ch sh = 7 =] Hd ar 

7 

8 

le y-ll=1l2 
y-11+11=12+11 Cay ih Sree 

2 15c = 90 

1 1 
peace C i) sa () 
NS 15 

c=6 

1 
3 90 se [sy ES 

4 

1 
—x = 3 
4 

Ae 8 

se = 

Sao —a 

8x = 4 

1 
Noe 

D) 

Do Exercises 1-8, > 
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IN 

TIME 

For any real numbers a, b, and c: Solve. 

The Addition Principle for Inequalities 1. p + 25 = —100 

Ifa < bistrue, thena + c < ) + cis true. 

The Multiplication Principle for Inequalities 

a) Ifa < bandc > Oare true, then ac < bc is true. 

INEQUALITY-SOLVING PRINCIPLES 

2 
i eo) 

3 

SOK ie SSF 17 

b) Ifa < bandc < Oare true, then ac > bc is true. 4 ker C= 0 

(When both sides of an inequality are multiplied by a negative = zy 3622 
number, the inequality sign must be reversed.) 3 

Similar statements hold for a < b. CRS 2 Vials 

EXAMPLES Solve. 

i Bree 50 

GeO et ee O) = 79. 

@.= 2-59 

2. pec as 

= (5x) < ~ 3(4) 
x<-# 

3: 2 ot Ne ae) 

Wyoitl<5+1 

Do Exercises 1-6. 



JUST-IN-TIME Review 

PRINCIPLE OF ZERO PRODUCTS 

The product of two numbers is 0 if one or both of the numbers is 0. Solve. 

Furthermore, if any product is 0, then a factor must be 0. For example: 1. (a +7)(a- 1) =0 

If 7x = 0, then we know that x = 0. 

If x(2x — 9) = 0, then we know that x = 0 or 2x — 9 = 0. 

If (x + 3)(x — 2) = 0, then we know that x + 3 = Oorx —2 = 0. 

aR 
b | oo R | ww O II oO The Principle of Zero Products 

Ifab = Ois true, thena = Oor b = 0, andifa = 0 orb = 0, then 
ab = 0. 

Some quadratic equations can be solved using the principle of 

zero products. 

x? + 13x = 30 

See a ae Boe at 

> — os 
| 

co = 
| oS 

12x — 7x — 12 = 0 

EXAMPLES Solve. 

le eon 4a 0 

(x + 1)(x — 4) =0 

~ a 1 — 0 or x—-4=0 

B= i OF ie = 

The solutions are —1 and 4. 

2 2x oe — 3 — 0 

(3) (Qe = 1) = 0 

x+3=0 or 2x —1=0 

x = —-3 or 2x = 1 

eee OF xs 

The solutions are —3 and 5. 

Do Exercises 1-7. > 
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PRINCIPLE OF SQUARE ROOTS 

The principle of square roots can be used to solve some quadratic 

equations. 

The Principle of Square Roots 

Ifx? = k, thenx = Vkorx = —Vk. 

EXAMPLES Solve. 

1. ° — 144=0 

s1=_144 

SS] SV IY“ OF C= 144 

s=-12 Of sa—ele 

The solutions are —12 and 12, or +12. 

2 3x7=— 21 =0 

3x7 = 21 

a, 

x= —-V7 or x= V7 

The solutions are — 77 and 7, ort 7 

Do Exercises 1-6. > 

x7 =36 = 0 

2y — 20=0 

62° ="18 

3f — 15 =0 

g—-1=24 

5x — 75 = 0 

LEE EERE 

eee 

ae are ~ 

ee 

se 

* ea 

‘- 

{RE2E 

ee 

geal i oe pu 

a 

e it 
. 



JUST-IN-TIME Review 
Seo: cece 23 

SIMPLIFY RATIONAL EXPRESSIONS 

A rational expression is the quotient of two polynomials. The Find the domain of the rational 

domain of an algebraic expression is the set of all real numbers for expression. 

oe which the expression is defined. Since division by 0 is not defined, cer: 

any number that makes the denominator 0 is not in the domain of a ita 

rational expression. 
i Vio 

EXAMPLE 1. Find the domain of "y+ 4y- 21 

lt Simplify. 
Sa Eas Pee” 

3, ——___ 
We solve the equation x? — 4x —-5 =0,or (xe) 5) 0, pnb Axe A 

to find the numbers that are not in the domain. The solutions are —1 piehae 2 
and 5. Since the denominator is 0 when x = —1 or x = 5, the domain 4, ee mat 

is the set of all real numbers except —1 and 5. 

x = 6x? + 9X 
EXAMPLES simplify. eee 

Ore op— 3 3iox 2x = 1) 6y + 12y — 48 

12x? — 12 12(x? — 1) oS aye aye 

Canceling is a shortcut that is often used to remove a factor of 1. 

>.  Higcasae | = 2 aX 

xe t+x—6 (x + 3)\(x — 2) 

Sai 2) 

(x + 3)(x — 2) 

live) 

(x + 3)(x—72) 
=| 1 

OL 
Se ae 3) ge se B 

Do Exercises 1-6. > 
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JUST 

IN 

TIME MULTIPLY AND DIVIDE RATIONAL EXPRESSIONS 

To multiply rational expressions, we multiply numerators and multiply Multiply or divide and, if possible, 
denominators and, if possible, simplify the result. To divide rational simplify. 
expressions, we multiply the dividend by the reciprocal of the divisor pees Me 2 
and, if possible, simplify the result; that is, : 

dad 
ears: ine Mp 
Ch be . 

i aiers irae 

EXAMPLES Multiply or divide. Ax? + 9x + 2 ean | 

a == ii 20a2 2 (a — 4)(20a’) : x? ar 36 = 2 3x? a oe 

ig ia Pou ame ees 
eae De = Dye ere “G@=a@—-6 2a-ara 

EN a) ax +12. (x +4) 
_ Sa(a ~ 2) 19x = 8) (x= 74)? 

: x = We x? + NY mer y 

a2 ee a 2 BIS "Poy P+ 24+ / 

12 Bx tel OX: 12" Bx 4x od 

(x — 2)(3x° + 15x’) 

IeGe = 4A) 

_ (#2) (3)(%*)(x + 5) 
BA x=) x= 2) 

= x(x + 5) 

A(x — 2) 

i es. (te 5) 

kd oe and oe ses 
Ee 

ifs 

2. 

Do Exercises 1-6. > 



~ 2(2x — 1)(x — 1) 

EXAMPLE 2 Subtract. 

46 5 

x? + llx +30 x? + 9x + 20 

a BG 

(x 5x + 6) 

5 

(xr 5x tA) 

The LGDis(x 4 5)(x 4. 6)(2 4), 

= x x+4 5 x + 6 
(xt 5)(x+6) xt+4 (x +5)(xt+4) x +6 

pie oe 5x + 30 
~ (x + 5)(x + 6)(x + 4) 

x? + Ax — (5x + 30) 

Gt s\n oat 4) 
- x? — x — 30 

GS 5\G eeadt 4). 

___(*~6) 
(3 46)(a4) 

(Xe 5 )i(Goich A) (ae 6) 

x’ + 4x — 5x — 30 

(SS CX 3G) (xe 4) 

(cet 5)\( x= 6) 

(5 )(6) (ee 4) 

Do Exercises 1-6. > 
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JUST-IN-TIME Review 

ADD AND SUBTRACT RATIONAL EXPRESSIONS 

When rational expressions have the same denominator, we can add or sub- Add or subtract and, if possible, 

tract by adding or subtracting the numerators and retaining the common simplify. 
denominator. If the denominators differ, we must find equivalent rational Pie) al ea 

expressions that have a common denominator. In general, it is most efficient 1. Beh i 

to find the least common denominator (LCD) of the expressions. 

To find the least common denominator of rational expressions, : re Ee 
factor each denominator and form the product that uses each factor "3x4 = 5y = 2 3x — 6 

the greatest number of times it occurs in any factorization. ey ' 
a oe 

3. a 
EXAMPLE 1 Add. Gareles Sian 

ee ed y Ox 2 7 

ee Or 3x te 8» Sate eet 

= x? — 4x + 4 i x+ 4 e y 2D, 

(Dar Cees Is) 2 (cael) yy = 20 yt+a4 

Them GDus( 2a (x = 1)(2), or2 (Zu 1) (aed). 3 5 

eee es Bt re | Ne eras ee age 
CxS) 2 -- 261) 2x — 1 ee) Agate 
ee ae Die ae 
(A= IC AGS OE es a 

Ax? — x +4 



ch) eae oe eae 

JUST 

IN 

TIME SIMPLIFY COMPLEX RATIONAL EXPRESSIONS 

A complex rational expression has rational expressions in its numera- Simplify. 
tor or its denominator or both. Had. 

To simplify a complex rational expression: First, add or subtract, y nee 

if necessary, to get a single rational expression in the numerator and in 1. ar 
the denominator. Then divide by multiplying by the reciprocal of the Se 
denominator. aa 

a=-d 
EXAMPLE b 

Pedy eb alee Paap 
=n te faae < The LCD is ab. 

tao ab bea ab 

1 1 1 b> Ih aR LD; 313 : —.—< TheLCDisa’b 8 
a “ be Gab ‘ bag Wis ae 

LE ‘ 42 
Mab" Fab : w 

sual a hee? 
ip 343 aT! a a xy 

ba 4 x—y 

2 ab y 

be a 
2p : dmc 

a 
aoe ar 

ab PB +a@ aaa 
207) ot b+a)(4)(b)(a 

= ( M MM M : Noten Dig = Ga) 
(d4)(B)(b+a)(b° — ba + a’) 

ab? 

ba + @ 

Do Exercises 1-5. > 

SR AS EIEN TU sceaae ee cet em og i ae4 

ees i 



JUST-IN-TIME Review 
Boi dati Ca ch Ansa 

SIMPLIFY RADICAL EXPRESSIONS 

The symbol Va denotes the nonnegative square root of a, and the Simplify. Assume that no radicands 

: symbol Ya denotes the real-number cube root of a. The symbol Va were formed by raising negative 

_ ———s denotes the nth root of a; that is, a number whose nth power is a. The quantities to even powers. 

x : a symbol W is called a radical, and at eS hens is 1. V(-21)? 2. V9" 

; called the radicand. The number n (which is omitted when it is 2) is - : 5 

S called the index. Do Va Gee) 4. —27x 

Any real number has only one real-number odd root. Any posi- 5, W/8ix8 6. 32 

tive number has two square roots, one positive and one negative. Pea 

Similarly, for any even index, a positive number has two real-number 7. 48x"y 8 V15V35 

roots. The positive root is called the principal root. ; V 40xy ‘< 3/3, 42 
; ae Tar 

EXAMPLES Simplify. V 8x 24x 
cae 

1. V.36 = 6 because 6°6 = 36. ee ea a 

4 2. -V36 = -6 3 12. V2x'yV 12xy 
ee [a 2 13. W/3x2yV/36x 

4. .{—— = 243 
4 

== 5. V —16 is not a real number. 
3 14. 5V/2 + 3V32 

oe Properties of Radicals 15. 7V12 — 2V3 

eo Let a and b be any real numbers or expressions for which the given 16. 232 + 3V8 — 4V/18 

roots exist. For any natural numbers mand n(n # 1): 17, 6\/20 = BW 450 80 

ib If nis even, Wa" = |al. 2. Ifnis odd, Wa" = a. 18. (2 + V3) (5 + 2V3) 

3. Wa: Wb = Wab. Here, we assume that no radicands are 19. ( \/ 8 2V5) ( Vee 2V5) 
WA formed by raising negative quantities to 

yp a Z (b # 0). | even powers and, consequently, we will 20. ( eas V3) j 

b MD not use absolute-value notation when we 

E : simplify radical expressions involving 

5. Wa" =, (aie variables. 

EXAMPLES Simplify. 
6. V(-5)? = |-5| =5 7 Wes) = 5 

eae 8. W4-V5 = W4-5= W20 9, We = (Wa)> = 25 = 32 

. 10. V50 = V25-2 = V25-V2 = 5V/2 

p= [P= Vid= Ves = ViVi = 23 

12. V216x097 = V36-6-x4 x+y y = V36x4y? Voxy 

6x°y V 6xy 7 
13. 8V 50 — 3/8 = 8/259) — 31/4? = 85 = 8 

=4A0V 2 16 2 = 24/2 

14. (5 — V2)(4 + 3/2) = 20 +'15V/2 = 4/2 - 3(V2)? 
20 112 = 6 = 1a 11> 

Do Exercises 1-20. >» 

l 

I 
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ACRES i 

twale] PNR ra) femela felt yee) i 

There are times when we need to remove the radicals in a denominator. Rationalize the denominator. 

This is called rationalizing the denominator. It is done by multiplying 
by 1 in such a way as to obtain a perfect nth power. 

EXAMPLES Rationalize the denominator. 

: [i= pee ee owe 
oN Occ @ din hme 2 

Pi Cate BY3  2N8 
SV Sapa saaVSuw.as 

DT ET YT 
We Weve Wn 3 

Pairs of expressions of the form aVb +cVd and aVb — cVd 

are called conjugates. The product of such a pair contains no radicals 
and can be used to rationalize a denominator or a numerator. 

EXAMPLE 4 Rationalize the denominator: 

(ee NS 
5 oN a= 5 

21 -7V'5 
ey es 
et 75 

9-5 
21-75 

4 

7 

ops 

Do Exercises 1-7. > 



JUST-IN-TIME Review 

884 

RATIONAL EXPONENTS 

For any real number a and any natural numbers m and n, n # 1, for 

which Wa exists: 

n n n 2 py = a, qnin = ( rae = a”, and a m/n — 

EXAMPLES Convert to radical notation and, if possible, simplify. 

1 n= Wm 

ee 7 Lora ale 

= 5/3 <== = = = 
2), 8 g°/3 (Ws) 5 2 32 

EXAMPLES Convert to exponential notation. 

Ae Vey 3 (7ey 5. W/x3 = 23/6 = xl 

EXAMPLES Simplify and then, if appropriate, write radical 
notation. 

Bi 4 218 9/6 8/2) Ny xe 

= V2 Vx = xVx 

Te Cage Naa Kat) e083) aaa 8 2 

Do Exercises 1-11. 

6. xo +x 

Convert to radical notation and, if 

possible, simplify. 

1. yl 7 As oa 

nl 4. Aue 

5 oo 6.2 

Convert to exponential notation. 

7. N7Vy' 8. V5 

Simplify and then, if appropriate, 

write radical notation. 

9. x1/2. 42/3 

10. (a — 2)?/4(a — 2) "4 

11. (m/249/)2/3 



i ae Ds aN ahah ee tel * 

Be ee Ie ae gue eae BNE “ 
ie of # # te oe rae) He 

Se a eee ig a ue ae eee ee ae een 
eS a ae a ae Se ge a ck ee RE 

RoR . eee 
re 

ie 

CN Rg eT ee LO the, es a A Re ASS Sones eG Soci eR UNC ae eae es 1) 

palin 

eed 

PYTHAGOREAN THEOREM 

Ei 

wc aeie Re ee 

SG hau NR apt aay 

A right triangle is a triangle with a 90° angle, as shown in the follow- 

ing figure. The small square in the corner indicates the 90° angle. 

Hypotenuse 

Leg 

In a right triangle, the longest side is called the hypotenuse. It is 
also the side opposite the right angle. The other two sides are called 

legs. We generally use the letters a and b for the lengths of the legs and 

c for the length of the hypotenuse. They are related as follows. 

The Pythagorean Theorem 

In any right triangle, if a and b are the lengths of the legs and c is the 

length of the hypotenuse, then 

o+ y= C8, 

b 

The equation a’ + b’ = c’ is called the Pythagorean theorem. 

EXAMPLE 1. Find the length of the hypotenuse of this right 
triangle. Give an exact answer and an approximation to three decimal 

places. 

ABIES pe 4 

16°05 =< 

A Sac 
Cc 5) 

c= V41 

c = 6.403 

EXAMPLE 2 Find the length of leg b of this right triangle. Give 

an exact answer and an approximation to three decimal places. 

LO say 10" 10 

100 + b? = 144 ; 

b* = 144 — 100 12 

b= -A4 

b= V44 
= 6,633 

Do Exercises 1-5. 

Find the length of the third side of 

each right triangle. Where appropri- 

ate, give both an exact answer and an 

approximation to three decimal places. 

1. 
8 

i) 

2. 

4 

4 

3. 

b 13 

5 

4. 
13 

a 

12 

oe 
6 

b 

V5 
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Chapter 1 

Visualizing the Graph 

ola . Aalsy eID) iN EEG ell HAKe 

89) ae eel Oa 

Exercise Set 1.1 

Mea Go, 4) BO?) Ge (05=5) 9D: 3) 5)sks (—5, —4); 
F: (3, 0) i 

ae a eae 
Ee Euan) “t Been 

(0, 1) 0(5, 1 ) 
Falher Baath 
-2| (2, -)) 

7. (2008, 10), (2009, 15), (2010, 9), (2011, 9), 

QOI1212) 5013s 5) me ooes; NOM eliLenYes; 110) 

13. No; yes 15. No; yes 

17. x-intercept: (—3, 0); 19. x-intercept: (2, 0); 
y-intercept: (0, 5); y-intercept: (0, 4); 

21. x-intercept: (—4, 0); 23. 

y-intercept: (0, 3); 

4 49, } 51. V 128.05, 11.316 53s 

Y= -4 +e 7D 

41. ‘V/10,3.162 43.13 45. 45, 6.708 
a+P 

47.16 

D5) (O45) 



A-2 Answers 

57.Yes 59.No 61.(—4,-6) 63. (—45) 109. Let P) = (x, y1), Pp = (x2) y2), and 
+ 4 

65. (4.95, —4.95) 67. (o>) 69. (pa) M= (= ; iv A *) Let d(AB) denote the distance 

71. (3), (4), (83). ($8 )sn0 
from point A to point B. 

‘ey ot z Vw 2 2 
ace = 7 ; n) + (25% =») 

= 5G AM A ye yn) 

xy ex 4 y+ 2 
pene ; n) (45 - y») 

1 2 
VENA 2 2 _ 29 = Vm, = 3)? + 1 — 2)” 

73. ; 75.(x —-2P + (y-3P? == 2 
2 2 9 ; 

77.(x + 1)? + (y ~ 4)? = 25 = SV (% — 4) + G2 — 1)? = a(PM) 
79. (x — 2)? + (y — 1)? = 169 2 
81. (4+ 2) + (y-3y =4 ER 
83. (0, 0); 2; 85. (0, 3); 4; Exercise Set 1.2 

yA YA 7 
[ 3L IVES 2.963 Sx WwYGs Shes ile VGes 

13.No 15. Function; domain: {2, 3, 4}; range: {10, 15, 20} 
17. Not a function; domain: {—7, —2, 0}; range: {3, 1, 4,7} 
19. Function; domain: {—2, 0, 2, 4, —3}; range: {1} 
21. (a) 1; (b) 6; (c) 22; (d) 3x? + 2x + 1; 

(e) 3? — 4t+2 23.(a)8; (b) —8; (c) —x’; 
iG nec (d) 27y*; (e)8 + 12h + 6h + 25. (a) (b) 0; 

Sale (c) does not exist; (d) u or approximately 1.5283; 

x2 + (y—3)2= 16 ys aE t exist; d t y Aarrarre . 0; does not exist; does no 

a af Sees: Le 87. (1, 5); 6; 89. (—4, —5); 3; exist as a real number; —~=, or —— 
YN YA we Oke: 

L 2L Slt 

12h e “a 
— a = ! ie ; 1 > ie 

a 

4 pos 
SS eet el 
Bein 4 en re s 

—4 b L 
b —8- Als 

L 

(x — 1) + (y— 5)? = 36 (c+ 4? + (yt 5)? =9 

ol. (x + 2)2 + (y- 12% =? flx)= 5x43 flx)=—x2 +4 
O3a(e = 5 )a (yy 5)* = 15° 

S35 ) l — ey: ea 
95, third) 97. Vi? +h + 2a—2Va@ + ah, a = Hah - Hote = oe = r SS) SBS )) = OR S(O) =r 3 

(24 Vio eat) li 39. f(=1) = 27f(0) =.0; fC), = =2 

, 2, : 2 2+ 41.No 43.Yes 45.Yes 47.No 

99 es 2) (y+ 7)" = 36 101. (0,4) Whe eehtnt ae 11, . 49. All real numbers, or (—0o, co) 

103. (a) (0, —3); (b)5ft 105. Yes 107. Yes “4-2 { 2 4 % 51, All real numbers, or (—00, 00) 
ak 53. {x|x # O}, or (—00, 0) U (0, cw) 
=A 55: (x | 7 2} vor (= Gos) UL soon 

i 57. {x|x A —landx # 5}, or 

(=c0; 1) 15) Uo) 



59. All real numbers, or (—oo, 00) 

61. {x|x # Oandx # 7}, or (—00, 0) U (0,7) U (7, «) 
63. All real numbers, or (—o0o, 00) 
65. Domain: [0, 5]; range: [0, 3] 
67. Domain: [ —27r, 27]; range: [—1, 1] 
69. Domain: (— 00, 00); range: {—3} 
71. Domain: [—5, 3]; range: [—2, 2] 
73. Domain: all real numbers, or (— oo, oo ); range: [0, 00) 

75. Domain: all real numbers, or (—oo, oo ); range: all real 
numbers, or (—co,00) 77. Domain: (—co, 3) U (3, 00); 
range: (—00,0) U (0,00) 79. Domain: all real numbers, or 
(—oo, co); range: all real numbers, or (—00, 00) ~—- 81. Domain: 

(—oo, 7]; range: [0,0o) 83. Domain: all real numbers, or 
(—oco,.00);range: (—co, 3] 85. (a) 2018: $25.21; 2025: 
$28.23; (b) about 49 ae after 1985, or in 2034 
$7,645 ms 0'm "89: (—3, —2); yes; (2; —3);, no 

90. (0, —7), no; (8, ee 91. (3,- 2), yes; (2, 75), yes 
Ope Cea 93 oe 

4 Be) i v ES Are 

-2 

L eye Go 1)? 
—4- 

94. VA 

Salk = DV 10 (x — 3)? +y* =4 

97. {x|x = —landx # 0}, or[—1,0) U (0, w) 

99. {x|0 < x = 4}, or [0,4] 
101. 103. (a) f(x) = 

4 (b) f(x) = 2x 
af wie (c) f(x) = 

Visualizing the Graph 

eee? De ork 64.) Oe 6h 7 

8.G 9.B 10.1 

Chapter 1 A-3 

* > we & ¥ > 

exercise Set 1.3 

1. (a) Yes; (b) yes; (<) yes 3. (a) Yes; (b) no; 

(c)no 5.2 7.-2 9.0 11.4 13. Not defined 

15.0.3 17.0 19.-$ 21.—} 23. Not defined 
5 = Oo OEM Bibs Beh Nordic 

35.—-} 37.-1 39.0 41. The average rate of change 

in sales of electric bicycles from 2013 to 2020 is expected to be 

$0.343 billion, or $343 million. 43. The average rate of change 

in the population of Cleveland, Ohio, over the 12-year period was 

about —7290 people per year. 45. The average rate of change 

in the number of acres used for growing almonds in California 

from 2003 to 2012 was about 28,889 acres per year. 

47. The average rate of change in per-capita consumption of whole 

milk from 1970 to 2011 was about —0.5 gal per year. 

49.2;(0,-7) 51. Slope is not defined; there is no y-intercept. 

Sh pss) Sse) Gralla 6) 
59.4(0,8) 61.4 (0,-3) 

TAN, aim, Dato, bliss $ atm, 152 3 ¥ atm, 213 4 atm 

1S (a) 13 . For each mile per hour faster that the car travels, it takes 

Li iopee eosin. (b) 6 f11-5 ft, 22:51 55.5 172 it 

(c) {r|r > O}, or (0, 00). If ris allowed to be 0, the function says 

that a stopped car has a reaction distance of $ ft. 

75. C(t) = 2250 + 33808; C(20) = $69,850 
77. C(t) = 750 + 15x; C(32) = $1230 
79.-2 80.10 81.40 82.a° + 3a 
83.4 + 2ah +h’ —3a-—3h 85.2a +h 
87.False 89. f(x) =x +b 



A-4 Answers 

Mid-Chapter Mixed Review: Chapter 1 

1.False 2.True 3.False 4. x-intercept: (5, 0); 

y-intercept: (0,-8) 5. V605 = 11V/5 ~ 24.6; (-3,—-4) 
6. V2 ~ 14;(-4,-3) 7. (x + 5)? + (y — 2)? = 169 
8. Center: (3, —1); radius: 2 

ie Seo = Gy) 6 

12. y 

(x +4 ty? =4), 

13. f(—4) = —36;f(0) = 0;f(1) = -1 
14. g(—6) = 0; g(0) = —2; g(3) is not defined 
15. {x|x is a real number}, or (—oo, 00) 
L614 kiz 5 or (oer 5) UL) (5.60) 

Wate nie stanax = ) lor (co 3) ) (=3. 1) (15.00) 
19. y 

20. Domain: {—4, 3); range:[—4,5) 21. Not defined 
22.-; 23.0 24. Slope: —4; y-intercept: (0, 12) 

25. Slope: 0; y-intercept: (0, —6) 
26. Slope is not defined; there is no y-intercept 

27. Slope: 7; y-intercept: (0, x) 28. The sign of the slope 
indicates the slant of a line. A line that slants up from left to right 

has positive slope because corresponding changes in x and y 

have the same sign. A line that slants down from left to right has 

negative slope, because corresponding changes in x and y have 

opposite signs. A horizontal line has zero slope, because there is no 

change in y for a given change in x. A vertical line has undefined 

slope, because there is no change in x for a given change in y 

and division by 0 is not defined. The larger the absolute value of 

slope, the steeper the line. This is because a larger absolute value 

corresponds to a greater change in y, compared to the change in x, 

than a smaller absolute value. 29. A vertical line (x = a) crosses 

the graph more than once; thus, x = a fails the vertical line test. 

30. The domain of a function is the set of all inputs of the 

function. The range is the set of all outputs. The range depends 

onthe domain. 31.Let A = (a,b) and B = (c,d). The 

coordinates of a point C one-half of the way from A to B are 

(: abs r+ 4) A point D that is one-half of the way from C > 

2 2 

to Bis} + +4, or 3 of the way from A to B. Its coordinates are 

ane Bank ti, 

2) andy Ga 3% oP Sy! ; 
a a Oo ; . Then a point E 

2 2 4 4 

that is one-half of the way from D to B is + + $-4, or é of the way 

Gar Be baeiwod 
I-46 4 

1DCOpIOAN WO)IBY, HS COLON RGNTDENSS ANC |) —<—<$<———$ 5 ——————— ||]. (03 

(24% b+ 72) 

Sea 

Exercise Set 1.4 

+d 

Tera (O = 2) yee 28 3. a(0 Oey =e 
5.0, (0,—3);y=—-3" Zy=$xt+4 Xy=-4e—-7 
lly = —42x +7 ~13.y=3x+2 15.y=8 
y= -3x-% 19. y= -3x+2 y= -ix+ 
23.y=3x-—6 25.y=7.3  27.Horizontal: y = —3; 
vertical:x = 0 29. Horizontal: y = —1; vertical: x = 4 

31. h(x) = —3x+7;1 33. f(x) =%x — 1;-1 
35. Perpendicular 37. Neither parallel nor 

perpendicular 39. Parallel 41. Perpendicular 

B.y = ox + ty = het F 
45.y = -0.3% = 21;y = Px+2 
47.y = -ix+hby = $x-6 Ave == Sey) = 5) 

5] rues 953. Trude 955. False 57. No) 59Yes 

61. (a) Using (1, 1.319) and (7, 2.749) gives us y = 0.238x + 1.081, 

where x is the number of years after 2006 and y is in billions; 

(b) 2017: about 3.699 billion Internet users; 2020: about 4.413 

billion Internet users 63. Using (0, 11,504) and (3, 10,819) 

gives us y = —228x + 11,504, where x is the number of years after 

2010 and y is in kilowatt-hours; 2019: about 9452 kilowatt-hours 

65. Using (1, 28.3) and (3, 30.8) gives us y = 1.25x + 27.05, 

where x is the number of years after 2009 and y is in gallons; 

2017: about 37.1 gal 67. Not defined 68. —1 

69.2 + (y ='3)? = 6.25 FO(xGe 7) yee = 
71.—7.75 73. 6.7% grade; y = 0.067x 

min 

vie lo 

Exercise Set 1.5 

1.4 3. Allreal numbers, or (—00, 00) 5. —3 

7.-9 9.6 I1.Nosolution 13.2 15.2 
17-8 19.4 "31-6 23,=1_ 2a 



Pat 

38% 

43. 

49. 

53. 

Sif 

BY), 

67. 

Ze 

83. 

89. 

— 29.-% 31.3 
$1300 37. 26°, 130°, 24° 39. $3.455 billion 

25.2%  45.$5000 47. About 287,000 students 

Length: 100 yd; width: 65 yd_ 51. Length: 93 m; width: 68 m 
2.5hr 55. $2400 at 3%; $2600 at 4% 

IBM: 6809 patents; Samsung: 4676 patents 

10,040 ft 61.74.25lb 63.4.5hr 65. $20.50 

Italy: 30%; Spain: 20%; United States: 8% 69. —5 

ub TN Wel Wis WP Ghee rs 

15 85. (a) (4,0); (b)4 87. (a) (—2, 0); (b) -2 
(a) (—4,0); (b) -4 9. yy = —fx + B 

33. About 51,075 words 

41.3 hr 

92.y=—-ix +} 93.13 94. (1,4) 
95. f(—3) = 53 f(0) = 0;f(3) does not exist 

96. m = 7; y-intercept: (0, —}) D7ENCS 9 9RNO 

101.— 103. No; the 6-0z cup costs about 6.4% more 

perounce. 105. 11.25 mi 

Exercise Set 1.6 

1. {xx > 5}..0r (5, 00); <A 
0 5 

Silas oN, OG (3;:00)23 tate cay 
0 

Sy ales See | Co) 
=3 0 

7. {yly = 3}, or [B00); <++ +++ 
0 22 

9. {x|x > 6}, or (6,00); <+++4++4+4++4+4++¢4 
0 Res 6 

12 

0 

13: 

Sle 

3)3k 

15 15 {x|x = G},0r (-o0, gg] eH 

Bly (ee 77) O70) 

. {x|x = 3}, 01 (~00.5] 
Pixlxs—-4} 01 (—4,.00) 

Chapter 1 A-5 

35.(—00, -2)U (1,00); <<} + 

0 9.6 10.4 

41. (—o0, -¥] U [ —% 0); 
Bf \ 0 

4 4 

43. More than 45 years after 1980 45. Less than 10 hr 

47.$5000 49. $300,000 51. Sales greater than $18,000 

53. Function; domain; range; domain; exactly one; range 

54. Midpoint formula 55. x-intercept 

56. Constant; identity 57. (-4,3] 59) (-3,3) 

Review Exercises: Chapter 1 

1.True 2.True 3.False 4.False 5. True 

6. False 7. Yes;no 8. Yes; no 

9. x-intercept: (3, 0); 
y-intercept: (0, —2); 

10. x-intercept: (2, 0); 
y-intercept: (0, 5); 

12. YR 

2x — 4y = 8 

14. V 34 = 5.831 

15. (5) 



A-6 Answers 

16. Center: (=15.3)eradius:3; 17.x° + (y+ 4) 

4 18+ 2)? + (y 

194 — 2) = 
20.No 21. Yes 

22. Not a function; domain: 

1S) 5S Lrange-e os on | 

= 13 | 

wm OV BIO 

> 

iS) | 

Se Of he - i 1 | | 7 

“4-2 | 2 4 % — 23, Function; domain: 
-2p (=27'0,5 2,7 }s range: 
Ale 1-75 ty 2p 27h 

(x +1)? + Y —3)? =9 

24, (a) —3; (b) 9; (c) a — 3a — 1; (d)x? +x - 3 

DENNOU HE ae (does notexist (dy = 
52 SP © 

26. f(2) = —1; f(—4) = —3; f(0) = -1  27..No 
28. Yes 29.No 30.Yes 31. All real numbers, 

OL (-Co,00)) 32, {x|x +, 0}, or (= 00,0) U'(0,,00) 
33. {x|x # 5andx # 1}, or (—00, 1) U (1,5) U (5,0) 

34, {x|x # —4andx # 4}, or (—00, —4) U (-4, - U (4, co) 
35. Domain: | —4, 4]; range: [0,4] 36. Domain: (—00, 00); 

range: [0,00) 37. Domain: (—00, 00); range: (—00, a 
38. Domain: (—o0o, 00); range: [0,00) 39. (a) Yes; (b) no; 

(c) no, strictly speaking, but data might be modeled by a linear 

regression function. 40. (a) Yes; (b) yes; (c) yes 

41.3 42.0 43.Notdefined 44. The average rate of 
change in per-capita coffee consumption from 1990 to 2011 

was about —0.1 gal per year. 45.m = —4; 

y-intercept: (0,-6) 46.m = —2; y-intercept: (0, —7) 

47. YA 48. C(t) = 110 + 85t, $1130 

L 49. (a) 70°C, 220°C, 10,020°C; 

at (b) [0, 5600] 
5 2 V= =x 4 

r oY = Be air 
4 1 i Ee 1 1 1 1 1 > 1 

=) we ec eee Se ee 

=A- 53. Horizontal: y = % 

4. os —ix +3  vertical:x = —4 
5 54h(4) = 2x = 5; —5 

55. Parallel 56. Neither 57. Perpendicular 

58.y = —9x—3 59.y=3x—2 60. Using (2, 7925) 
and (6, 8396) gives us W(x) = 117.75x + 7689.5, where x is 
the number of years after 2005; 2008: about 8043 female medical 

school graduates; 2018: 9220 female medical school graduates 

61.5 62.-6 63.-1 64-21 65.2 
66. No solution 67. All real numbers, or (—o00, 00 ) 

68.568 million quarters 69.$2300 70.3.4hr 

7A 3 72: Ay 73,0.2,.00% 7454 
75. (— 00, 12); <-RR eee 

. 0 

76. ( 00, 4) <EEEH p++ i 

77.(-3,3]; +--+ 
me 
3 

eo ee = 
2 

79. (—oco, -3) U (3, 00); eee 

80. (—co, -3] U[I, 00); <—t 

81. Years after 2019 82. Fahrenheit temperatures less than 113° 

8358 848 85.C" 86.(2,0) | S714 —20)cn 
(—00,0) 88. {x|x # —3andx # Oandx # 3}, or 

(—co, -3) U (-3, 0) U (0,3) U (3,00) — 89. Think of the 

5 1/2 , ; 
slopes as and ae The graph of f(x) changes 2 unit 

vertically for oe unit of horizontal change, whereas the graph 

of g(x) changes 7 2 ua vertically for each ca of horizontal 

change. Since 2 > 3, the graph of f(x) = 2x + 4 is steeper 
than the graph ve =n 76. 90: If an equation contains 
no fractions, using the addition principle before using the 

multiplication principle eliminates the need to add or subtract 

fractions. 91. The solution set of a disjunction is a union 

of sets, so it is only possible for a disjunction to have no solution 

when the solution set of each inequality is the empty set. 

92. The graph of f(x) = mx + b,m # 0, isa straight line 

that is not horizontal. The graph of such a line intersects the 

x-axis exactly once. Thus the function has exactly one zero. 

93. By definition, the notation 3 < x < 4 indicates that 

3 < xandx < 4. The disjunction x < 3 orx > 4 cannot be 

written 3 > x > 4,or4 < x < 3, because it is not possible 

for x to be greater than 4 and less than 3. 94. A function is 

a correspondence between two sets in which each member of the 

first set corresponds to exactly one member of the second set. 

Test: Chapter 1 

nen tae este 2 ell ceimtercepts 

(—2, 0); y-intercept: (0, 5); (0, 5) 

Dae Vie—t () 

3. [1.1] V45 ~ 6.708 4. [1.1] (— 3.3) 5. [1.1] Center: 
(—4, 5); radius: 6 HOE eer oe (G2) as 
7. {1.2] (a) Yes; (b) {—4, 3, 1,0}; (©) {7,0,5} 
8. [1.2] (a) 8; (b)2a°+ 7a +11 9. [1.2] (a) Does not exist; 

(b)O 10. [1.2]0 11. [1.2] (a) No; (b) yes 

12. [1.2] {x|x # 4}, or (—00,4) U (4,00) — 13. [1.2] All real 
numbers, or (—00,00) 14, [1.2] {x|-5 = x = 5}, or [—5, 5] 

15. [1.2] (a) YA (b) (—00, 00); 
(c) [3, 00) 

4b 

2° f@) = |x = 2/43 
N N | HSS 

BS 

L | 
2 4 

16. [1.3] Notdefined 17.[1.3] 218. [1.3]0 19. [1.3] The 
average rate of change in the percent of 12th graders who smoke 
daily from 1995 to 2012 was about —0.7% per year. 



20. [1.3] Slope: 5; y-intercept: (0, 3) 
21. [1.3] C(t) = 65 + 485$173 22. [1.4] y= -2x — 5 
23. [1.4] y — 4 = —i(x — (—5)), or y — (-2) = ae = 3) Or 
y=-qx+ 4 24.[14])x = -3 25. [1.4] Perpendicular 
26. [1.4] y- 3 = —Z(x + 1),ory=—4x+2  27.[1.4] 
Vy 3 — Ax tAlory = 2x +5 28. [1-4] Using (2, 507.03) 
and (12, 666.99) gives us y = 15.996x + 475.038, where x is the 
number of years after 2000; 2016: $730.97; 2020: $794.96 

a [1.5] a 30. [1.5] All real numbers, or (—o0, oo) 

1. [1.5] — 32. [1.5] }} 33. [1.5] Length: 60 m; width: 45 m 
4. [1.5] xi sf 35. [1.5] — . 
6. [1.6] (—00, -3]; eee tt 

=) 0 

37. [1.6] (—5,3); <+-Ceee eH 
5 

38. [1.6] (—00, 2] U [4,00); ett 

39. [1.6] More than 5.7 hr - 40.[1.3]B 41. [1.2] —2 

Chapter 2 

Exercise Set 2.1 

1a) (—5; Ls (b) G5); ©) (1,3) 3. (a) (—3,-1)5 (35); 
(b) (1,3); (©) (-5,-3) 5. (a) (~00, -8), (3, -2); 
(br (= 8; 26 ame) 603) 323200) (675 Domaine =5, 5/3 

range: [—3,3] 9. Domain: [—5, —1] U [1,5]; range: [—4, 6] 
11. Domain: (— 00, 00); range:(—00,3] 13. Relative maximum: 
3.25 at x = 2.5; increasing: (—0o, 2.5); decreasing: (2.5, co) 
15. Relative maximum: 2.370 at x = —0.667; relative minimum: 0 at 

x = 2; increasing: (—oo, —0.667), (2, co); decreasing: (—0.667, 2) 

17. Increasing: (0, co ); decreasing: (— 00, 0); relative minimum: 
Oatx =0 19. Increasing: (— oo, 0); decreasing: (0, oo ); relative 

maximum: 5 atx = 0 21. Increasing: (3, oo); decreasing: (— co, 3); 
relative minimum: 1 atx = 3 23. A(x) = x(240 — x), or 

2 2 Ww 

240x — x? 25. h(d) = Vd? — 3500’ 27. A(w) = 10w — Si 
14 ; 

29. d(s) =— 31. (a) A(x) = x(240 — 4x), or 240x — 4x°; 
S) 

(b) {x|0 < x < 60}; (c) 120 ft by 30 ft 
33. (a) V(x) = x(12 — 2x)(12 — 2x), or 4x(6 — x)’; 

(b) {x|0 < x < 6}; (c) 8cmby8cmby2cm 35. g(—4) = 0; 

(0) = 4:9(1) = 5:9(3)=5 37. A(-5) = 1;A(0) = 1; 
h(1) = 3;h(4) = 
39. vi Al. 

{- 

—4 —4- 

43. y 45. VA 

4b yi 
EF oe 
a oe 2b 

[eae | el L {jj |__| __s ee fee 4 \ 

SS 1 

) oo 
rs iw) 

feeeloe ele 

he al 
ns ive) 

‘feats T 

47. 

