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PREFACE 

Since the publication of the first edition in 1972 

certain trends in the teaching of physics have 

emerged. Discussions between the various Exami- 
nation Boards and the universities in the United 

Kingdom have resulted in agreement on a core 
‘syllabus’; statistics suggest that fewer of those 

students who take physics are aiming at careers 
with a direct involvement in it; somewhat lower 

standards of sophistication have to be assumed 
both at entry to and exit from the study; the 

microprocessor and microcomputer have become 

familiar tools in education as well as commerce and 

industry. In addition, more emphasis is now placed 
on the applications of physics and their implica- 

tions. We have therefore made substantial altera- 
tions in this second edition to reflect these changes. 

Physics is, and will remain, the fundamental 
science. The main aim of this book is to provide 

students with a clear understanding of the princi- 

ples of the science and an ability to relate them to 

the physical world. We feel this is essential not only 
for students who continue their study of physics 

after school but also for those who enter other 

fields which require good knowledge of the basic 

principles. 
Physics is much more than a catalogue of facts 

and formulae. Here we have presented it as a 

process of developing concepts and models and a 

structure of closely interwoven facts and ideas. 

Together the structure and process provide a field 

of knowledge which raises questions about the 

nature of the physical world around us and offers 

methods and material for the resolution of these 

questions. 

Whilst we may assume that many readers will 

have some background knowledge and under- 

standing of simple mathematics, we have borne in 

mind the needs of those who are just beginning the 
subject. All important concepts are developed 

step-by-step from first principles. Surprisingly few 
mathematical skills are required at this level for the 
study of physics. Confidence in the handling of 
simple algebra, graphs and numbers wil take the 

student a very long way. Where the use of a 

calculus method is essential, care has been taken 

over its presentation. 

Students require practice in order to see the 

relevance of physical concepts to the natural world 

and to apply them to real problems. To provide 

this practice we have included a number of ques- 
tions and problems at the end of the book. As with 

real-life problems, some are open-ended and with- 
out clear-cut solutions, but these provide good 
opportunity for discussion and _ speculation. 

Answers are supplied for the majority of the prob- 

lems together with hints pointing towards a solu- 

tion where this is appropriate. Worked problems 

are also given at relevant points throughout the 

book. 
The selection of the material owes a great deal to 

the Nuffield Advanced Physics Project as well as to 

our own first edition. The proposal for a common 
core of study at the Advanced level of the British 
General Certificate of Education Examination has 
also been important. Our material is grouped into 

units but, as experience with the first edition has 

shown, it is not essential for teachers to follow the 

order in which these units appear. Even so, it is 
hoped that the first unit, which sets the scene and 

provides essential vocabulary for the study, will be 
taken first. Students studying independently would 

be well advised to take the units in the order given. 
We have attempted to make the material tell a 

coherent story taking note of the past and present 
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and looking towards the future. Social applications 
have been looked at where appropriate and the 
rapid development of the microprocessor and 
microcomputer is outlined in a new unit dealing 

with digital electronics. 
Units of the Systéme International are used 

throughout with the addition, where expedient, of 
certain decimal fractions and multiples of those 
units to which special names have been given, e.g. 
the kilowatt hour, and of some units which are 
defined in terms of the best available experimental 
values of certain physical constants, e.g. the elec- 

tron-volt. 
Naturally this text has been strongly influenced 

by a series of very distinguished books on physics 
published in recent years. Special reference must 
be made to the publications of the Nuffield Foun- 
dation Science Teaching Project, the Physical Sci- 
ence Study Committee and to Project Physics. We 
also owe a debt to such other authors as Arons, 

Bennet, Rogers, Sears, Zemansky, Warren and 

Feynman. 

The authors are particularly grateful to Profes- 

sor E. F. W. Seymour (University of Warwick), 

Mr W. K. Mace (King Edward VI School, Shef- 
field), Mr P. Jordan (Highfields Schools, Wolver- 

hampton) and Dr T. Martin (Worcester College of 
Higher Education) who have read the manuscript 

’ and whose comments and suggestions have been of 
the greatest value. Our thanks are also due to Mr 

E. Howard who read the unit on electronics and to 
all those who, finding errors or difficulties in the 
first edition, wrote and told us of them. This is 

greatly appreciated. Nevertheless, the authors 

must accept full responsibility for any errors, 
whether of fact or interpretation, which may still 

exist in their work. 

E. J. Wenham 
G. W. Dorling 

J. A. N. Snell 
B. Taylor 

January, 1984 
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Many of the well-known laws of physics are 

associated with the names of scientists. Any study 

of gases soon introduces the laws of Boyle, 

Charles, and perhaps of Gay-Lussac. Planetary 

astronomy leads to the laws of Kepler at an early 

stage in its development. Much elementary optics 

is based on Snell’s law. Electricity demonstrates its 

importance with any number of laws - those of 

Coulomb, Ohm, Kirchhoff, Ampére, Faraday, 

Lenz. It is an easy task to add to the list. 

Some of these laws are quite remarkable for 

the degree of perception shown by their dis- 

coveries. Who but Kepler could have deduced his 

three laws of planetary motion from the mass of 

data supplied by Tycho Brahe? Even in our age of 

computers this still ranks as a magnificent achieve- 
ment. 

But, when one has marvelled at the skill of 

these scientists in reducing a mass of observations 

into a succinct law of behaviour; when one has 
admired their implicit belief in a physical world 
whose behaviour can be expressed in the regulari- 
ties described by these laws, one may still be 
surprised at the dullness of so many of these laws. 
Can a relationship between electric current and 
potential difference have been the culmination 
and the driving force of the life of Georg Ohm? 
Can a relationship between the pressure and the 
volume of a gas sample. have been the goal of 
Robert Boyle? Physics is, at times, presented as if 
it were. 

1.1 Robert Boyle 

Robert Boyle (1627-91), a contemporary of 
Christopher Wren and Samuel Pepys, wrote an 
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account of many of his experiments in a book 

called New Experiments, Physico-Mechanicall, 

Touching the Spring of the Air and its Effects. 

Written in the style of a letter to his nephew it 

begins: 

‘Receiving in your last letter from Paris a 

desire that I would add some more experi- 

ments to those I formerly sent you over; I 

could not be so much of your servant as I am, 

without looking upon that desire as a com- 

mand; and consequently, without thinking 

myself obliged to consider by what sort of 

experiments it might the most acceptably be 

obeyed. And at the same time, perceiving by 

letters from some other ingenious persons at 

Paris, that several of the Virtuosi there were 

very intent upon the examination of the 

interest of the air; in hindering the descent of 

the quicksilver in the famous experiment 

touching a vacuum; I thought I could not 

comply with your desires in a more fit and 

seasonable manner, than by prosecuting and 

endeavouring to promote that noble experi- 

ment of Torricellius; and by presenting your 

Lordship an account of my attempts to 

illustrate a subject, about which its being so 

much discoursed of where you are, together 

with your inbred curiosity and love of 

experimental learning, made me suppose you 

sufficiently inquisitive.’ 

Reading the account of Boyle’s work on the 

air, it soon becomes clear that he was motivated 

not merely by a desire to satisfy the whims of his 

young nephew. The work was stimulated by the 

previous experiments of Torricelli to which Boyle 

refers. 

1.2 Torricelli’s experiment 

Only a few years before Boyle’s experiment with 

air, Torricelli, a pupil of Galileo, had shown that 

if a long tube, closed at one end, was filled with 

mercury and inverted with the open end immersed 

in a bowl of mercury, the column of mercury in 

the tube did not exceed about 760 mm in height 

(see Fig. 1.1). The space which appeared above the 

mercury appeared to be ‘empty.’ 

The phenomenon could not be denied. But 

Torricelli’s explanation of why the mercury 
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ee x 
Fig. 1.1 A simple mercury barometer. 

should behave in this way was at the centre of 

controversy during the middle of the seventeenth 

century. To quote Boyle, Torricelli believed that: 

‘the falling of the quicksilver in the tube to a 

determinate height, proceedeth from the 

aequilibrium, wherein it is at that height with 

the external air, the one gravitating, the other 

pressing down with equal force upon the 

adjacent mercury.’ 

This view was determined by Torricelli’s 

theory (or model) of an earth surrounded by a ‘sea 

of air’? which exerts a pressure on us and on our 

surroundings, living, as we are, at the bottom of 

this ‘sea.’ 
What had led Torricelli to perform the 

experiment with the mercury? No one knows for 

sure but there is some evidence to suggest that he 

had evolved his model of the atmosphere before 

doing his famous experiment. The fact that water 

could not be pumped up higher than about 10m 

using a single lift pump was known to Galileo who 

mentions it as an unsolved problem in his book 

The Dialogues concerning Two New Sciences. 

Torricelli himself was a keen disciple of Galileo. It 

seems likely that his theory was proposed as a 

solution to this problem. His experiment with the 

mercury thus becomes an attempt to verify his 

solution by experiment. 

Despite the experiment, the theory was not 

generally accepted. Many of the critics could not 

understand why, if the theory was acceptable, the 

mercury in a barometer tube did not fall when the 
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Fig. 1.2 

barometer was sealed off from the surrounding 

air. However, Boyle was firmly convinced of the 

correctness of Torricelli’s theory and set out, ina 

sequence of famous experiments, to demonstrate 

that a number of deductions which might be made 

from the theory could, in fact, be verified by 

experiment. For example, one of his first experi- 

ments was to use a pump, designed by Robert 

Hooke, to remove the air from the top of the bowl 

of mercury (Fig. 1.2 shows a modern version of 

the arrangement). 

He reasoned that, if Torricelli’s model of the 

atmosphere was satisfactory, the mercury in the 

tube should fall since there would be less air 

ee J 
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pressure to support the column. This is a simple 

experiment to perform today. But Boyle found it 

so difficult that he felt called upon to give a 

detailed description of his technique. 

So we see that Boyle was led towards his 

famous law, not by a desire to find how the 

. pressure and volume of a gas varied but by a need 

to examine.a theory or model of the behaviour of 

the air. His motive was to test some ideas then 

current as to why things behaved as they did, and 

not simply to find out how they behaved. But, as 

we shall see, further evidence about the behaviour 

of the physical world came to light as a result of 

his investigations. 

Since this is not a book about the history of 

physics, some reason must be given for considering 

the work of Robert Boyle. Does the law by which 

Boyle’s name is celebrated indicate the sort of 

questions he asked about the physical world? 

History strongly suggests that it is not. It suggests 

that Boyle was not so much interested in answering 

questions about how the world behaves but in why 

it behaves as it does. This is typical of the way in 

which most of science, and thus physics, evolved. 

While experiment, which occupies so much of a 

scientist’s time, is concerned with answering 

‘How?’, that question is itself posed by theories 

and models which have been proposed to answer 
‘Why?’. 

Of course, no one is going to ask ‘Why?’ 
before there is some clear reason for doing so. 

Observation: a single lift pump cannot raise water higher than 10 m. 

> 
Torricelli (c. 1640) suggests a ‘sea of air’ model for the atmosphere. 

a 
and tests this by observations on a column of mercury. 

Guericke independently experiments with air pumps and 
successfully removes air from vessels (about 1650). 

a 
This model suggests to Pascal that the mercu ry 
column would be shorter on a mountain top (1648). 

we 
Pascal’s model and his knowledge of Guericke’s vacuum pumps suggests 
to Boyle that the mercury column would be shorter if air were to be 

. removed using a vacuum pump. 

Fig. 1.3 
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What the history of physics seems to show is that 

the question ‘Why?’ usually arises at a very early 

stage in the investigation of new phenomena and 

that attempts to answer it are at once made by 

proposing theories or models which it is hoped 

represent the underlying causes. Such theories 

Suggest new experiments which may both serve to 

test the theory and bring new facts to light. With 

this in mind, let us re-examine the work of Boyle 

(Fig. 1.3); 

1.3 Laws 

We are now in a position to consider the meaning 

of this word as it is used by scientists. At its 

simplest, a /aw is a summary of observed, measur- 

able behaviour. Philosophers have discussed at 

length the impertinence of scientists who assume 

that what is true for a necessarily limited number 

of observations made in the past is true for all 

similar observations both now and in the future. 

But, in practice, scientists have disregarded the 

warnings of the philosophers on the grounds that 

their approach is justified by its success. 

Kepler’s laws of planetary motion, which will 

be discussed in Section 28.2, offer a good 

example. They summarize many observations of 

the positions of the planets relative to the back- 

ground of the fixed stars. Their formulation 

depends solely on these observations and not on 

any preconceived theory as to why the planets 

behave as they do. 

There are many laws in physics of this kind. 

They include: 

The relationship between the angle of 

incidence which a light beam makes with a 

mirror and its consequent angle of reflection. 

This may be expressed in the simple law that 

the angle of incidence is equal to the angle of 

reflection. 
The relationship between the extension of a 

loaded spring and the load itself (Hooke’s 

law). 

The relationship between the activity of a 

radioactive substance and time. This law is 

rather more complex than those cited above 

but, nevertheless, the relationship can be 

expressed by the simple exponential law. 

In all these cases, the law describes a simple 

Theories and models 5 

mathematical relationship between two measur- 

able quantities. The laws do not depend upon any 

preconceived notions about causes. They merely 

summarize the answers to the appropriate ‘How?’ 

question. (For example, how does the extension of 

the spring change with load? How does the 

activity of a radioactive substance change with 

time?) Such laws imply that the physical world 

behaves in a coherent fashion. This implication is 

basic to the sciences. 

1.4 Theories and models 

If we believe that the physical world behaves in the 

coherent way suggested by such laws, we are 

driven to ask ‘Why?’. It is man’s attempts to 

answer this second question which have led to that 

body of knowledge which we know as science. 

Our knowledge of the behaviour of the 

physical world can never be complete. It follows 

that our knowledge of the causes of that behaviour 

can never be certain. The best we can do is to guess 

(intelligently) some likely cause; to build imagina- 

tive pictures of the processes which give rise to this 

observed behaviour. These imaginative theories or 

models, as these pictures are called, have been the 

essential feature of scientific speculation through- 

out its recorded history. They are imaginative 

adventures of the mind and they bring the 

essential ingredient of creativity into science. 

The wave theory of light is an excellent 

example of a modern theory. This suggests that 

light energy is transported from place to place ina 

wave-like manner. It can be shown that light, if 

regarded as a wave, can be reflected and refracted 

according to the laws which are found to apply to 

light. So a wave provides us with a satisfactory 

model for light - satisfactory in many respects; 

indeed, it might be preferable to talk of the wave 

model for light rather than of the wave fheory of 

light. However, the two words are often used as 

though they were interchangeable. 

It must by now be clear that the word model 

does not mean quite the same thing to a physicist 

as it does to the man in the street. When we talk of 

a model ship we usually mean a scaled-down copy 

of the real thing. The model ship is /ike the real 

ship. When physics took over the word model, 

the essential feature of the everyday usage which 

was preserved was in the word /ike. Very often, in 
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physics we are dealing with processes which arise 

from underlying causes which are not directly 

perceived. This is true of the behaviour of light. 

No one can see a wave of light. The only sort of 

waves which we can see are those which might be 

generated in a stretched rope, a ‘slinky’ spring, or 

on the surface of a sheet of water, whether in a 

ripple tank or on the ocean itself. We can experi- 

ment with these waves and examine their charac- 

teristic properties. Even more important, we can 

write down mathematical expressions to describe 

their behaviour and make verifiable deductions 

from those expressions. When we talk of light 

energy travelling in waves, we mean that the 

energy is travelling /ike waves travelling down a 

rope or over water. We consider that a wave 

model is a good model of the way in which light 

behaves. It is in this sense that the scientist uses the 

word model. Let us consider two examples. 

a) Newton’s theory of gravitation 

The theory of universal gravitation was proposed 

by Newton in an attempt to account for the 

observed motions of the planets. The essence of 

the theory is that all bodies attract all other 

bodies and, in their turn, are attracted by all other 

bodies because they possess mass. This force of 

attraction is called the force of gravity. It can 

account for the observed motions of the planets; 

for the attraction of all terrestrial bodies to the 

earth; for the behaviour of comets, of earth 

satellites, of space probes; it even provides a basis 

for a model for the formation of the galaxies. In 

so far as this force cannot be directly experienced, 

it becomes an act of speculation to say that the 

planets move round the sun because a force 

attracts them towards the sun just as (/ike) a force 

acts on a mass which is whirled round one’s head 

on an attached string. In this sense, Newton’s 

theory is a model for the behaviour of the planets 

(or of earth satellites, or whatever is being con- 

sidered). But there is an important sense in which 

this model is different from its predecessors. In 

order to incorporate fully the experience sum- 

marized in the three laws of Kepler the force 

between a planet and the sun must vary inversely 

as the square of the separation, r, between the 

planet and the sun. The forces on masses which 

are attached to strings do not behave in this way. 

Furthermore, the force must be proportional to 
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the product of the mass of the planet, m,, and the 

mass of the sun, m,. In full 

m,m, 
ic i 

All this is incorporated in Newton’s theory of 

. gravitation. The model is, to a considerable 

degree, a mathematical model. Certain features of 

this model can best be expressed in mathematical 

terms. This is a characteristic of a physical model 

and, as physics has developed, so its models have 

become more and more mathematical in nature. 

But Newton took matters further than this. If 

the movement of the planets depends on some 

force of attraction between the planets and the sun 

— a force which depends on their mass — then this 

force ought to be evident between a// bodies. This 

is what Newton proposed. He suggested that the 

force holding the planets in their orbits was the 

same force as that which attracted all earthly 

bodies to the earth. It is for this reason that 

Newton’s theory is often referred to as the theory 

of universal gravitation. He had extended the 

familiar terrestrial force of gravity out to the edge 

of the solar system and beyond. 
The history of the development of this theory 

has received very detailed attention from the 

historians of science. It is often used to illustrate 

the relationship between observation, theory, and 

law. By carefully disregarding some of the plane- 

tary theories which have not proved successful, it 

is possible to represent in Newton’s work a clear- 

cut relationship between these entities. The 

argument is often propounded as follows: careful 

observations made by Tycho Brahe were sum- 

marized in laws of planetary motion by Kepler. 

This led Newton to propose a hypothesis (or 

tentative theory) to account for these laws. From 

this theory he made new deductions which, on 

being justified, led to his hypothesis attaining the 

status of a theory. 

It is difficult to assess the usefulness of such an 
analysis. It almost certainly does not reflect the 
historical development of the theory - too much is 
left unsaid. However, with hindsight, it is often 
tempting to re-structure scientific developments 
into such a ‘logical’ order. It is doubtful whether 
such an ordering is justifiable. Theories and 
models aie rarely propounded on a basis of pure- 
ly objective fact. They must be seen against 
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the current background of scientific thought. 

We have tried to suggest in the previous dis- 

cussion of the work of Boyle that theory (specula- 

tion) and the making of measurements proceed 

side by side, each acting on the other: a theory 

Suggests some worth-while observations. The 

results modify the theory: The modified theory, in 

its turn, suggests new observations. 

Certainly, Tycho Brahe and Kepler, influenced 

still by the scholasticism of the Middle Ages, had 

their own theories, and these were derived from 

Greek mathematical speculation. The theories did 

not prove fruitful, however, and it is a tribute to 

the work of these men and an object lesson for 

science, that their experimental work had value 

because their own theories were not’ allowed to 

influence the objectivity of their observations and 

analyses. 

Newton’s theory was successful, but not 

because he followed that pseudo-logical process 

which some commentators suggest. Newton’s 

tremendous contribution was the insight into what 

is a fruitful theory. It is to Newton that we owe the 

view that a theory should be sufficient — sufficient 

to explain observed facts, and to propose new 

observations. The ability to know what is suf- 

ficient is one of the marks of genius. 
If one wanted a story to show how Newton 

came to propose his theory of universal gravita- 

tion, one could do worse than consider the legend 

of Newton and the apple. Told in its usual form 

(how Newton sat under a tree and an apple fell to 

the ground nearby and so he discovered the law of 

gravity) it has often been laughed at. But think of 

it again. Newton is-sitting in a Cambridge college 

garden, on a sunny day in late autumn, pondering 

new mathematical ideas he has just worked out to 

describe motion under a central force. This is the 

‘problem for which his laws of motion have been 

evolved. He has calculated that Kepler’s laws must 

mean that the planets are acted upon by some 

force proportional to their masses. All this follows 

- from his new dynamics, but it does not constitute 

a complete theory. An apple falls to the ground 

nearby. He stares at it, unheedingly for a moment. 

And then the flash of inspiration. Of course! 

There is no more evidence to support this 

version of the story than there is to support the 

more commonly expressed view of Newton’s 

careful and logical analysis of the problem. But as 
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an allegory, it describes the process of the evolu- 

tion of theories (when these have been more fully 

documented) much better than does the usual 

picture. 

Before leaving this famous theory, let us 

consider one further aspect of the traditional 

story. It contains within it a suggestion that a 

theory is essentially different from a hypothesis 

erected on the basis of a single successful esta- 

blished deduction. While the status of the theory is 

clearly enhanced once a proposed consequence 

proves successful, one swallow does not make a 

summer. The status of a theory is further and 

further enhanced as it is shown experimentally to 

have further and further validity. But, no matter 

how many deductions are successfully tested, the 

theory can never be proved to be true in the 

absolute sense. 

One needs only to show that one deduction is 

contrary to experience to invalidate, or, at least, to 

limit, the theory. This view has been expressed 

very cogently by the philosopher Karl Popper. Ina 

discussion of the way in which a scientific theory 

can be distinguished from other types of theories 

or beliefs he has written: 

‘But I shall certainly admit a system as 

empirical or scientific only if it is capable of 

being fested by experience. These considera- 

tions suggest that not the verifiability but the 

falsifiability of a system is to be taken as a 

criterion of demarcation. In other words: I 

shall not require of a scientific system that it 

shall be capable of being singled out, once and 

for all, in a positive sense; but I shall require 

that its logical form shall be such that it can be 

singled out, by means of empirical tests, in a 

negative sense: it must be possible for an 

empirical scientific system to be refuted by 

experience.’ (Popper, 1959.) 

This is written with the careful choice of words 

common to philosophers, but the meaning is clear. 

Popper is attempting to distinguish scientific 

theories in the same way that Newton distin- 

guished forces - by considering their unique 

properties. And just as we turn Newton’s first law 

of motion round so that it tells us what is, or what 

is not, properly described as a force, so we can use 

this passage to tell us what is, and what is not, a 

meaningful scientific theory. 
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b) Rutherford’s model of the atom 

As another example of a theory in physics, let us 

consider the model of an atom whose origin is 

usually ascribed to Lord Rutherford. This is a 

specific case of an attempt to visualize something 

which is unseen and unseeable in terms with which 

we are familiar. We shall consider shortly some of 

the evidence which led to the firm establishment of 

a picture of matter as being built up of small, 

chemically indivisible particles (atoms). As further 

experimental evidence accrued, it became neces- 

sary to extend this theory and to Visualise atoms as 

having some sort of structure. 

On the basis of his work in radioactivity, 

Rutherford suggested that the atom was a system 

in which the greatest part of the mass of the atom 

was concentrated in a minute nucleus. He con- 

ceived that such an atom would have a positive 

central charge Ne and be surrounded by a 

compensating charge of WN electrons (e is the 

electronic charge and N a positive integer). In 

making deductions from his theory the N electrons 

were considered as constituting a charge —Ne 

supposed uniformly distributed throughout a 

sphere of radius R. 

Here we have a purely pictorial representation 

of the atom. It allows both qualitative under- 

standing of certain atomic events, and quantitative 

mathematical treatment. By ‘understanding’ we 

mean that acceptance of the model allows us 

to offer an explanation of certain observed beha- 

viour: in this case, the scattering of alpha 

particles. 

The important thing to remember about a 

pictorial model such as this is that it is no more 

than a model. It provides an interpretation of the 

way atoms behave. Too much must not be read 

into the picture. This is a model of the atom seen 

‘with the eyes half-closed.’ For example, you 

cannot ask of this model ‘what is the structure of 

the surrounding sphere of electric charge?’ The 

model was not proposed to answer that question 

and, as Rutherford shows, it is irrelevant to the 

problem in hand. 

Eventually, the detail in the model may be 

improved and a structure may be suggested both 

for the sphere of the electric charge and for the 

central nucleus. But this aspect of the model will 

remain unnecessary in interpretating Rutherford’s 
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experiments. We will return to this point later 

when we are considering models for the structure 

of matter. 

1.5 The continuation of the work of Boyle 

In order to illustrate the process by which physics 

builds models and theories of the physical world, 

we shall consider one model — that of the structure 

of matter - in detail. But before doing so let us 

look again at the work of Boyle as he continued 

his investigations into the behaviour of gases. 

These led to his celebrated law. 

Soon after the publication of his book on The 

Spring of the Air, a number of attacks were 

launched against his advocacy of Torricelli’s 

theory. One of these, by Linus, is particularly 

interesting because of the way in which Boyle dealt 

with the argument. Boyle’s explanation of the 

behaviour of the mercury column in Torricelli’s 

experiment involved the support of the column by 

the weight of the external air. Since the pressure of 

the air is applied directly to the surface of the 

mercury in the surrounding dish, the theory 

necessarily attributes to that air a certain resilience, 

or springiness, in resisting the crushing force of its 

own weight; hence the title of the book itself. 

Linus objected to this interpretation, saying that 

whilst he agreed that air had both weight and 

springiness, these were not sufficient to support 

the mercury column. He suggested that there was 

also some agency within the space above the 

mercury which held up the mercury column. 

Boyle’s reply to this appeared in an appendix 

to the book and was introduced thus: 

‘The other thing, that I would have considered 

touching our adversary’s hypothesis is, that it 
is needless. For whereas he denies not, that air 

has some weight and spring, but affirms, that 
it is very insufficient to perform such great 
matters as the counterpoising of a mercurial 

cylinder of 29 inches as we teach that it may; 
we shall now endeavour to manifest by experi- 
ments purposely made, that the spring of the 
air is capable of doing far more than it is 
necessary for us to ascribe to it, to save the 

» phenomena of the Torricellian experiment.’ 

The important point to note here is Boyle’s 
Statement that Linus’ additional hypothesis is 
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‘needless’. He intends to show that his own theory 
is sufficient. This is an important feature of all 

theories in physics since the time of Boyle. Such 

theories never, or should not, incorporate more 

elements than are sufficient to provide some 

explanation of the matter in hand. Especially has 

this to be borne in mind when dealing with those 

areas of speculation best described in terms of 

models. We saw in considering Rutherford’s 

model of the atom how easy it is to ascribe more 

features to the model than can either be justified 

or needed for the immediate experimental 

evidence which Rutherford was considering. 

1.6 The discovery of Boyle’s Law 

The apparatus which Boyle used to test his ideas 

was the same as that still to be seen in many 

teaching laboratories today (see Fig. 1.4). He 

poured just enough mercury into the J-shaped 

tube to trap a volume of air in the left-hand limb. 

The pressure of this trapped air was then very 

nearly atmospheric. Then he poured more 

mercury in at the open end until the difference in 

levels was about 760mm. This meant that the 

compressed air in the short closed limb was 

supporting both the pressure of the atmosphere 

acting on the top of the mercury in the open limb 

and a column of mercury whose pressure was 

equal to that of the atmosphere. Boyle noted that 

the volume of the compressed air was about one 

half of its volume when the levels in the two 

columns were the same, i.e. when the air was 

under atmospheric pressure alone. In his discus- 

sion of the result of this experiment he points out 

that the smaller the space into which the air is 

compressed the greater its pressure (or spring). He 

_goes on 

‘So that here our adversary may plainly see, 

that the spring of air, which he makes so light 

of, may not only be able to resist the weight of 

29 inches (760 mm), but in some cases of above 

one hundred inches (250 cm) of quicksilver ...’ 

Boyle took a sequence of readings relating the 

compression of air to the pressure upon it, but 

seems to have been unable to see any mathe- 

matical relationship between the results. It was not 

in fact Boyle, but Richard Townley, who first 

detected in Boyle’s readings, the relationship 
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Fig. 1.4 J-tube for test of Boyle’s law. 

which we now know as Boyle’s law, namely that 

the volume of a given mass of gas is inversely 

proportional to the pressure upon it. 

This discovery so captured Boyle’s imagina- 

tion that the dispute which led to it seems to have 

been almost forgotten. Boyle himself, in further 

experiments, seems to have shown that the law 

remains true when the pressure on the gas sample 

is reduced below atmospheric. He also seems to 

have tested the effect of temperature and to have 

realized at least implicitly that to his law must be 

added the words ‘at constant temperature.’ 

By his investigations into the ‘spring of air’ 

and his establishment, at least experimentally, of 

the law which bears his name, Boyle not only 

confirmed the Torricellian theory but consider- 

ably extended it. He tried to produce a model of 

the air which would account for its compres- 

sibility. In fact he produced two, saying he was 

not willing ‘to declare peremptorily for either of 

them against the other.’ His first model consisted 

of ‘a heap of little bodies, lying one upon another, 

as may be resembled to a fleece of wool.’ 

His second was of particles whirled around in 

the ‘subtle fluid’ which was thought at that time to 

fill all space. Boyle said of this model: 

‘it imports very little, whether the particles of 

air have the structures requisite of springs, or 

be of any other form (how irregular soever) 

since their elastic power is not made to depend 

upon their shape or structure, but upon the 

vehement agitation.’ 
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Here is yet another example of the way Boyle 

showed himself to be one of the forerunners of 

modern physical thinking. He would neither 

commit himself to one particular theory before he 

could produce experimental evidence to justify 

this comment nor would he ascribe to any one 

model more characteristics than he needed for the 

matter in hand (as when he said it matters little 

what the structure of the whirling particles is.) 

This seems an appropriate point to take up the 

problem of a present-day model for the structure 

of matter, and to use this to show how models can 

be built up in physics. 

1.7. A model for a gas 

Experimental work with gases since Boyle’s time 

has shown that gases share many of the same 

physical properties at atmospheric pressure. 

They all conform to Boyle’s law in the way 

their volumes change under applied pressure. 

They all expand as their temperature is raised at 

constant pressure and they all have (at low 

pressures) the same coefficient of expansion. 

Since these properties seem to be largely inde- 

pendent of their chemical nature, we may expect 

that any model of a gas designed to explain these 

properties will be particularly simple. Let us try to 

build such a model. 

The main criteria to be satisfied are: 

a) the model should be as simple as possible; 
b) the model should be consistent with well- 

established theories or models in related fields 
of study; 

c) the model should lead to further predictions 
which can be verified by experiment. 
Criterion (b) immediately gives us a starting 

point for the model - we shall imagine the gas to 
be an assemblage of separate (or discrete) particles. 

This is a speculation of great antiquity which 
had been used as a qualitative way of thinking 
about natural phenomena by such men as Bacon, 
Boyle, Hooke and Newton. But it was John 
Dalton who, around 1803, was the first scientist to 
use the particulate model in a direct sense in order 
to provide a description of observed behaviour — 
in this case the laws of chemical combination. The 
development of the model in the hands of Gay- 
Lussac and Avogadro enabled the relative masses 
of the particles to be calculated. Furthermore, it 
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was found necessary to classify these particles in 

terms of atoms and molecules. 

The laws of chemical combination allow no 

other easy interpretation. So, in developing a 

model for the physical behaviour of gases, it 

would be unreasonable to assume anything other 

‘ than a particulate nature for the gas. 

The first feature of a gas that our model must 

explain is its high degree of compressibility and 

springiness. We have a choice between Boyle’s 

two hypotheses. Either (a) the particles are in 

contact but themselves have an intrinsic springi- 

ness, like a ball of wool, or (b) the particles are far 

apart in a constant state of motion. This state of 

motion could account for the pressure exerted by a 

confined volume of gas by the collisions made by 

these particles with the side of the vessel. 

Is there any other property of a gas which 

might guide one’s choice? 

1.8 Pressure and temperature 

When the temperature of a sample of gas, 

confined to a given volume, is raised, its pressure 

also rises. The higher the temperature of the gas 

becomes, the greater the pressure it exerts on its 

container. The pressure of the gas is said to be 
temperature dependent. On the basis of the two 
proposed models, we must either assume that the 
intrinsic springiness or elasticity of the particles 
increases with temperature, or (model b) the 
particles move faster as the temperature rises. 

It now seems possible to make a reasonable 
choice between the two models for an independent 
piece of physical theory suggests that heat is a 
measure of the energy transferred to or from a 
body by a gradient of temperature. A considerable 
body of experimental evidence can be interpreted 
in terms of this theory. A model of a gas as widely- 
spaced moving particles has much to commend it. 
It can be made consistent with this view of heat — 
for then the energy transferred to such a gas when 
it is heated becomes in the simplest model the 
kinetic energy of its moving particles. 

This is an attractive possibility. The model we 
are proposing would not only serve to explain the 
properties of gases, but also extend the scope of 
two other major theories: the particulate nature of 
matter and the identification of heat with energy 
transfer. 
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1.9 Assumptions within the model 

Before we seek to analyse this model mathe- 

matically, we must be clear about how much or 

how little we shall assume about the nature of 

these particles which are to be in a constant state 

of agitation. The pressure is assumed to result 

from the collisions between these particles and the 

walls of the container. Such particles must have 

mass, size and shape. They clearly attract each 

other to some extent, or the existence of liquid and 

solid forms of the same gaseous materials could 

not be explained. If the particles are to bounce off 

each other and the walls, there must also be some 

sort of repulsive force when they get close to each 

other, and to the molecules of the walls. 
Let us consider the difference in volume 

between gases and liquids. At atmospheric 

pressure, every 1 cm? of water gives rise to 1600 cm? 

of steam. The space occupied by the gas is largely 

‘empty’. It should not be an unreasonable approxi- 

mation to assume that the particles themselves 

occupy a negligible proportion of this space. 

And what of the inter-molecular forces? The 

mathematical analysis will be considerably 

simplified if we can assume that these are of very 

short range compared with the average separation 

of the particles of the gas and with the dimensions 

of the vessel. Then, the forces will only act during 

the actual process of collision. One outcome of 

this is that the pressure exerted by a gas is inde- 

pendent of the exact nature of the material of the 

walls of the container, since the forces between 

wall and gas particles only act for a small propor- 

tion of the total time. This fact is justified by 

experience. 

The gas pressure is not only independent of the 

nature of the container, but also of its shape. To 

-achieve this, the motion of the particles must be 

evenly distributed over every direction on any 

short time average. We may imagine that this 

random distribution is maintained by internal 
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collisions within the gas and in the collisions with 

the walls by particles which are moving in random 

directions as they approach the walls. A random 

distribution of directions must be taken to imply a 

random distribution of speeds as well, from the 

very high to the very low. However, we may 

assume that there is some _ time-independent 

average speed. The model itself has been partly 

suggested by the energy theory of heat. If the 

energy transferred to or from a gas as a result of a 

temperature gradient is to be interpreted, at least 

in part, as the kinetic energy of the motion of the 

particles, then the total kinetic energy must pre- 

sumably remain constant if the temperature of the 

gas remains constant. 
The constancy of the total kinetic energy of the 

moving particles in the gas also means that either 

all the collisions are perfectly elastic, or that over 

any short time period, inelastic collisions are 

equally balanced by hyper-elastic collisions. 

So, summarizing, we are proposing a model of 

a gas as an assemblage of particles in a state of 

constant motion. The particles themselves have 

mass but occupy a volume which is negligible 

compared with the total volume of the gas. Their 

velocities are distributed at random, but with a 

well-defined average numerical value. Collisions 

with the walls and between particles will all be 

assumed to be elastic on average. 

One further word about what the model does 

not assume. It does not assume any structure for 

the particles. It is a matter of complete indif- 

ference as to whether they are what a chemist 

would call atoms or molecules. For this reason, we 

shall adhere to the term particle. 

Further development of this model demands a 

certain familiarity with the study of dynamics. 

This will occupy Unit 2; moreover the considera- 

tions given to the ideas of pressure and of tem- 

perature deserve to be taken further. This will be 

done in Unit 3. 
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In common with the practioners of all other 

subjects, physicists tend to use some words in 

rather special ways, usually with quite restricted 

meanings. Obvious examples include ‘weight’, 

‘force’, ‘power’, ‘mass’. In all such cases the 

dictionary definition will be broader than the one 

implied in a physics text. For example the 1972 

edition of Chambers’ Twentieth Century Diction- 

ary defines the noun force as ‘strength, power, 

energy: efficacy: validity: influence: vehemence: 

violence: coercion ...’ and ends ‘any cause which 

changes the direction or speed of the motion of a 

portion of matter’. In the sciences the noun force 

has that latter meaning. It is not a synonym for 

‘strength, power, energy’ and the rest. 

Careful, unambiguous definitions are essential 

for the precise descriptions which engineers and 

scientists expect of one another. 

Physics is also a science which is heavily 

dependent upon thé language of mathematics for 

it provides the tools with which physicists can 

operate. 

In this chapter we shall explore some of the 

niceties of the languages which physicists use. 

2.1 Physical Quantities 

What is it that we do when we measure a length, or 

a current, or a mass? We compare the length (or 

the current, or the mass) in question with a 

standard length (or a current or a mass). For a 

length the standard is the metre and when we say 

that ‘the bench is six metres long’ we mean that 

thé bench is six times /onger than the standard 

metre. The value of the length is thus the product 

of a number and a unit — the unit being the size 
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of the agreed standard. In this case the length is 

6 x (1)m. This is termed a physical quantity. 

The value of a physical quantity is the product 

of a numerical value and a unit. For example, the 

physical quantity which we call the wavelength of 

a radio transmitter may have the value 

A = 450m 

where m is the symbol for the unit of length called 

the metre. It could just as well be written \/m = 

450, a way of writing often found on the axes of 
graphs. 

Again, the density @ of hydrogen gas at s.t.p. 

has the value 

e = 0.09kgm-3 

It is often helpful to adopt the convention of 

stating the units at the end of a line of calculation, 
like this 

@ = m/V... i. einkg m=? 

It is regarded as wrong to write 

density = @ kgm"? 

because e@, being a physical quantity, already 

includes both the numerical value and the unit. 

Numerical quantities must always have the units 

stated; symbols never. 

2.2 Systems of units 

The need to agree a system of units for trade and 

industry was realized long ago. As communica- 

tions improved, so it became necessary for local 

systems of units to give way to national ones. New 

needs gave rise to new units. For example, during 

the second half of the eighteenth century James 

Watt, who drew fees based on the fuel saved by his 

improved steam engine, made careful measure- 

ments of the work done by his engines. This rating 

of performance led to the scientific notion of 

‘work.’ 
The international scientific community has 

adopted a number of conventions about physical 

quantities and the appropriate symbols for them 

as well as the International System of Units (SI) 

and prefixes. A number of non-SI units remain in 

use, however, even though they are discouraged. 

In this book we shall generally conform to the 

international system but we shall use non-SI units 

where these offer an advantage. 
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2.3 SI - The international system of units 

This international system uses three kinds of unit: 

base, supplementary, and derived. 

There are seven base units, one for each of the 

independent physical quantities: length, mass, 

time, electric current, temperature, luminous 

intensity, and amount of substance (Table 2a). 

The two supplementary units apply to plane and 

‘to solid angles (Table 2b). The derived unit for any 

other physical quantity is obtained from the 

combination of appropriate base units. For 

example, if a displacement is measured in metres 

and the time required for that displacement is 

measured in seconds, then the corresponding 

speed is measured in ‘metre per second’ (ms~'). 

This is the derived unit for speed. 

Table 2a Names and symbols for SI base units 

Name of Symbol for SI 
SI unit unit 

Physical quantity 

Length metre m 

Mass kilogram kg 
Time second s 
Electric current ampere A 
Thermodynamic temperature kelvin K 
Luminous intensity candela cd 

Amount of substance mole mol 

If the rate of change of the displacement, 

which is the speed, is itself changing with time, 

then the acceleration must be measured in metre 

per second/second -— that is, in metre per second 

squared (ms~?). 

A number of the derived units have been given 

specific names. For example, the unit of force, 

which derives from the equation F = ma will have 

units (kg)(ms~*) or kg ms~?. This unit is called 

the newton. 

Not all units have convenient names. The unit 

of momentum, which derives from momentum = 

my, is kgms~!and no shorthand form exists. 

Table 2b Names and symbols for S|! supplementary 
units 

Physical quantity NameofSlunit Symbol for SI unit 

radian rad 

steradian sr 

Plane angle 

Solid angle 
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We shall not, however, offer here a list of all 

the derived units we shall use; we shall indicate 

how each one is constructed as the need for it 

arises. 

The mole 

All molecules or atoms of a pure substance have 

the same mass - which is, of course, very, very 

small. For example, the mass of 1 atom of the 

isotope of carbon known as carbon-12 is 19.92 x 
LOT?" koe 

The number of molecules in a sample of a pure 

substance of total mass M is M/m where m is the 

mass of a single molecule. This is usually quoted 

in moles which, in SI, are the base units of amount 

of substance. 

M@ The mole is the amount of a substance of a 

system which contains as many elementary 

entities as there are atoms in 0.012kg of 

carbon-12. 

The accepted abbreviation is mo/. Note that 

the standard mass of the reference substance is 

0.012 kg and not, as might have been expected, 

I2k¢- 

Problem 2.1 How many atoms are there in 

0.012 kg of carbon-12? 

Each carbon-12 atom has a mass of 19.92 x 

10-*”kg. Therefore the number of carbon-12 | 

atoms in 0.012 kg is 

0.012 

19592 x 10-2 |— 6.02 x 1023 

That is the number of entities ina mole. A mole of 
electrons, say, will also contain 6.02 x 102 
electrons. 

Background 

We shall have reason frequently to refer to the 

mole and it is helpful to understand how the idea 

for the unit arose. We may start by referring to an 

empirical law first described by Gay-Lussac in 

1808. He suggested that under conditions of equal 

pressure and temperature, gases which react 

chemically do so in simple volumetric propor- 

tions. So, for example, when oxygen and 

hydrogen react, 2 volumes of hydrogen combine 
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with 1 volume of oxygen to produce 2 volumes of 

water (as vapour). 

In 1811, Avogadro proposed as an hypothesis 

which could account for Gay-Lussac’s law in 

terms of a molecular model that, under conditions 

of equal temperature and pressure, equal volumes 

‘ of all gases contained the same number of 

molecules. 

Avogadro was unable to find the exact value 

of that number but he realized that it must be 

very, very large. Since then many different deter- 

minations, all of them indirect, have been made 

and the currently accepted figure is 6.022 x 1073 

mol-'. This is the Avogadro constant (N,). 

Measurements of the densities of gases indicate 

that, at s.t.p., this amount of a gas occupies 22.4 

xX 10" m? 22-4 litres or 22.4/dm). 

Later it was realized that Avogadro’s hypo- 

thesis could lead to a numerical scale of relative 

masses for molecules and atoms. 

Gas x 

Cone et 

Gas y 

Consider cylinders of two different gases, x 
and y, each containing the same volume V under 
the same conditions of pressure and temperature 
(Fig. 2.1). Since the volumes are equal, the 
numbers of molecules (N) in the two cylinders are 
also equal. 

If the masses of the single molecules are m, 
and my, respectively the masses of the two gas 
samples are 

M, = Nm, and 

Fig. 2.1 

and it follows that 
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The densities g@, and g, must be in the same ratio. 

The relative masses of gas molecules can be 

found by the simple expedient of weighing large 

samples in bottles at the same pressure and tem- 

perature. One particular particle was chosen as a 

standard against which all others could be 

compared. Today, as we have seen, the chosen 

particle is the atom of carbon-12. 
Masses compared in this way were known as 

gram-molecular masses, the gram-molecule of a 

pure substance X being the amount of X whose 

mass in grams was equal to its relative molecular 

mass. Today this is known as the mole of the 

substance X which is defined as given above. That 

definition tells us that 1 mole of carbon-12 has a 

mass of 12g. Its molar mass is 12 gmol~! or 

0.012 kg mol-!. Similarly 1 mole of molecular 

oxygen has a mass of 32g. Its molar mass is 

0.032 kg mol™'. 

2.4 Dimensions 

Measurement systems were at first based on three 

basic measures — those of length, of mass, and of 

time. As the sciences developed, other funda- 

mental measures were added —- those of current, 

temperature, luminous intensity and amount of 

substance. But, for the moment, we shall confine 

ourselves to the first three. 
It is common in physics literature to find such 

statements as ‘velocity has the dimensions LT~"’. 

This peculiar sentence merely means that, inde- 

pendently of the system of units used, the measure- 

ment of velocity requires that the numerical value 

of a length be divided by the numerical value of a 

time. The statement may also appear in the form 

[velocity] = LT“! 

Put in another way, velocity has dimensions + 1 in 

length and —1 in time. 

To take another example, volume requires that 

the numerical value of one length should be 

multiplied by the numerical values of another 

length and then by another. 

[volume] = L? 

As the ratio of a mass to a volume, density 

must have dimensions given by 

[density] = [mass] /[volume] = Nila: 
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We know that F = ma is the equation which 

defines force. Dimensionally we may write 

[mass] x [acceleration] 

=i Malet -- 
[force] 

Zep) 

Incidentally, this equation will provide us with 

the units of force. In SI the units of mass, of 

léngth, and of time are the kilogram, the metre, 

and the second. From Eq. 2.1 it is clear that the 

units of force must be kg ms~? (which we now 

recognize as the newton). There are occasions 

when this is a useful technique. 

We can employ ‘the method of dimensions’ to 

check the validity of equations and even to predict 

the form of equations. The ability to do this 

depends on the necessity that all the dimensions on 

each side of an equation must be the same. 