1s 
ee 

51. VA 

i eo 

4 eo 

- eo 

2- eo 

eo 

ie Se eS a eae 
on Pet Ce aay Set 

eo —2}+ 
eo F 

oo | 4- Rees 1 xy 

Chapters 1-2 A-7 

49. yA 

53. Domain: 

(- 00,0) UD 
55. Domain: 

[—1, co) 
ae tie 

57. Domain: (—0o, co); range: {y|y = —2ory = —lory = 2} 
59. Domain: (—oo, 00); range: { 

=, iieese KY; 

fey = 9 =5, fork = 2; 

A 1Gyene SD) 

— Dye 2) a): 

61. Domain: (—oo, 00); range: (— oo, —1] U [2, oo); 

S Ors = Il, 

O(N 2 Stor ea a, 

Eo Ol ==) 

54, Words SS Ib 

(x) = 5 2) for ene, 

Sy, Moree > D 

63. Domain: | —5, 3]; range: (—3, Bi) 

ea B Wea} = xe <x 3, 

h(x) = 4 3, fOr olen 

= 6 ioe < os 3 

65. (a) 38; (b) 38; (c) 5a’ — 7; (d) 5a —7 66. (a) 22; 
(b) —22; (c) 4a? — 5a; (d) -40 + 5a 67. y= —kx +3 
68. Slope: 3; y-intercept: (Oe) 

69. (a) CA (b) C(t) 
$12 

=—(3((t) 1). 0 

Yh Ca Sire op Se 

Fa HO r 28 sy 

(c) V(h) = nn( = : zn 

Exercise Set 2.2 

(2 ~ =) 
1 St | eee 

3 

le BB Sy Sl 5. Does not exist He @ Ql 

11. Does not exist 13. 0 15. 

offs f+ af — gfe and ff (— 
f/g: (—o0, 2) U(3 co ); domain 

yO Cis ace OU 

5 17. (a) Domain 

oo ); domain of 

Of gf Gases Ii 100), 
g)(x) = 7% 

(fe)(x) = —10x? — 9x + 9; (ff)(x) = 4x7 + 12x + 9; 



A-8 Answers 

: ee sd i ine | > Ute = B20) ES oto mnt — a oaind an arrest 
is ae 00); aa of g: [—4, co); domain of f + g,f — g, and of ff (—co,2) U (2, co); domain of f/g: (1, 2) U (2, 00); 

fg: [—4, oo); domain of ff: (— co, 00); domain of f/g: (—4, 00); domain of g/f [1,2) U (2, co); 
domarone (id 83) Ne) (B3.00)); 

be) Z ap 32 == ip 

OR eee x + 4; =) ; 

(P= a)la) = x= 3 = Vee 4 (NG) = («= VE A Pe es 
ON on f= me ; 
Be ae @ ponent ra a (0) = FN) = Ga we 
Te CoO Gy comme eas 3 (gip(x) = - an 00, 00); domain of f/g: (—oo, , 00 ); domain o x) = 5 (g/f)(x) = 

s/f. (00,3) U (4,00); (b) (f + g)(x) = ~207 + 2x — 1 ‘ Since aae PN : 
Cay = 2k 2 = 1 fen) = — 44 2x 35. Domain of F: [2, 11]; domain of G: [1, 9]; domain of 

= : Ske foe Guovolne= 37-0265) an oh (Ma) = 4-4 +909 ==SNW == wy 
23. (a) Domain of f: [3, 00); domain of g: [ —3, 00 ); domain of 6 
f+ef— &fg and ff [3, 00); domain of f/g: [3, co); domain ne 

a a (b) OC a eee Al 
(f= 2) = Vx —3-— Vx + 3: (R(x Vx? — 9; aie alte 

Vite Vee r = 
|x — 3]s (f/g)(x) cy aa (g/f)(x) Wei 2p 

25. (a) Domainoffg, f+ gf — g, fg, and ff: (—00, co); domain waE 

of f/¢: (—00,.0),) (0; oo); domain of g/f: (— co, —1) U (—1, oo); 

CDN; ere) aa We of 2)(x) =o |x|; 41. Domain of F: [0, 9]; a ieant (3, 10]; domain of 

(fg)(x) = (x + 1)|x|s (P(x) = 2 + 2x +1; F+G:[3,9] 43. [3,6) U (6,8) U (8,9] 
xi fal |x| : 45. yy 

(f18)() = Ts (eif\(s) =F 2- (@) Domain offg i 
ies Se So Je and JF (— 00, 00); He 
domain of f/g: (—oo, —3) U(- 3,4) U (4,00); L 

domain of g/f: (—0o, 0) U (0, co); a 
(b) (f + g)(x) = x? + 2x? + 5x — 3; : S 

(f = g)(x) = = 2x? = Sx +3; 2) ’ (fe) 2) = 205 + Sut — 32°, (G(s) = 
= ; 3 TiO aD 

(f/g)(x) = eo Rr (g/f)(x misses 47. (a) P(x) = —0.4x7 + 57x — 13; (b) R(100) = 2000; 
5p) avineenivae see NO ena C(100) = 313; P(100) = 1687 

domain of g: (— 00, 6) U (6, 00); domain of f + g,f — g, 49.3 51.6 53.4 55. rat or : 
and fg: (—00, -1) U (=1,6) U (6, 00); 3x(x + h) 3x(x + h) 

domain of ff: (—o0, ~1) U (1, oo); poe 59. 2x +h 61. —2x —h 
domain of f/gand g/f: (—0co, -1) U (1,6) U (6, oo); 4x(x + h) 

b) (f+ = igete SadGr aeip= a rey, ee ee CD GiGts (6 het es ‘awe ; h 
= ae ete ane 4 : 2 : 2 vk (f — g)(x) = om ee (fz) (x) Ciba 67. 34° = 3xhi he 169. Conese 

(Ne) = AS le) = “S—, B, 
: om + ea Ce ae) 

Se an al 
(g/f)(x) = 31. (a) Domain of 

4(6 — x) 

f: (—00, 0) U (0, 00); domain of g: (—o0, 00); domain of 

KE aes ars (—0o, 0) U (0, co); domain 

of f/g: (—00, 0) U (0,3) U (3, 00); domain of 

Sele) 
(0) (fF + ge) = + x-fi) =o - + 3 

= “ae | (fe)(2) = 1 - 3 (N) = (i) = eo 



73. " 74, : i 

4 4 

2|...%e SY = 8 2 

Tana 4 se es) 2 A a 
=») a 

y =x +1 

7 do f(x) : ae : ee 7? &(*) = <3) answers may vary 

TPA part l ) (G24, 1) 'W) (4.2), 3.) U) (3;.00) 

Exercise Set 2.3 

lg SE BSA _S. es ie —30 ©; 36 iil, SD 

Vote 15a 7. (fe g)(x) = (gef)(x) = x; 
ae of fe gand ge ia 00, Co) 

9. (fog)(x) = 3x? — 2x (gef)(x) = 3x2 + 4x 
domaine gand go f: (—00, co) 

1. (f°g)(x) = 16x* — 24x + 6;(gef)(x) = 4x? — 15; 

ae sens fe (S'00n00)) 

3. (fog)(2) = a (ge f(x) = 
domain of f° g: (— or is) (0, 5) Wyo); 

Soy ioe f.(—-c,4)U (Sco 

5. (f° g)(x) = (ge ss SS eeneae g 
wef 7. (fog)(x a= 2 oa 

(go f)(x vee set smn g210),ca)); 
ee, [-3 oo) 9. (fe g)(x) = 20; eal = 0.05; 

dao gang) = (fee)(x) = |x|: 
g°f)(x) = x; domain of fe g: (—00, oo); domain of 

g°fi[—5,co) 33. (feg)(x) = 5 — x (gef)(x) = VI x 
domain of f° g: (—co, 3]; domain of g° f. | —1, 1] 
35. (feg)(x) = (g°f)(x) = x domain of 

f°? (—co,—-1) 1-1, 00); domain of go f, (—0o, 0) U (0, ca) 

(fe ga) alex — 4x + 6; 
(gof)(x)= x° — 5x* + 3x + 8; domain of fe g and 

gefi(—co,0o) 39 f(x) = «39(x) =4+4+ 3x 41. f(x) = — 

ox) = (2 2)* 8. f(x) = s(x) = 
6 ar Al 

eee ea ; y 47. fla) = Vag) ==> 2 
Xai 

AD (Kk) = 1 et Ox g(x )=xt+2 

51. (a) r(t) = 3t; (b) A(r) = mr’; (©) (Acr)(t) = 97’; the 

function gives the area of the ripple in terms of time t. 

B(x eae ad 55, (Cc) | 356; WNone57."(b)) (dG), 

and(h) 58. (b) 59. (a) 60. (c)and(g) 61. (c) and 

(g) 62. (a)and(f) 63. Only (c° p)(a) makes sense. It 

represents the cost of the grass seed required to seed a lawn with 

area da. 

Mid-Chapter Mixed Review: Chapter 2 

1) True. 22) Falses 335 Tue 94.52) (23 4);-(b) (—5, —3), (4, 5); 

(c) (—3,-1) 5. Relative maximum: 6.30 at x = ~ 1.29; relative 

minimum: —2.30 at x = 1.29; increasing: (—oco, —1.29), (1.29, oo); 

Chapter 2 A-9 

decreasing: (—1.29, 1.29) 6. Domain: [—5, -1] U [2,5]; 
2 h 

Fanee| 3.5 7A) = cs 1k OE PINES 

9. y 10. 1 Ul, 4b tb, & 

13. Does not exist 

14. (a) Domain of f, g, f + g, f — g, fg, and ff: (— 
of fig cd, 4) U)i(= 400); 

domain of / ( Gos = ul 5,00 ) 

(b) fe) er Tf en) ae 9: 
(fg) (x) = a = ay — 20; (ff)(x) = 4x? + 20x + 25; 

(Fig)(x) = = (g/f\(x) = == 
DX ate) 

15. (a) ae Nye oo); domain of g, f + g, f — g, 

and fg: [—2, oo); domain of ff: (— 00, 00 ); domain of 
f/g: (—2, co); domain of g/f: [—2, 1) U (1, 00); 

(b) ey cai Wa2 aie De 

oo ); domain 

Ch =*2)) DNAX 25 (fo Ce ee sone I Vaan 

] = x? — 2x ; {= 3 (ff) (x) 2x + 15 (f/g)(x) ane 

GiNere — 16.4 “17s = oy = oes ee melee 
20, =24 °° 2151027 225 fo e)(a) = sxck; 

ee f)(x) = 3x + 4; domain of fo g and go ft (—00, 00) 

3. (feg)(x) = 3Vx + 23(ge A\(x) = V3x + 2; 
pee of fe . [0, 00); domain of ge f'[—3,00) 24. The 
graph of y = (h — g)(x) will be the same as the graph of 
y = h(x) moved down b units. 25. Under the given conditions, 
(f + g)(x) and (f/g)(x) have different domains if g(x) = 0 for 

one or more realnumbers x. 26. If fand gare linear functions, 

then any real number can be an input for each function. Thus the 

domain of fe g = the domain of ge f = (—00, co). 27. This 

approach is not valid. Consider Exercise 23 in Section 2.3, for 

: 4x Sas : 
example. Since (f° g)(x) = yo san examination of only 

this composed function would lead to the incorrect conclusion 

that the domain of f° g is (—00, 5) U (5, co). However, we 
must also exclude from the domain of f° g those values of x 

that are not in the domain of g. Thus the domain of f° g is 

(Cor O WON NO) (Sco: 

Exercise Set 2.4 

1. x-axis: no; y-axis: yes; origin:no 3. x-axis: yes; y-axis: no; 

origin: no~ 5. x-axis: nO; y-axis: no; origin: yes 7. X-axis: no; 

y-axis: yes; origin:no —- 9._ X-axis: NO; y-axis: No; origin: no 

11. x-axis: no; y-axis: yes; origin:no ‘13. x-axis: no; y-axis: no; 

origin: yes 15. x-axis: no; y-axis: no; origin: yes 17. x-axis: 

yes; y-axis: yes; origin: yes 19. x-axis: no; y-axis: yes; origin: no 



A-10 Answers 

21. x-axis: yes; y-axis: yes; origin: yes 23. x-axis: no; y-axis: no; 

origin:no 25. x-axis: no; y-axis: no; origin: yes 27. x-axis: 

(—5, —6); y-axis: (5,6); origin: (5,—6) 29. x-axis: (—10, 7); 
y-axis: (10, —7); origin: (10,7) 31. x-axis: (0, 4); y-axis: (0, —4); 

origin: (0,4) 33. Even 35. Odd 37. Neither 39. Odd 
41. Even 43. Odd 45. Neither 47. Even 

49, 50. University of California— YN 
L Berkeley: 3576 volunteers; 

47 University of Wisconsin- 

ob Madison: 3112 volunteers 

ae = | [L L 5 | m i es 

51. Odd 53. x-axis: yes; y-axis: no; origin: no 

Fl=x) + fle(=x)) _ flex) +f) 

ae 
2 if 2 = E(x) 

57, (a) E(x) + O(%) = “ MON ie) — 2 

= f(x); (b) f(x) = = 22x" + — Va 
( 

8x) + Vx — Va 
2 

59. True 

Visualizing the Graph 

eC PRB EEN eS ey ID Se Tal 

oh dhs Os ie 

Exercise Set 2.5 

1. Start with the graph of 3. Start with the graph of 

f(x) = x?. Shift it right 3 units. g(x) = x. Shift it down 3 units. 

‘ 

—4 —2 BoA Ge 

TO a ae 

5. Start with the graph of 7. Start with the graph of 
h(x) = Vx. Reflect it across h(x) = —. Shift it up 4 units. 

es the x-axis. 

yA Fd 

i 8 
h(x) = —Vx 

5 6 

=4. 2 anes &. 

+2 

=A 

9. Start with the graph of h(x) = x. Stretch it vertically by 

multiplying each y-coordinate by 3. Then reflect it across the x-axis 

and shift it up 3 units. 

hse) = 3x3 

11. Start with the graph of h(x) = |x|. Shrink it vertically by 

multiplying each y-coordinate by 5. Then shift it down 2 units. 

13. Start with the graph of g(x) = x°. Shift it right 2 units. Then 
reflect it across the x-axis. 

“\\ Geel): 

BV 

15. Start with the graph of 

g(x) = x°. Shift it left 1 unit. 
Then shift it down 1 unit. 

RV 

g(x) = (x + 1)?-1 

17. Start with the graph of g(x) = x°. Shrink it vertically by 
multiplying each y-coordinate by }. Then shift it up 2 units. 

yi 

g(x) = =x? ae D 



19. Start with the graph 21. Start with the graph of 
of f(x) = Vx. Shift it left f(x) = Wx. Shift it down 
2 units. 2 units. 

YA 

“| f@) = Ne = 2 
D 

=e 

23. Start with the graph of g(x) = |x|. Shrink it horizontally 
by multiplying each x-coordinate by § (or dividing each 

1 
x-coordinate by 3). 25. Start with the graph of h(x) = — 

oe 
Stretch it vertically by multiplying each y-coordinate by 2. 

27. Start with the graph of f(x) = Vx. Stretch it vertically by 
multiplying each y-coordinate by 3. Then shift it down 5 units. 

29. Start with the graph of g(x) = |x]. Stretch it horizontally by 
multiplying each x-coordinate by 3. Then shift it down 4 units. 

31. Start with the graph of f(x) = x’. Shift it right 5 units, shrink 

it vertically by multiplying each y-coordinate by 4, and then reflect 

1 
it across the x-axis. 33. Start with the graph of f(x) = S 

Shift it left 3 units, then up 2 units. 35. Start with the graph of 

h(x) = x’. Shift it right 3 units. Then reflect it across the x-axis 

and shiitit up 5 umitss! 3779-1252) 39.2 (12, 4) 

Al, (=12,2) 43. (—12,16) 45.B 47.A 
AD, f(x = —G@—08)> 251. fara ix 47|42 

] Pr 
53. f(x) = ae BIS 5 (ae) 

rs 
Seer N/A 2) = 

59: 
erie! 

(—3, 4) »— g(x) = —2f(x) 

61. 

Chapter 2 A-11 

63. y 

oy LO) 
a 
N(,3) (6; 3) 

pees 
(ial) 

\ ee PES 

| tw 

foal en 

65. 

67. 
h(x) = —g(x + 2) +1 

= —2,1) 2r Go) EG) eae 
> 

lI 79 fen k a 35 ( 8) le 
xt + 35x° — 3x -—5= g(x) 81. g(x) =x? — 3x7 +2 

83. k(x) = (x + 1)? —3(x +1)? 85. x-axis, no; y-axis, yes; 
origin,no 86. x-axis, yes; y-axis, no; origin, no —87.._ x-axis, 

no; y-axis, no; origin, yes 88. 40,504 pages 

89. 1123 guns 90. About 29,700 acres 

91. 93. 

YA YK 

af at 
E12) 0) (2,1) 2 2,1 

(—4, 0) \ sae (“4 0) es) : ; (4, ”) 

ii a! ({x1) L en es 
Ae y =|fx)| paar i 



A-12 Answers 

22. (a) Domain of f (—00, 0) U (0, co); domain of g: 

(—o0, 00); domain of f + g,f — g, and fg: (—00, 0) U (0, 00); 

domain of f/g: (—00, 0) U (075) Wi oo ); 

Exercise Set 2.6 

36 
il, 2LSR = AeeKy 8 SOR = Sh AE I Abe 

29 4 = 4 

4 3 3 0.54 (b) (fe) eee 0s) Oe ee 

IS Day aoe, L054 ye 13:$8.25 x x 
iG 8 8 a 12 8 

5 2 = = = 15. 52hr 17.90g 19. 3.5hr 21. 66cm (ig) (x)= ees (f/g)(x) = FG =e 
0.0015 : 

23-2 G25. OTe ox 229) ey = xz 23. (a) Domain of f£.g,f + gf — g, and fg: (—00, 00); 

domain of f/g: (-c0, 5) U Ge oo ); (b) Ff FZ) eH 
eh Ss lL 3% XZ 2 pl 2 ; 

Seve nig tee SS em a Ol) eee Se TO Bx Oe IN eee) eo en taal 
5 wp 5wp . . Sate Ak 

37. 36mph 39. 98earnedruns 41. Parallel 42. Zero GAC a ee rine ct OU AEA eaaaw 
43. Relativeminimum 44. Oddfunction 45. Inverse ANP) =) 0S Ose Gn Gee 

T ae 7 ef 4 
variation 47. $3.56;$3.53 49. A ee 4 se ngeor edges winuntas 

Bae iy) x(x +h) 

= : SI BY) BPS 7 Sih aS) SH be 
Review Exercises: Chapter 2 aq 5g de 3934 Bigot 4? 

il, Wane  % Jeallse 8) Iq 4) “ihe 36. (a) (feg)(x) = td ah (g°f)(x) =3— 2 

5, (a) (—4, -2); (b) (2,5); (©) (—2,2) 6 (a) (-1,0), (2, 00); (3 — 2x) x 

(b) (0,2); (c) (—co,-1) 7. Increasing: (0, oo); decreasing: 
(—oo,0); relative minimum: —1 atx = 0 8. Increasing: 
(—co, 0); decreasing: (0, co); relative maximum: 2 at x = 0 

9. A(x) = x(48 = 2x), or 48x. = 2x? 

10. A(x) = 2xV/4 — x? 

(b) (0,00); (c) x = 6in., height = 3 in. 

(b) domain of f° g: ( —oo,?) U es oe) )s domain of 

g°f: (—co, 0) U(0, co) 
37... (ay uh 2) (xe) ds (Ce IP) Oe Gone 

(b) domain of fo g and g° f: (—oo, oo) 

38. f(x) = Vx, g(x) = 5x + 2; answers may vary. 

39. f(x) = 4x* + 9, g(x) = 5x — 1; answers may vary. 

40. x-axis: yes; y-axis: yes; origin: yes 41. x-axis: yes; y-axis: 

432 
Ll? (ay A(x) =x 

x 

12. 13. YA yes; origin: yes 42. x-axis: nO; y-axis: no; origin: no 

F 43. x-axis: nO; y-axis: yes; origin:no 44, x-axis: no; y-axis: no; 

IN eee origin: yes 45, x-axis: no; y-axis: yes; origin:no 46. Even 

et] ae Ea > 47. Even 48. Odd 49. Even 50. Even 51. Neither 

Si 52. Odd ‘S3..Evén? 154% Even .155. Odd 

L 56. f(x) = (x +3)? 57, f(x) = —-Vx-34+4 
Pa 58. f(x) = 2|x— 3] 
—6+ bo: YX 60. YX 

~8r 1 
—10+ = 

14, 1S: YA L L 
L = —4 y= Fee) 

4 0 [ [ 
} eo 
Ze hes 61. 62. yA 

ee ae = —l > a 

=A 2 4 L 
ex 4 r y= 3 +f) 

eo 

eo —4 f(x) =f] 
oo = 

= es) 1 ee a ee > 

16. 17. f(-1) = 1; f(5) = 2; by Se 
YA f(—2) = 2; f(=3) = —27 Sep 
vi fy = le 3] 18. f(=2) = =3; 

i f(T) = 35 (0) =" =15 PEE 2500 54 
fa ee Se IE SP == = — pn. f(A) 235 119, =33 2 # ? =. 

Re eT 20. 0 21. Does not exist 48 neaes == yee EB 67. y= = 68. y = on 69. 20 min 70. 75 
—2- eo j 

71. 500 watts 72. A 73.C 74. B 75. Let f(x) and 
ay g(x) be odd functions. Then by definition, f(—x) = =} (0) fOr 



f(x) = -f(—x), and g(—x) = g(x), or g(x) = -g(—x). 
Thus, (f + g)(x) = f(x) + g(x) = -f(-x) + [-g(-x)] = —[f(=x) + g(-x)] = -(f + g)(—x) and f + gis odd. 
76. Reflect the graph of y = f(x) across the x-axis 
and then across the y-axis. 77. (a) 4x° — 2x + 9; 
(b) 4x° + 24x? + 46x + 35; (c) 4x3 — 2x + 42, 
(a) adds 2 to each function value; (b) adds 2 to each input before 
finding a function value; (c) adds the output for 2 to the output 
forx 78. In the graph of y = f(cx), the constant c stretches 
or shrinks the graph of y = f(x) horizontally. The constant c in 
y = of(x) stretches or shrinks the graph of y = f(x) vertically. 
For y = f(cx), the x-coordinates of y = f(x) are divided by c; for 
y = cf(x), the y-coordinates of y = f(x) are multiplied by c. 

79. The graph of f(x) = 0 is symmetric with respect to the 

x-axis, the y-axis, and the origin. This function is both even and 

odd. 80. Ifall the exponents are even numbers, then f(x) is an 

even function. If aj = 0 and all the exponents are odd numbers, 

then f(x) isan odd function. 81. Let y(x) = kx*. Then 
y(2x) = k(2x)? = k+ 4x? = 4-kx? = 4+ y(x). Thus doubling x 

k 
causes y to be quadrupled. 82. Let y = k,x andx = —. Then 

Zz 

ae ky 
k 1K? Pema 

y—k- re ory = a. sO y varies inversely as z. 

Test: Chapter 2 

Dae Ua) (sone 2)s8 (Db) (2,'5);, (C)i(Gazs2) 
2. [2.1] Increasing: (— oo, 0); decreasing: (0, oo ); relative maximum: 

Pate — 0) 3) (2.1) A(b) = 5 b(4b — 6), or 20 — 3b 
4, [2.1] 

5. (2.1] f(—3) = BF(5) = af(-4) = 16 6. [2.2] 66 
TDG RSA (221) 9 .9)8[2:21\0 10s [2:1] (—co;.co) 
(1121113, c0), 12)(2.21)|3.00),, 13. [2.2]|3400) 

Te aie coh © 152 (2.2) (3,00) 

16. [2.2] (f+ g)(x) =x + Vx - 3 

17, (222) (a) = x HV x 3 

18. [2.2] (fg)(x) = Vv ee 3 

19. [2.2] (f/g)(x) = FS 20. [2.2] 4 ie 

21. (2.2]4x+2h—1 22. [2.3]83 23. [2.3] 0 
24, [2314 25.)[2.3] 16x =F 15 

26. [2.3] (feg)(x) = Vx — 4 (gef\(x)=x—4 27. [2.3] 

Domain of (f° g)(x): (—00, —2] U [2, 00); domain of 

(gef)(x): (5,00) 28. [2.3] f(x) = M3 ox) = 24 = 75 

answers may vary 29. [2.4] x-axis: no; y-axis: yes; origin: no 

B02 WiOdda 131, (2-5 onan Xie 2 yd 

eye PTC) =e on een 

Chapters 2-3 A-13 

33. [2.5] 

50xz* 30 
34. [2.6] y = = 35. [2.6] y= 5x 36. [2.6] y = 

37. [2.6] 50ft 38. [2.5}C 39. [2.5] (-1,1) 

Chapter 3 

Exercise Set 3.1 

TV Gin Sis 87 conc, 
11,2 ili 91355 = 127 «15. 448i 17) =4 = 2; 
19.54+9) 21.5+4: 23.5+7i 25. 11 —5i 
27. -1+5i 29.2-12i 31. -12 33. —45 
35.35 + 14i 37.6+16i 39.13 —-i 41. -11 + 16i 
43. -10+ 1li 45. —-31-34i 47. -14+23i 49. 41 
51.13 53.74 55. 12+ 16i 57. —45 — 28: 
59. -8 — 61 61. 2i 63. —7 +241 65. 72 + fei 
67.8 -Bi 09. b+ fi 71. 3 — i 

4V3 +10 | 5V3 +8. 
1 

41 4] 
77. -+-¥i 79. -i 81. -i 83.1 85.3 
87.625 89. y=—25 7 1 90. Allreaknumbers ‘or 

(Sconco)i 91: (—oo, -3) U (-3, 00) 
92.x2-3x-1 93.5 94.2x+h-3 95. True 
97. True 99 @+6 101. x — 6x +25 

Wax: 

Exercise Set 3.2 

122 33.f22)10 5. = = V3 Ve 
i. “V2 Ve 13. 4,4 15 ie 0 
19. -1,-4,1 21. (a) (—4,0), (2,0); (b) —4,2 
23. (a) (1,0), (3,0); (b) —1,3 25. (a) (—2, 0); (2,0); 
(b) =2,2 _ 27. (a) (1,0); (b) 1 29) —7,1 
a1, 4 V7 330=4 ce 37003524 379-305 

54 .V7 ee 4+ V31 
Se 4 43. aE i 45. 39: Is bi B 9) 2 We 5 

5, V23 “1+ V6l 7 ee Om i N/a 
6 6 6 

ae l 3 
53. see BS ails es 57. 144; two real 

59. —7;twoimaginary 61. 49;tworeal 63. —5,—1 

65: ae ~0.791,3.791 67. 5 £ V2 55 4.791 

651 t AVe. 41 449 71. 7 + val 

73. + er 0.768 75. 1 tan 0.690 

7. oe 0.569 79, +1,+V2 

81. £\/2, EV 51 830 EV si Boao) 87. — 864 



A-14 Answers 

89. 1,16 91.33 93. -3,-1,4,1 95. 2011 
99. About 10.216sec 101. Length: 4 ft; width: 3 ft 

103. 4and9;—9and—4 105. 2cm 107. Length: 8 ft; 

width: 6 ft 109. Linear 111. Quadratic 113. Linear 

115. About $3.95 million 116. About 16 years after 2004, 

orin 2020 117. x-axis: yes; y-axis: yes; origin: yes 

118. x-axis: no; y-axis: yes; origin:no 119. Odd 

120. Neither 121. (a) 2; (b) 4 123. (a) 2; 

(bye 12580 17 = VO 
Nee 
ut Vit 4V2 131, se 129. 

2. 

7 
13505 V2.5 : Na 

Its3s), IY 

+ 

Visualizing the Graph 

ly Go By ids SIN Bole ee 5 IDE 7G I 

S G Gist IGE le 

Exercise Set 3.3 

1. (a) (-3, —$); (b) x = —4; (c) minimum: —} 

3. (a) (4,—4); (b) x = 4 (c) minimum: —4; 

(d) ya 

4 

2 

=) 4 cere 

a 

+4 

f(x) =x?—8x+12 

Bena) (4, —+); (b) x = i (c) minimum: —}; 

(d) me 

fe) Sx? — 7x +12 

7. (a) (—2,1); (b) x = —2; (c) minimum: 1; 

(d) 

9. (a) (—4, -2); (b) x = —4; (c) minimum: =2: 

(d) y 

4 | 8 ne 

2 

GG) Ae eb 

11. (a) (-3,4); (b) x = —3; (c) minimum: i. 

(d) y 

16 

12 

8 

4 

> 
x speared 

g(x) = 2x7 6x + 8 

13. (a) "(=37 12)} (b) 73 (CE) Smnaximun- 12: 

(d) YA 

g(x) = —2x2 + 2x +1 

EZ. (Ey ASD) OLS (i) 23, Cm ose Lane 27. False 

29. True 31. (a) (3, —4); (b) minimum: —4; (c) [—4, 00); 
(d) increasing: (3, co); decreasing: (—oo, 3) 

33. (a) (—1, -18); (b) minimum: —18; (c) [—18;, oo): 

(d) increasing: (—1, oo); decreasing: (—oo, —1) 



Chapter 3 A-15 

35. (a) (5,3); (b) maximum: 3; (c) (-oo, 3]; 29. (a) (—1, —3); (b) x = —1; (c) maximum: —3; 
(d) increasing: (—0o, 5); decreasing: (5,00) 37. (a) (1,2) (d) (—oo, —3]; (e) increasing: (—00, —1); decreasing: (—1, 00); 
(b) minimum: 2; (c) [2, 00); (d) increasing: (—1, 0°); (f) YA 
decreasing: (—0oo,—-1) 39. (a) (-3, 18); (b) maximum: 18; 
(c) (—oo, 18]; (d) increasing: (—oo, —}); decreasing: (—3, 00 ) 2 
41. 0.625 sec; 12.25 ft 43. 3.75 sec;305ft 45. 4.5 in. 
47. Base: 10 cm; height: 10cm 49. 350 doghouses GRE eee ee di x 
51. $797; 40 units 53. 4800 yd’ 55. About 60.5 ft ee 
Sp 3 Se, abe sr Qin — il + 
33), YR 60. 

—6 
a 4) 

f(x) = —2x? = 44-5 

30. Base: 8 in., height: 8in. 31. The sum of two imaginary 

numbers is not always an imaginary number. For example, 

(2 + i) + (3 — i) =5,arealnumber. 32. Use the discrimi- 
(0, —4) —4 

(3, =25) Ee nant. Ifb* — 4ac < 0, there are no x-intercepts. Ifb? — 4ac = 0, 

there is one x-intercept. If b> — 4ac > 0, there are two x-intercepts. 

g(x) = —2f(x) 33. Completing the square was used in Section 3.2 to solve quad- 
61. —236.25 ratic equations. It was used again in Section 3.3 to write quadratic 

63. ESUlPinceechnald be 2477 fe functions in the form f(x) = a(x — h)? +k. a 

f(x) = (Ix| -— 5)? — 3 A+7 34, The x-intercepts of g(x) are also (x,, 0) and (x, 0). This is 
965. true because f(x) and g(x) have the same zeros. Consider 

and ee g(x) = 0, or —ax? — bx — c = 0. Multiplying by —1 on both sides, 

we get an equivalent equation ax’ + bx +c = 0, or f(x) = 0. 

Exercise Set 3.4 

1, 2 43, 286. 5. 6% 6 “9.149 B11. 2,2) 13, ie 
15. $5 1727 19. Nosolution 21) =7,. "239-35 
25. 2 27. Nosolution 29. {x|xisareal number andx ¥ 0 

r andx #6} 31.2. 33.$ 35.3 37. —4 

39. -5 41. +V/2 43. Nosolution 45. 6 
Mid-Chapter Mixed Review: Chapter 3 47, -1° 49.2 51. -98 53. -6 55.5 57.7 

59.2 61. -1,2 63.7 65.7 67. Nosolution 
Peuitue @2:pFalse_ 3. Irie; “4. False” 5. 67 .6. V5i 6901 V7iaey 0735) 75. 1) 7 oe 

7. -4i 8 4V2i 9-144 10, -7 + 5i BVT, RR, 
MW. 23 +2) 12, —y5— i IS, F 4B. =i SI eye ee eee 
16. —64 W451 18925500 19. ENO Ane si - 

20. £101 21. 4x2 — 8x — 3 = 0; 4x2 — 8x = 3; 87. P=5 ie Eee Brey 
=e = 30 —-2e+1=34+1;(x-1)P =§ Rae 2 en id VES Ne m—F 

91.7.5 92.3 93. China: 53,800,000 metric tons; United 

= [r= bes, = ] + V7 ea Eve, States: 10,508,000 metrictons 94. 119,771 baseball players 

2s) 2 2 95.3 +42V2 97.-1 99.0.1 
+ 

22. (a) 29; two real; (b) eee it 4.193 Exercise Set 3.5 

23. (a) 0; one real; (b) + 24. (a) —8; two nonreal; 1 =7,.7. 300 tS. =328 = Nosolution £97 es 

(b) 1 + 4; 95. t1,4-Voi 26.44 27. Sand7; il. =3,3 713.:-3,5 | 1-84. 1% hes 
“Nites >. 19, =24,44° 21, -2,4 23. -13,7 25. $3 

=F ainel 5) 28. (a) (35 ae (b) x = 3; (c) minimum: —2; 27. 33 29. N51 am, ©. 1 

(d) [—2, 00); (e) increasing: (3, co ); decreasing: (cor 3); 
) ee (ar SOG paRS ar euea 

35. [—2, 2]; <tt> 

37. (—00, —4.5] U [4.5, 00); RRR HH 

39. (—co, —3) U (3, oo); aa ae 
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he (AR gee le ee aes 

43. (—00, —3] U [3, 00); Seti ee ae 

© (17, 1p <E  tH 455 (1751) Ds 

47. (—00, -17] U[1, 0©)5 eR HH 
=I, Ol 

[op 
—4 a 

51. [-6,3],; +--+} 

53. (—00, 4.9) U (5.1,00); <-ee ee 

55. (—co, -$] U[5,c0); eee HH 

57. [-%1]; a ft ttt 

59. (—c0, -8) U (7, 00); ARE HHH | 
1 

=) 0 7 

61. Nosolution 63. (—co,0o) 65. y-intercept 
66. Distance formula 67. Relation 68. Punction 

69. Horizontal lines 70. Parallel 71. Decreasing 

72. Symmetric with respect to the y-axis 73. (—00, 5) 

75. Nosolution 77. (—o0, —§) (27054) 

Review Exercises: Chapter 3 

1. True 2. True 3. False 4. False 5. —3,3 

GA ee 8 9 10/10; 
1+ V41 hal Rye 

10.1 11. -5,3 12, ———— 113, -= + ——i 
4 3 3 

14, 15. —37.. 16. 0,3. 17.5 18. 1:7 19. —8,1 

=—6 =) 0 

MN 
24, P= WseIN 0; eee 

M+N 
27. -% 28.2-i 291-4) 30. —18 — 26i 
31.243; 32. -i 33. x°-3x+3= 18+} 
(e = 9) = ee Se 5 -3,6 34. 9° — 4x = 2; 
e—4n$4=244 (4-2 =6x=2+ V6; 
2-V62+ V6 35. 4,3 36. 1 - 341 + 3i 

Beats 5 
37-25 38) 1 39... awe 40. 2/3, 0;\/3 

41. —2,-3,3 42. -5,-2,2 43. (a) (3,-%); (b) x =}; 

(c) maximum: —%; (d) (—co, -&]; 

(e) 

eV 

GOH Fae 1 

= J (c) minimum: —2) (| —2..00); 

eV 

f&) = 57 = 10k + 5 

45. (d) 46. (c) 47. (b) 48. (a) 49. 30 ft, 40 ft 
50. Rebecca: 15 km/h; Harry:8km/h 51. 35 — 5/33 ft, or 

1S) = WAS: 

2 

ZAC OAD De DEES On AUD /<eOO 

58. 4 + W/243, or 0.052,7.948 59. -7,9 60. —1,2 
61. -1 62.9% 63. +6 64. The product of two imagi- 
nary numbers is not always an imaginary number. For example, 

about 6.3 ft 52. 6ftby6ft 53. cm, or about 

i-i = i? = —l,arealnumber. 65. No; consider the quadratic 

R —b + Vb? — 4ac 5 0 
formula x = ‘ lf — 4ac = 0; then x = — 

2a a 

so there is one real zero. If b> — 4ac > 0, then Vb? — 4acisa 

real number and there are two real zeros. If b> — 4ac < 0, then 

b* — 4ac is an imaginary number and there are two imaginary 

zeros. Thus a quadratic function cannot have one real zero and one 

imaginary zero. 66. You can conclude that |a,| = |a)| since 
these constants determine how wide the parabolas are. Nothing 

can be concluded about the h’s and the k’s. 67. When both sides 

of an equation are multiplied by the LCD, the resulting equation 

might not be equivalent to the original equation. One or more of 

the possible solutions of the resulting equation might make a de- 

nominator of the original equation 0. | 68. When both sides of 

an equation are raised to an even power, the resulting equation 

might not be equivalent to the original equation. For example, 

the solution set of x = —2 is {—2}, but the solution set of 

x? = (—2), or x? = 4,is {—2,2}. 69. Absolute value is 

nonnegative. 70. |x| = 0 > p for any real number x. 



Test: Chapter 3 

Dio eS en 2M el 6NV6 . 3) (3210! 

aoe es [3 2p Be peeve 6. [3.2] > a V23 
4 4 

7. [3.2]16 8 [3.4] -1,2 a [3.4]5 10. [3.4] 5 
LOS | oll. 3. 2.2 |35)— a 

13. [3.5] [—7,1]; <+-e++ + 4 
=. 0 1 

14. [3.5] (—2,3); <+++- e+ 
=2 0 3 

15. [3.5] (—co 00, —7) U (—3, 00); <4 ++ 
=3) 0 

16. [3.5] (—co, -2] U[5, 00); RRR 
=2 0 5 

AC 
17. (3.4) B= 18. [3. ae rae [3.4] n 3p 

19. [3.2] x? + 4x = 13x? + 4 + 4=1+4 4;(x + 2)? =5; 
EA St 175. 2 Sas 
20. [3.2] About 11.4sec 21. [3.1] V43i 22. [3.1] —5i 
230 [Sl] — bee -24°(3.1] 10 5 252 13:1) a= hi 

+ 
26. (3.1)i 27. [321-43 28. [3.2)2 Eel 

29. [3.3] (a) (1, 
(e) 

=x? 4+ 2x +8 f(x) = 

20s s)p0miby 40 fi, 31, (33)C ©32..[3.3], [3:4] —s 

Chapter 4 

Exercise Set 4.1 

3. 0.9x; 0.9; 1; linear 5. 305x*; 305; 4; 

9. 4x°; 4; 3; cubic 
an (2) eel One) 

1. $.x?; 53 3; cubic 

quartic 7. x*; 1; 4; quartic 

eG) 13.4b) | a5 Alc) 
21. (d) 23. Yes;no;no 25. No; yes; yes 

27. —3, multiplicity 2; 1, multiplicity 1 29. 4, multiplicity 3; 

—6, multiplicity 1 31. +3, each has multiplicity 3 

33. 0, multiplicity 3; 1, multiplicity 2; —4, multiplicity 1 

35. 3, multiplicity 2; —4, multiplicity 3; 0, multiplicity 4 

37, + V3, +1, each has multiplicity 1 39. —3, -1, 1, each has 
multiplicity 1 41. +2, 3, each has multiplicity1 43. False 

9); (b) x = 1; (c) maximum: 9; (d) (—co, 9]; 

61. {y|y = 3}, or [3, oo) 
63. {x|x = 3:07 x = 1 or 

1 

Exercise Set 4.2 

ey (a) 559 (b) eo (ce 

3s (a) 3; (b) 35) (c) 2 Vo (al) 

Pile 

h(x) 

62. {x|x > 
=13 oo} CO, 

5 5 = sy ae ee 

ES Top or [ Bape 

Chapters 3-4 

5 5 
5 poe 3, 00) 

65. 16; x!° 

3. (@) Ws (a) is @) © 

SE) ih, 

A-17 

= x(x — 4)(x + 1) — 2) 

45. True 

albums; 2016: 7.9 million albums 

Sila See 

admissions; 2011: 665,806 admissions 

58) 6 2 

47. 2008: 1.7 million albums; 2012: 4.9 million 

49. 26, 64, and 80 

53. 2003: 684,025 admissions; 2006: 739,119 

Sp O29 S/o 5) 

59. Center: (3, —5); radius: 7 

60. Center: (—4, 3); radius: aN 2 

f(x) = (x — 2)(x + 1)?(x — 1) 
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29% 

cas 

seers ent flx) = @ - 2%" +)! 
Sil YA 335 

4h 

= Ey) 1 ri | cB 

h(x) = x3 + 3x2 — x — 3 

Pay= 6x = 8x? — 540+ 72 

37. v7 

op 

—=he ap Sh uiOhe oe = Ds 

al @ Oa PhS Oe FS, | ees > > g(x) oO 
hae Ot = | 

39. f(—5) = —18 and f(—4) = 7. By the intermediate value the- 

orem,’since f(—5) and f(—4) have opposite signs, then f(x) has 

a zero between —5and—4. 41. f(—3) = 22and f(—2) = 5. 

Both f(—3)and f(—2) are positive. We cannot use the intermedi- 

ate value theorem to determine if there is a zero between —3 and 

—2. 43. f(2) = 2and f(3) = 57. Both f(2) and f(3) are 

positive. We cannot use the intermediate value theorem to deter- 

mine if there is a zero between 2and3. 45. f(4) = —12 and 

f(5) = 4. By the intermediate value theorem, since f(4) and f(5) 

have opposite signs, then f(x) has a zero between 4 and 5. 

47, (d) ~48..(f) 49. (6): 50, (a) 525), 525 (c) 

53.7 54. -3,0,4 55. -24 56, 128 

Exercise Set 4.3 

1. (a) No; (b) yes; (c) no 3. (a) Yes; (b) no; (c) yes 

5. P(aese (ee 2)(x — 2x ee) = te 

Zi PC ee ge 

9. P(x) = (x + 2)(e° — 2x! eax tA) teed 

11. O(e) = 2x x? = 3x + 10 RG) 2 

13. Q(x) = x = 4x + 8, R(x) = —24 
15. O(x) = 3x es —18 

17. Q(x) = x4 + 3x° + 10x? + 30x + 89, R(x) = 267 

19 +x +x 4+ 1,R(x) = 0 

21. Q(x) = 2x3 + x? + $x + 5R(x) = -3 
23. 0; -60;0 25. 10;80;998 27. 5,935,988; —772 
29. 0;0;65;1 — 12/231. Yes;no 33. Yes; yes 
35. No; yes 37. No; no 

(cla 2) (acta) Blk lees 
Ce SG hoya 

x — 3)(x + 4);2,3, -4 
(Xe e3, = 2 
(x — 2)(x — 3)(x + 5)31,2,3,- 

Sk. 

Se 80 = ers 

aS). 

56. -1,3 57. —5,0 
58. 10 59. —3,—2 

= 60. fix) — O17ae 7 260; 
1995: $5.27; 2018: $9.23 
61. b = 15in.,h = 15 in. 

f(x) = —x? + 3x2 + 6x — 8 

(By (Al) sea 4h ee ae Shoe = Bee = GE 

(b) P(x) = (« + 4)(x + 3)(x% — 2)(x — 5); 
(c) yes; two examples are f(x) = c+ P(x) for any nonzero 

constant c; and g(x) = (x — a)P(x); (d) no 65. # 
67. 0,—6 69. Answers may vary. One possibility 

is P(x) = xP —x™. 71. x? + 2ix + (2 — 41), R=6 — 23 
WSs 663) aw hI Si 

Mid-Chapter Mixed Review: Chapter 4 

Ue Ealse yume? alcn Cummec gu DnUCmmmEd aahial se 

5. 5; multiplicity6 6. —5, —5, 5; each has multiplicity 1 

7. £1, + V2; each has multiplicity 1 8. 3, multiplicity 2; —4, 

multiplicityl] 9. (d) 10. (a) 11. (b) 125.(c) 

13. f(—2) = —13 and f(0) = 3. By the intermediate value 

theorem, since f(—2) and f(0) have opposite signs, then f(x) 

has at least one zero between —2 and0. ‘14. Hill == +) = 23 and 

f(1) = 2. Both rill S +) and f(1) are positive. We cannot use the 

intermediate value theorem to determine if there is a zero between 



—yandl. 15. P(x ) (0 1) Ga Sx" = 5x = 4). 6 
16. Q(x) = 3x3 + 5x? + Lox + 18, R(x Ja 
V7. Q(x) = x* — x8 + x? — x + 1, R(x) = -6 
18. g(—5) = -380 19. f(4) = -15 

200 (Vl = 20) seh Youn 
22, Yes;yes 23. h(x) = "(% = 1)(x— 8)(x +7); —7, 1,8 
24. o(%) = (% 1) (xe — 2) 4) (x +3); =3, =, 2,4 
25. The range of a polynomial function with an odd degree is 
(— 00, 00). The range of a polynomial function with an even 

degree is [s, 00) for some real number s if a, > 0 and is (—oo, s] 
for some real number sifa, <0. 26. Since we can find 

f(0) for any polynomial function f(x), it is not possible for 
the graph of a polynomial function to have no y-intercept. It is 

possible for a polynomial function to have no x-intercepts. For 

instance, a function of the form f(x) = x* + a,a > 0, has no 

x-intercepts. There are other examples as well. | 27. The zeros 

of a polynomial function are the first coordinates of the points 

at which the graph of the function crosses or is tangent to the 

x-axis. 28. Fora polynomial P(x) of degree n, when we have 
P(x) = d(x) + Q(x) + R(x), where the degree of d(x) is 1, then 
the degree of Q(x) must ben — 1. 

Exercise Set 4.4 

dae One er OOM Sy f(x) — x 4 Sxk te Ax 12 
5. f(x) = x ee a oe Ott fx) = x — 6x4 

ae oO. fx 
RG ie ox x x 
15. f(x) =x'+304324+x 17. -V3_ 19.124 V5 
Pi 5 Ve 272 2 EG 
at, aaa a eee em eee te, 
33. f(x) =x —4¢° + 6x—4 35. f(x) =x + 16 

Bia f(t) = 5x lox — 80 
SO fe) = = ea ee 10 
Al. f(x) = x4 + 42-45 43. -V2,V2 45. 42,3 
AW. iar Di l= Dh Ae sel Sil, ae i, sa ypeh Deed te 8 

ROME te he oe Ee ee 

55. (a) Rational: —3; other: +V/2; 

(b) f(x) = (+ 3)(x + V2)(x= V2) 
57. (a) Rational: 3; other: +V/5; 

fa) = 429) (Ve V5) 
59. (a) Rational: —2, 1; other: none; 

(6) (6) = 2 ly 
61. (a) Rational: —$; other: aie S¥e 

(b) f(x) = 2(x + 3) (x + 3i)(x — 33) 
63. (a) Rational: —4, 1; other: + 2i; 

(Daye oe 2) — Gas ei\(x — 24), 
Ob (Sx + dae = Le 27) (= 28) 
65. (a) Rational: —2, —1; other: 3 + V/ 13: 

(b) f(x) = (x + 2)(x + 1)(x - 3 - V13) (x - 3 + V13) 
67. (a) Rational: 2; other: 1 + V3; 

(Ba) eel Ve)\(z 1+ V3) 
69. (a) Rational: —2; other: 1 + V3i: 

(b) ele (eae ee 

oreo: 
a 

ec 
71. (a) Rational: ss other: 

+ 2x? + 29x +148 UU. f(x) = x? — 3x? - 2x 

Chapter 4 A-19 

Tepe, 5} 75. No rational zeros 77. No rational zeros 

Th Dis Mo?) Slesroueley) 83. 0;3 or 1 85. 2 or 0;2 or 0 

BW, Nel 895 10) 91. 2Zior 0:2 or0 93. 3 or 131 Gy, ile 1 

99. 

f(x) = 4x3 + x? — 8x — 2 f(x) = 2x4 — 3x3 — 2x? + 3x 

101. (a) (4, —-6); (b) x = 4; (c) minimum: —6 at x = 4 

102. (a) (1, —4); (b) «= 1; (©) minimum: =4 at — 1 

103,10) "104.3, "105. Cubic: = 1-6: a5 6 
g(x) > —oo, and as x > —00, g(x) >co 106. Quadratic; 

—x*; —1; 2; as x > 00, f(x) > —00, and as x > —00, f(x) > —00 
107. Constant; —§; —§; zero degree; for all x, f(x) = — 

108. Linear; x; 1; 1; as x > 00, h(x) > oo, and as 

x—>-—o00, h(x) >-00 109. Quartic; x*; 1; 4; as 

<> 00,0 (x) —> Oo, and asx —> — 004 0%) 100 

110. Cubic; x*; 1; 3; as x > 00, h(x Pace and as 

x>-o, Eig Ml, (@) = 155 5: (b) 0, 3, 45 

(c) —3,-3,1; (d) —4,4,2 © 113. -8, -3,4,7,15 

Visualizing the Graph 

PAS 25 (G, ) 33.3) 9 Ae oon Ce Oe heer 

Si Sh Ws ie 

Exercise Set 4.5 

1. {x)x = 2}, ori( =60, 2) (2,00) 

3. {x|x # landx # 5}, or (—co, 1) U 1,5) UG oo) 
5 (x) x. —5 tor (= 00, 9) C= 5,100) 
gs = 2Ae==—29=0 ©. Ose = Boe = -Ava= 

kes = re = Vy — one Ale Be 0 1.x = 

175 0 = 4,6 19 oe 1) 2 
23. y= 0 25. Nohorizontal asymptote 27. y= x 

29. y=x BI. y=x> 3) 1335 Domain; (—oa; 0) 'U) (0, co); 

no x-intercepts, no y-intercept; 
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37. Domain: (—co, —1) U (1, 00); x-intercepts: (1, 0) and 47. Domain: (—oo, 2) U (2, 00); no x-intercepts, y-intercept: 
1 

(3, 0); y-intercept: (0, 3); (0, a -) 
| 
l 
l 
| 
l 

| 
l 
| Via) 

| I n 

=I i 2 3 4 x 

=I l 

=) Ade Ch ag 

39. Domain: (—oo, 5) U (5, oo); no x-intercepts, y-intercept: 49. Domain: (—co, —3) U (—3, -1) U (1, 00); x-intercept: 
(0, 2), yA % (1, 0), y-intercept: (0, —1); YA 

8h = tele 
f(x) Bae, | 4- 

(S32) | 
SE ees is 

= 
y= 0 

fs, 
== $5 

x=5 
—4- 

Gis x? +2x —3 

41. Domain: (— 00, 0) U (0, 00); x-intercept: (-4, 0), no Ae x? + 4x +3 

y-intercept; 
51. Domain: (—0o, 00 ); no x-intercepts, y-intercept: (0, +); 

aN 

Bab ae 

53. Domain: (—0o, 2) U (2, co); x-intercept: (—2, 0), 
y-intercept: (0, 2); YA 

x?-—4 

Ua | (Pa eal a | T 

fx) = 
45. Domain: (—oo, —3) U (—3, 0) U (0, co); no x-intercepts, no 

y-intercept; 55. Domain: (—oo, —2) U (—2, 00); x-intercept: (1, 0), 
y-intercept: (0, =: t ); yA 



57. Domain: (—00, -}) U (-4,0) U (0,3) U (3, 00); 
x-intercept: (—3, 0), no y-intercept; 

Vr 
| 
| 
i\ v= 
| 

=U Soy ae Phare ew 
= ein | = 

25 = 2 Ix=3 

Hea Orb) 

x? + 3x 
iO) = 

2x3 — 5x? — 3x 

59. Domain: (—0o, —1) U (1, 00); x-intercepts: (—3, 0) and 
(3, 0), y-intercept: (0, —9); 

61. Domain: (— oo, 00); x-intercepts: (—2, 0) and (1, 0), 

y-intercept: (0, —2); yr 

65. Domain: (—oo0, —1) U (~1,3) U (3, 00); x-intercept: (1, 0), 

y-intercept: (0, 1); 

Chapter 4 A-21 

67. Domain: (—00, —4) U (—4, 2) U (2, 00); x-intercept: (4, 0), 
y-intercept: (0, ae 

69. Domain: (—oo, —1) U (—1, 0); x-intercept: (3, 0), 
y-intercept: (0, —3); 

71. Domain: (—oco, 0) U (0, oo); x-intercept: (—1, 0), no 

y-intercept; y 

73.. Domain: (—6o, =2) US 2.:7). (75:c0,);. x intercepts: 

(—5, 0), (0, 0), and (3, 0), y-intercept: (0, 0); 
YN 

SL Lf Lema eae 

x? + 2x* — 15x 

es x —5x—14 

75. Domain: (— 00, oo); x-intercept: (0, 0), y-intercept: (0, 0); 
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772 Domain:.(+00)—1) U (1, 2).)(23e0));.x-intercept:,(0;.0), 

y-intercept: (0, 0); YA 

a 

‘ipa nal 

x 

SD ae Sek 

i 3x? + 12x + 12 

ae I aise ae ea, 
83. (a) N(t) 0.16 as t—> oo; (b) The medication never 

completely disappears from the body; a trace amount remains. 

85. (a) P(0) = 0; P(1) = 45,455; P(3) = 55,556; 
P(8) = 29,197; (b) P(t) >0as t > ov; (c) In time, no one 
lives in this community. 86. Domain, range, domain, range 

87. Slope 88. Slope-intercept equation 89. Point-slope 

equation 90. x-intercept 91. f(—x) = —f(x) 
92. Verticallines 93. Midpoint formula 94. y-intercept 

85. ySexrt4 97. x= 3 

it 

Tee 
—4 | 

x=—1 

2x? + x? — 8x — 4 
f(x) = xe+x?-— 9x -—9 

Exercise Set 4.6 

1; ee 3. [=533)) S06, 50) 3.35) 
7. (—00, -4) U (2,00) 9. (—00, -4) U [2, 00) 
i {0}. 13 Ao OG iechee 15:8 (00,5) W(0).0) 
Wn G58) (098) om 19 P a —=3.'0 IS, o0:) 
Zinn ice, 5 i) —=3, wy 235 G20 (2510) 
25a Ae 27a co?) UL) (1.os) 
PAS al (10.0 a RO Me se 315 (oo, 5) (5, o0,) 
BSelacoo, 2) 2, coe S52 (6043) W)1(3,,00 

37, 2 39. (co, -2| U [0,3] 
41 eos endeco), | 432i(—oo, 2c 3) 

45. [-V2,-1] U[V2,00) 47. (~o0, -1] U [3,2] 
49. (—00,5] 51. (—co, —1.680) U (2.154, 5.526) 
53. —4;(—4,00) 55. —3: (—3, 00) 

57. 0,4;(—00, 0] U (4,00) 59. 2,4 (2,3] 
61. —3, —4, 1; (—3, -4] U (1, co) 
63. 2, 7,5; ( mae (5, oo) 

65. 1 — V2,0,1 + V2; (1 - V2,0) U(1 + V2,«0) 
Ce ea a sii oo ) 

i = 6 sl ier Nese) ih a 50 see 

Wx 

i Mn = 
) 

( al 50) Ue) 

~1,0, 3,3; (-1,0) U (4, 
Sit V 33) 1: 

[-6 — V33,-5) U[-6 + V33,1) U (5, 00) 
a (0.408, 2.449) 

t. {a|9 Se = 23} 
49 

79. (a) (10,200); (b) (0, 10) U (200, co) 
83. (x + 2)? + (y- 4) =9 

Mery tapes 85. (a) (3, -2); 
(b) maximum: -. > when x = = 3. (c) (—o0, = 3 | 
86. (a) (5, —23); (b) minimum: —23 when x = 5; 

(c) [-23,00) 87. [-V5, V5] 
91. (—o0, 

89. [32] 
~i)UGo) 933, 47 ee 12: 

answers may vary 95. (—oo, —3) U (7, co) 

Review Exercises: Chapter 4 

1. True 2. True 3. False 4. False 5. False 

6. 0.45%", 0:45) 4, quartic= = 7.4--2>; 
8. —0.5x, —0.5, 1, linear 9. $x, 5, 

—25, 0, constant 

3, cubic 

10. As x—> 00, f(x) > —00, and as x > — oo, f(x) > —o0. 

1LAS 6 — > 00, 76) — = Co, and asi — 1000) ce: 

12. 3, multiplicity 1; —2, multiplicity 3; 5, multiplicity 2 

13. +1, +5, each has multiplicity 1 

multiplicity1 15. (a) 4%; (b) 5% 

16. 

18. 

20. 

he 

19} 

14. +3, —4, each has 

g(x) = (x - 1)3(x + 2)2 

h(x) =x? + 3x2 -x-—3 f(x) =x4 — 5x3 + 6x? + 4x — 8 

g(x) = 2x3 + 7x? — 14e + 5 

21. (1) = —4and 
f(2) = 3. Since f(1) 

and f(2) have opposite 

signs, f(x) has a zero 
between | and 2. 

22. f(=1) = —35 and 
fl) = =O. Since f(—1) 

and f(1) have the same 

sign, the intermediate value 

theorem does not allow us 

to determine whether there 

is a zero between —1 and 1. 



)= 6x + 6x + 52, R(x) = 1555 
P(x )=(xe- pics + 16x + 52) + 155 
24. Q(x) = x? — 3x? pe a” 
P(x) = (x + Ge OC ea 2) + 
25. x7 + 7x + 22,R120 26. 2° + x2 i x + 1,R0 
D7 et x? TERA 928, 36 29, 0 
30. —141,220 31. Yes,no 32. No,yes 33. Yes,no 
34. No,yes 35. f(x) = (x — 1)*(x + 4); -4,1 
36. fley= (x — 2)(x= 3)? —3,2 
OF. (Xa = 2)*(e2 95) +15) —5, 2,5 

38. f(x) = (x — 1)(x + 1)(x — V2) (x + V2); 
BN/ 26 Ile e039) fe) = 8 8 3? — 6x — 8 
40. f(x) =x? + x? — 4x + 6 
Al. f(x) =x? — 3x? + } or 2x3 — 5x? 41 
42, f(x) = x4 + BP + 135 2 ds ay 125 or 

2x* + 29x? + 135x? + 175x — 125 
43. f(x) = x + 4x* — 3x° — 18x? 

Dae Se eet salt n/ 3 4/3 046. 4/9 
47. f(x) =x? -—11 48. f(x) = - 6x? +x-6 
49. f(x) = x* — 5x° + 4x? + 2x — 8 
BO ie x a — 20,1151. fla =x + bx? — x 
eph wies abe ee eee, 

. (a) Rational: 0, —2 

. (a) Rational: 

ee) ebay Okt 12 
Sa eae SOE a 1 6, Belo 04 

, 5, 3; other: none; 

f(x) = 3x(x—4)(x + 2)(x - 3) 

. (a) Rational: 2; other: +\/3; 

C= Ne VE ae 
=1, 1; other: 3 = 7: 

f(x) = 

(Dei) — ae (a 1)\(e—"3 = 1)\(e— 3 4) 
58. (a) Rational: —5; other: 1 + V2; 

(b) f(x) = (x +.5)(x-—1- V2) (x-1+ V2) 
59. (a) Rational: z 1; other: none; 

(b) f(x) = 3(x — 3) (x — 1) 
60. (a) Rational: 2; other: 1 + V5; 

(b) f(x) = (« — 2) (x-—1+ V5)(x-1- V5) 
61. (a) Rational: —4, 0, 3, 4; other: none; 

(Dei ey 4) (@ — 3) — 4) 
62. (a) Rational: 3, 1; other: none; 

(Dye) 2x a ie — 1) ore — 5) = 1)" 
63. 30r1;0 64. 40r2o0r0;20r0 65. 30r1;0 

66. Domain: (— oo, —2) U (—2, 00); x-intercepts: (-V5,0) 

and (V5, 0), y-intercept: (0, —3) 

67. Domain: (—0o, 2) U (2, o0); 

x-intercepts: none, 

y-intercept: (0, q 

A 

oles I 
=A) =2 

Chapter4  A-23 

68. Domain: (—oo, —4) U (—4, 5) U (5, 00); x-intercepts: 
($330), and:(2; ae y-intercept: (0 0,3) 

69. Domain: (— 

y-intercept: (0,% 

x= 2 

Is 

4x? + 12x 
70. f(x) = se Wile Je) = VED AG 

72. (a) N(t) > 0.0875 as t > co; (b) The medication never 

completely disappears from the body; a trace amount remains. 

73. (-3,3) 74 (—00,-})U (2,00) 75. [—4, 1] U [2, 00) 
76. (—co,-¢) U(-3,00) 77. (a) t= 7% (b) (2,3) 

78. E ee as 79, N P1800 C Sin B 

82. (—co,-1 - V6] U[-1 + V6, 00) 
83. (—0o,-}) U (5,00) 84. {1+i4,1—i,i,-i} 

Baie aca Rae n(: oe Ns 2 > + =) 
87.7 88-4 89. (—0o, —5] U[2, 00) 
90. (—00, 1.1] U[2,00) 91. (-1,3) 
92. A polynomial function is a function that can be defined by a 

polynomial expression. A rational function is a function that can 
be defined as a quotient of two polynomials. 93. No; since 

imaginary zeros of polynomials with rational coefficients occur in 

conjugate pairs, a third-degree polynomial with rational coefficients 

can have at most two imaginary zeros. Thus there must be at least 

one real zero. 94. Vertical asymptotes occur at any x-values that 

make the denominator zero. The graph of a rational function does 

not cross any vertical asymptotes. Horizontal asymptotes occur 

when the degree of the numerator is less than or equal to the 

degree of the denominator. Oblique asymptotes occur when 

the degree of the numerator is 1 greater than the degree of the 

denominator. Graphs of rational functions may cross horizontal 

or oblique asymptotes. 95. If P(x) is an even function, then 
P(—x) = P(x) and thus P(—x) has the same number of sign 

changes as P(x). Hence, P(x) has one negative real zero also. 



A-24 Answers 

96. A horizontal asymptote occurs when the degree of the 

numerator of a rational function is less than or equal to the degree 

of the denominator. An oblique asymptote occurs when the degree 

of the numerator is 1 greater than the degree of the denominator. 

Thus a rational function cannot have both a horizontal asymp- 

tote and an oblique asymptote. 97. A quadratic inequality 

ax? + bx +c <0,a > 0,orax? + bx +c = 0,a < 0,hasa 

solution set that is a closed interval. 

Test: Chapter 4 

14a xes 14: Guartion s 20) 49l\i-—4.7%, 4.7.1; linear 
3. [4.1] 0, 3, each has multiplicity 1; 3, multiplicity 2; —1, 

multiplicity 3 4. [4.1] 2008: 329,277 hybrid automobiles; 2011: 

275,779 hybrid automobiles 

5. [4.2] 

6. [4.2] 

fx) = —2x4 + x? +1 1x? — 4x — 12 

7. [4.2] f(0) = 3 and f(2) = —17. Since f (0) and f (2) have 
opposite signs, f(x) has a zero between 0 and 2. 

8. [4.2] g(—2) = 5 and g(—1) = 1. Both g(—2) and g(—1) are 
positive. We cannot use the intermediate value theorem to deter- 

mine if there is a zero between —2 and —1. 

9, 14,3) Q(x) =x Sea + 4x + 6, R(x) = 1, 

P(x) = (« — 1)(x° + 492 +.4% +6) +1 
10. [4.3] 3x7 + 15x + 63,R322 11. [4.3] -115 
12. [4.3] Yes , 13. [4.4] f(x), = x* — 27x? = 54x 
14. AANA et 
15. [4.4] f(x) = x° + 10x? + 9x + 90 
16. [4.4] f(x) = « = 2x* — x? + 6x — 6x 
17. [4.4] +1, eects water ok Get 1 yieieae 
18. [4.4] +3, +4 +3, £1, +3, 5 
19. [4.4] (a) Berionah le chee +5; 

(b) f(x) = (x + 1)(x — V5)(x + V5) 
20. [4.4] (a) Rational: —}, 1, 2, 3; other: none; 

(B) ia) 2 ae el) (ek 2 ae) 
21. [4.4] (a) Rational: —4; other: + 2i; 

(0) fle) = (a = 2x4 Bx +4) 
. [4.4] (a) Rational: 4, 1; other: none; 4] 

(6) fe) = 3(x = 3) — 1)? 

23. [4.4]20r0;20r0 24. [4. >} Domain: (—©o, 3) U (3, 00); 

x-intercepts: none, y-intercept: (0, 2); 

f(x) ea (x — 3)? 

at. au 

25. [4.5] Domain: (—oo, —1) U (—1, 4) U (4, 0); x-intercept: 

(—3, 0), y-intercept: (0, —3); 

T T T T T 

26. [4.5] Answers may vary; f(x) = Seeger 
eget 

27. [4.6] (—00, -3) U (3,00) 28. [4.6] (—00, 4) U [3 «w) 
29. (a) [4.1] 6 sec; (b) [4.1], [4.6] (1,3) 30. [4.2] D 
31. [4.1], [4.6] (—co, —4] U [3, co) 

Chapter 5 

Exercise Set 5.1 

x= [yl 



Chapters 4-5 A-25 

17. Assume f(a) = f(b) for any numbers a and b in the domain ee 1 . 1 1 75 =i = == | x #3. — 

of f. Since f(a) = 3a — 6and f(b) = +b — 6, we have PU ae x ie ‘ah 
ral nee 

3a= 3b Adding 6 1 1 x 2 1 
gi i os pe Ee ee = - 
a=b. Multiplying by 3 =— gee, : a 

Thus, if f(a) = f(b), then a = band f is one-to-one. é i 
19. Assume f(a) = f(b) for any numbers a and b in the domain 1 l anu ae 
of f. Since f(a) = a + 5and f(b) = b° + 5, we have et win. eee ak Sete ee: 

poe 1 Syne } 1 1 eae ol} 1 

a =b Subtracting 5 ye i. 

a=b. Taking the cube root ) 3(2x ot 1) ms . 
= — f- me 

Thus, if f(a) = f(b), then a = band f is one-to-one. 7-75 AINE) eee (2. ‘ 1) ra 2 

21. Find two numbers a and b for whicha # band g(a) = g(b). amt ese ie z She 
Two such numbers are —2 and 2, because g(—2) = g(2) = —3. > ae x f(f~ (x)) =f 3 ne 

Thus, gis not one-to-one. 23. Find two numbers a and b for i ae es 
which a # band g(a) = g(b). Two such numbers are —1 and 1, 2( 5 ) l= x a x 

because g(—1) = g(1) = 0. Thus, gis not one-to-one. 
25 ese 27eeNO) 9295-Nom 31. Yes: 33..Yes. - 35.2No 79. f \(x) = x + 3 domain of fand f *: (—oo, oo); range 
37. No 39. Yes 41. No 43. No of fand f 1: (=o0} 00); YA y 
45. (a) One-to-one; (b) f-'(x) =x — 4 

a0 Kear al 
47. (a) One-to-one; (b) f ‘(x) = 5 

49. (a) One-to-one; (b) f-'(x) = =F. 

aye se Zl 
51. (a) One-to-one; (b) f-'(x) = eed 

53. (a) One-to-one; (b) f'(x) = Ue Tae 

55. (a) Not one-to-one; (b) does not have an inverse that is a Se pie = Scena eee eee 

Gear DP 
x 

5 
function 57. (a) One-to-one; (b) f '(x) = range of fand f _': (—co, 0)U(0, 00); 

59. (a) One-to-one; (b) f-(x) =x°- 1x20 61. 3x 

635 A 655x t15 

83. f (x) = V/3x + 6; domain of fand ff“: (200, 00); 
range of fand f~': (—0o, oo); i‘ y 

4 



A-26 Answers 

85. f-'(x) = domain of f (—00, 3) U (3, 00); 

range of f: (—oo, 1) U (1, 00); domain of f~': (—00, 1) U (1, cv); 
range of f ': (— 00, 3) U (3, 00); 

a4 72 
87. 5;a 89. (a) $38, $16.40, $11; (b) C (x) = me. vee 

C'(x) represents the number of players in the group lesson, 

where x is the cost per player, in dollars; (c) 1 player, 4 players, 

8 players 91. (a) 2010: $40.86 billion; 2013: $60.6 billion; 

= 27 
(b) Hi (x) = ee H_'(x) represents the number 

of years after 2008, where x is the e-commerce holiday season sales, 
in billions of dollars. 93. (b), (d), (f), (h) 

94-7 (a)s(€), (e)) (S954 (a) 96. (dy 97. (ft) 
98. (a), (b), (c),(d) 99. f(x) = x? — 3, for inputs x = 0; 

f (x) = Vx + 3, for inputsx = —3 

vary; f(x) = 3/xf(x) = 1 - xf(x) = x 
101. Answers may 

1. 54.5982 

11. 

» O08S5 &@) we ®& @ 

13. 

23. 

29. Shift the graph of 

y = 2 down 3 units. 

27. Shift the graph of 

y = 2 left 1 unit. 

f= 2**} 

Yl eae a fw=2* —3 
=4 =2 2 A 

31. Shift the graph of y = 2° left 1 unit, reflect it across the y-axis, 

and shift it up 2 units. y 

33. Reflect the graph of y = 3* across the y-axis and then across 

the x-axis and then shift it up 4 units. Da 

6) Fe ae oe 

35. Shift the graph of y = (3)* right 1 unit. 

A 

Bice) 
8k 

SS 



37. Shift the graph of y = 2" left 3 units and then down 5 units. 

ye 

{a= gx +3 _ 5 

Se ES ee Se 

Somecme4 

39. Shift the graph of y = 2* right 1 unit, stretch it vertically, and 
shift it up 1 unit. 

y 

f(x) SS ex 

votes 
are ae 

43. Reflect the graph of y = e* across the x-axis, 

shift it up 1 unit, and shrink it vertically. 

45. Shift the graph of y = e* left 1 unit and then reflect it 

across the y-axis. 

Chapter 5 A-27 

47. Reflect the graph of y = e* yA 
across the y-axis, then across the r 

x-axis, then shift it up 1 unit, and 

then stretch it vertically. 

fle)= 201 - e-*) 
49. 

en — 4, for x= —2, 

fix 1045 3,9 for 2% <1, 

x, for <= I 

51. (a) A(t) = 82,000(1.01125)*; (b) $82,000; $89,677.22; 
$102,561.54; $128,278.90 53. $4930.86 55. $3247.30 

57. $153,610.15 59. $76,305.59 61. $26,086.69 

63. 1998: 322,420 vehicles; 2010: 938,297 vehicles; 2018: 

1,912,580 vehicles 65. 2011: $234 million; 2015: $5844 million, 

or $5.844 billion 67. 2005: 3 million users; 2009: 17 million 

users; 2012: 54 million users 69. 2020: 101,234 centenarians; 

2050: 414,387 centenarians 71. 1982: $48 billion; 1995: $109 

billion; 2010: $284 billion 73. $6982; $5935; $5044; $3098; 

$1903 75. About 63% 77. 31—22i 78. 4 — 4i 
79. (—4,0),(7,0);-3,7 80. (1,0);1 81. (—1,0), (0,0), 
(1,0);-1,0,1 82. (—4,0), (0, 0), (3, 0); —4, 0,3 

5 + V7 
85. 7’; 70°° 

6 
Se, Sth Ws che 

Sel 2.8 Be GN BE 



A-28 Answers 

f(x) = log x 

Cha ih & Mee sie le als El 

Die 3 5 27 293 1 Oe 33.5 
35. log; 1000 = 3, orlog1000 = 3 37. logg2 = 3 
39. log. t = 3,orlnt=3 41. log,7.3891 = 2, or 

In 7.3891 = 2 43. log,3=k 45. 5'=5 
47010 10.01)" 49.4e° = 309" 518g = M 
53a = 1° 55. 0.4771 "757. 2.7259 59, = 0.2441 
61. Does not exist 63. 0.6931 65. 6.6962 67. Does not 

exist 69. 3.3219 71. —0.2614 73. 0.7384 
75. 2.2619 77. 0.5880 
79. 81. y 

fo) =10* 4 
2 

1 | 

x 
f~'(x) = log; x f(x) = log x 

83. Shift the graph of y = log,x left 3 units. Domain: (—3, oo); 

vertical asymptote: x = —3; 

f(x) = log, (x + 3) 

elias 

85. Shift the graph of y = log; x down 1 unit. Domain: (0, co); 

vertical asymptote: x = 0; 

87. Stretch the graph of y = In x vertically. Domain: (0, oo ); 

vertical asymptote: x = 0; 

YA 

8 

a 

ke a ee wise el 

89. Reflect the graph of y = In x across the x-axis and shift it up 2 

units. Domain: (0, co); vertical asymptote: x = 0; 

2 

: —4 

91. Shift the graph of log x right 1 unit, shrink it vertically, and 

shift it down 2 units. 

as 2 f(x) = x log (x — 1)—2 

= = a eS Ee i a 

—2- 

Ee 

—4- 

95.) (a) 255 ft/sec; 

(b) 2.8 ft/sec; (c) 2.0 ft/sec; 

(d) 2.4 ft/sec; (e) 2.2 ft/sec; 

(6) 2Sitt/ secy (2) 22st sec: 

(h) 3.1 ft/sec 97. (a) 7.7; 

= (b) 9.5; (c) 6.6; (d) 7.6; 
(e) 8.0; (f) 7.9; (g) 5.1; 
(h) 9.3. 99. (a) 107; 
(b) 4.0 xX 10°; 
(63 <1055 

5; forx <0 (dF i6oc 10 

gta)= |? ol, fers 0 gx RLODLS 

101. (a) 140 decibels; (b) 115 decibels; (c) 40 decibels; 

(d) 65 decibels; (e) 120 decibels; (f) 194 decibels 

102. m = 3; y-intercept: (0, —{) 103. m = 0; 

y-intercept: (0,6) 104. Slope is not defined; no 

y-intercept 105. —280 106. —-4 107. f(x) =x — 7x 
108. f(x) =x" = 16s — oe 4 109.3) L1Ta(Onco) 
113; (=00,,0) OXGyon)® M5.5(—2, =o 7d) 
119. (b) 



Mid-Chapter Mixed Review: Chapter 5 

1. False 2. True 3. False 4. Neca Os) = 2 
iG 

SNO™ WG. Yes.) wax) = = +2 

IS eos oe Os) ys) 
5 os ae 

Ve e SON Rf Vx — 2 ; domain of 
f: (00, 00), range of f’: alles: 00); ete off : (—00, co), 
range of f !: (—oo, ne 9. (d) 10. (h) 
(ey 12. (g) (bye *14e (fy 7 15. (e) 16. (a) 
17. $4185.57 18. i 19.5" 20,29) 21.0 202. 0 
25 TA 2a 25S 26107 72741028" 1h 0.0025 26 
ZO 10% TF * 302°7268 312.0195 32.) For'an'éven 

function f, f(x) = f(—x), so we have f(x) = f(—x) butx # —x 
(for x # 0). Thus, fis not one-to-one and hence it does not have 

aninverse. 33. The most interest will be earned in the eighth 

year, because the principal is greatest during that year. 

34. In f(x) = x°, the variable x is the base. The range of fis 

(—00, oo). In g(x) = 3%, the variable x is the exponent. The range 

of gis (0, co). The graph of f does not have an asymptote. The 
graph of g has an asymptote y = 0. 

35. Iflog b < 0,then0 <b <1, 

Exercise Set 5.4 

1. log; 81 + log327 =44+3=7 

3. logs 5 + logs125=1+3=4 5. log,8 + log,Y 

Ho ling te Winsy 9 Sloe Mil, Sioep 1S, SGlkog. ik 

15.;1ln4 17. log,M — log,8 19. logx — logy 

2twilnin= Ins 1023 log,6 + log.x + Silog,y'\4+4log,z 

25. 2log,p + 5log,q — 4log,m — 9 

27. In2 — In3 — 3lnx — Iny 29. $logr + 5logt 

31. 3log,x — Zlog,p — shoe 

33. 2log,m + 3log,n — 7 — jlog,b 

35. log,150 37. logl00=2 39. logm®Vn 
4 

Al. log, x >/*y'4, or logs 3 AS Ince, 45. Ini — 2) 

‘3 911/549 

A) hit $= 51. In 5 
(x? — 25)? y 

BB, O74 55 199 By O50 sos 4how7 

61. —1.792 63..0.099 65.3 67. |x—4| 69. 4x 
Tiew) Jans) 75.59) 77. Quattic  78.-Exponential 

79. Linear (constant) 80. Exponential 81. Rational 

82. Logarithmic 83. Cubic 84. Rational 85. Linear 

86. Quadratic 87.4 89. log,(x’ — y”) 
91.4 log, (x — y) — slog,(x + y) 93. 7 95. True 

Oy, hae G2, hare Ol, =2 “Us, 3 

x Vine ie — 

5 eo — 7-5 

x-7 

47. log Ree 

1056 = 107. oa( 

= log, ==" Ogawa VA) 

5( ) 

Exercise Set 5.5 

5. 5.044 7.2 9. -3,3 11. 0.959 
7, 6S08 WO, Cabo wil, aA 

1. 4 93.8 
13.0 15.0 

Chapter 5 A-29 

23. 2.844 25. —1.567,1.567 27. 1.869 

29a SOS 5 31. 625 33. 0.0001 35. e 

Sag OI Ale 10g da 4 AS a 
49.2 51.5 53.4% 55.8 57.6 59. 6.192 
61. 0 63. (a) (0,—6); (b) x = 0; (c) minimum: 

—6whenx =0 64. (a) (3,1); (b) x = 3; (c) maximum: 1 

whenx = 3 65. (a) (—1,—5); (b) x = —1; (c) maximum: 

=) when x — —1 66. (a) (2,4); (b) x = 2; 

(c) minimum: 4 whenx = 2 67. eas or 0.347 

69. dive’ 0r1,54:598 714,27 73. lye? orl, 7.389 

75. 0; ne or 0,0.431 77. e’, e? or 0.135, 7.389 

79.5 81. a = 3b 

Exercise Set 5.6 

1. (a) P(t) = 6.18e°°?!*', where t is the number of years after 
2012 and Pisin millions; (b) 7.0 million; (c) about 12.1 years 

after 2012; (d) about 32.4 years 3. (a) 0.90%; (b) 1.63%; 

(c) 20.9 years; (d) 62.4 years; (e) 0.18%; (f) 29.9 years; 

(g) 54.2 years; (h) 0.46%; (i) 2.64%; (j) 177.7 years 

5. About 819 years after 2013. 7. (a) P(t) = 10,000e°°*; 
(b) $10,554.85; $11,140.48; $13,099.64; $17,160.07; 

(c) about 12.8 years 9. About 12,320 years 

11. (a) 22.4% per minute; (b) 3.1% per year; (c) 60.3 days; 

(d) 10.7 years; (e) 2.4% per year; (f) 1.0% per year; 

(g) 0.0029% per year 13. (a) k ~ 0.0069, M(t) = 72.2e °°, 
(b) 2015: 49.4%; 2018: 48.4%; (c) in 2046 
15. (a) k ~ 0.0536, C(t) = 1.85e°°°°* (b) 7.07 million barrels 

of oil per day; (c) 12.9 years; (d) 36.4 years after 1980 

17. (a) 167; (b) 500; 1758; 3007; 3449; 3495; 

(c) as t > oo, N(t) —> 3500; the number approaches 3500 but 
never actually reaches it. 19. 46.7°F 21. 59.6°F 

23. Multiplication principle for inequalities 24. Product rule 

25. Principle of zero products 26. Principle of square roots 

27. Powerrule 28. Multiplication principle for equations 

29. $166.16 31. $19,609.67 fob) os 33 Cl a ie 35. Linear 
R V 

Review Exercises: Chapter 5 

1. True 2. False 3. False 4. True 5. False 6. True 

7. {(—2.7, 1.3), (3, 8), (3, —5), (3, 6), (—5,7)} 
8. (a) x = —2y + 3; (b) x = 3y + 2y— 1; 

(c) 0.8y° — 5.4x° = 3y 9.No 10.No 11. Yes 12. Yes 
g eae 

13. (a) Yes; (b) f-'(x) = : 

(b) f-'(x) = a 15. (a) Yes; (b) f 1(x) = x + 6, 

t= 0 16. (a)ives: (b) f (x) = Ve 8 
17. (a) No 18. (a) Yes; (b) f (x) = Inx 

(Sie = Spar 5) 6x 
19h fi) cee (Gress) — : =Sas 

fF) = p(242) = 6 2) sgt Re 

14. (a) Yes; 
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aot 1 31. (ce) 325 @)) 33.0(b)l,) 34.1 3550) 1936) 

ee) =f" v4 ) Sy ate 37.3 38.5. 39.1 40.0 41.4 42.3 43.0 

aa ae Ad, a5 he Ae — 3 eae 
1 1 = abe 49. logs; = —3 50. In 80. = x, or log,80 = x 

Sere ee aie -) = 51. 1.0414 52. —0.6308 53. 1.0986 54. —3.6119 

x es 55. Does not exist 20 Does not exist 57. 1.9746 

POPS, gamete eh 58. 0.5283 59. log,——_ 60. In (x? — 4) 
vee Al B= Il x oll y 

7, Le tiene i a 61.1Inw+4Inr 62. 2logM—!logN 63. 0.477 
ea ar 64. 1.699 65. —0.699 66. 0.233 67. —5k 

gt 68-= 6) wi69.16 azOh ey, 714.382 6772.2 
21. fo'(x) = Js domain 73. be RATES 675 Ad “G6: SEIT I Sele 

79. (a) A(t) = 30,000(1.0105)*; (b) $30,000; $38,547.20; 
$49,529.56, $63,640.87 80. 2005: 59.8 GW; 2010: 189.9 GW; 

2016: 760.1Gw 81. 15.4years 82. 2.7% 83. About 2623 

years 84.5.6 85.63 86. 30decibels 87. (a) 2.2 ft/sec; 

(b) 8,553,143 88. (a) k ~ 0.1392; (b) S(t) = 0.035e°139%%, 
where f is the number of years after 1940 and S is in billions of 
dollars; (c) 1970: $2.279 billion; 2000: $148.353 billion; 2015: 

$1197.023 billion, or about $1.197 trillion; (d) in 2019 

89. (a) P(t) = 15.2e°°'”" where t is the number of years 
after 2013 and P is in millions; (b) 2017: 16.3 million; 2020: 

17.1 million; (c) about 10 years after 2013; (d) 41.5 years 

90..D 91.A 92.D 93.B 94.4,64 95.1 96. 16 
97. Measure the atmospheric pressure P at the top of the building. 

Substitute that value in the equation P = 14.7¢7 0.000054 and solve 

for the height, or altitude, a of the top of the building. Also measure 

the atmospheric pressure at the base of the building and solve for 

the altitude of the base. Then subtract to find the height of the 

building. 98. Reflect the graph of f(x) = In x across the line 

y = x to obtain the graph of h(x) = e*. Then shift this graph right 

2 units to obtain the graph of g(x) = e* *. 99. The inverse 

of fand f~': (—oo, 00); range 

of fand f—!: (—00; 00); 

= ree Bs 
22 afta) wr he 

domain of f: (—oo, —2) U (—2, 00); 
range of f: (—0o0, 1) U (1, c); 
domain of f~': (—00, 1) U (1, 00); 
range of f 2(=0co;—2) U))(—2,.60); 

23. 657 24. a 

ZS: 

of a function f(x) is written f~'(x), whereas [ f(x) ]! means 
x 

100. log, ab’ # (log, a)(log,b*). If the first step had been cor- 
rect, then the second step would be as well. The correct procedure 

follows: log,ab* = log,a + log,b* = 1 + 3 log, b. 

Test: Chapter 5 

1. (5.1) {(5, —2),. (3,4), (—1, 0)(=3,=6)) 2° (S17 No 

3. [5.1] Yes 4. [5.1] (a) Yes; (b) f (x) = Wx =—1 
5. [5.1] (a) Yes; (b) f(x) =1-—x 6. [5.1] (a) Yes; 

7. [5.1] (a) No 

=P ee Se AOR Sk) 

domain of f: (—oo, 4) U (4, 00); 
( 5 

range of f!: (—o0, 4) U (4, 00); 



120152] 

11. [5.3] 

13. [5.3] 

14. [5.3] —5 15. [5.3] 1 16. [5.3] 0 

18. [5.3] x = e 19. [5.3] x = log35.4 

Ml, |[5-3il| =O 22, [5.3] 1.2851 23. [5.4] log 
y 

ne] 
1% 

f(x) = In (x + 2) 

| 
2 

17. [5.3]4 
20. [5.3] 2.7726 

2 

24. (5.4]2Inx+éIny 25. [5.4]0.656 26. [5.4] —4t 
27 Ol eee 288 [ol 1 ey 29s [55h 30. 8[5 54174 
31. [5.3]6.6 32. [5.6] 0.0154 33. [5.6] (a) 4.5%; 
(b) P(t) = 1000e°°"'; (c) $1433.33; (d) 15.4 years 
34. [5.2]C 35. [5.5] 2 

Chapter 6 

Exercise Set 6.1 

ile sin d = i cos b i> tand = 4 CSC = igs 

secchd =‘cotd?=j 3. OS a ; 

tana = /3, csc a = 

5. sind = or 
V37 

5V37_ «185 5V37, 185 
27 BN oe 5 

=—,; = ssecd = : 
a Sl + a gp 14 27 

a5 ae 2 2V5 
TOL ECC Cig tee COU Om, 

5 2 V5 
7. csca = 

7 _ & 5 as 
9. cos 0 = 3s, tand = 7, cscO = 44, sec0 = 

v5 Vee 2 
11. sind = 

1 
sec = V5, cot is 

2V5 3V'5 V5 
2 tan @ = —, sec@ = p ,cotd = 

5 
Main [5 702, CSC! — "es 

D 
115}, crf} = 

Chapters 5-6 A-31 

z We v2 Ie 2 Palle ~~ 
2 2 3 

Dif; 2, EY, PARSE Bill, DY” BB, BISONS 

373849165 W539. 025 ia te 01 ae ase, 

47, 11°45’ 49. 47°49'36” 51. 0°54’ 

55391056293 957.010 73705 59s 2765 Ole 0.7621 

65. 12.4288 67. 1.0000 69. 1.7032 

T3125.) S644 770465: 

81. 38.6° 83. 45° 85. 60° 

sec B = V5, cot B = 

03% 25.1 
35. 3.03° 
45. 83°1'30" 
53..39°27' 
63. 0.9336 
71. 30.8° 
YU), PSG 87. 45° 

1 
89. 60° 91. 30° Tae 

sec 20° 
935m COS 2iae—acin 0 a 

OS tanto 2a sCOolsca— 
cot 52° 

97. sin 25° ~ 0.4226, cos 25° ~ 0.9063, tan 25° ~ 0.4663, 

csc 25° = 2.3662, sec 25° ~ 1.1034, cot 25° = 2.1445 

99. sin 18°49'55” =~ 0.3228, cos 18°49'55” = 0.9465, 

tan 18°49'55” = 0.3411, csc 18°49'55” ~ 3.0979, 

sec 18°49'55” =~ 1.0565, cot 18°49'55” =~ 2.9321 

1 1 
101. sin 8° = q,cos 8° = p, tan 8° = —, csc 8° = —, 

if q 
1 

SCG Sm — = COUCmE—ai 
P 

102. 103. 

104) ye 105. yA 

> =) 
= g(x) = log, x 7 h(x) = Inx 

106. 9.21 107. 4 = 108. a 109. 343 111. 0.6534 

113. Let h = the height of the triangle. Then Area = 3bh, where 

h : . 1 . 
sin@ = —, orh = asin@,so Area = jabsin 0. 

a 

Exercise Set 6.2 

1. F = 60°,d = 3,f ~ 5.2 3, IN SS WEG. FS SPF 

c = 136.6 5, P = 47°38',n ~ 34.4,p ~ 25.4 

I, 13) = PNP lo = O39,0e = OV 9, A = 77.2°,B = 12.8°, 

a ~ 439 il, 13 = A040 a = Selo = SIC 

13. B = 55°,a = 28.0,c ~ 48.8 WE, AA CUE 1B = DIGS. 

a ~ 3.56. 17. Approximately 34° 19. About 13.9° 

21. 154 in., or 12 ft 10 in. 23. About 10.4° 25. About 424 ft 

27. About 92.9cm 29. About 45ft 31. Radius: 9.15 in.; 

length: 73.20 in.; width: 54.90 in. Be, yin 35. About 8 km 

37. About 19.5 mi 39. About24km 40. 3/10, or 
about 9.487 41. 10V2,orabout14.142 42. Int = 4 

43, 10° = 0.001 "45.93:3 
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Exercise Set 6.3 

He WO 8h, WE, HT TTI 

1301454794 3-286 (046, 115 7475:3°.835'5. 5 

= 2447 — 604.7. 9 17.0 180>540°, 540,900" 

19. 72.89°, 162.89° 21. 77°56'46”, 167°56'46” 

23. 44.8°,134.8° 25. sinB = 3,cosB = —#, 
tan B = —3, csc B = B sec B = —, cot B — —2B 

4\/97 9\/97 
27. sina = — ;cosa = tans —" = at 

97 97 

97 7 
csc = — Zi SEC On ;cota = —— 

2V7 Vor 2V3 
29. sind = ———, cos¢d = eas ,tand = ne : 

A Wi 5 V21 .. V3 
s SECO — ie ,cotd = — 

ae 2 3 2 
2V/13 3V/13 2 

31. sind = COS Ul — eaeseaactallG) —— 
13 13 3 

5V/41 4/41 5 
33), Sia@ = = ean? = = a in) = = 

41 4 

ND V2 
355 SOS Se ,CSCO) = — 3; 

3V 
sec 9 = Se 37. sin@d = — 

| wn 
2V5 1 

cos @ = oe = ey = —~V/5, sec 0 = 

ae! ed ess BL 3s 39. sind = —5,tand = —3,csch = —7, seco = 3, 

V3 
coth = —} Al. Um 43. 45°;1 45. 0 

Ve 
47nABS == WA9E30,2 "1. 30°; V3 

ae 
5Ss A 55. Notdefined 57. —1 

5ONIG0oN/ 4 = GL. 2 6 

67. 0 69. 0 Ak @ 73. Positive: cos, sec; negative: sin, csc, 

tan, cot 75. Positive: tan, cot; negative: sin, csc, COs, sec 

77. Positive: sin, csc; negative: cos, sec, tan, cot 79. Positive: all 

81. sin 319° = —0.6561, cos 319° = 0.7547, 

tan 319° = —0:8693, csc 319% = —1.5242, 

sec 319° ~ 1.3250, cot 319° = —1.1504 

83. sin 115° = 0.9063, cos 115° = —0.4226, 

tan 115° = —2.1445, csc 115° = 1.1034, 

sec 115° ~ —2.3663, cot 115° ~ —0.4663 

Ce SIs) yo WAS) th Owl 91. 0.4352 

93. 0.9563 95. 2.9238 97. 275.4° 99. 200.1° 

101. 288.1° 103. 72.6° 105. East: about 130 km; south: 75 km 

107. About 223 km 109. Ya 

1- 

| 
if | 

| | 

| | 
| L 

Gee NS) x=5 

i= = 

110. 