Consider, for example, the student who 

derives an equation for the period of a simple 

pendulum: T = 2nVi/z. 
The left-hand side has the dimension of time T. 

The constant 27 is dimensionless — and we can 

learn nothing about that. We may now write the 

dimensional equation: 

/ length | i ie 
acceleration Pee) 

Me lee a 

=r 

The student’s equation is dimensionally con- 

sistent. 
Let us now consider how the method can be 

applied to suggesting the form of an unknown 

equation. We shall take an example where we do 

know the form of the equation but later in the 

book we shall use the method in cases where we do 

not. 

For a stone whirled round in a horizontal circle 

on the end of a string we might expect the tension 

in the string to depend on the speed of the stone 

along its path, on the radius of that path and on 

the mass of the stone. So let us write 

force = km*y’ r@ 

where k is a dimensionless constant, m is the mass, 

y the speed, and r the radius; x, y and z are the 

powers to which these parameters are raised — the 

dimensions. 
The dimensional equation, in which k does not 

appear, will be 
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[force] = [mass]* x [speed]” x [radius] 

MLT-2=M* x (LT-}» x L? 

yrz Equating the indices of L: 1 

My? 1-= "x 

DP SY 

Evidently x. =. 1,.y = 2,and z.=.—1..So the 

equation must be 

Pak vr 

V | 

y2 

= km— fi 

It requires other arguments to find that k, the 

dimensionless constant, is in fact 1 (see Section 

UeZ)s 

2.5 Precision 

We can never make measurements with absolute 

precision. Using an ordinary metre stick we are 

unlikely to measure the height of a table to any- 

thing better than a millimetre. We might express 

the length we find as 743 + 1 mm, implying that 

the true value is unlikely to be less than 742 mm or 

more than 744mm. This precision is quite high. 

1 mm in 750 mm is about 0.13%. 

This is another useful way in which to com- 

municate information about the precision of a 

measurement. For example a resistor labelled 

“1000 ohm, 10%’ is unlikely to have a resistance 

differing from 1000 ohm by more than 100 ohm. 

We can reply on it having a resistance between 900 

and 1100o0hm. Another resistor labelled ‘1000 

ohm, 2%’ will have a resistance between 980 and 

1020 ohm - and will cost perhaps twice as much as 

the other one! 

All the measurements we make possess some 

degree of uncertainty and great care must be 

exercised when we process them arithmetically. 

Suppose we ask a student to verify the value of z 

by drawing a circle and measuring its diameter and 

its circumference. He does this to the nearest 

millimetre and reports his results as: diameter 
= 163mm; circumference = 512mm. He then 

punches these figures into his pocket calculator 

and announces that z is, 3.1411043. What can be 

said about this? In the first place we note that each 

of the two measurements he made involved three 

digits with meaning — these are significant figures. 

And even the last of each of these figures might 
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well have been a millimetre out either way. We can 

say at once that the last five digits of his value for 

m are meaningless. They come from the arithmetic 

and arithmetic is blind to meaning. That leaves 

him. with 3.14. And that does agree with the 

accepted value of 3.142 (to four significant 

figures). 

Remember that no arithmetical process can 

produce accuracy which is not in the measured 

values. If one of the values measured in an experi- 

ment is known only to, say, two significant figures 

whilst the others are known to three significant 

figures, the result of any multiplication or division 

with those values cannot be trusted to more than 

two figures. Generally speaking, when handling 

measured quantities arithmetically, note the first 

digit where uncertainty occurs and stop the 

calculation there. 

2.6 Standard form and other matters 

Physicists prefer to adopt a standard form when 

writing numerical values. Their aim is to write an 

intelligible number. For example a book of data 

will quote the expansivity of aluminium as 23 x 

10-°K~! rather than print 0.000 023 K-'. 

There is too, a strong preference for the use of 

indices +3, +6, +9, etc., since these are directly 

related to the standard prefixes shown in Table 2c. 

But this is not always followed; for example, 
Planck’s constant is usually quoted as 6.6 x 
10-**Js, and the speed of light as 2.998 x 
10? nse 

It is interesting to note that in medical practice, 

in engineering, in the construction industry and 

elsewhere, whole numbers are preferred. Then 

there can be no ambiguity about the position of 

Table 2c Prefixes for S| units. These are used so that, 
normally, the numeric part lies between 0.1 and 1000. 

Sub-multiple Prefix Symbol Multiple Prefix Symbol 

1034 deci d 10! deca da 
10-2 centi c 102 hecto h 
10=3 milli om 102 kilo k 
10-6 micro p 10° mega M 
1052 nano n 10° giga G 
1062 pico p 10 tera T 
JO" femto f 10% peta P 
10> atto a 10% exa E 
SE ee 
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the decimal point. Most of us are now familiar 

with the 5 ml dose of medicine or the 500mm 

length of timber work top! 

Problem 2.2. What can be said about a report by 

a student that he has measured the strength of the 

magnetic field and that it is 3 425 493 649 yT? 

Evidently this student was using a calculator 

with ten digits in the display and that it is highly 

unlikely that more than three of these figures are 

significant. So we prefer 3 430000000 uT. 

To express such a quantity in microtesla is 

manifestly absurd! So we change it to 3430T. 

Which is, in standard form, 3.43 x 10°T. 

2.7 Change and rate of change 

The study of physics often involves the measure- 

ment of such quantities as length, time, tempera- 

ture, energy, etc., and frequently we need to 

consider what happens when that quantity 

changes. Fortunately there is a universally under- 

stood shorthand ready for us to use. We use the 

operator A (delta) which, combined with the 

symbol for the quantity, means a finite increment 

in that quantity. For instance, if the symbol / 

represents the length of a spring, then A/ 

represents a finite increment in that length. The 

spring may change in length from 0.30 m to 0.35 m 

when the force acting on it is increased. In this 

case A/ = 0.35m — 0.30m = 0.05 m. 

The rule for calculating changes is: 

change = final state — initial state (2.2) 

If this rule is applied to the situation when the 

force is reduced and the length goes from 0.50 m 

to a final length of 0.45 m when A/ = 0.45m — 

0.50m = —0.05 m. The significance of the sign is 

that it indicates that the change is a decrease of 

length. 

When a change takes place it always takes 

some time to go from the initial to the final state. 

The temperature of the water in the cooling system 

of a car engine may change from 293 K to 353K 

(i.e. from 20 °C to 80 °C) during the 5 min from 

starting up. The temperature rises at an average 

rate of 12K per min since the change of 60 K 

occupied a time of 5 min. It is sufficient to write 

for 
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change of temperature 

change of time 

AT sao 293 ee ee Pee perrin 

Ait “Sani — Omin ~ Simin” P 

or better: 

ae a f 
AG = (KES 

At the end of the journey, the car is put into its 

garage and it is found that the engine cools from 

353 K to 323 K (i.e. from 80 °C to 50 °C) in 20 min 

(1200 s). 

AT | 325 Ke B55 hae 
Aho.  nlZ00Sisn0 Sate 

= —0.025Ks7! 

50g ee a 
00s 

In each of these examples, AT/Atf is a short- 

hand form for the average rate of change of tem- 

perature with time in the interval Ar and the sign 

indicates whether an increase or a decrease of 

temperature is involved. 
The operator A is never used on its own but is 

always combined with a symbol for the physical 

quantity whose value is changing. This convenient 

shorthand is one we shall frequently meet. 

The car journey itself provides us with another 

example which we shall analyse in more detail. As 

the car starts from rest (when ¢ = 0), the distance s 

covered will change as the car accelerates. The 

speedometer will give readings which we may take 

to be instantaneous values of the speed while this 

is going on. Table 2d collects together some infor- 

mation about such an event: 

Table 2d 
ee seul pa! ee EE eee 

Time, t/s Distance from Speedometer 

origin, s/m reading, v/ms_ | 

0 0 0 

1 es 3 
2 6 6 
3 13.5 9 
4 24 12 

5 S/O ils 

6 54 18 

These values, which are graphed in Fig 2.2 are 

in fact derived from the equation relating distance 

to speed which is s = 1.577. We shall now use 
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Distance from origin s/m 

Time/s 

Fig. 2.2 Variation of distance with time for a body moving 
Solthat s = 1.5) ¢. 

these numbers and the equation to explore the 

ideas of average and instantaneous speed. 

Asked for the average speed over the whole 

6 seconds we write: 

_ final distance — initial distance 
- time interval 

average speed 

As 

fy AF 

Sa) a 

6s 

This is the gradient of the line OF on the 

graph, and we can see that it tells us nothing at all 

about the events which were taking place. The car 

was accelerating so that its speed was increasing 

throughout the time interval and the gradient of 

the graph was continually changing. 

If asked what the speed of the car was when 

t = 4s, we might use the interval from 4s to 5s 

and say: 

average speed between ¢ = 4s and? = 5s 

SS” Olese— 24 ee a 
Wiss es = 13.5ms 

We would know this value of As/At to be too 

high for the instantaneous speed at ¢ = 4s because 

the speed was increasing during this time interval. 

We could choose a shorter time interval. 
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Perhaps the 0.1s between ¢ = 4s and? = 4.1s. 

TPhenvAt.= Oaks: 

Using the equation to find s at f = 4.1s, we 
have 

S., = to) = 25,21) 

So 

_ As= (25.215 — 24)m = 1.215 mM 

aie } 1205 As _ 1.215m _ nf Apr Ome 12.15ms 

That is much closer to the speedometer reading 

of 12ms~!. So let us try an even shorter time 

interval:..say Ar = .0.0}*s from.i, =_4's to.ig= 

BOTS: 

Using the equation to find s at ¢ = 4.01 s, we 

have 

s= 1:5(4:01)? = 1.5 x 16.0801 = 24120 sam 

As’ = (24.12015 — 24) m= 0:42075'm 

And 

As _ 0.12015m eye EEE al 7G 001s 12.015 ms 

It should now be clear that we can calculate 

speeds which can be brought closer and closer to 

the actual instantaneous speed by choosing 

smaller and smaller values of the time interval A‘. 

The /imiting value of As/At as At tends 

towards zero is written ds/dt and is known as the 

first differential coefficient of s with respect to f. 

£ ( = limit 48 
dt. aa 

d/d¢ is an operator describing a process which, 

in this case, is being applied to the distance s. 
As/At gets closer and closer in value to ds/d¢ 

as At gets smaller and smaller; and in the limit 
ds/dt is the instantaneous speed. 

This technique of choosing small values of a 
changing physical quantity will be used several 
times in this book (see, for example, the work on 
the discharge of a capacitor in Section 26.7). You 
may wish to work Questions 1.10 and 1.11 at the 
end of this book to gain practice with this 
important idea. 

Where the relationship between two such 
variables as s and ¢ in the example above can be 
expressed algebraically, it is usually possible to 
apply the techniques of a branch of mathematics 



[2.9] 

called differentiation to find the instantaneous 

rate of change ds/dr. 

2.8 Vector and scalar quantities 

When the direction as well as the magnitude of a 

quantity must be quoted we are dealing with a 

vector quantity. The simplest example of a vector 

quantity is displacement. This involves two pieces 

of information - the distance between two points 

and also the direction of one point from the other. 

For example when a pilot of an aircraft states his 

position he is giving his displacement from the 

airport (or some other stated landmark). He might 

say, ‘My position is 100 km due east of Rome.’ 

r 3 

090 

| 
Fig. 2.3 

Another example of a vector is velocity, which 

is concerned with a speed and a direction. If his 

navigation is to be successful, a pilot needs to 

know the wind velocity, i.e. both the magnitude of 

the wind speed and its direction. 

Scientists make a distinction between speed 

and velocity. Speed is an example of a scalar 

quantity and it is usually adequate to describe the 

rate at which a car is moving along a road, as a 

reading from a speedometer without any reference 

to direction since this is fixed by the road. Figure 

2.3 helps to make the distinction. Thus a car 

travelling along the road shown can do so with a 

constant speed of 50 kmh~' all the way from A to 

G. But although its speed is constant, its velocity is 

not, at any rate not all the time. At A, B, and C its 
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velocity is SO0kmh~! in a direction 000 (due 

north); at D its velocity has changed to 50 kmh=! 

heading 045 and it continues to change until it 

reaches E when it has become 50 km h~! heading 

090 and then continues to be constant through 

points F and G. This is a case in which the vector is 

changing, not by changing its magnitude but by 

changing its direction. 
A vector is thus a quantity that has both a 

magnitude and a direction associated with it. It 

can be represented by an arrow drawn to scale so 

that its length gives the magnitude and its orienta- 

tion gives the direction of the quantity. 

2.9 The addition of vector quantities 

Suppose an aircraft starts at point A and flies until 

it reaches B where it has a displacement of 100 km 

heading 090 from A. Figure 2.4 shows how it can 

be represented. 

It then turns and flies until it is at C which has 

a displacement of 50 km, 045 from B. This part of 

the flight can be represented by Fig. 2.5. 

These two flights can be added by means of a 

vector diagram drawn to scale. Note that the head 

of one vector is joined to the tail of the next (Fig. 

26) 
Now this aircraft could have reached C by 

flying along the route AC (Fig. 2.7). Consequent- 

ly, flight AB plus flight BC is equivalent to flight 

AC, or AB + BC = AC. Note the shorthand AB, 

etc., which indicates the vector AB, etc. AC is 

called the resultant of AB and BC. A resultant is 

obtained by adding vectors using the triangle 

method outlined and not merely by adding the two 

distances together. By taking a measurement off 

the triangle, AC = 140km, which is clearly 

different from the addition of the two scalars 

100 km and 50 km. 
It would be possible for the pilot to arrive at C 

by flying the vector 50 km, 045 first, arriving at D, 

and secondly to fly along the vector 100 km, 090 

from D (Fig. 2.8). 

Adding these vectors gives a triangle similar to 

ABC and the same resultant (Fig. 2.9). 

The resultants are the same, since if Figs. 2.7 

and 2.9 are superimposed, a parallelogram is 

obtained (Fig. 2.10). 

Thus there are two alternative ways of adding 

vectors which really amount to the same process. 
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re 
A B 

Scale : 1cm=20 km 

Fig. 2.4 
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B 

Fig. 2.5 
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Fig. 2.10 

1. The triangle method: Draw the vectors to scale 
to form two sides of a triangle. The head of the 

first vector must be joined to the tail of the 

[2.10] 

second. The resultant is the third side of the 

triangle and its direction is from the tail of the first 

vector to the head of the last one (e.g. Figs. 2.7 
and 2.9). 

2. The parallelogram method: Draw the vectors 

to scale so that they form adjacent sides of a 

parallelogram. The resultant is the diagonal drawn 

from the corner with two tails to the corner with 

two heads - as in Fig. 2.1la not as in Fig. 2.11b. 

vo Xx 

b) 

Fig. 2.11 Right and wrong application of the parallelogram 
method of vector addition. 

2.10 Comparison of the two methods 

It may seem strange to use the parallelogram 

method since it involves drawing two seemingly 

unnecessary extra lines in order to obtain a result- 
ant. Yet there are many cases when the parallelo- 
gram method is more appropriate as it allows one 
to understand more easily what is happening. In 
general, the triangle method may be better when 
one vector acts first, followed by the second, 
whereas the parallelogram method may be better 
when both vectors act during the same period of 
time, or act at the same point. 

How could two displacements occur at once? 
Imagine a barge moving slowly along a canal (Fig. 
2.12). One of the crew starts to walk across the 

A 
| Motion of 
| crew man 

é 

-- 

Motion of 
barge 

Canal bank 

Fig. 2.12 As the barge’s displacement along the canal 
changes so does that of the crewman walking across the 
barge. 



Pei Vectors and navigation 21 

barge at right angles to the direction of motion. 

He is moving in two directions at the same time. In 

5s he may walk 0.3m across the barge and be 

carried 0.4 m to the right by the barge. Figure 2.13 

shows his position relative to the banks of the 

canal, after 1, 5 and 15s. He has a speed of 

0.06 ms~' across the canal at right angles to the 

bank and 0.08 ms~' along the canal parallel to the 

bank. Applying the rules of vector addition, he 

has a resultant velocity of 0.10 ms~!ina direction 

which makes angle @ with the bank. Since tan @ is 

0:9/ 422, 01 Oc 7S HONS 7 ce 

2.11 Vectors and navigation 

An aircraft pilot makes use of the displacement 

vector when he states his position, and velocity 

vectors and the rules of vector addition when 

deciding upon the direction to head the aircraft in 

order to arrive at a given destination. Suppose the 

aircraft has a speed of 800 kmh~! through the air 

and that at first there is no wind blowing (Fig. 

2.14). If he points the nose of the aircraft due 

north (or on a heading 000), his track over the 

ground is also in the direction 000. 

Fig. 2.13 Adding the two displacement vectors. If he now finds himself in a jet stream (a high 

speed westerly wind that occurs at altitudes of 

800 800 

km ho km h~! 
800 
kmh~! 

Scale : 1cm = 100 km han 
—1 

Surah 300 km h71 

Fig. 2.14 Fig. 2.15 Fig. 2.16 
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Cc 

6 ce 
= o—___________» «_____ p>» << —-—-._.e--@ 

s B A B Cc A B 

Fig. 2.17 Fig. 2.18 Fig. 2.19 

between 7 km and 13 km. At speeds exceeding 

300 km h~!) which is blowing with a velocity of 

300 km h-! from 270, his resultant motion relative 

to the ground will be the result of having two 

velocities at the same time. While the aircraft is 

moving through the air at 800kmh~’, the air is 

carrying it eastwards at 300 kmh~—!. 

The resultant can be found by drawing to scale 

a velocity parallelogram (Fig. 2.15). The resultant 

velocity is 854kmh~! in a direction 020, and 

although the aircraft is heading (or pointing) due 

north, it is moving over the ground in a direction 

020 and at a speed of 854kmh7—!. 

However, the pilot wishes to arrive at a 

destination which is due north of his starting 

point. His resultant velocity must be in a direction 

000, and a velocity parallelogram can give the 

direction he must head to achieve this. By heading 

the aircraft in a direction 338 as shown in Fig. 2.16 

he will move over the ground due north and at a 

speed of 742 kmh~—!. 

2.12 Signs and vectors 

Let the two vectors AB and BC be equal in magni- 

tude, and suppose they are added as in Fig. 2.17; 

the resultant is given by AB + BC = AC. Con- 

sider what happens when 6 = 0. The triangle 

becomes a line as in Fig. 2.18 and the resultant of 

the two equal vectors is 2AB. 

AB + BC = 2AB 

Consider next what happens when 6 = 180°. 

The triangle becomes a line, as in Fig. 2.19, and 

the resultant of the two vectors is zero since A and 

C coincide. In this case 

AB + BC = 0 or AB = —BC or AB = —BA 

since BC = BA in Fig. 2.19. The significance of a 

negative sign attached to a vector is that the 

direction of the vector is reversed, or turned 

through 180°. 

The application of a sign is frequently used to 

indicate the direction of motion of an object. For 

example, suppose an escalator can move upwards 

or downwards at a speed of 0.6 ms~—'!, and that 

we adopt the convention that the upward direction 

is + or positive, and the downward direction is — 

or negative. A man, who can walk up a stationary 

staircase at a speed of 0.4ms~', is in a hurry and 

walks up the ascending escalator. This situation 

can be described as: 

velocity of man 

relative to escalator = +0.4ms7!, 

velocity of escalator= +0.6ms~', 

resultant velocity 

of man = +0.4 + 0.6 = .1.0ms-1- 

If the escalator is reversed and the man continues 

to walk upwards the situation is then: 

velocity of man 

relative to escalator = +0.4ms-~!, 

velocity of escalator= —0.6ms~!, 

resultant velocity 

of man = +0.4 + (—0.6)ms7! 

= —0:2ms-*. 

Thus by changing the velocity of the escalator 

from +0.6ms~!to —0.6ms-~', i.e. by reversing 

‘it, the velocity of the man changes from + 1.0m 

s~'to —0.2 ms~!; the negative sign indicating that 
he is descending. 

2.13 Resolution of vectors 

It is often convenient to replace a single vector by 

two component vectors. For example, we may 
imagine a truck on rails being pulled by a man 
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Fig. 2.20 Resolution of a force vector. 

using a rope inclined at an angle @ to those rails 

(see Fig. 2.20a) and exerting a force F (another 

vector quantity). 

We may resolve the force F into two com- 

ponent vectors at right angles to each other, F, 

along the rails and F, at right angles to the rails 

(see Fig. 2.20b). We see at once that, if the law of 

vector addition is applied, 

Moreover we can see from the figure that 

F, = F cos 

Resolution of vectors 23 

and 

F, = Fsin@. 

Of the two component vectors, only F, is effective 

in moving the truck since F, is balanced by the 

opposing thrust of the rails. F,, is able to accelerate 

the truck to the constant velocity which develops 

when it is just equal to the frictional forces 

Opposing it. 

These ideas concerning rates of change and 

vectors will be used often in the work that is to 

follow. 

Summary 

Vector quantities possess both magnitude and 

direction and may be added by the application of 

the triangle (or the parallelogram) law. Where it is 

important to the argument such quantities will be 

represented by the appropriate letter printed in 

bold type face whilst the magnitude of the 

quantity will be represented by the same letter 

printed in ordinary type. For example the magni- 

tude of the force F is represented by F. 



a | 7s 
_* : ~ 

- Ad solts a + Vina , Pipe aon aw? 
te becesiiteat ahet war due ai, get eaastt A. 

ee ) bit hed a a; 7 ica? ut Wr, aris rege 

mohvvab Wwiter ei) rly Wehorts? arihe earl a 

av! Lemrotses} wf}. a) Vain, au: = Ven 

bu ls watts ity 4 MoV ig 

™ Fal": a hohe BM atin rhs . : 7 
am YL Stich. Eas : int “i eh eth ue on Fanti SQ0y, 
ie ke ie Bs 270; ie Ae AS atGhbeh yee! ws gibt hiat te ang 16 the provid wit bei - The nego pawn festa tes 
veh tim in, Werya ees am bly eat so ie redone vane 
Biryry yeaspiy | ry 7” pe = Avett ef) fy pus Hirt sare sert Wh ; 

¥ ' sar Hiregiare. ofl acd e itr ; ratuiitahou phy ifs ii i. 
MNGi fe wad § *: her ev echoes ses +juncctagey 3% 
« PesONY, wel (iwrgats cuit ir ves eninge heise STORY 

silsaiaien: 90%: conn or egy) > aa 1 1s site at 
"i (her hu, id ) . | DMAlvams-: 

1 et aul! 
That 

pee 19 

yy, 
4 

ye) 

i 



UNIT TWO 

Motion and Force 
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If we are to develop the particle model for a gas 

which we introduced in Chapter 1 we shall require 

an understanding of the ways in which particles 

behave - either by themselves or as they interact 

with other particles. This is the proper study of 

dynamics and this unit will deal with that. The 

major topics are motion, force, mass, but it starts 

by considering momentum, a word often misused 
in everyday language. 

When a scientist has a complex problem to 

solve he starts by seeing what factors are involved. 

He may then attempt to remove or at least reduce 

the effect of some factors; he may proceed by 

keeping other factors constant and see if there is a 

simple law which governs the behaviour of the 

remaining factors. 

What could possibly be simple about anything 

as wild as a collision or an explosion? At first sight 

it seems unlikely that there is a simple relationship 

between the motion of objects before and after a 
collision. 

The collision of two cars is a very complex 
situation; they are likely to be of different masses 
and to have different and even changing speeds. A 
simplification to aid the investigation would be to 
have two identical cars, each travelling with the 
same speed, but even this is complicated by the 
fact that an engine must be working to maintain 
this constant speed, since friction would otherwise 
cause a retardation. An idealized colliding system, 
as far as the scientist is concerned, is one in which 
nd friction exists so that no engine 1s necessary to 
maintain constant speeds. 
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Fig. 3.1 Trolleys on ball-bearing wheels. (Courtesy of Philip 

Harris Ltd.) 

3.1 The reduction of friction in the 

laboratory 

A number of pieces of apparatus have been 

designed for experimenting with collisions in 

which the effects of friction have been reduced. 

a) Trolleys on ball-bearing wheels 

These are designed (see Fig. 3.1) so that two or 

more trolleys can be stacked and the mass moving 

varied. Some trolleys are equipped with a spring 

plunger that can be released by striking a peg. By 

this means the ‘explosion’ of two trolleys can be 

investigated. 

b) The linear air track 

The length of the track is drilled with small holes 

from which air, supplied by a vacuum cleaner, is 

r 

Fig. 3.2 Two vehicles on a linear air-track. (Courtesy of 

Griffin & George, Ltd.) 
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blown so supporting the vehicles clear of the 

actual track (see Fig. 3.2). 

c) Pucks on a flat glass plate 

These can either be operated by air, supplied by an 

electrically driven pump carried on the puck itself, 

or by a small piece of solid carbon dioxide which 

continuously sublimes to the gaseous state. In 

both types, the gas pressure underneath the puck 

supports the puck clear of the glass plate. (See 

Fig. 3.39) 
In all of these cases, one should question 

whether friction has been eliminated, or only 

reduced sufficiently for it to be neglected. No 

matter how well made are the wheels and bearings 

x NN 

Fig. 3.3. Pucks on a flat glass plate showing one technique 

for multi-flash photography. 

of a trolley, some friction will still remain. 

Experience tells us that a trolley which has been 

pushed on a horizontal table will eventually come 

to rest because friction gradually dissipates the 

trolley’s energy. But what about the air track 

vehicles and the pucks? They certainly have no 

wheels yet experiment shows that they gradually 

slow down and lose energy. Where can the friction 

be? This time it is caused by viscosity, or gas 

friction, occurring mostly in the narrow gap 

between the vehicle and the track or between the 

bottom of the puck and the glass plate. We will 

use trolleys, air tracks, and pucks, and accept that 

in these cases the effect of friction may be 

neglected. 
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Problem 3.1 The force of friction tends to retard 

a moving body. How could you arrange a trolley 

experiment so that the earth’s gravitational pull on 

a trolley compensated for the frictional force? 

Explain whether or not your method could be 

applied to the case of two trolleys moving in (a) 

the same direction and (b) opposite directions. 

3.2 Methods for measuring speed 

In order to determine speed a measurement of a 

distance and of the time taken to cover that 

distance is required. 

If the speed of a car is being measured, it may 

be sufficient to use a stopwatch and time it over a 

distance of a kilometre. A very fast car taking 20s 

to cover this distance can be ‘hand timed’ to an 

accuracy of +0.2s. This represents an error of 

1%, which is the worst that can be expected as a 

slower car will take longer and thus can be 

measured to a better percentage accuracy. For 

example, 40 + 0.2s represents an error of +%. 

In the laboratory, the distance over which a 

trolley or a puck is timed is comparatively short; it 

is not likely to exceed 1m and in many experi- 

ments this distance will be covered in less than 4s. 

Consequently, the best that can be attained witha 

stopwatch is an accuracy of 4 + 0.2s or 5%. A 

trolley going at twice the speed and timed over 

half the distance will have its speed measured to an 

accuracy of only 20% if a watch is used. Conse- 

quently, other methods are used for measuring the 

short times involved in laboratory experiments. 

a) The ticker-tape timer 

This is a familiar piece of apparatus which when 

driven from a 50 Hza.c. supply makes a dot every 

0.02 s on a piece of paper tape that is attached toa 

trolley. If the trolley is accelerating, the dots 

become farther apart. The distance between any 

two dots is the distance travelled by the trolley in 

0.02 s. 

b) Photocell and lamp method (see Fig. 3.4) 

A phototransistor is used to operate the starting 

and stopping of an electronic timer which 

measures time in units of 0.001 s derived from a 

1 kHz oscillator. When a light beam shines on the 

phototransistor the timer does not count. If the 

beam is interrupted, the timer starts to count 

[3.2] 

To timer 

Photocell 

Rubber 
catapult 

Fig. 3.4 Timing a linear air track vehicle by interrupting a 
light beam. (Courtesy of Griffin & George Ltd.) 

milliseconds until the beam is restored. A card, 

0.1m long, say, mounted on an air track vehicle 

can be arranged to interrupt the beam as shown in 

Fig. 3.4. Thus the time taken by the vehicle to 

travel 0.1 m can be measured. In some electronic 

timers a microprocessor is used so that the speed is 

displayed directly. It is also possible to use a 

microcomputer. 

c) Multiflash (stroboscopic) photography 

This is a particularly versatile method of analysing 

the motion of a moving body. As can be seen from 

Figs. 3.5 and 3.6 a single photograph can record 

all the motions involved in simple and complex 

interactions, including motions that take place in 

two dimensions. Multiflash photography involves 

the taking of a sequence of pictures, on a single 

piece of film, at regular intervals. This can be 

achieved in two ways: 

igi OL OLE PE a NI gt i 

Fig. 3.5 Multi-flash photograph of a collision between a 
moving air track vehicle (on the left) and a similar stationary 
one (Experiment B). (Photograph B. T.) 
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1. The camera shutter is opened in the dark and 

the event to be recorded is illuminated by a 

rapidly flashing light which may be obtained 

from an electronic flash tube. The camera 

shutter is closed when the event is completed. 

2. Alternatively, the trolleys or pucks can be 

illuminated by a steady light and the film is 

then exposed at rapid regular intervals by 

means of a mechanical shutter. This consists 

of a disc, typically having six equally spaced 

slots around its edge, which is rotated at a 

constant rate - typically 5 revolutions per 

second - in front of the camera lens. When 

the camera shutter is open, the film obtains a 

glimpse of the event to be recorded every time 

a slot passes. 

3.3 An investigation of interactions 

In order to discover a rule connecting the motion 

of objects before and after an interaction, some 

data must be obtained by doing experiments. The 

problem is first simplified by using two identical 

objects in a variety of interactions in which they 

are effectively isolated. The objects are either two 

trolleys or two air track vehicles and any of the 

timing methods mentioned earlier can be used. 

Experiment A: An explosion 

Two trolleys are initially at rest and in contact. 

The spring plunger is released and the trolleys (X 

and Y) move apart. In this case the card, photocell 

and clock method was used to give the results 

quoted in Table 3a. 

Table 3a 

Trolley X Trolley Y 

Card length/m 0.10 0.10 
Transit time/s 0.27 0.27 
Initial velocity/ms~' 0.00 0.00 
Final speed/ms~' 0.37 0.37 
Final velocity/ms~! — 0.37 + 0.37 

As mentioned earlier, the sign indicates the 

direction of motion: 

— to the left and + to the right. 

An investigation of interaction 29 

Experiment B: A collision with a stationary object 

The two identical air track vehicles P and Q are 

fitted with rubber band buffers. A white drinking 

straw is attached to each vehicle and these appear 

as the vertical lines on the multiflash photograph 

(Fig. 3.5). The space between two lines is propor- 

tional to the distance travelled in 1/30 s. Measure- 

ments from the photograph give velocities of the 

images of the straw. (Table 3b.) In this experi- 

ment, and in the next, the mass which is moving 

initially, comes to rest. 

Table 3b 

Vehicle P Vehicle 0 

Initial velocity/ms~! + 0.066 0 
Final velocity/ms~' 0 + 0.066 

Experiment C: An interaction using magnets 

The difference between this and the previous 

experiment is that the interaction takes place at a 

distance by means of the repulsion between the 

magnets which are mounted firmly on two similar 

trolleys. The trolleys do not touch. The results are 

shown in Table 3c. 

Table 3c 

Trolley X Trolley Y 

Initial velocity/ms7 ! + 0.55 0.00 
Final velocity/ms~' 0.00 + 0.55 

Experiment D: A collision with a stationary object 

without using rubber or magnetic buffers 

The arrangement of the previous experiment is 

used with the magnets removed so that a ‘hard’ 

interaction occurs. 

This time, trolley X does not come to rest after 

the interaction but has a small final velocity. Table 

3d shows the results. 

Table 3d 

Trolley X Trolley Y 

Initial velocity/m s~ | + 0.60 0.00 
Final velocity/ms~' + 0.15 + 0.45 
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Fig. 3.6 A head-on collision between two similar air track vehicles (Experiment F). (Photograph B. T.} 

Experiment E: A collision between two bodies 

which stick together 

In each of the previous experiments, the objects 

separate after the interaction. Although both are 

finally moving in Experiment D, trolley Y moves 

away from X with a relative velocity of 0.30 ms~!. 

In Experiment E we examine the situation where 

separation does not occur. This is achieved by 

having a sharp pin attached to one air track 

vehicle P that sticks into a small piece of cork 

fixed to the second vehicle Q, when the collision 

takes place. 

Vehicle P moves from the left and passes the 

first photocell. P hits Q, which is initially 

stationary, and both move off together past the 

second photocell. Table 3e shows the results 

obtained. 

Table 3e 

Vehicle P Vehicle O 

Card length/m 0.100 - 
Transit time of P/s 0.242 - 

Transit time of P + O/s 0.485 0.485 

Initial velocity/ms~! + 0.413 + 0.000 
Final velocity/ms~ ! + 0.206 + 0.206 

Experiment F: A collision between two moving 

objects 

In the previous experiments, one object was at rest 

before the second one collided with it. This time, 

both are in motion moving towards each other for 

a head-on collision, after which each rebounds 

and travels back to its starting point. To record 

this motion, multiflash photography of air track 

vehicles is utilized. The reverse motion can be 

photographed without being superimposed on the 

forward one if a shutter is fitted in front of the 

track. This takes the form of a hinged flap, about 

1m long and 0.05 m high, which is operated by 

hand when the interaction occurs. The lower parts 

of the drinking straws are then revealed and the 

upper parts concealed from the camera. A typical 

photograph taken by this method is shown in Fig. 

3:6: 
In the photograph, the space between two 

images is proportional to the distance travelled in 

1/30s. Measurements from it give the results 

shown in Table 3f. 

Table 3f 

Vehicle P Vehicle 0 

Initial velocity/ms~! + 0.240 — 0.150 
Final velocity/ms~'! —0.120 + 0.210 

3.4 The rule begins to emerge 

These experiments provide data about the motion 

of two similar objects before and after a wide 

variety of different interactions, including one in 

which they do not even touch. If the results of 

each experiment are examined we can see that the 

following rule applies: (sum of velocities before 

interaction) = (sum of velocities after interaction). 

Note: Try adding speeds instead by ignoring the 

signs, and see if the rule works in every case. You 

should decide that this rule only works if the 

velocities are treated as vector quantities. 

3.5 Extending the rule 

We have obtained a satisfactory rule for the 
simplest possible case, namely two _ isolated, 
similar objects, but real life collisions are not 
always so conveniently arranged. To make our 
rule more useful we shall change a variable. We 
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shall keep the system isolated and experiment with 

objects that are not similar. Note that we are only 
changing one variable. This is the golden rule in 

scientific investigations. Other variables, such as 

friction, are not allowed to creep in and confuse 

the issue. The effect of such forces is treated 

separately. 

So that the interacting objects differ by an 

obvious amount, the next experiments are per- 

formed with stacked trolleys. Thus one trolley can 

interact with two, two trolleys can interact with 

three, and so on. 

Experiment G: An explosion between a single, and 

a double trolley 

The arrangement is the same as for Experiment A. 

The symbol Y, refers to the double trolley. Table 

3g gives the results. 

Table 3g 

Trolley X Trolley Y5 

Card length/m 0.10 0.10 
Transit time/s 0.22 0.44 
Final velocity/ms~ ' — 0.46 + 0.23 
Initial velocity/ms~' 0.00 0.00 

The sum of the velocities before interaction 

clearly equals zero. The sum of the velocities after 

interaction will only be zero if the velocity of the 

double trolley is doubled. 

Experiment H: An explosion between a double, 

and a triple trolley 

The trolleys are referred to as X, and Y, in Table 

3h which summarizes the results obtained using 

the same technique as in Experiment A. 

Table 3h 

Trolley Xz Trolley Y3 

Card length/m 0.10 0.10 

Transit time/s 0.16 0.24 

Final velocity/m s~ ' — 0.63 + 0.42 

Initial velocity/ms~' 0.00 0.00 

The sum of the velocities before interaction 

again equals zero. The sum of the velocities after 

interaction will only be zero if the velocity of X, is 

doubled and that of Y; is multiplied by three. 
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3.6 The new rule 

From the data obtained by these last two experi- 

ments a modified rule emerges that applies to 

explosions between isolated objects of any size. 

Thus: 

NU, + NW, = Nv; + NV, (3.1) 

where the symbols have the following meanings: 

n, and n, refer to the number of trolleys in stacks 

X and Y. 

u, and u, refer to the initial velocities of X and Y. 

v, and v, refer to the final velocities of X and Y. 

In words, the sum of the products of the 

numbers of trolleys and their velocities before the 

explosion is equal to the sum of the products of 

the numbers of trolleys and their velocities after 

the explosion. 
Equation 3.1 is a statement of the rule that 

applies to all of the Experiments A to H, but it 

requires further testing to see if it is true for 

collisions between objects of any size. 

Experiment I: A collision between a triple trolley, 

X, and a stationary single trolley, Y, 

The arrangement is the same as for Experiment D. 

Table 3i gives the results. 

Table 3i 

Trolley X3 Trolley Y, 

Initial velocity/ms~ ! + 0.70 0.0 
Final velocity/ms~ ! + 0.45 +0.75 

If Eq. 3.1 is tested with these results we shall 

see it is true for collisions as well as explosions. 

3.7. The concept of mass 

In Experiment G, H, and I the number of trolleys 

on each side of an interaction is significant in 

deciding the velocities after the interaction. In 

each case, the number of trolleys is a measure of 

the quantity of matter, or mass, involved. The 

mass of a body governs its behaviour during an 

interaction. For example, Experiment G shows 

that after an explosion a body with a large mass 

moves off with a smaller velocity than one with a 

small mass. The large mass has more inertia. Also, 
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Experiment I demonstrates that, during a colli- 

sion, a large mass undergoes a smaller change of 

velocity than does a small mass. (X; underwent a 

change of velocity of 0.45 — 0.70 = —0.25ms7! 

whereas Y, suffered a change of 0.75 ms~'.) 

Again we can say that the larger mass has more 

inertia as it tends to maintain its velocity. 

HM Mass is a measure of the inertia of a body, as 

well as being the quantity of matter in the body. 

Mass is always conserved. 

These findings are summarised in 

@ Newton’s first law. 

‘Every body remains at rest, or moves with 

constant velocity, unless acted on by an 

unbalanced force.’ 

Remember that ‘constant velocity’ implies that 

it is Moving in a Straight line and that its speed is 

constant. 

The meaning of the term ‘unbalanced force’ is 

best understood by reference to some examples. 

Consider a ball at rest on a billiard table. Two 

forces act upon the ball; the earth exerts a pull on 

it and the table supports it. These two balance. 

Then it is struck by a cue. The cue exerts a force . 

on the ball and, as we shall see, the ball exerts an 

equal and opposite force on the cue. The force 

exerted by the cue on the ball is unbalanced as far 

as the ball is concerned. The ball is accelerated and 
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sO acquires a velocity. (At the same time, the cue is 

decelerated.) Subsequently the ball comes slowly 

to rest, because friction with the table now 

provides an unbalanced force. 

-Consider, too, a mass hanging from a thread. 

The thread supports it and the earth pulls upon it 

— there are two balanced forces acting. Now the 

thread -breaks. Under the action of the now 

unbalanced pull of the earth, the mass falls 

towards the floor. 

Or again, a motor car is accelerated to its 

maximum speed. The force exerted by the engine 

through the transmission is unbalanced until, at 

the maximum speed, it is exactly equal to the sum 

of all the frictional forces that exist. The forces are 

in balance as the car moves with constant motion. 

3.8 A conservation rule 

Returning to Eq. 3.1, the term mass can now be 

used instead of ‘numbers of trolleys.’ If m, and m, 

mean mass of X and mass of Y respectively, then 

the equation becomes: 

(3.2) 

This tells us that the sum of (mass x velocity) 

before an interaction is equal to the sum of (mass 

x velocity) after the interaction. 

The quantity (mass x velocity), is so import- 

ant that it is given a special name: momentum. 

mu, Si Mm ,u, =s MV, af MyV> 



Chapter 4 

MOMENTUM AND MASS © 

4.1 Momentum as a vector quantity 33 As we have seen, momentum is concerned with 
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gains ‘momentum’. This is, of course, perfectly 

true; but the speaker probably wishes to say no 

more than that the velocity of the cyclist is 

increasing. It would also be correct to say that the 

cyclist gains kinetic energy. Both momentum and 

kinetic energy depend on velocity but it would be 

an error to suggest that these words were nothing 

more than synonyms for velocity. 

Momentum is important because in a collision, 

whether ‘hard’ or not, or in an explosion within an 

isolated system, the total momentum is constant. 

We say that momentum is conserved. 

The Jaw of conservation of momentum states: 

@ ‘The total momentum of an isolated system of 

bodies, interacting only with each other, 

remains constant.’ 

4.1 Momentum as a vector quantity 

In arriving at this law from the results of experi- 

ments, it was essential to assign directions to the 

various motions. Likewise in applying the law, it is 

vital to treat the product (mass x velocity) as a 

vector quantity. Velocity is a vector quantity and 

mass is a scalar that is acting as a multiplying 

factor. Consequently, momentum can also be 

classed as a vector quantity. 

4.2 Isolated systems 

An isolated system is composed of a number of 

masses that only interact among themselves. No 

33 
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external force such as friction ‘connects’ them to 

other masses outside of the system. In all of our 

experiments it is clear which masses form the 

isolated system: trolley X and trolley Y form one 

(nearly) isolated system; vehicle P and vehicle Q 

form a perhaps better isolated system. We can say 

that these are isolated because, for instance, P ° 

only interacts with Q. It does not interact with the 

air track since there is negligible frictional force 

between it and the air track. Consequently, the 

total momentum of P and Q is conserved. 

But, suppose Experiment E is performed with 

the holes under vehicle Q blocked, or covered with 

thin adhesive tape. There is now considerable 

friction between Q and the track, and P and Q are 

no longer the only members of an isolated system. 

When P interacts with Q it is also interacting with 

the air track through the medium of friction. 

Moreover, the track interacts with the bench and 

thedench ... 

Next, suppose that the air track itself could be 

arranged to move freely without friction, perhaps 

by mounting it on special large air pucks. The 

isolated system now consists of P, Q, and the air 

track; and when P collides with Q, the initial 

momentum of P is transferred completely to the 

final momenta of P, Q, and the now moving air 

track. The law of conservation of momentum can 

be applied in this case and indeed to any case in 

which the members of the isolated system are 

clearly known. 

What about the case of a car colliding with the 

back of a stationary car? Before impact the brakes 

would doubtless have been applied and a large 

frictional force would have acted. Could the law 

of conservation of momentum be applied here? 

We believe it could be, so long as all the interacting 

objects can be specified. In this case there are 

three involved; the car interacts with the stationary 

vehicle and also with the road (and therefore the 

earth). The moving car does not give all of its 

momentum to the stationary one; while it is 

braking it is giving some momentum to the earth - 

momentum the earth lost when the car originally 

accelerated from rest. 

Does the law of conservation of momentum 

apply to a sprinter as he leaves his starting blocks? 

He is initially at rest and then suddenly gains some 

momentum; if the law is applicable an equal but 

opposite change of momentum must occur. Pre- 
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sumably the earth undergoes this change and the 

earth and the sprinter constitute an isolated 

system. 
Some of these points may be illustrated easily 

with a clockwork or flywheel toy car and a piece 

of thin wood or card that can roll on double-ended 

knitting needles or other suitable rods placed 

parallel to each other. If the car, with its wheels 

already turning, is placed on the card the car will 

move forwards at the expense of the card moving 

backwards. If the car then collides with a small 

block fixed at one end of the card, the changes of 

motion will be obvious. 

4.3 Making measurements of mass 

The conservation of momentum law enables two 

masses to be compared. Applying Eq. 3.2 to the 

one-dimensional case, we have 

Mu, + MU, = My)V, te M V5 

where u,, etc., are magnitudes only. Rearranging, 

we get 

+ MV, — Mu, = —(n sv, — mou) (4:1) 

thus, 

mM, (v. = u) Ay, — = —+4+ 4 = _ 4.2 
mM), (vy, — 4) Av, (4-2) 

The significance of the negative sign is that, in the 

case of an explosion, the objects move off in 

opposite directions, and in the situation where a 

collision occurs, one body undergoes an increase 

in velocity while the other suffers a decrease in 

velocity. . 

Equation 4.2 relates the masses of two bodies, 

X and Y, to the change of velocity each undergoes 

during an interaction. As an example, suppose 

that two different masses, X and Y, in the form of 

trolleys are initially at rest, ‘explode’ apart, and 

that their velocities become 0.16ms~-! and 

— 0.96 ms~' respectively. Using Eq. 4.2, we obtain 

my (096) 6 

mM, O16 = 

and we see that the mass of X is six times the mass 
of Y. 

. As another example, consider an air track 
vehicle P moving at 0.080ms~-! which falls to 
0.050 ms~' when P collides with vehicle Q. Since 
Q was initially at rest it ends up by having a 
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velocity of 0.075 ms~'!. Applying Eq. 4.2, we have 

Mp _ _ Ave ia (0.075 — 0) 

Mg Avp __ (0.050 — 0.080) 

ope BUNUE eae 

=" 1.0.030...7° 
The mass of P is 2.5 times the mass of Q. 