Ne 

snare 

-10F g(x) =x? — 2x +1 

111. Domain: {x|x # —2}; range: {y|y ¥ 1} 

112. Domain: { x| x # —andx # 5}; range: all real numbers 

113, 12 114.23. 115. (12,0) -116.9(] 2-030) 
117. About 70 ft 

Mid-Chapter Mixed Review: Chapter 6 

iy Abqe % Tans 3) Shae “hk OS = 4y gs = SOS. 

q = 54.9 AN POSE i SS (DY Ne ZS DP 

6. 285°, 645°; —435°, —1155~ 7. 574°30', 1294°30'; 

SNAIEPS0", Ss sO" Sa 7 eSeelGlese Om 44550 be 

92°44'50” 10. ‘sin 155° = 0:4226, cos 155° = —0:9063; 

tan 155° = —0.4663, csc 155° = 2.3663, sec 155° = —1.1034, 

cot 155° = —2.1445 11. sina = —%, cosa = — 33, 
238 es sie ite — 

tan a = 75, csca = —=, Seca = —75, cota = 

1 V5 2 
12esin 6) — or =: cos? = — ayant’: V5 

A 1 
SOR — 53 csc 8 = =\/ 58sec 6 = ae 

Be i A/G W77 9 
ic OC ren yr CL BRON GG es 

2 2 S97 
9V77 9 2W77 

" or 
2 

2 
Of === SEC = : 

AT 77 Wil 

14. 42.1472° SS Sa aie” 16. sin81° ~ 0.9877, 

cos 81° = 0.1564, tan 81° ~ 6.3131, csc 81° ~ 1.0125, 

sec 81° = 6.3939, cot 81° ~ 0.1584 17. 67.5° 

18. About 290 mi 19. NE 20. xe Divs 
2 

22, =o. 33 V2 24.20) 35 ie 696.70 

V3 
27. ee PRET 29. 55 30 Se al eee 

V3 
3} os, 34. Not defined 35. 2 36. Not defined 

Gee ee 39. 0.7683 40. 1.5557 
2 

41. 0.4245 42. 0.1817 43. —1.0403 44. —1.3127 

45. —0.6441 46. 0.0480 47. Given points P and Q on the 
terminal side of an angle 6, the reference triangles determined by 
them are similar. Thus corresponding sides are proportional and 
the trigonometric ratios are the same. See the specific example 
on p. 424. 48. If fand gare reciprocal functions, then 

| 
f(0) = 76) If fand g are cofunctions, then f(@) = g(90° — @). 



49. Sine: (0, 1); cosine: (0, 1); tangent: (0,00) 50. Since 
sin@ = y/randcos@ = x/randr > 0 forall angles 0, the 
domain of the sine function and the cosine function is the set of all 
angles 6. However, tan@ = y/x and x = 0 forall angles that are 
odd multiples of 90°. Thus the domain of the tangent function must 
be restricted to avoid division by 0. 

Exercise Set 6.4 

1. YA 3. VA 

(¢) at. (e) um ap 
( 

(d) 7 

57 1077 214.677 10737 
ot) == 1 bee 13. OL 

1 9 180 900 

Wage 
o> 19. on PA, GENS) 

2 10S 78m AVG 947, OWA 22 OLOM Gila lasts 

B3p 15g 35 1440 P3728 57-304 39.1 134:47° 

Al 225 > YA3Y—5156.62°\) 45. 51.435 

7 7 ii 
47, 0° = Oradians, 30°. = —, 45° = —,60° = —, 

6 4 3 

7 377 . i 7 
00 = 35 py OU — TT, 220 — ae) 0 = 

2 4 4 2 

71 Onr Vai 197 Dar 
Ble a lee aT 49. oe 5. 

7 277 
53 a a a complement: %i supplement: ~~ 

7 S7T 577 
57. Complement: if supplement: e 59. Complement: a 

ll supplement: ——~ 61.229 63. 550in, 65. 1.1;63° 
cm 

67. 3.2yd 69. 3489 71. ee 73. 0.92 mph 

75. 1047 mph 77. 18,812 revolutions/hr 79. About 202 

81. 1.676 radians/sec 82. One-to-one 83. Cosine of 0 

84. Exponential function 85. Horizontal asymptote 

86. Odd function 87. Natural 88. Horizontal line; inverse 

89. Logarithm 91. 111.7km;69.8mi 93. @iDe7e08 

(b) 19°41'15” 95. 1.46 nautical miles 

Chapter 6 A-33 

Exercise Set 6.5 

t (-2,-%2) (b) (2,7) ( (2-2) 
aed re ae eh 

NVI 2 NV Va 
3 (a) FS) > (b) Sey wy. > (c) > So - Se gt e 5 5 525 

VV 
5 (2-8) ee VEO Si ee 

15. Not defined We “ 19. -= Dil, @ 3B @ 

29. VA8I6> 27. 13065 29, 321599) 3, 1335 11747 

sey = 8, =OF0F 39,0 Ail, O83 

(b) YN 

y=sin(-x) 4) 

(c) same as (b); (d) the same 

45. (a) See Exercise 43(a); 

(b) YA 

y = sin (x + 77) 

47. (a) YA 

(b) 

(c) same as (b); (d) the same 
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49. (a) 
y = tan x 

| | 
| | 
| | 
| | 
| | 
| | 
| | 
| | 

—20 _ 30 Cn 0 
2 5 
| | 
| | 
| | 
| | 
| | 
| | 

(b) 
y y = tan (—x) 

S—-——--ni$}------= 

i 3 

i  — 

(c) same as (b); (d) the same 51. Even: cosine, secant; odd: 

sine, tangent, cosecant, cotangent 53. Positive: I, II]; 

negative: ILIV 55. Positive: I, IV; negative: II, II 

Ws 

| > 

te bear T T 

Shift the graph of fto the right 2 units. 

ae: fle) = |a| 

{ipa fecea (ie| 

Shift the graph of fto the right 4 units, shrink it vertically, then shift 
it up 1 unit. 

60. 

Reflect the graph of f across the x-axis. 

1 
OF) ae 3 63. COS x 65. sin x 

61, y=—(x — 2) —1 

67. sinx 

7 3 
69) — c0S.4. 47.0. Sil ee One (a) es + 2k7r, k an integer; 

(b) a + 2k2,k an integer; (c) kz, k an integer 

lek |-2 a2 2k, = si 2k | kan integer 

TT . 

Wile fel # a + ki, kan integer} 

79. 

81. 

83. (a) AOPA ~ AODB; (b) AOPA ~ AODB; 

AP BD OD OB 
we, = = == a 

OA OB OP OA 

sind _ BD OD aya! 

cos 0 1 1 cos 6 

tan@ = BD OD = sec@ 

(c) AOAP ~ AECO; (d) AOAP ~ AECO 

OE Tee CE CO 

PO AP AO AP 
OF 1 Chi 

1 sin 0 cos@sin@ 

OE = csc@ CE = cOeY 

sin 8 

CE = cot@ 

Visualizing the Graph 

Leer ese EI SIC: By DP AKG 

85 Ace ¥9SG£ LOST 
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Exercise Set 6.6 | 7 13. Amplitude: > period: 27; phase shift: —— 
1. Amplitude: 1; period: 277; phase shift: 0 ; YA 

YA Ir y =4sin(x + 3) 
2r 

) > 
ait eel L ail a 

i 
20 eae a = 5 7 an 2a * 

ale : —1F 

el y= sine 

15. Amplitude: 3; period: 27; phase shift: 7 

3. Amplitude: 3; period: 277; phase shift: 0 
Do YA y = 3. cos (x — 7) 

= 
x 

YA 
Te 

i | i | aT i if 1 l > 

21 = 7 8 Lae - 7 ae 27 x 

—2P Se a mA y= sinx—4 

<n ey, 

i =5)- 

= 1 cosx 
Ape 19. Amplitude: 1; period: 277; phase shift: 0 

7. Amplitude: 1; period: 77; phase shift: 0 yA 

YA 
ae 

| il 1 tee i | it > 

2a = 7 . a 7 22 2 
— ] = 

Vi= 608 (—x) + 2 

9. Amplitude: 2; period: 47; phase shift: 0 21. Amplitude: 2; period: 47; phase shift: 77 23. Amplitude: 5; 

period: 7; phase shift: 5 25. Amplitude: 3; period: 2; 

3 
phase shift: — | 27. Amplitude: 3; period: 1; phase shift: 0 

7 
29. Amplitude: 1; period: 477; phase shift: 7 31. Amplitude: 1; 

period: 1; phase shift:0 | 33. Amplitude: 3; period: 2; phase shift: RV 3m 
27 7 oF 27 

4 
ee — 35. (b) 37. (h) 39. (a) 41. (f) 

=) y= 2 sim (42) 7 

Eh a con 
11. Amplitude: 1; period: 477; phase shift: —7 43. y= 7c0sx +1 45. y = cos (. v =) 2 

47. op 

= i 

y =2cosx + cos 2x 
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49. 
| 

OT: 207 x 
1 

2 

a6 

> 
a 

Vi = SUN ae (COS 

53: Yr 

; iV = 3160S © ae SUZ 

x 

35); 

7 
/yor— 
ios 

f(x) = x sin x 

—20F 

e x/2 =30F 
=e 

—50 

-«of 

6l. 

63 

67 

70 

Ws: 

WX. 

Wie 

TEX, 

81. 

83. 

f(x) = 2™ sin x 

. Rational 64. Logarithmic 65. Quartic 66. Linear 

. Trigonometric 68. Exponential 69. Linear 

. Trigonometric 71. Cubic 72. Exponential 

. Maximum: 8; minimum: 4 

A YA | 
| | | 
| | | 

| | 
| | 
| | 

{ i 1 — 

2a = 7 a 7 = 2ar 
] 

| y= tan x 
| | 

1 YA | 
| ie tl | 
| 3 | ie | 
| Ne | \ 

iL y = 2 sec (x — 77) 
| 1 i 1 1 1 It 1 = 

27 = 7 z ib a T Ee Jan 

1 | | 

: | 
| 3P | | 
| | 

al 85. Amplitude: 3000; period: 

8p 90; phase shift: 10 87. 4in. 
L 

4b 
| 2b 
i 

SSeS wb] — == 
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Review Exercises: Chapter 6 
| 
| 

1. False 2. False 3. True 4. True 5. False 6. Ealse = y =tanx 
3V73 8V73 3 | 

7. sind = , cos 8 setae) =, 73 73 8 3m i VE wey aE eae se 
csc 6 = , sec 8 , cot? = = | 3 8 3 | 

3 Vol 10V91 | 
$8.) cos 6:— —, tan 3 = = B= >> tank 3 sc B se 

] 

sec B = af cot B 3V91 !) V2 10 V3 | | ae ‘ ——| = _— —_—— 
3 91 2 3 | | 

| | 
Wo) | | 

ll. ———. 12.4 13. Notdefined 14, —V3 — Ls 
2 277 7 i 

IE 
INSy, a 1651 hy BPG 12” 18. 47.56° | | ! 

| | | 

19. 0.4452 20. 1.1315 21. 0.9498 22. —0.9092 

ak, WEY pe SOP TTY DS, WO XG, ZY i 

27500 = AS10298 29.545" 44305030" 
31. sin 30.9° ~ 0.5135, cos 30.9° ~ 0.8581, 

tan 30.9° ~ 0.5985, csc 30.9° ~ 1.9474, sec 30.9° ~ 1.1654, | 

cot 30.9° = 1.6709 32. b = 4.5,A ~ 58.1°,B ~ 31.9° on wat a ae, 
7 

33. A = 38.83°,b ~ 37.9,c ~ 48.6 34. 1748m 35. 14 ft i 

36: lye 7 Lal 38. 1V% 29395 425°)—295° y = secx 
cs 577 | 

40. qe 41. Complement: 76.6°; supplement: 166.6° 

5 | We | oy. 

42. Complement: Ee supplement: a \ 3h VF csc x 

a | 2 | 
3V13 ~2V13 3 Pye Sih ee all 

ASSES Op eee, COS Oe tan ey — z 13 13 p 1 5 i | a L It | > 

= 5 — ey ee =i ane a 7 Die 42 

csc 9 = asecO — COL Oa r a 
D) 3 | L | | 

| | ! 

. 2 5 V5 | ! 
AAT ESI Of — ten COS|O ie cea COLO — ceeeee, : 5 ; 

3 3 my 71. Period of sin, cos, sec, csc: 277; period of tan, cot: 7 

U2: 5 3 
SeoU —s— ,csc@ = —-— 45. About 1743 mi _ : 

2 Domain Range 

46. yA AT ey TT, 2-53 cine (Boece) 
a te} 

48. ee sv? 49. 270 Cosine (S003 oo) 

9 
a BO eso: ee oI 7.83), All real numbers except 

rs 770 Tangent (7/2) + ka, where k is an (—o0, co) 
52. 1980 Soh = yO Do : ee A 4 integer 

oy 54.2225, 129° 

-=2 == 55. About 37.7 ft/min Function 

Sine 

56. 497,829 radians/hr 57. (2,4), (-3,-4), (-2,4) uenly 
\/3 3 Tangent 

Soe 59 GO 61.5!) P62 63.8 SI pa 
2 3 74. Amplitude: 1; period: 27; phase shift: -— 

64. —0.9056 65. 0.9218 66. Notdefined 67. 4.3813 

68. —6.1685 69. 0.8090 

70. 



A-38 Answers 

75. Amplitude: 3; period: 77; phase shift: ai 

YR 
4L 

EGOS Nez, 
ae 

1 y = 3+ tcos (2x - 3) 

ee ea 
Tod) 77. (ay ) 78.Cp 79.) 

80. 81 
" i) =e cos x 

y=3cosx + sin x 

O2 i Cum S OED MOIS 

85. Domain: (—00, 00); range: [ —3, 3]; period 4a 

7 
86. y. = 2sin (. ar =) —2 87. The domain consists 

7 7 
of the intervals (-= SeeLicis es 1 2k) k an integer. 

88. cos x = —0.7890, tan x = —0.7787, 

COD eee EO AZ SCC Xie 20/4 CSC Xa 12716 

89. Both degrees and radians are units of angle measure. Degree 

notation has been in use since Babylonian times. A degree is 

defined to be 34 of one complete positive revolution. Radians are 

defined in terms of intercepted arc length on a circle, with one 

radian being the measure of the angle for which the arc length 
equals the radius. There are 27 radians in one complete revolution. 

90. For a point at a distance r from the center of rotation with a 

fixed angular speed k, the linear speed is given by 
: 1 

v=r-korr= EY Thus the length of the radius is directly 

proportional to the linear speed. 91. The numbers for which 

the value of the cosine function is 0 are not in the domain of the 

tangent function. 92. The denominator B in the phase shift 

C/B serves to shrink or stretch the translation of C units by the 
same factor as the horizontal shrinking or stretching of the period. 

Thus the translation must be done after the horizontal shrinking 

or stretching. For example, consider y = sin (2x — 7r). The phase 

shift of this function is 7/2. First translate the graph of y = sin x 
to the right 77/2 units and then shrink it horizontally by a factor 
of 2. Compare this graph with the one formed by first shrinking the 

graph of y = sin x horizontally by a factor of 2 and then translating 

it to the right 7/2 units. The graphs differ; the second one is 

correct. 93. The constants B, C, and D translate the graphs, and 

the constants A and B stretch or shrink the graphs. See the chart on 

p. 470 for a complete description of the effect of each constant. 

94. We see from the formula 6 = s/r that the tire with the 15-in. 

diameter will rotate through a larger angle than the tire with the 

16-in. diameter. Thus the car with the 15-in. tires will probably 

need new tires first. 

Test: Chapter 6 

1. [6.1] sin@ = 

7 

2. 632 a esl 4 os lee 

6. [6.1] 38.47° Ta l6:3)—- 02419 8. [6.3] —0.2079 

9. [6.4] —5.7588 10. [6.4] 0.7827 11. [6.1] 30° 
12. [6.1] sin61.6° ~ 0.8796; cos 61.6° ~ 0.4756; 

tan 61.6° ~ 1.8495; csc 61.6° ~ 1.1369; 

sec 61.6° ~ 2.1026; cot 61.6° ~ 0.5407 

13. [6.2] B = 54.1°,a = 32.6,c ~ 55.7 14. [6.3] Answers 

may vary; 472°, —248° 15. [6.4] a 

5 5V41 4 
=) C0 iE, SS Vay as 5 

;secd = 

16. [6.3] cosé = 

V41 5 77 
csc 8 = — Reon) = SST, Ip 

4 6 

2 167 
18. [6.4] 135 19. [6.4] eee 16.755cm 20. [6.6] 1 

7 

21. [6.6] 24 22. [6.6] — 23. [6.6] (c) 

24. [6.2] 401 ft 25. [6.2] About 272 mi 
26. [6.4] 18 ~ 56.55 m/min 
27. [6.6] 

aS 1 ARC ) f(x) = > x sin x ua 

28. [6.6] C 

7 7 
29. [6:5] {s es Tae Ne a + 2ka,kan integer} 

Chapter 7 

Exercise Set 7.1 

Ll. sin’ x — cos’x 3. siny + cosy 5. 1— 2sindcosd 
7. sin’x + csc?x 9. cosx (sinx + cosx) 
H1. (sinx + cosx)(sinx — cosx) 13. (2cosx + 3)(cosx — 1) 



15. (sinx + 3)(sin?x — 3sinx + Oo) alzatan x 

Cyst Sul ya pa 
3tant + 1 sing + cos 

57, Lt 2sins + 2coss 5(sin@ — 3) 
Riga ene . 3 31. sin x cos x 

33. Vcosa(sina — cosa) 35.1-—siny 37. eae 
We cos x 

2 cot 39, v Al. cos x ie 1 + siny 

: V sin x cos x COSY 
AY MAD, 

45. cos@ = —— ssa ee 

Eee 

: a 3 
47. sind = ,cos8 =— 49, sin @tan@ 

x x 

V6- V2 V3+1 
By SE Se = V3 

4 1- V3 
V6 + V2 

55. a 57. sin59° = 0.8572 

59. cos24° = 0.9135 61. tan52° = 1.2799 

sin ar 
63. tan(u + v) = ou aa] 

cos (mu + v) 
sin ££ COS V + Cos pw Sin Vv 

cos “cos Vv — sinpsinv 
1 

__ siNfLcosv + COS SIN V COS LCOS V 

 cospcosv — sin usin yv 1 

COS fl COS V 

sin sin v 
———— + a 

COS cosv tang + tanv 

= ~ sinsinv ey tan uw tan v 

7 COS fl COS V 

7 —24 + 2V 170 
5, 0 Wh = 3g as pay hae Dk WSK) 

73. 0.7071 75. 2sinacosB 77. cosu 79. All real numbers 

80. Nosolution 81. 1.9417 82. 1.6645 

377 
83. 0°; the lines are parallel 85. To Or iBs" fy, ASW” 

Cos a)\=—"cos x 
89. 

h 
cOs x cos, — sin x sin i —icos x 

h 
cosxcosh — cosx  sinxsinh 

h h 

Cosh Sy oe (8 *) 
cos x { 7 —— sin x | 

sin 5x _ sin 7 

a /5 

II 

Siete = Then = 0 # sin 5. Answers may 

7 
yatyes 93; Leta = a Then cos (2a) = OI 0, but 

2 cosa = 2 cos c = V2. Answers may vary. 

—)| 

95. Letx = af Then eRSPX ae ~ 6. Answers 
6 cos x 7 3/2 

cos # 

ES EE 
DAY VALVES see wea 

9+ 2V3 
N 0.0645 99. 168.7° 

Chapters 6-7 A-39 

101. cos 20 = cos’@ — sin? 6, or 1 — 2 sin’ 0, or 2cos?6 — 1 

7 
tani x == tan!'— 

103. tn(x+ =) ee DS WEY 40) - oan 

; a Ml = yeMies 
I > eno getein — 

4 
105. sin(a + B) + sin(@ — B) = sinacosB + 
cosa@sinB + sinacos B — cosasinB = 2sinacos B 

377 377 3 
Veg(a)tane— = 13 763ncse —— = 12261, seo = 01S 

10 10 10 

Sai , e 7 
Ola = (0.7266; (b) on = VES = (0.8090, 

7 7 7 
uN = 0.7266, ore = 1.7013, oe = 1.2361, 

7 20 2 
oo 1.3763 3. (a) cos@ = See tan@ = ane ul 

aVo 
csc 0 = 3,secO = Dern oe = aN: 

(b) sin (z = a) = 2V2 cos (2 a) = a 
3 

tan (z = 0) = —2 2,ese( 2 = a) = _3V2 

4 

2V2 1 
(c) sin (« = =) COS (« = ) =, 

2 3) 2 3 

T 7 2 
sec (6 = =) = s,cot(6 = =) = 

2 2 4 

ne 7 
55 SEC (. af =) = —cscx 7. tan (: = =) = —cotx 

9. sin20 = %,cos20 = -£, tan 29 = —#; II 

11. sin 20 = 33, cos 20 = —%, tan20 = —* II 

13. sin20 = -3. cos 20 = we tan 20 = —i3: IV 

15. cos 4x = 1 — 8 sin’ x cos’ x, or 
eee . 

cos'x — 6 sin’ x cos*x + sin’ x, or 8 costx — 8cosx + 1 

AV) V2+ V2 
yee bee dp NS 

23 0GAD eel 5 Ol 35 eeee 2 oe COSTE Oe COSI 

33. 8 35. sin’x 36.1 37. —cos’x 38. csc*x 
Sey Il 40. sec?x 41. cos*x 42. tan’x 

43. (a),(e) 44. (b),(c),(f) 45. (d) 46. (e) 

47. sin 15° = sin (45° — 30°) 
sin 45° cos 30° — cos 45° sin 30° 

WOE Noe Voewe 
2 2 Ph 9h 4 

. Pe Hi cose On 
sin 15° = sin(2) = cae 

ye OUD 2-V31 
D 2; 2) 

\/ PS eee 
Ve 2 

the identities give the same value. 

= 0.2588; 

= 0.2588; 
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49, = cos x (leer corr) 51) cot’ 7 : 9. rey 

53. sin? = —1, cos? = —p, tnd = F aera sin 20 

55. (a) 9.80359 m/sec’; (b) 9.80180 m/sec’; Bsa 
(c) g = 9.78049(1 + 0.005264 sin’ @ + 0.000024 sin’ d) 2 2 sin @ cos 6 

sec 

, ee 2sin@ cos’ é Exercise Set 7.3 eaaaoh pence 
cos 0 1 

1. 3: 2 sin 8 cos 8 

secx — sinxtan'x |.cosx 1 = cosx sin x 11. 
1 — cos 50 cos 39 — sin 56 sin 30 | 2 sin’ 6 

sin x i + ; 
sin x* seas me 1 — [cos 50 cos 39 + sin 56 sin 30] | 1 — cos 20 

COS xX COS xX sin x le COS 1 =e coe(se =. 20) 
stip) b 

I> sinex 1+ cosx 1 — cosx hes eod 
cos x Sin ( [y= cos x) 

2 13. 3 : 
cos x 1 — cos’ x 2sin@cos'@ + 2sin’ cos @ | sin 20 

cos x sin x (1 — cos x) 2 sin @ cos 6 (cos’@ + sin’ @) | 2 sin @ cos 6 
COS x ; i eee 2 sin 8 cos @ 

ee COSEX 15. : 
ae (mingee — Chal se ek 

sin x sin 
5 2 tan x 2 

; 1rtand jist cote LET 

1 — tand coud 1] cosx 1 — cos x 

sin 0 cos 0 2 sin x 2 
1+ —— 

cos @ sin 0 cos x 

: sin 0 cos 0 SSI = Sie COSix _ COS x 

cos 6 sin 0 2 COs x sin x 

cos@§ + sin@ sin@ + cos@ 1 — cosx 

cos 0 sin 0 - 
Sa Lee We 

cos — sin@ sin @ — cos sin (a + B) sin(a@ — B) | sir’ a — sin’ B 
cos 0 sin 0 le a cos B ‘a sina cos B 1 — cos’ a 

cos Umactts cos 0 cos a sin B cos a sin B (1 — cos* B) 

ee g cos 6 oy g sin’ a cos” Sie cos’ a sin? B cos’ B= cos’ a 
sin@ + cos6@ sin 0 2 2 

= cos, Bil. "cos a) — 
sin 0 sin@ — cos@ cos?a (1 — cos? B) 

cos@ + sin@  sin@ + cos@ 2B 5 2g 
; : cos’ B — cos acos B- 

cos@ — sin@ sin? — cos@ 2 2 2 
; : cos a + cos acos B 

cos@ + sin@ cos@ + sin@ f 3 
: : SOSs SB aagcOSaa cos@ — sin@ cos@ — sin@ cos. 8 ¢ 

0 19. : 
tan @ (tan@ + cot) | sec’ @ 

We 5 ‘ , 
cos’ a + cota | cos atana + 1 tan’ é@ + tan @ cot é 

cos*a — cota | cos*atana — 1 tan’ @ 9 1 
. Oa F B sec 0 

(LO OY ap cos’ a sp Il 21 
sin @ COs a : eae 

[SS SS SS Ee , > 

2 cos a@ > sina —— ar rate caene = 
COSmO) ei cos’ a = sin’ x 

sin @ COs a 1 KGa x 

1 eae SF oe 
COSI) \SCOSIO/ selctas ; sin” x Snax 

sin @ sinacosa + 1] 2 2 —— CSCaLN Ht COL 
sin a cos@ — PD Raat eae 

COS @ (cos a= = ) GS Caen ee xX 1 

sin a DORE Be == AI 
i 

COS\Qaste ae 23. 
sin @ Sea a a 4 

; ; sec x tan x 
nies t Ips sine: IPSS esine 

sin @ ‘ 2 : 2 : ar = = i sinacosa + 1 (1 + sin x) (1S=ssin, x) a 1, sing 

sin @ ? 1 — sin’ x COS COSTS 
arr ae a Tas 1 + 2sinx + sin’ x) — = in2 : oy fet ( sinx + sin’ x) — (1 = 2sinx + sin’ x) | 4sin x 
ae a 9 

sin @ COS’ xX cos’ x 
sinacosa + |] 4 sin x 

sinacosa — | : COS x 



25. 
2 

cos’ a cot? a | cot? a@ — cos?a 

(1 — sin’ a) cot? a 
#) 

; cos’ a@ 
cot*a@ — sin’a: ae 

sin’ @ 

cot* a — cosa 

2 

2 sin’ @ cos’ @ + cos'@ | 1 — sin‘ @ 
cos’ 6 (2 sin’ 6 + cos? @) 

cos’ 6 (sin? @ + sin? @ + cos’ @) (1 + sin’ @) (cos? @) 
cos’ 6 (sin? @ + 1) 

29: 

If Se Slineg 
nema (Seca-e tan x)- 

bse Sige Ise Sinise i sin x \* 

Ie sinx 1 + sin x (. sn* 

(Le sini) a0] Git isin’)? 

1 — sin’ x cos’ x 

(1 sinx) 

cos” x 

31. Sine sum and difference identities: 

sin (x + y) = sinxcosy + cosxsin y, 

sin (x — y) = sinx cosy — cosxsiny. 
Add the sum and difference identities: 

sin (x + y) + sin(x — y) = 2sinxcosy 
+[sin (x + y) + sin(x — y)] = sinxcos y. 

Subtract the difference identity from the sum identity: 

sin (x + y) — sin(x — y) = 2cosxsiny 

[sin (x + y) — sin(x — y)] = cosxsiny. 

; 86. —26 
Se) Gin ste) = Gals) >= 7CoS pn eae 2 cos 46 sin 0 

ANSE fei SE 
S50 SIN SO) sil oG ——2.sin SS 

37. sin 7u sin 5u = 5 (cos 2u — cos 12u) 

39. 7cos@sin 70 = 5[sin 80 — sin (—60) | 

= $(sin 80 + sin 60) 

Al. cos 55° sin 25° = 4(sin 80° — sin 30°) = $sin 80° — j 
43. 

wy SIF 

sin 49 + sin 60 cot 6 (cos 40 — cos 60) 

(1 + sin’ @) (1 — sin’ @) 

(3) 

(4) 

Chapter7  A-41 

47. 

28 Sie 4? siny > sin x 
cot 

2 cos x — cosy 

5 0 BY Kean any eee X: 
cos 2 cos sin 

2 2 

ee airy ge Se by maar 
sin 2 sin sin 

Z, 2 2 

$8. 4 
cos 

2 

Pees 
sin 

2 
49, 

0+ > = 
tan (sin@ — sind) | tan 5 ? (sin@ + sind) 

_O0+¢ 6-6 
sin see a ek ee dk) es « 
eae cos 5 sin 5 eae sin 5 cos 3 

cos COSt arenas 
2 2 

OROT a0 ane CO Ce Cieee? 
2 sin sin 2 sin sin 

2 D, 2 

51. (a), (d) 

foe 

(b) yes; (c) f-'(x) = 

52. (a), (d) fae ti 

fia vaat 

fe) =x? -4,x20 

100 —20 cos8( 100 22) 
2 sin cos : 2 sin sin 

2 2 sin 8 2 2 ; 

cos 6 ; (b) yess (co) fae) Ven 
2 sin 56 cos (—8@ 2 sin 50 sin @ i WP eet ) SAN 

2 sin 50 cos @ | 2 sin 56 cos @ 

45. 

cot 4x (sinx + sin4x + sin7x) | cosx + cos4x + cos7x 

8 (Oye 8x 6x 
<0 (sin Ae ae 2sin * cos) COS Grate tC OS® COS 
sin 4x 2 D 2 2 

aes (sin 4x + 2sin 4x cos 3x) | cos4x + 2 cos 4x + cos 3x 
sin 4x 

cos 4x (1 + 2 cos 3x) cos 4x (17-2. cos'5x) 

(b) yes; (c) f '(x) = Vat 4 



A-42 Answers 

54. (a), (d) 

(b) yes: (c) f 4(4) = x —2,x=0 
55. 0,3 56. —4,5 57. +2, +3: 
58.5 +2V6 59.27 60.9 
61. 

In |tanx| | —In | cot x| 

1 

cot x 
In |1| — In |cotx 

Olina |icote: 

=|hoi || Coes 

63. log (cosx — sinx) + log (cos x + sin x) 
= log[(cosx — sinx)(cosx + sin x)] 
= log (cos’ x — sin’ x) = log cos 2x 

il 1 

wC(tané + tan @) (228 =e) 
gC 2 

cos? cosd 

ry 1 

— + ween 
wC 

cos 8 cos 

cos 6 cos 

wC sin (@ + ) 

fiz ‘ee Pe | J Douwsn £7? bn vy oad ; Mid-Chapter Mixed Review: Chanter 7 

il, Thane 25 lalige 3), ibaa 2h dha 55 If Ch lel 

Heid 5 Whe ORC. 10. E 1A 1G: Tey, 18 

V COS x 

sin x 
14.553 es: 16. 1 ee COS tel 

Sse COS ee LO lS) ae 2 O COS Hm 2 ; 
sin x 

2- + 
22. cos 12° ~ 0.9781 23. 5 v2 24. Vs 7 v2 

25. —3 26. —34; quadrant IV 

Ife 

2x (eines ar Sina 
cos 

2 tan x 

; sin x ; 
+ sin x 

eteRCOSEG ISIRCOS 

2 2 sin x 

cos x 

NSSIMEGE st SINEX COS COS <6 

2 cos x sin x 

1 sinx (1 + cos x) 

2: sin x 

Ie taeCOSix 

z 

28. 
iL = Gane? COs x 

GOSS il se Gilah 3% 

icine sine 

COS x il se Qo 3% 

1 — sin’ x 

cos xl) 47 sin x) 

cos’ x 

cos x (1 + sin x) 
cos x 

esi. 

29. 

sim’ x — cos’x | 2 + sin2x 

Sine Cosi 2 
. . : 2 : 

(sinx — cos x) (sin? x + sinxcosx + cos’ x) | 2 + 2sinxcosx 

Visec x. tel 

SIME COSEC 2 

2( 1-4 sivxicos x) 

2 

1 =e"sinxcosix Pl 4 sinxcos. x 

sin’ x + cos*x + sinxcosx 

30. 

sin 66 — sin26 | tan 26 (cos 26 + cos 60) 

86 . 406 sin 20 80 46 
2 cos sin 2.COSia= COS aes 

2 2; 2 2 cos 20 

: sin 20 
2 cos 40 sin 20 (2 cos 46 cos 26) 

cos 20 
2 cos 46 sin 26 

31. The expression tan (x + 450°) can be simplified using the sine 
and cosine sum formulas but cannot be simplified using the tangent 

sum formula because although sin 450° and cos 450° are both 

defined, tan 450° is not defined. 32. Each has amplitude 1 

and is periodic. The period of y, = sin x is 277, of y. = sin 2x is 7, 

and of y; = sin(x/2)is4a. 33. (a) x ¥ ka/2,k odd; 

the tangent function is not defined for these values of x; 

(b) sinx = 0 for x = ka, kan integer; cosx = —1 for x = kz, 

k an odd integer; thus the restriction x # kz, k an integer 

applies. 34. In the first line, cos 4x # 2 cos 2x. In the second 

line, cos 2x # cos’ x + sin’ x. If the second line had been correct, 

the third line would have been correct as well. 

7 7 7 
pea OO Bh ty XS ly Fhe Oo 

3 4 4 

7 7 5a at 
O) Sn SOY Leo Oe shy === ISOP LS eee Oe 

6 6 6 6 0 

7 7 
Wi: > D0 919: a 60° 21 08520202" 23.41.2917, 74.08 

25. 2.9463, 168.8° I AVN COO, SO" 

29. 0.8289, 47.5° B= OM6008 55:02 

33. sin ': [—1, 1]; cos ': [-1, 1]; tan?: (=60)'60) 

3/2000 1 
==! Sugh || ——= 3 a0 Sees oO rr 41. a) sd 2 

T 

d 5 
T 4a as at Page ne vu sau 3 3 33 6 

2 2 ; RY 
gs eee ee a eee ae v3 

a +9 P 3 2 
V2 

63.-—— 65. xy + V(1—x2)(1— 97) _ 67. 0.9861 



69. Periodic 70. Radian measure 71. Similar 
72. Angle of depression 73. Angular speed 
74. Supplementary 75. Amplitude 76. Circular 

1 sin! x + cos! x 

sin (sin' x + cos! x) | sin— 

[sin (sin ' x) ][cos (cos! x)] + 

[cos (sin’’ x) ][sin (cos! x)] | 1 

FOOSE ae V1 a V1 _— x2 

Flax 

1 

IS): 

sin>x | cos} V1 — x? 

sin (sin''x) | sin (cos! V1 — x?) 
x x 

h 
81. 6 = ane — tan ! A, 38.7° 

x 

Visualizing the Graph 

plage Gi ata Orn s4d, Hebe. AL 7, E 
$1, P29! £10, B 

Exercise Set 7.5 

T lig 
ike fe ar BS + 2k, or 30° + k- 360°, 330° + k- 360° 

2 5 
bs, a er or 100-2 ks 180° | 5: z; a 2k, == Sear 

3 577 
30° + k- 360°, 150° + k-360° 7. 7a + dkm, "7 + 2ke, or 

oo Both S00 gloat ioe SO06 a9. 1371 20;-4.5712,,0F 
4a 57r Bs 

98:09 201.91, 2) 1. ace or 240°, 300 

me sur Sas Has - 5 B , a Sup Sey 
3 ae OL AD 30m 2257,.915 Ne ye OL 

4 4 4 4 6 © 2 
a ar Sap Miler 

eg 0 eA ee Or G0 I05, 270 5.330" 30°, 150 622° 6 

ae 
19. 1.9106, = a 4.3726, or 109.47°, 120°, 240°, 250.53° 

TSH eT 6° 145°) 135% V80°, 225%, 315° 
ee agen 

23. 2.4402, 3.8430, or 139.81°, 220.19° 25. 0.6496, 2.9557, 
3.7912, 6.0973, or 37.22°, 169.35°, 217.22°, 349.35° 

Ail, W 

Wi 3a 797 
ei ye, LO Se 

6 6 4° 4 

Q7 4a 37 a 3a 5a 7 a 51T 
35. as ey 5 oe Te OS, Sia 39. as eae 

a BB A 4°4 A 12” IP 

27 4 
41. 0.967, 1.853, 4.108, 4.994 43. ere 

45. (a) April: 59°, October: 63°;(b) March 47. November: 

$72,853; March: $101,853 49. B = 35°,b = 140.7,c = 245.4 

50. 2 WHS Ss YN is SS IER 51. 36 52. 14 

ue 27 4a oT init us 4 Eg?) 5%), ot /2+ aka 
3 

Chapter 7 A-43 

where k (an integer) = —1 61. 1.24 days, 6.76 days 

63. 16.5°N 65.1 67. 3, or about 0.1923 

Review Exercises: Chapter 7 

VTrue™ 2. True —3;-True, | 4.<False>—.5,, False 
2 2 COSs aie 

Gmrcscasnis7 1 ge Sitanaye coy 9. ae 
COSaY 

LO. cscx(secx — csex) lla Gsinye 5)(singaa 4) 
12. (10 — cosu)(100 + 10cosu + cos*u) 13. 1 

3 ta ZICOSW to SIM ape 
14. }secx 15. ee gee! z 

SIT Vie COSY cos’ y — sin’ y 

ele LS: ¥ cot x 19° "sinx) =, cos 20° —— 
il = Sine 

COs x Sys 3 
2 22 SCG.U ee SaCOS COS eae sins si 

V sin x 2 2 

pp tan 45° — tan 30° ag (27° — 16° He 
A 2EGOS = F 

1 + tan 45° tan 30° ges 

-V6 - V2 
26 = he 278 \/32 928, —018745 

DX}, Gin $6 30. sin x il eee COSE: 

¢ 4 4 3 S) 
32. (a) sina = EN: = -, cota = e seca — = 

. 4 7 

2» 5 

Geo ancien. (ain || —= = COU == a | 
2 4 2 3 

(F-a)=-pee(F-e) gae|| = = @ |) = == cGse|| = = = =>} 
D, 4 D) 

T 3 7 \ 4 
(8) Siat|| @? ae — |] = —S] 608 |e se S| = = 

2 5 Dy) 5 

(«+ F) = -per(e+F) LTO (otesin eI] oll (yer ar ee |) 
2 4 2 3 

T ) a 5 
qxe|| @ sep — |] = | we || @ ae SS || SS SS eee SCCEG 

2 4 2 3 

34. tan 20 = 4 cos 20 = x, sin 20 = 24.7 

: Vin > 
: D 

cos 43 = 0.6369 37. cosx 38.1 39. sin2x 40. tan 2x 

3 36. sin2B = 0.4261, cos = = 0.9940, 

41. 
Il = Sun 38 cos x 

cos x Il Si Gin oe 

[i asinecercOses COs Xx ie sine 

cos x @oeee || =r Sinee I = Sis 

COS uae SiilieG COSHANINCO Sea nOInmnCcOSeG 

cos’ x 1 — sin’ x 

COSGG aes AACOSIEG 

cos’ x 

42. 
il ar eos WH) 
== —— lewd 

sin 20 

1 + 2cos?@ —1 |cos@ 

2 sin 8 cos @ sin 0 

cos 8 

sin 0 



A-44 Answers 

43. 
tany + siny > MY eae 

2 tan y 2 

sin y + sin y cos y 

1 cos y Ieee COSHY 

Wy sin y 2D 

cos y 

siny(1 + cosy) cosy 

Z cos y sin y 

rie COSH: 

2D 

44. 
tan’ x — 1 Sine eee COSKC 

Cie COR 

sin’ x 

2 
COS xX 

cos” x 

SIN ai COSC 

sin’ x — cos’ x 1 

cos’ x 

SIME ae COSKS 

cos” x 

45. 3cos 20sin@ = ;(sin3@ — sin@) 

Sli Cuee COSTS 

; : 50. 30 7 e 
46. sin@ — sin4@ = —2 a 47. Ga 

AT 

ie i Ze 45° 50. 0,0° 51. 1.7920, 102.7° 
6 

5205976022. 8 536, 

135° + k+ 360°, 225° + k-360° 60. a his ey 

5a 7a 11 aor 5 
Cpe esha Gh a ee oe 

© © ° @ 6 AD ah Al 

Bio Wie 27 4a Tom Si 17 
aC eis 63. tig 64 0; 7 65 ey Ce mr eke ae 

2) A 3 3 AA Ae 

7 3ar Tm 237 
668 OX ha on am OS a COA OD a OUGs = We 

2 2 Wa Pe 

@pllilés 18} AL INL Cd, NCSA 

73. cos(u + v) = cosucosv — sinusinv 

a T 
= cos UCOS V — COS es. COs ae 

78. The ranges of the inverse trigonometric functions are 

restricted in order that they might be functions. 79. Yes; first 

note that 77/6 = 7/6 + 7. Since 7/6 + ka includes both 
odd and even multiples of 77, it is equivalent to 7/6 + 2k7 and 

77/6 + 2k. 80. The graphs have different domains and 

ranges. The graph of y = sin ' x is the reflection of the portion 

of the graph of y = sin x for —7/2 = x = 7/2, across the line 

y =x. 81. A trigonometric equation that is an identity is true 

for all possible replacements of the variables. A trigonometric 

equation that is not true for all possible replacements is not an 

identity. The equation sin’ x + cos’ x = 1 is an identity whereas 

sin’ x = lisnot. 82. The range of the arcsine function does not 

include 57/6. It is [—7a/2, 7/2]. 

Chapter 7 

ls (Pll 2eosm eal 2a 3 17.0) 

ND EEN 6 
4. [7.1]2cos@ 5. [7 scene 6. [7.1] 

74. co’ x 75. sind = 

ON G 
tan@ = 75. sin@ = 

5) = DW 6 

ia 5 
cos @ = ;tan@ = 

5 a 

\/2 sin 

Then tan = 0.6155 and 

lon 

a [o) nm > | 
Nl 

| 

aS 
lon 

fo We 
qos 

OA 6 — 
CUxX 

DAWG 

lI 

ala pala 

ll 

IL Se Shelew |] qeelnlioy 

Laacsera sec a 

sin@ 

IL Se Sane? |) cclewsray 

sin a 

V5 
7. (7.1) 33 8. [7.2] Somes 4 II 

aN 
10. [7.2] ss a TUG [A OSE I, ll Sign Bes 

Bs, (33) 

CSChGE= COSE COG AI meSIINEY 

1 cos x 
: = COG 200— 

sin x sin x 
2 

COSe. 

sin x 

sin’ x 

sin x 

sin x 

14. [7.3] 

(sinx + cosx)? | 1 + sin 2x 

sin? x + 2sinxcosx + cos? x 

IP p2 Site coses 

Ieesin' 25 

NES 3H 

2 Lee COS 
(csc B + cot B)- es 

COST 

( 1 + ey Lh cos,3). 1" cos G 

sinB — sinB = @osyes ll ar woes: 

(? + a (1 + cos B)? 

sin B t =.cos’ 8 
(1 + cos B)? (1. + cos B)? 

sin’ B sin’ B 

16. [7.3] 



7a 

2 
18. [7.4] 4sin B cos 3B = 2(sin 4B — sin 2B) 

9 
17. [7.4] cos 8a — cosa = —2sin = sin 

A T 19. [7.4] 45° 20. [7.4] > 21. [7.4] 2.3072 

5 
————__ 24. [7.4] 0 
Vx? — 25 

an yan Map lalepy 7 377 
25 Ts 2 ee ee 26 Wee) a 

VEN eae 6 Vs got 
Telular 

27. [7.5] >—— 28. [74]D 29. Vain 3 

Chapter 8 

Exercise Set 8.1 

1 Av 121% a = 33,c = 14 3. B= 57.4°,C = 86.1°, 
c = 40,orB =~ 122.6°,C = 20.9°.c = 14 5, B = 44°24’, 
Ae=174°26',a = 33.3 7. A= 110.36°,a = 5mi,b = 3A mi 
9. B ~ 83.78°,A ~ 12.44°,a ~ 12.30yd 11. B ~ 147°, 
C = 135.0°,c ~ 28.04cm 13. No solution 

15. B = 125.27°,b = 302m,c ~ 138m_ 17. 8.2 ft? 
19. 12yd’ 21. 596.98 ft? 23. About 3894 ft 25. 787 ft 
27. About 51 ft 29. From A: about 35 mi; from B: about 66 mi 

31. About 102 mi = 33._:1.348,77.2° 34. No angle 

Wo) We 1 
Som bea eee Ol 2506. (F370 SBS 39. 

v 2 2 2 
2 

40. — yi 41. Use the formula for the area of a triangle and 

the law of sines. 

1 csin B 
= —besin A and —))— — ; 

2 sin C 

c’ sin A sin B 
coe 

2 sini 
1 asin B 

KK ==(psiaG ancl = — ; 
2 sin A 

3 @ sin Bsin C 

3 2sinA 
1 bsin C 

ke besinAyeand =— ; 
sin B 

- b’ sin A sin C 

ay 2 sin B 

43. 