4.4 The unit of mass 

In both examples, we have found the ratio of two 

masses. So that we can speak of the mass of a 

particular object, it must be compared with some 

universally accepted standard mass such as the 

international prototype kilogram. This is kept at 

the Bureau International des Poids et Mesures 

which is at Sévres, a suburb of Paris. This is a 

truly international establishment and is built on 

land ceded by the French Government and 

declared to be international territory. The proto- 

type kilogram is a cylinder, having its height and 

diameter approximately equal, made of an alloy, 

90% platinum and 10% iridium, which has a high 

density of 21570 kg m~?. This was adopted as the 

standard in 1889 and from it substandards have 

been made. Copy number 18 is held in Great 

Britain and from time to time it is returned to 

Paris for checking. Its mass has remained constant 

to within 1 part in 108. The alloy was chosen 

because it was thought to be the least liable to be 

affected by time and environment; experience has 

since shown this to be true. The objection to the 

use of platinum-iridium for a standard mass is 

that because of its high density (i.e. small volume), 

any slight abrasion will change the mass appre- 

ciably, consequently the greatest precautions are 

taken. 

As we have seen, the kilogram is one of the 

seven base units of SI. 

4.5 Inertial mass and gravitational mass 

In the earlier example, if trolley Y had been a copy 

of a kilogram on wheels, then we could have 

stated that the mass of X is 6kg. Values of mass 

obtained in this way, by comparing the inertias of 

two objects, are called inertial masses. 

However, when copy number 18 is taken to 

Paris for checking it certainly does not undergo 

any interaction with the international prototype 

kilogram! 
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It is common practice to use a pair of scales or 

some other form of pan balance to compare 

weights of bodies with the weight of a standard 

body. In this process the gravitational pull of the 

earth on the body under test is compared with the 

gravitational pull of the earth on the standard 

body. Values of mass found in this way are called 

gravitational masses. 

Now experiments (for example that celebrated 

experiment which Galileo may or may not have 

carried out at Pisa) show that a body with a large 

mass and a body with a small mass which are 

released together fall to the ground with the same 

acceleration. It seems that the earth’s gravitational 

pull on the larger mass is larger than that on the 

smaller but that the material which has to be 

accelerated is larger in just the same proportion. 

The resulting acceleration is the same for both. 

‘The pull of the Earth’s field is proportional to 

the amount of matter-to-be-pulled. The mass 

to be accelerated is proportional to the amount 

of matter-to-be-accelerated. We have no 

guarantee — except from the vital experiment 

which shows the acceleration the same for all - 

that these two kinds of ‘‘amount of matter’’ 

are equal, or proportional, for all different 

materials.’ 
Nuffield Physics (1966) 

The fortunate equivalence of inertial and 

gravitational mass of a body enables us to com- 

pare masses by comparing weights with some form 

of balance: a vastly more convenient process than 

that of comparison by inertial effects. 

4.6 The cause of momentum change 

Consider Eq. 4.1 where 

mv, — Mu, = —(M Vv, — MU) 

Since momentum is (mass xX _ velocity), this 

equation in words is: 

Change of momentum of X 
= —(change of momentum of Y) 

(4.3) 

This equation shows that, during an interac- 

tion, each mass undergoes an equal, but opposite, 

change of momentum. During that interaction 

each mass exerts a force on the other. It is these 

forces which produce the changes. 

m, Ay, = —m, Ay, 
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Is there a simple connection between the force 

which is applied, the time during which it acts and 

the change in momentum (my)? In dealing with 

three such variables as these, the technique is to 

keep any one of the three constant and to examine 

how the other two are related. We will start by 

keeping the force itself constant. 

Experiment J: To apply a constant force to a 

single trolley and to examine how the momentum 

changes with time 

A constant force can be applied to a trolley by 

towing it with a thin length of rubber thread 

(elastic) kept at a constant stretch. With practice it 

is possible to keep the end of the elastic that is in 

the fingers, in line with the front pegs of the 

trolley even though the velocity of the trolley is 

increasing. See Fig. 5.1. 

The resulting motion of the trolley can be 

recorded with a ticker-tape timer which makes 

dots on the paper tape 50 times a second, i.e. at 

intervals of 0.02 s. If the tape is cut into 10-space 

lengths which are stuck side by side on to card, the 

chart shown in Fig. 5.2 is obtained. The length of 

each strip gives the mean velocity during that 

particular period of 0.2s (i.e. 10 x 0.025). 

Examination of this chart shows that each step is 

of equal size which means that equal changes of 

velocity occur in equal periods of time, when the 

force causing the change is constant. It follows 
that the change in velocity that occurs in, say, 3s, 
is three times the velocity change occurring in 1 s. 
Thus, change of velocity is proportional to the 
time during which it is changing. In symbolic form 
Av « Atwhere « means ‘is proportional to’. Since 
the mass moving (a single trolley) is constant it is 
also true that 

mAyv« At 
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Fig. 5.1. Applying a constant force to a trolley. 

when the force is constant. Consequently the 

change of momentum is proportional to the length 

of time for which the force acts. 

So far we have investigated momentum and 

time whilst keeping force constant. We must now 

apply a different, but nevertheless constant, force 

to the trolley and see what change of momentum 

occurs in a given time. 

Velocity 

0 OARS O!S) ele2eee kG Time 

Fig. 5.2 Tape-chart for a trolley moving under the action of 

a constant force. 

Problem 5.1 Before doing the actual experiment 

with the trolley we must check the elastic threads 

to see how we may use them to give us three 

different forces. First we must see whether they 

are equivalent in their performance. We may do 

this very simply by supporting them side by side so 

that they hang vertically and then fastening a 

small mass to the lower end of one of them. That 

thread will stretch by some definite amount. 

Transfer the mass to each of the other threads in 

turn. What do you conclude if all stretch by the 

same amount? 

Suppose next that you were to link two and 

then three of them together (Fig. 5.3), in parallel. 

Fig. 5.3 

What force would you expect to apply to them in 

order to stretch them by the same amount as in the 

first of these experiments? 

Now we can be sure that, when they are used 

as in Fig. 5.1 with two and then three attached to 

the trolley peg in parallel, two and three units of 

force may be applied (taking the case in Experi- 

ment J as one unit of force). 

Experiment K: To apply different, constant forces 

to a trolley 

Tape charts, produced as before, show a constant 

step size for a particular force. As expected, the 

largest force produces the greatest step or change 

in velocity. Some typical results are shown in 

Table 5a. Allowing for experimental errors, this 

table shows that the step size is proportional to the 

force. This means that the force is proportional to 

the change of velocity and therefore to the change 

of momentum that results. Thus, mAv « F. 

Table 5a 

Force Average step 
size/mm 

1 unit 9.0 

2 units 18.2 

3 units 26.9 

5.1 Newton’s second law of motion 

(Newton II) 

Combining this last result with that for Experi- 

ment J we have 
FAt « mAy 

Or, rearranging 

m Av 
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This can be interpreted as ‘force is proportional to 

rate of change of momentum’ which is incor- 

porated in Newton’s second law of motion: 

M@ ‘The rate of change of momentum of a body is 

proportional to the resultant force causing it 

and takes place in the direction of that force.’ _ 

Equation 5.1 does not lead directly to useful 

ideas about the sizes of forces. It is rather like 

saying that the cost c of a tray of eggs is pro- 

portional to the number of eggs n in the tray. 

can 

To pay for the eggs we need to know the price p of 

an egg. 

¢ Sup 

p is the proportionality constant which enables us 

to calculate the total cost. 

Similarly Eq. 5.1 can be written as an equality 

rather than as a proportionality if we introduce an 

appropriate proportionality constant k. 

m Av 

At 

The value of the constant k will decide the 

number that will describe the size of the force; k 

can have any value provided all scientists use the 

same value. For simplicity, the value chosen is 

Kea t 

The equation now becomes 

F=k 

m Ay 
he i (5.2) 

This is often written 

Ap 
a At (523) 

where p = my, the momentum. 

It may also be written 

FAt = Ap = mAv (5.4) 

@ The product F At is known as impulse. 

If the notation of the calculus is used for the 

instantaneous rate of change of v with ¢ and of p 

with f, Eqs. 5.2 and 5.3 are written 

dv re dp 
— ma and ey 

respectively. 

[5.2] 

5.2 Newton’s third law of motion 

(Newton Ill) 

During a collision between two masses, each mass 

exerts a force on the other mass. What can be said 

about the magnitudes of these mutual forces? 

The law of conservation of momentum has 

taught us that in a collision between two bodies of 

mass m, and m,, moving with velocities v, and v, 

each undergoes an equal but opposite momentum 

change (Eq. 4.3). 

m, Ay, a m, Av, 

The collision involves both bodies and its 

duration is the same for both. We may therefore 
write 

m,Av, _ _ m,Ay, 

At At 

or in calculus notation, 

a dv, _ he dv, 
chide Suis 

The rates of change of momentum of the two 

interacting bodies are equal and opposite. Since 

from Eq. 5.1 the rate of change of momentum is 

proportional to the impressed force, we see that 

the force on one body is equal and opposite to the 

force on the other. 

This fact is stated in Newton’s third law of 

motion: 

@ ‘If a force acts on a body, then an equal but 

opposite force must act upon another body.’ 

In his Principia of 1686, Newton gives 

examples to explain this law in a scholium or 

explanatory note. 

‘If you press a stone with your finger, the finger 

is also pressed by the stone. If a horse draws a 

stone tied to a rope, the horse (if I may so say) 

will be equally drawn back towards the rope; 

for the distended rope, by the same endeavour 

to relax or unbend itself, will draw the horse as 

much towards the stone as it does the stone 

towards the horse, and will obstruct the 

progress of the one as much as it advances that 

of the other.’ 

This seems to be a paradox, for it these forces 

are equal but opposite, how does the horse and 

stone ever make any progress? The difficulty is 

resolved by considering the horse and the stone 
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separately and by dealing with a// the forces 

involved. 

The horse pushes backwards on the ground 

which pushes forwards on the horse. (This is a pair 

of Newton III forces.) If the ground’s forward 

push is at least greater than the backward pull of 

the rope on the horse, then forward motion can 

occur. (Note: Even if the ground’s push and the 

rope’s pull were equal, they would nor constitute a 

pair of Newton III forces because they both act on 

the horse and not on different bodies.) 

Consider now the stone; it exerts a forward 

force on the ground and the ground exerts an 

equal backward force on the stone. (A pair of 

Newton III forces.) If this backward force is less 

than the forward pull of the rope, then forward 

motion occurs. It should be noted that the 

ground’s frictional force and the rope’s pull both 

act on the stone and do not form a pair of forces. 

Newton III can also be stated in this form: 

@ ‘Action and reaction are equal and opposite, 

and act on different bodies.’ 

Often, when this form is quoted, the last five 

words are unfortunately omitted. This can lead to 

some confusing and fallacious statements when 

illustrations of Newton’s third law are given. For 

instance, ‘If a book is resting on a man’s hand, 

there are two equal and opposite forces acting; the 

weight of the book acting downwards and the 

reaction from the hand upwards.’ In itself this 

statement is correct but the forces mentioned are 

not examples of the ‘action and reaction’ forces 

intended in Newton III. They are examples of 

forces that happen to be in equilibrium, and both 

are acting on the book (Fig. 5.4a). (Weight is the 

force acting on a mass placed in a gravitational 

field.) Apart from the fact that both forces act on 

the same body, Newton III does not apply when 

the hand is suddenly removed. If the upward 

hand-force becomes zero, the weight certainly 

does not follow suit! The law has not failed here; 

it is simply being wrongly used. 

To clarify this case, it must be realized that the 

earth is pulling on the book with a force W and the 

book pulls on the earth with a force — W (which is 

equal and opposite). These forces constitute a pair 

of Newton III forces (see Fig. 5.4b). 

When the hand is supporting the book, it 

pushes upwards on the book with a force — H and 
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Weight 
of book 

Force hand 
exerts 
on book 

yew: (Book and hand 
3] drawn separate 

—H to show forces) 

eZ 

Earth 
(not to scale) 

(b) 

Fig. 5.4 

the book pushes downwards on the hand with a 

force H. These are also a ‘pair’ of forces and both 

do become zero when the hand is removed. When 

this is done the pair of forces, W and — W, still 

remain and cause the book and the earth to fall 

together or towards one another (Fig. 5.4c). 

Because of its great mass any movement of the 

earth is imperceptible. 

5.3 Acceleration 

In the experiments which led to Eq. 5.2, that is 

m Ay 

At 
aS 

the bodies involved and their masses remained 
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unchanged whilst the velocities, the forces and the 

times were changing. The equation might well be 

written 

Av 
 sicent Lr (3:5) 

M@ Av/At is the rate of change of velocity or the ° 

acceleration produced by the force F acting on 

the unchanging mass m. Its units will be those 

of velocity divided by time; and in SI these are 

ms~'/s or ms~?. This is, of course, a derived 

unit. 

0 10 20 

Time/s 

Fig. 5.5 A car starting from rest. Each slope ‘triangle’ has a 
base, one second long. The vertical side gives the change in 

speed in that one second. The acceleration is not uniform; it 
decreases as the car goes faster. 

Acceleration involves velocity, which is a 

vector quantity, and time, which is a scalar. 

Consequently acceleration is itself a vector 

quantity and both the magnitude and the direction 

must be specified. 

80 

60 

Velocity/ 

ms~' 49 

20 

0 

Time/s 

Fig. 5.6 A mass falling freely near the earth’s surface. Each 
slope ‘triangle’ has the same vertical side and the acceleration 
is uniform. It is a little less than 10 m s~2. 

[5.4] 

The acceleration tells us by how much the 

velocity of a body changes in unit time. Infor- 

mation about acceleration can conveniently be 

expressed on a_ velocity-time graph. Some 

examples are given in Figs. 5.5 and 5.6. It is 

interesting to note that Experiments J and K show 

that a mass moving under the action of a constant 

force does so with uniform acceleration. The 

implication of the graph (in Fig. 5.6) is that since 

the falling mass is accelerating uniformly, then the 

gravitational force on it is constant and is inde- 

pendent of the velocity of the mass. It should be 

realized that the acceleration will only be uniform 

while the velocity of the mass is small enough for 

the resistance of the air to be negligible. As the air 

resistance becomes greater, the resultant force 

accelerating the mass becomes smaller until it is 

zero. The acceleration is then zero and the mass is 

falling at its maximum, or ferminal velocity. If the 

graph had been continued farther, it would have 

curved over just as the car’s graph. The car is also 

tending to a maximum velocity when the force 

that the engine exerts through the wheels is exactly 

balanced by air resistance, etc. 

5.4 The unit of force 

If we write a for acceleration Eq. 5.5 becomes 

1 = FO) 

and provides us with the means to define a unit of 
force. If we agree to make the mass m = 1 kg and 
the acceleration a = 1 ms~?, then the unit of force 
is called the newton — a most appropriate name. 

(5.6) 

@ One newton (N) is the force which will give to 
a mass of 1 kg an acceleration of 1 ms~2. 

This is a further example of a unit derived 
from the appropriate base units of SI. In terms 
of those base units the newton is equivalent to 
kg ms~?. The dimensions of force will be M L T-2. 

The equation 

F = ma 

can now be used for calculating force in a given set 
of circumstances. For example, if a mass of 4 kg is 
found to have an acceleration of 3 m s~?, the force 
acting on it is 12N. 
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Problem 5.2 Look at Fig. 5.5. What is the initial 

acceleration of the car? If the mass of the car is 

800 kg, what force are the tyres exerting on the 

road during this acceleration? What is your 

estimate of the acceleration at the end of the tenth 

second? What is the force used to accelerate the 

car now? Why is this less than before? 

Look at Fig. 5.6. The acceleration near the 

surface is 10 ms~*. What is the force experienced 

by a body falling with this acceleration if its mass 

is 9 kg? 

5.5 The effect of a constant force on the 

linear motion of a body 

We have seen that a constant force will produce a 

constant acceleration when it is applied to a fixed 

mass. 
If a body, already moving in a straight line 

with velocity v, is acted upon by a constant force 

which gives it a constant acceleration a, the 

increase in velocity after a time interval ¢ will be at 

so that the velocity v, at the end of that time 

interval will be (vy + ad). 

The mean velocity during that time interval 

will be 

(5.7) 

Be 
2 

So the distance travelled (s) in that time interval 

will be 

= Vo a Vv, Seat t (5.8) 

Combining Eq. 5.7 and Eq. 5.8 we get 

i (Versrel oak aL) , 

2 

= vot + zal? (5.9) 

Note that for a body starting from rest, s = yal’. 
(5.9a) 

From Eq. 5.7 

V, = Vo aad at 

From Eq. 5.8 

vy, + Vo = 2s/t 
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Multiplying these last two equations gives 

Voi = a at (v, + vol, — 

Whence Vv? — Vo" = 2as (5.10) 

‘ These four equations apply to all cases of 

motion in a straight line under the action of a 

constant force, i.e. motion with constant accele- 

ration. 

5.6 Reaction from a jet 

If you have ever held a hose which is projecting a 

powerful jet of water you will know that there is a 

steady force of reaction from the jet. This is the 

force which is harnessed in some garden sprinklers. 

A jet engine is a rather more complicated applica- 

tion of this effect. Air enters the front of the 

engine and leaves as part of the exhaust gases at 

the rear. The fuel which burns in the engine gives 

these exhaust gases a high speed with respect to 

the engine. 

Imagine that the engine is attached to an air- 

craft which is travelling with speed v,. through 

stationary air. The air may then be thought of as 

entering the front of a stationary engine with 

speed v, relative to the engine. At the rear the 

ejected gases leave with a speed vy relative to the 

engine (Fig. 5.7). 

V 

— \ 
<= <= Vv 

ee) Ne 

Fig. 5.7 

If air passes through the engine at a rate r,i, 

(measured in kgs~') and fuel is burned in the 

engine at a rate of r,.), the total rate of change of 

momentum of the system is 

rue V = lair V — Tair Vo 

The law of conservation of momentum and Eq. 

5.3 tell us that this must be equal to the thrust of 

the engine. 
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Problem 5.3 The engines of a jet aircraft flying 

at 250 ms~! take in 800 m? of air per second at an 

operating height at which the density of the air is 

0.50 kg m~3. The air is used to burn fuel at a rate 

of 10kgs~' and the exhaust gases (including the 

incoming air) are ejected at 500 ms~'! relative to 

the aircraft. What is the thrust? 

The air is passing through the engines at a rate of 

(800 x 0.50) kgs~! or 400 kgs~!. This is much 

larger than the rate of burning of the fuel which is 

10kgs~'. 

The rate of change of momentum of the 

exhaust gases is 

(10 x 500) + 400(500 — 250) kgms7! 

or 105000 kgms~—!. 

The thrust is, therefore 105000 N or 105 kN. 

5.7 Rockets 

Unlike the jet engine, the rocket engine carries a// 

its propellant materials including oxygen. Imagine 

such an engine in space — so far away that we can 

ignore any gravitational effects. Then almost the 

whole of the thrust of the exhaust gases will be 

available to accelerate the rocket. 

Suppose these gases are expelled at speed v,,, 

relative to the rocket. Between time ¢ and time 

(¢t + At), amass Am of fuel is burned and expelled 

from the rocket. As a result the rocket increases its 

speed relative to an external observer from v to 

(v + Av) whilst the speed of the ejected gas 

decreases from v to (v — v,,,). From the conserva- 

tion of momentum we have 

(m + Am)v =Am@— v,,) + mW + Ay) 

mt ml gees m a 

Oy > C0) Se 
—> 
V nee 

— v-V 
gas 

At time t At time (t + At) 

Fig. 5.8 

[5.7] 

So 

mv + vAm = vAm — v,,,Am + mv + mAv 

and 

m Av = V,.,,Am 

* Whence 

eae Vea (5.11) 

This change takes place in time interval At. So 

the rates of change of velocity and of momentum 

with time are: 

Vee Veale 

Ar SAF ea 

and 

Ay Am 
en) 

sare" es Ay 

Since the rate of change of momentum is equal 

to the thrust (F) on the rocket we have 

Am 

is (5.12) 

To develop a large thrust, the designer of the 

rocket will seek to make both v,,,, the speed at 

which the gases are ejected relative to the rocket, 

and Am/At, the rate at which the fuel is burnt and 

ejected, as high as possible. In the Saturn V 

rocket, v,,, is about 2500 ms~! and Am/At about 

1.4 x 10*kgs~'. So the thrust can be as high as 

2500 x 1.4°x 10*N or 35 x 10°N 

Since the mass at lift-off is about 2.8 x 10°kg 
(2800 tonnes) which corresponds to a weight of 
28 xX 10°N, the initial upward acceleration of the 
rocket as it leaves the launch-pad is provided by 
the difference between the weight and the thrust 
which is 7 xX 10°N. That provides an initial 
acceleration of about 2.5 ms~?. 

As the total mass of the rocket and its fuel 
decreases, so the acceleration must increase. But 
not for long! The fuel of the rocket is exhausted in 
about 150s. 

To meet the need to increase the fraction of the 
total take-off mass which is payload, multi- stage 
rockets are used: in these, each complete rocket 
motor is dumped once the burn is completed and 
the next motor takes over. 
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Forces do not always produce accelerations. In, 

for example, the building industry and in civil 

engineering, the concern is with forces which are 

in static equilibrium. In considering such forces 

the terms tension and compression are in frequent 

use. Strings pull - they are in fension. And the 

tension is the same throughout their length. The 

mechanism lies in the molecular structure of the 

material from which the string is made; under an 

applied force, the molecules move a little apart 

until an equal and opposite force develops. 

Tension Tension 

L L 

W Ww 

Fig. 6.1 

Consider a simple case of a string stretched 

between two equal loads and passing over two 

pulleys with frictionless bearings (Fig. 6.1). The 

two loads are pulled towards the earth by equal 

forces W — their weights. To keep the system in 

equilibrium, the supporting string must apply 

equal forces in the upward direction on each load. 

Tensions are not confined to strings and wires; 

members used in, say, bridge building and cranes 

may also be under tension. In Fig. 6.2a the 

member AC is under tension (it could be replaced 

by a wire); but BC is under compression (deform- 

ing slightly until an equal force is established to 

43 
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Fig. 6.2 A simple truss supporting a load at C. (a) shows 
the directions of the three forces acting at C. 

resist the force of compression applied). Figure 

6.2b shows the three forces which act at the point 

GC. 

Problem 6.1 Which of the members AC, BC, 

etc., of these three systems are in tension and 

which are in compression? Remember that 

members in tension could be replaced by strings or 
wires. 

6.1 The conditions for equilibrium 

The book (Fig. 6.3), resting on the shelf in the 

upright position, experiences a force (its weight) 

towards the centre of the earth; but it remains at 

rest (in equilibrium) because the shelf deforms 

slightly bringing an equal and upward force into 

play. The book is not subject to any net force 

which could move it bodily. Nor does it rotate. 

(6.2) 

Fig. 6.3 

But, push it slightly out of the vertical with an 

additional force and it will topple on to its back. 

To get there, the book rotates. And then it is once 

more in equilibrium. 

This simple event illustrates that, to be in static 

equilibrium, the forces acting on an object must 

satisfy two conditions: 

1. that the object shall not be subject to any net 

force which would tend to move it bodily (i.e. 
accelerate it); and 

2. that the object shall not be subject to any net 
force which would tend to rotate or twist it. 

The first condition is that for translational equili- 
brium and the second for rotational equilibrium. 

6.2 Translational equilibrium 

A body which has several forces acting upon it but 
which does not accelerate in any direction is said 
to be in translational equilibrium. Any number of 
separate forces in the same plane (co-planar 
forces) may be involved; but the body does not 
accelerate. In that case, the line of action of all 
these co-planar forces must meet in a point as in 
Fig. 6.4a or be parallel to one another as in Fig. 
6.4b. Since these bodies can neither accelerate, nor 
twist nor rotate, we know that the sum of all the 
co-planar forces must be zero. 

If there are two forces (as in the case of the 
book standing upright) those forces will be equal 
and opposite. 

If there are three or more forces, the vector 
sum must still be zero. This implies that a vector 
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Fig. 6.4 Co-planar forces acting (a) at a point, and (b) parallel to one another. Both systems are in equilibrium. 

Fig. 6.5 Vector diagram for the three forces shown in 

Fig. 6.4a. 

F, 

F 
F, at 2 

F, 

Fy 

Fig. 6.6 Force diagram with the corresponding vector 

polygon. 

triangle (Fig. 6.5) can be drawn for the case of the 

three co-planar forces (Fig. 6.4) and a vector 

polygon for four or more (Fig. 6.6). 

To test this, secure three or more rubber bands 

to a ring (R) (about 2cm in diameter). Place a 

sheet of plain paper on a drawing board and push 

three or more drawing pins (P) into it; their actual 

positions do not matter. Slip the free end of each 

rubber band over one of the drawing pins (Fig. 

6.7). Mark the position of the centre of the ring 

and draw lines joining this to the drawing pins. 

These lines give the directions of the three or more 

forces on the ring. (Fig. 6.7.) 

To find the magnitude of each force, note the 

extended length of the rubber band responsible 

and use a dynamometer graduated in newtons to 

extend the band to that length again. Finally draw 

the vector polygon. 

6.3 Rotational equilibrium 

To simplify the argument, we shall assume that 

the body is in translational equilibrium. That is to 
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Fig. 6.8 Forces on a compass needle. 

say, no net force is acting to provide linear accele- 

ration. A simple compass needle offers a good 

example since the earth’s magnetic field provides a 

pair of equal and opposite forces, one pulling the 

north-seeking pole towards the North and other 

pulling the south-seeking pole towards the South. 

Let us hold the needle so that the axis joining the 

two poles lies East-West (Fig. 6.8). 

Once the restraining force is released, the 

needle rotates under the action of the two equal 

opposite forces F,, and F, towards the N-S line. 
It overshoots, oscillates for a short time and 

finally settles so that the two equal and opposite 

forces are acting in the same straight line (Fig. 

6.8b). It is now in rotational equilibrium in the 

earth’s magnetic field. 

[6.4] 

6.4 The law of moments 

Figure 6.9 offers another example of rotational 

equilibrium, this time in the earth’s gravitational 

field. The bar (assumed to be uniform), which is 

supported centrally, is balanced under the action 

of two equal and opposite forces applied by equal 

loads as shown. The system is symmetrical; the 

equal forces balance the bar when applied at equal 

distances on either side of the pivot O. Of course, 

there are two other forces acting on the bar: its 

own weight downwards through O, and an upward 

force also through O sufficient to maintain trans- 

lational equilibrium. What is the magnitude of 

this force? 

This simple system is precisely that of the 

ordinary beam balance. 

Experiment shows that rotational equilibrium 

can also be achieved when the loads (and therefore 

the forces) are unequal. See Fig. 6.10. 

The condition is 

Fil; = Fyl, 

and this is well known as the law of the lever. The 

product of a force and the perpendicular distance 

from the line of action of the force to the pivot is 

known as the moment or torque of the force about 

an axis through the pivot. In this case force F, 

applies an anti-clockwise moment F,/,; F, applies 

an equal clockwise moment F,/,. When the body is 

in rotational equilibrium, the algebraic sum of 

these two moments is zero. 

If we wish to take moments about any point 

other than O, we-must consider the two forces 

through O as well. These are the weight (W’) of the 
bar itself (downwards) and the reaction of the 
pivot to the downward forces (F, + F, + W) 
which is upwards. See Fig. 6.11. 

If now we take moments about A, we have: 

clockwise 
mec = Fid+ Wd+1) + Fd + heal 

anti- 

clockwise} = (Fi 4+ Fp Wyde bh) 
moment 

Since the bar is in rotational equilibrium the two 
moments are equal: 

Fid + Wd +.1) +. Fid +:4,+ 4b) 

= (F, + F, + W)(d + 1) 



[6.6] 

Mg Mg 

Fig. 6.9 

Fig. 6.11 

Fid+ Wd+ WI, + F,d + F,l, + Fil, 

= Fide F ly fd el, Wd ow 1, 

which reduces to 

Fl, 71 Fil, 

as before. 

This tells us that, if the vector sum of the 

forces on an object is zero and if the sum of the 

moments or torques about any one point is zero 

the sum of the torques about any other point is 

zero. 

M We may now state the /aw of moments 

formally: for a body which is in equilibrium 

the sum of the moments, about any axis, of the 

external forces acting on the body is zero. 

6.5 Centre of Gravity 

The example chosen above assumes that the 

weight of the uniform beam can be thought of as 

acting downwards through the mid-point. ‘The 

earth is exerting its pull on each particle of matter 

in the beam; and since the beam is symmetrical, 

the sum of the moments of all these forces is zero. 

Had the beam not been symmetrical, we could still 

think of the weight as acting through a single point 

— but this point would not necessarily be central. 

Figure 6.12 shows two differing masses connected 

rigidly together by a light (i.e. massless) beam. 

Where would you expect to find the centre of 

gravity, that is the point about which the sum of 
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Fig. 6.12 

the moments of the earth’s pull on the particles is 

zero? 

@ The centre of gravity of a body is a point 

through which a single force (the weight) must 

act to have the same turning effect about any 

axis as the actual forces on all the particles 

making up the body. 

6.6 Weight - a digression 

We have consistently assumed that the earth exerts 

a force on a load in its gravitational field. And we 

have called this force the weight of that load. The 

evidence for the existence of this force rests on the 

simple experience that a spring balance which is 

supporting such a load stretches and so exerts an 

upward force. The load is then in translational 

equilibrium and that tells us that a second force 

must be acting as well. This second force must be 

equal in magnitude and opposite in direction to 

the upward force exerted by the spring. We 

further assume that this second (downward) force 

arises because the load experiences a pull towards 

the earth’s centre. This is the force to which we 

give the name ‘weight’. 

If now you put a mass (this book perhaps) on 

your outstretched hand and then lower the hand 

with acceleration, the book appears to ‘lose some 

of its weight’. The upward force exerted by your 

hand on the mass is reduced, whilst the pull of the 

earth on the mass (i.e. its weight) remains 

unaltered. 
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Fig. 6.13 Weightless conditions in Skylab spacecraft. 

If you could accelerate your hand downward 

at 9.8ms~? the upward force exerted by your 

hand would be zero; but the pull of the earth on 

the mass remains just the same. 

Some would say that, as it falls freely, the 

mass is ‘weightless’. We would prefer to speak of 

‘apparent weightlessness’ as describing the state of 

the freely-falling mass on which no supporting 

force is acting. Figure 6.13 shows precisely this 

situation within Skylab. 

6.7 Non-parallel forces and the law of 

moments 

The law of moments is not restricted to forces 

which are parallel to one another. It is always 

possible to resolve a force, whatever its direction, 

into a suitable pair of component forces. Con- 

sider, for example, the case of the hand-held load 

shown in Fig. 6.14. 

This shows, diagrammatically, a human arm 

holding a load stationary with the forearm hori- 

[6.7] 

zontal. The forearm and its load are in equili- 

brium under the action of a number of forces: the 

weight of the load; the weight of the forearm and 

hand, the tension F,, in the tendon connected to 

the biceps muscle and the force (F) exerted at the 

elbow to maintain equilibrium. 

We may take the first two (the two weights) 

together as a single force W acting through the 

centre of gravity (G) of the combined forearm, 

hand and load at a distance a from the elbow. The 

tension (F,,) of the muscle acts at a distance b 
from the elbow at angle a to the horizontal fore- 

arm. The force F which maintains equilibrium is 

exerted at the elbow in the direction 8 with the 

horizontal. 

We may think of F,, as made up of two com- 

ponents: F,,cosa@ along the forearm in the 

direction towards the elbow; F,,sina at right 

angles to the forearm (Fig. 6.15). 

Since the component F,,, cos aw acts through the 

elbow, the torque it exerts about the elbow is zero. 

The force which is effective in supporting the arm 

about the elbow is F,,, sina 

Since the forearm is in rotational equilibrium, 

the net torque is zero. Equating the torques about 

Fig. 6.14 

Fig. 6.15 
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the elbow, we have 

aW = bF,,sina 

Since a is much larger than b, F,, must be much 

larger than W. The muscle has to exert a large 

force to support a small load. 

The forearm is also in translational equili- 

brium. In the vertical direction we have 

W + Fsing = F,, sina 

and in the horizontal 

F_.cosa@ = Fcosp 

Problem 6.2 What will happen to the muscular 

tension F,, if the arm is stretched out so that the 

angle of the upper arm to the vertical is increased 

whilst the forearm is kept horizontal? Does your 

answer accord with your experience? 

6.8 The case of the hanging basket 

As an example of how these principles may be 

applied to simple structures, consider a right- 

angled metal bracket whose purpose is to support 

a hanging basket full of flowering plants from a 

vertical wall. Normally two wall bolts would be 

used to secure the bracket at A and B and, to 

clarify the argument, we shall assume that these 

two points are the only points of contact between 

the bracket and the wall. The cross brace of the 

bracket, which confers rigidity, is in compression. 

The external forces on the bracket are as 

shown in Fig. 6.16b: 

i) the weight of the load (W) at the perpendicular 

distance AC (= /,) from the wall: downwards; 

ii) the force F, pulling the bracket to the wall at 

A: horizontal; 

iii) the force V, exerted by the bolt A: upwards; 

(these two forces are the horizontal and 

vertical components of the single force exerted 

by bolt A on the bracket); 

iv) the force F,, exerted by the wall on the bracket 

at B: horizontal; 

v) the force V, exerted by the bolt B: upwards; 

(these two forces are the horizontal and 

vertical components of the single force exerted 

at bolt B); 
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Fig. 6.16 A hanging basket. 

vi) the weight of the bracket itself which we shall 

ignore since it is very small in comparison with 

W. 

Now take moments about the lower wall bolt B. 

The moment of each of the forces V, and V, is 

zero. 
The moment of F, is F,,/, (anti-clockwise), where /, 

is the length AB. 

The moment of F, is zero. 

The moment of W is W/, (clockwise). 

Since there is rotational equilibrium, 

F,l, = Wl, 

Take moments about the upper wall bolt A. 

The moment of each of the forces F,, V, and V, is 

zero. 
The moment of F,, is F, /, (anti-clockwise). 

The moment of W is W/, (clockwise). 

Since there is rotational equilibrium, 

Wl = FL 
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Fig. 6.17 Two couples (i.e. pairs of equal and opposite 
forces) acting on the hanging basket structure. 

Comparing these two equations we see that F, 

and F,, are equal (as they must be, since they are 

the only horizontal forces involved). 

The bracket is also in translational equili- 

brium. It follows that 

Vet Vi.= Ww 

The analysis shows that there are two pairs of 

equal but opposite forces acting on the bracket: F, 

and F,, in the anti-clockwise direction, W and 

(V, + V,) in the clockwise direction. Such pairs, 

which are called couples, are invariably associated 

with rotations. Rotational equilibrium requires 

that there should be pairs of equal, opposing 

couples acting. 

The turning effect of a couple is given by the 

product of one of the two forces and the perpendi- 

cular distance between them. 

[6.8] 

Fig. 6.18 A couple acting on the handle of a tap. 

T=Fr (6.1) 

In this case the two couples are as shown in 
Figs 6:17: 

Acting by itself, a single couple will cause the 

body to which it is applied to rotate. For example, 

we may apply an anti-clockwise couple to the 

handle of a tap (seen from above in Fig. 6.18). 

The effect of the torque is to turn the tap in the 

anti-clockwise direction. Similar examples, in 
which it becomes less and less clear how the 
separate forces act, include: the screwdriver (we 
apply a torque and the screwdriver turns); the 
frictional torque on the bearings of a rotating 
shaft driven by, say, an electric motor; the torque 
which induces the armature of the electric motor 
itself to turn. 
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7.5 Rotational inertia 54 to the left nor to the right. A ball dropped from 

the hand moves straight downwards, accelerating 

as it falls. But thrown to one side as it is dropped 

and the ball follows a path which we recognize as a 

parabola. (Fig. 7.1.) 

That path is the result of the combining of two 

independent motions: the horizontal velocity, 

which resulted from the impulse provided by the 

hand as it threw the ball to the side; and the 

accelerated motion of free fall. 
Let the horizontal velocity be v, and let us 

ignore any frictional effects of the motion through 

the air. After time /, the ball will have travelled a 

horizontal distance x = v,f. 

In the same time /, the ball will have dropped 

through a vertical distance y = +217. (See Eq. 

5.9a.) 

Combining the two equations, we obtain 

pee 2 xX 
2 Vee 

y = 

This is the equation of a parabola, having the 

formiy = kexe 

The assumption that the air friction is negli- 

gible is only reasonable for dense bodies and short 

times of flight. Whilst the path of, say, a cricket 

ball thrown from the hand is nearly parabolic, 

that of a table tennis ball is not. 

Suppose now that the horizontal impulse was 

increased again and again (still with zero friction), 

producing, in the balls used, horizontal speeds of 

V,, 2V, 3v, etc. Figure 7.2 shows the likely result. 

51 
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Problem 7.1 Wow long does it take for each of 

the projectiles shown in Fig. 7.2 to reach the x 

axis? How far along the x axis would you expect to 

find them? 

All fall freely in the vertical direction so the time 

to fall from the point of release to the x axis must 

be given by y = +g and will be the same for all. 
Since the speeds in the horizontal direction do not 

change the various values of x will be given by v,/, 

Vel, S Vat PCC: 

Fig. 7.3 Newton's presentation of the paths of projectiles 

launched horizontally with various speeds and from various 

heights above the surface of the earth. 

[7.2] 

Fig. 7.2 

Fig. 7.1 Multiflash photograph of two golf balls released 
simultaneously from the mechanism shown. One of the balls 
fell freely. The other was projected horizontally with an initial 
speed of 2.00 ms~'. The flash rate was 30 Hz. The white 

lines are 0.15 m apart. (From P.S.S.C. Physics, D. C. Heath, 

1965 reproduced by permission of Education Development 
Center, Inc.) 

Newton imagined just this situation and then 

asked what would happen if the speed v, were to 

be increased more and more. His answer led him 

to the idea of an earth satellite —- the ball going 

round the earth and returning to its starting point 

(Fig. 7.3). 

The moon, which is such a satellite, moves in an 

almost perfect circular orbit around the earth. At 

any instant, its motion can be thought of as a 

constant speed along the tangent of the orbit and 

an acceleration towards the centre of the earth. 

The latter is a result of the gravitational attraction 

between the two bodies. 

7.2 Motion in a circle 

The technique of considering a curved trajectory 
to be the result of two linear motions can be used 
when discussing the force that must act on a mass 
if it is to move in a circle with uniform speed. 

Consider a simple experiment involving an air 
puck and a horizontal glass surface. Put a nail into 
a small block of wood (about 2 x 2 x 1 cm) and 
tether the puck to it with about 20 cm of thread. 
The block can be held down on the glass plate with 
One finger. If the puck is pushed, once, tangential- 
ly, it will continue to move in a circular path with 
a constant speed (see Fig. 7.4). If, when the puck 
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Fig. 7.4 Motion of a tethered puck. 

is at A, the finger holding down the block is 

removed, the puck will travel with the same 

constant speed but along a straight line AC which 

is a tangent to the circle. 

A flexible thread in tension can only exert a 

force along its length, and so, when the tether is 

present it provides a force that acts on the puck 

towards the centre of the circle, i.e., a centripetal 

force acts on the puck. Now, a force acting on a 

mass gives it an acceleration, and so the circular 

motion of the puck can be considered as being 

made up of two simultaneous linear motions, (a) a 

constant tangential speed, along AC, and (b) a 

constant inward radial acceleration, along CB. Let 

us calculate the value of this acceleration that 

changes uniform linear motion into circular 

motion, i.e., which makes the puck arrive at B on 

the circle rather than at C. (See Fig. 7.5a.) 

Fig. 7.5 
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Suppose the puck moves around the circle, of 

radius r, with a constant speed v, and that the time 

taken to travel from A to B along the arc is ¢. Let 

the inward radial acceleration be a. 
The journey, A to B, can be replaced by a 

combination of: uniform motion from A to C 

where AC = vf, and acceleration from C to B 

where, applying Eq. 5.9a, CB = +a ??. (Fig. 7.5b.) 
If B is close to A, then (1) arc AB = line AB = 

AC = vt and (2) ABC ~ 90° and so the shaded 
triangles are similar. 

Therefore: 

CB/AC = AD/AO, 

inc. 

tar/vt=s4Vvt/r, 

Ga yi 

If the puck has a mass m, then the centripetal 

force that must act on it if it moves in a circular 

path is m v’/r. 

and 

(7.1) 

This force is provided by the tension in the 

thread; if the thread breaks, the force on the puck 

ceases to act and it will move off along the 

tangent. 
The result is a general one, applicable to all 

cases of motion ina circle. Other examples include 

the motion of the moon around the earth, the 

motion of an electron in a uniform magnetic field, 

the motion of satellites in circular orbits, the 

motion of planets around the sun. In all such cases 

the acceleration and the force causing it are 

directed towards the centre of the circle. 

Problem 7.2. A coach is entering a sharp bend to 

the left and a passenger feels herself sliding on her 

seat to the right. She tells her neighbour that this is 

because of centrifugal force. Is she correct? State 

the forces, specifying their directions, that actually 

act on the passenger. 

The passenger sitting on a seat in a coach which is 

entering a bend to the left will tend to slide along 

the bench as she obeys Newton’s first law and 

continues to travel in a straight line. It might be 

better to say that the coach is sliding to the left 
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beneath her. Once she reaches the right hand side 

of the seat she will feel a force constraining her to 

follow the circle in which the coach is travelling. 

That force is inward towards the centre of the 

motion. There is an equal and outward force on 
the side of the seat. 

7.3 Angular velocity 

It is often preferable to work with angular velo- 

cities rather than with speeds along an orbit. , 

Consider the satellite as a point P moving at a 

fixed distance r from the centre of orbit O. If the 

radius OP moves through an angle @ in time ¢, we 

say that the angular velocity w is 0/t. See Fig. 7.6. 

Fig. 7.6 

The units of angular velocity are radians per 

second. 

However, the speeds especially of rigid bodies, 

are often quoted in revolutions per minute or per 

second or in degrees per second. These must 

always be converted to radians per second before 

use in calculation. 

= 28 et = =) 360 l revs 2a rads radian 

The speed v of P along the circumference of 

the circle in Fig. 7.6 is related to the angular 

velocity by the equation 

(7-2) 

The time T to complete one orbit (or one 

revolution for a rigid body) is given by 

[7.4] 

(7.3) 

and the number of orbits (or revolutions) com- 

pleted in unit time by 

1 
n= $ (7.4) 

This is known as the rotational frequency. 

Problem 7.3 What is the angular velocity of a 

point on the circumference of a 12 inch gramo- 

phone disc turning at 334 revolutions per minute? 

What is the rotational frequency? What is the 

angular velocity of a point half way along a 

radius? 

7.4 Angular acceleration 

When a body is rotating under the action of a 

constant torque so that it experiences a constant 

acceleration from angular velocity w, to angular 

velocity w in time ¢, the angular acceleration a is 

Oe WO 

t 

and we see that 

®O=owt+at 

The angular displacement turned 

through) @ is given by 
(angle 

Ley, 

Oi 

Substituting for w this becomes 

Wo + W + at 

bas D t 

=wtl+ taf 

These equations remind us of those for linear 
motion under the action of a constant force: 

Linear Angular 
v=V,+at QS Oo tee 

3 Vo + Vy W@W + w 
S= — ees 

S= Volt + Fal? 6 = wt + tal? 
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7.5 Rotational inertia 

Rotating bodies - the earth itself, a yrindstone, 

the wheel of a moving vehicle — all possess inertia. 

Evidently the mass of the body and its angular 

velocity play a part in this. But so also does the 

way in which the mass of the body is distributed 

about the axis of rotation. 

Consider two flywheels with equal mass, but 

with different diameters and thicknesses. Drive 

each in turn up to the same angular velocity by 

means of an electric motor which can also run in 

reverse as a generator. 

Rotational inertia 55 

When the required speed has been reached, 
switch off the supply and allow one of the fly- 

wheels to drive the motor as a generator and light 

a lamp. 
Repeat the process with the second flywheel in 

place of the first. How do the times during which 

the lamp glows compare? 

‘Evidently the flywheel with the larger diameter 
has more rotational inertia. It is not enough simply 

to compare masses when dealing with rotating 

bodies; one must also consider how the mass is 

distributed about the axis of rotation. This is a 

matter to which we shall return in Section 8.19. 
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In recent years we have grown accustomed to 

hearing about the energy crisis. Certainly, there is 

a world-wide problem concerning the supply and 

distribution of the fuels which human beings need 

to sustain their civilizations. But fuel crises are 

not new. Britain experienced a severe one in the © 

late sixteenth century when there was an acute 

shortage of wood to use as fuel. As commercial 

prosperity rose more and more timber was needed 

for house-building, ship-building, salt-making, 

brewing, iron-smelting and as fuel for use in the 

home. Trees were being cut down at a far greater 

rate than they could grow. Fortunately for 

Britain, there was a solution in the earth itself — 

coal. So coal-burning superseded wood-burning. 

In turn other natural resources were utilized — first 

coal-gas (derived from coal), then natural gas and 

oil. Unfortunately for mankind, the supply of these 

‘fossil fuels’ is finite - the resource is not renew- 
able. So the present energy crisis is different in 
kind from earlier ones. Once all the oil has been 
extracted - no more remains! Once all the coal has 
been mined — there is no more! 

8.1 Some energy arithmetic 

Unfortunately, man has been depleting the earth’s 
reserves of these precious fossil fuels at an ever- 
increasing rate. As the size of the reserves has 
fallen, the rate of use has risen, thereby hastening 
the rate at which the remaining reserves are being 
depleted. 
* To illustrate the problem let us suppose we 
have a stock of 1000 items of a product which 
cannot be replaced because it has gone out of 
production. If we know that, on average, we sell 
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100 of these per year, our stock will last for ten 

years. 