For the quadrilateral ABCD, we have 

Area = +bdsin@ + 5 acsin@ + + ad(sin 180° — 0) 

+4 besin (180° — 0) Note: sin@ = sin (180° — 0). 

+ (bd + ac + ad + bc) sin 

‘(a + b)(c + d)sin@ 

+ dd, sin 0, 

where d, = a + bandd, =c + d. 

45. 44.1” from wall 1 and 104.3” from wall 4 

Chapters 7-8 A-45 

Exercise Set 8.2 

Deal 155B = 24 C 126° 3 cAl = 36,18 3B = 49537 

C= 100.29" 5. "b= 75m, Ar = 94°51. = 12°29" 

7, A ~ 24.15", B= 30.75", C = 125.10° “°9. No solution 

DY As 79.93 5 Bi 53.55... C. = 46.52 — olsen 45-17 

= 89.35B = 420 15. a= 13.9in.,.B =~ 36.127 , 

C =~ 90.417° 17. Lawofsines; C = 98°,a ~ 96.7,c ~ 101.9 
19. Law of cosines; A ~ 73.71°,B ~ 51.75°,C = 54,54° 

21. Cannot be solved 23. Law of cosines; 

Ae 330) Be 2107087, © =23912 I. 

25. 63 ftand74 ft 27. 30.76 ft 29. About 1.5 mi 

SL Sd 5 L272 C= 4052" Ss eAbour oie kan 

35. (a) About 16 ft; (b) about 122 ft? 37. About 4.7 cm 
39. Quartic 40. Linear 41. Trigonometric 

42. Exponential 43. Rational 44. Cubic 45. Exponential 

46. Logarithmic 47. Trigonometric 48. Quadratic 

49. About 9386 ft 51. A = 5a’ sin; when@ = 90° 

Exercise Set 8.3 

Ilo BR 3h Ils 

Imaginary 4 Imaginary 4 

Bye ae ey 4 L e ae 
2F Da A! 

L ve 
Se ae |e tt {jj _{ js, 

monte OS i Fe Real fae et Real 
—2- —2- 

—4b —4p 

5. V17; 7. 3; 
Imaginary 4 Imaginary 4 

4p 4p 

a 2r 

E cat esa Le = i=} 1 i > 

Eas ze Real BS ee aes 
=p) 4-i =2- 

=A —4L 

71 717 
OTe ian 3%:3V2 (cos ap isin) o 

7 7 
32 (cos 315° + isin315°) 11. sisa( cos + isin =), 

77 He 
or 4(cos 90° + isin90°) 13. WP CET 4 isin] Jor 

377 PUR oth 
\/2(cos 315° + isin315°) 15. 3 cos rnin | 

TEP vad Ih 
Or3(cos 270" = 7sin 270°) > 17.2 cos, air isin = }, or 

2 mae 
2(cos 30° + isin30°) 19. cos + isin 0), or 

2, 57 Je SHB 
BO spon) Ail, © COS +k isin Jot 

Sanne 
6(cos 225° + isin 225°) ~ "23. a- = oe Doma Oz 
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Dae) te 29.21 eS Ve ames t 

33. 4(cos 42° + isin42°) 35. _11.25(cos 56° + isin 56°) 
41.6 +6V3i 43, —2i 37. 4 39. —i 

377 a Bi 
45. 8(cosm + ising) 47. 8 CS a isin 

49. > =F nae ey ats ee Beh al 

Va 2 ee on 
Dds + ih i 

2 2; yw) 2 

57. 2 G0S157.54 a .isin USS"), ACS Savy ae sito B07.5.) 

A\/ Sealand Se A ae 
59. ae ih ie Sa 

ee wae a) 
61. V/4 (cos 110° + isin 110°), W/4 (cos 230° + isin 230°), 

W/4 (cos 350° + isin 350°) 
635 a a: 65. cos 36° + isin 36°, 

Imaginary/\ cos 108° + isin 108°, —1, 

i cos 252° + isin 252°, 

: cos 324° + isin 324°; 

Imaginary/\ 

> 

4 2 Real 

=i 
—— 

1 Real 

67. \8, NY8(cos 36° + isin 36°), NY8(cos 72° + isin 72°), 
\Y8(cos 108° + isin 108°), NY8(cos 144° + isin 144°), —NY8, 
NW8(cos 216° + isin 216°), NY8(cos 252° + isin 252°), 
\W8(cos 288° + isin 288°), N8(cos 324° + isin 324°) 

Seay Oa le suet ae 4 +f + 
2 2 2 1 69. ik ily is 

2 2 2 2 2 

OV Tea 
Fil, iy sf i, 1 

2 D) 2 2 
cos 157.5° + isin 157.5°, cos 247.5° + isin 247.5°, cos 337.5° + 

R375? R75) NS N38 LS ee 

ily tly = j 

73. cos67.5° + isin 67.5, 

4 : lla Sar 3 
77 dey 78240 79 = 80. 81. 

V3 V2 
Borate a ge OE + 85. cos@ — isin @ 

87. Z— ae bi, (2) = Va + 

Z=a- bi,|z| = Va + (-bP = Va + B-.|z| = [2 

89. |(a + bi)?| = |a — P + 2abi| = V(@ — &)? + 4e°v? 

=Vd¢+i¢¢ + had + PB, 

lja+ bi? =(Ve@+ PRP)? =e+H 
91. Imaginary /\ 

ese f= 3) 

> 

Saeeekeal 
2 

3. False 4. True 5. B= 63°, 

b = 94in,c ~ 9.5in. 6. Nosolution 7. A ~ AQIS a. 

Baa San On men On OB Se WOOC = Srl: 

c = 39.9cmorB = 109.8°,C = 27.5°,c ~ 20.0cm 

9. a ~ 370yd,B ~ 16.6°,C ~ 15.4° 

1. True 2. True 

WO, 6 ZEA 10 G = Wii, oe = Ney eS a 

a ~ 1lft 11. About 446 in’ 
12. Imaginary -\/34 13. Imaginary Sil 

4 

e : 
S52 3Y 2 

ee oe 4S eS ee > 

Al S28 2 4 Real 

= 2 

—4 

15. 

7 
16. V3( cos 5 isin), o V2 (cos 60° + isin 60°) 

5ar a 57r ° ee ° 
U7; 2( cos + isin =), or 2(cos 300° + isin 300°) 

1 7 
18. s(cos + isin ae 5(cos 90° + isin 90°) 

57 57 
19. 2V2{ cos + isin 2) or 2V2(cos 225° + isin 225°) 

200..V2-V2i 21. 6V3 +6 22. V5 23. 43 
7 7 

24. 16(cos45° + 7sin45°) 25. 9 cos (=) + isin (=) 

26. 2/2 (cos 285° + isin 285°) 27. V2 (cos 255° + isin 255°) 
28. 8V/2 (cos 45° + isin45°) 29. 8 + 8V/3i 
30. 2(cos 120° + isin 120°) and 2(cos 300° + isin 300°), 

or—1 + V3iand1 — V3i 31. 1(cos 60° + isin 60°), 
I(cos 180° + isin 180°), and 1(cos 300° + isin 300°), or 

Lee bak Ave 
ar iy leand i 

2 2 2 2 

is necessary to solve the quadratic equation: 

(11.1)? = @ + (28.5)? — 2a(28.5) cos 19°, or 
= @ — [2(28.5) cos 19° la =e [ (28.5)? ="(111)47). 

The law of sines requires less complicated computations. 

33. A nonzero complex number has n different complex nth roots. 

Thus, 1 has three different complex cube roots, one of which is the 

real number 1. The other two roots are complex conjugates. Since 

the set of real numbers is a subset of the set of complex numbers, 

the real cube root of 1 is also a complex root of 1. 34. The law 
of sines involves two angles of a triangle and the sides opposite 

32. Using the law of cosines, it 



them. Three of these four values must be known in order to find the 
fourth. Given SAS, only two of these four values are known. 
35. The law of sines involves two angles of a triangle and the sides 
opposite them. Three of these four values must be known in order 
to find the fourth. Thus we must know the measure of one angle in 
order to use the law of sines. 36. Trigonometric notation is not 
unique because there are infinitely many angles coterminal with a 
given angle. Standard notation is unique because any point has a 
unique ordered pair (a, b) associated with it. 
B7EX Gone ot lk 0 

(eee 10 

1 =10 

| 

ee ae 

This equation has three distinct solutions because there are three 
distinct cube roots of 1. 

tO =i) 

x(x 2) = 0 
x” =0 or x -2=0 

co Oeeon 

0 of x= 2? 

This equation has four distinct solutions because 0 is one solution 

and the three distinct cube roots of 2 provide an additional three 

solutions. 

x® — 2x =0 

x(x° — 2) =0 
x=0 or xXY= 2:=10 

Xa) or A Fa) 

x=0 or ie 

This equation has six distinct solutions because 0 is one solution 

and the five fifth roots of 2 provide an additional five solutions. 

Visualizing the Graph 

Ils |] AG, 35 16h Arr By 6. A Hs \D 8. G 

OSB 10. F 

Exercise Set 8.4 

90° c 
120° 60 

150° 9 30° 
e 

5 34 4 ° 0 
180 +4 1360° 

3° 

3 330° 210 , wil 

° 300° 240 eer 

13. A: (4, 30°), (4, 390°), (—4, 210°); B: (5, 300°), (5, -60°), 
(—5, 120°); C: (2, 150°), (2, 510°), (—2, 330°); D: (3, 225°), 
(3, —135°), (—3, 45°); answers may vary 

377 Sa 
6270°); (3) ==) P17. <,300°), (6, =) 15. (3,2707), (3,2) 17. (6,300"), (6° 

lla . is 
19. (8, 3305); (s uz) Pal les 2; DDS ), (. iz) 

7 a 71 
235., (2, 60° ); (2 =) 257 (S35 3); (5.2) 

2. ( ae ava) 31. (3-24) 33. (-1, V3) 
2 

355 (SW aaa) 37(6.V/3)=3) 39. r(3.cos@ + 4sin0) = 5 

41. 

47. 

51. 

57. 

63. 

Chapter 8 A-47 

rcoos0=5 43. r=6 45. r’cos*@ = 25rsin@ 

r sir 6 — 5rcos9-—25=0 49, r= 2r cos @ 

Sty =25 53. y=2 55. ~ = 26x49 
2 -—9x+¥—-Ty=0 5.x=5 61. y= -V3x 

e 65. 90° 
120° o60° 120° 60° 

150° 30° 150° 30° 

- 0 180° ue 180 37360" 360 

me 330° 210° 330° 

° iC 2) 300° 240° een 00 240° "270° 

y= sine r=4cos 20 

69. 90° X 
120° 60 

150° : 30° 

5 0 
180 24> 360° 

a6" 330° 

° 300° 
240" “270° 

r=2-cos30 

74. 

75. an 76. YA 

af af 

<td ey =5 it ie 5] | 4 | ms =A = r 4 A 

— te —2- 

Baie —3 bes 

4 —4- 

Tid) a a79. (8) e S1244) 9 83.0(D)s Sonne) 

87. (k) 89. y = —4x + 4 

xercise Set &.! 

i, YS Bk NG = GSH INO OY) NU, Ves 

13. 55 N, 55° 15. 929 N, 19° 17. 57.0, 38° 19. 18.4, 37° 

21. 20.9, 58° 23. 68.3,18° 25. 11 ft/sec, 63° 

27a 26b 470 29s) OU EN Ole /Ov/aeasta 0. 7asoutn 

33. Horizontal: 215.17 mph forward; vertical: 65.78 mph up 

. Perpendicular: 90.6 lb; parallel: 42.3 Ib 

. Natural 44. Half-angle 

. Cosine 47. Identity 

. Horizontal: 390 Ib forward; vertical: 675.5 lb up 

. Northerly: 115 km/h; westerly: 164 km/h 
41. 48.1 lb 

45. Linear speed 

48. Cotangent of 6 
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49. Coterminal 50. Sines 51. Horizontal line; inverse 

52. Reference angle; acute 53. (a) (4.950, 4.950); 

(b) (0.950, —1.978) 

Exercise Set 8.6 

Te 05a 0Gn 33 36) 3 Ve er 04 
TV e7 OAs) 11, 257 13, G99) 
15a Ale eye 26) 65 19, (1,1) 
B= 614) 2301 «25, 34 
on 29, 

31. (a) w=u+y; (bd) v=w-u_ 33. (-§, 33) 
1 10 1 4 Sie; (os 

Vi01. V101 a7 7) ENA 
39. w=—4i+ 6) 41.s=2i+5j) 43. -7i+ 5j 
45. (a) 3i + 29j; (b) (3,29) 47. (a) 4i + 16); 
(b) (4,16)  49.j, or (0,1) 

1 3 1 3 
51. i V3 j, or ( ; va) me JAS AS, ©" 

2 2 2 2 

575018 e>ona| = 350 45° 69 13120° 
63. 144.2° 65. 14.0° 67. 101.3° 

69. YA 71. Yr 

oy alae W8 xo. ip 
O="7 lu=Si+5j ar j x 3 

4 

g=2 
6 

x Me 

_ Was, Woe rye _ 
= aa) Bots VI Ba, 

2 2 

N/0pe 310. aNIs 6 8 oe 
> = i ap i V13 i j 

10 10 15 13 

We 79. 174 nautical mi, $17°E 

81. 60° 83. 500 |b on left, 

866 lb on right 

85. Cable: 224-lb tension; 

boom: 167-lb compression 

87. 0,4 88 —,3 89. cosd= 
Jully| fully] 

.cos@ = Oand@ = 90°. 91. 3i — 4j,-21 + 4j 93. (5,8) 

Review Exercises: Chapter 8 

1. True 2. False 3. False 4. False 5. False 6. True 

7 AY SOEs Ds al OO i= OS a A= 118s 
a= o/ in 6 = 2410 9B —s 1450 aa = 523 

€ = 1827m 10. Nosohition’ 910033 m4 © 42/13:72 47 
13. 63 ft? 14. 92°,33°,55° 15. 419 ft 16. About 650 km 

17. V'29; ie te ; 
Imaginary 4 eee Seth i, 

ie rit 

ag L 
E ai 

ae - 4 
| (ees e eal = 

eS SS a | eee Se (ee es > —4 —2 if 2 

Sy =m i 2 Real Ea Real 
as [ 

fille rer 

i Oe ee 

IO), 20. 10; 

Imaginary /, Imaginary 4 

ab 4r 

¢2i Soar | ah 
te e a 

[eS ee ee! > J) ee Se Se eee 

oe aS) e Real ro ae oe | 
=e =) 

i L 

7 
2h V3( cos + isin =) or V/2(cos 45° + 4sin 45°) 

37 ee UE 5 —s - 
22. 4 oes aE isin , or 4(cos 270° + isin 270°) 

597 4. oe - Aa i 
2S: 10( cos + isin =), or 10(c0s 150° + isin 150°) 

6 6 

24. 3(cos0 + isin0), or 3(cos0° + isin0®) 25. 2+ 2V3i 

5V3 
26.7 27%0-— + es 28. V3 — i 

99.142 V3 4 (leat 30, ar 
32. 3V3+3i 33. 8(cos 180° + isin 180°) 

34.74 (cos 7a isin 2)? S53 = 8i> e362 

377 3a lla ll 
37 Wa cos *™ + isin =), Wa( cos B ae I un) 

38. W/6(cos 110° + isin 110°), W/6(cos 230° + isin 230°), 
V6(cos 350° > 1sincso0. ) 

39. 3.31, —3) —31 40. 1,cos 72° + isin 72°, 
Imaginary /\ cos 144° + isin 144°, 

33 cos 216° + isin 216°, 

- cos 288° + isin 288° 
Imaginary 4 

S 

= 13) 3 Real 

~3i 
—— 

1 Real 

AL... GOS 22.5°*+-igini22,5>, COS 412.55 ra sinwh 12.5. 

cos 202.5° + isin 202.5°, cos 292.5° + isin 292.5° 

nec yee (9 eves 
52 Ee eet Na Al Ger ee INERT 

(—5, 300°); B: (3, 210°), (—3, 30°), (—3, 390°); C: (4, 60°), 



(4, 420°), (—4, 240°); D: (1, 300°), (1, —60°), (—1, 120°); 

answers may vary 44. (8, 135°), (s, *n) 

z 377 
45.0(5,270°), (3.22) 46. (5.385, 111.8°), (5.385, 1.951) 

3V2 _ 
a? 

A9e7( 3,375) 509 (1.93,0:52) = 51(—1.86, =1.25) 
52. r(Scos@é — 2sin@)=6 53. rsnOd=3 54.r=3 
55. sin 6 — 4rcos8— 16 =0 56. x? + y* = 36 
S/o neyo 58.7 6x = 9 
59. 6° — 2x + yy —3y=0 60. (b) 61. (d) 
©2554) 63. (Ci 64.13.7, 71°, 65. 987 15° 
668 ¢pS2 => === 67. 

47. (4.964, 147.8°), (4.964, 2.579) 48. ( 

68. 666.7 N, 36° 69. 29km/h, 149° 70. _ 102.4 nautical mi, 

S4sprem 71 eek 3h) 7). 1. =e) tab 7308/61 
74, (10,—21) 75. (14,-64) 76.5+ V116 

3 1 
Wie NA Ths (- -_) 79. —91 + 47 80. 194.0° 

Vio Vi0 
81. V/34;6 = 211.0° 82. 111.8° 83. 85.1° 
84. 34755; 85. i — 12) 86. 5/2 
87. 3V/65 + V109 88. —5i + 55 
89. yA 90. YK 

ee V2 V2 pe Se WES ea har 7 

— 4 
a 

Ear x > 
a BG 

Vo VO * Seren 
u=—Si I Sin ae) 

3V/10 10 
91. Vio( sai v10)) OD 9 93 eha eos, D 

95. $i +48) 96. 50.52°,129.48° 97. A triangle has no 
solution when a sine value or a cosine value found is less than —1 

or greater than 1. A triangle also has no solution if the sum of the 

angle measures calculated is greater than 180°. A triangle has only 

one solution if only one possible answer is found, or if one of the 

possible answers has an angle sum greater than 180°. A triangle 
has two solutions when two possible answers are found and neither 

results in an angle sum greater than 180°. 98. One example 

is the equation of a circle not centered at the origin. Often, in 

rectangular coordinates, we must complete the square in order to 

graph the circle. 99. Rectangular coordinates are unique be- 

cause any point has a unique ordered pair (x, y) associated with it. 

Polar coordinates are not unique because there are infinitely many 

angles coterminal with a given angle and also because r can be 

positive or negative depending on the angle used. 100. Vectors 

QR and RQ _ have opposite directions, so they are not equivalent. 

101. The terminal point of a unit vector in standard position 

is a point on the unit circle. 102. Answers may vary. For 

u = 3i — 4jandw = 2i — 4j, find v, where v = u + w. 

Chapters 8-9 A-49 

1. [8.1] A = 83°,b = 14.7 ft,c = 124ft 

2. (8.1) A = 739°. B = 7012.4 = 82m,orA = BS Ania 
B= 1099°4a@~48m 3.18.2) A = 999°. B = 36.8°, 
C ~ 43.3° 4, [8.1] About 43.6cm’ 5. [8.1] About 77 m 
6. [8.5] About 930 km 

Ts B31 Imaginary 
aN 

5k 

4 

3h 

Se 
® Us 

SASL S$ Real 
=o 

3 

—4b 

—5b 

8. [8.3] V13_ 9. [8.3] 3V2(cos 315° + isin 315°), or 

70 77 
3V2( cos + isin 7) 10. (8.3) 4i 11. [8.3] 16 

1 
12. [8.4] 2(cos 120° + isin120°) 13. [8.4] (4-2) 

14. [8.4] r = V10 
2 D 

r=1-—cos@ 

16. [8.5] Magnitude: 11.2; direction: 23.4° 

17. [8.6] -lli— 17j 18. [8.6] —$i + 3j 
19. [8.4] A 20. [8.1] 28.9°, 151.1° 

Chapter 9 

Visualizing the Graph 

iG BG 21) 2 BA Ge ll 8. B 

Sh Ist NW), 18 

Exercise Set 9.1 

1 (oy R3> ()) eS Oa oan ie OS (— 1) 
11. Nosolution 13. (—2,4) 15. Infinitely many solutions; 

(«2 2 +) ox (% LM ThA (ee Se) 

212, 28 23) No solutions 255 (G=9,) 27a(ae) 
29. Infinitely many solutions; (x, 3x — 5) or Gy + 2 y) 

31. (1,3); consistent, independent 33. (—4, —2); 
consistent, independent 35. Infinitely many solutions; 

(4y + 2,y) or ‘ee A= +); consistent, dependent 

37. No solution; inconsistent, independent 39. (1,1); 

consistent, independent 41. (—3, 0); consistent, independent 
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43. (10,8); consistent, independent 45. True 47. False 

49. True 51. Liposuction: 363,912 surgeries; breast augmenta- 

tion: 313,327 surgeries 53. Boston: $1881; San Francisco: $3023 

55. Wisconsin: 14,957 Amish; Ohio: 59,103 Amish 

57. Standard: 76 packages; express: 44 packages 59. 4%: $6000; 

5%: $9000 61. Embroidered floral scarves: 16; sheer chevron 

scarves: 23 63. 1.5 servings of spaghetti, 2 servings of lettuce 

65. Boat: 20 km/h; stream:3 km/h 67. 2hr 69. (15, $200) 

71. 140 73. 6000 75. 115,017 registered snowmobiles 

ZOMmADOUT 22,960 adODULOnSmiN/.itae 2) ON Set ell On D5 eo 

80. 1,3 81. City: 66 mi; highway: 248 mi —83.._ First train: 

36 km/h; second train: 54km/h 85. A = 7B = —j sly 

I @Gy=2,1) 3. (—3,2,1) 5. (25,—2) 7. No solution 
Wiyar I) Qiyar tl 

se Pi a) S 
Unseen 14-3), 15. (ly 2,451) 
17. Russian Federation: 80 medals; Ukraine: 25 medals; United 

States: 18 medals 19. Ina restaurant: 78 meals; in a car: 

34 meals; athome:58 meals 21. Bacon: $142.4 million; Warhol: 

$105.4 million; Koons: $58.4 million 23. Dogs: 69.9 million; 

cats: 74.1 million; birds: 8.3 million 25. United States: 

$31.5 billion; Great Britain: $17.9 billion; Germany: $14.1 billion 

27. 14 servings of beef, 1 baked potato, ; serving of strawberries 

29. 2%: $300; 3%: $800; 4%: $2400 31. pense mice, $2.00; 

bagel: $2.50; coffee: $1.80 33. (a) f(x) = gx? — jx + 43; 

(b) 2007: 33.625% 2014: 40.8% 

35. (a) f(x) = —7x* + 55x + 291; (b) 333,000 
deportations 37. Perpendicular 38. The leading-term test 

39. Verticalline 40. One-to-one function 41. Rational 

function 42. Inverse variation 43. Vertical asymptote 

44, Horizontal asymptote 45. (-1,4,-3) 47. 180° 

49, 3x + 4y+2z2=12 51. y= —4x° + 5x? — 3x41 
53. Adults: 5; students: 1; children: 94 

9. Infinitely many solutions; ( 

Il 
eS a ml 4 5 3x8 ae | i 

ee? 3] WW 

9.12 0 -4| 8] 11. 3x-5y=1, 
0 3) Ly Ogio 2G 7 

3h 2ee aie 3 = Als, — ID, 

3x sir oe = — 15 

me oi 

Ba) Te =s) 19. (-1,3) 21. (0)3) 
23. No eee 25. Infinitely many solutions; (3y — 2, y) 

DSA 20 29.08, 24,3) 31.0 (=1,6,3) 
33. Infinitely many solutions; (}z + 3,-}z — 4,z) 
35. Infinitely many solutions; (r — 2, —2r + 3, r) 

37. Nosolution 39. (1,—3,—2,—-1) 41. 8%: $8000; 10%: 

$12,000; 12%: $10,000 43. 49¢: 160 stamps; 21¢: 40 stamps 

45. Exponential 46. Linear 47. Rational 48. Quartic 

49. Logarithmic 50. Cubic 51. Linear 52. Quadratic 

yes il @) 
53. y = 3x =f 3x — 55. | }| | 57. (-$,-3,1) 

59. Infinitely many solutions; (=32-—1 pe 2, z) 

615 (353) 

FS eé i - & 4 k i 

“|-2 -4 aaa ak 0 0 

—-10 28 

19 } | 21. | ‘| 23 14 —26 
4 3 40 eee 

aud 16553 

25. Notdefined 27. 0 -—32 0 

—6 4 5 
29. (a) [40 20 30]; (b) [44 22 33]; (c) [84 42 63];the 
total amount of each type of produce ordered for both weeks 

31. (a) C=([140 27 3 13, 64], 
P= (180 4 "1104 “662; R 50. Se 182-0: 
(b) [650 50 28 307 1448); the total nutritional value of a meal 
of 1 serving of chicken, 1 cup of potato salad, and 3 broccoli spears 

150 0.30 0.36 0.45 0.64 

55) O28 e048 e057 O75 
seh (@) 5 

1562 OS 252065) 2038055 

1.70 0.43 0.40 0.42 0.68 

(b) [65 48 93 57]; 
(c) [419.46 105.81 129.69 115.89 165.65 |; 

(d) the total cost, in dollars, for each item for the day’s meals 

81S 

353. (a) | 6 103 (G) 14 2.50 Slee) (5994 

4 3 

ie the total cost, in dollars, of ingredients for each coffee shop 

(a) [7.50 4.80 6.25]; (b) PS = [113.80 179.25] 

"i stale 

B= 4 
43. : | yl= [17 

ji Es as} 
ic 

= al 2 Ww 12 

eS SS 45. 1 | Ce 0 

Sie 4.) y 1 

Dee a 7 ie 9 



48. (a) (3,-2); 47. (a) (5,-%); 

(WES (b) x = 3 
(c) minimum: —”; (c) minimum: — %; 

(@) i (@) - 

f(x) = 2_x—6 

AS. a) = se) 
(b) x = —3; 
(c) maximum: ¥; (c) maximum: *; 
(d) y (d) 

= 
x 

f(x) = —3x*+ 4x44 

=z 1 0 3 
sib (A+ B)(A-B) =| pe-e-| | 

aS | O38 

=) 1 
53. (A+ B)(A-B) =| | 

Daal 

= A’ + BA — AB — B? 

NMid-Chapter M 

De Paisegee2 Truc: 93.) Inne. 4.) False. 5: 1(=3,.2) 
6. Nosolution 7. (1,—2) 8. Infinitely many solutions; 

Xp 
(. : ) or (ay + ivy) 9. (3,-4.9) 

10. Under 10 Ib: 60 packages; 10 lb up to 15 lb: 70 packages; 15 Ib 

ormore: 20 packages®’ 11. (4,—3). 12. (=3,2, =1) 

8) 12600 

13: |: : 14. iy 7 15. sia te 
eC tt + a 12" 16 a4 

‘ie its =7 21 24-26 
18. [13 34 Me fe i es ie a 

ee eeapree ee 20. Not defined 
1-10 —8 
oe 0 Ree Sol 9 a 

2 [es alee? Nese eal ar 
be = INE 5 

22. When a variable is not alone on one side of an equation or 

when solving for a variable is difficult or produces an expres- 

sion containing fractions, the elimination method is preferable to 

the substitution method. 23. Adda nonzero multiple of one 

xv 

Chapter9  A-51 

equation to a nonzero multiple of the other equation, where the 
multiples are not opposites. 24. The last row of the matrix cor- 
responds to the equation 0 = 0, which is true for all values of x, y, 
and z. Therefore, the equations are dependent. 

1S el bl 
| ana =| 5 

all 1 dl 

0 O Oma 
then AB = | and neither A nor B is , 

0 O ORO 

25. No; for example, let A = 

3 2 ; 
7. Does not exist 

nn | ren) 

ek el 1 
eS: 8 4 8 

9 f ‘| ll. | -} ; —} 13. Does not exist 
5 8 28h il 1 

4 D 4 

=i, = =6 i Ab? 

15 1 0 2 V4 eal eal 

0 1 3 y 3 Al 

iL =a 5 8 

: 0 1 = 1 
19. Does not exist 21. 

0 0 il =2 

0 0 Oy = 

0.25 0.25 Le —=OS 

0.5 LDS 7s = 
IB) 25 (2235.83) 

O25 0.25 0.75 0.75 

0.25 0.5 O75 =O 

275 (= 15429. (2,2) S315 (052) See (6h ee 2) 

35, (=1.0)1)" 372 (1, 1,051) 239° Wisconsin:450 1b; 
Massachusetts: 210]b 41. Topsoil: $239; mulch: $179; pea 

-1 + V57 
gravel: $222 43. —48 44. 194 45. cae 

46. -3,-2 47.4 48.9 49. (x + 2)(x — 1)(x —4) 
SO Pes at ee 8) 

51. A! exists if and only ifx # 0.4! = 1 

53. A'| exists if and only if xyz # 0.A' = | 0 

OQ Os 

S Se JR 
Re 

1, 14 32281) 7 ea 
9. My, = 6, My = —9,My = —29 
11 Ana 16A,, 998 A= 29 
13, =10) 215.9210) © 17. Mi = 32, Ma = 
19: A= 10-4 = te 2k, 110) 23, — 109 
25. —x* + x? — 5x 29. (3,1) 

31. (4,-3) 37. (3, -2,1) 

39. (1,3, —2) 

44. Not one-to-one 45. Not one-to-one 

46, f(x) =e — PP 47S Ss 486 i 
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49, 10.101 50. sy + i 
55. Answers may vary. 

| a b 

=D @ 

Exercise Set 9.7 

Deaf ee 3. (hy Sire) 

9 YA A 

= / 

4+! 

ee | jee | | > 

—4 =2 AW 2 4 x 

/ 
7 2\- 
/ = 2K 

y —aL bi 
7 L 

y 

13. VA 

4t 

aA 
r y 

ye y 
‘= o 

| Ee Cea ieee LEE | ee | | aes 

=e) , 4 
{73 4 

=e 

7 

yt Ve iS 
a | 

Z 

We 

Die 

25. YA 

a eS 
————— 

4e 

i i 1 | It L th | | 

GN o7 Wid 8 
—4r 

Sy 

5S a2) oo 29. 

657. Answers may vary. 

2Qarr, 2a 

| =H r 

- (b) 
11. 

43. 

Si x+ty<4 47. 

an 

i » 
N 

oe on 
$9) 2 \ 

a 

Ar Be 26 

YR 

4r 

2t 

= a a Se ee? 55. 

=) 

| Kis =e! 

— Ae 

27. YA 

4br 

2: Seay ce al 59 

| i | i il L | | L | > 

RE RSE ee ie he ae ee 
Oe 

eS > 

51. 

Sil a0. 

iio 

(f) @3324@) 
ys ye se ly 

y = 3x 

5 SD, 

See | 

Bo: 

41. MPSS ee ar Sk 

y Seraie Als 

0, 
V WV IA 

iG 

y 

49. 

% 
\ SS — 

—— 

Oo 

i wn 

eee 

a 

Jou rin a| 
SEU 

Line, mal pant) gtr ert 

/ 
(—4, 6) 

61. Maximum: 179 when 

x = 7and y = 0; minimum: 48 

when x = Oandy = 4 

63. Maximum: 216 when 

x = Oand y = 6; minimum: 0 

RV 
when x = Oandy = 0 



65. Maximum number of miles is 480 when the truck uses 9 gal 
and the moped uses 3 gal. 67. Maximum profit of $54,800 
is achieved when 80 acres of corn and 160 acres of soybeans are 
planted. 69. Minimum cost of $51;3 is achieved by using 143 
sacks of soybean meal and 145 sacks of oats. 71. Maximum 
income of $1575 is achieved when $10,000 is invested in corporate 
bonds and $30,000 is invested in municipal bonds. 

73. Minimum cost of $460 thousand is achieved using 30 P,’s and 

10 P,’s._ 75. Maximum profit per week of $2210 is achieved 

when 5 silk organza dresses and 2 lace dresses are made. 

77. Minimum weekly cost of $19.05 is achieved when 1.5 lb of 

meat and 3 lb of cheese are used. 79. Maximum total number of 

800 is achieved when there are 550 of A and 250 of B. 
Siem =x 2 or 7,2) 
$2. x)| 2 =) Mone =15 |}; or (— 00,1 |) [5,.00) 
sek Aaltk = eps alla oil 
84. {xi=3 «<< =2}, or (—3, —2) 

85. 87. 

| 

oe Vy 

89. yA a 91. Maximum income of 

Ds. L y $19,000 is achieved by making 

s 4 2 95 chairs and 0 sofas. 
= in 

SS AP a” 
N 4 

| Sass East a? ae A: Eee ED > 

4 222 4 
7 —2|- “Ss 

N 
7 eS Sw 

fl = 5 *< 
7 |e \ 

e. 

|x| > ly 

Exercise Set 9.8 

2 1 5 4 
He = 33 

sg == 8) ge ap 2 De = | Bye == i 

y) 3 4 
5. = + 

56 Se se = 2 Se =F Ml 

1 1 3 4 
a + 9. 

(AnD x 2" KI Et ere eval 

a, iu u 
16 4 ieee 2 - —— - 

ss Re FM (xa)? Anis 

=e 5 4 3 2 10 
rey alan 15. + ; 
a ee 24 = le et (e2) 

ee eae 
Tg ya ae 
‘6 1 4s Bo 

, x= 3 x + 2x —5 
4 8 3 

i ee see) + 
Sar Gh okt ear aly) A Si Bx a 2 

po al peg P73 28. 3, +i 
Bet te ge = 

Chapter 9 A-53 

29,2) 30, =2,3, +i 31-3 + V2? 

1 1 1 ain na el 
2a 4a ?) 

B.S 
x" + a Kea 52 se 

3 3 7 
y a. 

Done 2) = 25(In x —"3)F “s(n xs )e 

Review Exercises: Chapter 9 

be Trueeee2n Balse% 63> Trties 4. False o5i(a)4 ~ 6,(e) 
Zo (hb) © 8") (ciao. (bon 0.. (2) eek ela 2201) 
13. (2, 2) © 14.9(—5,54) eo 15.eNo solution 
16. Infinitely many solutions; (—y — 2, y) or (x, —x — 2) 
17 A351 7-2) 9 18.-No solution |» 199 (5,.135 8; 2) 
20. Consistent: 13, 14, 16, 17, 19; the others are inconsistent. 

21. Dependent: 16; the others are independent. 22. (1, 2) 

ee 
23. (—3,4,—-2) 24. Infinitely many solutions; (2, 7 2) 

25. (—4, 1, —2, 3) 
3.5%: $3400 

26. Nickels: 31; dimes: 44 27. 3%: $1600; 
28. 1 bagel, } serving of cream cheese, 2 bananas 

29, 75,69, 82° 3130, (a). f(x) — W125x- = 5.250 145: 
(b) 154 million persons employed 

OR 6 =) 3 0 

31. 3 Lig 2 32a OMS 6 

=2 iy Sw 6 OF S3 

=1 1 0 =, 2 6 

Be, || ee ee) 2) 34, i = 18 

2D Oa 2, 1. 5 

2 6 

35. Notdefined 36. 1 Se 

=2 = 4 

= 13 ] 6 veh ks 

Sie = 30 7 4 38. 5ihee3° SS=2 

8 he Meas) =D Ban af} 

DS OSs O55 O33 Os 

3.09 0.42 0.46 0.48 0.51 } 

39. (@) | 540 0.31 0.59 0.36 0.64 | 
ESO 02299803458 0S om O02 

(b) [41 18 39 36]; 
(c) [306.27 45.67 66.08 56.01 SZ 45 

(d) the total cost, in dollars, for each item for the day’s meals 

l Q maninOnlify 
las, 1 wo. | : | 41.|0 -} 0 
PG oe TD 

i Wear) a0 
ess aa See hes 13 

42. | ig ein 43) dy SY HBr yn = 7 
aoe 2-3 7\Lz —8 

Oimi0y LOM 

Ad. (= 817), 45) (1) 205) 462) = Ts 3) 47710 
48! 18) Mago USO = 7 512" (32) 52S) 
53. (24,38) 54. (2,-1,3) 
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56. y lest: Chapter 9 

1. [9.1] (—3, 5); consistent, independent 
Axe Sy 1D y+3 

z 2. [9.1] Infinitely many solutions; (x, 2x —3) or rie ay 

consistent, dependent 3. [9.1] No solution; inconsistent, 

independent 4. [9.1] (1, —2); consistent, independent 

5. [9.2] (-1,3,2) 6. [9.1] Student: 462 tickets; nonstudent: 

158 tickets 7. [9.2] Hui: 120 orders; Ashlyn: 104 orders; 
—2 — 

Sie 58. Minimum: 52 when Sheriann: 128 orders _ 8. [9.4] fs | 

x = 2andy = 4; maximum: 92 

Eee a! 9. [9.4] Not defined 10. [9.4] 
59. Maximum score of 96 is 5 =I 

achieved when 0 group A ques- 

tions and 8 group B questions 
[9.4] Not defined 12 941| AE 11. [9.4] Not define (9: = aes 

are answered. ‘ ; Ss OO. OSs 

13. [9.5] ie e 14. [9.4] (a) | 1.70 0.95 1.01 |; 
i ae 1.65 0.99 0.96 

(b) [26 18 23]; (c) [108.85 65.87 66.00]; 
e 5 5 9) 5 (d) the total cost, in dollars, for each type of menu item served on 

60. ae 6l. = ie: 
ele ae. (x + 2,)" De = 3 sear a 3 4 2 x 8 

62.C 63. A 64.B 65. 4%: $10,000; 5%: $12,000; 53%: the givenday 15. [94)7-2 3 Lil y¥ f= 
$18,000 66. (3,4) 67. (1,3,3) 1 -5 -3]||z 

68. 69. Yh 16. [9.5] (—2,1,1) 17. [9.6]61 18. [9.6] —33 

ih 19, 19.6) (eed a) 
H th 20. [9.7] 21. [9.7] Maximum: 15 when 

be Loe : yA x = 3andy = 3; minimum: 2 

ae A 7 Po L when x = landy = 0 
Sey’ 
4 r 4p 22. [9.7] Maximum profit of 

1! gL 3x+4y=—-12 $750 is achieved when 25 pound 

1H r cakes and 75 carrot cakes are 
W ttl te ts 

ee a prepared. 
|xy|>1 2 5 

23. [9.8] = 
70. The solution of the equation 2x + 5 = 3x — 7 isthe ire eae: 

q 24. [9.7] D 
first coordinate of the point of intersection of the graphs of 

y, = 2x + 5and y, = 3x — 7. The solution of the system of 

equations y = 2x + 5,y = 3x — 7 is the ordered pair that 

is the point of intersection of y, andy). 71. In general, 

255 (9 2|(A— 1 Bee) 

(AB)? # AB’. (AB)? = ABAB and A’B? = AABB. Chapter 10 
Since matrix multiplication is not commutative, Exercise Set 10.1 

BA # AB, so (AB)* #4 A’B’. 
ane ; hs Gy Se oy) @ 

Was MWe aR = 0, then a, = ka, and b, = kb, for some 7. V: (0,0); F: (0,5); 

number k. This means that the equations a,x + by = ¢, ee YA 

and a,x + by = c, are dependent if c, = kc,, or the sys- > 

tem is inconsistent ifc; # kc. 73. Ifa;x + by = c, and 47 2 = 20y 

a,x + by = care parallel lines, then a, = kay, 2 
b, = kb), and c,; ¥ kc, for some number k. Soe eaht eeee 

L> a a, b c, b a Cc =a 2 4 
Thea) 9). (= O01 |) x Oand) > 7] 0, ai 

a by % by Q@ A; 

74. The graph of a linear equation consists of a set of points on a =i 
line. The graph of a linear inequality consists of the set of points in a aes 
a half-plane and might also include the points on the line that is the 

boundary of the half-plane. 75. The denominator of the second 

fraction, x7 — 5x + 6, can be factored into linear factors with real 

coefficients: (x — 3)(x — 2). Thus the given expression is not a 
partial fraction decomposition. 
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11. V: (0,0); F: (0, 1); Exercise Set 10.2 
D:y = =1 

(10am (3) ee ca (Cl) mm (CQ) 

FAL 2) 8 

YA 

15a 12x 17 yy? = 28x 19. x = Ary 

21. (y — 2)? = 14(x + 4) 

23. V:(—2,1);F:(-2,-4); 25. V:(-1, -3); aes 
Diy =3 F:(-1,-$)sDiy = -$ 

ll. (—2,3);5 
aN VA 

le a VA 

Ss SS A a ae 

Z4 1 . 1 i 5 4 are 

2 

ti ov 
Ie a A 

Gr 2)) = 6-1) x? +2x + 2y+7=0 L 
—4- 

279 Ve(Os—2)°F: (O12) ae, 29. Va(2, 1); r 
= ub 

ote F:(-2,-3);Diy = 14 x? + y+ 4x — 6y—12=0 
9 5V5 

15. (—3, 5); V34 17. @ -2), 3 

y YA 

Al 

4r 

iz leas = ESS 1 
=f. 