But suppose that, for some reason, the selling 

rate increased from the original 100 by 10% per 

year. Then our stock and sales figures will look as 

Table 8a. 

Table 8a 

Year Sales Stock left 

1 100 900 
2 110 790 
3 121 669 
4 133 536 
5 146 390 
6 161 229 
7 177 52 
8 52 out of stock 
9 = = 

10 - i 

Because the rate of sales has gone up, our 

stock has been depleted in just over seven years. 

Problems such as these are examples of 

exponential change. Whilst the sales were 

increasing exponentially, the stock was decreasing 

exponentially. 
Exponential implies that the change, whether a 

growth or a decay, occurs at a rate which is a fixed 

percentage over a chosen time interval. Com- 

pound interest is a good example. If I invest £100 

in an account offering 10% compound interest 

over ten years my capital will increase (Table 8b). 

Table 8b £100 at compound interest 

Year Capital/£ Year Capital/£ 

Now 100 +5 161 

+1 110 +6 177 

+2 121 +7 195 

+3 133 +9 214 

+4 146 +9 236 

Table 8c £100 at simple interest 

Year Capital/£ Year Capital/f£ 

Now 100 +6 160 

+1 110 +7 170 

sie. 120 +8 180 

+3 ‘1cOme +9 190 

+4 140 + 10 200 

+5 150 
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My capital will have doubled itself in a little over 7 

years. 
Had I been foolish enough to invest my £100 at 

10% simple interest, the doubling time will be 10 

years as Table 8c shows. 
To return to the world’s fuel reserves. Man has 

been using these at a rate which has been increa- 

sing by about 7% per year. Table 8d shows the 

effect this will have on the way the resource is used 

up. 

Table 8d 

Year Use of Year Use of 

resource resource 

Now 100 +6 150 

+1 107 +7 160 
+2 114 +8 172 

+3 123 +9 184 
+4 131 +10 197 

+5 140 

Table 8d shows that after only ten years the 

rate of use has doubled. We can say that the 

doubling time is 10 years. If the world used 17 x 

10° barrels of oil in this year, in ten years time it 

will be using 34 x 10° barrels, unless something is 

done to change the increasing rate of use. The 

graph (Fig. 8.1) shows the great effect such a rate 

of growth of use can have over two doubling 

times. Obviously, the greater the rate of use 

becomes, the sooner the reserves will run out. And 

this too is a matter of straightforward arithmetic. 
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Time in years 

Annual use of the resource in arbitrary units 

Fig. 8.1 How a 7% growth rate increases the use or 

consumption of a resource. 
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The expiry time (T.) of a resource is related to the 

fractional growth in the rate of use k, the size of 

the reserve R, and the current rate of consumption 

ro by the equation 

+ 1) 
1 KR 

i, = Zine ; F 

Table 8e shows the result of applying this equation 

to various estimates. The units used are 10° barrels 

of oil and the initial rate of consumption r, was 

taken to be 16.7 x 10° barrels year~'. A barrel of 

oil contains approximately 130 kg. 

Table 8e How long will our oil reserves last? 

Annual growth of Expiry time (7,) in years 
use (1%) assuming reserves F of 

1691 1881 2451 

zero 101 113 147 

2 55 59 69 
4 41 43 48 
7 30 31 35 

Perhaps the most interesting thing about this 

arithmetic is that, whatever reasonable assump- 

tion we make about the size of the reserve, for a 

given annual growth of use, the times left differ 

but little from one another! 

8.2 What we mean by energy 

One thing characterizes most of the public dis- 

cussion about energy: the difficulty of saying 

precisely what is meant by the word. We may start 

by noting that, to the public, energy is concerned 

with fuels and the jobs that can be done with those 

fuels. When, however, we burn a fuel to, say, lift a 

load using a petrol engine, we are changing much 

of the energy content of the fuel into a much less 

useful form (heat) at the same time as we make 

some energy available to apply the force on the 

load. On other occasions we are content with the 

‘heat’ we get directly from burning a fuel —- to 

warm our homes, for example. 

These are both ‘useful jobs’. Both need fuel: 

petrol for the engine; natural gas, perhaps, for the 

central heating boiler. We may wonder whether 

such fuel-using jobs can always be distinguished 

from jobs for which no fuel is required. We can 

support a book by holding it in position with our 

[8.3] 

hands. Fuel (food) is certainly required and tiring 

muscles soon warn us of this. But we can just as 

well support that book by placing it on a shelf. No 

fuel is needed then. Whenever we can replace the 

man, the horse, the petrol engine, the electric 

motor by some inanimate prop needing no fuel, 

we know we are not dealing with a fuel-using job. 

It is convenient —- and sometimes misleading — 

to speak of energy as though it existed in a variety 

of forms all interchangeable one with another. 

There are the elastic potential energy of a 

stretched spring, the chemical energy of a petrol - 

air mixture, the electrical energy of a generator, 

heat - an important common component - and 

many others. Then we can show how energy may 

be followed through a series of changes —- the 

chemical energy of the petrol-air mixture may 

initiate a chain through ‘mechanical energy’ of the 

engine itself to the ‘mechanical energy’ involved 

in lifting a load against gravity and terminating 

in a store of ‘gravitational potential energy’. And 

we observe how, at each stage, waste heat is 

generated. 

As we notice this, we feel a strong urge to 

measure — but what can we measure? There is one 

simple case in which we can give an answer of 

great importance; and that is where a measurable 

force moves through a measurable distance. 

8.3 One way to measure energy — Work 

Consider a petrol engine which is driving a truck 

at a steady speed along a level road. The engine 

provides a force to the wheel — road system which 

exactly balances the equal and opposite forces of 

road and air friction and the truck neither 

accelerates nor decelerates. Suppose this force is 

F. If the truck moves through a distance s the 

engine will use a definite quantity of petrol. 

If we were to move the truck through a 

distance 2s we would expect the engine to use 

twice as much petrol. 

If the engine had to exert twice the force to 

overcome a frictional force which had doubled we 

would expect the engine to use twice as much 

petrol. And, certainly, two such engines moving 

two such trucks would use twice as much fuel as 
one. 

So we shall assume that the fuel used is directly 

proportional to (i) the distance through which the 
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engine moves, and (ii) the force which the engine 

exerts. 

So petrol used is « force F and is « the 

distance s moved in the direction of the force. 

Following a argument similar to that already 

used in Section 5.1 we see that 

petrol used = kFs 

From our point of view the petrol is of no 

importance except as the provider of energy. The 

energy content (calorific value) of the petrol used 

is directly proportional to the mass of the fuel 

used. We may write: 

energy usefully transferred from the petrol = kFs 

If we then choose units so as to make k = 1, 

the equation becomes: 

energy usefully transferred from the petrol = Fs 

The ‘energy usefully transferred’ in such a case 

is usually called work so that we have 

If the force is 1 newton and the distance moved 

is 1 metre, then the work (or energy transferred) is 

1 newton metre to which the name 1 joule is given. 

(8.1) 

M@ One joule is the work done or the energy 

transferred when a force of 1 newton moves its 

point of application through a distance of 

1 metre in the direction of the force. 

Problem 8.1 A petrol engine is used in a crane to 

lift a load of bricks weighing 9000N from the 

ground to the top of a building 20m high. How 

much energy is transferred from the fuel? How 

much work is done? 

Without further information about the efficiency 

(i.e. the ratio of the useful energy output to the 

energy input) of the petrol engine we are in no 

position to answer the first of these questions. But 

we can say how much work is done in lifting the 

bricks. 
Work force xX distance in the direction of 

the force 

9000 N x 20m 

180000 Nm 

180.000 J 

II 
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J 

8.4 Which distance? 

Whenever distance has been mentioned in this 

discussion of work and energy, it has always been 

‘distance along the direction of the force’, and 

there is another way of considering this. Suppose a 

wagon is on rails, and a man pulls it along using a 

rope inclined at an angle @ to the rails (see Fig. 

8.2). The truck is shown to have moved a distance 

AC along the rails. However, in the direction of 

the force it has been displaced a distance AB. 

Consequently the work done is F x AB and this is 

equal to F x AC cos 6. This last expression can be 

rearranged as AC x F cos@. F cos@ is the 

component of F in the direction of motion and 

so an alternative way of defining the symbols of 

Eq. 8.1 is: 

W = work done; 

F = component of the force in the direction 

of the movement; 

s = distance moved. 

8.5 Power 

In all of the discussion so far, no mention has been 

made of the time needed to perform the work or to 

transfer the energy. In fact, whether the crane lifts 

the bricks through 20 m in 10 seconds or 10 hours, 

it still does the same 180000 J of work. It is neces- 

sary to consider time if we are discussing the rate 

at which the work is done. In the faster case above 

the power is 18000 Js~'. The Js~', the unit of 

power, is named the watt. Both the joule and the 

watt are derived units. 

M@ The watt is the rate of working of 1 joule per 

second. 

8.6 Conservation 

We have already seen that momentum is con- 

served so long as we limit ourselves to an examina- 

tion of completely isolated systems. This was 
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known and understood by Newton. But the idea 

of energy and its conservation did not emerge until 

the nineteenth century with the work of Meyer, 

Joule, Helmholtz and many others. 

As seen at that time, the problem concerned 

the heat which appeared in all energy changes. 

Was there some quantitative relationship between 

the heat developed and the mechanical work 

performed? Since the measurements of heat and 

of work were made in two totally different systems 

of units, the question could be asked in terms of 

the way in which the two systems were related. If 

‘heat’ is measured in ‘calories’ and mechanical 

energy in joules, is there a constant rate of 

exchange? And what is it? 

The technique used was to carry out a long 

series Of conversions from one energy form to 

another and to make the most careful measure- 

ments to trace the fate of all the energy put into 

the system. The past master at this was James 

1920 

[8.6] 

Fig. 8.3. Chart illustrating how improvements in 
experimental technique in the 19th and 20th 
centuries led to the acceptance of a fixed rate of 

conversion for units of energy in the calorimetric 
and mechanical methods of measurement. 
Adapted with permission from the Revised 
Nuffield Physics Pupils’ Text 4, Longman, 1978. 

1940 

Prescott Joule (pronounced ‘Jool’ and not ‘Jowl’) 

who carried out a long series of experiments 

between 1839 and 1878 in which many energy 

conversions were examined. Other experimenters, 
notably Hirn in France, contributed to the pattern 

which was building up. This is well illustrated by 

the chart (Fig. 8.3) which is adapted with permis- 
sion from the Revised Nuffield Pupils’ Text 4, 
page 181. 

The chart reveals clearly how the experi- 
menters steadily improved their techniques and 
how they became convinced that there was a fixed 
rate of exchange between calories and joules. This 
implied that heat must be counted among the 
forms of energy and led directly to the recogni- 
tion that, in an isolated system, energy too is 
conserved. 

* This is the law of conservation of energy which 
is arguably the most important law in the sciences. 
It is so firmly believed that whenever an experi- 
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mental result has arisen in which it seemed that 

energy may have disappeared, it has led to the 

recognition of a new form of energy. 

Even so, it is not the full story: it says nothing 

about the availability of the energy at the end of a 

sequence. That we shall discuss in a later chapter. 

8.7 Defining energy 

‘Of all the physical concepts, that of energy is 

perhaps the most far-reaching. Everyone, 

whether a scientist or not, has an awareness of 

energy and what it means. Energy is what we 

have to pay for in order to get things done. 

The word itself may remain in the back- 

ground, but we recognize that each gallon of 

gasoline, each therm of heating gas, each 

kilowatt-hour of electricity, each car battery, 

each calorie of food value, represents, in one 

way or another, the wherewithal for doing 

what we call work. We do not think in terms 

of paying for force, or acceleration, or 

momentum. Energy is the universal currency 

that exists in apparently countless denomina- 

tions; and physical processes represent a 

conversion from one denomination to another. 
‘The above remarks do not really define 

energy. No matter. It is worth recalling the 

opinion expressed by the distinguished Dutch 

physicist H. A. Kramers: ‘‘My own pet notion 

is that in the world of human thought generally 

and in physical science particularly, the most 

important and most fruitful concepts are those 

to which it is impossible to attach a well- 

defined meaning.’’ The clue to the immense 

value of energy as a concept lies in its trans- 

formation. It is conserved — that is the point. 

Although we may not be able to define energy 

in general, that does not mean that it is only a 

vague, qualitative idea. We have set up 

quantitative measures of various specific kinds 

of energy: gravitational, electrical, magnetic, 

elastic, kinetic, and so on. And whenever a 

situation has arisen in which it seemed that 

energy had disappeared, it has always been 

possible to recognize and define a new form of 

energy that permits us to save the conservation 

law.’ 

(A. P. French in Newtonian Mechanics; 

Norton, New York, 1971.) 
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Evidently the search for a definition has its 

difficulties. The traditional ‘energy is the capacity 

for doing work’ tells far too little. And, as we shall 

see, there are vast stores of energy in the form of 

low grade heat in the oceans of the world which 

are quite unavailable to do work. James Clerk 

Maxwell used a more graphic phrase: ‘energy — the 

‘“od’? of things’. In the quotation given above 

A-P. French says that ‘energy is what we pay for 

in order to get things done’. 

8.8 Storing energy 

Once transformed from its fuel form by living 

beings or engines, energy can be stored in several 

ways, for example, 

a) by changing the position of a mass in a 

gravitational field, 

b) by changing the shape of an elastic body, 

c) by changing the motion of a mass. 

In considering examples to illustrate these 

stores of energy we will see that energy is being 

continually transformed from one form to 

another. The work which is done in these trans- 

formations is a measure of the energy so trans- 

formed. There are also other methods of storing 

energy that involve electric or magnetic fields, or 

chemical changes, but only the mechanical 

examples listed above are under consideration in 

this section. 
An early use of mass as a store of energy is to 

be found in grandfather, or long-case, clocks. 

Energy from a man is used to raise a large mass 

inside the clock. The mass —- earth system now has 

more energy than formerly and as the mass falls 

(taking about eight days to reach the bottom of 

the case) the chain supporting it causes the gears 

and the pendulum to operate the hands of the 

clock. 
In a somewhat similar way, mass and the 

earth’s gravitational field are used to store, 

indirectly, energy derived from _ electrical 

generators. The problem is that electricity must be 

used as it is produced; there is no way of storing 

large quantities of electrical energy. But there is a 

need to call on an extra store of energy during the 

peak periods of use when many factories are 

operating. At night, on the other hand, there is a 

surplus of generating capacity. At the Ffestiniog 
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Fig. 8.4 The pumped storage system at the Ffestiniog power station. (Courtesy of the Central Electricity Generating Board.) 

power station in Wales, water from one reservoir 

is pumped into a second reservoir 300 m higher up 

the mountain during the off-peak periods when 

the demand for electrical energy is low (Fig. 8.4). 

During the peak periods of heavy demand for 

electrical energy the stored water is allowed to 

flow through four tunnels about 3 m in diameter 

to the same power station from which it started. 

But this time the current of water is utilized to 

drive the four 90 MW generator - motor units. So 

electrical energy is produced at a rate of 360 MW 

and transferred to the national transmission line 

network (Grid). 

In this instance the work which is done by the 

pumps in lifting the mass of the water against the 

force of gravity can, to a large extent, be 

recovered. We may with justice, say that energy 

has been stored in the system. 

Spring driven clocks and watches provide 

further examples of energy storage. In this case 

the energy is usually stored in a spiral spring 

whose shape is changed when a force is applied to 

wind it up. As the spring slowly returns to its 

original shape, the energy stored within it is used 

to operate the trains of gears, the escapement and 

the hands. Of course, electronic watches rely on a 

tiny battery for their energy supply. 

8.9 Potential energy 

The water stored in the Ffestiniog reservoir was 

capable of providing energy almost equal in 

amount to the energy transformed in putting it 

there. That energy was capable of coming into 

action when required. But it was hidden in the 

system. 

The watch spring too possessed energy which 

had been put there when it was wound up. It could 

be utilized; and it too was hidden in the system. 

These are examples of potential energy. In the 

first case the water in the reservoir possessed 

potential it did not have at the lower level because 

of its new position above the pumping station. 

The force overcome in lifting the water was 

gravitational; the energy was stored as gravita- 

tional potential energy. 

In the second case, the spring was deformed as 

the elastic forces were overcome when it was 

wound up; the energy stored might be called 

elastic potential energy. 

The battery used in the electronic watch had a 

store of chemical (potential) energy. 

8.10 Calculation of energy transfer (work 

done) when a mass is lifted in a 
gravitational field 

Consider a mass m which is stationary in a gravita- 

tional force field such as we find on earth. Let the 

magnitude of the force on each unit of mass be g. 

Then the total force acting on the mass is mg. 

If now that mass is lifted through a height A in 

the direction of the lifting force, the energy 

transfer is the product of the force applied and the 
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distance moved in the direction of the force. 

energy transfer = mgh 

This is the gravitational potential energy trans- 

ferred to the earth — mass system. 

(8.2) 

Problem 8.2 The earth’s gravitational field 

exerts a force of nearly 10 N kg~! at the surface. 

How much potential energy is stored in the 

Ffestiniog pumped storage system when the upper 

reservoir contains 2 x. 10°kg of available water? 

The head of water is 300 m. How long would this 

operate the four generators at their full output of 

90 MW each assuming that the operation is 75% 

efficient? 

The potential energy of the stored water 

= mgh 

Dexa? >S 101365300 J 

Soros J 

Rate of working (power) 

_ total energy output 

time 

total energy output 

power 

OS *% 6 se IOS 

4x 90 x 10°J 

£23 xd OFS 

(about 3+ hours) 

Petline = 

8.11 Graphical treatment 

A useful technique for calculating transfers of 

energy results from plotting a graph of force 

involved against the distance moved. If the force is 

constant the graph is a line parallel to the distance 

axis. 

The energy transferred can be calculated by 

finding the area under the line of the force- 

distance graph since one side of the rectangle is the 

force, mg, and the other side is the distance, h. 

If the mass is raised a further distance (Ah), 

that is from a height / to (A + Ah), then the extra 

energy transferred is mg(Ah). This is shown on the 
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Force to 
raise mass Ah 

= energy transfer 

pane 

Distance from the ground 
or zero energy level 

Fig. 8.5 

graph (Fig. 8.5) as the area of a narrow strip. This 

graphical technique is used in the example which 

follows. 

8.12 The calculation of the energy 

transferred when the shape of an elastic 

body is changed 

The difference between this and the previous case 

is that the force required to do the work is not 

constant since it depends upon how much the 

shape is changed. The simplest case to consider is 

that of a helical spring for which the force is 

directly proportional to the extension of the spring 

beyond its unstretched length (Hooke’s law). 

Figure 8.6 shows such a spring, hooked on to a 

nail, being stretched along a strip of wood. 

‘Extension’ is measured 
from this line 

Nail a 

| 

Small force, F, extends 

spring by a distance x 

Larger force, F extends 
spring by a distance 

Spring is kept extended 
by another nail and is a 
store of energy ! ! 

Fig. 8.6 
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If Hooke’s law is obeyed, a graph of force 

against extension will be as shown in Fig. 8.7a and 

8.7b. 

The energy transferred to the spring is not F/ 

as the force is clearly not constant throughout the 

distance /. To calculate the energy transferred, and 

stored in the spring, a large number of small steps 

must be taken; during each one, the change of 

extension, Ax, is so small that it has negligible 

effect on the force acting which may then be 

considered constant. If the force is F; while the 

spring changes length by Ax, then the energy 

transferred is F;Ax, which is the area of strip 1 in 

Spring balance pulling 
back bowstring a 
distance x and measuring 
the force required 

aN 
Relaxed position of bow 

Fig. 8.8 

Force 

Distance (x) Fig. 8.9 

Fig. 8.7a. If a further extension of Ax is made 

during which the force is larger but significantly 

constant at F,, then the extra energy transferred is 

F,Ax, which is the area of strip 2. The total energy 

transferred when the extension changes from zero 

to /is given by the total of the areas of all the strips 

involved, which is the same as the area under the 

line shown shaded in Fig. 8.7b. This area is half 

that of the rectangle having sides of length F and /. 

Thus energy stored = + Fi. 
The area method can be extended to the 

calculation of energy transferred when the force 

involved does not follow a simple rule like 

Hooke’s law. An example of this occurs with the 

archer’s bow. If the experiment indicated in Fig. 

8.8 is performed, a graph can be plotted (Fig. 8.9) 

of the force required to pull the bowstring back a 

distance x. This is no longer a linear graph but the 

energy transferred to the bow can still be deter- 

mined by dividing the area under the curve into 

strips and by finding the total area as shown in 
Fig. 8.9. 

8.13 The calculation of the energy 
transferred when the speed of a mass is 
changed 

When a constant force acts on a mass which is free 
to move, the mass accelerates. The force is trans- 
forming energy into a new form - the motion or 
kinetic energy of the moving mass. The gain of 
kinetic energy comes from the work performed by 
the force while it is acting. (Fig. 8.10.) 

Let the mass be m, the initial speed be v,, the 
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A constant force, F, is applied and the trolley 
accelerates uniformly for a distance. s 

Di x Distance s metre, 

Trolley moving 
slowly (speed u) 
with a small K.E. 

Trolley moving faster (speed v) 
with a greater K.E. 

Fig. 8.10 

final speed v,, the acceleration a and the time for 

which the force acts f. 

Gain of energy 

= (force) x (distance in the direction of the 

force) 

= mas (because F = ma) 

From Eq. 5.10 

v2? — vi = 2as 

Therefore, the gain of energy 

= 4m(v? — v8) 
As this represents a gain or change of energy, 

4 my? is the final kinetic energy, and mvj is the 

initial kinetic energy. 

Note: We often say that the kinetic energy EF, 

of a mass, m, travelling with speed, v, is +mv?. 

This is because when the mass is brought to rest 

from a speed v, it transforms ymv? joules of 

energy from kinetic to other forms. 

E, = +mv? (8.3) 

8.14 The general case 

A mass increases its kinetic energy when the force 

causing this to happen is not constant, as, for 

example, when a bow transfers its energy to an 

arrow. 

Consider the trolley of the previous case again 

and let the force that acts vary with distance as the 

graph, Fig. 8.11, shows. Although the force is not 

constant, we can take a number of steps chosen to 
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Force 

Distance 

Fig. 8.11 As wide 

be so small that the force may be assumed to be 

constant during each step. Each of the steps or 

strips shown is As wide and for strip (1) the force 

is F,, while for strip (2) the force is F,, etc. While 

F, acts, the speed of the trolley changes from v, to 

v,, and while F, acts, the speed of the trolley 

changes from v, to v, etc. While the last strip’s 

force, F,, acts the speed changes to the final or 

maximum speed, v,, from the previous speed, 

v,-;- Equation 8.3 can now be used to calculate 

the energy gained during each strip, and by 

addition, the total energy gained may be found, as 

shown in Table 8f. If you inspect the last column 

you will see how, in addition, the terms cancel in 

pairs. 

Table 8f 

For strip The work done The energy transferred 

number: by the force = to the mass = 

(1) F,As +mv3 — +mv3 

(2) F,As +mv3 — ymv4 

(3) F, As tmvz — +mv3 
etc. etc. etc. 

(n — 1) EO AS 3mv2_, — smv2_, 

(n) FAs tmv2 — +mv2 _, 

The total energy gained by the mass 

= total of the final column 

= tmv2 — 4mv3 

Consequently, whether a mass gains its kinetic 

energy by means of a constant force, or a varying 

one, the initial and final speeds and the mass 

moving are the factors that determine the change 

in energy. 
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To timer 

catapult 
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8.15 The quantitative examination of some 

energy transfers 

a) The energy stored in rubber, used as a catapult, 

can be used to illustrate the equation K.E. 

= +my?. The arrangement shown in Fig. 8.12 isa 

linear air track with the usual arrangement of 

photocell and timer to measure the speed of the 

vehicle once it has been catapulted along the 

track. The vehicle carries a card 10cm long. 

Trolley elastic threads, stretched between two 

vertical posts, act as the catapult. Five elastic 

threads must be selected so that each one, used 

separately at the same stretch, will give the vehicle 

the same speed. By using one, or a number of 

elastic threads, the vehicle can be given 1, 2, 3, 4, 

or 5, ‘unit doses’ of energy. Typical results are 

shown in Table 8g. Inspection of these results, or a 

graph of energy against v2 which is a straight line 

through the origin, show that energy transferred 

to kinetic energy is proportional to v’. 

Similar experiments performed with a half- 

Table 8g 

Number of Transit Speed ve 
elastic threads time/s wiins 

(energy) 

1 0.189 0.53 0.28 

ey 0.133 0.75 0.56 

3 0.108 0.93 0.86 

4 0.095 1.05 1.10 

5 0.085 1.18 1.40 

(8.15) 

Wood strip, with catapult 
posts, clamped horizontally 

Fig. 8.13 

length vehicle, and combinations of vehicles, show 

that kinetic energy is also proportional to the mass 

in motion. 

Table 8h 

Force displacing middle Displacement, 

of elastic thread/N d/m 

0.1 0.01 
0.2 0.017 
0.3 0.023 
0.4 0.029 
0.5 0.034 
0.6 0.038 
0.7 0.042 

It is instructive .to measure the actual energy 

stored in the catapult and to see if it is all 

converted to kinetic energy in the vehicle. To do 

this a force—distance graph for an elastic thread 

must be plotted, and to obtain data for this, small 

masses are hung from its centre, as shown in Fig. 

8.13, and for each one, the displacement, d, of the 

centre is measured. A set of results obtained with 

one of the elastic threads used above is given in 

Table 8h. 

Problem 8.3 Plot a graph of these or your 

own results and find the energy stored when 

d = 0.033m, using the area method described 

earlier. 

This energy should then be compared with the 
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Fig. 8.14 Multiflash photograph of a swinging pendulum bob. The flash rate was 100 Hz. The 
pendulum was 0.325 m long. The photograph is printed at one fifth full-scale. (Photograph B. T.) 

kinetic energy of the vehicle. In this case the 

vehicle had a mass of 0.048 kg and speed 0.53 

ms~! when one elastic thread was used with a 

displacement of 0.033 m. 

b) We can also examine the energy transfers that 

occur when a pendulum swings. The strobe photo- 

graph, Fig. 8.14, is of a pendulum that swings 

from rest, at A, across to a rest position at C. As 

can be seen, it has a maximum speed at the lowest 

point B. When it is at A or C, the mass has more 

potential energy than when it is at B. In going 

from A to B, there is a transfer of energy from the 

potential form to the kinetic form. 

Problem 8.4 Take measurements off the photo- 

graph (Fig. 8.14), which is printed one fifth full 

scale to determine the distance h/ ‘fallen’ and the 

maximum speed, and then calculate the energy 

transferred from potential to kinetic and vice 

versa. The mass of the pendulum bob was 0.07 kg; 

the pendulum was 0.325 m long and the flashing 

rate of the strobe was 100 flashes per second. How 

do the two energy transfers compare? 

Energy is continually transferred from one 

form to the other without loss apart from that 

caused by air resistance. That will eventually claim 

all the original potential energy and the pendulum 

will come to rest at B. 

The pendulum bob is a shiny steel ball and the 

bright points of light recorded in the photograph 

are the reflections of the xenon strobe lamp in the 

spherical surface. 

c) Again, we can examine the energy transfers 

occurring when a brick falls. If a brick is allowed 

to fall through a known distance, its speed can be 

measured by allowing it to interrupt the light beam 

falling on to the photocell controlling a timer. 

The energy transferred from _ the _ potential 

form (mgh) to the kinetic energy form (+ mv?) can 

be compared. 

In each of these cases, and within the limits of 

experimental error, the prediction of Eq. 8.3 is 

confirmed. That equation was a direct conse- 

quence of the application of Newton’s second law 

to the case of the application of a constant force to 

a constant mass. We have interpreted it in terms of 

the interchange of potential and kinetic energies 

during the experiments. It is tempting to speculate 

what happens to the kinetic energy of the falling 
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brick when it reaches the floor? Certainly the 

kinetic energy disappears. The law of conservation 

of energy tells us that that energy has been trans- 

ferred to other forms — a little to sound and most 

to warning the surroundings. 

8.16 Energy ‘book-keeping’ during 

collisions 

a) Inelastic collisions 

In these, there is no relative velocity after the 

interaction as the colliding masses stick together. 

Experiment E (Section 3.3) offers an example of 

this. Another is the case of a lamp of putty that 

falls on to a table and does not bounce. 

Although the total energy is conserved, the 

kinetic energy obviously is not. What happens to 

it? 

b) Partly elastic collisions 

Such collisions are much more common than 

totally inelastic ones. Experiment D examined 

such a case. A rubber ball bouncing on the ground 

offers another good example. The relative velocity 

between the ball and the ground is reversed in 

direction and reduced in magnitude during the 

interaction since the ball does not bounce back to 

its original height. Kinetic energy is not conserved 

during the collisions. 

c) Elastic collisions 

Perfectly elastic collisions, that is, collisions in 

which the relative velocity after the interaction is 

reversed in direction and is equal in magnitude to 

the initial relative velocity, are characteristic of the 

collisions between molecules in a monatomic gas. 

The kinetic energies are conserved. 

In polyatomic gases, the transfer of energy 

during collisions between the molecules is much 

more complex but, on average, the collisions may 

be thought of as elastic. 

d) Comparing energy and momentum 

conservation 

The laws of conservation of energy and of 

momentum are universal laws applying to all cases 

of interaction. In collisions, it is tempting to 

wonder whether kinetic energy is conserved. In 

most cases it is not. In a very few cases it is; such 

collisions are the elastic ones. 

[8.18] 

8.17. Conservative and dissipative forces 

A conservative force is one that permits the 

storage of potential energy whereas forces such as 

those resulting from friction, viscosity, etc., are 

known as dissipative forces. 

Conservative forces can be provided by springs 

‘and also by such fields as gravitational, electric 

and magnetic. In these cases, a kinetic energy can 

be converted to a stored potential energy, e.g., a 

ball thrown upwards has a kinetic energy that 

decreases as the potential energy rises. The stored 

potential energy can be retrieved and converted 

back directly to its original form — as the ball falls 

back to the ground. 

Work done against a dissipative force, such as 

friction, causes a temperature rise; this energy is 

not destroyed or lost for ever. However, it is not 

directly recoverable as is the energy stored in a 

spring. To retrieve the energy converted to heat by 

a dissipative force, it would be necessary to 

employ some form of engine that changes heat to 

mechanical energy. 

The brakes on a car dissipate unwanted kinetic 

energy when it is brought to rest from speed. 

Brakes provide a frictional force against which 

work is done resulting in a temperature rise. Some 

kinetic energy is also acquired by the earth itself 

but this is an infinitesimal part of the whole. Every 

time a car is stopped from a speed of 30ms7! 

enough heat is produced in the brakes, often in a 

few seconds, to boil a kilogram of water. 

Unfortunately, this energy cannot be used to 

accelerate the car back to the original speed. The 

price of stopping the car is paid for in the petrol 

used when it accelerates again. 

In inelastic collisions, the forces are dissi- 

pative; in elastic ones, the forces are conservative. 

In partly elastic collisions, the forces which 

develop during the interactions are partly dissi- 

pative, partly conservative. 

8.18 Collisions in two dimensions 

Hitherto we have limited our analysis of the fate 

of the momenta and the energies in collisions to 

cases in which the motions are linear and the colli- 

sions direct. But anyone who has watched a game 

of snooker or billiards will know that oblique 

collisions are of great interest too. In those games, 
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Fig. 8.15 Multiflash photograph of a dry-ice puck colliding 
elastically with a similar but stationary puck. 

(Photograph E. J. W.) 

the collisions may be complicated by the spin 

given to the incident ball. To simplify the situation 

we shall consider oblique collisions between a 

moving ‘puck’ and a stationary one with the same 

mass. Figure 8.15 shows a ‘strobe’ photograph of 

such a collision. The two pucks were floating 

virtually without friction on dry ice; since they 

were also powerful magnets there was no touching 

‘contact’ and the collision was elastic. The photo- 

graph shows that, after the interaction, the two 

pucks moved apart on tracks which were at right 

angles to each other. 

The conservation of momentum requires that, 

vectorially 

mu = MV, + MV, 

For the components of the momenta in the x 

direction 

mu = myv,cosa + myv,cos B 

For the components in the y direction 

0 = myv,sina + mv,sinB 

For an elastic collision between equal masses the 

conservation of energy requires that 

tmy? = mv? + + mv3 

whence 

pre) Ve Tt V5 

By remembering Pythagoras theorem, we can 
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Fig. 8.16 Ce HE 

tell straight away from this last equation that the 

angle between v, and vy, must be a right angle. 

Problem 8.5 Given that an incident puck had an 

initial speed of 240cms~', a final speed of 

180 cms~!; that the other puck acquired a speed 

of 166cms~' as a result of the collision and that 

the angles a and 6 were 43° and 47° respectively, 

show that the conservation of momentum applied 

to this case. 

8.19 Energy and rotation 

We have seen that a motor which is driving a shaft 

develops a torque (Section 6.8). Such a torque 

can, of course, transform energy from one form 

to another; it can do work. 

Consider first a wheel to which a single couple 

is applied. This couple is made up of two equal but 

opposite forces F applied at opposite ends of a 

diameter. As a result the wheel turns through an 

angle 0. (See Fig. 8.16.) 

The work done by each of the forces 

= F x arc AB 

=e ee x<en.U, 

The total work done = 2Fré@ 

Now the moment of the couple (or torque) is 

el Tr 
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So the work done by the couple 

= torque xX angle of rotation. 

Extending this to the general case of a rotating 

shaft which produces a torque 7 as it turns at a 

rate of n revolutions per second, or 27n radians 

per second, we have 

work done per second 

SIE 6 Dit 

power 
(8.4) 

Problem 8.6 An electric drill motor, rated at 

350 W, has a maximum efficiency of 35%. What 

torque will it produce if it is running at 3000 

revolutions per minute? 

The power output is 35% of the power input, i.e. 

0.35 x 350 W 
From Eq. 8.4 the power output = T x 21”N 

n = 50 revolutions per second so power out- 

puts f < 2rex 50 

Orsay OU) 
oaresONee oe Torque = 

If the motor is fitted with a mechanical gear box 

which drives the drill at 15 revolutions per second, 

what is the torque? 

The motor is running at the same speed (50 revolu- 

tions per second) and the gear box provides a 

mechanical advantage of 50/15. So the new torque 

will be 

O39" 22Nm = 1.3Nm 

To measure the power output of a machine it is 

necessary to measure the torque provided. The 

simplest device for this is a band-brake. (See Fig. 

Fig. 8.17 

[8.20] 

8.17.) Two dynamometers (spring balances) hold a 

belt tightly against a pulley which is firmly 

attached to the shaft of the machine. When the 
shaft is stationary, the dynamometers will register 

equal forces which are determined by the tension 

in the belt. But when the shaft rotates the force 

recorded by one dynamometer will increase whilst 

" that recorded by the other will decrease. (Which is 

which?) If, when the speed of rotation is stable, 

the readings are F, and F, and the pulley radius is 

r, the net applied torque is F\r — F,r. 

We can measure nv by counting (at low speeds) 

or by the use of a flashing stroboscope at high 

speeds. 

8.20 The energy stored in a rotating body 

In Section 7.5 we saw that the inertia of rotating 

bodies depended on the way in which the mass of 

the body was distributed about the axis of 

rotation. 

Such a body also possesses energy. Consider a 

flywheel which is rotating about an axis through 

its centre of mass. Although the wheel is rotating, 

the centre of mass does not have a speed. In what 

sense, then, can the equation kinetic energy = 

+ my? be applied? 
The flywheel must be considered, not as a 

whole, but as being composed of a large number 

of masses, ™,, ™,, m;, etc., distributed at various 

distances, 7; r2, 7, etc., from the’ axis (1g. S783) 

Each mass has a speed, v,, vj, v3, etc., which 

depends upon its distance from the axis. The 

kinetic energy of each mass can therefore be 

determined. The total of the energies stored in all 

the ‘elemental masses’ that make up the flywheel, 

gives the energy stored by the flywheel itself. 

Let the flywheel rotate at m rev s~'. Since there 

are 27 radians in 360° or one revolution, then the 

angular velocity of the flywheel, w = 2an radians 

S~'. Because in general, speed, v = rw, the speeds 

of the masses composing the flywheel = rw, row, 
ry, etc. The total kinetic energy of the flywheel 

+ >mMVv3 + +my,v32 + etc. 

Qe nro? tras eet 

= +d mr’. 

The expression © mr? is shorthand for the sum 

all the terms like mr? and is called moment of a O 
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Rotation 

Fig. 8.18 

inertia, for which the symbol is J. Thus the kinetic 

energy of a rotating body is + Jw. 
Since £ mr? depends not only upon mass, but 

also on its distribution, it follows that a flywheel 

that has most of its mass concentrated in the rim 

will possess more kinetic energy than a flat disc 

having the same mass and radius, and rotating at 

the same speed. In the case of a flat disc of mass M 

and radius r, it may be shown that the moment of 

inertia about an axis through the centre and 

perpendicular to the plane is given by: J = +Mr’. 

Therefore, the kinetic energy stored in such a disc 

that is rotating atn revs-! = 4+ xX 4+MPr(2mn)? = 
Mr?r?n?. 

The moment of inertia of a rotating body plays 

the same role in rotational motion as mass plays in 

linear motion. Where in linear motion we have 

mass, distance, velocity and force, so in rotational 

motion we have moment of inertia, angle, angular 

velocity and torque (the product of force and the 

arm of the force). This correspondence goes 

further, however. The rotational counterpart of 

momentum is angular momentum. 

@ The angular momentum of a point mass m 

moving with speed v about an axis through 0 

perpendicular to the plane of the motion is the 

product of the linear momentum and _ the 

perpendicular distance from the axis to the 

line of motion (Fig. 8.19). 

Angular momentum = L = (my)r 

And since v = wr 

angular momentum L = mwr? 

= (mr’)w 
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Extending the argument to a rigid body as 

before we see that the total angular momentum of 

that body is L (mr?)w or Iw. 

In rotational motion, angular momentum 

plays the same part that linear momentum plays in 

linear motion. For example, Newton’s second law 

takes the form: torque = AL/At. And, like linear 

momentum, angular momentum is conserved. 

Rotation (both revolution as in the case of the 

moon rotating about the earth and spin as in the 

case of the earth spinning on its axis) is of funda- 

mental importance in the fields of astro-physics 

and in both atomic and nuclear physics. For 

example, within the solar system the sun possesses 

99.87% of the mass but only 0.54% of the angular 

momentum (which means that the planets, with 

only 0.13% of the mass, have 99.46% of the 

angular momentum). With the major exception of 

Venus, the sun and its planets spin on their axes in 

the same direction; and all the planets rotate about 

the sun in the same direction with other orbits 

lying roughly in a single plane. Any theory of the 

formation of such a system must account for these 

fundamental facts, of which the extraordinary dis- 

tribution of the angular momentum is the most 

important. 
To come a little nearer home, try standing ona 

freely rotating table holding a heavy book in each 

hand. Get someone to start you spinning. What 

happens to your angular velocity as you raise and 

lower your arms? What is happening to your 

moment of inertia as you do this? 

Problem 8.7 <A solid cylinder of mass M and 

radius R rolls from rest down an inclined plane 
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without slipping (Fig. 8.20). Find its speed (linear) 

when it reaches the bottom. 

As it rolls down the plane, potential energy 

Mgh is converted to kinetic energy both linear and 

rotational. 

Meh = 4 Iu? + +My? 

where / is the height of the plane, v is the linear 

speed at the bottom and w is the angular speed at 

the bottom. 

Now 

[8.20] 

and ey ees 
7 

So 

yl > v? 1 > 
Megh = 2a Mr) aie + Mv 

| = +My? 

and 

ve Vt gh 

What would the linear velocity be if this 

cylinder had slid, without rolling down the slope? 

The velocity is given by 

Mgh = +Mv? 

so that 

v= Veh 
The speed of the sliding cylinder is, therefore, 

greater than that of the rolling cylinder for the 

latter has its total energy distributed between 

rotational and linear kinetic energy. 



Chapter 9 

HEATING AND WORKING 

9.1 Temperature 75 9.1 Temperature 

9.2 Heating and working 77 
9.3 Heat capacities 79 Matter, including of course gases, has a number of 

9.4 Changing the state 87 properties which, like pressure, are temperature 

9.5 The efficiency of engines 82 dependent. Among these are the length of a metal 
bar (for we know that metals expand on heating), 

the pressure of a fixed volume of a gas, the volume 

of a mass of gas whose pressure is kept constant, 

the resistance of a metallic conductor, the electro- 

motive force generated at a junction of two 

metals, the colour of a hot furnace. Devices can 

be constructed using any of these properties and 

used to indicate the thermal state of a body. 

Imagine that such a device is placed in each of 

two metal cans containing water. One of these 

cans, A, has been in good thermal contact with the 

flame of a bunsen burner: the other, B, has been 

standing on the bench. Now they are brought 

together and placed in good thermal contact with 

one another. Experience tells us that, before long, 

the two similar devices will record that an equili- 

brium state exists. If, however, the two cans have 

been separated by an insulating wall, the readings 

of the devices will continue to vary widely from 

each other. 

Now imagine that we have three such cans, A 

and Bas before but the third, C, has been kept ina 

refrigerator for some time. The three are placed in 

an insulated chamber with an insulating wall 

separating A and C, and a conducting wall 

between A and B, B and C (Fig. 9.1). 

Both A and C are in good thermal contact with 

B but not with each other. Given the lapse of 

sufficient time, A, B, and C will come into 

thermal equilibrium. This state of affairs would 

not be upset if we were to withdraw the insulating 

wall from between A and C. This experimental 

result is often described as the zeroth law of . 

75 
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Fig. 9.1 

thermodynamics and can be stated formally as 

‘Two systems which are in thermal equilibrium 

with a third system must be in thermal equilibrium 

with each other.’ Under these conditions we say 

that all three systems are at the same temperature. 

This gives a very clear meaning to the word 

temperature: it is the property of a system which 

determines whether or not the system is in thermal 

equilibrium with other systems. 

Problem 9.1 Does a law analogous to the zeroth 

law of thermodynamics, but not concerned with 

thermal equilibrium, apply to two pieces of iron 

and a magnet, and to three men, Smith, Jones, 

and Robinson? 
a) Piece of iron A attracts - or is attracted by - 

the magnet. So is piece B. Does A attract B? It 

might or it might not. There is no analogous 

law. 

b) Smith knows Jones. Jones knows Robinson. 

But does Smith know Robinson? He may do; 

but then again, he may not. There is no 

analogous law. 

Properties of matter which are temperature 

dependent are all capable of use in thermometers 

to measure temperature. But to devise an effective 

method of providing a temperature scale some 

fixed reference points must be agreed. 

One such temperature-dependent property is 

the length of a mercury column contained in a 

glass envelope. This provides the basis of the 

‘mercury-in-glass’ temperature scale. If we choose 

as the fixed reference points the ‘ice-point’ (which 

we shall call zero degrees Celsius or 0°C) and the 

‘steam-point’ (which we shall call 100°C) of water 

under strictly specified conditions, we may define 

[oem 

Pressure/mm of mercury 

Fig. 9.2 Readings of a constant volume gas 
thermometer at the temperature of condensing 
steam, when different gases are used at various 

pressures. (F. W. Sears and M. W. Zemansky, 

University Physics, Addison-Wesley, 1970.) 

a temperature on this ‘mercury-in-glass’ scale by 

the equation 

where /,, Jin) and /, are the lengths of the mercury 

column at the temperatures 6, 100°C and 0°C. 

Similar equations apply to other thermometers 

using other thermometric properties. For a resist- 

ance thermometer a temperature 0 will be given by 

For a constant volume gas thermometer the 

equation will be 

= Pee Ke 
Pio00 — Po 

and so on. 
Weare not surprised if two such thermometers 

using totally different physical properties give 

different readings .when put together into an 

enclosure at an unknown temperature; unless, of 

course, that temperature is that of either the ‘ice- 

point’ or the ‘steam-point’. 
What is surprising is that there are thermo- 

meters which do approach the same readings. They 

are all constant volume gas thermometers opera- 

ting at very low pressures. Whether the gas used be 

oxygen, hydrogen, helium or air, at very low 

pressures these instruments agree as to tempera- 
ture (see Fig. 9.2). This agreement sets a standard: 

that of a constant volume gas thermometer extra- 

polated to zero pressure. In practice, the best 

material to use is helium with the advantage that it 

can be used as low as — 272°C. 

The consistency of behaviour of these low- 

pressure gas thermometers made it possible to 
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Fig. 9.3 A constant volume gas thermometer. 

simplify the definition of a temperature scale. 