Al —8b 

= al 31. V: (53,3); F: (6,3); Dix = 53 x2 +y? + 6x — ly =0 x+y? — 9x =7 — 4y 
YN 33. (a) y° = 16x; (b) 33 ft 
r 35. ¥ft,or8in. 37. (h) 19. (c) 21. (d) 

a 38. (d) 39. (a), (b), (£), (g) EL OW Oy 25. V: (0,4), (0, —4); 

a ! AOD) eae ga2 =) F: (V3,0), (—V3,0) F: (0, V7), (0, -V7) 
(| Lees tatean 43. (a) and (g) 

De aA Sone yA yA 
* 44, (a) and (h); (g) and (h); t 

- (b) and (c) 4 
eyik | L 

L 2r 
| 

eee aay ee a {1} 

2 oye 6 = 0 =u e> 4 a8 =a 4 x yy -a 
45, (x + 1)? = —4(y — 2) ab 
47. 10 ft, 11.6 ft, 16.4 ft, 24.4 ft, 35.6 ft, 50 ft 

be ee 16x? + 9y? = 144 

401 



A-56 Answers 

2 Ve 0) (Vai0) 0 29: v.(-40),(5.0} © ens (=i) FP (2 V5) 

F:(=1,0),(1,0) ea Wie 3 a com + xf SB | | 4x? + 9y? — 16x + 18y — 11 =0 

45 C31, 1); ee a YA 
= Fada evel d 1 2x7 3) L 

2x? + 3y* = 6 ae 

4x? + 9y* = 1 2 
| oe S| J | ae ee] > 

2 2 2 2 2 2 —4 =2 J Oe: 
x 

y 2 = ee ee ee — 2 
49 40 25 64 a 5 - 

37. C: (1,2); V: (4,2), (—2, 2); F: (1 + V5,2), ar 
(1 - V5,2) 

VA NEL) i OK c= Vicente =a) 
= Ps = 9)2 AL eo ee ot ; 

; V2 ey 
47. Example 2: > <--> 494 = a 

5 4 15 16 

Be y 
LS ae 51. te 5 Soft, 55. Ae orm: 
= = | ne Sy 1) 

=2- 57. Midpoint 58. Zero 59. y-intercept 

[ 60. Two different real-number solutions 

39) Ge(— she )aVe (= 3, 11), 61. Remainder 62. Ellipse 63. Parabola 

Vi At SkCae eee an ee eee = . rele . = —3, —1); F: (—3,5 + \) i : Be 

e = 11) a y : 
67. — + =1 69. About 9.1 ft 

9  484/5 
ae | a SS ee S| > 

=8 gare es ioe 

a} Exercise Set 10.3 

—8r 2 2 

: Lb) anos) ge Sl 
GEO Waa x? ( 

25 fea Sinarer | 4G 
41. C: (-2 1); V: (—10, sy, (6, 1); 11. Ge (0, 0); V: Q; 0), Co 0); 

F: (—6, 1), (2,1) or 2/2, 0), (22:0); 

|, 
Be 2) AG — 1)? = 192 



U3 GE On =): Va 5) a(Se5 YA 

F:(2-V10,-5), (2+ V10,-5); of 
vena ee One 17 F 

ee eee ee a ag 
—2-e 

(Ce Oe 
9 a dais 

15. C: (—1, —3); V: (-1, -1), (—1, 5); 
F: (-1,-3 + 2V5), (-1,-3 — 2V5); 
Ary = bx ee YA 

ee 

ae > 

(y + 3)? a 4 

d 16 

17. C: (0,0); V: (—2, 0), (2,0); F: (—V5, 0), (V5, 0); 

19:-C: (0,0); V2 (0,=3 

A:y =4%y= —3x YA 

Poe 
(sel asf Leal =e SSP et n 

A ea 12 16 

—8F 

—12F 

—16F 

oy? — x? = 81 

a. €:(0, 0); V: (=, 0); (2,0); 
F: (—2, 0), (2,0); yA 
AS = 255) = — L 

7 
* 
ci ee 

(Flaca ee 

), (0, 3); F: (0, -3V/10), (0,310); 

25. C:(1, 
(1+ V2,-2 

Chapter 10 

=2); V: (0, =2), (2,2); Fs ( 1 — V2,—2), 
2);A:y=—x-ly=x-3 

> 

x 

x oy 2x 4y -4=0 

(1 — V37,3) 

Cpe 

i 

Ye + 

Qy? — 4x” — 18y + 24x — 63 = 0 

2.0; =2); ou Lem Varn 2s 

\/ 2) 2): 2), (1 
Byes ee == Il 

A-57 

xy? —2x-4y=4 
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33. C: (—3, 4); V: (—3, 10), (—3, -2); 3, 
F: (3,4 + 6V2), (- ad Nea 
TNS) Se OS Hin BE a= I) 

Vy ~~ bx by > 19 =0 

. Example 3; i 4 9 16 

y x? Se a 8) 
39. —-—=1 41. Yes; (b) f '(x) = ree an (a) Yes.(b) f(x) 5 

42, (a) Yes; (b) f ‘(x) = Wx -2 

ee © Sar BS 
43. (a) Yes; (b) f-'(x) = : + 1,or 

44. (a) Yes; (b) f(x) = x = 4x=0 

45. (6,-1) 46. (1,-1) 47. (2,-1) 48. (—3,4) 
+ 5)? x2 a 

fey CR 50. z = 
9 345.96 22,154.04 

Visualizing the Graph 

side 9 I GRUB A sls Ga Gt yee 

GID 8s © WO, A 

Exercise Set 10.4 

te(ey 35 (e))- 5.-(b)- 7.) (423) (34) 

9, (0,2), (3,0) 11. (—5, 0), (4,3), (4-3) 
13. (3,0),(—3,0) 15. (0,-3), (4,5) 17. (—2,1) 
19, (3; 4),.(—3, —4), (4, 3), (—4,—-3) 
a ea es) (2 vs 

i ae ; Tae wh : 

( 6V21 Ol 621 vs) 
ae ema ‘ i / 

23,.(3,2), (43) 
au uel v7, V0) 

3 i op 3 

27. (V2,V14), (-V2,V14), (V2, -V14), 
(N/A 14 999.4(1, 21, 2), (2) 1) 

re (A \/561 aH ea 15 — ah 11+3V561 ‘) 

8 
- (= ee 

2 2 h 2 

35.06) 2) —2); (2, 3), (—2, -3) 
Hg 288 (Lage og 

20 20 ; 20 

39. (3.5) S13) M185) 5:6). 4a ae 
(se) a (2,1), (-2, -1), (1,2), (=I, -2) 

ais 5 
2 2 

5) 

7) 2 

re ( 3iV6 1 NS) (, NG sve) 

49, 1(3;/5 = 3S ) Al et (S532) 
BV5. 3 1) (8 8V5, 105 a8) 

5 51. 

( i 3 8) ( sV5 3 i 
: ‘ 5 3) 

55. True 57. True 59. 24in.by10in. 61. 4 in. by 5 in. 

63. 30 ydby75yd_ 65. Length: \/3 m; width: 1 m 

67. 16%, 248 “69. (b) 71-(d) 732 (a) 

Use yA 

nn nn 

4 
7 

5 7 
re 

we 

((2V2, 2V2) 

WV 

S520 SG 2043 SNS 7 ol Soo 

89. (x —2)?+(y-3)?=1 OL. a aa 
b 2 

a (E>) Ne a 
93. There is no number x such that = — = 1, @ 2 

2 2 
ee ee x i oe 

because the left side simplifies to = — —, which is 0. 
a a 

95. Factor: x* + y? = (x + y)(x* — xy + y’). We know 
thatx + y= lso(x + y =x + xy + y= 

or x* + y? = 1 — 2xy. We also know that 

xy = 1,sox* + y? = 1 — 2-1 = -1. Then 
ety = 1) 1) == 97° O44) 
99, (3; =2), (—3).2), (2, —3¥, (=233) 



Mid-Chapter Mixed Review: Chapter 10 

1, True 2. False 3. True 4. False 5. (b) 6..(e) 
Ta diem se ee 909) 10N(f)) 11. (h)_ 12. (c) 
13. V7 (0,0) F:(3,.0); 147 V (3.2); B: (353); 
D:x = -3 D:y=1 

xy? = 6x + 27 - 6 =0 
Ry tx — Sy = 5 

172 Vien(Op—3)), (00; )s 1S) Vel —6)s. (14): 

F: (0, -2V2), (0,2V2) F: (1,-1 — V21), 
yA (1,-1 + V21) 

25x? + 4y? — 50x + 8y =71 

19. C: (0,0); V: (0, =4), (0, 4);.F (0, —5), (0,5); 

Ae) = —3%x,y = $x 

9y* — 16x? = 144 

Chapter 10 A-59 

DO MCW G52) Vi 4,2), (one): 

F:(-3 — V5,2),(-3 + V5,2); 
a W if ie PPA nC EDs is) tae Soe) 

Gee BY G2) 
i ce ea 

Jibs (=P rcniy OP (ney, (=, =P) ( ); 
23. (21V3,4), (21V3, -4); (-21V3,4), (-21-V3, -4) 

28. No; parabolas with a horizontal axis of symmetry fail the 

vertical-line test. | 29. No; the center of an ellipse is not part of 

the graph of the ellipse. Its coordinates do not satisfy the equation 

of the ellipse. 30. No; the asymptotes of a hyperbola are not 

part of the graph of the hyperbola. The coordinates of points on the 

asymptotes do not satisfy the equation of the hyperbola. 

31. Although we can always visualize the real-number solutions, 

we cannot visualize the imaginary-number solutions. 

remice Rot E63 
eXEPCISE SEL 1U.0 

[o(Op= 2 ees Ine 6) 5 950)) 
Ue (ye, 1) 9. Ellipse or circle 11. Hyperbola 

13. Parabola 15. Hyperbola 17. Ellipse or circle 



A-60 Answers 

Cy Gt iy A 

10 5 

Coe cise 

Cae 2S 8x! 

27 77 x z 
39. oy 40. ee 41. 60 42. 135 

43. x = x'cos@ — y’sin 0, y = x'sind + y'cos@ 

45, A’ + C’ = Acos’6 + Bsin6@cos@ + Csin’ 0 
+ Asin’ 6 — Bsin@cos@ + Ccos’ 6 

A(sin’ 6 + cos’) + C(sin’ @ + cos” @) 
IN Se (G, 

Exercise Set 10.6 

1. (b) 3. (a) 5. (d) 7. (a) Parabola; (b) vertical, 

1 unit to the right of the pole; (c) (4,0); 

St) ae ed RV * 

(d) YA ees 
5 O10.sin8 

11. (a) Ellipse; (b) vertical, : units to the left of the pole; 

(c) (3,0), (7); (d) YA 

4+ eas 
At ear 

eh 
—2- 

rik 

| 20 
2b 10+15 sin é 

15. (a) Ellipse; (b) vertical, 3 units to the right of the pole; 

(c) (1,0), (3,7); (d) YA 

‘| os 
6+3 cos 0 

a 5 ro) -e 

ri 



17. (a) Parabola; (b) horizontal, } units below the pole; 

@ (3? a (d) oy 

| P55 ine 
19. (a) Ellipse; (b) vertical, 4 units to the left of the pole; 

(c) (4,0), (427); (@) yA 

ie 

| eee cas 6 

21. (a) Hyperbola; (b) horizontal, ha units above the pole; 

ge Sai; (Gee 
1D SoZ L 7 

47, = 3410 sin 0 
2 

— pie 

Si 

Doe) 25 a — By = 12 — Ok 0 
27. 27x? + 36y* — 48x — 64 = 0 
29. 4x? — 5y’ + 24y — 16 = 0 
31. 3x* + 4/7 + 6x —-9 =0 
33; 4x7 — 12y — 9 =0 
35. 3x° + 47 — 8x — 16 = 0 
37. 4x? — 96y’ + 140y — 49 = 0 

6 4 
3957. = | ALS = += 4350 Se 

fi Il ae si) dl Ie cOsiO een OSIG, 

45 a 47 a a QS 
‘ Ae at Sorsinig, iL = ahi) 

AS. fy" — 6) 4, ore — Ot + 13 
509 f( 20) = (2t — 3)? + 4 or 4r — 120 + 13 
Sloe = 1) = (= 4)? + afore’ 8t + 20 
Be fiero h(t Sal\AerrAvore (26+ 5 

Sx 10° 
skh P= Ss 

1+ sind 

Chapter 10 A-61 

Exercise Set 10.7 

1. 
S > 

(C5 Ae on a ie eae 

l 
Dy aes 1) 7 ee . 

x 

2 

D = pe 
Sb 2 ar = SBE eSS Ibs x TR eg 

l 
17 y > axel IS 1) ey) ee 

x 

t 
21. Answers may vary. x = t,y = 4t — 3;x = ii ar oh = & ar 2 

23. Answers may vary.x = t, y = (t — 2)* — 66x =t + 2, 

Vai ee Of 112) 25 Uae 40%) 3 yi 7 oO lore 
(b) 31 ft, 23 ft; (c) about 2.7 sec; (d) about 187.1 ft; (e) 32 ft 

Zi 

Miho = SCOS, 7 = Polar 

Review Exercises: Chapter 10 

4. True 5. False 6. (d) 

(g) aC) adie) ant 2. G)) 

ee 
1 

leewlintrce? aucalscmmms. ae 

a (2) eS 2 (C)) 

13. (c) 14.x°= a 2 

16. V:(—5,8);F:(-5,2);D:y = ¥ 

,0); V:(0, 0); Dix = 3 
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20067 Dirt 8A 28), (8\2-8) 
ws (52) (322) vi ( i v2) YA 

2 j 2 
DSM eet 2) C25. (Oe—3)) (201) 
26. (4,3), (4, -3), (—4, 3), (—4, -3) ( 
27. (-V/3, 0), (V3, 0), (—2,.1), (2, 1) 
28. (—3,4),(3,-3) 29. (6,8), (6, —8), (—6, 8), (—6, —8) —— fa 

B02) 22,2), 2V2-V 2) 31. 7.4 xt 2 
32. 7mbyl2m_ 33. 4,8 34. 32cm,20cm_ 35. 11 ft,3 ft | aa seae 

Horizontal directrix 2 units 

377 
below the pole; vertex: (. x7) 

45, 46. rae 

aes i 
2+4cosé 

7, 1 if 8 il 17 1 “a | ohal ze 

, aaa 
L 2—cos 0 

Vertical directrix 2 units tothe — Vertical directrix 4 units to the 

right of the pole; left of the pole; 

vertices: (3 0), (—4, 77) vertices: (4,0), (4, 1) 
47. yA 

5 

40. . i at 

y ! 

e i 
45° 

=o a 
IP 9+6 sin @ 

Horizontal directrix 3 units above the pole; 1y\2 1\2 

Ce lave (S ),( 7) 
6 4 NIRS) TCLS: [oe ES 

By Phy 2 

48.x°-4y-4=0 49. 3x?-  — lox + 16 =0 
50. 3x" + 4y = Sx 116 10 



Seo FS 1 24) — 36 = 0 
1 2 oe tee aareae. lk wg O55 > 

1 + 5cos 0 2+ cos@ 1 — 3sin0 

54, anes Ee 55. Pete 

COSC 1 + 2sin0 
56. AEE yA 

6 

4h 

2h 

=] Me 
—2t 

l= 

x=Vi, y=t-2;0<t<9 

y=x-10S%x%53 

x=2cost, y=2sint; OSt=27 

x iy? =4 

59. YA 

x=3sint, y=cost; 0=ts27 

Pe) 
mae! y= 

60. Answers may vary. x = ree Sie —" BB 3R =i ae MG eh 

61. Answers may vary. x = ft, y = + 4; 

ey ie pecan (ie = 75 
y = 75V/2t — 162; (b) 174.2 ft, 60.4 ft; (c) about 6.6 sec; 
(d) about LU (e) about 175.8ft 63. B 64. D 

65. C 66. ee 67. (K — 2) + (y— 1)? = 100 
ae aon 

"77RAL ~39,22159 © 
70. See the development of the formula for the standard form of a 

parabola that follows Fig. 1 at the beginning of Section 10.1. 

71. Circles and ellipses are not functions. | 72. The procedure 

for rotation of axes would be done first when B # 0. Then we 

would proceed as when B = 0. ‘73. Each graph is an ellipse. The 

value of e determines the location of the center and the lengths of 
the major and minor axes. The larger the value of e, the farther the 

center is from the pole and the longer the axes. 

24% a1 

Chapter 10  A-63 

Test: Chapter 10 

Hy MOS) (ce). 2... (10.1) (by, “Saf 10.2)(@)\, Avi10.2f (d) 
5. [10.1] V: (0,0); F: (0,3); 6. [10.1] V: (—1, -1); 
D:y = Pe Vent) Drea =o 

Vy 

t 

7. [10.1] x* = 8y 
Sa5 10:2] Center: (= 153). 
radius: 5 

Xo yt le = by — 15 = 0 

9x? + 16y? = 144 

LOS TOL | a=) Va) y 

F:(-1,2 — V5), (-1,2 + V5) 

ely yy 
te eas 1 

11. [10.2] 7 

12. [10.3] C: (0,0); V: (-1, 0), 

N25) = 285, = Ms 
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13,1103] Cue 2); Vv: (1,0), (1,4); 25. [10:7] 

(SA = Vie), (toes Wan 
Ary = 3x + 4y = 3x42 

RV 

x=Nt, Vat i2 Ot = 16 

Wy 2) ee 26. (10.7)? +y=9,-3=x 33 
4 9 1 

27. [10.7] Answers may vary.x = ty =t—S*%*=115,y—t 

V2 V2 = 28. [10.7] (a) x = 125V3t,y = 10 + 125¢ — 16? 
14. [10.3] y = 2 Ae D x 15. [10.1] 5 in. (b) 119 ft, 241 ft; (c) about 7.9 sec; (d) about 1710.4 ft; 

16. [10.4] (1, 2), (1, —2), (-1, 2), (-1, -2) (e) about 254.1 ft 29. [10.1] A 

30. [10.2] (x — 3)? + (y+1) =8 17 LOAN 3) 2)n(—2. 2) 18; [10:4] (2,3); G, 2) i) 
19. [10.4] 5 ft by 4 ft 0. [10.4] 60 ft by 45 ft 

pi ae Chapter 11 
Exercise Set 11.1 

1. 3, 7,11, 1553959 3.239388 5.0327 ip 4 
3 > 

Ho 15 A Sd IKE e 10s = 22S QF Es Tg Oe 11. 34 

IS, BBS) 15; —33;3830 L7a6r, a 2n 

fe ae A 

ifeae 2 

27. log 10" *.6r = 1 29628 31520; 30 
22. [10.5] After using the rotation of axes formulas with 6 = 45°, 397 et ee 17 35°] 2 hides he 

+ (y’)? = 1. 16+ 32+ 64=127 37. n7+in8+in9+ln10= 
In (7°8-9+10) = In5040 ~ 8.5252 39.5 +2+3+44+ 

es, 4 2+$4+3+$= 55" 41. -1+1-1+1-1=-1 
43.3 -6+9-—12+15—-18 + 21 —24=—-12 
45.2+1+24+4+24+4+4=7>5 

3 
1 

21 (= 1)" 2 23; 25. n(n + 1) 

we have 

40,885 é 

MO eas 49.5 e+ E+ 
256 512 6 128 ive ne ase 

i7 + 3 = e + 199 + 357 + 513 + i005 = 9.736 
oo 6 6 b 

51, Ok Vos (Ry 2) SS ees E 
k=] = k= Sean a 

57. 2192 +9) See 61. 4,15, 12.12 
Ds | ) Pry Pgs inte ee 

[ '"1=sine 63. 6561, =81, 91, —3\/i— 65. 2.3.5.8  67-«(a), 1062: 
L 1127.84, 1197.77, 1272.03, 1350.90, 1434.65, 1523.60, 1618.07, 
[ 1718.39, 1824.93; (b) $3330.35 69. $9.80, $10.90, $12.00, 

$13.10, $14.20, $15.30, $16.40, $17.50, $18.60, $19.70 
i 71, 1,1,.2:398 la 2 

= 73. Illinois: 16,200 acres; Ohio: 7200 acres 74. (3, —2);4 

ie ae 
‘ am Hes NA ai RY 

Horizontal directrix 2 units below the pole; vertex: (1, =) 

6 
24. (106) 7 =—— —— 

1 + 2cos@ 



Exercise Set 11.2 

la =3,d=5 3.4 =9d=-4 5.0,=3,d=3 
7. a, = $316,d = -$3 9. a, =46 ll. ay=—% 
13. a) = $7941.62 15. 27thterm 17. 46th term 
1I9.a=5 2.n=39 23.4, =}d=443407 
25. 670 27. 160,400 29. 735 31.990 33. 1760 
35.5 37. —%8 39, 4960¢, or $49.60 41. 1320 seats 
43. Yes; 32; 1600 f 45. 3 plants;171 plants 47. Yes; 3 
48. (2,5) 49. (2,-1,3) 50. (4,0), (4,0); (— V7,0), 

x? BY, 
W700) slo 4 Sith 63h. 2 ( ) AD 125 : 

55. a, = 60 —5p — 5q;d = 5p + 2q — 20 

Visualizing the Graph 

eee Gm ae G's: h 6H 7 E 
Sei? OB eT Os 

Exercise Set 117.3 

le ee Se 780.19 9a 10, 128 

1 
TSC teeel oo) les e419 (—1)"-* 21h 

x 

23. 762 25. 2+ 27. True 29.:True 31. True 
33. 8 35.125 37. Doesnotexist 39. 3 
41. S}, ~ 29.65317 43. 2 45. Does not exist 
47. $4545.45 49.1% 51.2 53.9 55, Sot 
57. $2,684,354.55 59. (a) About 297 ft; 
(b) 300 ft 61. $39,505.71 63. 10,485.76 in. 
65. $19,694.01 67. $86,666,666,667 69. (f°g)(x) = 
16x” + 40x + 25;(gef)(x) = 4x7 +5 70. (feg)(x) = 
ex Peg f\e) =x —x+3 71. 2.209 

Te oR (a= VGN (V5 — V2) = 2173 + V2, 
(6V3 = 2V2)/(4 = V6) = 2V3 + V2; there exists a 

common ratio, 23 + V2; thus the sequence is geometric. 

75, (a) 8%, 34 #8 (by) —4¥; —3, 2 -— 2 BS or 5; 8, 12, 18, 27 

x°(1 ~ (=x)") 
ges 

77S = 

Exercise Set 11.4 

1. 2 < 2, false; 2? < 23, true; 3? < 3°, true; 4’ < 4°, true; 

3 
5? < 5°,true 3. A polygon of 3 sides has diagonals. 

5 — diagonals. True; 
4 

True; A polygon of 4 sides has 

S(t 
A polygon of 5 sides has ) diagonals. True; A polygon 

6(6 — 3) 
of 6 sides has diagonals. True; A polygon of 7 sides 

D7 3) 
has So i diagonals. True. 

ee 2+4+6+-::+2n=n(n + 1) 

Spe 22st 1) 
Se 24+4+6+-:-+ 2k =k(k + 1) 

Sane ae EG eas + Ok + 2(k 571) 
= (k + 1)(k + 2) 

4 3 2) 57. 5%, 72, 9%, 114 

11. 

118}; 

Chapters 10-11 A-65 

(1) Basis step: S, true by substitution. 

(2) Induction step: Assume S;,. Deduce S;, , ;. 

Starting with the left side of S,,,, we have 

Sis eh oa eae ee 

Ke a1) 2 (kee a) By S; 
=(k+ a + 2). Distributive law 

Si On oO oe ine (Apes yi 2) 
Si: i een a 
Sx: Nee 5s waster (Akon Seek CO =) 
Saye thas eae Sle, =U Se= a6 So NOS cell) | 

= (en) h2 (SAL ee 2) 
= (k + 1)(2k + 1) 

(1) Basis step: S, true by substitution. 

(2) Induction step: Assume S;. Deduce S; +. 

Starting with the left side of S, ,,, we have 

1 che Site Ogee sake Set Ae a Wai) 
=k(2k-—1)+[4(k+1)-3] By 

yf aat | Sasi Ns at eas) 
= 2k? + 3k +1 

(Ke VQkAPL): 

Ce 2 AR Se ae a Dee) 
S221) 
Si 2+44+84+---4+ # = 2(2 - 1) 
Sueat Dor A+ Bf php eat = 2 (ee Si) 
(1) Basis step: S, true by substitution. 

(2) Induction step: Assume S;,. Deduce S; +1. 

Starting with the left side of S, 4), we have 

2444+ 84+---+ 2% + Ot! 

I| 

eee pee 

= 2(2* — 1) +2ktl By S, 
— gkt1 See gkt 

= 22 k+l =) 

— (2 a): 
Si: i, S&S ia se 

Si: << ese il 

Sk k —< k al 

Spomeekrubesa(ki tel) 

(1) Basis step: Since 1 < 1 + 1, S; is true. 

(2) Induction step: Assume S;. Deduce S,+). Now 

k+1<k+1+1  Adding1 
Ip op I< Ue sp D Simplifying 

Sie Nip S : 

Si: Drewes 

Sk t= oe 

Sprea(k tee 
(1) Basis step: Since 2 = 2, S, is true. 

(2) Induction step: Let k be any natural number. 

Assume S;. Deduce S; +}. 

kiss 2 By S, 
22k = 2-2 Multiplying by 2 

4k < get 

Since 1 = Kyke, 1 = Kite kfork 92k: 

Then 2(k + 1) = 4k. Multiplying by 2 

Thus 2(c hil 4k = 2 dso lk 2 b= 
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15. 

We 

Answers 

Sys : a5 : ap : ah O46 3 3 3 sees 
uP oD  QoAcd 7 Bodlaw 19. S, iP ap 2 qe By ar ooo ae ar = A 

If a ar 2 2 2 e ui ( ) la ee P(1 + 1) 
nat Vn 2) 4 1) (a + 2) 1 4 

1 1(1 + 3) | k?(k + 1)? 
: = ; 3 3 3 Bed — 

5 Sse ae ae | Siti: dae ances ichetr cer 
ie 2 Seyu Qe ded k(k + 1)(k + 2) (hee 1) i(k peice | 

& k( Krk.) = 4 

~ A(k + 1)(k + 2) P(1 + 1) 
1 1 1 (1) Basis step: S;: ee = |. True. 

Sera: 4 feet 
Pe aoe nr 2. and k(k + 1)(k + 2) (2) Induction step: Assume S;. Deduce S,+}. 

l K(k + 1)? 
+ 

— = (k + 1)(k + 2)(k + 3) aki MR ca way Sk 
Pea ker on es (Rt Deas) K(k + 1)? 

Sy (eee eo ks) eee OE i aN ti (kor 1)? 

; 3 Ff 1 = d Adding (k + 1) 
(1) Basis step: Since Wee an . 2(k + 1)? + 4(k + 1)3 

1(1 + 3) 1+4 re - 4 
— =. ie i 

Mee os. 6h eae ert 
(2) Induction step: Assume S,. Deduce S; + . ae So [ky 4 (eI 

Add on both sides of S, and ts (k + 1) 2 
(k + 1)(k + 2)(k + 3) Feo pan Getta 4) 

simplify the right side. Only the right side is shown here. (k + 1)°(k + 2)? 

K(k 423) l = ; 

A(k Pik 2) “(kh (Kk + 2)(k +3) 1G Me veme (Chee oP) 
shaky 3) a A BY So 2 6 12 Ee en ee : 

A(k + 1)(k + 2)(k + 3) 1(1 + 1)(1 + 2) 
Me Ok ok 4 So Cee t= ; 

~ A(k + 1)(k + 2)(k + 3) 
k( Kite (ko 2 

(Ki 1)*(k 4) Spine Se Get 12 eo Nae KC Ree 1 \ A ) 

~ A(k + 1)(k + 2)(k + 3) 7 
K+ 1° 

_ (K+ 1k + 4) 2+ Ot 12t--+k(k+1) + (K+ VY[(kK+1) +1] 
4(k + 2)(k + 3) (Ree CRE Dee ty Les 

n(n + 1) = 3 
Si L243 +4++:-+n= ; 

2 . © LU Ch ee) 
F 1(1 + 1) (1) Basis step: S;:1(1 + 1) = . True. 

: j= 
; 2 (2) Induction step: Assume S,: 

kik + 1 oy 
Sk: eres 24641 HER HI) = ET) 

kor 1) (ket 2 — : Spee eaeee eee rie tree )( ) Then2 +6 +12 +++: +k(k+1) + (k+1)(k +141) 
5 RE (ea) 

(1) Basis step: S, true by substitution. 2 + (k + 1)(k + 2) 

(2) Induction step: Assume S;. Deduce S; , ;. K(k) (ke 2) + 3k + DK #2) 
_ Starting with the left side of S;,,), we have = 3 
L+24+34°-:-+k+(kt+1 ( ) _ (k + 1)(k + 2)(k + 3) 

klk hb) 3 
Shue rem HRT) By S; _ (k+ 1)(kK +14 1)(k +14 2) 
Kee Waa) 3 ; 

= 5 Adding 

_ (k + 1)(k + 2) 

- 2 
: Distributive law 



23. Sy: ay + (a, + d) + (a, + 2d) + 

Scape (ea) de 5 [2a Ge Cee BY A 

1 
Si: a, = 3 2m oi (1 > 1)d] 

Sk a, + (a, +d) + (a, +:2d) + 

+ [ay + (k= 1)d] = Spa, + (k— 1)d] 
Spank ay ae (a, ar a) (a => 2d) + 

ap (k= Ud) ae Pouce to Wea dal) 

os k+1 
———[2a, + ((k + 1) — 1)d] 

Hh = 1d) (1) Basis step: Since +[2a, Sr 2a) = ae syis 
true. 

(2) Induction step: Assume S;. Deduce S;,;. Starting with the 
left side of S,4, we have 

Ai Gy tO) ae a) ak eld) [ay kd] 

2 (20, ie ehyal + [a + kd] 
_ k[2a, + (k — 1)d] . 2[a, + kd] 

2 

Sei <r Je, a kd 
D 

__ 2a;(k + 1) + k(k - 

__ 2ka, + k(k 

1)d + 2kd 

2 
_ 2ay(k + We Ls kd 

2 
_ 2a(k + 1) + (k + 1)kd 

“a 2 
ig ar al 

= > La + kal: 

24. (5,3) 25. 1.5%: $800; 2%: $1600; 3%: $2000 

Ws Sys ee yisatacior ora 1). 

S}: ie visadactorot x. =" 

Sk: x + yisa factor of x** — 7, 

Seei: x + yisa factor of x°4*) — y 
(1) Basis step: S;: x + yisa factor of x* — y*. True. 

So x yis.a factor of x > y*: True. 

(2) Induction step: Assume S,_,: x + y is a factor of 
o2k-1) — yAK-1) Then 92-1) — yk) = 

(x + y)Q(x) for some polynomial Q(x). 
Assume S;: x + y isa factor of x** — y**. Then 

xk — yk = (x + y)P(x) for some polynomial P(x). 
poet t) 2 pik +t) 

= (x AM WN 2 ie y) - (x 2 (kg) FD) (x24?) 

2(k+1)_ 

= (x + y)P(x)(x? + y°) — (x + y)Q(x)(x"y’) 
= (x + y)[P(x)(° + y*) — lea 

sox + yisa factor of x24) — y BEN, 

2957S5: log, (b,b2) = log, b; + log, b, 

Sk: log, (b,b,: ++ by) = log, b, + log, by + 

= log, by; 

Sk+ii log, (Byb2° 
a log, bya) 

(1) Basis step: S, is true by the properties of logarithms. 

(2) Induction step: Let k be a natural number k = 2. 

Assume S;. Deduce Sx +. 

log, (bb. ° ++ be+1) Left side of S, 4, 
= log, (bib) +++ by) + logs by +1 By S, 
= log, b, + log, by + --- + log, & + log, +1 

b+1) - log, b, ah log, by oe 

Chapter 11 A-67 

SLD Saiz Se Bates: 

(a + bi) + (c + di) = (a +c) + (b + d)i 

~AGet eli eta i 
(a+ bi) + (c+ di) =a-bitc-di 

sare ab, od )¥ 

Sue 2 Zo 2 ye ee ee Ze 

(Cy mm) emer 
= (2p ey Fie ey) Zea By S, 

Mid-Chapter Mixed Review: Chapter 11 

1. False 2. True 3. False 4. False 5. 8,11, 

14, 17; 32; 47 Cs 0), I 2, Sse Gk =1183 7. An = 3n 

8.a,=(-1)"? 9.1,0r2 10.2+6+12+ 
co 

20 130 970), 11. (=) 4 25 276920586 
k=1 

Ne 5 deh 2 ils Bi UI, TAGS IT —4 

18. (a) 8; (b) V2, or 63.9375 19. —2 20. Does not exist 
21. 126plants 22. $6369.70 

23. Sf lt 47 +) (n= 2) = sniGn — 1) By S, 
S$:  3:1-2=4}- ane, 
Si L447 4-+++ (3k — 2) = 43k - 1) 
SEpale ts ite (ere eet SSO an (eee 

= 5(k +el)is(ker 1p 
= 5(k + 1)(3k + 2) 

(1) Basis step: S;:3°1 — 2 = $+1(3+1 — 1). True 
(2) Induction step: Assume S;: 

1+4+74+---4+ (3k — 2) = 4k(3k — 1). 
Tem Vs 497 eek ted, ect e| Okan 2 en 2 

= $k(3k — 1) + [3(k + 1) - 2] 

= 3h? —3k + 3k +1 
= 3h? + 3k +1 
= 4(3k? + 5k + 2) 

= 3(k + 1)(3k + 2). 
24. The first formula can be derived from the second by substitut- 

ing a, + (nm — 1)d for a,. When the first and last terms of the sum 

are known, the second formula is the better one to use. If the last 

term is not known, the first formula allows us to compute the sum 

in one step without first finding a,,. 

pase Wh ae ed Se ora oo Oop IM ON0) 

=A ( Nee LOO) stea( 299!) aise (Suis OS) Stans ets ce 
(50 + 51) 

= 101 + 101 + 101 + --- + 101 
ele See 7 Se ae 

50 addends of 101 

= 50°101 

= 5050 

n 
A formula for the first n natural numbers is re. + h)\ 

26. Answers may vary. One possibility is given. Casey invests $900 at 

8% interest, compounded annually. How much will be in the account 

at the end of 40 years? 27. We can prove an infinite sequence of 

statements S, by showing that a basis statement S, is true and then 

that for all natural numbers k, if S;, is true, then S;,, is true. 

5. UF £R gs % £oe + 
CAGKCIS OE TE.o 

129720. *3. 604,800) 5.120 “7-1 953024. 19,100 
13. 120 15.1 17. 6,497,400 19. n(n — 1)(n — 2) 
Ain -23. 6! = 720 25.9! = 362,880 27. ,P; = 3024 
295 P2100) 5 = 3125. 31, P+ gP, = 2880 



A-68 Answers 

2! 3! 4! 
37. (a) oPs = 720; (b) 6 =7776; (c) 1°5P, = 120; 
(d) 1-1+4P; = 24 39. (a) 10°, or 100,000; (b) 100,000 
41. (a) 10’ = 1,000,000,000; (b) yes 42. 3, or 2.25 

yy 
44, —————_ 

33. 8° 10° = 8,000,000; 8 million 35. = Xe) 

Ee ah” ASD ells, WAL nS 

49 a oie 1 

Exercise Set 11.6 

ho, ASS VE Re Chua hana ea 5 
13. 128 15. 270,725 17. 13,037,895 19 n 
2 let ne 8tee Op=5 85005" 25. eC 286 

10 5 oy) 
Die : = AN 2) = 2,598,960 

a 3 o 

Ble (a) 41h) = 930;(b) 31° = 961: (c) 4,C> — 465 

Shy = SARK eee) Seem” SOs) a SS 

13 n n 
37. ( i IWS BE) ( Jal ) 41.4 43.7 

5 D; 2 

45. Line segments: 

| 

S n! e nn=1)(n = 2)! of fl <= ll) 

~ 2M(n — 2)! 2+1-(n—2)! = 2 
Diagonals: The n line segments that form the sides of the n-gon are 

not diagonals. Thus the number of diagonals is 
n(n — 1) 

n©2 fe 
2 

R 
nm —n-—2n ie > BiH) 

2 jad ee 
ie > 3 SHE 

2 

Let D,, be the number of diagonals of an n-gon. Prove the result 

above for diagonals using mathematical induction. 

n©2 

n(n — 3) 
Sys a ae forn = 4,5, 6,... 

4+] 
Sa: D, = a 

K(k 3) 
Sys Dy = 7 

(has) (eS 2) 
Sea Dea = 5 

(1) Basis step: S, is true (a quadrilateral has 2 diagonals). 

(2) Induction step: Assume S;,. Note that when an additional vertex 

Vi. is added to the k-gon, we gain k segments, 2 of which are 

sides of the (k + 1)-gon, and a former side V, V; becomes a 

diagonal. Thus the additional number of diagonals is k — 2 + 1, 

or k — 1. Then the new total of diagonals is D, + (k — 1), or 

Dey = De (i= 1) 
k(k — 3) 

enero le Gl) By S, 

Eee) een) 

* 2 

Exercise Set 11.7 

1. x? + 20x? + 150x? + 500x + 625 

3. x — 15x* + 90x? — 270x? + 405x — 243 

5. x? — Sx8y + 10x? = Oxy? + bey =ry 
7. 15,625x° + 75,000x°y + 150,000x*y* + 
160,000x*y> + 96,000x?y* + 30,720xy> + 4096y° 
9. 128t + 4486 + 6726 + 560t + 280f! + 846° + 
46° +¢7 11. x! — 5x8 + 10x® — 10x* + 5x? -— 1 
13. 125 + 150V/5t + 3752 + 100V/5 2 + 75¢* + 
6VSE RE 15g = ied $ 14de — 67a Ulead — 
4032a! + 5376a > — 4608a° + 2304a’ — 512a° 
17. 140V2 19. x8 + 4x4 +6 4+ 4x4 + x8 
23. —252x5y> 25. —745,472a° 27. 1120x'7 
29. —1,959,552uv 31. 2’,or128 33. 24, or 16,777,216 
351100 a7 Sos iG? 39. =7 = 4 

n . n n . es 

4l. 3 (7) (terse 43. >( je kpko! 
Ne kak 

44, x7 +2x—2 45. 2x? — 3x? + 2x -—3 
46. 4x2 — 12x +10 47. 2x7-1 49. 3,9,6 + 3i 

35 
1/6 xh 

21. 21a@°b’ 

51. — 53420" 9 55;, [loa (at) 

57. (1) Basis step: Sincea + b = (a + b)', S, is true. 

(2) Induction step: Let S; be the statement of the binomial 

theorem with n replaced by k. Multiply both sides of S; 

by (a + b) to obtain 

gh ae ( k Jae 

i | 

+(e tee 
r 

G+ bh)" = 

(@eiab) 

= ele ee 

+ +++ + UFtI 

ear Vg 
= ght pas + ( alee See nes P 

This proves S, ,,, assuming S;. Hence S,, is true form = 1, 2,3,.... 

Exercise Set 11.8 

1. (a) 0.18, 0.24, 0.23, 0.23, 0.12; (b) Opinions may vary, but 

it seems that people tend not to pick the first or last numbers. 

3. 5187 e-mails 5. (a) 3; (b) 3; (c) 0; (d) 17.3 

9. (a) is (b) is Op @) a We ss 18. 353 
15. igen Zee «19... (a) HHH} HAT HTH, HTT 
THH, THT, TTH, TTT; (b) 3 (c) & (d) % (e) 2) 21. J 
23.3 25. 3 DH 3 29. Zero 30. One-to-one 

31. Function; domain; range; domain; range 32; Zero 

33. Combination 34. Inverse variation 35. Factor 

36. Geometric sequence 

2-0 (9) (0)(t) = 
4 48 

2h (EN) ihe i) ° ( 5 ) — 3744, or 54,912: 

=10:02 101 

(b) 0.0475 

54,912 

S) 
Review Exercises: Chapter 11 

(b) 

1. True 2. False 3. True 4. False 
14 9 16, De 529 +1 

3. 2) 17> — > 3573 14,642> 279,842 6. C=Pe (n° aaa) 



I 

75 ate a = 8. (k= 1), 9. # 

TOratt 46) 11975310112. 20,100 lee ok ec 
[Sait 0S 91208" 16. a= 8,4an— 4 © 17. Does not 
exist 18.4 19.3 20. 4 21. 54 62,72, 8} 
22. 167.3 ft 23. $45,993.04 24. (a) $7.38; (b) $1365.10 
25. $88,888,888,889 

ye = I 
PX SHE ap that J a oc o se (ship g) = ) 

(Se = 1 
Sy: see 1) 

2 

(ok — 1) 
Sk 1+4+7+---+(3k-2)= 

) 2 

SPeriemee tt ee eta (3K — 2) te 13( kee 1) =" 2) 
lpia Oke 2) (3k 1) 

_ (k + 1)(3k + 2) 
2 

ia) 3 
= >= Il is iue. 

2» 2 

(2) Induction step: Assume S;,. Add (3k + 1) on both sides. 
14+ 7 +++" (3k — 2) + (3K + 1) 

Id(S¥e = il kK(3k = 1 ASE ae 1 

(1) Basis step: 

isk ke Ch 2 3k ok 2 
2 2, 

ie Gk 2) 

te 2 

2 i= one te 1s Se a a ace ea a er 

a 
Si 1= 

2 

2 k-1 tea! 5S Saad aikcuihie ace ded 
Ba 

Say. a os Re eft 

Zing — ta Ae 
(1) Basis step: ; = A = 1 is true. 

(2) Induction step: Assume S,. Add 3* on both sides. 

+3 4+->-+ 381 +3" 
Sytner etl 

“6 = 

Pc Gaeta 

_ II | Si 

Wile le 

— 
| 

rile ee 

lI 
ale 

Sk 

S41: 

“A 

ae NaN eR NO 

= | 

Nl ele ve 

-N-b6-Nere) och 
(1) Basis step: S, is true by substitution. 

Chapter 11 A-69 

(2) Induction step: Assume S;. Deduce S$; , ,. Starting with the left 

side of S;.,, we have 

(Palee ee dese) 

= ; Simplifying 

15 
2967/20 3089 Biv 16) — 3024 a. (1°) = 6435 

9! 

1! 4! 2! 2! 
34. 3 1493 = 36) -35.4(a) Pt 720; (b)| 6 == 776; 
(c) 5P; = 120; (d) 32, = 6 36. 2°, or 256 
37. m + 7m°n + 21m? + 35min? + 35nPnt + 

2 + 7m +n 38. x8 — 5V/ 2x4 + 20x? — 

20V 2x2 + 20x —4V2 39. x8 — 12x5y + Saxty? — 
108x*y> + 81y* 40. a8 + 8a° + 28a* + 56a? + 70 + 
56a? + 28a*+ 8a°%+a*® 41. —6624 + 16,280: 

32. 24°23°22 = 12,144 33. 13780 

18 
42. 220a’x*? 43. -(*) 128a’b 44. 550 45. § 

46.5 47.2% ~ 042,% ~ 047,32 ~011 48. 8B 
49. A 50. D 51. (a) No (unless a, is all positive or all 

negative); (b) yes; (c) yes; (d) no (unless a, is constant); 

(e) no (unless a, is constant); (f) no (unless a,, is constant) 

Ak+1 D+ 1 A+ PK+1 
By, =i, = = f_pso— 

a 
= fh, a constant. 

a,b, 

10 
x 

Se eer | or tee = ey (1s) 56. 18 
y 

57. 36 58. —9 59. For each circular arrangement of the 
numbers on a clock face, there are 12 distinguishable ordered 

arrangements on a line. The number of arrangements of 12 objects 

on a line is ,yP)>, or 12!. Thus the number of circular permutations 

12Pi2 12! . 
i B = Ty = 11! = 39,916,800. In general, for each circular 

arrangement of n objects, there are n distinguishable ordered 

arrangements on a line. The total number of arrangements of 

n objects on a line is ,,P,,, or n!. Thus the number of circular 
=e )t oe Ane)! = ee 

n 
following in the form of a paragraph. First find the number of 

24hf 60 min 60sec _ 

lday lhf Ilmin 
31,536,000 sec. The number of arrangements possible is 15!. The 

1 
time is ————— ~ 41,466 years. 61. Order is considered 

31,536,000 
in a combination lock. 62. Choosing k objects from a set of n 

objects is equivalent to not choosing the other n — k objects. 

60. Put the permutations is 

seconds in a year (365 days): 365 days - 



A-70 Answers 

Test: Chapter 11 

1. (11.1) -43 2. (11.1]4,3.3,2,8 
6 

3. (11.1]2+5+10+17=34 4, [11.1] >)4k 
k=1 

co 

SAU Med a 26 e (UU: 2352%, oes 27s [ilo a4 
k=1 

8. [11.2]38 9. [11.2] 420 10. [11.2]675 11. [11.3] 335 
12. [11.3] 1000 13. [11.3]510 14. [11.3]27 15. [11.3]% 
16. [11.1] $10,000, $8000, $6400, $5120, $4096, $3276.80 
17. [11.2]$17.05 18. [11.3] $74,399.77 
19. [11.4] 

n(3n + 1) 
SH oe ee ee (ome Lins 5 

T(t yl 

2 
k(3k + 1) 

Se Qe 5 8 ete (ak 1) = 5 

Se eto eS eer okie DP ok 1) 2) | 

ease 8) esol Ma ll 

2 

1(3 
(1) Basis step: ( = = 2,s0 S, is true. 