With any constant-volume gas thermometer 

working at very low pressures the ratio Pjo0/Do 

always has the same numerical value: 1.366 (to 

3 s.f.). The Celsius temperature can therefore be 

expressed by 

| Po — Po C= 16K TRe we x 100 

pgetot gael 
eae 

VIB 273 
Pp 0 

erie 21s eI -in°c 
Po 

This suggested that there would be advantages 

in defining a new temperature scale with zero at 

about — 273 degrees Celsius and with the same size 

of degree interval as the original Celsius scale. On 

such a temperature scale the temperature would 

simply be directly proportional to the pressure in 

a constant-volume gas thermometer. A further 

advantage would be that the ‘steam-point’ would 

no longer be needed for calibration. It would be 

necessary only to measure accurately the pressure 

Po at the ‘ice-point’. This is the essence of Lord 

Kelvin’s proposal for an absolute scale of tem- 

perature. For this we have the relationship (to 

3s.f. accuracy): 

temperature on the temperature on the 
= : eS 

absolute scale Celsius scale 

In practice, the ‘ice-point’ is not easily repro- 

ducible to the precision required for accurate 

work. This led to a decision to change that fixed 

point to the readily reproducible triple point of 

water whilst retaining the absolute zero of tem- 

perature as the other. 
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Water can exist as a solid, liquid and gas 

together in the same vessel at one temperature and 

one pressure alone. The pressure is 4.58 mm of 

mercury; the temperature can be assigned arbi- 

trarily. By international agreement, the arbitrary 

number 273.16 K is assigned to the temperature of 

the triple point, the K indicating a temperature in 

kelvin. 
Having made this arbitrary decision, tempera- 

ture can be defined in kelvin on the constant- 

volume gas thermometer scale by the equation 

Tie 273.161o8 
Pi 

where 7 is the temperature in kelvin, p; is the 

pressure of the gas at temperature 7 and p,, is the 

pressure of the gas at the triple point. 

A constant-volume gas thermometer consists 

essentially of a bulb containing the chosen gas, 

which is connected through a capillary tube to a 

mercury column (Fig. 9.3). The height of the 

mercury column can be adjusted by raising or 

lowering a mercury reservoir to adjust the pressure 

in the bulb. The difference in height of the two 

mercury columns is measured when the gas is 

contained in its fixed volume at the temperature of 

the triple point of water and at the temperature 

which is to be measured. 

When very low values of gas pressure are used, 

this measure of temperature depends but little on 

the properties of any particular substance, but on 

the properties of gases in general. It is called the 

ideal gas temperature. 

9.2 Heating and working 

As we saw in Section 8.3 work has acquired a © 

specific meaning as a measure of energy trans- 

formed from one form to another by some 

mechanical process. For example, the application 

of an upward force of 50N to a mass which is 

moved through a vertical distance of 2 m involves 

the transfer of 50 x 2 joules of energy. 

Work = force x distance moved in the direc- 

tion of the force. 

In this example, 100 J have been transformed 

from the fuel which drove the force-producing 

mechanism to gravitational potential energy, pro- 

vided that the speed developed was low and the 

kinetic energy negligible. 
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The mass which has been lifted through these 

2m may, at some time in the future, return the 

potential energy stored by falling back to its 

starting point. In so doing it might drive a paddle 

wheel contained in a carefutly insulated vessel of 

water as in the experiments of J. P. Joule which 

have already been referred to in Section 8.6. That 

long series of experiments revealed that the 

temperature of the water would rise as a result of 

this process of energy transformation; and, 

moreover, that the expenditure of the same 

amount of work W always produced the same 

temperature rise in the same mass of water. 

The implications of this discovery are far- 

reaching. Consider for a moment a_ simple 

‘thought experiment’. You have two similar 

insulated systems each containing a vessel of 

water. Under one of these vessels is a flame; the 

other contains the paddle wheel and falling mass 

mechanism. Each also contains a thermometer 

and, whilst you can see the reading of that 

thermometer, you cannot see inside the insulated 

containers which surround the two systems. 

Each system is then set in operation. You 

observe that the temperature of the water rises in 

each vessel. You have no method of differentiating 

between the two systems. You know that in one 

case energy is being transferred to the water from 

the falling mass and that you can measure this as 

work. One consequence is that the temperature of 

the water rises. If you accept that energy is 

conserved, you must assume that the water is 

increasing some internal store of energy as this 

happens and that the temperature rise indicates 

this. There is no reason why you should believe 

anything different is happening to the other 

system. But, commonly, it is said that the flame is 

transferring ‘heat’ to that system. Since we take 

work to be in Maxwell’s phrase, ‘the transference 

of energy from one system to another’, it would 

seem sensible to take ‘heat’, too, as energy in 

transit. There must be some mechanism which 

enables the water to store this energy internally 

just as there must be some mechanism which 

permits the storage of what is called gravita- 

tional potential energy in the lifted mass. That 

mechanism will be considered later. 

The classic series of experiments performed by 

Joule in the nineteenth century was not limited to 

the simple case of energy transformations which 
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occur when gravitational potential energy is trans- 

ferred to water through a paddle wheel mechanism. 

Joule also arranged for the falling masses to drive 

a dynamo which was short-circuited and itself 

immersed in the water; on another occasion the 

output current of the dynamo was allowed to pass 

_through a resistor which was immersed in the — 

water. Joule forced water to flow through fine 

tubes and observed the temperature change which 

resulted from this fluid friction; he compressed air 

in a cylinder which was immersed in water and 

observed the temperature change; he replaced the 

water by other fluids; he rubbed metal plates 

together. Always he found that, in a given system, 

the temperature rise was the same whatever form 

of energy transformation was responsible. These 

experiments were extended by other physicists but 

always with the same result. In consequence, 

scientists accept that energy is conserved in all 

such changes. The law of conservation of energy 

rests firmly on a mass of experience. If we can find 

some model for matter which can accommodate 

the internal energy store which we have associated 

with the temperature rise, then we shall believe 

even more strongly in the validity of this law. 

These experiments revealed that the transfer of 

a quantity of energy AE to a system — whether by 

mechanical, electrical, or other means - changed 

the internal energy of that system by an equivalent 

amount AU, 

AE = AU 

Since AE is normally measured directly or 

indirectly as a certain quantity of work, AV, it 

follows that 

AU = AW 

A process such as this which involves only the 

performance of work and consequent changes in 

the internal energy and temperature, is known as 

an adiabatic process. In an adiabatic process, 

there is no flow of heat into or out of the system. 

Now consider the case of the water which was 

receiving its additional internal energy from the 

hot flame of the burner. This was an example of a 

flow of ‘heat’ without the involvement of work. 

The only indication we have of change is that the 

temperature of this water rose. If the rise in 

temperature in each of the two similar systems in 

our thought experiment was the same then the 
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internal energy of the two masses of water 

increased by the same quantity of energy. We may 

say that an amount of energy AQ entered the 

system during the heating and that 

AQ = AU 

These two processes are very simple ones and 

are rarely met with in practice. A much more usual 

situation involves a working substances such as a 

gas which is contained within a cylinder and 

enclosed by a piston so that it can expand and 

contract. Consider such a system and imagine that 

it can be heated (see Fig. 9.4a). 

As energy AQ enters the gas, the internal 

energy rises, the temperature increases and the 

pressure also increases. The piston therefore 

moves outwards to allow the gas to expand. In so 

doing it exerts a force and therefore does work 

externally. It may, for example, store up some 

gravitational potential energy (Fig. 9.4b). We can 

identify three amounts of energy: 

a) The energy entering the system from the heat 

source = AQ. 

b) The energy leaving the system as work and 

transferred to gravitational potential energy 

aU AW. 

c) The energy remaining in the 

additional internal energy = AU. 

system as 
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Applying the principle of conservation of 

energy, we see that 

AQ — AW = AU 

AO —hU Away, 

_ This statement which applies to all large scale 

(macro-) systems is known as the first law of 

thermodynamics. 

Or 

(9.1) 

9.3 Heat capacities 

Consider two isolated systems A and B (Fig. 9.5). 

System A has internal energy U, and is at tempera- 

ture T;. System B has internal energy U, and is at 

temperature 7;. 

Whilst remaining isolated from their sur- 

roundings they are placed in good thermal 

contact. Energy is transferred as thermal equili- 

brium is attained and then system A has internal 

energy U, at temperature T whilst system B has 

internal energy U, at the same temperature 7. 

From the law of conservation of energy 

UU = Cea, 

and so 

Uy = "05 = C7 U5 

which may be written 

(AU), = —(AU), 

Since the change is adiabatic (i.e., no ‘heat’ 

energy is transferred to or from the systems from 

any external system), we may use the first law of 

thermodynamics to express Eq. 9.2 as 

—(AQ), = (AQ)s 

(9.2) 
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That is, the energy lost by A is equal to the 

energy gained by B in this process. 

During the transfer of energy from A to B, the 

temperature of A falls and that of B rises. Now, 

experiment shows that, for any small range of 

temperature, the energy transfer from A is pro- 

portional to the temperature fall in A and 

similarly, the energy transfer to B is proportional 

to the rise in temperature of B, 

(AQ), x (AT) 

The ratio AQ/AT is a constant for this range 

of temperature. It is called the heat capacity of a 

body (C) and is measured in J K7!. 

Experiment also shows that the heat capacity 

of a body is proportional to its mass. It is there- 

fore convenient to introduce a specific heat 

capacity (the heat capacity of unit mass). In SI 

this is the heat capacity of a mass of | kg of the 

substance. Similarly, the molar heat capacity of a 

substance is the heat capacity of 1 mole of the 

substance. 

Specific heat capacity (c) = (9.3) 
1 AQ 

AT m 

Some typical values are given in Table 9a. 

Over small ranges of temperature the values of 

the specific heat capacity of a substance can be 

assumed constant. However, experiment shows 

that the specific heat capacity is a function of 

temperature. This is illustrated in Fig. 9.6, which 

shows how the specific heat capacity at constant 

pressure of copper increases to a value of about 

390 Jkg-'K-! (25Jmol-'K-') at 400K and 

[9.3] 

Fig. 9.6 The specific heat capacity of copper 

as a function of temperature. 

700 800 

Table 9a 

Specific heat Molar heat 
capacity (6) capacity (6) 
at constant at constant 

Temperature/ - pressure/ pressure/ 
Substance K Jkgo*K-" dimoela Kr! 

Ice 263 2100 SV A 
Water 288 4186 75:0 

Water 
vapour 373 2030 36.5 

Aluminium 290 878 23 

Copper 290 381 24.2 
Iron 290 438 24.4 
Lead 290 126 26.1 
Silver 290 235 25.4 

changes but little after that as the temperature is 

increased further. This is typical behaviour for the 

solid elements (see, the discussion of the law of 

Dulong and Petit in Section 15.6). 

Water offers an interesting and exceptional 

case. In the first place, its specific heat capacity 

(4190 Jkg-'K~') is exceptionally high - a con- 

venient fact for our central heating systems. In the 

second place, its behaviour is quite untypical in 

showing a shallow minimum specific heat capacity 

at 308 K. 

For energy transfers of the type discussed in 

this section it follows that 

AQ = cmAT (9.4) 

This provides a convenient approach to the 

measurement of the energy transferred in heating 

and cooling. The energy transfer when a body of 

mass m and specific heat capacity c has its 
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Fig. 9.7. Changing the state of ice to 273 
water and then to water vapour. 

temperature changed by AT is cmAT. This is the 

foundation of the science of calorimetry, a 

foundation which was laid by Joseph Black in the 

eighteenth century. Black’s investigations into the 

heat exchanges between hot and cold bodies 

when mixed together (the method of mixtures), 

and into the change of phase which occurs when 

ice melts to water, were based upon a different 

model of heat from that which we have used. 

Essentially, heat was then regarded as a fluid 

(called caloric) which could flow from a hot body 

into a cold body. This caloric model was satis- 

factory for the changes to which it was applied. 

The first substantiated doubts about the model, 

which eventually led to its replacement by the 

energy theory, originated in the experiments of 

Rumford in 1798. Count Rumford (born Benja- 

min Thompson in Massachusetts in 1753) showed 

that the amount of heat generated when a cannon 

was bored out with a blunt drill was proportional 

to the mechanical energy transferred. As we have 

seen, this is the style of experiment which was 

perfected by J.P. Joule later in the nineteenth 

century and which led to the complete replacement 

of the caloric model by the energy model. 

Problem 9.2 Analuminium kettle weighing | kg, 

containing 1 kg of water at a temperature of 20 °C, 

is placed on a gas ring and the gas is lit. The water 

just began to boil after 230s. How much energy 

has been transferred to the kettle and its contents? 

If the specific heat capacity of water in this 

temperature range is taken to be 4200: 3 kg-'!K-! 

and of aluminium 900 J kg-! K~' the energy which 
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Time 

must be supplied to raise the temperature of the 

water from 20°C to 100 °C is 

4200 x 1 x (373 — 293) joules 

= 336000 joules. 

Similarly the energy required to raise the tempera- 

ture of the kettle itself to 100 °C is 

900 x 1 xX (373 — 293) joules 

= 72000 joules. 

The total energy supply is 408 000 joules. 

Problem 9.3 What is the rating in kilowatts of an 

electric kettle of equivalent performance? 

The gas was supplying energy at a rate of 408 000/ 

230 joules per second. This is 1774Js~' or, 

approximating, 1.7 kilowatts. 

Have a look at the plate on an electric kettle and 

see if the rating is anything like this. 

9.4 Changing the state 

To melt ice is to change water from the solid to the 

liquid state. It is a process which requires an input 

of energy. Similarly to change water to the 

gaseous state requires an input of energy. 

In an experiment done at normal pressure in 

which a specimen of ice is warmed from a 

temperature below 273K until it has all boiled 

away as vapour, the temperature — time graph will 

take the form shown in Fig. 9.7. 

If the rate of supply of energy is constant 

throughout it will be found that it takes much 
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longer to change the liquid to the gas than it takes 

to change the solid to the liquid. It is usual to refer 

to the energies supplied during these two transi- 

tions as the latent heats of vaporization and fusion 

respectively. The temperatures of the substance 

remain constant during these transitions. 

When referred to 1 kg of substance, these are 

known as the specific latent heats. 

Table 9b 

Specific latent heat of fusion 
of ice 330 kJ kg | at 273 K 

Specific latent heat of 
vaporization of water 2300 kJ kg~' at 373 K 

Energy required to warm 1 kg 
of liquid water from 273 K to 
373 K 420 kJ 

Much more energy is required to change water 

from the liquid state to the gaseous than to change 

it from the solid to the liquid form. 

9.5 The efficiency of engines 

Since the time of Newcomen and Watt, steam has 

been an important vehicle for the transfer of 

energy from the chemical form to some more 

[SiS] 

immediately useful mechanical form; but the best 

efficiencies of conversion (i.e., output of work/ 

input of energy) have been around 15% for the 

typical steam engine and around 40% for the 

steam turbine. A petrol engine may have an 

efficiency of about 25% and a diesel engine of 

about 35%. All four use energy in transit (heat), 

‘develop an output of work, and emit hot exhaust 

gases; all four are heat engines. Is this low 

efficiency a consequence of incompetence; or is it 

due to some natural limitation? The first law of 

thermodynamics placed no such limitation on the 

possibility of transforming energy from any one 

form to any other form. Nothing in that law 

suggests that the total supply of energy cannot be 

converted to work. It is experience which suggests 

this. 
This theoretical problem about the heat engine 

was first approached by Carnot, a French 

engineer, in 1824. His work and that of such men 

as Clausius and Kelvin led to the realization that 

there did exist a further natural law and that this 

law imposed a natural limitation on these energy 

transformations between heat and work. 

We shall not pursue this work on heat engines. 

However, we shall return to it in Chapter 12 when 

we approach the problem from the microscopic 

rather than from the macroscopic angle. 
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A MODEL FOR A GAS: A SECOND LOOK 

10.1 A simple mathematical analysis of the Now that we have a working knowledge of 

model 84 dynamics, it becomes possible to quantify the 

10.2 An equation of state 87 model for a gas proposed in Unit 1 and, in parti- 
10.3. The ideal gas: model and reality 8&9 

10.4 Molecular speeds 97 

10.5 Diffusion and the random walk 92 

10.6 The atomic model 95 

cular, to examine its implications mathematically. 

It will be recalled that the model was based 

on a system of randomly moving, widely spaced 

particles. It was assumed that the collisions 

between these minute particles were, at least on 

average, elastic and that interparticle forces were 

only observable at extremely short ranges. 

10.1 A simple mathematical analysis of the 

model 

We have supposed that the model behaves like a 

gas in a container, exerting pressure by virtue of 

the impact of the particles on the walls. If we can 

also show that it does this in a quantitative way as 

well (for example, by showing that the pressure 

and volume in the model are related in the same 

way as they are in a gas), we shall have much more 

confidence in the model itself. 

We must first calculate the pressure these 

flying particles will exert. To do this rigorously is 

quite difficult, but some of the difficulties can be 

avoided by taking a few reasonable short-cuts. 

Imagine the ‘gas’ confined in a rectangular 

box with sides of length, x, y and z, and that it has 

been there long enough to be in a steady state (Fig. 

10.1). At any instant, the particles are moving in 

any one of a variety of directions as the arrow on 

each sample particle is intended to show. Let us 

concentrate on the impact of the particles on 

the left-hand end of the box. The particles are 

approaching this end of the box from all possible 

directions. All bounce off the end, exerting a 
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certain force on the face of the box as they do so 

(Fig. 10.2). How can we set about finding this 

force? 
Consider first of all a single particle of mass m 

and travelling with velocity c along a line 

perpendicular to the wall (Fig. 10.3a). 

Let us assume that in this case it bounces off 

elastically in the opposite direction. As the particle 

approaches the wall, it slows up as the short range 

intermolecular force of repulsion comes into play, 

and its momentum is reduced to zero. At this 

instant, the kinetic energy of the particle has been 

entirely converted to potential energy. The particle 

now accelerates away from the wall to velocity c 

exactly reversed from its approach velocity (Fig. 

z. 

O ESS. 
Fig. 10.1 

-— 

—— 

Fig. 10.2 
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10.3b). Its final kinetic energy is the same as its 

initial kinetic energy but its momentum is now mc 

in the opposite direction to its initial momentum. 

It has suffered a momentum change of 

mc — (—mc) or 2mc 

Fig. 10.3 

To bring about this change, the wall must have 

provided an impulse; a force acting for a short 

time. We cannot say how big this force is for a 

single particle hitting the wall. It all depends on 

the time during which the intermolecular forces 

between the wall and the particle act. This is a 

simple application of Newton’s second law of 

motion which states that the force acting on a 

body is proportional to its rate of change of 

momentum. 
If this particle were the only one in the box, it 

would eventually collide with the opposite wall 

and could bounce back again towards the face of 

the box under consideration (Fig. 10.4). 

The next collision on the end of the box to the 

left will take place time 2x/c later. The momentum 

of the particle is thus changed by 2mc at the face 

of the box on the left in time intervals of 2x/c if it 

(a) (b) 

Fig. 10.4 
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always bounces off in the opposite direction from 

its approach. The rate of change of the momentum 

at the face is 

2mc _ mc? 
De en 

in momentum units per unit time. By Newton’s 

second law of motion, this is the average force 

acting on the face if we imagine the forces result- 

ing from this series of impacts to be ‘smeared out’ 

to a constant value. 
So far we have considered the impact of one 

particular particle rattling back and forth between 

two opposite faces of the box. What happens 

when the box contains N particles all moving with 

different speeds and in different directions? 

The random nature of the motion of the many 

particles allows us to assume that, on average, the 

component of the velocity parallel to the wall, 

csin@ (Fig. 10.5), does not change whilst the 

component perpendicular to the wall, ccos 4, is 

reversed in direction. The only velocity component 

of interest, as far as impact with the wall is 

concerned, is the perpendicular one, c cos 0. 

Fig. 10.5 

Let us suppose that this direction is the 

x-direction of a set of rectangular axes. We will 

call this the x-component of the velocity in the 

x-direction. 

We can resolve the velocity of any particle into 

three components, c,, cy, c,. These are related to 

one another and to the velocity c of the particle by 

an extension of Pythagoras’ theorem. 

Ox, Oy, and Oz are three mutually perpendi- 

cular axes (Fig. 10.6). OF represents a velocity c. 

FG is a perpendicular from F to the plane Oxy so 

[10.1] 

Fig. 10.6 x 

that OGF is a right angle and, by Pythagoras’ 

theorem 

QOE* =,O0G2 AGH? 

GH and GJ are perpendicular to the Oxz and Oyz 

planes respectively and 

OG = GJ2- GE 

whence 

OF? = GJ* + GH? + GF? 

But GJ, GH, and GF are the components of the 

velocity c in the x, y, and z directions. So 

C= Ct Ce 

For each of N particles in the box, all of which 

are moving with a variety of velocities, we may 

write 

Qo? 2 2 
Cj c Cx, zi cy, i Ez, 

2 yy) 2 Ch = Chores 

De cee Tyme 2 Chim Ch acl UCAiias Co 

Add: 

(Ch tuChite vam iek): St (eed ees aie gee) 

: ACG Gee eater) 

HECCRIA: CPEs Roe BANC) 
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Divide throughout by N: 

(CC een (Cte * +03) 

N ‘i N 

Pe 2 Hy (Cone a te?) 

N 

ear Gee C2) 

N 

This may be written: 

C= Ce + re + C3 

The term c? is the average of the square of the 

speed and is usually called the mean square speed. 

It is a meaningful average to use in this case. 

Now collisions among the particles within the 

box will serve to maintain such an even distribu- 

tion of the particles that 

See ae Ca (10.1) 

(This is our reasonable short-cut. The last few 

lines form an essential part of our analysis, but the 

appeal for their correctness is to common-sense. It 

seems reasonable that a large assemblage of 

particles should behave in this way — it is mathe- 

matically complex to show that they will: we must 

guard against the specious argument that ‘of 

course’ the mean value of all the three components 

must be the same because we know that in a gas 

the pressure is the same on all the faces of the box. 

That is true in a gas. We are trying to show that 

our model behaves like a gas - we must not 

assume that it does in the process of setting up a 

proof.) 
From Eq. 10.1, it follows that 

pee agi ees 5) Cha C= CL = 5C 
x 

(10.2) 

For one particle, the force on the left-hand face of 

the box was mc2/x. For N particles the force 1s 

mc; mc; me. Nmc 

x x x x 

from our definition of mean square speed. 

Since, from Eq. 10.2, 

Co ae 

the force is 

(10.3) 
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The area of the face is yz. So the pressure, p, on 

the face is 

forces! 
area x 

Wi Eee: 
— 10.4 ae (10.4) 

Now, xyz = V, the volume of the box, so 

pV = 4Nmc2 (10.5) 

_ If +Nmc? is constant at constant temperature, 

pV is constant and the model will obey Boyle’s 

law. This is encouraging; and it raises an 

important question about the meaning of the 

product +Nmc?. Nm is the total mass (M) of the 

particles in the box. If now we write the right hand 

side of Eq. 10.5 as 3(4Mc?) we are very strongly 
reminded of the expression for translational 

kinetic energy. But, when we do this, we must 

remember that translational kinetic energy is not 

the only possible form for energy to take. We are 

excluding the rotational and the vibrational 

kinetic energies which will also be possessed by 

molecules of the polyatomic gases. 

10.2 An equation of state 

Experimental evidence long ago established two 

further empirical laws descriptive of the behaviour 

of real gases. The first stems from the work of 

Charles (1787) and of Gay-Lussac (1802) and 

relates the volume change of a fixed mass of a gas, 

maintained at a constant pressure, to the tem- 

perature change recorded, say, in K on the 

mercury-in-glass scale of temperature. 

V = V1 + eAT) 

where V and V, are the final and the initial 

volumes of the gas, A7 the temperature change in 

K and qa is a constant. Interestingly enough, this 

constant has very nearly the same value for all 

gases at low pressure and is 0.003 660 K~'. 

The second law concerns the way in which the 

pressure of a fixed mass of a real gas, maintained 

at a constant volume, changes as the temperature 

changes. Using the same temperature scale as 

above, we find that 

(10.6) 

(10.7) 



88 A Model for a Gas: A Second Look » 

3200 7 = boiling point of water. 

3100 

3000 

—1 

pV,,,/J mol 
T = triple point of water — 

water. 

1.0 2.0 4.0 x 10° 3.0 

p/Nm~2 

where p and p, are the final and initial pressures, 

AT the temperature change in K and £ is a con- 

stant. This constant 6 proves to be virtually the 

same as a and neither differs by much from the 

fraction 1/273. This is hardly an accident, as we 

shall see. 

Although of considerable historical interest, 

these two laws lost their fundamental significance 

once the constant volume gas thermometer was 

adopted as the standard. The two laws then 

became a direct consequence of the choice of a 

definition for temperature. However, they do 

confirm that the mercury-in-glass thermometer 

scale of temperature conforms to the gas thermo- 

meter scale. It was in Section 9.1 that we observed 

that gases at low pressures are the best thermo- 

metric substances and we there defined tem- 

peratures in terms of the constant volume gas 
thermometer 

Pf sn073 962 koe irk 
tr 

where p,, is the pressure at the triple point of 

water. 

If the product pV,, for a fixed amount of gas - 

and we shall-specify a mole (see Section 2.3) 

occupying volume V,, (the molar volume) - for a 

number of real gases is plotted against pressure p 

(Fig. 10.7) a remarkable property emerges. For 

each temperature, as the pressure approaches 

{10.2] 

6000 
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- Fig. 10.8 Graph of the limiting value of pV,,, against 

temperature. 

Fig. 10.7. Graphs of pV, against p for different 
gases at the triple point and at the boiling point of 

zero, the product pV,, tends to the same value, 

irrespective of the gas chosen. 

Moreover, if values of the limiting values of 

pV,, are then plotted against temperature, the 

graph is linear and passes through the origin (Fig. 

10.8). The product pV,, is therefore proportional 

to temperature. And, since these limiting values 

are independent of the gas used, one equation can 

be written for all of them. This equation, which 

brings together Boyle’s, Charles’ (or Gay-Lussac’s) 

and the constant volume law, is 

pV, = RT (10.8) 

where R is a constant. Since this is of universal 

application to gases, R is known as the universal 

gas constant. 

R = 8.314Jmol-'K7=! 

Equation 10.8 is an equation of state which 

applies to all gases at low pressures. This suggests 
that it would be valuable to imagine an ‘ideal gas’ 
to which this equation of state would apply under 

all circumstances. For such a gas we should have 

a) p « 1/V at constant temperature (Boyle’s 

, law), 
b) p « Tat constant volume, 

c) V « Tat constant pressure. 
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Under ordinary conditions — i.e., for relatively 

large volumes — the behaviour of real gases differs 

but little from that of this ideal gas and the simple 

equation of state of Eq. 10.8 can often be applied. 

Problem 10.1 In the graphs (Fig. 10.7 and Fig. 

10.8) the units for the product pV,, are given as 
J mol~!. Explain. 

10.3 The ideal gas: model and reality 

In Section 2.3, when we discussed the mole, we 

introduced the hypothesis due to Avogadro that, 

under conditions of equal pressure and tempera- 

ture, equal volumes of all gases contained the 

same number of molecules. The accepted value for 

this number, which is known as the Avogadro 

constant or Avogadro’s number (N,), was quoted 

as 6.022 x 107? mol-'!. Let us now suppose that 

our model gas contained a mole of particles so 

that we must write Eq. 10.5 as 

PV,, = +N,me? 

Empirical results led to Eq. 10.8 for a mole of 

an ideal gas 

Di ear 

How far can the equation for the model reflect 

the equation of state? 
We _ have already noted that the expression 

4N,mc? can also be written as 3 X Name? in 
which the product Nam is the mass of the mole of 

particles in the box. Therefore, +N,mc? is the 
total kinetic energy of translation of the particles 

in the box. So, for these particles, we have 

pV,, = * (total kinetic energy of particles). 

Further development depends on whether or 

not we can legitimately compare this result with the 

known results for an ideal gas. If we do this, do 

consequences arise which can be tested experi- 

mentally? 

a. How fast? 

Equation 10.5 for the model gives 

c? = 3pV,,/Nam 
= 37/0 

where @ is the density. 

ll 
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Vc? is a form of average speed which is known 

as the root of the mean square speed or r.m.s. 

speed and is equal to 

V3p/e 

If this equation were to be applied to air, say, 

with a density of 1.293 kg m~} at s.t.p. (which is 

1.013 x 10°5Nm~? and 273 K) the r.m.s. speed 

would be 

iawn 013, KAO ba 
1.293 = 485ms 

How realistic is this figure? We know that the 

speed of sound in air is in the same order 

(331 ms~') which is encouraging. Sound travels 

through the air as a compression wave and it is 

very unlikely that the compressions could travel 

faster than the molecules which are compressed 

together. We should expect, then, to find that the 

r.m.s. speed of the molecules is faster, but not 

much faster, than the speed of sound. 

b. Diffusion 

If we simply equate RT and +N,me? we could 
write 

Nm 

R mel 
T= ee 

Taking a mole of two different gases x and y at 

the same temperature the model requires that 

2 yi; 1 1 
ah R x 3 R y c 

whence 

TM. = tmyc} 
This suggests that gas molecules of X and Y 

should have equal average kinetic energies of 

translation and also that 

ie my = [ 
Ce my 

This would imply that gases with low molecular 

masses travel faster than those with high ones. 

This can be tested experimentally - by effusion 

through small holes into a vacuum and also by 

diffusion through porous walls. This work was 

done by Graham in the first half of the nineteenth 

century. He found that the volumes V, of gas x 

and V, of gas y which diffused through a given 
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surface in a given time were, when reduced to the 

same conditions of temperature and pressure, 

inversely proportional to their densities. 

Va SOs I, 
V, Qy my 

This is Graham’s Law of Diffusion (1830). 

The correspondence between Graham’s experi- 

mentally based equation for the diffusion of gases 

and the equation suggested by the kinetic model 

adds further support to the usefulness of the 

model. 
During the 1940s the process of diffusion 

became of great industrial importance. The 

analysis above tells us that, if two different gases 

are placed within a container with porous walls in 

a vacuum, the lighter of the two will escape at the 

faster rate. This process was used to separate the 

fissile isotope uranium-235 from natural uranium. 

Only 0.7% of natural uranium is U-235. In the 

gaseous compound uranium hexafluoride the 

respective molecular masses are 349 for U-235 and 

352 for U-238. The relative rates of diffusion are 

in the ratio 352/349 or 1.0043:1. Small wonder 

that the process was used in cascade involving 

some 4000 stages in a plant which covered a vast 

area. 
Experimental evidence of this sort gives the 

confidence to accept that we can write equations 

mc? 
RT = 3N,4 5 

and ~~ 

Nx me? 
ia 4p 5 (10.9) 

for a mole of ideal gas. We can now assume that 

the temperature of such a gas is proportional to 

the mean kinetic energy of translation of the 

molecules. 
This result is a new interpretation of the 

meaning of temperature which derives from the 

application of a model to the reality of gas 

behaviour. The property of temperature of a gas is 

directly related to the kinetic energy of translation 

of the molecules making up the gas. It represents 

the overall behaviour of the countless tiny 

particles of which the gas is composed. Just as a 

pressure gauge comes into equilibrium with the 

forces exerted by the vast numbers of individual 

molecules exerting the pressure, so a thermometer 

[10.3] 

comes into equilibrium with the average kinetic 

energy of the vast numbers of individual mole- 

cules. Both pressure and temperature are statistical 

statements. To ask what is the temperature of an 

individual molecule is quite meaningless. 

The interpretation in energetic terms is in 

accord with the observation that temperature can 

be raised by supplying energy - as heat. The 

energy supplied is conserved and increases the 

total kinetic energy of the molecules. 

The factor #N,/R is a universal constant 
applying to all gases since it is a combination of 

N,, Avogadro’s number, and R, the universal gas 

‘ : ] 
constant. It is usual to write + aR for +N,/R where 

ee Ries. §.31-J mola Ke 
Na 6.02% 10 moleculesamolly’ 

1.38 x 10-2... and the unit is JK~! per 

molecule. 

The equation for 7 then becomes 

2 me 
vwok ee 

rm.s.speed = ene bet (10.10) 

Boltzmann’s constant, k, is of considerable 

significance in studies of gas behaviour. Just as R 

is the universal gas constant per mole, k is the gas 

constant per molecule. R is used in studies of the 

macroscopic behaviour of gases; k in studies of 

the microscopic behaviour. 

Boltzmann’s constant has even wider signi- 

ficance and will be met with in studies of solids as 

we shall see in Chapter 12. 

There are several other useful forms of these 

equations. 

iT: 

whence 

(i) The average kinetic energy of a particle 

smc? = 3kT CLOUT) 

(ii) The equation of state can also be written 

p Vi ia a ae 

: == IN eich 
whence 

oe NGS: De V kale 
m 

(10.12) 
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(iii) N,/V,, 1s the number of particles per unit 
volume or the particle density, n. 

So Dp = nk: (10.13) 

(iv) In this ideal model of a monatomic gas where 

inter-molecular forces extend over very short 

distances only, the sole store of internal 

energy lies in the kinetic energy of translation 

of the particles. It is 4c? per particle at 

temperature 7. 

So the total internal energy 

per mole 

= +N,mc 
3N,kT 

= 3RT (10.14) 

Equation 10.10 gives us a further opportunity 

to check the arguments with the evidence from 

experiment. If we could measure the r.m.s. speed 

of gas molecules we could check the equation 

directly. 

A warning 

It is important to remember that these relation- 

ships apply only to the model of an ideal gas and 

to real gases under conditions which make them 

approximate closely to the ideal. They tell us little 

about the internal energies in other cases; in parti- 

cular, we should not assume that they can be 

applied to any gas at a temperature which is close 

to 0 K, to vapours in the process of evaporation or 

to gases under high pressure. 

In real gases, the total internal energy will 

include forms other than translational kinetic 

energy. There will be potential energies and, 

for gases other than monatomic ones, such other 

kinetic energies as rotational and vibrational. 

10.4 Molecular speeds 

Up to this point, the term an average velocity of 

gas atoms or molecules has been used without 

careful specification of just what is to be under- 

stood by the term. The figure cannot be an 

arithmetical average for, if the motion is truly 

random, this must be zero. It is, as indicated 

above, the square root of the mean of the squares 

of the speed and it cannot be zero. Evidently in a 

gas in which molecules are exchanging kinetic 

energies in a frequent series of collisions, indivi- 

dual molecular speeds must range from zero on 
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Fig. 10.9 Zartmann and Ko’s experiment on the distribution 

of molecular speeds. 

the one hand to very high speeds on the other. 

Theoretical investigations into the distribution of 

speed among the molecules were carried out by 

James Clerk Maxwell in 1860 but experimental 

techniques for checking Maxwell’s description of 

the distribution were not available until the 1920s 

when Stern devised a suitable technique which has 

been improved subsequently. In one method, used 

by Zartmann in 1931, atoms of bismuth were 

produced in a vacuum by heating in a furnace. A 

thin beam of moving atoms was obtained by 

allowing the main beam to pass through a series of 

slits. This method of obtaining a rectilinear beam 

of small dimensions is called collimation. The 

beam of vapour atoms then reaches a drum to 

which entry can only be gained through a slit S. 

This drum rotates at some 6000 rev min~'! and is 

lined with a sensitive film. As the slit S passes 

through the narrow beam a pulse of atoms enters 

the drum; and the speeds of the atoms will be 

distributed amongst a wide range. As the drum 

rotates the atoms move across its diameter, some 

taking much longer than others. The fastest atoms 

will strike the sensitive film at A, slower ones at B 

and the slowest at C (Fig. 10.9). The density of the 
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Fig. 10.10 
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Number of molecules 

Speed 

Fig. 10.11 Temperature and the distribution of molecular 

speeds. 

film at any point will be a measure of the number 

of atoms striking that point. 

The agreement between the observed results 

and the results expected from theoretical con- 

siderations was found to be remarkably good. 

This distribution of speeds, as shown in Fig. 10.10 

is a familiar one. It is a form of the law of normal 

distribution which applies to so many things where 

chance is in control. For example, to the height of 

the men in a population, to the frequency distri- 

bution of a series of measurements and so on. The 

exact shape of the curve depends on the tempera- 

ture and the peak shifts as shown in Fig. 10.11 as 

temperature increases. 

10.5 Diffusion and the random walk 

We can now assume with confidence that the 

particles of a gas are moving at random within the 

space in which the gas is confined; that the 

velocities of individual particles are distributed 

about a mean which, even at ordinary tempera- 

ture, is quite high; a little more than the speed of 

sound in the gas. 

An old objection to this consequence of the 

model was concerned with the speed of diffusion 

of a gas into the air. Everyone knows that the 

smell of, say, natural gas takes time to spread 

through a room into which it is released. It is a 

reasonable guess, too, that convection is more 

effective in conveying the gas from the source to 

the nose than diffusion is. And yet the model 

Suggests that the molecular velocities are very 

high. 

This is an objection with which the model can 

deal quite easily and with only a small change in its 

[10.5] 

Fig. 10.12 Multiflash photograph of a group of balls on a 
vibrating table. (Photograph E. J. W.) 

construction. Consider the movement of a number 

of balls confined on a vibrating table (see Fig. 

10.12). 

This photograph was taken with the camera 

shutter open for a relatively long exposure time, 

whilst the balls were illuminated with a flashing 

strobe light. One can see at once that no ball 

travels very far in any one direction before 

Fig. 10.13 Brownian motion. The positions of three 
particles, suspended in water, observed at 30 s intervals. 
(After J. Perrin.) 



[10.5] Diffusion and the random walk 93 

Fig. 10.14 Bromine diffusing into air at atmospheric pressure. The photographs were taken at intervals of 
100s. (Photographs E. J. W.) 

colliding with another and suffering a change of 

velocity. The path of a single ball through the 

mass of balls must be a series of ‘dog-leg’ sections. 

Because they have a finite size the balls 

frequently collide and, in consequence, ‘diffuse’ 

through the available space quite slowly even 

though the average velocity is high. We now 

suppose that the particles of the gas have a small 

but finite size so that inter-particle collisions occur 

frequently. 

A particle such as this will not travel very far 

from its starting point for the changes in direction 

which will occur with each collision are just as 

likely to move it one way as another. Indeed, it is 

perhaps surprising that it ever does move away 

from the starting point. The actual path followed 

is quite unpredictable but must be something like 

those pictured on the vibrating table and to the 

sort of observation which was recorded by Perrin 

in his study of the Brownian motion (Fig. 10.13). 
This motion is highly erratic - a typical 

random walk. As presented in Fig. 10.13 it is a 

two-dimensional walk. But in the gas this must be 

imagined as a three-dimensional random walk. In 

an experiment on the diffusion of the dense 

coloured gas, bromine, into air at ordinary tem- 

perature and pressure, the series of photographs in 

Fig. 10.14 reveals the slow spread of the advancing 

bromine front as it moves into the colourless air. 

Of course, the advancing front of the bromine 

reveals a gradual increase in the concentration of 

the bromine and the density of the colour, but 

estimates of a ‘half-dark’ position suggest that the 

front is advancing at a rate of about 0.1m in 

500s. In this time an average bromine molecule 

can be expected to travel a total distance of 500c 

where c is the magnitude of the average velocity, 

or average speed. 

If the magnitude of the average velocity c is 

200 ms~', this means that on average a path 

length of 10° m has been folded up by the constant 

collisions into a distance of 0.1 m. The walk is 

indeed a random one. 

Figure 10.15 represents Perrin’s drawing of 

one typical walk. 

Consider the first few steps of this walk. Let 

the molecule start out from O and end up at F. 

Fig. 10.15 



94 A Model for a Gas: A Second Look 

It has travelled a distance OF by making a 

series of m steps, each of which can be resolved 

into components in the x and y directions as 

shown in Fig. 10.16. The final x component of OF 

is given by 

Ke Ny te Key PON ete XS 

due allowance being made for signs, of course. 

The final y component of OF is given by 

o> ies a ee 

The distance OF is given by 

OF2=25) y+ 

Now 

oan er) Cet 5 eg eee een 

See ot Kekoick SMa S hick Xs, 

ONS CR, a ky OO OX) 

ORNS tet Maes Fg eta i te) ele 

The terms x,x, are just as likely to be negative as 

positive. So, when very large numbers of steps are 

considered, the total sum of these terms is likely to 

be zero. Then 

= Xi he ae SS oe 

and 

2 2 2 2 2 = ae 2 
yy alee eo ee teas a eh 

whence 

ORM =. Och Pr Gg 4a) ae a Capea 

[10.5] 

If each individual step length is represented by X,, 

,, etc., the theorem of Pythagoras gives 

Me See ey acl: 

and 

HOF? 2254 NS Se AS ae eae 

Taking \2 as the average of the squares of the 

value of all n individual steps 

ce AEE st. Nacceeae mag 
- n 

a Ole 
Sah 

So OF? = nd? in which ) is the square root of the 

average of the squares of the step lengths (a root 

mean square length). Hence 

OF = Vn 

This is a well-known statistical result and it can, in 

fact, be applied to the three-dimensional case as 

well as to the two-dimensional case considered 

above. It can be applied directly to the diffusion 

of bromine experiment. 

The average step-length (mean free path) 

between collisions is also to be found by dividing 

the total distance cAf travelled in time Afr by the 

number of steps 1. So 

(10.15) 

cAt 

n 

A= 

From Eq. 10.15 we have 

distance made good (OF) 

Vn 

In the experiment, then 

5 OO SOO UT 
A 

Wee 

a 
whence 

n= 10" 

That is to say the bromine molecule which had 

“travelled a total distance up the glass vessel of only 

0.1 mhad, enroute, made 10! collisions. This took 

500 seconds and so the number of collisions per 

second must be 2 x 10°. Having determined n to 
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Normal 
molecule ‘Point’ 

molecule 

“Double — sized’ 
molecule 

Normal 
molecule 

Fig. 10.17 

be 10!2, it remains to substitute in either of the 

equations for the mean free path ) to find that 

200 x 500 = a = N= 102 Omni 

Problem 10.2 How long would it take an average 

molecule of a gas with a mean speed of 500 ms! 

to travel across a room which was 5 m wide? 

Consider now a molecule in motion among its 

fellows following the series of dog-leg steps we 

have come to associate with any random walk. 

When it collides with another molecule the centres 

of mass of the two are, on average, one ‘molecular 

diameter’, d, apart. We can envisage the process 

more clearly if we imagine the collision to be 

between one double sized molecule and a point 

molecule (Fig. 10.17). 

The average volume swept out by the ‘double- 

size’ molecule before it makes the collision is 7d’. 

In this volume, it finds, on average, just one 

point molecule. In other words, a typical molecule 

occupies a volume of 

1d’ 

Now liquid nitrogen (which is a safer material 

than liquid air) has a density of about 800 kg m~* 

and, when it boils, its volume increases by a factor 

of 750. It would be sensible to assume that the 

molecules of the liquid nitrogen now occupy 750 

times the space they occupied when in the liquid 

form. If a molecule of diameter d occupies a 

cubical box of side d (as though the molecules in 

the liquid are close packed like apples in a box) 
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each molecule occupies 750d? when in the gaseous 

state. So 

750d? = wax 

and 

/ 750d.= a 

Taking } = 10-’m,.d-is seen to be about 

457 10m!°imiow4 10s): 

10.6 The atomic model 

There is a good deal of evidence to support the 

Suggestion that the basic units of material 

structure (atoms, ions, or molecules) are only 

10-'°m in diameter. We have noted already that 

the laws of chemical combination led Dalton to a 

particulate model for matter. In order to account 

also for the simple ratios in which the volumes of 

gases combined, it was necessary to adopt a 

further hypothesis, due to Avogadro, that equal 

volumes of gases at the same pressure and 

temperature contain the same number of particles. 

This hypothesis is not susceptible to direct proof. 

Its justification lies in the coherent pictures 

of atoms, singly and in combination, which 

developed from it. 
On the basis of this hypothesis, and the laws of 

chemical combination, a detailed model of the 

particulate state emerges. The ultimate particle (as 

far as chemical interaction is concerned) is the 

atom. There is a different atom for each of the 

hundred-odd elements and their masses can be 

arranged in a table of atomic masses (referred 

originally to the mass of a hydrogen atom as 1, but 

today to the carbon isotope taken as 12 atomic 

mass units). In the free, elemental state, these 

atoms may be grouped into particles consisting of 

two or more identical atoms. These particles are 

called molecules. In chemical combinations with 

other atoms, compound molecules are formed, 

consisting of two or more different atoms. 

The relative masses combining in a chemical 

reaction are not the same as either the relative 

molecular or atomic masses. To two significant 

figures the relative atomic mass of hydrogen is 

1.0, while that of oxygen is 16. Their respective 

molecular masses are 2.0 and 32. However, in a 

chemical reaction to form water, each 1.0g of 

hydrogen combines with only 8.0g of oxygen. 
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This leads to the idea that different atoms have 

different combining powers. On comparing, either 

directly or indirectly, the combining powers of 

each element with hydrogen, we find that each 

atom of oxygen will combine with two atoms of 

hydrogen. On the other hand, two atoms of ° 

aluminium will combine with three of oxygen, and 

consequently, aluminium has a combination 

power of three. This combining power is called the 

atom’s valency. 

The phenomenon of electrolysis shows that 

many atoms are charged in solution. For the 

passage of a given quantity of electricity, elements 

are deposited at anode or cathode in proportion to 

the ratio: atomic mass/valency. This is Faraday’s 

second law of electrolysis. 

This strongly suggests that the valency of an 

atom is related to the degree to which it becomes 

charged in solution. On this basis, hydrogen 

atoms carry only one unit of charge, while oxygen 

carries two, and aluminium, three. No atom has a 

smaller valency than hydrogen. 

Millikan’s experiments on the charge carried 

by oil drops show that the smallest charge which 

can occur is 1.602 x 10-!® coulomb. This is the 

charge we eventually associate with an electron. It 

is tempting to assume that the charge associated 

with a valency of | is also 1.602 « 10-!? coulomb. 

Let us make this assumption. 

Careful electrolysis experiments show that it 

takes 96500 coulombs to release 1.008¢ of 

hydrogen. If each hydrogen atom had carried 

1.602 x 10~-'% coulombs, there must be 

96 500 
7.602 x 1028 2toms in 1.008 g of hydrogen 

= 6.02 x 107 atoms in 1.008 g of hydrogen. 

Similar calculations for other elements lead to the 

conclusion that there are 6.022 x 10} atoms in 

every mole. This is the number to which we gave 

the name of the Avogadro constant (N,). This 

method of arriving at it depends upon two 

unproved assumptions: 

a) Avogadro’s hypothesis, 

b) a valency of | is related to a charge in solution 

of 1.602 x 10-'% coulomb. 

Other methods for finding the Avogadro 

constant depend on other assumptions. The 

[10.6] 

convergence of the experimentally determined 

values is part of the consistent picture which has 

been developed of the atomic state and lends 

powerful support to the whole theoretical 

structure. 

Problem 10.3 Some particle arithmetic. 

a) The Avogadro constant is 6.022 x 10? 

particles per mole. Calculate the mass of an 

atom of a substance one mole of which has a 

mass of 1.000 x 10-?kg. 

The mass of one atom of this substance is 

1.000 x 10? 
%.022 x 102 Ke = 1.66 -< 1052 kg. 

b) The mass of one mole of molecular nitrogen is 

28.0 x 10-2kg. What is the mass of a single 

molecule of nitrogen? 

The mass of a single molecule of nitrogen is 

28:0ex: 1052 
G.022 » 102 K& = 465° 1077Ko, 

c) What is the average translational kinetic 

energy of a molecule of an ideal monatomic 

gas at a temperature of 300 K? 

From Eq. 10.11 the average kinetic energy is 

SkT = + X 1.38. x: 10-% x 3007 

6.20) 107745 

d) What is the total translational kinetic energy 

of the particles of 1 mole of such a gas at this 

temperature? 

From Eq. 10.14 the total internal energy is 

2RT = 4X! 8.3"X' 3005 
= 3735 J 

e) What is the r.m.s. velocity of a molecule of 

bromine at 300 K? The mass of the bromine 

molecule is 160 x 1.66 x 10-2’kg. 

From Eq. 10.10 

Se 

td D XDI Sr LOTS N00 a 
1608x2166 Iwo 277 

= 216ms"! 
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Gases share with liquids certain behaviour which 

provides important models to help us in visualizing 

other phenomena. Both states have the ability to 

flow and to take up different shapes. Both are 

fluid. But there are two important differences. 

Firstly: whereas gases are easily compressed, 

liquids, like solids, are very difficult to compress. 

Secondly: liquids are bound by a surface; gases are 

not. You can half-fill a can with water; you cannot 

half-fill it with a gas. 

11.1 Pressure in a fluid 

We have already seen how the Brownian motion in 

a gas offers evidence for the kinetic model we 

developed in the previous chapter. That motion 

can also be observed in liquids; indeed it was first 

observed in a liquid. So it is not unreasonable to 

assume that the pressure within a liquid owes its 

origin to the bombardment of the wall of the 

vessel by the particles which make up the liquid. 

@ Pressure is defined as the ratio of the perpendi- 

cular contact force to the area of contact. 

Det A 

The unit is derived from those of force (N) and 

area (m’) and is the newton per square metre or 

pascal (Pa). 

Note that the direction in which the pressure 

acts is always at right angles to the surface upon 

which it is acting. Pressure is not a vector in the 

sense that force is. 
It is a matter of observation that, within a 

liquid at rest in a gravitational field, the pressure is 

(11.1) 

97 



pA 

Fig. 11.1 Forces on a slab within a liquid. 

the same at all points on the same horizontal line. 

If this were not so the liquid would perforce flow 

along that horizontal line until it was! 

It is also a matter of observation that the 

pressure within a fluid increases with depth. 

Consider an element of the fluid in the form of 

a thin slab of thickness Ah and surface area A 

(Fig. 11.1). If the density of the fluid is @, the mass 

of that element is gAA/A and the weight is goAAh, 

where g is the gravitational field strength. 

Fig. 11.2 Pressure at a point in an open-topped vessel 

containing liquid. 

[11.1] 

The forces exerted are everywhere normal to 

the surfaces and, by symmetry, the resultant 

horizontal force on the vertical sides of the slab is 

zero. 
The upward force on the lower face is pA. 

The downward force on the upper face is 

(p + Ap)jA. 
The three vertical forces (two due to pressures 

and one to weight) are in equilibrium, whence 

pA — (p + Ap)A — egAAh = 0 

and 

AAp = —egAAh 

Ap = —eghh (11.2) 

This equation is easy enough to apply to the 

case of a liquid. But, where the fluid is gaseous 

(e.g. the atmosphere) we have to note that the 

density is itself a function of height. 

The equation implies that an increase in height 

above the base level is accompanied by a negative 

Ap, that is a decrease in pressure. For a liquid, if 

p, and p, are pressures at heights y, and y, above 

the base level (Fig. 11.2), then 

D2 — PD; = —0802 —-On) 

Figure 11.2 shows a liquid contained in a vessel 

which is open to the atmosphere. At the point 2 

which is in the surface of the liquid, the pressure is 

that of the atmosphere, p,. 

At point | the pressure p, will be given by 

D, = Di = —O2y oy) 

Deano mals egh 

It is important to note that only the depth below 

the surface of the liquid of density is involved; the 

shape of the vessel and the area of the liquid water 

surface are not involved in the pressure at all. 

and so 

(11.3) 

Problem 11.1 Forces against a dam. The water 

impounded by the dam (Fig. 11.3) exerts a hori- 
zontal force on the wall which tends to slide it 

along its foundation and a torque tending to over- 

turn the wall about the point O. 
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Fig. 11.3 Water impounded by a dam. 

The atmospheric pressure applies equal and 

opposite forces on the two faces of the dam. 

Since the pressure increases uniformly with 

depth, the pressure at half-depth (which is the 

mean pressure) is +ogH. 

Total force on the wall = p,, x area 

= (segH\(LH) 
+QgH?*L 

The total force on the dam depends on the 

square of the depth. It is not dependent upon the 

surface area of the water impounded. 

Equation 11.3 implies that, if the pressure ona 

liquid is increased, perhaps by fitting a piston and 

pressing it down, the pressure at any depth in the 

liquid will increase by the same amount. This is 

the basis of Pascal’s law. 

@ Pressure applied to an enclosed fluid is trans- 

mitted unchanged to every part of the fluid 

and to the walls of the containing vessel. 

Large piston 

Small piston 
Reservoir 

Fig. 11.4 A hydraulic press. 

Upthrust 99 

This is the basis of many hydraulic devices. 

For example, braking systems of cars; in fork-lift 

trucks; in tractor systems; in car-jacks; in lifts, 

etc. Essentially a small force applied over a small 

area of a piston can generate a larger force else- 

where in the system utilizing a larger area. Figure 

11.4 illustrates this. 

Problem 11.2 An hydraulic press. Figure 11.4 

shows some of the features of a hydraulic press. 

What are the functions of the three valves? If the 

areas of the two pistons are in the ratio 100:1 what 

are the mechanical advantage and the velocity 

ratio of the machine? 

Although producing a large increase in force, 

the machine does not contravene the law of 

conservation of energy. Explain. 

11.2 Upthrust 

A balloon filled with hydrogen or helium, or even 

hot air, is able to float in the atmosphere; a human 

being can float in water. In each case the body is 

supported within the fluid and this implies the 

existence of an upthrust. 
Figure 11.5 shows a vessel containing a fluid. 

Fig. 11.5 
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Fig. 11.6 A hydrometer. 

An irregularly shaped sample of that fluid is 

shown in outline. The sample is in equilibrium. No 

net forces, either horizontal or vertical, can be 

acting. 

The weight of the sample F, acts vertically 

downwards through the centre of gravity, G. To 

maintain the observed equilibrium, an equal force 

F,, (an upthrust) must also act through G. 

This upthrust is equal in magnitude to the 

weight of the fluid in the sample and, as we have 

seen, it is due to the difference in pressure between 

the upper and the lower surfaces of the sample. 

Now suppose that the sample is replaced by 

another sample of precisely the same shape but 

‘ with a different density and therefore a different 

mass and a different weight. If this weight is less 

than the upthrust, which is unchanged, the new 

sample will rise; if more than the upthrust, it will 
sink. 

And, if the line of action of the upthrust does 

not pass through the centre of gravity of the new 

sample, that sample will experience a torque and 
sO rotate as well. 

For a sample which floats within the fluid like, 

e.g., a submarine, the upthrust is equal to the 

weight and moreover the average density of the 

sample must be equal to that of the fluid in which 

it is immersed. 

These results are summarized in Archimedes’ 
principle 

ies] 

Radiator Radiator 

T S 

Fig. 11.7. A simple central heating circuit. 

M@ When a body is wholly or partially immersed 

in a fluid, the fluid exerts an upthrust on the 

body equal to the weight of the fluid displaced 

by it. 

Problem 11.3 Hydrometers are used to deter- 

mine the densities of liquids. Figure 11.6 shows a 

common type. The glass bulb is loaded so that the 

hydrometer floats with part of the narrow stem 
above the liquid surface. The depth to which the 

device sinks depends on the density. 

The narrow stem is usually calibrated directly; 

and the numbers indicating the density increase 

downwards. Why downwards? 

The scale is not a linear one. Why not? 

11.3 Fluids flowing 

If a pressure difference develops in a fluid, then 

the fluid will tend to flow ‘down’ the pressure 

gradient from high to low pressure. Obvious 

examples are the flow of water along a river bed, 

the flow of hot water in a central heating system, 
the flow of air around and into an atmospheric 
low pressure system, convection currents, etc. 
Less obvious examples are the flow of traffic 
along a road system, of people around a town 
centre; of animals in migration. 

Consider first a closed system — for example, a 
central heating system. Figure 11.7 illustrates 
some of the basic principles. 

Water is pumped round the circuit; it is 
warmed as it passes through the heat exchanger 
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Fig. 11.8 Stream-line flow (a, b and c) around objects of various shapes and (d) through a constriction in a channel. (From 
F. W. Sears, M. Zemansky and H. D. Young, College Physics, Addison-Wesley, 1980.) 

(perhaps a gas, a coal or an oil-fired boiler) before 

flowing through the ‘radiators’ which are heat 

exchangers whose function is to transfer energy 

from the warm water to the air of the room. 
The first point to notice is that the mass of the 

water in the system is conserved (if it isn’t the 

system has developed a leak!). 

The second point to note is that the rate of 

flow of water (current) measured perhaps in kg s7! 

is the same at the points marked X, Y and Z in 

Fig. 11.7. 
And the third point is that the water current at 

Q divides with the sum of the currents on either 

side of the junction Q being the same. Similarly at 

RS; and T. 

The system is a transport system; the water 

transports energy received from the ‘boiler’ to the 

rooms in the building. The pump which provides 

the pressure difference to generate the flow 

requires an external supply of energy. 

The flow of water obeys very simple rules in 

such a circuit. But the behaviour of the flowing 

water itself is much more complex. One only has 

to watch the flow of a river in flood or the motion 

of the cloud of water droplets rising from a power 

station cooling tower, or even the smoke rising 

from a bonfire to realize this. To simplify the 

analysis, we shall take as our model a fluid which 

is incompressible and ideal in the sense that there 

is no internal friction. Liquids approximate quite 

closely to this ideal. 

The path followed by an element of a moving 

fluid is a /ine of flow. And we shall further assume 

that these lines of flow are /aminar or streamline - 

which conforms to our assumption of zero 

internal friction. Examples of such flows are given 

in Figure 11.8. 

Figure 11.9 shows a ‘flow tube’ bounded by 

streamlines. No fluid crosses the side ‘walls’ of the 

flow tube. And, since the liquid is incompressible, 

all the fluid entering the tube at one end must 

leave it at the other. 
In the figure the cross-sectional area changes 

from A, to A, as the incompressible fluid flows 

down the pressure gradient from p, to pp. 

In time A¢ the mass of fluid entering the flow 

tube through A, is 9A,v,At, where vy, is the speed 

of motion of A,. The mass leaving at the other end 

in the same time is g@A,v,Al. 
The volume contained between A, and A, is 

constant and, since the flow is steady, the mass 

leaving the flow tube must equal the mass entering 

it. 

eA,v,At = eA,v,At 

and so 

A,y, Sos A.V, 

3 N 

Fig. 11.9 Flow into and out of a flow-tube of varying cross- 
section. 
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So, when the cross-section of a flow tube decreases 

(as in a constriction), the velocity of the moving 

fluid increases. 

For a gas, the density changes and the equation is 

modified to 

Q1Av; = Q2A>v, 

Problem 11.4 

Water is flowing steadily through the tube 

ABC in which B has a narrower bore than either A 

or C, which are equal (see Fig. 11.10). 

a) How does the speed of the water in B compare 

with that in A and C? 

b) Explain your answer to (a). 

Imagine a small cylindrical object 

carried, submarine-like, within the water. 

being 

c) What will happen to the speed of this object as 

it moves from A to B and from B to C? 

d) What does this imply in terms of the forces on 

the ends of the cylinder? 

e) What does this tell you about the water 

pressure in A, in B and in C? 

+ (D — 
ea So ee 

A Cc 

Fig. 11.10 

a) It must be faster because (b) the volume of 

water passing any point in unit time must be 

the same since water is incompressible. 

c) The cylinder must accelerate as it passes from 

A to B and it must slow down again as it 

leaves B for C. 

d) In moving from A to B, the cylinder experi- 

ences a net force from left to right in the 

figure; and vice versa in moving from B to C 

(Newton 2). 

e) The pressure in A and C must exceed that in 

B. 

This is an example of the application of the 

principle of Bernoulli, and may be expressed 

qualitatively: in the flow of a fluid, the faster the 

flow the lower the pressure. 

[11.4] 

Fig. 11.11 

11.4 Viscous effects 

The pump which forces the water to circulate in 

the central heating system described above 

expends energy as it works against the internal 

frictional or viscous forces which resist the flow. 

These resistive forces ensure that the layer of the 

fluid which is nearest to the wall of the tubes in 

which the fluid is flowing has the lowest speed. In 

fact, the layer immediately adjacent to the wall 

will have zero speed. At some point within the 

following fluid, the speed will be a maximum. 

Figure 11.11 shows how the velocity vectors 

change with distance from the boundary layer. We 

may say that the fluid is being sheared - one layer 

sliding over the layer below it. The forces between 

such layers are the viscous forces. 

To describe a coefficient of viscosity, consider 

two such layers, the lower with velocity v and the 

upper with velocity v + Av. Each layer exerts a 

tangential force F,; and F, on the other; the upper 

tending to accelérate the lower and the lower 

tending to slow down the upper one. If the system 

is in equilibrium these two forces must be equal 
and opposite (Newton 3). 

Let A be the area of the layer considered; then 

F/A is the tangential stress. Let Av/Ay be the 

velocity gradient within the fluid. 

The ratio of the tangential stress to the velocity 

gradient is known as the coefficient of viscosity, 

7A 

: Av/Ay 

The streamline flow of liquids in pipes or tubes 
is readily examined by experiment using apparatus 
of the sort shown in Fig. 11.12. 

The results show that the rate of flow of 
volume AV/At is dependent directly on 

(i) the pressure gradient Ap//, 



[11.6] 

oe gon ee) 

| 
Fig. 11.12 

(ii) the fourth power of the radius a of the tube, 

and inversely on 

(iii) the viscosity of the fluid at the temperature of 

the experiment. 

AV _ 4 Ap 
Se aed 

It can further be shown that k = ¥ so that the 

complete equation is 

AVanil na@Ap 

Nits BASH! 
i Gein 8h / (11.4) 

where A is the cross-sectional area of the tube. 

This equation is known as Poiseuille’s equation 

after the French scientist who first derived it in 

1842. 
For a given tube and for laminar flow the ratio 

pressure gradient 

current 

is a constant which is dependent upon the 

resistance to the flow in the case considered. 

The dependence of the rate of flow on the 

fourth power of the radius can be of great 

importance. For example, in blood transfusions, it 

is better to increase the bore of the needle rather 

than to increase the height of the bottle. A twofold 

increase in bore will increase the rate of flow 

sixteenfold. 

11.5 The application of dimensional 

analysis 

Theoretical work on viscosity frequently depends 

on the technique of dimensional analysis (see 

Chapter 2). As a further example of the method, 

let us apply it to the case we have just examined. 

The dimensions of viscosity are those of 
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Nsm=2x(see above), or of (kems “sm 2, OF 

Kg m='saie 50 

[n] = ML 'T"! 

A thought-experiment will suggest that the rate 

of flow of volume AV/At depends in some way on 

the pressure gradient Ap// along the tube, on a 

‘the radius of the tube, and on v. Let us write 

ae Ga ae 
At 

Now 

AV 7 
[ar] alae 
77] _ ([F) Mit? 
P= Aan le 

= ML~?T-? 

and 

fayregl 

Equating the dimensions of the two sides of the 

equation gives: 

LIT-! = (ML~-°T-2)*(ML“'T-99(L) 
We obtain, by equating the powers of L, 

3 = -2x -y+zZ 

of M 

Oe sy 

and of T 

ule ta ray, 

whence 

Xora [ya eet 

So that 

AV eee A 
a ee 

as before. 

11.6 Applying the flow model to other 

phenomena 

In the case of the flow of water (a real fluid) ina 

narrow tube the current (rate of flow) is propor- 

tional to the force due to the pressure gradient and 

inversely proportional to a resistive term (due to 

the vicosity of the fluid). 

In addition we have seen that, where a 

complete circuit without branches is involved, the 
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Fig. 11.13 Fluid flow in (a) a series 
arrangement, and (b) a parallel arrangement 
of pipes. 

current of the fluid is the same wherever it is 

measured (Fig. 11.13a) and that where such a 

circuit is branching the sums of the currents (/,, J, 

etc.) on either side of the junction are the same 

(Fig. 11.13b). 

Simple electrical circuits 

When similar arrangements of batteries (or cells), 

ammeters and resistors are wired up, similar 

results apply (Fig. 11.14). 

This, of its own, is sufficient reason for us to 

talk of electric currents in wires in exactly the same 

sense as we talk of currents in cases of tangible 

fluids. We shall return to this is Section 23.1. 

The conduction of heat 

Experiment shows that when heat is conducted 

along a solid bar (Fig. 11.15), the rate of flow of 

energy is proportional to the temperature gradient 

fie 
i 

and to the cross-sectional area (A). 

(Lid) 

where ) is known as the thermal conductivity of 

the material of the bar. It does depend on the 

temperature; it is normally quoted in Js~'m7™' 
Kk oninyWyms |) Ke! 

[11.6] 

1, =lgtlytlg=l5 

Fig. 11.14 Electric currents in (a) a series, 

and (b) a parallel circuit. 

1,=lgtletlg=l> 

The study of thermal conductivities has 

acquired a great practical significance as, on the 

one hand, heating engineers have strived to cut 

down energy losses from buildings and, on the 

other hand, have tried to promote efficient energy 

transfer in heat exchangers. 

Current building regulations in the U.K. 

require that the walls of houses should have a 

value for \// (known as the U value) of less than 

1Wm-’?K~!. A brick with a thickness (/) of 

225 mm will have a U value of about 4.4 W m~? 

K~—!. A cavity wall made of two layers of brick 

separated by a 50mm air gap and lined with 

plaster will meet the regulation. 

Table lla reveals very clearly why pockets of 

air are so useful when incorporated into material 

used for lagging and for warm clothing. And 

styrofoam cups make excellent calorimeters for 

experimental work in the lab! 

Lagging 

Fig. 11.15 Energy flow along a conductor from high to low 
temperature. 
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Positive direction of ¢ 
H 

(Ca a ee OM Cote direction of AT/Al 

Fig. 11.16 

Table 11a Some thermal conductivities at 7 = 273K 

Material \/Wm- K+ 

Copper 400 
Aluminium 238 

Glass ~1 
Brick ~1 

Breeze block ~0.4 

Styrofoam 0.01 

Air 0.24 

The conduction of electric charge 

Experiment shows that, when electric charge flows 

through a conductor the rate of flow of charge (or 

current) 

« potential gradient sre applied to the 

conductor 

« area of cross-section (A) 

AQ i se 
a (11.6) ee 

where o is known as the electrical conductivity 

of the material; it depends on the temperature of 

Table 11b Some electrical resistivities at 273 K 

ae ee 

Material e/10-8Qm 

Copper hos 
Aluminium 2.45 
Iron 8.70 
Tungsten 4.82 
PVC 02 

AQ/ At in negative direction 

the conductor. It is more usual to quote the 

resistivity of the material rather than the con- 

ductivity. The resistivity of a material is the 

reciprocal of its conductivity. The unit of resis- 

tivity (@) is the ohm metre ((QQm). 

11.7 A comparison of several types of flow 

phenomena 

1. Laminar flow for fluids 
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2. Energy (heat) flow in solids 
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3. The flow of charge in conductors 
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In each case the rate of flow is proportional to 

a gradient (of pressure, temperature or potential), 

to a term involving the cross-sectional area and to 

some resistive constant which is characteristic of 

the material through which the flow takes place. 

The negative signs in this form of the equa- 

tions arise because the flow is down the gradient. 

If, for example, A7/A/ is taken as temperature 

increasing in the direction of increasing /, the 

direction of heat flow is the direction of decrea- 

sing / and conversely (see Fig. 11.15). 
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We first looked at the concept of energy in 

Chapter 8. That chapter opened by considering 

the world-wide problem concerning the supply of 

fuel — by looking, in other words, at our primary 

energy sources. As we progressed through that 

chapter we learned to refine our ideas about 

energy; we learned how to measure it; and we 

learned that energy is conserved. Why then is there 

a world fuel crisis? It is not simply the fact that 

our fuel requirement is rising faster than our 

ability to provide it. The crisis seems to lie in the 

nature of our energy requirement. Oil, coal, 

natural gas and nuclear energy are all transformed 

to other forms, as we make use of them. But it 

seems that these new forms are not (ultimately) as 

much use to us as the original fuel was. 

In what way does the energy we take from 

these primary fuel’ manifest itself, then, if energy 

is always conserved? Fig. 12.1 shows a flow 

diagram for a coal-fired power station supplying 

electrical energy to our homes. It is not hard to see 

that virtually all the energy originally stored in the 

coal eventually ends up warming up the sur- 

roundings. Almost every other energy flow chart 

shows the same end-point. So the problem about 

why there is a fuel crisis turns upon the question 

‘why are we unable to utilize energy as ‘‘heat’’ 

with the same effectiveness that we can utilize 

other forms of energy?’ 

12.1 One-way processes 

The transfer of energy which results simply in 

things getting warmer is an example of a one-way 
process. We can burn a piece of paper, reducing it 
to ash and consequently warm up our surroundings 
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slightly. Energy is conserved — all the energy that 

goes into the surroundings as ‘heat’ comes from 

the chemical energy stored in the material of the 

paper and the oxygen required to burn it - no 

more and no less. Yet the energy from the sur- 

One-way processes 107 

roundings never goes back into the ash, to 

reconstitute the paper. There is nothing in the law 

of conservation of energy to prevent this, but it 

never does happen. It is a One-way process. 
Another example of a one-way process is a brick, 

Fig. 12.1 
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Energy flow from a coal-fired power station to the home. 
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falling to the ground. The energy it loses is 

transferred to noise, warmth of the surroundings 

and distortion of both the brick and the ground. 

The conservation of energy allows us to say that 

there is sufficient energy in all these three to raise 

the brick again from the ground, to end up where 

it started, in our hands. But that never seems to 

happen. In fact a good test of a one-way process is 

to make a film of it and then run the film back- 

wards. The unreality of the backwards running 

event is a sure test of the process’s intrinsic ‘one- 

wayness’. 

Problem 12.1 Think of three more one-way pro- 

cesses and draw energy flow diagrams for them. 

A backward-running film of some events does 

not, however, appear strange. An example is that 

of a swinging pendulum, filmed for a few oscilla- 

tions; another is that of an air-track vehicle 

moving backwards and forwards along a track. 

Even some more complex energy transfers do not 

appear unduly unrealistic. A lead-acid accumu- 

lator can drive a motor which in turn speeds up a 

flywheel. The energy transfer diagram is given in 

Fig. 12.2. In reverse, the wheel would slow down, 

turning the ‘motor’ (which now acts as a dynamo) 

so ‘charging up’ the cell - a process that is by no 

means impossible. 

LEAD—ACID 
(discharging) 

ELECTRIC 
motor 

FLYWHEEL 
(speeding up) 

(charging) 
ACCUMULATOR 

(slowing down) generator 

Fig. 12.2 

But even these apparently ‘wo-way processes 

eventually come to a stop. Why? It is because 

during each energy transference, a little energy is 

transferred to the surroundings and this ‘little’ is 

never returned. 

Problem 12.2 Think of some more (nearly) two- 

way processes. Is it impossible to make any 

process exactly two way? 

[12.2] 
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Fig. 12.3 

12.2 The nature of thermal energy 

We have seen in Chapter 10 that the particle model 

for matter allows us to interpret the nature of 

thermal energy. In that model it is the kinetic 

energy of the constituent particles. If energy is 

transferred to the surroundings it is shared 

amongst all the particles which go to make up the 

surroundings. This is the way thermal ‘energy 

differs from all other forms. The energy of a 

swinging pendulum remains associated with the 

pendulum; the spinning flywheel retains all the 

energy transferred to it. If the energy remains 

localized it seems possible to get it back. When 

energy is transferred to the surroundings - or 

indeed to any object in warming it up, the energy 

does not remain localized. Instead it becomes 

spread out and shared between all the constituent 
particles. 

You might say this is equally true of the fly- 
wheel; all ifs atoms share in the energy of rotation. 
The difference is, however, that the atoms all 
move in the same way, co-operating, as it were, 
with each other. This is not so when we ‘heat up’ a 
gas. Suppose we place a small paddle wheel in a 
gas and then warm up the gas (Fig. 12.3). The gas 
particles move more quickly. Can we make the 
paddle wheel rotate? Certainly not. The particles 
of gas hit its blades more often and more quickly, 
but as many come from one direction as come 
from another and no energy can thus be extracted 
from the hot gas. 
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Fig. 12.4 (a) 

Energy cannot be extracted from warm sur- 

roundings, not just because it is spread out, but 

also because it is spread out in a random way. 

Other one-way processes 

Transferring energy to warm things up is not the 

only example of a one-way process. Suppose a 

little coloured ink is dropped into water. The 

colour rapidly spreads throughout the water - it 

mixes. The ink never spontaneously unmixes. 

Pour a hundred small white polystyrene 

spheres into a large beaker and then pour a 

hundred black ones on top. If the beaker is shaken 

up, the black and white spheres soon become 

mixed up. No matter how much the shaking is 

continued, the spheres never seem to unmix 

themselves again. 

Problem 12.3 Make a list of some more one-way 

processes involving mixing. 

Suppose a film were made of the mixing up of 

the black and white spheres from their originally 

ordered state. You would have no difficulty in 

telling if the film were being run forwards or 

backwards when you saw it projected. A 

backwards-running film would confirm that it is 

quite unrealistic to expect to see order appear out 

of chaos. If, however, a film were made of just 

four spheres (two black and two white) being 

shaken up in a beaker you would have great 
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(b) 

difficulty in telling whether it was being projected 

forwards or backwards. 

So one-wayness in changes involving mixing 

involves the jumbling up of large numbers of 

objects. By comparison the one-wayness of energy 

transfer involves the sharing of energy amongst 

large numbers of particles in a random way. As we 

shall see, these two processes are not unrelated. 

12.3 The diffusion of gases 

In order to understand why energy transfer to 

warming things up is a one-way process we shall 

answer first two rather different questions. These 

are: 

1. Why are events involving the mixing of large 

numbers of things, one way? 

2. Why does thermal energy always flow from a 

hot body to a colder one — and never, spon- 

taneously, the other way? 

We shall start with the first question. 

The diffusion of a gas from one container to 

another is a simple one-way process which is akin 

to mixing. A large container (Fig. 12.4a) is divided 

by a gas-tight shutter into two equal halves. Half 

A contains a gas; half B has been evacuated. If the 

shutter is raised, gas flows quickly from A to B. 

What would be the state of affairs a moment 

later? We would expect to find equal amounts of 

gas in A and B (Fig. 12.4b). 
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If we waited, would all the gas end up in B? Or 

return to A? Experience suggests that this will 

never happen. This may seem a trivial observation 

— but its explanation will give us insight into more 

far-reaching ideas. 

12.4 Gas diffusion and the concept of 

chance 

Suppose we have ten counters on a board con- 

structed as in Fig. 12.5. 

This is like the gas before the partition is 

removed. In fact each gas particle, represented by 

a counter, is moving. It could, at the instant the 

shutter is removed, be moving in any direction. 

Will the gas particle be in half A or in half Ba 

moment later? Since it could with equal pro- 

bability have been moving in any direction, the 

answer must be that we cannot tell! All we can 

say is that it has an equal chance of being in either 

half. What then happens, on average, to all the 

gas particles? We may play a game with dice and 

the counters on the board which will help us to 

understand what is happening. 

For each counter, throw a die. If a 1, 2, or 3 

turns up, a particular counter stays in A: if 4, 5, or 

6 it moves to B. After ten throws, how many 

counters are in A? How many are in B? Now 

repeat the game for as many times as you have 

patience, without disturbing the position of the 

counters at the end of each ‘game’. Collect 

together your results for the number of counters in 

halves A and B at the end of each game. What 

distribution of counters came up most often? How 

often were a// the counters in one of the halves? 

You will probably find that most often there 

were equal, or almost equal, numbers of counters 

Fig. 12.5 
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in A and B and that you may never, or hardly 

ever, have got ai// the counters in one half. To 

understand why this should be so we must con- 

sider all the possible arrangements of counters we 

can encounter. The number of possible arrange- 

ments will depend on the number of counters we 

start with. So Fig. 12.6 shows all the possible 

arrangements of first one counter, then two, three 

and finally four. 
The number of possible arrangements of the 

counters gets bigger and bigger as their number 

increases. The number of possible arrangements 

falls into a pattern which suggests that if we start 

with N counters, there are 2” possible arrange- 

ments which can be made of them using either side 

of the board. But in every case, only two arrange- 

ments have all the counters in either A or B. Now 

the positioning of the counters depends on the fall 

of a die. Every arrangement has as much likeli- 

hood of turning up as every other. The placing of 

each counter does not depend on where any other 

counter has been previously placed. So if in 16 

games with 4 counters, only 2 arrangements out of 

the sixteen possible place all the counters on one 

side or the other we would expect on average that 

2 games out of sixteen will finish with all the 

counters on one side of the board. 

Problem 12.4 Why do we say ‘on average’? 

Would you be surprised to get no games ending 

with all the counters on one side, out of 16 games 

played? What if you played 16000 games? 

With 10 counters, we would expect (again on 

average) that only 2 games in 2!° will end with all 

the counters on one side — that is 2 in 1024. 

We believe that the movement of gas atoms 

follows the same pattern of chance. A box of total 

capacity 1000 cmwould contain almost 6 x 1023/24 
particles at room temperature and pressure 
(1 mole of any gas occupies about 24 000 cm? 

under these conditions). This number is 2.5 x 1022. 
Suppose we ‘count’ the gas atoms in the box 
once every second. How long would it be on 
average before we found all the particles in one 
half of the box? 2.5 x 102 particles can be distri- 
buted between the two sides in 225 * ! different 
ways. This is a huge number — we will call it W. Of 
these ways 2 will have all the particles in one half. 
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Fig. 12.6 Possible arrangements of counters on the two 

halves of a board. 

So in W/2 seconds we might expect to see this 

happen once! Of course it might happen on the 

first observation - or the last — or with equal 

chance at any time. On average, however, we shall 

have to wait + x (W/2) seconds - or about 10! 
seconds. To get some idea of how big such a 

number is, compare it with the age of the earth 

which is thought to be 4.5 x 10° years - that is 

only 10!’ seconds! 

This of course explains why we never do see all 

the particles in one half of the box. It is not 

because it cannot happen, but that it is extremely 

unlikely to happen. This argument does not, 

however, explain why we always find an even 
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distribution of the gas particles between the two 

halves. A little thought will show how in principle 

we might obtain an answer to this. 
The particles do not all appear in one half of 

the box because there is very little chance of this 

happenings. All distributions of the particles are 

equally likely but only two distributions out of 2% 
give the one required. We do not find this special 

distribution in practice because it does not happen 

very often — and it does not happen often because 

it can only happen in two ways. That which has 

few ways of happening, happens infrequently. 

The converse of this is that what is found in 

reality must be that which can happen in most 

ways. So gas particles, or counters, are evenly 

distributed between the two halves because this is 

the distribution that can be obtained in the most 

number of different ways. In other words more of 

the 2’ different ways of arranging the N particles 

between the two halves give equal, or nearly equal, 

numbers in both halves than give any other 

distribution. 

We may demonstrate this fact by again playing 

the game with counters on a board. But this time 

we will use first 20 counters and then 100 counters. 

In order to produce more statistically reliable 

results we will play the game of moving each 

counter at random 1000 times. It would take a 

long time to play such a game in real life. To move 

100 separate counters each 1000 times would take 

100000 moves. If you could throw a die and make 

a move in one second, the game would take almost 

28 hours continual play. Allowing for the fact that 

the distribution of counters has to counted after 

each game and recorded (say another 100s per 

game) this makes a total time of 56 hours! So 

instead of playing it ourselves, we may get a 

computer to do it for us. 

The bar-charts in Fig. 12.7 show the number 

of counters in the left-hand half of the board 

plotted against the number of times the ‘game’ 

ended in that way. The horizontal scales have been 

adjusted so that the 100 counter game occupies the 

same scale length as the 20 counter game. These 

two bar-charts show that the most likely distri- 

bution for both sets of counters is that which 

achieves equal numbers of counters in both halves 

and also that the chance of departing from this 

distribution by more than, say, 10% is much less 

for the 100 counter game than for the 20 counter 
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Fig. 12.7. Bar charts showing the distributions for a game 
with 20 counters (top) and one with 100 counters. 

game. A 10% variation in the 20 counter game is 

a change in number on the left-hand side by +1 

counter. In fact 46.4% of all the games ended with 

10 + 1 counters in the left-hand half. A 10% 

variation in the 100 counter game is a change in 

number on the left-hand side by +5 counters. In 

this case, 87.6% of all the games ended with 
50 + 5 counters in the left-hand half. 

As the number of counters, N, increases, the 

chances of a departure from a distribution of N/2 

on each side of the board by any agreed per- 

centage gets smaller and smaller. When WN reaches 

the size of the numbers of gas particles in a box, 

the chances of a departure from an even distribu- 

tion by even the smallest fraction of one percent is 

infinitesimally small. 

12.5 The internal energy of a body 

Before turning our attention to the flow of 

thermal energy to see if we can apply the same 
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ideas to that, we must first give some attention to 

the internal energy of a body. We have seen in 

Chapter 10 (Eq. 10.11) that a direct consequence 

of the kinetic model of a gas is that in an ideal gas 

(i.e. one that» exactly matches the model) the 

average kinetic energy of each particles is =kT. 

From this.it follows that the molar heat capacity of 

ideal gas is 3N,k at constant volume (N, is the 
Avogadro constant). In practice, this expression is 

found to apply only to monatomic gases over a 

wide range of temperatures, and to some other 

gases Over a narrower temperature range. How- 
ever, many gases and even most solids have a 

molar heat capacity which can be expressed (to a 

good approximation) as 

A 
5 in J mol-!K~-! Nake 

where n is an integer equal to 3 or greater. Table 

12a gives some examples. It was James Clerk 

Maxwell, most famous for his work on electro- 

magnetic waves, who suggested that this might be 

the result of materials taking up energy in forms 

different from simple translational movement 

(that is movement from place to place.) Diatomic 

molecules can rotate and vibrate; atoms of a solid 

can only vibrate. In order to explain why different 

materials had different molar thermal capacities, 

Maxwell invented a concept of ‘degrees of 

freedom’. The ideas, which modern quantum 

mechanics has now made largely out of date, need 

not concern us here except in so far as Maxwell 

was able to ‘explain’ the specific heat capacities of 
many solids by assigning to each atom three 

independent modes of vibration (in the three 

dimensions of space) and giving each mode two 

degrees of freedom. Maxwell gave each degree of 

freedom an energy of +kT. This made the molar 

heat capacity of a solid 3 x 2 x 3k x Ny = 

Table 12a 

Gas C,/JI mola! k-' n 

Helium 12.47 3.0 
Argon 12.47 3.0 
Hydrogen 20.42 4.9 
Nitrogen 20.76 5.0 
Oxygen 21.10 5s 
Carbon monoxide 20.85 5.0 
Carbon dioxide 28.46 6.8 
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3N,k, giving a value of about 24.3 JK-'! mol-!. 

This agrees quite closely with the values for many 

solids as can be seen from Table 12a. 

The importance of this result to us lies in the 

way it suggests that the internal energy of a solid 

depends on the vibration of its atoms, and that the 

average energy associated with each independent 

oscillation is kT, a result we shall need later. 

What happens if we now increase the internal 

energy of a solid of temperature T by 10%? Does 

the energy of each atom increase by 10% to 

1.1 k7? Again surprisingly, the answer is probably 

not! Careful experiments described in Unit 11, 

show that individual atoms cannot increase, or 

decrease, their energy by any amount as one may 

add or take water from a jug. Rather, atoms carry 

energy in much the same way that egg-boxes carry 

eggs. The quantity of eggs in a box may be 

increased or decreased by whole numbers of eggs 

only — half an egg is not possible. We will not go 

into all the experimental reasons why we believe 

this to be so. Unit 11 outlines many of the reasons 

for our belief that energy is transferred between 

atoms in packets each of which is called an energy 

quantum (or simply a quantum). The behaviour of 

energy is very like that of money, which is 

transferred in units of currency. When large 

amounts of money are involved, it matters little 

that the smallest unit of currency in for example 

the UK is a half penny. Currency units only 

become important when small amounts of money 

are involved — for example, when one needs an 

exact fare to buy a ticket from an automatic ticket 

machine. 

You will find that paying for energy in energy 

quanta is rather more complicated than paying for 

things in currency units. There are a large number 

of different energy ‘ticket machines’. Some accept 

small units, others will accept only large units (like 

some automatic petrol dispensers which will 

accept only £1 notes). Yet others will accept only 

large units (£5 notes, if you like) at first, but after 

that will take smaller units. Fortunately for us 

there is good evidence to show that atoms in 

vibration take up energy in equal-sized quanta no 

matter how much energy they already have. 

Because the energy of an atom can only change in 

discrete steps, the energy changes possible are 

often represented as a ‘ladder’ of energy ‘levels’. 

In this particular case, the ‘ladder rungs’ (that is 
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the energy levels) are equally spaced. Figure 12.8 

compares the spacing of the energy levels for a 

vibrating atom in a solid with the more complex 

energy levels of a hydrogen atom. 

12.6 The Einstein model of a solid 

In a simple model of a solid we may imagine the 

atoms attached to each other as though by springs 

(Fig. 12.9a). Each atom can take up thermal 

energy by increasing the amplitude or the 

frequency of its oscillation. In such a model, if 
one atom started to vibrate more vigorously it 

would affect all its neighbours, causing their 

vibrations to change also. The internal energy of a 

solid would thus be ‘smeared out’ over all the 

atoms of the solid. However, we have seen in the 

previous section that atoms only exchange energy 

in quanta of well-defined size. An atom can only 

‘share’ energy with its neighbours if it can lose one 

or more quanta of energy which are subsequently 

transferred to other atoms. 

This sharing is going on all the time as the 

atoms constantly gain and lose energy to each 

other. But instead of the energy being smeared out 

over all the atoms, the energy is more like a swarm 

of bees with individuals constantly alighting first 
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Fig. 12.9 Two dimensions of an Einstein solid. 

on one flower and then leaving for another. If, in 

a particular neighbourhood, six atoms share say 

two energy quanta then, at best, two will have one 

quantum each and four none - the ‘sharing’ 

cannot be more even than this. To describe this 

state of affairs, Albert Einstein invented a rather 

different model of a solid which still bears his 

name - an Einstein solid. Instead of thinking of 

the atoms as tightly bound together he thought of 

them as confined to individual cells with slightly 

flexible sides (Fig. 12.9b). In this way, atoms 

could gain and lose energy without necessarily 

affecting their immediate neighbours (as must be 

the case if energy is transferred in quanta), while 

the slight flexibility of the walls enables energy to 

pass to and from atoms. 

12.7 The flow of heat 

With the help of this admittedly highly simplified 

model of a solid, let us see if we can explain why 

heat energy a/ways flows from a hot body to a 

colder one. 

Suppose a particular body consists of 800 

atoms, which share 800 energy quanta between 

them. How will these quanta be arranged amongst 

the atoms? They could all be on one atom, but this 

seems highly unlikely. More probably you may 

think there will be just one energy quantum per 

atom. We will look at the most likely arrangement 

of the energy quanta later, but for the moment we 

will consider not the most likely arrangement but 

the total number of possible arrangements. 

To work this out, we need a way of represen- 

ting the pattern of any particular arrangement of 

atoms and quanta. To do this, we will represent 

the solid as a three-dimensional arrangement of 

atoms as shown in Fig. 12.10. 

Starting at the top left-hand corner, we will 

label the first atom A,, the next A, and so on until 

the atoms on the front face have been labelled. 

Then we continue the labelling starting at the top 

left-hand corner of the next layer. We go on in this 

way until every atom in the solid has been 

labelled. Now in a particular arrangement of 

quanta, each atom will carry a certain number of 

these energy quanta (which may of course be 

none). To describe the arrangement, we label each 

quantum of energy E,, E, and so on and write 

after the label for each atom, the energy quanta it 

carries. Thus a particular arrangement of quanta 

over atoms could be written: 

A,E,E,A>,E,A;E,A,A;E;E,A, .. . and so on 

(In this arrangement, atom A, carries two energy 

quanta, A;, carries one, A;, one, Ay, none, As, 

two, and so on.) 

How many different arrangements could we 

make of the atoms and the quanta? We must start 

with a labelled atom in this arrangement, but 

having picked one, the remaining 799 atoms and 

800 quanta can go in any order. Mathematically, 

making every possible arrangement of 1599 

objects is called a permutation, and 1599 objects 

can be arranged in 1599! different ways. (1599! is 

called factorial 1599 and it represents the number 
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Second layer 

Fig. 12.10 layer 

1599 x 1598 x 1597 x 1596 x ... X 1). How- 

ever, this procedure will lead to our supposing 

there are more different arrangements than really 

exist. In the first place the 1599! different arrange- 

ments of the letters may include 

A,E,E,A;E,A,E,A,ASESE Ag -.. 

as well as 

A,E,E,A,E,A;E,AJASEsE¢Ag -.- 

This is not a different arrangement -— this is just a 

different order of counting up the same atoms (in 

this case A, is counted before A;). Once the first 

atom has been chosen, there are 799! ways of 

arranging the others with the atoms in each 

ordering carrying the same quanta - and none of 

these represents a different arrangement. This 

realization reduces the number of possible arrange- 

ments to 1599!/799!. 

But this is still more than the true number of 

different arrangements. To see why we must 

realize that quanta are not individually distin- 

guishable from each other. We may have labelled 

the quanta E,, E;, E;, etc., but an arrangement 

like this: 

is not distinguishably different from 

A, EE ,A[E E,AJAsEsE As ; -- 

It does. not matter whether atom A, carries the 

quanta we have labelled E, and E, or whether it 

carries the ones labelled E, and E, - all that 
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matters is that A, and A, each carry two quanta. 
In any arrangement, the 800 quanta can all be 

interchanged with one another without affecting 

the overall distribution - a further 800! ways in 

all. Thus the total number of distinguishably 

different arrangements of energy quanta over the 

atoms is 

1599! 

800! x 799! 

In future we shall refer to this as the number of 

ways of arranging the quanta and denote it by the 

letter, W. 

Suppose now we add just one energy quantum 

more to the 800 atoms. In how many ways, W*, 

can the quanta (now 801) be arranged? Using the 

same arguments again, it can be seen that 

. 1600! 
W" = Sort x 799! 

So 

gh, WRN Fart 800! x 799! 
NEM ASE Te aeTGO) 15991 

(1600 x 1599 x 1598 x --- x 1) x 
(8005 Gao a9 Sea a9) 

(801 x 800 x 799 x --- x 1) x 
(1599 x 1598 x 1597 x «+» x 1) 

1600. 
oni i.e., very nearly 2. 

By the same token W will decrease by a factor of 2 

if just one quantum is removed. 

We will now repeat the same calculation more 

generally. If there are N atoms sharing g quanta, 

then 

BUNS) 

Dn Saieg Ne Set 
With just one more quantum: 

ae (N + q)! 

CSG iitGy A) 
So 

(N + q)! qi(N — 1)! 
Ve Ve 

(q + IN —- 1)! (N+ q-— 1)! 

This simplifies to 

if.G say alee) 
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Insulating 
layer 

(a) 

Fig. 12.11 

Now let us suppose we have two identical 

bodies, A and B, each consisting of 800 atoms. 

(They are of course tiny — but the argument would 

be no different if we considered each of them to 

consist of 6 x 1073 atoms — the arithmetic would 

simply be more difficult!) We will further assume 

that A shares 800 energy quanta amongst its 800 

atoms while B shares only 200 energy quanta 

amongst its 800 atoms. A has on average more 

energy per atom than B and is thus hofter than B. 