(2) Induction step: 

Dee re ee ok 1) Sik 1) = 1] 
k(3k + 1) 

mie me isk ac set By S, 

3° ok 
= —+-—+4+ 3k +2 

2 D 

3k? 7k 3k? + 7k +4 
= — 4+ — +2 = ———_ 

2 2 2 

Be eee) ok 4 mie 1) Seg) 1) 

i 2 ,. 2 
20. [11.5] 3,603,600 21. [11.6] 352,716 

nnn = 2)\(0 93) 

24 
24, [11.5] (a) 64 = 1296; (b) ;P; = 60 
25. [116] 55C,— 20,475 26. [11-6] Ca sC, = 34650 
27. [11.7] x° + 5x4 + 10x? + 10x? + 5x + 1 
Sy lilies yy 291 7)2 =512. 30. [Lets 
31. (11.8) 32. [11.1]B 33. [11.5] 15 

22. [11.6] 23-15 P0360 

Just-in-Time 

1. Real Numbers 

1, 45602145, 184, = 1275 = —2)0,-\/ 16 
2. $4, -2.45, 18.4, 52, —§ 

3A aay 26. 55 1555p, eV NY 
AN6E= 115 5/270, V6 56 NOOO 16 6 Allrat then 

2. Properties of Real Numbers 

1. Additive inverse property 2. Associative property of 

multiplication 3. Distributive property 4. Commutative 

property of addition 5. Multiplicative identity property 

6. Commutative property of multiplication 7. Additive identity 

property 8. Multiplicative inverse property 9. Associative 

property of addition 10. Distributive property 

3. Absolute Value 

1.980 20 3047 45 5a20) , Cel ome ell 

8. Y 
4, Operations with Real Numbers 

1,19) 2.55 36-5 4.3. 5s -000bs Gao 
7. 24 S510 «£9; =12.6 10.20) 12, 15 “2a, 
13. —8 14-22 15.4 

roy] . Order on the Number Line 

1. False 2. True 3.) True 4 True’ 5; False 6) rue 

or) ). Interval Notation 

1. [-5,5] 2. (-3,-1] 3. (-00,-2] 4. (3.8, 00) 
5 (7,00) . 6. (=2.2) gilaea) . Saall7eco) 
9. (—5,-2] 10. (-c0, V5) 

7. integers as Exponents 

1 2 z 
Toa 25 (0.2) 3 Fes a, aoa: 

3 w y 

: 1 1 
7. —6x *y*, or -— 8. x |), or — 9. m°n ©, or y x a 6,6 

1 
10st or #20 

8. Scientific Notation 

12185 < 10" F067 86 X10 3, 23 10 
4. 8.927 X 10? 5. 0.000000043 —6..:-5,170,000 
7. 620,300,000,000 8. 0.0000294 

9. Order of Operations 

Neth 74 MMOS Shy eI EL NES Doe E 

10. Introduction to Polynomials 

Gn 2 Om oe 4 4k) se OE GOS Binomial 

7. Monomial 8. Trinomial 

11. Add and Subtract Polynomials 

I y— 4 25 -2x 496x'— 2 3, 3x ey ae 
4. 2ab — ab + bab +10 5. —4x* + Bxy — 5y* + 3 

12. Multiply Polynomials 

Ll. =21a? 255+ 2y— 153, x? ox 18 
4. 2a +13a+15 5. 4x? + 8xy + 37 6. x? + 6x +9 
7. 25x7 — 30x +9 8. 4x7 + 1ldxy +9" 9, w = 36 
10. 9y* — 16 



13. Factor Polynomials 

Nees (one ee Dez) 4) 3.0 (Sr a1 )(x-P 6) 
A (i+ 6)(—2) 5.(w—5)(w—2) 6. (t + 3)(¢ + 5) 
Faun = l12)(n +2) 8. y"(y — 2)(y — 7) 
9. (2n-7)(n +8) 10. (2y — 3)(y + 2) 
TUS 2actee ie 9 12s (Ax = 3)(4x 33) 

13. 7p(g + y)(q+y)(q—y) 14. (x +6)? 15. (3z— 2) 
16. a(a +12)? 17. (x + 4)(x? — 4x + 16) 
18. (m — 6)(m’ + 6m + 36) 19. 3a’(a — 2)(a@? + 2a + 4) 
20. (4 1)(F =f +1) 

14. Equation-Solving Principles 

He WO). 2 NR Bee EID GO 

SaaS 

15. inequality-Solving Principles 

Pepe 125, Qos —9 3. % <2 Ale =1756 
Sh YS Op ne el 

16. Principle of Zero Products 

1. -7,1 2.-24 3. -34 40,8 5. -3,11 

17. Principle of Square Roois 

1. —6and6,or +6 2. —~1/10 and V/10, or +V/10 

3. -V3and V3,or+V3 4. -VW5and V5, or + V5 
5. -5and5,or+5 6. BA is and V/15, or +V15 

18. Simplify Rational Expressions 

1. The set of all real numbers exceptO0and1. 2. The set of all 
Mita? Xml 

4. 
=e eS 

real numbers except —7 and3. 3. 

fg 8) pe so) 

sf atyae-ut 
De 

19. Multiply and Divide Rational Expressions 

+1 +1 ee = &: Ax Vee 5 ( ) nt 
pec Pe ar) ee 2(x + 4) 

6. 
Be ar 4Y 

Chapter 11-Just-In-Time A-71 

20. Add and Subtract Rational Expressions 

ee 2(3x? + 2x — 7) : 2a 
; " 3(3x +1)(x-— 2) ~° (a+ 1)(a- 1) 

BX =p ar le y 

[C= G=1) * 66 aG=5) ~~ O=nGe 

21. Simplify Complex Rational Expressions 

a w—-2wt+4 ey 
5 4. 

fa ar 1p w x 
Ne gop 7%: 

=e = 

22. Simplify Radical Expressions 

P21) eco tak 2A oc NO ee 
1 

7. Ixy W328. 5V/21 9. VW5y 10. see Etec ep) 
xX 

12. 2x°yV6 13. 3xW4y 14.172 15. 123 
1602 N/ 2 0 17,144 58h 16 9N/3 aon 
20. 4 + 2V3 

23. Rationalizing Denominators and Numerators 

avi » Va 3, 28 IONE 
11 rane, 2 Sa TE 

,, 3¥30 +12 V3 _ oVm + 6Vn 
; 14 aS . m-—n 

24. Rational Exponents 

1. WP 2.VW2 3.8 4128 5.4 6d 7. yi 

8.x? 9. xW%x 10. (a-—2)? WW. nVmr 

25. Pythagorean Theorem 

i, Wh 2 WB = Se Ss WSR V31 = 5.568 
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Index of Applications 

Agriculture 
Acres of pumpkins, 146 

Acres planted in crops, 657 

Cranberry production, 683 

Garden plantings, 806 

Grass seed, 125 

Growing almonds, 46 

Harvesting pumpkins, 798 

John Deere tractor, 446 

Pork production, 210 

Seed test plots, 756 

Top apple growers, 657 

World rice production, 83 

Astronomy 
Comets, 744 

Distance between points on the earth, 447 

Earth’s orbit, 736 

Linear speed at the equator, 446 

Linear speed of an earth satellite, 441 

Linear speed of the earth, 446 

Parabolic orbit, 774 

Planet orbits, 734 

Satellite location, 478, 544 

Weight of an astronaut, 154 

Weight on Mars, 153 

Automotive 
Alternative-fueled vehicles, 56, 331 

Angle of revolution of a tire, 442-443, 445 

Angular velocity of an automobile wheel, 489 

Automobiles produced and VIN number, 

19 

Car distance, 101 

Car needing new tires, 491 

Gas mileage, 650 

Hybrid automobiles, 309 

Lamborghini 350 GT, 378 

License plates, 829 

Maximizing mileage, 700 

Reaction time, 47 

Stopping distance on glare ice, 47 

Biology/Life Sciences 
Bacteria growth, 798 

Eagle’s flight, 605 
Maximizing animal support in a forest, 702 

Population growth in a lake, 372-373, 379 

Rabbit population growth, 376, 798 

Temperature and depth of the earth, 93 

Tomb in the Valley of the Kings, 377 

Volume of a tree, 152 

Business 
Advertising, 333, 346, 377-378, 666, 815 

Allocation of resources, 702 

Angular speed of a printing press, 446 

Average cost, 283 

Bestsellers, 79 

Break-even point, 650 

Coffee mixtures, 649 

Convenience stores, 67 

Cost of a Super Bowl ad, 188 

Defective gears, 855 
E-book sales, 376 

E-cigarette sales, 331 

E-commerce, 322, 650, 677 

Fireworks revenue, 45 

Food service management, 675, 

TO ZAS, 

Home improvement stores, 125 

Home sales, 183, 658 

Infinity scarves, 649 

Mail-order business, 649, 657 

Marketing via e-mail, 850 
Maximizing profit, 201, 698, 701, 

702, 718 

Minimizing cost, 110, 200, 701 

Packaging and price, 79 

Patents, 76 

Pricing, 96 

Processing telephone orders, 718 

Produce, 674 

Production, 670, 675, 676, 806 

Profit, 672, 675, 676 

Recording studio, 567, 570-571 

Sales, 60, 543 

Salvage value, 333, 798, 859 

Shipping crate, 603, 605 

Snack mixtures, 641-643 

Ticket sales, 717-718 

Top art auction sales, 657 

Total cost, 34, 47, 93, 95 

Total cost, revenue, and profit, 117 

Total profit, 294 

Used-book co-op, 17-18 

Vinyl album sales, 225, 236 

Volume and cost, 155 

Chemistry 
Antifreeze mixtures, 650 

Boiling point and elevation, 31 

Carbon dating, 375, 377, 380, 387, 389 

Converting Fahrenheit, Celsius, and Kelvin 

temperatures, 94, 118-119, 322 

Half-life of bismuth, 374 

Hydrogen ion concentration, 

346, 389 

Newton's law of cooling, 379 

pH of substances in chemistry, 346 

Radioactive decay, 377 

Construction 
A-frame architecture, 575 
Arch of a circle in carpentry, 16 
Beam deflection, 255 

Box construction, 188, 758 

Carpentry, 736, 756 

Curb ramps, 38 

Diameter of a pipe, 416-417 

Expansion of the Panama Canal, 8 

Fenced patio, 162 

Fencing, 756, 790 

Floor plans, 857 

Framing a closet, 414 

Ladder safety, 401 

Length of an antenna, 416 

Linear expansion of a bridge, 26-27 
Lumberyard, 107 

Norman window, 201 

Office dimensions, 757 

Rafters for a house, 408, 416 

Rafters for a medical office, 416 

Road grade, 37, 62 

Stacking poles, 804, 805 

Wheelbarrow, 604 

Consumer 
Apartment rent, 648 

Baskin-Robbins ice cream, 835 

Bottled water consumption, 61 

G@abitarewaliei7, 

Chicken consumption, 46 

Coffee consumption, 92 

Concert ticket prices, 649 

Cost of snack food, 658 

Electricity use, 61 

First-class postage cost, 313 

Landscaping cost, 684 
Lunch cost, 683 

Moving costs, 84, 96 

Parking costs, 110 

Price increases, 658 

Restaurant meals, 657 

Stamp purchase, 666 

Wendy’s hamburger toppings, 842 

Whole-milk consumption, 46 

[-] 



I-2 Index of Applications 

Economics 
Clothing trade deficit, 75 
Decreasing value of the dollar, 31 
Economic multiplier, 791, 812, 815, 857 

Foreign trade, 75 

Income taxes, 75 

Median household income, 61 

Oil consumption, 378 

Oil imports, 40 

Sales tax, 153 

Social Security, 84, 389, 829 

Straight-line depreciation, 47, 806 

Supply and demand, 380, 644-645, 649-650 

US. gross domestic product, 56-58 

US. imports, 332 

Education 
Bachelor's degrees earned, 332 

College freshmen graduating in six years, 

844 

Female medical school graduates, 93 

Foreign high school students, 331 

Forgetting on a final exam, 346 

Grading on a curve, 828 

Homeschooled children in the United States, 

94 

Hours spent studying, 658 

Maximizing a test score, 716 

Student loans, 69-70, 76 

Studying abroad, 76 

Test options, 835, 859 

Test scores, 164, 715 

Engineering 
Alternating current, 521 

Angular speed of a gear wheel, 443, 447 

Angular speed of a pulley, 447 

Beam weight, 153 

Bridge arch, 737 

Bridge supports, 736 

Canyon depth, 577 

Depth of a well, 201 

Distance across a lake, 633 

Electrical theory, 521 

Electricity, 380 

Fire tower, 566 

Flashlight mirror, 727 

Gears, 567 

Golden Gate Bridge, 415 

Height of a building, 415 

Height of a cliff, 201 

Height of an elevator shaft, 196-197 
Length of a pole, 566 

Mechanics, 521 

Power of electric current, 164 

Pumping rate, 153 

Pumping time, 164 

Satellite dish, 726-727, 790 

Solar panels, 70-71 

Spotlight, 727, 787 

Suspended block, 615, 618, 630 

Suspension bridge, 727 

Ultrasound receiver, 727 
Wind power capacity, 389 

Windmill power, 31 

Window design, 126 

Environment 
Average high temperature in Chicago, 493, 543 

Cloud height, 415 

Determining the speed of a river, 446 

Distance to a fire cave, 404 

Distance to a forest fire, 411 
Earthquake magnitude, 343, 346, 385, 389, 

Soil 

Height of a bamboo plant, 410 

Height of a weather balloon, 415 

Lightning, 416, 806 

Ocean depth, 77 

Water from melting snow, 148 

Water wave, 478 

Wind, 604, 632 

Finance 
Amount borrowed, 75 

Amount of an annuity, 812, 815, 821, 856, 859 

Borrowing, 666 

Budget, 674 

Child’s allowance, 153 

Coins, 715 

Compound interest, 237, 238, 306, 326-327, 

SAD Ske SIL, OA, Te} 

Growth of a stock, 333 

Interest compounded continuously, 369-371, 

O/ Mp SkWiy Xow) 

Interest in a college trust fund, 331 

Interest on a CD, 330 

Investment, 75, 76, 84, 93, 389, 649, 654-655, 

658, 684, 715, 717, 756, 805, 820 

Present value, 380 

Production of quarters, 93 

Saving for college, 389 

Savings account interest rate, 222 

Total savings, 805 

General Interest 
Aerial photography, 413 

Angle of revolution of a wristwatch, 445 

Arranging numbers, 828, 859 

Auditorium seating, 805 

Band formation, 806 

Birthdays, 844 

Blouse sizes, 97, 124-125 

Book arrangements, 834, 854, 857, 858 

Books about presidents, 76 

Card drawing, 848, 850, 857 

Circular arrangements, 858 

Code symbols, 822, 823, 827, 829, 854, 

857, 859 

Coin arrangements, 829 

Colored marbles, 827 
Cremations, 61 

Daylight hours, 543 

Dog years, 237 

Doubling the thickness of paper, 815 

Drawing coins, 850, 859 

Filling a swimming pool, 150 

Fish attractor, 576 

Flag displays, 857 

Fraternity-sorority names, 857 

Hands of a clock, 447 

Height of a kite, 415 

Height of a mural, 489, 532 

Landscaping, 756, 790, 821 

Lawn irrigation, 566 

Letter arrangements, 828, 830, 857 

Lighting the National Christmas tree, 719, 736 

Linguistics, 850 

Loading ramp, 414 

Longest escalator, 414 

Mason Dots, 849 

Memorial flag case, 413-414 

Meteor crater, 565 

Money combinations, 843 

Numerical relationship, 757, 758, 788 

Office file, 109 

Olive oil, 1, 77 

Packages in mailboxes, 824 

Pet ownership, 657 

Phone numbers, 828 

Picasso painting, 376-377 

Play space, 108 

Powerball®, 835 

Prize choices, 857 

Program planning, 828 

Quilt design, 415 

Rolling dice, 846-847, 849, 850, 857, 858 

Select a number, 849 

Selecting coins, 850 

Selecting marbles, 847, 850, 856, 859 

Solar cooking, 725 

Spring cleaning, 658 

The Ellipse, 719, 736 

Ticket line, 650 

Time of return, 666 

Tossing three coins, 851 

Total gift, 857 

Tower of Hanoi problem, 820 

Wedge bevel, 572-573 

When was the murder committed?, 379 

Whispering gallery, 734, 736 

Women’s shoe sizes, 322 

Zip codes, 829 

Geometry 
Angle of elevation, 416 

Angle of inclination, 531 

Angle measure, 75 

Angles between lines, 506 

Angles in a triangular flower garden, 631 

Area of a backyard, 566 

Area of a circle, 155 

Area of an isoceles triangle, 577 



Area of office space, 102 

Area of a parallelogram, 567 

Area of a quadrilateral, 567 

Area of a sandbox, 630-631 
Area of squares, 816 

Area of a triangular garden, 564-565 
Banner design, 756 

Carpet area, 107 

Diagonals of an n-gon, 836 
Dimensions of a box, 222, 758 

Dimensions of a piece of land, 752 

Dimensions of a rectangle, 788 
Dimensions of a rug, 188 

Dimensions of a sail, 577 

Garden dimensions, 76 

Gas tank volume, 108 

Graphic design, 756 

Inscribed pentagon, 415 
Inscribed rectangle, 162 

Inscribed rhombus, 107 

Isosceles trapezoid, 577 

Legs of a right triangle, 221 

Lengths of the sides of an isosceles triangle, 631 

Lines and triangles from points, 835 
Maximizing area, 194-195, 200, 201, 223 

Maximizing volume, 200, 222 

Minimizing surface area, 162, 201 

Number of diagonals, 294 

Parking lot dimensions, 96 

Perimeter, 788 

Petting zoo dimensions, 188 

Photo dimensions, 756 

Picture frame dimensions, 188 

Poster dimensions, 76, 188 

Radius of a circle, 788 

Sidewalk width, 222 

Sign dimensions, 756 
Surface area of a right circular cylinder, 124 

Test-plot dimensions, 76 

Triangular flag, 107 

Triangular pennant, 165 

Volume of a box, 108 

Volume of an inscribed cylinder, 110 

Government 
Appointing president and Supreme Court 

justice, 18-19 

Election poll, 857 

Federal tax rules, 146 

Foreign aid, 658 
Funding for Afghan security, 167, 187 

House of Representatives, 153 

Military spending, 648 

Senate committees, 835 

Strength of army, 659 
Years of presidential elections, 19 

Health/Medicine 
Breast cancer diagnosis, 844 

Calcium content in foods, 77 

Calorie intake, 75 

Calories in pie, 648-649 

Cosmetic survey, 648 

Declining number of those who smoke, 95 

Estimating adult height, 42 
Fat intake, 153 

Ibuprofen in the bloodstream, 234 

Jolts of caffeine, 657 

Lithotripter, 734 

Medical dosage, 282, 307 

Minimizing nutrition cost, 702 

Nursing homes, 844 

Nutrition, 649, 658, 674, 715 

Obesity, 237 

Sports injuries, 210 

Spread of an epidemic, 379 

Temperature during an illness, 279, 294, 544 

Threshold weight, 237 

Water weight, 77 

Labor 
Commission versus salary, 76 

Daily doubling salary, 811, 815 

Earnings for elevator and escalator installer/ 
repairer, 147 

Employed civilians, 715 

Hourly wages, 77, 803, 859 

Income plans, 82-83, 84 

Maximizing income, 701 

Minimizing salary cost, 702 

Minimum wage, 46 

Salary comparison, 75 

Sales commission, 76, 649 

Wage sequence, 798 

Weekly earnings, 96 

Women serving in the Marines, 14 

Women serving in the U.S. Air Force, 2 

Work rate, 153 

Physics 
Acceleration due to gravity, 514, 544 

Atmospheric drag, 154 

Atmospheric pressure, 390 

Beer-Lambert law, 380 

Bouncing golfball, 856 

Bouncing ping-pong ball, 815 

Boyle's law, 154 

Damped oscillations, 478 

Forces, 601, 603, 604, 605, 618, 626, 632 

Height of a ball, 200 
Height of a fireworks display, 399 

Height of a projectile, 200 

Height of a rocket, 196, 200, 307, 310 

Height of a thrown object, 294 

Hooke’s law, 153 

Hyperbolic mirror, 745 

Intensity of light, 154 

Linear speed of a wheel, 446, 485, 489 

Loudness of sound, 346-347, 389 

Musical pitch, 153 

Nuclear cooling tower, 746 

Parachutist free fall, 805 

Index of Applications [-3 

Projectile motion, 237, 777-778, 779, 788, 790 

Relative aperture, 153 

Ripple spread, 124 

Stopping distance, 154, 166 

Tension in a cable, 615, 618, 630 

Tension in a rope, 618 

Time of a free fall, 188, 223 

Whales and pressure at sea depth, 46 

Social Sciences 
The Amish, 648 

Charitable giving, 332 

Common acquaintance, 844 

Deportations, 659 

Flags of nations, 826 

Food Stamp Program, 39 

Forming committees, 834 

International adoptions, 650 

Key Club officers, 835 

Married adults, 378 

New words in the English language, 75 

Number of handshakes, 294 

Peace Corps volunteers, 133 

Production unit, 850 

Scuba Club officers, 859 

Selecting people, 848-849 

Sociological survey, 845-846 

Words in languages, 66-67 

Sports/Entertainment 
Actor portraying James Bond, 28 

Amusement park ride, 575 

Arranging athletes, 828 
Baseball, 605 

Baseball bunt, 576 

Batting orders, 826 

Bridge hands, 835 
Bungee jumping, 815 

Circus guy wire, 506 

Dart throwing, 846, 851 

Double-elimination tournaments, 829 

Earned-run average, 154 

Four Square, 403 

Games in a sports league, 237, 835, 836 

Giraffe exhibit, 566 

Golf distance finder, 107 

Gondola aerial lift, 409-410 

Grade of treadmills, 38, 48 

Hitting lessons, 321 

Indiana lottery, 833-834 

In-line skater, 576 

Linear speed of a ferris wheel, 492 

Linear speeds on a carousel, 440, 446 

Medal events in the Winter Olympics, 2 

Mount Rushmore National Memorial, 415 

Movie ticket price, 255 

Museums in China, 182-183 

NFL stadium elevation, 78 

Olympic downhill course, 38 

Painting and artist, 27 

Paralympic medals, 635, 656-657 



I-4 Index of Applications 

PGA tournaments, 19 

Poker hands, 835, 836, 850, 852 

Postseason bowl games, 323 

Rope course and climbing wall, 506 

Roulette, 851 

Running versus walking, 79 

Setting a fishing reel line counter, 414 

Shark pool, 555, 575 

Single-elimination tournaments, 829 

Ski Dubai resort, 492 

Slow-pitch softball, 577 

Soccer fields, 76 

Sprint Cup Series, 14 

Swimming, 108, 577 

T206 Wagner baseball card, 379 

Tallest ferris wheel, 431 

Television ratings, 845 

Tennis participation, 333 

Theater attendance, 660 

Tour de France, 446 

US. Cellular Field, 412-413 

Vietnam Veterans Memorial, 559-560 

Walking at Niagara Falls, 407 

Walking speed, 342-343, 345-346, 389 
Zip line, 414 

Statistics/Demographics 
Centenarian population, 311, 332 

Growth rate of a country, 391 

Multigenerational households, 187 

Population density, 76 

Population growth, 283, 294, 308, 367-369, 

372, 376, 387, 389, 390, 815 

Population loss, 45, 87 

Population of the United States, 31 

Prison admissions, 237 

US. population by time zone, 2 

Technology 
Accessing the Internet by smartphone, 61 

Increasing CPU power, 331 

Internet use, 60 

Skype concurrent users, 323, 331-332 

Transportation 
Aerial navigation, 428, 430, 432, 483 

Airline passengers, 655-656 

Airplane speed and direction, 68-69, 

601-602, 613-614 

Airplane travel, 643-644 

Airplanes, 577, 604, 605, 618, 631, 632 

Angle of depression of an airplane, 531 

Angular speed of a capstan, 441-442 

Baggage fees, 648 

Bicycling speed, 221 

Blimp distance, 107 

Boat, 604, 617 

Bus travel, 149 

Distance between towns, 416 

Distance from a lighthouse, 416 

Distance to Nassau, 566-567 

Distance traveled, 75 

Electric bike sales, 45 

Flying into a headwind or with a 

tailwind, 76, 93 

Guns with airline passengers, 146 

Hot-air balloon, 604, 605 

Lighthouse, 566 

Lobster boat, 416 

Location of a motor home, 492 

Location of a plane, 489, 633 

Long-range navigation system 

(LORAN), 744 
Luggage wagon, 604 

Minimizing transportation cost, 701 

Motion, 649, 650 

Nautical mile, 514, 544 

Navigation, 746, 789 

Railroad miles, 237 

Rate of travel, 153 

Reconnaissance airplane, 566, 577 

Registered snowmobiles, 650 

Rising hot-air balloon, 107 

Ships, 576, 604, 617, 632 

Sound of an airplane, 417 

Survival trip, 576 

Train speeds, 75, 184 

Transcontinental railroad, 659 

Traveling up or downstream, 77 
Valve cap on a bicycle, 431 



Abscissa, 3 

Absolute value, 211, 864 

of complex numbers, 578, 579, 620 

and distance between points, 864 

equations with, 211, 220 

inequalities with, 212, 220 

and radical expressions, 882 

Absolute-value function, 134 

Absorption, coefficient of, 380 

Acceleration due to gravity, 514, 544 
Acute angle, 394 

Addition. See also Sums. 

associative property, 863 

commutative property, 863 

of complex numbers, 170, 215 

of exponents, 868 

of functions, 111, 156 

of matrices, 667, 668, 670, 711 

of ordinates, 472 

of polynomials, 870 

of radical expressions, 882 

of rational expressions, 880 

of real numbers, 865 

of vectors, 600, 608, 610, 626, 628 

Addition principle 

for equations, 63, 89, 874 

for inequalities, 80, 90, 875 

Addition properties 

for matrices, 670 

for real numbers, 863 

Additive identity 

for matrices, 669 

for real numbers, 863 

for vectors, 610, 628 

Additive inverse 

for matrices, 668 

for real numbers, 863 

Aerial navigation, 428, 483 
Algebra, fundamental theorem of, 258, 300 

Algebra of functions, 111, 156 
and domains, 113, 156 

Alternating sequence, 793 

Ambiguous case, 561 

Amplitude, 455, 464, 465, 470, 481, 488 

Angle(s), 418 

acute, 394, 419 

between lines, 506 

between vectors, 614, 629 

central, 439 
complementary, 402, 419, 481 

coterminal, 418, 481 

decimal degree form, 400 

of depression, 408 
direction, 612, 629 

D°M’'S" form, 399 
drift, 602 

of elevation, 408 

initial side, 418 

negative rotation, 418 

obtuse, 419 

positive rotation, 418 

quadrantal, 424, 482 

radian measure, 436, 439, 484, 485 

reference, 425, 482 

right, 394, 419 

standard position, 418 

straight, 419 

supplementary, 419, 481 

terminal side, 418 
vertex 418 

Angular speed, 440, 485 
Annuity, 812 

Applications, see Index of Applications 

Arc length, 439, 448, 485 

Arccos, 524, 525, 549 

Arcsin, 524, 525, 549 

Arctan, 524, 525, 549 

Area of a triangle, 405, 564, 620 

Argument of a + bi, 579 
Arithmetic mean, 806 

Arithmetic progressions, see Arithmetic 

sequences 

Arithmetic sequences, 799, 853 

common difference, 799, 853 

nth term, 800, 853 

sums, 802, 853 

Arithmetic series, 801 

ASK mode, 65 

Associative properties 

for matrices, 670 

for real numbers, 863 

Asymptotes 

crossing, 275, 303 

of exponential functions, 324 
horizontal, 271, 302 

of a hyperbola, 739 

of logarithmic functions, 341 

oblique, 273, 302 

slant, 273, 302 

vertical, 268, 302 

Augmented matrix, 660, 680 

AUTO mode, 7 

Average, 806 

Average rate of change, 39, 87, 114 

Axes. See also Axis. 

of a coordinate system, 2 

of an ellipse, 730 

of a hyperbola, 738 

rotation of, 759-764, 784 
Axis 

conjugate, 738 

imaginary, 578 

major, 730 

minor, 730 

polar, 590 

real, 578 

of symmetry, 189, 720 
transverse, 738 

x-,2 

Yy-r2 

Back-substitution, 651 

Bar graph, 2 

Base 

change of, 340, 354, 384 

of an exponential function, 323 

in exponential notation, 868 

Base e logarithm, 339, 384 

Base-exponent property, 357, 386 

Base-10 logarithm, 338 
Basis step, 817, 853 

Bearing, 411, 428, 483 

Beer—-Lambert law, 380 

Bel, 346 

Bevel, 572 

Binomial(s), 870 

product of, 871 

Binomial coefficient notation, 832, 839, 854 

Binomial expansion 

using factorial notation, 839, 855 

(k + 1)st term, 841, 855 
using Pascal's triangle, 838, 855 

Binomial theorem, 838, 839, 855 

Book value, 806 
Boyle's law, 154 

Break-even point, 650 

Calculator. See also Graphing calculator. 

logarithms on, 338, 339 

trigonometric functions on, 425, 427, 452 

Canceling, 878 

Carbon dating, 375 

Cardioid, 593 



1-6 Index 

Carry out, 66 

Cartesian coordinate system, 3 

Center 

of circle, 11, 86, 728 

of ellipse, 729 

of hyperbola, 738 

Central angle, 439 

Change-of-base formula, 340, 354, 384 
Checking the solution, 64, 65, 66, 80, 204, 

205, 208, 219, 540 

Circle graph, 2 

Circles, 11, 728 

center, 11, 86, 728 

equation, standard, 11, 86, 

WR, Ths 

graph, 72957811. 

radius, 11, 86, 728 

unit, 17, 433, 483 

Circular arrangements, 858 

Circular functions, 448, 449, 486 

Clearing fractions, 203, 219 

Coefficient 

of absorption, 380 

binomial, 832, 839, 854 

of linear correlation, 58 

leading, 226, 295 

Coefficient matrix, 660 

Cofactor, 686 

Cofunctions, 402, 480, 507, 508, 546 

Collecting like (or similar) terms, 870 

Column matrix, 672 

Columns of a matrix, 660, 711 

Combinations, 830, 831, 854 

Combinatorics, see Combinations; 

Permutations 

Combined variation, 151, 162 

Combining like (or similar) 

terms, 870 

Common denominator, 880 

Common difference, 799, 853 

Common factor, 873 

Common logarithms, 338 

Common ratio, 807, 853 

Commutative properties 

for matrices, 670 

for real numbers, 863 

Complementary angles, 402, 419, 481 

Completing the square, 177, 216, 723 

Complex conjugates, 171, 215 

Complex numbers, 169, 215 

absolute value, 578, 621 

addition, 170, 215 

argument, 579 

conjugates of, 171, 215 

division of, 172, 215, 582, 622 

graphical representation, 578, 621 

imaginary, 169 

imaginary part, 169, 215 

multiplication of, 170, 215, 581, 622 
polar notation, 579 

powers of, 583, 622 

powers of i, 171 

pure imaginary, 169 

real part, 169, 215 

roots of, 584, 623 

standard notation 579, 621 

subtraction, 170, 215 

trigonometric notation, 579, 621 

Complex rational expressions, 881 

Component form of a vector, 606, 627 

Components of a vector, 602, 626 

scalar, 606, 627 

Composite function, 118 

Composition of functions, 119, 157 

and inverse functions, 318, 382, 527, 

528, 549 

trigonometric, 527, 528, 549 

Compound inequality, 81, 91 

Compound interest, 326, 369, 383, 387 

Conic sections, 720, 768 

circles, 720, 728 

classifying equations, 743 

degenerate, 764 

directrix, in polar form, 768 

discriminant, 764, 785 

eccentricity, 736, 745, 768, 769 

ellipses, 720, 729, 781, 782 

focus, in polar form, 768 

hyperbola, 720, 738, 782, 783 

parabolas, 720, 780, 781 

polar equations, 768, 785 

and rotation of axes, 759-764, 784 

Conjugate axis of hyperbola, 738 

Conjugates 

of complex numbers, 171, 215 

as zeros, 259 

of radical expressions, 883 

Conjunction, 81, 91 

Connecting the Concepts, 27, 73, 185, 190, 
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743, 834 

Consistent system of equations, 637, 708 

Constant function, 33, 98, 155, 226 

Constant of proportionality, 147, 149, 161 

Constant, variation, 147, 149, 161 

Constraints, 697 

Continuous compounding of interest, 

369, 387 

Continuous functions, 228 

Converting 

between degree and radian measure, 

437, 484 

between D°M'S" and decimal degree 

notation, 400, 480 

between exponential and logarithmic 

equations, 337 

between parametric and rectangular 

equations, 775, 777 

between polar and rectangular 

coordinates, 623 

between polar and rectangular equations, 

592, 624, 772, 786 

between radical and exponential notation, 

884 

between trigonometric and standard 

notation, 579, 580 

Cooling, Newton's law of, 379 

Coordinate system 

Cartesian, 3 

polar, 589, 623 

Coordinates, 3 

Correlation, coefficient of, 58 

Correspondence, 18. See also Functions; 

Relation. 

Cosecant function, 395, 421, 449, 459, 479, 

481, 486 

graph, 458, 459 

Cosine function, 394, 395, 421, 449, 479, 

481, 486 

amplitude, 455, 456, 487 

domain, 454, 456, 487 

graph, 453, 454, 456 

period, 455, 456, 487 

range, 454, 456, 487 

Cosines, law of, 569, 620 
Cost 

fixed, 47 

total, 201 

variable, 47 

Cotangent function, 395, 421, 449, 458, 479, 

481, 486 

graph, 458 

Coterminal angles, 418, 481 

Counting principle, fundamental, 

823, 853 

Cramer's rule, 687-689, 737 

Critical value, 290 

Cube root, 134, 882 

Cube root function, 134 

Cubes, factoring sums and differences, 

873 

Cubic function, 226, 227 

Cubing function, 134 

Curve fitting, 55. See also Regression. 

Curve, plane, 774, 775, 786 

Cycloid, 778 

Damped oscillation, 473 

Dead Sea scrolls, 375 

Decay, exponential, 373, 387 

half-life, 374 

Decay rate, 373 

Decibel, 347 

Decimal degree form, 400 

Decimal notation, 862 

Decomposing a function, 122, 157 

Decomposition, partial fraction, 703 

Decreasing function, 98, 155 

Degenerate conic section, 764 

Degree 

of a polynomial, 870 

of a polynomial function, 226, 295 
of a term, 870 



Degree measure, 399, 418 

converting to radians, 437, 484 

decimal form, 400 

D°M’'S" form, 399 

and radian equivalents, 438, 484 
Demand, 380, 644 

DeMoivre, Abraham, 583 

DeMoivre's theorem, 584, 622 
Denominator 

least common, 880 

rationalizing, 883 

Dependent equations, 637, 664, 688, 708 

Dependent variable, 6 

Depreciation, straight-line, 47 

Depression, angle of, 408 

Descartes, René, 262 

Descartes’ rule of signs, 263, 301 

Determinants, 684-687, 712 

Diagonals of a polygon, 294 

Difference. See also Subtraction. 

common, 799, 853 

of cubes, factoring, 873 

of functions, 111, 156 

of logarithms, 350, 385 

square of, 871 

of squares, factoring, 873 

of vectors, 609, 628 

Difference identities, 499-502, 545 

Difference quotient, 114, 157 

Dimensions of a matrix, 660 

Direct variation, 147, 161 

Direction angle, 612, 629 

Direction of a vector, 598, 599, 625 

Directly proportional, 147, 161 

Directrix 

of a conic section in polar form, 768 

of a parabola, 720 

Discontinuous function, 228 

Discriminant, 181, 217, 764, 785 

Disjunction, 82, 91 

Displacement, 598, 599 

Distance. See also Distance formula. 

of a fall, 188 
on the number line, 8, 85, 864 

projectile motion, 196 

Distance formula, 68, 643. See also Distance. 

Distinguishable permutations, 828 

Distributive property 

for matrices, 670 

for real numbers, 863 

Dividend, 250 

Division 

of complex numbers, 172, 215, 582, 622 

of exponential expressions, 868 

of functions, 111, 156 

of polynomials, 249, 251, 298 

of radical expressions, 882 

of rational expressions, 879 

of real numbers, 865 

synthetic, 231 

Divisor, 250 

D°M'S" form, 399 
Domain 

of a function, 18, 23, 25, 86 

and the algebra of functions, 113, 156 
polynomial, 228 

rational, 267, 302 

trigonometric, 448, 454, 456, 485 

of a rational expression, 878 
of a relation, 19 

restricting, 319 

Dot product, 614, 628 

Double-angle identities, 509, 510, 547 

Doubling time, 368, 372, 387 

DRAW menu, 12 

Drift angle, 602 

OQ yf, aos 

Earthquake magnitude, 343, 385 
Eccentricity 

of a conic in polar form, 768, 769 
of an ellipse, 736, 768, 769 

of a hyperbola, 745, 768, 769 
Economic multiplier effect, 812 

Element in a function’s domain, 18 

Elements of a matrix, 661, 711 

Elevation, angle of, 408 

Eliminating the parameter, 775 

Eliminating the xy-term, 763, 784 

Elimination 

Gaussian, 651, 710 

Gauss—Jordan, 663 

Elimination method, 638, 709 

Ellipse, 729 

center, 729 

eccentricity, 736, 768, 769 

equations, 730, 732, 764, 769, 781, 782 

foci, 729 

graphs, 731-733 

major axis, 730 

minor axis, 730 

vertices, 730 

x-, y-intercepts, 730 

Empty set, 212 

End behavior, 228, 229, 296 

Entries of a matrix, 661, 711 

Equality of matrices, 667 

Equally likely outcomes, 847 

Equation, 62 

with absolute value, 211, 220 

checking the solutions, 64, 65, 66, 80, 204, 

205, 208, 219 

of circles, 11, 86, 728, 764, 770, 781, 785 

of ellipses, 730, 732, 764, 770, 781, 782 

exponential, 337, 356 ; 
graphs of, 4. See also Graphs. 
of hyperbolas, 738, 741, 764, 770, 782, 783 

with infinitely many solutions, 65, 90 

of inverse relations, 312 

linear, 41, 62 

logarithmic, 337, 362 

logistic, 372 

Index [-7 

matrix, 673, 712 

with no solution, 65, 89 

in one variable, 62 

of parabolas, 721, 723, 764, 770, 780, 781 

parametric, 775, 786 

point-slope, 51, 54, 88 

polar, 592 

of conics, 768, 770, 785 

quadratic, 174, 215 

quadratic in form, 181, 217 

radical, 205, 219 

rational, 203, 219 

rectangular, 592 

reducible to quadratic, 181, 217 

related, 284, 692, 713 

roots of, 175. See also Solutions of 

equations. 

slope-intercept, 41, 50, 54, 87, 88 

solution of, 3, 62 

solution set, 62 

solving, 62, 533, 874 

solving systems of, see Solving systems of 

equations 

systems of, 636, 708 

nonlinear, 511, 521 

in three variables, 651 
translating to, 66 

trigonometric, 533, 550 

Equation-editor screen, 6 

Equilibrium, forces in, 615, 630 

Equilibrium point, 644 

Equilibrium price, 380, 644 

Equivalent inequalities, 79 

Equivalent systems of equations, 640 

Equivalent vectors, 599, 607, 625, 628 

Euler, Leonhard, 327 

Evaluating a determinant, 684-687 

Even functions, 130, 158 

Even multiplicity, 232, 297 

Event, 822, 846 

Experimental probability, 843, 844, 

845, 855 

Exponent(s), 868 

integer, 868 

properties of, 868 

rational, 884 

of zero, 868 

Exponential decay model, 373, 387 

Exponential equation, 337, 356 

Exponential function, 323, 383 

asymptote, 324 

base, 323, 328 

graphs, 324, 328, 383 

inverses, 334, 384, 385. See also 

Logarithmic functions. 

properties, 325, 383 

y-intercept, 325, 383 

Exponential growth model, 367, 387 

and doubling time, 368, 372, 387 

growth rate, 367, 387 

Exponential notation, see Exponent(s) 
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Expressions 

complex rational, 881 

radical, 882 

rational, 878 

with rational exponents, 884 

Factor, common, 873 

Factor theorem, 252, 299 

Factorial notation, 824, 853 

and binomial expansion, 839, 855 

Factoring 

common factors, terms with, 872 

differences of cubes, 873 

differences of squares, 873 

FOIL method, 872 

by grouping, 872 

polynomial functions, 252, 258, 298, 299 

polynomials, 252, 299, 872, 873 
sums of cubes, 873 

trinomials, 872, 873 

Factors of polynomials, 252, 299 

Familiarize, 66 

Feasible solutions, 697, 713 

Fibonacci sequence, 798 

Finite sequence, 792, 852 

Finite series, 794, 853 

First coordinate, 3 

Fitting a curve to data, 55 

Fixed costs, 47 

Foci, see Focus 

Focus 

of a conic in polar form, 768 

of an ellipse, 729 

of a hyperbola, 738 

of a parabola, 720 

FOIL, 871 

and factoring, 872 

Force, 598, 599 

Forces in equilibrium, 615, 630 

Formulas 

change-of-base, 340, 354, 384 

compound interest, 326, 369, 383, 387 

diagonals of a polygon, 294 

distance 

between points, 8, 85, 864 

of a free fall, 188 

for inverses of functions, 316, 382 

midpoint, 10, 85 

motion, 68, 643 

quadratic, 179, 217 

recursion, 796, 852 

rotation of axes, 761, 784 

simple interest, 69 

FRAC feature, 64 

Fraction equations, see Rational equations 

Fraction exponents, 884 

Fraction expressions, see Rational 

expressions 

Fractions 

clearing, 203, 219 

partial, 703-707 

Functions, 18, 86 

absolute value, 134 

algebra of, 111, 156 

circular, 448, 449, 486 

cofunctions, 402, 480 

composite, 118 

composition of, 119, 157, 527, 528, 549 

constant, 33, 98, 155, 226 

continuous, 228 

as correspondences, 18 

cube root, 134 

cubic, 226, 227 

cubing, 134 

decomposing, 122, 157 

decreasing, 98, 155 
defined piecewise, 103, 156 

difference of, 111, 156 

difference quotient, 114, 157 

discontinuous, 228 

domain, 18, 23, 25, 86 

element, 18 

even, 130, 158 

exponential, 323, 383 

graphs, 21 

greatest integer, 105, 156 

horizontal-line test, 315, 381 

identity, 33, 134 

increasing, 98, 155 

input, 20 

inverse trigonometric, 524, 525, 549 

inverses of, 314, 381 

library of, 134. See also inside back cover. 
linear, 33, 226 

logarithmic, 334, 335, 384 

logistic, 372 

nonlinear, 33 

nonpolynomial, 228 

notation for, 20 

objective, 697, 713 

odd, 130, 158 

one-to-one, 314, 381 

output, 20 

periodic, 455, 486 

phase shift, 468, 469, 470, 488 

piecewise, 103, 156 

polynomial, 226, 295 

product of, 111, 156 

quadratic, 174, 215, 226, 227 

quartic, 226 

quotient of, 111, 156 

range, 18, 25, 86 

rational, 267, 302 

reciprocal, 134 

trigonometric, 395, 421, 479, 481 

reflections, 127, 136-138, 142, 159 

relative maxima and minima, 99, 100, 155 

sequence as, 792 

shrinking, 139, 140, 142, 160 

square root, 134 

squaring, 134 

stretching, 138, 139, 142, 160 

sum of, 111, 156 
transformations, 134-142, 159, 160, 

462-472, 487 

translations, 134-136, 159, 463, 468, 470, 

487 

trigonometric, 394, 395, 420, 421, 427, 

449, 479, 481, 482, 486 

values, 21, 22 

vertical-line test, 23, 86 

zeros of, 72, 90, 215, 230 

Fundamental counting principle, 823, 853 

Fundamental theorem of algebra, 258, 300 

Gauss, Karl Friedrich, 651, 663 

Gaussian elimination, 651, 710 

with matrices, 661, 711 

Gauss—Jordan elimination, 663 

General term of a sequence, 794 

Geometric progressions, see Geometric 

sequences 

Geometric sequences, 807, 853 

common ratio, 807, 853 

infinite, 810 
nth term, 808, 853 

sums, 809, 853 

Geometric series, 809 

infinite, 810 

Grade, 37 

Graph styles, 693, 694 

Graphing calculator 

and absolute value, 579 

and addition of matrices, 668 

ANGLE menu, 400, 437 

and checking partial fraction 

decompositions, 704 

and checking solutions of equations, 65, 

205, 208 

and checking solutions of inequalities, 

80, 82 

and circles, 12, 729 

coefficient of linear correlation, 58 

and combinations, 832 

and complex numbers, 170, 172, 579, 580, 

581, 582, 583, 584, 586 

and composition of functions, 120 

converting to/from degrees and 

radians, 437 

converting to/from D°M'S” and decimal 
degree form, 400 

DEGREE mode, 400, 427 

and determinants, 687 

DIAGNOSTIC, 58 

DMS feature, 400 

D°M'S" notation, 400 

DRAW menu, 12 

and ellipses, 731, 733 

equation-editor screen, 6 

and evaluating functions, 235 

and factorial notation, 824 
FRAC feature, 64 

and function values, 21, 24 



graph styles, 497, 509, 693, 694 
graphing equations, 6 
graphing inequalities, 693, 694, 695, 696 
graphing logarithmic functions, 341 

graphing trigonometric functions, 454 
graphing the unit circle, 452 

and greatest integer function, 105 
and hyperbolas, 740, 742 

and identities, 497, 509, 512 

and inequalities, 80, 82, 288, 693, 694, 

695, 696 

Inequalz, 693 

INTERSECT feature, 64 

and inverse trigonometric functions, 
401, 524 

and inverses of functions, 317, 341, 401, 
524 

linear regression, 58 

and logarithms, 338, 339 

MATH menu, 105 

MAXIMUM feature, 100. 194 

MINIMUM feature, 100 

and multiplication of matrices, 672 

and parabolas, 194, 723, 724, 725 

and parametric equations, 452, 454, 586, 

776 

and permutations, 823, 826 

and polar equations, 594, 770, 771, 772 

and polynomial inequalities, 288 

PolySmlt, 663 

and probability, 849 

quadratic regression, 656 

RADIAN mode, 437, 452, 458 

and reduced row-echelon form, 663 

regression, 58, 656 

and relative maxima and minima, 100 

row-equivalent operations, 662 

and scalar products, 669 

scatterplot, 58 

and sequences, 793, 795, 796 

SEQUENTIAL mode, 497 

and slope, 35 

and solving equations, 64, 78, 181, 197, 

204, 206, 208, 360, 364, 537, 539 

and subtraction of matrices, 668 

and systems of equations, 636, 682, 688, 

748, 750 

and systems of inequalities, 753 

TABLE feature, 7 

and trigonometric function values, 401, 

427, 452 

VALUE feature, 21, 326 

viewing window, 6 

squaring, 12 

standard, 6 
and y-intercepts, 40 

and zeros of functions, 74, 233 

ZERO feature, 74 

ZOOM menu, 6 

Graphs, 2 
asymptotes, see Asymptotes 

bar, 2 

circle, 2 

of circles, 11, 12, 729, 781 

of complex numbers, 578, 621 

of conics, polar equations, 770-772 

of cosecant function, 458, 459 

of cosine function, 453, 454, 456 

of cotangent function, 458 

of ellipses, 731-733 

of equations, 4, 6, 85 

of exponential functions, 324, 328, 383 

of functions, 21 

hole in, 279 

of horizontal lines, 33 

of hyperbolas, 738, 740, 782, 783 
of identity function, 33, 134 

of inequalities, 692-697, 713 

intercepts, 4, 85. See also x-intercept; 

y-intercept. 

of intervals, 867 

of inverse functions, 317, 318 
of inverse relations, 312 

of inverses of exponential functions, 334 

leading-term test, 229, 296 

line, 2 

of linear functions, 33 

of linear inequalities, 80, 692 

of logarithmic functions, 340 

and multiplicity of zeros, 232, 297 

of nonlinear functions, 33 

of ordered pairs, 3 

of parabolas, 189-194, 218, 721-725, 

780, 781 

of parametric equations, 771 

of points, 3, 590, 623 

of polar equations, 593, 625 

of polynomial functions, 227, 

238-244, 297 

of quadratic functions, 189-194, 218 

of rational functions, 275, 302 

reflection, 127, 136-138, 142, 159 

rotation of axes, 759-764, 784 

scatterplot, 55, 58 

of secant function, 458, 459 

of sequences, 793 

shrinking, 139, 140, 142, 160 

of sine function, 453, 454, 456 

using slope and y-intercept, 42, 87 

solving equations using, 74 

stretching, 138, 139, 142, 160 

of sums, 472 
symmetry, 127, 128, 158 

of systems of equations, 636, 637, 708, 709 

of systems of inequalities, 696 

of tangent function, 458 
transformations, 134-142, 159, 160, 

462-472, 487, 488 

translation, 134-136, 159, 463, 468, 

470, 487 

turning point, 238, 297 

of vertical lines, 33 

Index I-9 

x-intercept, 4, 85 

y-intercept, 4, 85 

Gravity, acceleration due to, 514, 544 

Greater than (>), 866 
Greater than or equal to (=), 866 

Greatest integer function, 105, 156 

Gross domestic product, 56 

Grouping, factoring by, 872 
Growth, limited, 372 

Growth model, exponential, 367, 387 

Growth rate, exponential, 367, 372 

Half-angle identities, 511, 547 
Half-life, 374, 387 

Half-plane, 692 

Hole in a graph, 279 

Hooke’s law, 153 

Horizontal asymptotes, 271, 302 

Horizontal component of a vector, 

602, 626 

scalar, 606, 627 

Horizontal line, 33, 54, 87 

slope, 36, 87 

Horizontal-line test, 315, 381 

Horizontal stretching and shrinking, 139, 

142, 160, 466, 470, 488 

Horizontal translation, 135, 142, 159, 468, 

470, 488 

Hyperbola, 738 

asymptotes, 739 

center, 738 

conjugate axis, 738 

eccentricity, 745, 768, 769 

equations, 738, 741, 764, 770, 782, 

783, 785 

foci, 738 

graphs, 738, 740 

transverse axis, 738 

vertices, 738 

Hypotenuse, 394, 885 

i, 168, 214 

powers of, 171 

Identities 

additive 

matrix, 669 

real numbers, 863 

vector, 610, 628 

cofunction, 402, 480, 507, 508, 546 

multiplicative 

matrix, 678, 712 

real numbers, 863 

Pythagorean, 494-496, 545 

trigonometric, 402, 480, 494-496, 

499-502, 507-511, 518, 519, 

545-548 

proving, 515, 548 

Identity, 494, 545 

Identity function, 33, 134 

Identity matrix, 679, 712 

Imaginary axis, 578 



I-10 Index 

Imaginary numbers, 169 

Imaginary part of a complex number, 

169, 215 

Inconsistent system of equations, 637, 653, 

688, 708 

Increasing function, 98, 155 

Independent equations, 637, 708 

Independent variable, 6 

Index 

of a radical, 882 

of summation, 795 

Induction, mathematical, 817, 853 

Induction step, 817, 853 

Inequalities, 79 

with absolute value, 212, 220 

compound, 81, 91 

conjunction, 81, 91 

disjunction, 82, 91 

equivalent, 79 

graphing, 692-697, 713 

linear, 692 

polynomial, 284 

quadratic, 284 

rational, 288 

solution set, 72 

solutions, 79 

solving, 79-82, 875 

systems of, 695, 752, 784 

Inequalz, 693 

Infinite sequence, 792, 852 

Infinite series, 794, 810, 852, 853 

Initial point of a vector, 599 

Initial side of an angle, 418 

Infinitely many solutions, 65, 90 

Input, 20 

Integers, 861 

as exponents, 868 

Intercepts, 4. See also x-intercept; 

y-intercept. 