The two bodies are placed close to each other, but 

are separated for the moment by a thermally- 

insulating wall (Figure 12.11a). A can arrange its 

energy quanta in W, different ways, while B can 

arrange ifs energy quanta in W, different ways. 

Since each arrangement of the quanta in A can 

occur with each of the arrangements in B, the total 

number of different arrangements for A and B 

together is 

W=W,X Ws, 

Now let us remove the insulating layer between A 

and B (Fig. 12.11b). Suppose just one energy 

quantum is transferred from A to B. The number 

of ways the remaining quanta can arrange them- 

selves in A is now W,. Since W refers to the 

number of ways of arranging the higher number 

of energy quanta, 

W/W x= le Nai 

esi) 

as we have already seen when N = q. 

[12.7] 

(b) 

Insulating 
layer 

The quanta in B (which have increased by one) 

can now arrange themselves in W, ways, where 

W/W, = 1+ N/dp 
1 + 800/200 

= 5 

So W, = W,/2, while Wy, = Wy x 5. The total 

number of ways the quanta can arrange them- 

selves between A and B is now 

Wi x Wh = (W,/2) x (Wz X 5) 
2.5W.We | 

By just transferring one energy quantum from the 

hotter body A to‘the colder body B there are 2.5 

times more ways of arranging the quanta amongst 

the atoms. Transferring another one increases the 

number of ways by the same factor again, and so 

on. 

Now since the energy quanta are moving 

around amongst the atoms at random, any one 

arrangement is as likely to be found as any other 

(remember the gas diffusion arguments). How- 

ever, if One particular distribution of quanta 

between the two bodies A and B can be brought 

about in more ways of arrangement of the quanta, 

than another distribution, this particular distribu- 

tion will occur more often, on average. (By dis- 

tribution of quanta, we mean the relative 

proportions of quanta in A and B regardless of 

which atoms carry particular quanta.) It is clear 

from what we have shown above that the number 
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of possible arrangements of the quanta between A 

and B gets greater and greater as energy quanta 
are transferred from A to B. This is not to say that 

energy quanta do not move from B to A; indeed 

movements of this sort must be taking place all the 

time. But since every possible arrangement comes 

up with equal probability, the distribution of 

quanta we shall find in practice is the one 

associated with the highest number of different 

arrangements of the quanta. 

When does the ver transfer of quanta from A 

to B cease? When a transfer of one quantum from 

A to B does not lead to an overall increase in the 

number of ways of their arrangement. This will be 

when 

ENG / Oho 1 + N,/ Gs 

If there is no net movement of energy from 

one body to another then the two bodies are in 

thermal equilibrium with each other. This implies 

(see Chapter 9) that they are at the same tempera- 

ture. This approach to thermal equilibrium via a 

consideration of the random movement of energy 

quanta thus suggests that bodies at the same 

temperature have the same average energy per 

atom. We obtained the same result earlier when 

developing the particle model of an ideal gas. 

12.8 The distribution of energy quanta 

within a body 

In the previous section we considered the flow of 

heat from one body to another and we saw that it 

was the result of the chance arrangement of energy 

quanta. The distribution which can happen in the 

largest number of ways, happens most often. If 

one particular distribution can be produced in an 

overwhelmingly large number of ways compared 

with any other distribution, then this will be the 

one found in practice. 

We have seen that energy quanta move on 

average from a hot body to a colder one because 

the number of arrangements of the energy quanta 

when evenly distributed between the two bodies 

(N/q the same) is overwhelmingly larger than the 

number of arrangements associated with any 

significant departure from this distribution. (A 

significant departure in everyday energy terms 

would involve millions of quanta — the energy 

carried by each quantum is less than 10~! joule.) 
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This atom 
carries 
2 quanta 

We will now apply the same ideas to the atoms 

within a solid body. We have already calculated 

the number of ways the energy quanta can be 

distributed over the atoms. Technically each 

‘atom’ should have been called an oscillator since, 

as we saw in Section 12.5, each atom ina solid can 

act as three independent oscillators. However, we 

shall stick to the term ‘atom’ as some of the results 

we shall obtain can be applied to liquids and gases 

as well, and here each energy-carrying unit is 

indeed an atom, or even a molecule. It is only if we 

have to count the ‘atoms’ in a particular solid that 

we must remember that they are really oscillators 

and thus we must multiply the number of real 

atoms by three. 

Suppose then we have a particular solid of 

10000 ‘atoms’ whose internal energy consists of 

10000 energy quanta. Now let us separate out 

from this body, one atom which happens to carry 

2 quanta (Fig. 12.12). The remaining 9999 atoms 

share the remaining 9998 quanta in W different 

arrangements. Now let us remove | quantum from 

the particular atom which carries 2 quanta and 

make it available to the other 9999 atoms. These 

9999 atoms now have one more energy quantum 

to share and the number of sharing arrangements 

increases to W*, where 

W*/W = 1 + N/q 
= 1 + 9999/9999 
= 2 

(We could have said W*/W = 1 + 10000/10000 

since the one atom and the quanta it carries have 

little effect on the total numbers of either. This is 
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of course even more true when realistically large 

numbers of atoms are being considered.) 

Suppose this one quantum of energy is now 

randomly exchanged by all 10000 atoms. Since the 

number of possible arrangements of 9999 quanta 

amongst 9999 atoms is twice as great as the - 

number of arrangements of 9998 quanta amongst 

9999 atoms, we are much more likely at any 

instant to find this one quantum on one of these 

9999 atoms than we are to find it on the particular 

atom we have singled out for special considera- 

tion. In fact we are twice as likely to find it 

amongst the 9999 atoms as on the particular atom 

chosen. So at any instant, this particular atom is 

twice as likely to have one quantum as it is to have 

two. What is true for one atom must be true for 

any other atom. At any instant any atom is twice 

as likely to have one quantum as two. So for all 

10000 atoms taken together, twice as many atoms 

at any one time will be found carrying one 

quantum of energy as carry two. (An analogy may 

help here: if an insurance company says there is a 

chance of 1 in 10000 of one of its customers 

making a claim for fire insurance in one year, it 

means that if it has 100000 customers, it expects 

there will be 10 fire insurance claims in any one 

year.) 

This argument can be repeated for an atom 

having 2 quanta compared with 3; having 3 quanta 

compared with 4 and even having 0 quanta 

compared with 1. In each case, a particular atom 

may be expected to have the lower number of 

quanta twice as frequently as it carries the higher 

number because there are twice the number of 

ways of arranging all the remaining quanta 

amongst the remaining atoms when they also 

share the additional energy quantum. On average, 

at any one time twice as many atoms will have no 

quanta as have 1; twice as many will have | as 

have 2 and so on. In general, 

number of atoms with p quanta (n,) 

number of atoms with p + 1 quanta (n,.1) ji 

Can this result be justified in practice? To do so, 

we play another game with counters. In this 

‘game’, a board of thirty-six squares is set up with 

one counter (representing an energy quantum) on 

each square (Fig. 12.13). The squares are 

numbered 1 to 6 horizontally and vertically. 

[12.8] 

Fig. 12.13 

Counters (quanta) are now moved about the 

board at random. To achieve this, two dice are 

thrown. On the first throw their numbers designate 

the row and column of a square on the board. A 

counter (if there is one) is removed from this 

square. The dice are thrown again and the counter 

placed on the new square designated by the dice. 

The game is played, typically, for 100 moves and 

the distribution of the counters analysed by 

counting the number of squares on which there are 

zero, 1, 2, etc., counters. A graph of number of 

squares (n) with a particular number of counters 

(p) is plotted against p. The graph obtained is 

characteristic of the expected shape with most 

squares containing no counters, fewer containing 

one, still fewer containing two, and so on. But 

with so few squares (atoms) and counters (quanta) 

a constant ratio between adjacent values of 7 is 

unlikely to be found in practice. More convincing 

results will be found if the game is played on a 

larger board (say 20 x 20 squares) for a much 

larger number of moves. Such a game can be 

played rapidly by a small microcomputer and Fig. 

12.14 shows a histogram plotted for such a game. 

Figure 12.14a shows the result after 1000 moves; 

Fig. 12.14b shows the result of 10000 moves. (The 

second game took the computer over 2 hours to 

play!) The close similarity between the two figures 

Suggests that both represent an ‘equilibrium’ 

distribution - no overall change having taken 

place over the 9000 moves between the first gainic 

and the second. With 400 ‘atoms’ and 400 

‘quanta’, the expected ratio of adjacent values of 
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200 
(a) 

150 After 1000 moves 
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No. of atoms with specified no. of quanta (7) Diente] eh Die SS. ALAS: 

No. of energy quanta/atom (p) 

Fig. 12.14 

Table 12b 

n p Ogle 

196 0 - 

106 1 1.8 

54 2 2.0 

27 3 2.0 

6 4 AES 

4 5 fe) 

2 6 2.0 

1 7 2.0 

n is again 2 (i.e. 1 + N/q). Table 12b gives the 

values found for the graph in Fig. 12.14b. 

Even with a board of this size, there are still 

considerable departures from the expected ratio 

due to the relatively small numbers involved. 

In(n) 

Quo oe Mees | 6S 

No. of energy quanta/atom (p) 

Fig. 12.15 Variation of Inn with p. The shaded areas show 

the likely error to be associated with each value of Inn. 
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(b) NO So oO 

— ol After 10 000 moves 

No. of atoms with specified no. of 

S Oo 

quanta (n) 

on oO 

No. of energy quanta/atom (p) 

Histograms showing distributions after (a) 1000 moves, and (b) after 10000 moves. 

A distribution in which the successive ratios of 

n,/N,., are constant, is called an exponential 

distribution (see also Section 26.7). Another test 

for the expected exponential relationship between 

n and p is shown in Fig. 12.15, where the natural 

logarithm of n(Inv) is plotted against p. The 

straight line again confirms the exponential nature 

of the relationship and the slope of the line gives 

the average ratio of n,/n,,, to be 2.1, which is 

satisfactorily close to the expected value of 2. 

12.9 Bodies of different temperature 

So far we have considered only the distribution of 

energy quanta in a body for the special case in 

which 

no. of ways of arranging q 

quanta among N atoms 
= 12 

no. of ways of arranging g + 1 

quanta amongst N atoms 

We have shown that this ratio, which we called 

W*/W, is the same as the ratio 

no. of atoms carrying p quanta 

no. of atoms carrying p + 1 quanta 

Thus, in general, 

Hy Ny = Wee We 

= 1 INQ. 

Figure 12.16 shows the results of playing the 

‘quantum game’ with different ratios of g/N. 

Figure 12.16a repeats the results for g = N. Figure 
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No. of atoms with specified no. of quanta (n) - : — : 

No. of quanta/atom (p) 

Fig. 12.16 Histograms showing distributions 
for different values of g/N; (a) g/N = 1, 

(b) a colder body with g/N = 0.5, (c) a 
warmer body with g/N = 1.5. 

12.16b shows the results for a ‘colder’ body in 

which g/N = 0.5. As expected the ratio of n,/n, , , 

is greater now, in line with the expected value of 

1 + N/q = 3. Figure 12.16c shows the results for 

a ‘hotter’ body in which g/N = 1.5. The ratio of 

n,/Nn,,, iS now smaller. In this case 1 + N/q 
iy aie 

12.10 The Boltzmann factor 

Let us call the ratio n,/n, , ,, uw, for the sake of 

convenience. A consequence of the constancy of 

this ratio is that 

No ny ny Let 
a = LL 

ny Ny Nn Ny 

Thus 

No No ny Ny Ny — | 
—=—x —x — x 
te re ny 

=uwxXpX px x ps 
= pP 

And so 

n 
aa w-P 

[12.10] 

250k. 

s 
meZou - (b) 

a =N 
ee g=N/2 

£5 150k 
=o 

5 2 100 

oa ey 

23 : : ee 

No. of quanta/atom (p) 

s 
s 150 (c) 

s fe q=3N/2 
=F 100k 

Oo 
Eo 52 50F 
Ser | 
Ons Paes cee ce ope ceegen ——— 

68 Omi 2 3-4. Na tere 
Z23 

No. of quanta/atom (p) 

Taking natural logarithms of both sides: 

n 
In—* = Inp-? 

No 

= —=pin ye (i225 

Now w = 1 + N/q, and at ordinary (say, room) 

temperatures g > N. So N/q is a small number, 

much less than 1. Under these conditions 

In(l + N/q) = N/qg (12.3) 

This rather surprising result can be confirmed by 

putting a few values into a calculator. Table 12c 

shows some results of doing this: Hence Inn = 

N/gq for all practical purposes. Substituting this in 

Eq. 12.2 gives 

In— = —p— (12.4) 
No Pa 

Table 12c 

N/q 1+ N/q In(1_ + N/q) 

0.5 1.5 0.41 
0.1 let 0.95 
0.01 1.01 0.00995 
0.001 1.001 0.0008995 
0.0001 1.0001 0.00010 

a Se ee ee ee eee 
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12.11 The value of N/q 

We have already seen from our kinetic model of 
matter that the average value of the energy carried 
by an oscillator in a solid is kT. The quanta of 
energy ¢ are also associated with the oscillations of 
the atoms of the solid. In order to evaluate N/q 
for a solid we must now take note of the fact 
mentioned earlier that, in a solid, each atom acts 
as three independent oscillators and _ strictly 

speaking N is the number of oscillators in the 
solid. With this interpretation of N, if € is the 

energy carried by each quantum then the average 
energy carried by each oscillator is a solid is 

ge/N 

and this as we have already seen is KT. Thus 

ge/N = kT 

(225) 

This is an extremely important result, found to be 

valid for much more complex solids than the 

Einstein model we have used to derive it. It must 

be so in view of the way we have chosen to 

measure temperature. However, today the tables 

have been turned and this equation has been used 

to define a new scale of temperature, independent 

of the nature of any material and called the 

thermodynamic scale of temperature. Its unit is 

the kelvin (K). To all intents and purposes it is the 

same as the ideal gas scale of temperature. 

Returning to Eq. 12.4 we can now write 

Ny x C 

aie tga 
But pe is the quantity of energy the n, atoms carry 

in excess of that carried by the n) atoms. Let us 

call this energy pe, E and write n, as n,;, where 1, is 

the number of atoms with energy &. Then 

Ne E 

i RT 

Hence 

n > /fe —~£ = e-E/kT 

No 

[te = mere 

(12.6) 
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This equation describes the variation in the 

average number of atoms (or oscillators) in an 

Einstein solid with the energy each carries and 

shows the exponential character of this variation. 

The analysis we have undertaken is greatly 

simplified and obviously does not apply to 

materials which cannot be represented by this 

model. The extent to which this equation can be 

applied to rea/ materials is a matter for experi- 

ment. There are several behaviours of matter 

which must depend upon the fact that a small 

proportion of its atoms have much higher energy 

than the average. Two examples are the evapora- 

tion of liquids and chemical reactions. In both 

cases, change takes place (liquid to vapour, or 

reaction) for those atoms or molecules with 

sufficiently high energy, which is often much 

greater than the average energy of the particles. 

The proportion of particles having energy, E, 

compared with those having no energy is given by 

wn, / Ny = e=ee= 

If E > kT, e-£”*" is a very small number. Quite 

small changes in 7 can have a large effect upon 

in proportional terms, while having little effect on 

No: For example; if E/kKT = 12,,e78*" = 6.1.x 

10-6. If Tis increased by 9% to make E/kT = 11, 

then the new ‘value of e~**“" = 17 x 10° = an 

increase of almost 300%. 

Under these conditions we can write 

n, « e-©*' for small changes in 7 i227) 

The term e~£“7 is called the Boltzmann factor. 

When this result is applied to the vapour 

pressure of liquids, or the rate of many chemical 

reactions, it is found, surprisingly, correctly to 

explain the way they both vary with temperature. 

We say ‘surprisingly’ because we have derived the 

result from a model for a solid which has no 

obvious links with either an evaporating liquid, or 

chemically-reacting materials. This illustrates 

another aspect of model-building in physics. 

Results obtained for a model of limited applica- 

tion can be tested for a wider application and, if 

found applicable, can lead to new insights: in this 

case new insights into the process of energy inter- 

change amongst atoms and molecules. 
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12.12 Entropy 

We shall close this chapter by answering finally 

the question that we started with: ‘Why cannot we 

utilize heat energy in the same way as other forms 

of energy?’ We have seen already that thermal 

energy flows from a hot body to a colder one’ 

because the energy quanta have more ways of 

arranging themselves with the new distribution 

than they have with the old. This idea is of great 

importance. In general, if some particular distri- 

bution of energy can be arrived at in more ways 

than any other distribution, this is the one we shall 

find in practice. The number of ways of arrange- 

ment is described by an important quantity called 

entropy. 
If one energy quantum of size « is added toa 

body already containing g quanta and N atoms, 

then the number of ways of arrangement of the 

quanta increases to W* where 

w* = Wi + N/Qq) (See Eq. 12:1) 

(See Section 12.10) 

If another quantum is added, the new number of 

ways of arrangement, W** 

= W*p 

=Ww 

If n quanta are added, increasing the internal 

energy of the body by ne, and provided n < q, 

(no. of new ways of arrangement, W’) 

= (no. of original ways, W x wp") 

So 

WW = 4" 

In(W'/W) = nIinu 

Now 

N 
[neal (: + a 

i q 
SIN / Gs 1h Gua, (See.Fa. 1233) 

€ 
= oF (see Eq. 12.5) 

Thus 

ged lake a Ge 
ail ie 

~ InW' — InW = ne/kT 

where ne is the thermal energy added to the body 

{12.13] 

of temperature T. We will denote this by AQ. So, 

InW' — InW = AQ/kT 
kInW — kinW = AQ/T (12.8) 

Now both AQ and T can be measured directly. 

This equation tells us that the ratio AQ/T is a 
direct measure of the change in the number of 

ways of arranging the energy quanta as a conse- 

quence of adding energy AQ to the internal energy 

of the body. The quantity k In W whose change is 

equal to AQ/T is called the entropy of a body. It is 

denoted by the symbol S. Equation 12.8 above can 

be re-written as 

| change in entropy, AS = AQ/T| (i219) 

In the particular case discussed above, AQ is 

sufficiently small that its transfer to the body does 

not measurably affect its temperature. However 

changes in S can be calculated if T changes as well, 

although the scope of this application is outside 

the present book. 

We have seen that processes that increase W 

will happen spontaneously and in one direction. 

This is so simply because the new distribution is 

more likely to occur than the old one. We now see 

that another way of saying this is that processes in 

which the entropy increases will happen one way 

and in one direction. 

When energy changes take place, they do so 

because the change brings about an overall 

increase in entropy. Transfers to warming the 

surroundings always lead to an increase of 

entropy. Energy cannot overall go back again 

because this would cause an overall decrease in 

entropy — that is an overall decrease in the number 

of possible arrangements of the quanta. And this, 

with the numbers of atoms and quanta always 

involved, is so unlikely as to be impossible. 

12.13 The second law of thermodynamics 

and the efficiency of heat engines 

From what has just gone before, we have to accept 

that it is impossible for the total entropy of the 

‘universe to decrease. This is one way of stating an 

important principle called the Second Law of 

Thermodynamics. Let us look at just one 

consequence of this principle when it is applied to 
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Hot reservoir at 
400 K 

5000 J, enough to raise 
100 kg through 5 m 

Fig. 12.17 An ideal heat engine with 100% 
efficiency. 

such heat engines as a steam turbine or an internal 

combustion engine. 

Imagine that we were to attempt to construct a 

heat engine with an efficiency of 100%. Figure 

12.17 is a diagram of the energy transfers involved 

when such an engine raises a load. In this process, 

the entropy of the hot reservoir will change by an 

amount 

— 5000/400 

= —125JK 

ll 

Hot reservoir at 

400 K 

1250 J, enough to raise 100 kg 
through 1.25 m 

Cold reservoir at 

300 K 

Fig. 12.18 A heat engine working between 400 K and 300 K 

with an efficiency of 25%. 
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In a totally isolated system containing only the 

reservoir, engine and load, there are no other 

changes of entropy. So the /ofa/ entropy change in 

the process of raising the load would be 

—12.5JK~-!- a decrease of entropy. And that is 

impossible. 
‘ Suppose now we construct our engine with 

25% efficiency, transferring some of the heat 

energy to a cold reservoir (Fig. 12.18). In this new 

system, the entropy of the hot reservoir still 

decreases by 12.5 J K~'. However, the entropy of 

the cold reservoir also changes, by an amount 

AS. = +3750/500 
= 12.5 0 Kee 

There are no other changes of entropy in the 

system, so the total entropy change is 

A Sit ASo = onto Saeeelees 
= 0JK-! 

and that is (just) possible. 

So the efficiency of a heat engine with a hot 

reservoir at 400K and a cold reservoir at 300K 

cannot exceed 25% if the entropy of the whole 

system is not to decrease. To raise the efficiency 

we must raise the temperature difference between 

the two reservoirs. Let us try making the tempera- 

ture of the hot reservoir 600 K (Fig. 12.19). The 

Hot reservoir at 

600 K 

5000 — XJ, enough to raise 100 kg 
through 2m 

Cold reservoir at 
300 K 

Fig. 12.19 A heat engine working between 600 K and 

300 K. 
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entropy decrease in the hot reservoir is 

AS, = —5000/600 
= 8233 J 4) 

If the overall entropy is not to decrease the 

entropy of th cold reservoir must increase by at 

least the same amount. Suppose that XJ are 

transfer to the cold reservoir. 

AS. = +X/300 

= +8.33 

X= 250051 

This leaves 5000 — 2500 = 2500 J to be trans- 

ferred to the load. 

useful energy transferred 

to the load 

total energy transferred 

from hot reservoir 

(2500/5000) x 100 
50% 

Ethiciency = x 100% 

lI 

[12.13] 

By raising the temperature of the hot reservoir 

from 400K to 600K, the efficiency of the heat 

engine has been raised from a maximum of 25% 

to a maximum of 50%. 

The question about efficiency which we raised 

in section 9.5 has its answer. There is a natural and 

severe limitation on the efficiency of man-made 

engines, brought about by the second law of 

thermodynamics. 

Problem 12.5 Show that in general if the 

temperature of the hot reservoir is 7, and that of 

the cold reservoir is 7,, then the efficiency of such 

a heat engine cannot exceed 

Tc (: — Ff } * 100% 
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The success of the kinetic model of a gas in which 

an assemblage of particles has to be endowed with 

very few properties in order to produce something 

which behaves much as a real gas behaves is so 

encouraging that the extension to the liquid and 

the solid phases is an obvious step to take. 

Now we know that all matter can exist in three 

phases - solid, liquid, and gas. Which phase or 

state a particular material happens to be in 

depends on its temperature and also on the 

external pressure. While gases take up the whole 

volume of their container and are highly com- 

pressible, liquids and solids have a definite volume 

of their own and, compared with gases, are 

virtually incompressible. If we are to extend our 

present model to incorporate liquids and solids, it 

would appear reasonable to assume that in these 

two phases, the particles are packed together as 

closely as possible. Certainly the change in volume 

of a material, in the liquid phase, is very small as it 

is cooled down further, compared with the great 

change in volume which occurs when it is 

condensed to a liquid from a gas. 

Solids possess an important property not 

shown by air: the property we commonly call 

strength — the ability to resist not only compressive 

and extensive forces, but also shearing and 

twisting forces. It is this strength and rigidity 

which gives solids their important constructional 

properties. 

None of these features can be explained by the 

simple model which matched the properties of a 

gas unless it is assumed that some force acts 

between the particles, holding them together, 

whilst some other force acts to keep them apart 

and prevents further collapse. 
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13.1 A possible relationship between force, 

energy and the separation of the particles 

Two pieces of smooth metal placed side by side ‘in 

contact’ show no sign of attracting each other; 

even the gravitational force is negligible. If, 

however, the separation between the two were to 

be reduced to atomic dimensions (say 0.2 nm), 

then there would be a powerful attraction between 

them; so powerful that real metals have great 

tensile strength. 

So the particles of the solid must attract one 

another with an appreciable force over a range of 

a few particle diameters. (We assume that the 

particles are spherical in shape for this is the 

simplest assumption to make.) 

Let us confine ourselves to two particles only, 

and that these two particles are in equilibrium and 

separated by distance d as in Fig. 13.1. 

Fig. 13.1 

The net force on them is zero: so, in addition 

to the attractive force there must be a repulsive 

force. If we apply forces to pull them apart, we 

have to expend energy to secure their separation. 

By convention, the potential energy of the two is 

taken to be zero when they are separated by a 

great distance (this is an arbitrary choice 

comparable with the one we make about the 

potential energy of a very distant mass in the 

gravitational field of the earth). 

The lower part of Fig. 13.2 shows how the 

attractive force might change during this process 

and the lower part of Fig. 13.4 shows how the 

potential energy might change. 

On the other hand, if we attempt to force the 

two particles closer together (to compress them), 

we find we have to expend still more energy. And, 

[13.1] 

knowing how difficult it is to produce any 

appreciable compression in a solid, it appears that 

the repulsive forces must increase very steeply as 

the. distance between the particles is reduced and 

also that the range of this force is quite small. The 

upper part of Fig. 13.2 and the upper part of Fig. 

13.4 show how such a force, and how the potential 

energy, might change in this case. 

Adding the two force graphs gives us Fig. 13.3. 

Adding the two energy graphs gives us Fig. 13.5. 

Comparing them, we see that equilibrium separa- 

tion is characterized by zero resultant force and 

minimum potential energy. Although our argu- 

ment has rested on a consideration of the forces 

between two isolated particles, the conclusion also 

applies to assemblages of particles. 

For a large scale model which behaves in a 

somewhat analogous way, two ceramic ring 

magnets will illustrate the situation well. Place one 

magnet in the bottom of a beaker which is a little 

wider than the magnet. Gently lower a second ring 

magnet into the beaker so that the magnets repel 

each other. The downward force on the upper 

magnet is gravitational; the upward force is due to 

magnetic repulsion. In equilibrium, with one 

magnet ‘floating’ above the other, the two forces 

are equal and opposite and the potential energy a 

minimum. 

Now let us reintroduce the internal energy. 

Suppose the minimum potential energy is — E, and 

that the internal energy is U; (written with this 

suffix to show that it is a function of tempera- 

ture). If we also assume that E> is a function 

simply of the material and its particles (atoms or 

molecules) then if U; > E>, the internal energy of 

the particles will always be much greater than the 

potential energy tending to bind the particles 

together in the collection. So the material will be a 
gas. 

If E, > U; the particles will always be bound 

together. Extra energy must be put into the 

material to pull the particles apart. The material 

will be a solid or a liquid. And in between? Well, if 

Ey is only slightly greater than U,, the particles 

will be loosely bound together. The material may 

be thought of as a liquid near to its critical state. 

Even today, a good model of a liquid has not been 

obtained. Suffice it to say that the liquid state is 

something between the two extremes of solid and 

gas, but nearer to the former than to the latter. 
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This we deduce from the observation that the 

specific latent heat of vaporization is always 

greater than that of fusion for a substance. 

If U; > Ep ) we may ignore the inter-particle 
force, and our old model will do (although some 

of the properties of a gas associated with its , 

departure from the ideal behaviour do depend on 

E). 
Let us now see if this addition of an inter- 

particle force can help explain the properties of a 

solid, when E,) > U;. 

13.2 The physical properties of solids 

The inter-particle force and energy curves have 

been constructed on the basis of the observed 

existence of solids and their known ability to resist 

deformation. It would be unwise now to examine 

this force curve and show that it apparently pre- 

dicted the existence of solids and their properties 

of resisting deformation. 

This may seem a rather obvious statement. 

Nevertheless, you may read accounts of the 

properties of materials which follow that pattern. 

Such accounts state as a first principle that the 

forces between the particles (atoms, molecules, or 

ions) assumed to make up the material do vary 

according to Fig. 13.3. This graph is then used to 

explain the existence of the solid state with its 

properties of strength and elasticity. It would be 

possible to justify such an approach to the model, 

but one would then have to derive the inter- 

particle force curve from other considerations: say 

from some model of the structure of the particles. 

If we digress for a moment to consider such 

sophisticated models, it would appear that the 

force tending to bind solids together is not the 

same in all cases. Consider the three solids: 

sodium chloride, copper, and diamond. Evidence 

from the chemical behaviour of these materials 
and models of their atomic structure suggest that 

the interparticle forces arise in 

a) sodium chloride, from the electrostatic attrac- 

tion of the oppositely charged ions of sodium 

(positive) and chlorine (negative). 

b) copper, from the interaction of positively 

charged ions (copper) with a uniformly dis- 

tributed cloud of electrons, . 

c) diamond, from the sharing of electrons with 

neighbouring atoms (covalent bonds). 

[13.2] 

UM 
(a) 

Fig. 13.6 Three ways of deforming a material (a) by 
stretching in one dimension, (b) by uniform compression, 
(c) by shearing. 

We raise this point now just to point out how 

careful one must be in seeking to justify a model in 

terms of its relationships with real properties. One 

must be clear about which features have been used 

to set up the model and which features may be 

predicted by the model. 

However, it would be naive to assume that all 

the properties of solids were summed up in their 

ability to resist deformations. Whereas gases are 

remarkable for the independence of their charac- 

teristic behaviour‘from their chemical nature, the 

characteristic behaviours of solids are remarkable 

for their wide disparity — as the well-known saying 

‘As different as chalk from cheese’ implies. Let us 

see under what particular headings we normally 

characterize the behaviour of solids. 

a) Stiffness 

Solids will deform under the application of any 

force no matter how small. Figure 13.3 shows that 

as soon as the particles of the solid are either 

pulled farther apart or pushed together, a 

restoring force appears. Solids must deform in 

order to produce a reaction to the applied force. 

» There are three basic ways in which a material 

can be deformed (see Fig. 13.6 a, b, c). It can be 

stretched or compressed in one dimension (13.6a). 

It can be uniformly compressed (13.6b). It can be 
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Fig. 13.7 

sheared by opposed equal couples (13.6c). Of 

these, perhaps the most important deformation 

is that in Fig. 13.6a as it is closely related to the 

bending of materials under applied forces (see Fig. 

13.7b). The tendency of a body to resist the 

deformation characterized by Fig. 13.6a is a 

measure of what is called its stiffness. (See also 

Section 15.4.) 

The extension produced in most solids by a 

tensile force is proportional to that force, but only 

for small extensions. This is the most general form 

of a law attributed to Robert Hooke, who first 

stated it for springs. The same is true of small 

compressions. 
The extension of any piece of material depends 

not only on the applied force but also on its length 

and its cross-sectional area. It is therefore usual to 

talk of the applied stress (equal to the force/unit 

cross sectional area) and the consequent s/frain 

(equal to the extension per unit length). The ratio 

stress/strain is a quantity characteristic of the 

stiffness of the material. It is called the Young 

modulus (E). 

This ratio, which is measured in newtons per 

square metre, tells us how stiff or how flexible a 

material is. This is quite a different property from 

the strength of the material. Compare, for 

example, stiff and strong steel with stiff and 
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weak chalk, or flexible and strong nylon with 

flexible and weak jelly. Table 13a will enable you 

to make other comparisons. 

b) Strength 

By the strength of a material we shall mean 

explicitly the ability of the material to withstand a 

force without breaking. The converse of a strong 
material is a weak material. But there is more to 

strength than the breaking of a material. We need 

also to say how the material is going to be broken 

(see Figs. 13.7a, b, c). The ability of a material to 

resist breakage in (a) is called its rensile strength. 

Breakage in (b) is closely related to this. Breakage 

in (c) depends on its compressive strength. To say 

that a material is either weak or strong is not 

enough. Some materials, brick, for example, are 

weak in tension but strong under compression. 

Table 13a 

Young’s modulus (F) — Tensile strength 
Material Nm? Nm? 

Aluminium 70 x 10° 70 x 10° 
Mild steel 200 x 10° 400 x 108 

Cast iron 20 x 109 30° =11402 10° 
Nylon 0.5 —13?x<710? 70 x 10° 
Wood sence 100 x 10° along 

the grain 
4 x 10° across 

the grain 

Glass 70 x 109 35 — 150 10° 
Carbon 

fibres 900 x 109 1000 x 10° 

Concrete = 4 x 10° 

c) Stress—strain behaviour 

The behaviour of materials under increasing stress 

up to breaking point is usually characterized by 

stress-strain curves. Many metals behave typically 

as in Fig. 13.8. The stress-strain curve is linear up 

Stress Stress 

 Fractu re 

Strain Oca Strain 

Fig. 13.8 Variation of stress with strain in ductile materials. 
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Stress 

Strain 

Fig. 13.9 Variation of stress with 
strain in brittle materials. 

to point A (called the e/astic limit). Thereafter,the 

material yields plastically, and then on removal of 

the force, the material is found to have a 

permanent deformation (OC), (Fig. 13.8a). 
Ultimately the material snaps after a plastic 

deformation many times greater than its initial 

elastic deformation, which is typically about 1% 

for engineering materials. Whether the curve 

follows BD or BH depends whether the average 

stress along the material is plotted (curve BH), or 

the real stress at the point of snapping (curve BD) 

(Fig. 13.8b). 

Solids which yield plastically in this way are 

referred to as ductile. 

Some other materials such as glass behave as in 

Fig. 13.9. Fracture occurs at A and there is no 

plastic yielding. Typically the breaking stress is 

low compared with that for ductile materials. 

Materials which behave in this way are referred to 

as brittle. 

d) The effect of temperature 

Solids expand on heating. We can interpret this 

~ expansion in our model using the graph in Fig. 
13.10. The equilibrium separation of the particles, 

centre to centre, is OD. 

At temperature 7, the particles will have 

additional energy U,. Since the particles still have 

insufficient energy to escape from each other, the 

form of this energy will be vibrational. As a body 

vibrates, it constantly re-distributes its total 
“energy between kinetic and potential forms. At X 

and Y, in Fig. 13.10, when it is momentarily at 

rest, its energy is entirely potential. In this case, 

the potential energy (— £,) must be —(E — U,). 

(Remember the total potential energy must remain 

negative.) The shape of the potential energy curve 

[13.2] 

Potential 
energy 

Fig. 13.10 

will control the amplitude of the vibration. The 

average position of the vibrating particle will be 

half-way between these two extremes — at D. OD’ 

is greater than OD because the potential energy 

curve is not symmetrical about D. 

So the material expands on heating, not solely 

because the _ ‘thermal wobble’ increases but 

curve. We might “expect t the curve to be asymme- 

trical in this way because it is clearly impossible to 

squash the particles so close that they overlap 

completely (separation zero), but there is no limit 

to how far apart they may be pulled. Expansion 

with rise in temperature is confirmation of this 

guess. 

Apart from expansion effects, temperature 

also has ‘considerable effects on strength and stiff- 
riess. In general, a solid’s strength and stiffness 
decreases with rising temperature. _ 

~The brittle characteristics of a solid can be 

heating and rapid cooling, a ductile nikeelo peed steel 

can be changed into a brittle piece. Re-heating and 

slow cooling can ‘reverse t the effect. — 

This is also an appropriate point to note the 
behaviour of polymeric solids which chemical 

evidence has suggested are built up from atoms 
arranged in long chains. At room temperature, 
rubber shows the typical stress-strain relationship 
given in Fig. 13.11. However, if the rubber is 
cooled down a sufficient amount, the stress-strain 
relationship radically alters to that exhibited in 
Fig. 13.9, which was typical of the behaviour of 
glass at room temperature. This change in 
behaviour and properties takes place at a 
characteristic temperature called the glass- 
transition temperature. (See Section 13.3). 
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Fig. 13.11 Variation of stress Svan 
with strain in rubber at room 

temperature. 

e) The effect of time 

Time occurs as an effective variable in two 

important behaviours of materials. ‘cn 
fe Creep: Under the continuing application of a 

stress, some materials (e.g., timber and many 

plastics) progressively deform. 

In considering earlier stress-strain relation- 

ships the observed strain was assumed to take 

place instantaneously in response to the applied 

stress. ressively _ 

increasing extension or other deformation takes 
place as Tong | as the load is applied. This extension 

cannot be accounted for in terms of our present 

model. 
2. Fatigue. The repeated application and removal 

of a stress well below the stress required for | 
fracture can eventually fracture the material. This 

is a particular feature of metallic behaviour and is 

the mechanism by which a wire can be broken by 

bending it backwards and forwards in one’s 

hands. 

13.3 Metals and non-metals; glasses and 

polymers 

So far we have considered the general behaviour 

of solids under stress making no distinction 

between the various solid forms. But solids do not. 

all behave in the same way. This has led to their 

classification into groups based on their behaviour 

under stress. There are, for example, obvious. 

differences between metals and non-metals. 

Metals are usually (but not always) ductile and 

plastically distorted by stress; non-metals are 

usually (but not always - for example many 

plastics) brittle. A more certain distinction 
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between metals and non-metals is to be found in 

their electrical and thermal properties under 

normal conditions. All metals are good conductors 

of electricity and heat. Non-metals are poor 
conductors of both electricity and heat. 

The distinction between the two classes is 

never complete, and there have always been 

materials, such as carbon in its graphite form, 

which are difficult to classify. In this case, it 

appears electrically to behave like a metal, but its 

stress-strain properties are more to be associated 

with non-metals. 

A further group of substances, the semi- 

conductors, of which germanium is a typical 

representative, is difficult to classify either as 

metallic or non-metallic. 

There are further distinctions to be made. One 
group of solid substances will, on heating, pass 

from the solid to the liquid state without showing 

sharp transitions. There is no sharp melting point; 

no involvement of latent heat; no sudden density 

change. Such substances which are collectively 

known as glasses possess much the same structure 

in the solid as in the liquid state. 

At high temperatures glasses are truly liquid; =~ 

the atoms are free to move around. As the liquid 

cools it becomes very viscous and the growth of 

crystals does not occur. The liquid is super-cooled. 

As the temperature continues to fall, the random 

‘liquid-like’ structures are ‘frozen in’ and the glass 

solidifies without that long-range order which is 

characteristic of crystals. This occurs at the glass 

transition temperature (T,) (see Fig. 13.12). 

Volume 

Temperature 

Fig. 13.12 Variation of the volume and state of a glass with 
temperature. 
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A further group of materials - many of 

organic origin (for example, human hair, wool, 

cellulose, silk), others man-made - have mole- 

cules which are formed from very long chains of 

atoms. The polythene molecule, for example, may 

have as many as 20000 carbon atoms (each of » 

which is linked to two hydrogen atoms as well as 

to the two neighbouring carbon atoms) in a chain. 

The length of such a chain is in the order of 

10-3mm but since it is far from rigid, it will 

normally be bent, twisted, doubled back and in an 

altogether tangled state. 

weit tiers are classed as thermoplastic or 

thermosetting. The former (which include cellu- 

lose acetate, perspex, polystyrene, nylon and 

polythene) are ‘glasses’ at low temperature but, at 

the glass transition temperature, soften, becoming 

flexible and rubbery and then, with increasing 

temperature, melt. ‘Rubbers’ are thermoplastic 

polymers which are, at normal temperatures, 

above the glass transition temperature. They are 

made up of long chain molecules which are held 

together rather weakly. 

Thermosetting polymers are hard and rigid 

(e.g. bakelite, polyester resin); heating will 

decompose them but not soften them. In such 

substances the polymeric chains are cross-linked 

(unlike the glasses). 

13.4 Further investigation of a model for 

the solid state 

While the interparticle force and energy curves can 

[13.4] 

be used to interpret the inherent strength and 

elasticity of solids, they assist but little in the inter- 

pretation of the wide qualitative differences in 

behaviour. See also Section 15.4. 

When we ‘considered the gas model, the 

particles were assumed to be distributed with a 

random: variation in velocity. This provides a 

reason why all gases behave similarly. There 

is only one sort of randomness for the particles. 

What about the distribution of the particles as 

the gas is condensed to the liquid and then to the 

solid phase? We have assumed that they come as 

close to one another as they can. 

If marbles are shaken down into a jar so that 

they make the most compact arrangement possible, 

their distribution has an ordered look about it. 

A completely disordered arrangement takes up 

more space. 
~~ Similarly, we can blow bubbles of a fixed 
diameter in a soap solution, allowing them to pack 

close together over the surface. This arrangement 

is clearly an ordered one. Perhaps the particles in 

the liquid and solid phases pack themselves into 

ordered arrangements. And since these particles 

may not be simply spheres, there may be different 

arrangements for different materials. 

Our model is now becoming more complex. 

We are having to assume that the constituent 

particles of matter have certain properties 

(unnamed) which distinguish them from each 

other. It is no longer good enough to ignore this 
fact. 
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A solid is referred to as crystalline when it exhibits 

a regularity of form recognized by plane surfaces 

meeting each other at characteristic angles. By 

building up ordered structures using large spheres 

(Fig. 14.1) it is possible to reproduce the macro- 

scopic regularity of form which crystals exhibit. 

Maybe crystals too have such an underlying 

Fig. 14.1. Stacking sequences. (a) ABA sequence. (b) ABC 
sequence. (From L. H. Van Vlack, Elements of Materials 

Science, Addison-Wesley, 1964.) 
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Fig. 14.2 Photomicrograph of hot-worked deoxidized 
copper. (Courtesy of the Copper Development Association.) 

regularity of arrangement of the basic particles 

(atoms, ions, or molecules). 

The fact that many such materials are also 

possessed of a certain beauty of appearance is not 

to say that many less notable solids are not also 

crystalline in their micro-structure. Careful 

examination with a microscope reveals that many 

substances, whether metallic or non-metallic, are 

made up of a conglomerate of minute crystals 

(Fig. 14.2). The outer form of a material may not 

necessarily reveal an inner regularity of struc- 

ture. 

Before pursuing the question of possible out- 

comes from a regular or a random arrangement of 

the particles of a solid, we ought first to see what 

sort of ordered arrangements we may expect to 

find. Again, we shall keep our model as simple as 

possible consistent with the new circumstances. 

We will assume the simplest shape — a sphere — for 
the particles and deal only with solids in which a 

single type of particle is known to be present - 

namely, elements such as copper and carbon. 

In order to help the discussion, we may wish to 

build large-scale regular structures with large scale 

spheres (5 cm polystyrene spheres were used in the 

photographs, Fig. 14.4). These structures are 

often called ‘models’, but this is a different use of 

the term ‘model’ from that intended when we talk 

of, say, the ‘kinetic model’ of a gas. It is much 

closer to the scale-model builders’ use of the 

word. 

‘oveevooe? weoors wes 
htt oe Sed eabeeeun 

ene: 

’ .* *, 
+... * 

eet eee9 
* 

SOCOCOH SOO OS. 2 
PORPCTOOCDHLOH ONE 6d 

° 
Ag 
a 

; © ie as 

Fig. 14.3. A bubble-raft showing close packing with grain 
boundaries. (Photograph E. J. W.) 

14.1 Three-dimensional close packing 

A two-dimensional arrangement of soap bubbles, 

all the same size and packed together as closely as 

possible, would look like Fig. 14.3. This is the 

only close-packed arrangement possible. No other 

arrangement, whether orderly or disorderly, will 

pack the bubbles so closely together. 

A solid is three-dimensional. Close-packing 

can be achieved by stacking two-dimensional 

rafts, one on top of the other. To see the sort of 

thing that can be achieved, we may make structure 

models from spheres. 

Figure 14.1 shows a lower raft, or sheet (A) of 

close-packed spheres with another one (B) placed 

above it. Each sphere in the sheet B fits into the 

spaces between every three spheres in the bottom 

sheet. If a third sheet, C, is placed upon the sheet 

B, we find that there are two choices for its 

position. This will give two different spatial 

arrangements of the spheres, both close-packed. 

If the relative position of the spheres in the 

first sheet is identified by the letter A, and those in 

the second sheet by the letter B, then a three- 

dimensional structure which continuously repeats 

this form of close packing can be denoted by the 

letter sequence: 

‘ ABABABA ... etc. 

Alternatively, each sphere in the third sheet can be 

placed so that it is directly above neither the 

spheres in A nor in B. Denoting their relative 
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Fig. 14.4 Close packed structures made up from polystyrene spheres. Left: hexagonal close packed. Right: face 

centred cubic. 

positions by the letter C, a three-dimensional 

structure continuously repeating this form of close 

packing can be denoted by the letter sequence: 

ABCABCABCA ... etc. 

Figure 14.4 shows two regular structures built 

up from 5cm polystyrene spheres using (on the 

left) the sequence ABABA ... and (on the right) 

the sequence ABCABCABCA ...). We shall find 

that these two structures turn out to be rather 

important. They underlie quite a few crystal 

structures. Theoretically it is possible to have 

mixtures like ABCBCBCABCABABABC, etc., 

but, in practice, they do not occur at all 

frequently. It will be beyond our present model to 

explain this. The structure ABA ... is usually 

referred to as hexagonal close packed (h.c.p.) and 

the structure ABCA ... is called face centred 

eubic (f.c.c.). 

14.2 Orderly arrangements 

Orderly arrangements of any sort can be described 

in terms of a pattern. The word pattern is 

commonly used when describing such things as 

wallpaper or dress fabrics. The essence of order is 

the constant relationship of any basic unit to its 

near neighbours. Wallpapers and dress fabrics can 

differ from one another not only in the design of 

the basic unit, but also in the relationship of the 

basic units to each other. The smallest piece of the 

whole design which displays both the basic unit 

Fig. 14.5 

and its inter-relationship with other units is called 

the pattern. 