Interest 

compound, 326, 383 

continuously, 369, 387 

simple, 69 

Intermediate value theorem, 244, 298 

INTERSECT feature, 64 

Intersect method, 64, 74 

Interval notation, 867 

Inverse of a function, see Inverses 

Inverse.relation, 312, 381 

Inverse variation, 149, 161 

Inversely proportional, 149, 161 

Inverses 

additive 

of matrices, 668 

of real numbers, 863 

function, 314, 381 

and composition, 318, 382 

exponential, 383, 384, 385 

formula for, 316, 382 

and reflection across y = x, 317, 382 

trigonometric, 524, 525, 549 

multiplicative 

of matrices, 679, 680, 712 

of real numbers, 863 

relation, 312, 381 

Invertible matrix, 681 

Irrational numbers, 169, 861, 862 

Irrational zeros, 259, 300 

Irreducible quadratic factor, 703 

Isosceles triangle, 398 

Joint variation, 151, 162 

Jordan, Wilhelm, 663 

(k + 1)st term, binomial expansion, 841, 

855 

Latitude, 514 

Law of cosines, 569, 620 

Law of sines, 558, 619 

Leading coefficient, 226, 295 

Leading 1, 661 

Leading term, 226, 295 

Leading-term test, 229, 296 

Least common denominator (LCD), 880 

Legs of a right triangle, 885 

Length of a vector, 607, 625, 628 

Less than (<), 866 

Less than or equal to (=), 866 

Libby, Willard E., 375 

Library of functions, 134. See also inside back 

cover. 
Like terms, 870 

Limit, infinite geometric series, 810, 853 

Limited population growth, 372 

Limiting value, 372 

Line, see Lines 

Line graph, 2 

Line of symmetry, see Axis of symmetry 

Linear combination of unit vectors, 611, 628 

Linear correlation, coefficient of, 58 

Linear equations, 41, 62 

in three variables, 675 

Linear functions, 33, 226 

applications, 42 

slope, 34, 35, 87 

zero of, 72, 90 

Linear inequalities, 692. See also Inequalities. 

systems of, 695 

Linear programming, 697, 713 

Linear regression, 57, 58 

Linear speed, 441, 485 

Lines 

angle between, 506 

horizontal, 33, 54, 87 

parallel, 52, 54, 88 

perpendicular, 53, 54, 89 

point-slope equation, 51, 54, 88 

slope of, 34, 35, 54, 87 

slope-intercept equation, 41, 50, 54, 87, 88 

vertical, 33, 54, 87 

Lithotripter, 734 

In, 339 
log, 338. See also Logarithm. 
Logarithm, 335. See also Logarithmic 

functions. 

base e, 339, 384 

base-exponent property, 357, 386 

base-10, 338, 384 

a base to a logarithmic power, 354, 385 

of a base to a power, 353, 385 

on a calculator, 338, 339 

change-of-base, 340, 354, 384 

common, 338, 384 

natural, 339, 384 

power rule, 350, 385 

product rule, 349, 385 

properties, 349-351, 354, 385 

quotient rule, 350, 385 

Logarithm function, see Logarithmic functions 

Logarithmic equality, property of, 358, 386 

Logarithmic equation, 337, 362 

Logarithmic functions, 334, 335, 384. 

See also Logarithm. 

asymptote, 336, 341, 384 

domain, 336, 384 

graphs, 340 

properties, 336, 349-351, 354, 384, 385 

range, 336, 384 

x-intercept, 336, 384 

Logistic function, 372 

LORAN, 744 

Loudness of sound, 346 

Magnitude of an earthquake, 343, 385 

Magnitude of a vector, 598, 599, 607, 625 
Main diagonal, 661 

Major axis of an ellipse, 730 

Mathematical induction, 817, 853 

Mathematical models, 55, 655, 710, 752. 

See also Regression. 

Matrices, 660, 711 

addition of, 667, 668, 670, 711 

properties of, 670 

additive identity, 669 

additive inverses of, 668 

augmented, 660, 680 

coefficient, 660 

cofactor, 686 

column, 672 

columns of, 660, 711 

determinant of, 684-687, 712 

dimensions, 660 

elements, 660 

entries, 660 

equal, 667 

and Gaussian elimination, 661, 711 

and Gauss—Jordan elimination, 663 

identity, multiplicative, 678, 712 

inverses of, 679, 680, 712 

invertible, 681 

leading 1, 661 

main diagonal, 661 



minor, 685 

multiplicative inverse, 678 

multiplying, 671, 672, 711 

properties of, 673 

by a scalar, 669, 711 

nonsingular, 681 

opposite of, 668 

order, 660, 711 

reduced row-echelon form, 661, 

663, 711 
row, 672 

row-echelon form, 661, 711 

row-equivalent, 661 

row-equivalent operations, 661, 711 

rows of, 660, 711 

and scalar multiplication, 669, 670, 711 

singular, 681 

square, 660 

subtraction, 667, 668, 711 

and systems of equations, 661, 663, 682, 
FAME AZ 

Zero, 669 

Matrix, see Matrices 

Matrix equation, 673, 712 

Maxima, 99 

Maximum 

in linear programming, 697, 713 

quadratic function, 189 

relative, 99, 100, 155 

MAXIMUM feature, 100 

Mean, arithmetic, 806 

Midpoint formula, 10, 85 

Minima, 99 

Minimum 

in linear programming, 697, 713 

quadratic function, 189 

relative, 99, 100, 155 

MINIMUM feature, 100 

Minor, 685 

Minor axis of an ellipse, 730 

Models, mathematical, 55, 413, 655, 710, 

752. See also Regression. 

Monomial, 870 

Motion, projectile, 196 

Motion formula, 68, 643 

Multiple, scalar, 608 

Multiplication 

associative property, 670, 863 

commutative property, 863 

of complex numbers, 170, 215, 

581, 622 

of exponential expressions, 868 

of exponents, 868 

of functions, 111, 156 

of matrices, 671, 672, 711 

and scalars, 669, 670, 711 

of ordinates, 473 

of polynomials, 871 

of radical expressions, 882 

of rational expressions, 879 

of real numbers, 865 

scalar 

for matrices, 669, 670, 711 

for vectors, 608, 610, 628 

Multiplication principle 

for equations, 63, 89, 874 

for inequalities, 80, 90, 875 

Multiplicative identity 

matrices, 678, 712 

real numbers, 863 

Multiplicative inverse 

matrices, 678 

real numbers, 863 

Multiplicity of zeros, 232, 297 

nth partial sum, 794, 852 

nth root, 882 

nth roots of unity, 585 

nth term 

arithmetic sequence, 800, 853 

geometric sequence, 808, 853 

Nappes of a cone, 720 

Natural logarithms, 339, 384 

Natural numbers, 861 

Nautical mile, 514, 544 

Navigation, aerial, 428, 483 

Negative exponents, 868 

Negative rotation, 418 

Newton's law of cooling, 379 

No solution, equations with, 65, 89 

Nondistinguishable objects, permutations 

of, 828, 854 

Nonlinear function, 33 

Nonlinear systems of equations, 747, 783 

Nonlinear systems of inequalities, 752, 784 

Nonpolynomial functions, 228 

Nonreal zeros, 259, 300 

Nonsingular matrix, 681 

Notation 

binomial coefficient, 832, 854 

combination, 830 

decimal, 862 

exponential, 868 

factorial, 824, 853 

function, 20 

interval, 867 

inverse function, 314 

trigonometric, 524, 525, 549 

for matrices, 667 

permutation, 823 

polar, 579 

radical, 882 

scientific, 869 

sigma, 795 

standard, for complex numbers, 579, 621 

summation, 795 

trigonometric, for complex numbers, 579, 621 

Number line, 866 

distance between points, 864 

Numbers 
complex, 169, 215, 579, 621 

imaginary, 169 

Index I-11 

integers, 861 

irrational, 169, 861, 862 

natural, 861 

pure imaginary, 169 

rational, 169, 861, 862 

real, 169, 861, 862 

whole, 861 

Numerator, rationalizing, 883 

Objective function, 697, 713 

Oblique asymptotes, 273, 302 

Oblique triangle, 556 

Obtuse angle, 419 

Odd functions, 130, 158 

Odd multiplicity, 232, 297 

One-to-one functions, 314, 381 

and inverses, 314, 381 

Open interval, 867 

Operations 

order of, 869 

with real numbers, 865 

row-equivalent, 661, 711 

on vectors, 608-610, 628 

Opposite of a matrix, 668 

Order 

of a matrix, 660 

of operations, 869 

of real numbers, 866 

Ordered pair, 3 

Ordered triple, 651 

Ordinate(s), 3 

addition of, 472 

multiplication of, 473 

Origin, 2 

symmetry with respect to, 128, 158 

Orthogonal vectors, 618 

Oscillation, damped, 473 

Oscilloscope, 472 

Outcomes, 822, 846 

equally likely, 847 

Output, 20 

Pair, ordered, 3 

Parabola, 189, 720 

axis of symmetry, 189, 720 

directrix, 720 

equations, 721, 723, 780, 781 

focus, 720 

graphs, 189-194, 721-725, 780, 781 

vertex, 189, 193, 218, 720 

Parallel lines, 52, 54, 88 

Parallelogram law, 600 

Parameter, 775, 786 

Parametric equations, 775, 786 

converting to/from rectangular equations, 

VUES VAY. 

on a graphing calculator, 452, 454, 586 

Partial fractions, 703-707 

Partial sum, 794, 852 

Pascal's triangle, 837 

Perimeter, 70 



I-12 Index 

Periodic function, 455, 466, 470, 486, 487 

Permutation, 822, 823 

on a calculator, 823, 826 

of n objects, k at a time, 825, 826, 854 

allowing repetition, 827, 854 

of n objects, total number, 823, 854 

of nondistinguishable objects, 828, 854 
Perpendicular lines, 53, 54, 89 

pH, 346 

Phase shift, 468, 469, 470, 488 

Piecewise-defined function, 103, 156 

Plane curve, 774, 775, 786 

Plotting a point, 3, 590, 623 

Point 

coordinates of, 3 

plotting, 3, 590, 623 

Point-slope equation, 51, 54, 88 

Poker hands, 836, 852 

Polar axis, 590 

Polar coordinates, 589, 623 

converting to/from rectangular 
coordinates, 591, 623 

Polar equation 

of a conic, 768, 770, 785 

converting to a rectangular equation, 592, 

624, 772, 786 

graphing, 593, 625 

Polar notation, 579 

Pole, 590 

Polygon, number of diagonals, 294 

Polynomial(s), 870. See also Polynomial 

functions. 

addition, 870 

binomial, 870 

degree of, 870 
degree of a term, 870 

division of, 249, 251, 298 

factoring, 252, 299, 872, 873 

factors of, 252, 299 

leading coefficient, 226, 295 
monomial, 870 

multiplication of, 871 

in one variable, 870 

in several variables, 870 

subtraction of, 870 

trinomial, 870 

Polynomial function, 226, 295. 

See also Polynomials. 

coefficients, 226, 295 

degree, 226, 295 

domain, 228 

factoring, 252, 258, 298, 299 

graph of, 227, 238-244, 297 

intermediate value theorem, 

244, 298 

leading coefficient, 226, 295 

leading term, 226, 295 

leading-term test, 229, 296 

as models, 234 

values, 250, 299 

zeros of, 230, 259, 296, 300 

Polynomial inequalities, 284 

solving, 284, 304 

PolySmlt, 421 

Population decay, 373, 387 

half-life, 374 
Population growth, 367, 387 

doubling time, 368, 372, 387 

limited, 372 

Position vector, 606 

Positive rotation, 418 

Power, raising to a power, 868 

Power rule 

for exponents, 868 

for logarithms, 350, 354, 385 

Powers 

of complex numbers, 583, 622 

of i, 171 

principle of, 205, 219 

Present value, 380 

Price, equilibrium, 380, 402 

Principal root, 882 

Principles(s) 

addition, 63, 89, 874, 875 

fundamental counting, 823, 853 

of mathematical induction, 817, 853 

multiplication, 63, 89, 874, 875 

P (experimental probability), 845, 855 

P (theoretical probability), 847, 856 

of powers, 205, 219 

of square roots, 175, 216, 877 

of zero products, 175, 216, 876 

Probability, 843 

experimental, 843, 844, 845, 855 

properties, 848 

theoretical, 843, 846, 847, 856 

Problem-solving steps, 66 

Product. See also Multiplication. 

dot, 614, 628 

of functions, 111, 156 

logarithm of, 349, 385 

of matrices, 671, 672, 711 

raised to a power, 868 

scalar 

for matrices, 669, 711 

for vectors, 608, 610, 628 

of vectors, 614, 628 

Product rule 

for exponents, 868 

for logarithms, 349, 354, 385 

Product-to-sum identities, 518, 548 

Profit, total, 201 

Programming, linear, 697, 713 

Progressions, see Sequences 

Projectile motion, 196, 777 

Properties 

of addition 

of real numbers, 863 

of vectors, 610 

associative, 670, 863 

base-exponent, 357, 386 

commutative, 670, 863 

of cosine function, 456 

distributive, 670, 863 

of exponential functions, 325, 383 

of exponents, 868 
of logarithmic equality, 358, 386 

of logarithmic functions, 336, 349-351, 

384, 385 
of logarithms, 349-351, 354, 385 

of matrix addition, 670 

of matrix multiplication, 673 

of multiplication of real numbers, 863 

of probability, 848 

of radicals, 882 

of real numbers, 863 

of scalar multiplication 

for matrices, 670 

for vectors, 610 

of sine function, 456 

of vector addition, 610 

Proportional, see Variation 

Proving trigonometric identities, 515, 548 

Pure imaginary numbers, 169 

Pythagorean identities, 494-496, 545 

Pythagorean theorem, 885 

Quadrantal angle, 424, 482 

Quadrants, 3 

Quadratic equations, 174, 215. See also 

Quadratic function. 

discriminant, 181, 217 

solving, 175, 177, 179, 876, 877 

standard form, 174, 215 

Quadratic form, equation in, 181 

Quadratic formula, 179, 217 

Quadratic function, 174, 215, 226, 227. See 

also Quadratic equations. 

graph, 189-194, 218. See also Parabola. 

maximum value, 189 

minimum value, 189 

zeros of, 215 

Quadratic inequalities, 284 

Quadratic regression, 656 

Quartic function, 226 

Quotient 

difference, 114, 157 

of functions, 111, 156 

logarithm of, 350, 385 

of polynomials, 250 

raised to a power, 868 

Quotient rule 

for exponents, 868 

for logarithms, 350, 354, 385 

Radian measure, 436, 439, 484, 485 

converting to degree measure, 
437, 484 

and degree equivalents, 438, 484 

Radical(s), 882. See also Radical 

expressions. 

Radical equation, 205, 219 

Radical expressions, 882-884 



Radicand, 882 

Radius, 11, 86, 728 

Raising a power to a power, 868 

Raising a product or quotient to a 

power, 868 

Range 

of a function, 18, 25, 86 
of a relation, 19 

Rate of change, 34, 87, 114 

Ratio, common, 807, 853 

Rational equations, 203, 219 

Rational exponents, 884 

Rational expression, 878 

addition, 880 

complex, 881 

decomposing, 703 

division, 879 

domain, 878 

multiplication, 879 

simplifying, 878 

subtraction, 880 

Rational function, 267, 302 

asymptotes, 268, 271, 273, 302 

domain, 267, 300 

graph of, 275, 302 

Rational inequalities, 288, 305 

Rational numbers, 169, 861, 862 

Rational zeros theorem, 260, 300 

Rationalizing denominators or numerators, 

883 

Real axis, 578 

Real numbers, 169, 861, 862 

operations with, 865 

order, 866 

properties, 863 

Real part of a complex number, 169, 215 

Reciprocal, in division, 879 

Reciprocal function, 134 

trigonometric, 395, 479 

Rectangular coordinates, converting to/from 

polar coordinates, 591, 623 

Rectangular equations, 
converting to/from parametric equations, 

Us Wd 

converting to/from polar equations, 592, 

624, 772, 786 

Recursion formula, 796, 852 

Recursively defined sequence, 796, 852 

Reduced row-echelon form, 662, 711 

Reducible to quadratic equation, 181 

Reference angle, 425, 482 

Reference triangle, 420 

Reflection, 127, 136-138, 142, 159 

and inverse relations and functions, 312, 

BUTE aolte} 

on unit circle, 449, 486 

Regression 

correlation coefficient, 58 

linear, 57, 58 

quadratic, 656 

Related equation, 284, 692, 713 

Relation, 19 

domain, 19 

inverse, 312, 381 

range, 19 

Relative maxima and minima, 99, 100, 155 

Remainder, 249, 250, 298 

Remainder theorem, 250, 299 

Repeating decimals, 862 

changing to fraction notation, 811 
Representing a vector, 602, 626 

Resolving a vector into its components, 

602, 626 

Restricting a domain, 319 

Resultant, 600, 626 

Revenue, total, 201 

Richter scale, 343 

Right angle, 394 

Right triangle, 394, 885 

solving, 405, 480 

Rise, 34 

Roots. See also Radical expressions. 

of complex numbers, 584, 623 

of equations, 175 

nth, 882 

principal, 882 

square, 882 

Rotation of a ray, 418 

Rotation of axes, 759-764, 784 

Row matrix, 672 

Row-echelon form, 662, 711 

Row-equivalent matrices, 661 

Row-equivalent operations, 661, 711 

Rows of a matrix, 660, 711 

Run, 34 

Salvage value, 806 

Sample space, 846 

Scalar, 606, 608, 669, 711, 

Scalar components of a vector, 606, 627 

Scalar multiplication 

for matrices, 669, 711 

properties of, 670 

for vectors, 608, 610, 628 

Scalar product 

for matrices, 669, 711 

for vectors, 608, 610, 628 

Scatterplot, 55, 58 

Scientific notation, 869 

Secant function, 395, 421, 449, 459, 479, 

481, 486 

graph, 458, 459 

Secant line, 114 

Second coordinate, 3 

Sequences, 792 

alternating, 793 

arithmetic, 799, 853 

on a calculator, 793, 795 

Fibonacci, 798 

finite, 792, 852 

general term, 794 

geometric, 807, 853 

Index I-13 

graph, 793 

infinite, 792, 852 

partial sum, 794, 852 

recursive definition, 796, 852 

of statements, 816, 853 

terms, 792 

Series 

arithmetic, 801 

finite, 794, 852 

geometric, 809 

infinite, 794, 810, 852, 853 

partial sum, 794, 852 

Sets 

empty, 212 

solution, 62, 79, 692 

subsets, 833 

union of, 24 

Shift of a function, see Translation of a 
function 

Shrinkings, 139, 140, 142, 160, 464, 466, 

487, 488 

Sigma notation, 795 

Signs of trigonometric functions, 421, 481 

Similar terms, 870 

Similar triangles, 396 

Simple-interest formula, 69 

Simplifying radical expressions, 882 

Simplifying rational expressions, 878 

complex, 881 

Simplifying trigonometric expressions, 496 

Sine function, 394, 395, 421, 449, 479, 

481, 486 

amplitude, 455, 456, 487 

domain, 454, 456, 487 

graph, 453, 454, 456 

period, 455, 456, 487 

range, 454 456, 487 

Sines, law of, 558, 619 
Singular matrix, 681 

Slant asymptote, 273, 302 

Slope, 34, 35, 54, 87 

applications, 37 

of horizontal lines, 36, 87 

as rate of change, 34, 87 

of vertical lines, 36, 87 

Slope-intercept equation, 41, 50, 54, 87, 88 

Solution set, 62, 79, 692 

Solutions 

of equations, 3, 62 

feasible, 697, 713 

of inequalities, 79, 692, 695 

of systems of equations, 636, 651, 708, 710 

Solving equations. See also Solving systems 

of equations. 

with absolute value, 211, 220 

exponential, 357 

linear, 62, 874 

logarithmic, 362 

quadratic, 175, 177, 179, 216, 217, 

876, 877 

quadratic in form, 181 
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Solving equations (continued) 

radical, 205 

rational, 203 

reducible to quadratic, 181, 217 

trigonometric, 533, 550 

Solving inequalities, 79-82, 212, 220, 875 

polynomial, 284, 303 

rational, 388, 305 

systems of, 695, 752, 784 

Solving systems of equations 

using Cramer's rule, 687-689 

elimination method, 638, 709 

Gaussian elimination, 651, 710 

Gauss—Jordan elimination, 663 

graphically, 636, 708, 709 

using the inverse of a matrix, 681, 

682, 712 

nonlinear, 747, 783 

substitution method, 637, 709 

Solving triangles 

oblique, 556, 558, 560, 569, 572, 619, 620 

right, 405, 480 

Sound, loudness, 346 

Speed 

angular, 440, 485 

linear, 441, 485 

Square, completing, 177, 216 

Square matrix, 660 

determinant, 684-687, 712 

Square root, 882 

Square root function, 134 

Square roots, principle of, 175, 216, 877 

Squares of binomials, 871 

factoring, 873 

Squares, differences of, 873 

Squaring function, 134 

Squaring the window, 12 

Standard form 

for equation of a circle, 11, 86, 728, 781 

for equation of an ellipse, 730, 732, 

781, 782 

for equation of a hyperbola, 738, 741, 

782, 783 

for equation of a parabola, 721, 723, 

780, 781 

Standard notation, complex numbers, 

579, 621 

for quadratic equation, 174, 215 

Standard position 

for an angle, 418 

for a vector, 606 

Standard viewing window, 6 

State the answer, 66 

Statements, sequences of, 816, 853 

Straight angle, 419 

Straight-line depreciation, 47 

Stretchings, 138, 139, 142, 160, 464, 466, 

470, 487, 488 

Subsets, 833 

total number, 841, 855 

Substitution method, 637, 709 

Subtraction. See also Difference. 
of complex numbers, 170, 215 

of exponents, 868 

of functions, 111, 156 

of matrices, 667, 668, 711 

of polynomials, 870 

of radical expressions, 882 

of rational expressions, 880 

of real numbers, 865 

of vectors, 609, 628 
Sum and difference, product of, 871 

Sum and difference identities, 499-502, 545 

Sum-to-product identities, 519, 548 

Summation, index of, 795 

Summation notation, 795 

Sums. See also Addition. 

of arithmetic sequences, 802, 853 

of cubes, factoring, 873 

of functions, 111, 156 

of geometric sequences, 809, 810, 853 

graphs of, 472 
of logarithms, 350, 385 

partial, 794, 852 

squares of, 871 

of vectors, 600, 608, 610, 626, 628 

Supplementary angles, 419, 481 

Supply and demand, 380, 644 

Symmetry, 127 

axis of, 189, 720 

with respect to the origin, 128, 158 

with respect to the x-axis, 127, 128, 158 

with respect to the y-axis, 128, 158 

tests of, 128, 158 

Synthetic division, 231 

Systems of equations, 636, 708 

consistent, 637, 708 

in decomposing rational expressions, 

706 

with dependent equations, 637, 664, 

688, 708 

equivalent, 640 

inconsistent, 637, 653, 688, 708 

with independent equations, 637, 708 

and mathematical models, 655, 710 

in matrix form, 661, 663, 682, 711, 712 

nonlinear, 747, 783 

and partial fraction decompositions, 706 

solutions, 636, 651, 708, 710 

solving, see Solving systems of equations 

in three variables, 651, 710 

in two variables, 636, 708 

Systems of inequalities, 695, 752, 784 

TABLE feature, 7 

Tangent function, 394, 395, 421, 449, 458, 

479, 481, 486 

graph, 458 

Term, leading, 226, 295 

Terminal point of a vector, 599 

Terminal side of an angle, 418 

Terminating decimal, 862 

Terms of a polynomial 

degree of, 870 

leading, 226, 295 

like (similar), 870 

Terms of a sequence, 792 

Tests of symmetry, 128, 158 

Theorem 
binomial, 838, 839, 855 

DeMoivre's, 584, 622 

factor, 252, 299 

fundamental, of algebra, 258, 300 

intermediate value, 244, 298 

Pythagorean, 885 

rational zeros, 260, 300 

remainder, 250, 299 

Theoretical probability, 843, 846, 

847, 856 

Time of a free fall, 188 

Total cost, profit, revenue, 201 

Tower of Hanoi problem, 820 

Trade-in value, 806 

Transformations of functions, 134-142, 159, 

160, 462-472, 487, 488 

Translate to an equation, 66 

Translation of a function, 134-136, 159, 463, 

468, 470, 487 

Transverse axis of a hyperbola, 738 

Tree diagram, 822 

Triangle, Pascal's, 837 
Triangle(s) 

area, 405, 564, 620 

isosceles, 398 

oblique, 556 

reference, 420 

right, 394, 885 

similar, 396 

solving, 405, 480, 556, 558, 560, 569, 572, 

619, 620 

Trigonometric equations, 533, 550 

Trigonometric expressions, simplifying, 

496 

Trigonometric functions 

of acute angles, 394, 395, 399, 479 

of any angle, 420, 421, 427, 481, 482 

circular, 448, 449, 486 

cofunctions, 402, 480, 507, 508, 546 

composition, 527, 528, 549 

domain, 448, 454, 456, 485 

graphs, 453, 458, 459, 462-472, 488 

inverse, 524, 525, 549 

of quadrantal angles, 424, 482 

range, 448, 454, 456, 485 

reciprocal, 395, 479 

signs of, 421, 481 

value of 30°, 60°, 45°, 398, 399, 479 
Trigonometric identities, 402, 480, 494-496, 

499-502, 507-511, 518, 519, 

545-548 

proving, 515, 548 

Trigonometric notation for complex 

numbers, 579, 621 



Trinomial, 870 

factoring, 872, 873 
Triple, ordered, 651 

Turning point, 238, 297 

Undefined slope, 36, 87 

Union of sets, 24 

Unit circle, 17, 433, 483 

reflections on, 449, 486 

Unit vector, 610, 611, 628 

Unity, nth roots of, 585 

Value, present, 380 

VALUE feature, 21, 326 

Values, critical, 290 

Values, function, 21, 22 

Variable, 6 

Variable costs, 47 

Variation 

combined, 151, 162 

direct, 147, 161 

inverse, 149, 161 

joint, 151, 162 
Variation constant, 147, 149, 161 

Variations in sign, 263, 301 

Vectors, 598, 599, 625 

addition of, 600, 608, 610, 626, 628 

additive identity, 610, 628 

angle between, 614, 629 

component form, 606, 627 

components, 602, 626 

scalar, 606, 627 

difference of, 609, 628 

direction, 598, 599, 625 

direction angle, 612, 629 

dot product, 614, 628 
equivalent, 599, 607, 625, 628 

and forces in equilibrium, 615, 630 

initial point, 599 

length, 598, 599, 607, 625, 628 

as linear combinations of unit vectors, 

611, 628 

magnitude, 598, 599, 607, 625, 628 

orthogonal, 618 

position, 606 

representing, 602, 626 

resolving into components, 

602, 626 

resultant, 600, 626 

scalar multiplication, 608, 610, 628 

standard position, 606 

subtraction, 609, 628 

sum of, 600, 608, 610, 626, 628 

terminal point, 599 

unit, 610, 611, 628 

zero, 610, 628 

Velocity, 598, 599 

Vertex 

of.an angle, 418 

of an ellipse, 730 

of a hyperbola, 738 

of a parabola, 189, 193, 218, 720 

Vertical asymptotes, 268, 302 

Vertical component of a vector, 602, 626 

scalar, 606, 627 

Vertical line, 33, 54, 87 

slope, 36, 87 

Vertical stretching and shrinking, 138, 142, 

160, 464, 470, 488 

Vertical translation, 134, 135, 142, 159, 463, 

470, 488 

Vertical-line test, 23, 86 

Vertices, see Vertex 

Viewing window, 6 

squaring, 12 

standard, 6 

Index I-15 

Walking speed, 342 

Wedge bevel, 572 

Whispering gallery, 734 

Whole numbers, 861 

Window, 6 

squaring, 12 

standard, 6 

x-axis, 2 

symmetry with respect to, 127, 

128, 158 

x-coordinate, 3 

x-intercept, 4, 85 

ellipse, 730 

logarithmic function, 336 

xy-term, eliminating, 763, 784 

y-axis, 2 

symmetry with respect to, 128, 158 

y-coordinate, 3 

y-intercept, 4, 85 

ellipse, 730 

exponential function, 325, 383 

Zero, exponent, 868 

ZERO feature, 74 

Zero of a function, see Zeros of functions 

Zero matrix, 669 

Zero method, 73, 74 

Zero products, principle of, 175, 216, 876 

Zero slope, 36, 87 

Zero vector, 610, 628 

Zeros of functions, 72, 90, 215, 230 

irrational, 259, 300 

multiplicity, 232, 297 

nonreal, 259, 300 

rational, 260, 300 

ZOOM menu, 6 
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Geometry 

Plane Geometry 

Rectangle 

Area: A = lw 

Perimeter: P = 2] + 2w 

Square 

Area: A= 1s 

Perimeter: P = 4s 

Triangle 

Area: A = 5bh 

Sum of Angle Measures 

Arh Bo C= 180" 

Right Triangle 

Pythagorean theorem 

(equation): 

eee 

Parallelogram 

Area: A = bh 

Trapezoid 

Area: A = sh(a + b) 

Circle 

Avea: A= ar 

Circumference: 

= 7d = 27r eparyyag 

Solid Geometry 

Rectangular Solid 

Volume: V = lwh 

Cube 

Volume: V= s° 

Right Circular Cylinder r 

Volume: V = mrh 

Lateral surface area: 

L = 2arh h 

Total surface area: 

S = 2mrh + 27r me. 

Right Circular Cone 

Volume: V = 4rrh 

Lateral surface area: 

L = mrs h 

Total surface area: 

S = mr’ + ars 
Slant height: 

s=Vri+k 

Sphere 

Volume: V = far 

Surface area: § = 4a?’ 



Algebra 

Properties of Real Numbers Factoring Formulas 

Commutative: at+b=b+a; ab= ba a —b = (a+ b)(a — db) 
Associative: at (b 4.6) ==s(ae bh) ares @ 1 2ab ib —=V(a--2 by 

a(bc) = (ab)c @— 2ab + b = (a= 0)- 
Additive Identity: at+0=0+a=a etb= oe + b)(a* — ab + Bb’) 

Additive Inverse: =G8 =a (ea) =)0 a — b = (a— b)(a@ + ab + B’) 

Multiplicative Identity: a:l1=1l:a=a 

ae yaa Interval Notation 
Multiplicative Inverse: Ce a) 

a a 

Distributive: a(b + c) = ab + ac Oe add, 
[a,b] = {xlja<x <b} 

Exponents and Radicals (a,b] = {xla<x = b} 
[a,b) = {xla=x <b} 

Fa eae a a” qmon (=00, 4) = Axi sa} 

o (a, 00) = {x]x > a} 
(a™)" = a™ ab)” = a™b™ (—co,a] = {x|x = a} 

(z)" ae sep vil [a,00) = {x|x = a} 
b Be a” 

If nis even, Wa"’= jal. Absolute Value 

If nis odd, W/a" = a. |a| =0 

Wa-\/b = W/ab, a,b = 0 rome Ol 

rfa _ “A |X| =a—X =-a or K=<, 

Ve Vb Gael 9h 

ea pees |X| >a—>X< -a or X> a. 

Special-Product Formulas Equation-Solving Principles 

CeCe 2a aa a=b—a@t+c— b tee 
(Gb) = a 2ab + oS saa 

@—by =a —2ab + a=b—=a = 

(a+ bP? =a + 3ab + 3ab° + & ab=0<>a=0 or b=0 

(a — bP? = @ — 3ab + 3ab’ — = kox= Vk or x= —-Vk 

(a+ b)"= Dies where Inequality-Solving Principles 
=0 

n n! AiO Get 6 DeTaC 

eee a= bande 0 —ac = be 

Bee 2) i ( )M a < bande < 0— ac > be 

k} 
(Algebra continued) 



AIQ@ Dr cine 

The Distance Formula 

The distance from (x, y,) to (x, y2) is given by 

d= V(x — xm) + (2 - ny. 

The Midpoint Formula 

The midpoint of the line segment from (xj, y,) to 
(x2, y2) is given by 

(* te tp Var 2) 

ean) z 

Formulas Involving Lines 

The slope of the line containing points (x,, y,) and 
(x2, ¥2) is given by 

J Sil 

2oy SS 

Slope-intercept equation: y = f(x) = mx +b 
Horizontal line: y=b or f(x) =b 
Vertical line: x=a 

Point-slope equation: Y= y= M(x = x7) 

The Quadratic Formula 

The solutions of ax? + bx + c = 0,a ¥ 0, are given by 

Be Vb? — 4ac 

2a 
x 

Compound Interest Formulas 

se Nor D 

Compounded n times per year: A = (1 oe *) 
n 

Compounded continuously: P(e) = Pee 

Properties of Exponential and 
Logarithmic Functions 

log,x =yooux =@ B= Wox=y 

log, MN = log, M + log, N log, M? = plog, M 

M 
log, W = log, M — log, N 

log, M 
log, M = 
mo log, b 

log,a = 1 log, 1 = 

log,@ =x qe 

Conic Sections 

Circle: (x— hy? + (y—k¥ =r 

x — h)? — k)? 
Ellipse: ( : ) a6 Y Pp = 1 

(xh? (y—k? 
b a ee 

Parabola: (x — h)* = 4p(y — k), 

(y — k)’ = 4p(x = h) 
= h 2, i k 2 

Hyperbola: e ; ) = Y : ) = 1, 
a b 

Oe Fs 
a b? 

Arithmetic Sequences and Series 

Gis 0 ds Saye 2d, Gy Bde. 

Ant) = a, +d t= hh 1)d 

nN 

Sr a Pace Ie An) 

Geometric Sequences and Series 

2 3 
Q, ar Gr, ar,... 

Ant. = Gyr ay, = ayn 

a(1 — 1”) 
ere = 

ae Soo i = 



Trigonometry 

Trigonometric Functions 

Acute Angles Any Angle Real Numbers 

h y, 
YP , 

Opp ey 

adj x 

) h : ig r 
co a ees Si Gis. SCH =, sins: = _y; Peres 

hyp opp ‘ y y 
adj h x i 

Dy eas eee COs, “seco ==, cOSs = x, See 
hyp adj r x x 

opp adj Eee). 3 y x 
tan0d = ——, cot@ = — tani —s COLOR ——— tans =~ cots=— 

adj opp - y x y 

Basic Trigonometric Identities 

sin (—x) = —sin x, sin x 1 
tanx = : Sea ; 

cos (—x) = cos x, cos x sin x 

fan (=<) = tan x; cos x 1 
COUK— ae 3 secx = ; 

sin x cos x 

1 
COLXe 

tan x 

Pythagorean Identities Double-Angle Identities 

sin’ x + cos? x = Ik, sin 2x = 2 sin x cos x, 

I cot’ x = csc’ x, cos 2x = cos*x — sin’ x 
1 + tan? x = sec’?x pee ee 

— : = 2 cos 411 
Identities Involving 7/2 ae 

(a2 Se a 
sin (7/2 — x) = cosx, 1 — tan’ x 

cos(7/2:— x) —sinx, sin(x + 7/2) = cos x, | 

tan (7/2 — x) = cotx, cos(x + 7/2) = +sinx Half-Angle Identities 

aus x Li cosx os l + cos x 
Sum and Difference Identities sin> = ie Bay OS a a == 

sin(u + v) = sinucosv + cosusiny, ie ree lle COSA a ei asi xe yall accasy 

cos(u + v) = cosucosyv + sin usin v, Be ON TA oak ata coss sin x 

tanu = tanv 
tan(u + v) = 

1 + tanutanv 
(Trigonometry continued) 



THIQONOMEMY orines 

The Law of Sines 

In any AABC, 

CS ee 

sinA  sinB  sinC B 

The Law of Cosines 
A G 

In any AABC, b 

@=b+e¢ — 2becosA, 

bY =a + ¢ — 2accosB, 

c=a +h — 2abcosC. 

Graphs of Trigonometric Functions 

Trigonometric Function Values 

of Special Angles 

The cosecant function: f(x) = csc x 

a 

1 
Ww ) 

Se Se be eae 

Se 1. 5 > 

x Qa on 7 7 ae 27 = * 

=F 
| | | 

Aik 
| | | 

The cosine function: f(x) = cos x The secant function: f(x) = sec x 

| I | | | ! 
| | | | | | 
| | | | | 
| | | | | 
| | | | | | 
| | | | | 

ae eS = aw! 1 

27 _3m T =e x aT 3m 9) A 7 : 30 a 
B 2 2 2 wD 2 Hs 0% 2m 
| | | | | | 
| | | | | 
| | | | | 
| | | | | 

The tangent function: f(x) = tan x 



A Library of Functions 
Linear function 

Saw eS 

[eat Ga) 326 422 

Linear function 

Quadratic function 

YX 

| ES 
T ifm | 

Exponential function 

YN 

Ir f(x) = e* 

fix) =x? — 2x-3 

Cube root function 

VA 

Le 3 
40 f(x) = Vx 
2 

ee ee ee | fees ee FE | 

=4 =) eA a 

-2 

Exponential function 

YA 
[- 

C2) So 

Constant function Absolute-value function 

Quadratic function 

yt 
i > 

Greatest integer 
function 



To improving results 

Get the most out of 

MyMathLab 
MyMathLab and its wealth of resources are designed 

to help you learn and understand math. 

“ Personalized Learning 

\ Adaptive Study Plan 

“ Homework with 

Instant Feedback 

“ Multimedia Learning Aids 

> Complete eText 

24/7 Help & Support 

MAM ENda] low N-ll 10) (mi cola tal Kp du efoto) 
To learn more, visit www.mymathlab.com 

Resa s 978- - =) peated : 

— | 

NV4 
Pearson is the proud sponsor 

of the International Conference on 
Technology in Collegiate Mathematics. 

www.pearsonhighered.com Please visit www.ictcm.com 21"969569 ee ee) 

PEARSON | = NMED AMEATN NTI Nic 