This idea of a pattern can be carried over 

to any orderly arrangement. Look at the two- 

dimensional arrangements of discs in Fig. 14.5a 

and b. In each case, any one shaded disc bears the 

same relationship to its neighbours as every other 

disc within its own arrangement. But the patterns 

in the two cases are different. Figure 14.Sc illu- 

strates the basic pattern in the first case and Fig. 

14.5d in the second case. In both cases some discs 

are shared with neighbouring repetitions of the 

pattern, so the basic patterns may be drawn as in 

Fig. 14.5e and f. 
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In three-dimensional structures, the pattern of 

the arrangement is the smallest three-dimensional 

structure which shows the relationship between 

each atom and its nearest neighbours. The pattern 

is called the unit cell and in the case of the ABA 

. Structure, is (using dots for the centre of each 

sphere) shown in Fig. 14.6. Hence the term 

hexagonal close-packed; ‘hexagonal’ describes the 

shape of the unit cell. 

Figure 14.7 shows the case of the ABCA ... 

structures. Figure 14.8 shows it as made up solid 

spheres. (The letters in each diagram refer to the 

planes identified by these letters in Fig. 14.1.) In 

this last case, the unit cell is a cube with spheres at 

each corner and one in each face — hence the term 

face centred cubic. 

The shape of the unit cell provides an effective 

description of the many possible arrangements of 

the spheres. 

Fig. 14.7. A face centred cubic structure. 

{14.4] 

* Fig. 14.6 Schematic view of a hexagonal close packed 

_ structure showing the location of the atom centres. (From 
L. H. Van Vlack, Elements of Materials Science, Addison- 

Wesley, 1964.) 

- 

Fig. 14.8 A face centred cubic structure. 

14.3 Crystal structure and the properties of 

solids 

We have seen that many of the properties of 

solids, and, in particular, the wide variations in 

their properties, cannot be explained in terms of 

the simple inter-particle force curve. Will the 
possibility of an ordered arrangement of the 
particles help? 

14.4 Elastic deformation of an ordered 

structure 

In Fig. 14.9, A and B represent sections through 
two imaginary sheets of atoms in a metal under 
stress. For simplicity, the stress is shown at right 
angles to the sheets of the atoms which are 
arranged in a simple cubic array. The distance 
between the atoms’ centres is x. Under the action 
of stress the atoms will move apart until the inter- 
particle force balances the applied force. The 
distance between the atom centres in the direction 
of stress increases to x + Ax. 
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If the stress is removed, the atoms will return 

to their original equilibrium position and the 

deformation will vanish. This represents the 

process of elastic deformation which we have 

already considered. 

In such a case the elastic strain is Ax/x. Since 

the deformation is elastic, atoms in adjacent 

planes will be pulled together by a force nkAx 

where vn is the number of atoms in such a layer and 

k is the force constant. The force per unit area 

between the two layers will be (n/A)k Ax. 

Now the array was a cubical one so that the 

number of atoms per unit area is (1/x?). There- 

fore, 

1 
force per unit area or siress = sok AX 

siress 
Young modulus EF : 

strain 

ok AX 

NG 

xX 

Ne 
xX 

Aaghag9, 
BESET 

Fig. 14.9 
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In this case of steel, E is about 2 x 10!!'Nm~? 

and x is about 3 x 10~!°m. So the force constant 

k is about 2 x 10! (Nm~?) x @ x 10>") m or 

60 N m-!, 
The reality of this physical separation of the 

atoms in a metal under tension has been con- 

firmed by measurements of the inter-atomic 

spacing in stretched and unstretched specimens, 

using X-ray diffraction techniques. 

Determinations of the speed of pulses along 

metal bars gives added confirmation of the useful- 

ness of the particle model (see Section 17.5). 

14.5 Solids as ordered structures 

Evidently the presence of order in solid structures 

could help to explain some of their important 

differences. What evidence is there that such 

order exists? If it does exist, what are its basic 

patterns? 

First, let us attempt to estimate the size of the 

particles involved in these basic patterns. We will 

accept the basic assumptions of the atomic model 

and apply them to a metal, for example, copper. 

The density of copper is 9000kgm~; and its 

atomic mass 63.6. 
Calculate the volume occupied by 63.6g of 

copper. Divide this volume by the number of 

atoms in 63.6 g. This will give you the volume, V, 

occupied by each atom of copper. If all this space 

were occupied by the copper, the atoms would be 

small cubes of side 2.3 x 10~'!°m. If, on the other 

hand, we assume some close packed structure of 

copper spheres (it turns out to be face-centred 

cubic) and so allow for the space not occupied by 

the copper, the diameter of each atom comes out 

nearer to 1.3 x 107'°m. 
Either way, this result supports our assertion 

as to the small size of these ultimate particles. It 

is beyond the range of even the most powerful 

microscopes. We cannot expect to see this ordered 

arrangement, if it exists, in any direct sense. But 

we may be able to infer it from some indirect 

observations which themselves depend on this 

order. Crystalline structure has already given 

some hint of underlying order. But the most 

important materials do not, in general, show any 

visible external regularity of form. 

Instead of trying to see the particle directly, we 

use a different effect. 
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Fig. 14.10 The scattering of ripples at a small object. (From 
W. Llowarch, Ripple Tank Studies of Wave Motion, Oxford 
University Press, 1961. Copyright Oxford University Press.) 

14.6 Interference patterns and crystals 

Look at Fig. 14.10. It shows a cylinder placed in 

the path of plane waves in a ripple-tank. The plane 

waves are diffracted by the cylinder. The pattern it 

produces is best described as a plane wave with 

another circular wave, centred on the cylinder, 

superimposed upon it. 

This pattern is produced only if the cylinder’s 

diameter is of the same order of magnitude as the 

wavelength of the incident wave. Try it for your- 

self. What happens if 

a) the cylinder is much larger than the wave- 

length of the plane wave? 

b) much smaller? 

(See also Section 18.4. To answer, imagine a 

sea wave passing (a) a large rock and (b) a post.) 

In three dimensions, a sphere will set up a 

spherical secondary diffracted wave centred on the 
sphere. 

An atom will scatter waves in this way if they 

are of the right order of magnitude of wavelength. 

We have seen already that atoms are about 10-!°m 

across. We would need radiation of about this 

wavelength to produce a similar effect to that 

observed in the ripple tank — X-rays, in fact. 

[14.6] 

A crystal, we suspect, is a regular array of 

atoms. Let us see how a regular array of scattering 

centres would affect radiation whose wavelength 

is about that of the diameter of a scattering centre. 

First consider a simple model in a ripple tank 

(Fig. 14.11). The scattered radiation is concen- 

trated into specific directions. In this case at right 

angles to the incident waves. It is no longer evenly 

distributed as it was from the single cylinder. 

In another model (Fig. 14.12) the 2.8 cm radia- 

tion is scattered into sharply defined directions 

only when the model crystal makes particular 

angles with the incident beam. 

This strong reinforcement of the radiation in 

particular directions is a characteristic behaviour 

of waves when several waves are superimposed on 

each other - a behaviour we call interference. 

Each aluminium sphere in the model crystal 

scatters the electromagnetic radiation in all 

directions. These scattered wavelets will interfere 

with each other. We will now see if we can 

calculate the directions in which we would expect 

Fig. 14.11 
array of obstacles in a ripple tank. (Photograph E. J. W.) 

The scattering of plane ripples from a regular 
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Fig. 14.12 Experimental arrangement for the investigation of the scattering of 2.8 cm waves in a model crystal structure. 

Waves from the transmitter on the left are rendered parallel by the wax lens and then fall on the model crystal which stands on 

the turntable. The model crystal shown contains 90 aluminium spheres embedded in the polystyrene block. (Courtesy Unilab 

Ltd.) 

strong reinforcement. To simplify matters, con- 

sider a section through a regular cubic array of 

spheres which is placed in the path of an on- 

coming wave, ONM (Fig. 14.13). AB and CD are 

planes of atoms and the wave normal NP makes 

an angle @ with AB. 
Let us further suppose that strong reinforce- 

ment of the scattered radiation takes place in a 

direction @ to AB. If this is so, all the scattered 

wavelets, from scattering centres in all the planes 

AB, CD, etc., must be in phase. It may seem a 

formidable task to write down the conditions for 

this, but a moment’s inspection of the diagram 

shows that: 

a) if PS is in phase with QT, then all waves from 

scattering centres in plane AB will be in phase 

with each other. So will all waves from 

scattering centres in plane CD be in phase with 

each other. 

b) if QT is also in phase with RU, then all waves 

from scattering centres in AB will be in phase 

with all waves from scattering centres in CD 

and so on. 

For PS to be in phase with QT, 

VQ — PW = kX 

where k is an integer. In triangle PVQ: 

VQ. = acos?é 

Fig. 14.13 

In triangle PWQ: 

PW. = aicosid” 

So the first condition to be satisfied is 

a(cos@ — cos@') = kr 

For QT to be in phase with RU, 

XR: + RY = 1X 

where / is an integer. In triangle RXQ: 

XR = bsiné 

In triangle RYQ: 

Y RE Osine 

So the second condition to be satisfied is 

b(sin@ + sin@’) = /d 
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So for a strong reinforcement of the radiation to 

take place in a direction 0’ to the crystal surface: 

a(cos @ — cos 6’) = kd (14.1) 

b(sin@ + sin@é’) = /r (14.2) 

These equations are due to von Laue, the dis- ° 

coverer of X-ray diffraction patterns produced by 

crystals. 
The existence of strong reinforcement of 

radiation falling on a crystal would itself be 

sufficient to justify our belief in a regular 

structure. A measurement of angles 0 and @ 

should enable us to calculate the internal dimen- 

sions of the structure. This would be difficult, if it 

were not for a curious geometrical result which 

was first worked out in detail by Sir Lawrence 

Bragg. 

He pointed out that there were a large number 

of ways of dividing up a regular crystal into a 

number of parallel planes. Let us look again at the 

simple array of points we have considered. 

In Fig. 14.14, the array of points has been 

divided up in four different ways. You will be able 

to spot even more. We could describe each of 

these parallel lines of points in terms of the angle 

they make with AB. 

If a is the slope of lines BU, CT, etc., 

b 
tana = — 

a 

For rows AG, UH, etc., 

tana = 0 

For rows SB, MH, etc., 

3b 
tana = — 

a 

For rows RD, etc., 

tana = ae 
3a 

For the vertical rows 

tan a~@ = oo 

In general, each set of rows can be represented by 

lines of slope a such that 

mb i 
tana = 9 where m and n are integers 

Bragg pointed out that in a three-dimensional 

array one could a/ways find a set of planes such 

that the angle made by the incident radiation with 

[14.6] 

ce 
HAE 
CT 
PAPAL 

Fig. 14.14 

the plane was equal to the angle made by the rein- 

forced radiation with the plane. Let us look again 

at our regular cubic array. 

Suppose A’B’, C’D’ (Fig. 14.15) is such a set 

of planes. Then 6 + a = 6’ — a. We shall try to 

prove that these planes include rows of points 

within the regular array. 

Let 

@=04+a=60' —a 

Then 

6=¢-a,0' =¢dt+a 

sin@ = sin(é — a) = sin¢@cosa — cos¢sina 

sin@’ = sin(é + a) = sindcosa + cosdsina 
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Adding, we obtain 

sin@ + sin@’ = 2sin¢@ cosa 

But 

b(sin@ + siné@’) = Id (from Eq. 14.2), 

=, 2D sin @ cos @ = 1 (14.3) 

Similarly we can show that 

a(cos@ — cos@') = 2asing sina 

and hence 

2a sing sina = kd (14.4) 

Dividing Eq. 14.4 by Eq. 14.3 

2asing@sina _ kX 
2bsindtosa 1dr 

ge a gee me b Ol / 

Hence 
kb 

tana = ia (14.5) 

Since we have already said that k and / must be 

integers, this is just the condition for the lines to 

be rows of points within the array. 

Let us look again at the condition for con- 

structive interference in terms of a plane for which 

the incident angle is equal to the angle made by the 

reinforced beam (Fig. 14.16). XYZ = nd for rein- 

forcement at incident and scattering angles ¢. In 

triangles OXY, OYZ, 

WC = V4 = CSIN@ 

2dsing = nr 

This is the Bragg law for crystal diffraction. 

Consequently 

(14.6) 

Fig. 14.16 
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All the strongly reinforced scattered beams can 

be treated as though they have been reflected from 
a succession of parallel layers of spacing d. The 

spacings so worked out will be characteristic of the 

regular array from which scattering has taken 

place. 

’ From the set of plane spacings so obtained, it 

is possible to reconstruct the internal pattern of 

the array. 

14.7 

solids 

Investigating the structure of real 

In our discussion above we have limited our 

attention to an array of known order - a large- 

scale model. In so doing, the radiation used had a 

wave of about the same length as the diameter of a 

particle. Atoms are about 10-!°m across. To 

investigate the structure of solids, we shall need a 

radiation of similar wavelength. Such radiation 

exists within the electromagnetic spectrum. It is 

called X-radiation. 

The interaction of X-rays with solids has been 

used both to demonstrate the wave-like nature of 

X-rays and the regular structure of solids. Here is 

a case where two models have provided support 

for each other. This is another interesting example 

of the development of theories and models in 

physics. 
The techniques of crystal analysis using X-rays 

are very important. We will content ourselves here 

by just noting the various methods which can be 

used. 

a) Rotating crystal 

The experiment with the 2.8cm wave and model 

crystal is an analogue for this method which uses a 

monochromatic beam of X-rays. These may be 

detected electronically or, more usually, photo- 

graphically. The interference maxima form a 

series of spots which indicate the internal regular 

structure of the crystal. The basic crystal pattern 

turns out to be a face-centred cubic. In X-ray 

diffraction patterns further information about the 

structure can be gained from the intensity of the 

interference maxima. The intensities will differ 

because firstly there may be more than one set of 

planes in the crystal with the same spacing leading 

to the same angle 6 for the direction of an intense 

beam, and secondly, scattering off layers which 
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X-ray beam 

Fig. 14.17 The exposure of 
X-ray diffraction patterns. Angle 
26 is precisely fixed by the lattice 

Point where spacing d and the wavelength X. 
incident beam Every cone of reflection is 

enters (20= 180°) 26—0¢ recorded in two places on the 

strip of film. (From B. D. Cullity, 
Flements of X-ray Diffraction, 
Addison-Wesley, 1956.) 

Fig. 14.18 X-ray diffraction for copper. 
(From B. D. Cullity, Elements of X-ray 

Diffraction, Addison-Wesley, 1956.) ee 
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Fig. 14.19 X-ray diffraction patterns for (a) a single potassium alum crystal, and (b) powdered alum crystals. (Photographs 

Dr H. Judith Milledge, Department of Geology, University College, London.) 

are not close packed will in general lead to weaker 

intensity and thus help to identify the particular 

planes from which scattering has taken place. 

b) Powder method 

Instead of rotating the crystal to bring about the 

necessary conditions for scattering, the crystalline 

material can be dispersed so that minute crystals 

are oriented in all possible directions. Some of the 

planes will always be at the correct angle for their 

particular spacing. The radiation is scattered into 

cones as shown in Fig. 14.17. This is a much better 

method when single crystals are hard to obtain. 

Figure 14.18 shows a_ photographic record 

obtained from copper. The strong interference 

maxima give evidence of its regular structure: 

analysis of the photograph shows that copper is a 

face centred cubic structure. These photographs 

provide our first real evidence that the basic 

particles which go to make up metals are packed 

together in an ordered way just like the spheres of 

the large-scale model. 

c) von Laue’s method 

Instead of varying 0, it is possible to use X-rays of 

a wide range of wavelengths, so varying \. In 

particular directions there will be a strongly 

scattered radiation such that 

ny = 2dsiné. 

Such pattern are of great historical interest, being 

the first X-ray diffraction patterns obtained from 

crystals and thus serving to justify the model of 

solids and X-rays we have been using. 

They were first observed in 1912 by W. 

Friedrich and P. Knipping following upon a 

proposal by Max von Laue that, if one assumed 

that X-rays were electromagnetic radiation and 

that a regular structure of atoms was a charac- 

teristic property of crystals, X-rays penetrating a 

crystal should behave in a similar way to light 

striking a diffraction grating. The experiment 

established both hypotheses. and it led W.H. 

Bragg to develop the technique of crystal analysis. 

All three methods are in constant use today. 

Figure 14.19 shows X-ray diffraction patterns 

for alum. The left-hand pattern was made by a 

single alum crystal and shows the Laue pattern; 

the right-hand pattern was made by powdered 

alum crystals. In both cases the X-rays used had a 

wavelength of 154 x 10~'?m and the patterns are 

comparable in scale. 
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How does the model we have developed apply to 

particular cases: to a wire hawser under tension, 

for example? Or to the special properties of liquid 
and solid surfaces? 

We shall need to bear in mind the force- 

separation and _ energy-separation diagrams 

(Figs. 13.3, 13.5). These indicate that potential 

energy must be supplied if the strong attractive 
forces already existing due to be overcome. 

15.1 Strain energy in a metal under tension 

We will need to examine again the stress-strain 
graph (Fig. 13.8) for a typical metal. The first part 
of this graph is linear; the stretching is elastic and 
Hooke’s law 

stress « strain 

applies. 

@ Stress has been defined as the force per unit 
cross-sectional area; strain as the extension per 
unit length. 

fe 
stress = — strain = as 

A l 

‘The graph of force against extension (x) must 
also be a straight line so long as the extension is 
elastic (Fig. 15.1). Then F = —kx where F is the 
force, x is the extension and k is a constant. If, as 
a‘ result of increasing the force F, by a small 
amount AF,, the extension also increases from x 
tox + Ax, the energy transformed may be taken 
to be F\Ax since F, is, to a close approximation, 
the mean force acting during this change. It can be 
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Force 

AF 

O Ax Q 

Fig. 15.1 

Extension 

seen that this is equal to the shaded area on the 

graph in Fig. 15.1. 

The total energy involved in the extension of 

the solid by a length x is the area OPQ on the 

graph, i.e., 

+OP x OQ or +Fx 

So the energy stored = +Fx 

~ 3(4) (4) a0 (15.1) 

4 stress xX strain x volume 
Or 

It is often convenient to express this as the strain 

energy per unit volume. 

strain energy 

per unit volume 

stress 

strain 

= +stress x strain 

= Young modulus Since 

4, (stress)? 

2 Young modulus 
strainenergy — 1 15E2 

per unit volume ( ) 

Energy stored as strain energy may be quite 

considerable. Consider, for example, a steel 

hawser of cross-sectional area 10-3? m? and length 

10 m which is experiencing a tension of 2 x 10° 

newtons. If Hooke’s law can be applied (and the 

breaking force for such a hawser might be 3 x 10° 

newtons so this is not an unreasonable assump- 

_ tion) then 

strain energy per unit volume 

BABE 2 Sci) S87 I ak 
oe 1073 Dae Tho” 

Tie tate 
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since the Young modulus for steel is about 
2 X10 ING? 

eae Ak 110 1 

es) 10s a0 

Onl) eee Birla 

Total energy stored in the hawser whose volume is 

(10-2 x 10)m2 is 

10’ & 10-2. = 10rd 

Problem 15.1 What is the speed of a truck (mass 

2000 kg) which possesses the same kinetic energy 

as the energy stored in the hawser? 

This is a very considerable amount of energy and, 

should the hawser break under tension, consider- 

able damage might be done as this strain energy is 

released and, almost entirely, converted to kinetic 

energy. 
Should this happen, two adjacent layers of 

atoms must become separated from one another. 

Two new surfaces are formed. This also involves 

an energy change. 

Each particle in the solid lattice will have a 

number of near neighbours. Within the body of 

the solid, these are likely to be regularly distri- 

buted in the space around the particle we are 

interested in. The potential energy of the particle 

is almost entirely due to the effects of the nearest 

neighbours, for we have already seen that the 

energy changes very rapidly with distance. If there 

are qg near neighbours and £, 1s the energy required 

to separate a particle from its neighbour, the 

energy which binds it in position is gE). To 

remove such a particle gE, units of energy must be 

supplied. The simplest way of supplying such 

energy is by heating - and this may result in the 

sublimation of a solid. In this case the heat of a 

sublimation is a measure of the energy required to 

break the interparticle bonds in the solid. 

If E, is the bond energy and q is the number of 

near neighbours which each atom possesses, the 

energy of sublimation (L,) per mole is given by 

L,= +N gE 

The factor of + takes account of the fact that 

each bond is shared between a pair of atoms. Now 
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Surface layer 
(Atom A has 8 near 
neighbours) 

(Atom B has 12 near 
neighbours) 

Fig. 15.2 Atoms and their near neighbours in a close- 
packed structure. 

for a close-packed structure g is 12 (see Fig. 15.2), 

so that 

L, = 6Nx Eo (15.3) 

This simple relationship gives a very good guide to | 

the value of the bond energy for certain substances 

(notably solid neon, argon, krypton, and xenon) 

but unfortunately not for the metals. This suggests 

that our model is not without faults and may well 

require modification later. Another approach 

must be adopted for metals. 

A particle which is near to the surface of a 

solid has fewer near neighbours than one which is 

embedded in the interior. We have just seen that, 

in a close-packed structure, an atom which is well 

within the crystal lattice has 12 near neighbours. 

One such atom on the surface of the lattice will 

have only 8 near neighbours (see Fig. 15.2). Such 

an atom will have a different potential energy 

from one in the body of the structure. Now, we 

have seen that it is convenient to regard the 

potential energy of an atom as zero when it is at a 

very large distance from any neighbours; and we 

have seen how an atom within a lattice is in 

Surface layer 

Fig. 15.3 

[15.2] 

equilibrium about a minimum potential energy Ep. 

So the atom in the surface has a higher potential 

energy than the one within, and the surface as a 

whole must possess surface energy. It follows that 
the creation of new surfaces by, say, breaking the 

specimen in two, requires the supply of this 

energy... | 
Consider a rectangular bar of metal of cross 

sectional area A. To break it a total of four bonds 

must be broken for each atom which exists in the 

surface (see Fig. 15.3) so that a total energy of 

4E,N, must be supplied. (N, is the number of 

atoms in the surface layer.) The area of surface 

which is created by breaking the bar is 2A so that 

the surface energy per unit area (y) is given by 

_ 4E\N, af N, 

nk ccAe |, aT 

Now we have already seen that the energy needed 

for the sublimation of N, atoms is 

eR == 6E, Nx 

So the energy needed for the sublimation of N/A 

atoms is 6E,(N./A) which is just three times the 
surface energy of the single layer. 

Combining the two equations we have 

v 2EyN/A 1 WN. 
L,  6E,N, smgeA Ne ccs) 

15.2 Liquids and the kinetic model: surface 

energy and surface tension 

Although a liquid is, in many ways, much closer in 

behaviour to a solid than to a gas we have to 

remember that the molecules within it can move 

around quite freely. Within a closely packed solid 

each molecule has 12 near neighbours, whereas a 

molecule within the surface has only 8. How far 

does this apply to a liquid? 

The molecules within a liquid are moving in 
much the same way as we have imagined the 
molecules to be moving within a gas. The mean 
free path must be much shorter, but there will still 
be a distribution of molecular speeds. There is 
evidence to suggest, however, that at any instant, 
any one molecule within the largely random 
arrangement of molecules can be regarded as 
having 8 to 10 close neighbours. Within the 
surface there will be fewer. So, as in the case of the 
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Fig. 15.4 (a) 

solid, the energy state of a molecule will depend 

upon whether it is in the body of the liquid or 
within the surface layer. Suppose a molecule 

within the body of a liquid has q, near neighbours. 

The energy required to separate it from those 

neighbours is on average qg,E , where E, is the 

energy required to separate it from one neighbour 

only. A molecule within the surface has q, near 

neighbours. It is, in consequence, in possession of 

energy (gq, — q>)E, above its counterpart within 

the body of a liquid. The surface is said to possess 

free surface energy. 
One important consequence of this is that the 

surface of a liquid tends to occupy the minimum 

area consistent with the boundaries provided for 

it. A drop of oil within another liquid of the same 

density will be spherical in shape so that it has the 

minimum possible surface area - and the 

minimum possible free surface energy. 

Possession of surface energy implies that the 

surface is in tension. It may not be immediately 

obvious that this is so. To analyse the situation, 

we must first return to the arguments of Section 

13.1. There we considered the forces of attraction 

and repulsion between two molecules in some 

detail. We saw that the short-range force of 

repulsion which prevents collapse is in balance 

with the long-range force of attraction between 

the two molecules. We saw that, at equilibrium 

separation d, the two forces were equal. We also 

saw that the potential energy of the one molecule 

in the force field of the other was a minimum for 

equilibrium separation (and zero resultant force). 

The shape of this potential energy curve is not, 

however, symmetrical as Fig. 15.4 shows. 

We might ask what would happen if a second 
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OisowXe) 

Gee NIE Cy amy 

Fig. 15.5 (a) Two molecules in equilibrium. (b) Introduce a 
second pair of molecules. 

pair of molecules is introduced, one on either side 

of the original pair? See Fig. 15.5. 

Molecule 2 is now within the repulsive and 

attractive force fields of three other molecules. 

The short range repulsion due to 3 is negligible at 

this separation. But the longer range attraction of 

3 is effective. So molecule 2 moves a little closer to 

1. Molecule 1 moves a little closer to molecule 4. 

The equilibrium separation between the molecules 

is a little smaller now. 
If we extend the argument to the body of the 

liquid, the same argument will hold. As can be 

seen in Fig. 15.6 the equilibrium distance between 

CO 1 Oo © 

Fig. 15.6 Molecules in the body of a liquid. 
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the many molecules will be a little less than the 

separation d of Figs. 15.4a and b. The molecules 

within the liquid are in compression. 

Now neither the molecules in the body of the 

liquid nor those in the surface layer are static; they 

are constantly moving — some will be entering the 

surface layer as others are leaving it. It is easier to 

leave the surface layer than enter it because the 

forces on the molecules in the surface are almost 

entirely due to the molecules within the layer and 

those below it, there being so few molecules in the 

vapour above. So, to maintain dynamic equili- 

brium, there will be fewer molecules in unit 

volume of the surface than elsewhere. Any one 

molecule in the surface layer has fewer close 

neighbours than a molecule within the body of the 

liquid. These surface neighbours will be a little 

farther apart than the molecules within the liquid 

— far enough for the resultant force on each 

molecule to be attractive. The surface is, there- 

fore, in tension. Moreover, under the action of 

suitable applied forces, the surface layer can 

extend in area, with new molecules entering from 

the body of the liquid. This is a different situation 

from that existing in a solid under tension and 

we cannot apply the concept of a modulus of 

elasticity in this case. Nevertheless the surface 

tension is a real enough, if small, force. 

Surface energy and surface tension 

Consider a liquid film (with two surfaces) of 

width / and length x, bounded by a wire AB which 

is free to slide (Fig. 15.7). If a force, F, is applied 

to the wire AB, the two surfaces may each extend 

by a length Ax so that a new area of surface 

C 
dt 

Fig. 15.7 

Fig. 15.8 A pond skater (Gerris sp.) walking on water. 

(Photograph Lou Gibson/Frank W. Lane.) 

appears. This new area will be 2/Ax. The energy 

provided in this process is 2/Axy, where y is the 

surface energy per unit area. The work done by 

the applied force is FAx. So 

2AXy = PAX 

y = F/2l 

The surface energy per unit area is equal, 

numerically, to the force per unit length. This ‘line 

tension’ (force per unit length at right angles to a 

line drawn in the surface of the liquid) provides an 

alternative measure which is easy to make. Known 

as the surface tension of the liquid, it is quoted 

in Nm-~—!, For water, its value is about 7 x 10-2 

Nm! and the surface energy is about 7 x 10-2 
Ja 

This surface tension, or if you prefer, the 
possession of free surface energy, allows a liquid 

surface to withstand the application of small 

forces (Fig. 15.8); it is involved in the process of 
wetting of solid surfaces in contact with it; it 
controls the shape of liquid drops (Fig. 15.9). 
Although the effect is a small one, it is of great 
practical importance. Some of these properties of 
liquid surfaces are considered below. 

and 

(Ly) 



(15.2) 

Fig. 15.9 Water drops on a surface which they do not wet. 

a) The spreading of liquids and the wetting of 

surfaces 

The shape of a falling drop departs from the 

spherical, because the drop experiences viscous 

drag as it falls through the air. Nevertheless, in 

cloud or fog, the droplets are very nearly 

spherical. But, under normal circumstances, once 

they touch the ground they collapse and spread 

out across the surface (which we shall assume to 

be horizontal). 

This raises a question about the surface 

energy, which is a minimum for the spherical 

drop. As the drop spreads, the surface area of the 

liquid which formed the drop increases and, there- 

fore, its surface energy must have increased. Some 

of the energy for this will have come from the 

gravitational potential energy which is made 

available as the shape changes (see Fig. 15.10). 

Now, as we have already noted, surface energy 

is not a property which is restricted to liquid 

surfaces. Solid surfaces and vapour surfaces also 

possess surface energy. 

The area of the liquid-vapour surface of the 

spherical drop increases as the drop spreads out. 

The solid-vapour surface decreases during this 

process with a consequent decrease in surface 

energy. So long as the total potential energy of the 
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Cees arenes 
Fig. 15.10 As the spherical drop spreads out across a 
surface, the centre of gravity falls and gravitational potential 

energy becomes available. 

system drop-vapour-solid continues to fall, the 

liquid will spread across the surface. 
The line along which the liquid-vapour 

surface meets the liquid-solid surface is of parti- 

cular interest. 
Figure 15.11 shows the situation in a glass 

beaker containing water. Three surface films 

meet, each of the films being in the order of a few 

molecules thick. The surface tensions are denoted 

as y,y for the liquid-vapour surface, ys, for the 

solid-liquid surface and ysy for the solid-vapour 

surface. y,y is usually written y in tables giving 

values of surface tensions of liquids. The fourth 

force A is the adhesive force between the portion 

of the surface we are considering and the wall. 
The shape of the liquid surface near to the 

solid wall will depend on the difference between 

the surface energies ysy and ys,. In the case shown 

Surface between 
solid and vapour 

Vapour 

Surface between 
liquid and vapour 

eee es ee ie el 

© 
= 
cS 
‘°° 
” Surface between 

liquid and solid 

Liquid 

Fig. 15.11 A liquid in a beaker. (a) The three surface 
boundaries between the solid glass, the liquid (e.g. water) 
and the vapour. (b) The directions of the forces acting at the 

boundary. 
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the angle of contact between the liquid surface and 

the solid wall is 6. 

If we consider unit length of an isolated 

section of the system which is in equilibrium, the 

vertical components of the forces give 

Ysv = Ys_ + Yiv Cos é 

and the horizontal components give 

A = y,,sin0 

The former of these two equations shows that 

the angle of contact is 

cos" (¥sv — Ysu)/Y.v 

So, if ysy > Ys_, COS9 is positive and @ lies 

between 0° and 90°. Seen from above, the 

meniscus is concave and the liquid is said to wet 

the wall surface. If, however, ys, > ysy, cos @ is 

negative and the angle of contact is larger than 

90°. Table 15a gives some values of contact 

angles. 

Table 15a 

Liquid Solid wall Contact angle 

Water Soda-lime glass 0° 
Methylene iodide Soda-lime glass Doe 
Water Paraffin wax OS 
Mercury Soda-lime glass 140° 

The values of the angle of contact are altered 

greatly by the presence of impurities. Indeed the 

purpose of a ‘detergent’ (whether soap or 

synthetic) is to reduce the angle of contact so that 

the liquid ‘wets’ the solid. Conversely the purpose 

of ‘water-proofing agents’ is to increase the angle 

of contact between water and the treated material 

to 90° or more. 

b) Pressure and liquid surfaces 

Consider a spherical liquid drop, so situated that it 

is in equilibrium (Fig. 15.12a). 

The spherical shape confers minimum surface 

area and the pressure within the drop exceeds the 

pressure outside it. Suppose the drop to have 

radius r and that the excess pressure is Ap. Now 

imagine the drop to be cut in half (Fig. 15.12b). 

The surface tension on the circumference of the 

cross-section of the right hand half is pulling as 

shown and the total force along this circumference 

is y(277r). 

[15.2] 

Fig. 15.12 

Equilibrium is maintained by the force due to 

the excess pressure Ap. This is pushing against the 

internal surface of the right hand hemisphere and 

everywhere at right angles to that surface. The 

force component which is effective in maintaining 

equilibrium at the cut section is the force due to 

this excess pressure on the projected area of the 

hemisphere, i.e., on the area shaded in Fig. 

15.12b. This area is ar?. 
Equating the two forces we have 

yar) = Ap(ar’) 

Whence 

Ap = es (15.6) 

Had we considered a soap bubble (with two 

surfaces) we would have found that 

ay “Ap=— 

: C137), 

c) The formation of drops 

Table 15b shows the result of applying Eq. 15.6 to 
a range of drop sizes. 

The excess pressure within a cloud droplet is 
100 times greater than that within a large rain- 
drop. It is rather difficult to see how the smaller 
drops can form. In fact, they do not form in 
perfectly pure air even when that air is cooled 

Table 15b 

Radius/m Excess pressure/Pa 

An average cloud 
droplet eam 7000 

A small raindrop PES See 560 
A large raindrop 21038 70 
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below the dewpoint (that is the temperature at 

which condensation normally occurs). But atmo- 

spheric air is not pure. Apart from the obvious dust 

particles, which play no part in the condensation 

process, there are countless numbers of condensa- 

tion nuclei about which the water vapour may 

condense. These are hygroscopic in nature; they 

are often minute particles of sea-salt brought into 

the air by the evaporation of water from the sea; 

they are often the products of the combustion of 

fuels containing traces of sulphur. Such nuclei 

have radii around 10-°m - that is twenty times 

smaller than the water droplets which may form 

around them. 

As we shall see, condensation can also occur 

on ions and this is utilized in the cloud chamber. 

Similar arguments apply to the formation of 

bubbles of vapour within a hot liquid. In the 

absence of suitable nuclei, bubbles may eventually 

form explosively at temperatures well above the 

normal boiling point. Like the drops which form 

on ions in a cloud chamber, bubbles can also form 

on ions - and this is the basic mechanism of the 

bubble chamber. 

d) Capillarity 

This is the phenomenon of the rise (or fall) of 

liquids in narrow tubes (and in such materials as 

soil, bricks, lamp and candle wicks, etc.). It is 

closely linked with the wetting problem discussed 

in sub-section (a) above. When the angle of 

contact is less than 90° (the liquid wetting the 

tube) the liquid rises in the tube to some equili- 

Fig. 15.13 (a) Liquid in a capillary tube which it wets. (b) 

The meniscus of the liquid. 
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brium height. When the angle of contact exceeds 

90°, the level of the liquid is depressed in the tube. 
In both cases the curved liquid surface is known as 

the meniscus. 
The height to which the liquid rises (or falls) in 

the tube may be found from a consideration of the 

pressures involved. 
_ The surface of the liquid in a very narrow tube 

may be considered as spherical. In Fig. 15.13b, the 
tube has diameter 27, and the liquid surface has a 

radius R. If the angle of contact between the liquid 

surface and the wall of the tube is 6 we see that 

ay sar 

cos 6 

At the point C, which is just outside the liquid 

surface, the pressure is atmospheric and larger 

than that just within the surface at B by 

Tey ee One 
AP eR wr Stee 

The pressure at A in Fig. 15.10a is also 

atmospheric and so the pressure at B, just within 

the liquid surface, may also be stated as less than 

atmospheric by the pressure due to the liquid 

column of height A. If the density of the liquid is @ 

then this pressure difference is heg. 
These two statements of the pressure dif- 

ference across the liquid—vapour surface must be 

the same, and so we may write 

27 cos 8 
ie ; 

a 27 cos 6 (15.8) 

esr 

If the liquid-wall angle of contact is zero, then 

ee (15.9) 
esr 

This applies, as Table 15a shows, to the case of 

water in glass tubes. 

Problem 15.2 Estimate the height to which water 

will rise in a glass capillary tube of radius 1 mm. 

What difference will it make if the tube does not 

have a uniform bore? 

For water (o = 1000kgm_~?) in a glass tube the 
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angle of contact is zero, so we may use Eq. 15.9. 

22 ExlOm 

1000 x 10 x .001 

= 4 < 10-2 (4mm) 

hh 

The excess pressure depends on the radius of — 

the surface film rather than the bore of the tube. 

Consequently variations in the tube radius do not 

affect the height to which the liquid will rise. 

Problem 15.3 In an experiment to measure the 

surface tension of water (for which y = 7 x 107? 

N m_~') a tube of average radius 0.1 mm is placed 

vertically in the water so that a length of 12 cm is 

out of the water. What will happen? 

This tube has a radius which is one tenth of that in 

the problem above. The water will be able to rise 

ten times as far — that is to a height of 140 mm, 

20 mm higher than the length of tube provided. 

The water will therefore rise to the top of the 

tube and there form a meniscus of such a shape 

that the excess pressure will prevent further rise. 

From Eq. 15.8 it can be seen that this implies that 

the angle of contact must change. We shall have 

COS 08= a 

2 PAOD ANOS XU OOOO Onl 10F 
2 XT KO 

= 0.86 

and so 

6 = 31° 

e) Measuring the surface tension 

Capillary rise offers a convenient method. But 

there are problems; the tube must be thoroughly 

clean (free of traces of detergent, for example) and 

the tube radius determined at the level of the 

meniscus. 

15.3 The surface energy of a solid surface 

Unlike a liquid, in which the molecules are mobile, 

the molecules in the surface of a solid are fixed in 

position. Consequently the surface energy and the 

surface tension for a solid will be related to each 

other in a more complex way than for a liquid. 

[15.3] 

As the area of a surface is increased, the 

energy transferred per unit area depends on jy, the 

surface energy and on the way y changes as the 

area changes. In the case of a liquid with its 

mobile molecules the latter change is zero; in the 

case of a solid it is not. As the surface stretches so 

the atoms are pulled apart and the surface energy 

diminishes. 

We would expect, then, that the measurement 

of the surface energy of a solid would be difficult. 

In the case of copper a reliable estimate has been 

made by Udin, Shaler, and Wulff (Metals 

Transactions, 1949, p. 186). Fine copper wires 

support small masses in an evacuated chamber at a 

high temperature so that the metallic creep is 

appreciable even under small stresses. If the 

weight exceeds the surface tension the wire 

stretches; if not, the wire shrinks. At the critical 

load, the wire does not creep at ail and the surface 

tension (which, as we have seen, is related to the 

surface energy) is equal to the weight. The surface 

energy of copper was found by this method to be 

about 1.4 J m~?. 

In spite of these practical difficulties, a 

knowledge of the surface energy is well worth 

having, for, not only does it help us to determine 

the bond energy but it also enables us to calculate 

the breaking stress (tensile strength) of a metal and 

so check the application of the model to a real 

material. 

Consider two adjacent layers of particles 

separated by a distance x. Then a layer of unit area 

will have a volume of x. If this material is under 
stress, the strain energy per unit area of either 

layer (Eq. 15.2) will be 

bat Vert Eceey 2 teeta 2 TE (stress?) volume (stress?) x 
nk 

If two new surfaces are to be created as the 
layers are pulled apart, then, this is the amount of 
energy which must be provided and shared to give 
surface energy of y to each. We may write 

bag 
2y = > BF (stress*) x 

by ay 
2 — (stress) 
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VE 

x 
and breaking stress = 2 (15.10) 

In making this estimate we have assumed that 

Hooke’s law applies right up to the moment of 

fracture: we know that this is not so. The stress 

must therefore be too high — but it is unlikely to be 

more than two or three times too high. If it is twice 

too high we would expect to find that 

breaking stress = pe 

To test the argument, let us insert the known 

figures for steel. 

Surface energy of steel is about 1 J m~?. 

Young modulus for steel is about 

Doe oe Nans?: 

Atomic spacing in steel is about 2 x 107!°m. 

So tensile strength (breaking stress) 

tee 2 X10" ; 

Maa os ME 
= V10" Nm-? 

3 x 10!Nm-? U 

Unfortunately, a typical breaking stress for 

steel is only about 4 x 10*Nm~? and even a 

specially prepared steel can claim no more than 

about 3 x 10°Nm-?. 
Moreover, calculations for other metals reveal 

similar discrepancies. Either the logic of the 

argument or the model of atoms in layers which 

_we have used must be at fault. Of the two, the 

| argument is the easiest to check, and, even 

allowing for the guess which we made when we 

observed that Hooke’s law cannot be applied in 

this case, it does not seem likely that our error 

could be as much as two orders of magnitude out. 

15.4 Plastic deformation and dislocations 

The stress-strain curve (Fig. 13.8a) for a typical 

metal bends somewhat after the linear reversible 

region (in which Hooke’s law applies) is passed. If 

now the stress is relaxed, the metal returns along a 

new curve; it has suffered permanent, or plastic, 

| deformation. 
This process is often accompanied by a well- 

known phenomenon called work-hardening. This 

is easily illustrated. Take about 20cm of new 
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copper wire of diameter about 3mm. Bend the 

end to make a small hook and clamp the other end 

firmly so that the wire is horizontal. Hook a light- 

weight carrier to the end and observe what 

happens as you increase the load. The copper wire 

will bend rapidly. Now take it between your 

fingers and bend it between them along its whole 

length several times. Repeat your test. Now the 

wire will support a much increased load before 

yielding. This is known as work-hardening - and 

its explanation demands yet another modification 

of the model. 
These two phenomena - that of plastic defor- 

mation and of work-hardening - can hardly be 

accounted for in terms of the simplified structure 

of Chapter 14. When discussing that structure we 

noted that the model used was simple in the 

extreme. The layers of atoms which were being 

examined were assumed to be stressed at right 

angles to the direction of the applied force. It is 

far more likely that we should be considering 

layers of atoms which are inclined to that force. 

Layers so stressed are under a shearing stress 

and, before proceeding, it will be necessary to 

consider such stresses in general. For simplicity let 

us take a block of material ABCD and imagine 

that a pair of forces is applied as shown in Fig. 

15.14a. If the block is not merely to turn round, a 

second pair of forces must be applied as in Fig. 

15.14b. The result may be that the material is 

sheared through the angle @. This is a measure of 

the strain. 

(a) (b) 

See 

f 
M 

eee 
(c) 

Fig. 15.14 The effect of a shear. 
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Fig. 15.15 Shearing in a metal bar under 
tension. 

The shearing stress is F/A where A is the area 

of the surface of the block through which the 

force F is applied. Experiment shows that 

shearing stress 

strain 

is a constant for small stresses. The name shear 

modulus or rigidity modulus (G) is given to this. 

Returning now to the case of the metal bar 

under tension (Fig. 15.15). Suppose that the layer 

shown represents two such planes of atoms in a 

bar subject to a tensile stress of F/A where A is the 

cross-sectional area and F the applied force. On 

one side of the layer shown there is a force F cos 0; 

on the other side F cos @ in the opposite direction. 

This couple and the opposing anticlockwise couple 

may cause a shear to occur. Should two such 

layers of atoms move relative to one another 

under this shearing action, the material may well 

acquire a permanent elongation (Fig. 15.16). 

Let us examine this shearing action in atomic 

terms, considering a close packed structure (Fig. 

1Seia); 

If layer a slips relative to layer b by the 

application of pairs of forces as shown, the resist- 

ance to slip will increase to a maximum at some 

a a 

b b 

—+__—_ 
(b) 

——______ 

a ~@ 

Fig. 15.16 

[15.4] 

(c) 

Fig. 15.17 

position intermediate between the initial position 

of Fig. 15.17a and the position of Fig. 15.17b. In 

this latter position all resistance to the shear has 

gone and the layer a is quite likely to slip down to 

the position of Fig. 15.17c. The angle of shear is 

now 60°. As a first approximation we can take 

about one quarter of this as the angle of shear 

corresponding to the maximum resistance to 

shear. This is 15° ‘or, in radians, about 0.25. If the 

material were steel, with a shear modulus of about 

0.8 x 10!'N m~?, we would expect the maximum 

shearing stress to be 

shear modulus x shear angle 

= 0.8 x 10" x 0L25 N me 

a Q.2 « 10% Nim= 

Unfortunately, experiment reveals that the 
maximum shearing stress for steel is about one 
fiftieth of this and so the angle of shear must be 
much less than 15°. Yet another major dis- 
crepancy between a prediction made on the basis 
of the model and the reality is revealed. 
* Metals start to deform plastically under 
stresses which are far smaller than those predicted 
by theory. It is, in fact, this effect which confers 
upon them the very important property of 
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ductility. Ductile materials will undergo a 

considerable amount of irreversible distortion 

before breaking. In some cases, for example the 

work-hardening of copper, this may even streng- 

then the metal. In any case, this ability of ductile 

materials to accept permanent distortion and 

therefore to be shaped (whether by cold or by hot 

working) is a very important property. 
It was G.I. Taylor who, in 1934, advanced an 

explanation of the discrepancy between the calcu- 

lated and the actual shear strength for metals. He 

pointed out that the theoretical calculation pre- 
supposes a perfect crystal structure. If, however, 

there are imperfections within the crystal, these 

imperfections might themselves be able to travel 

through the material of the crystal and, in so 

doing, lower the shear strength. 

Figure 15.18a shows a linear defect (edge 

dislocation) within a crystal. There is an extra 

plane of atoms. 

If the shearing couple is applied as in Fig. 
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15.18b, rows of atoms may move relative to one 
another - the extra row being moved in stages to 

the edge of the crystal (Fig. 15.18c). The bonds at 

the end of the extra row will be highly stressed so 

that the application of quite a small shearing force 

will cause them to break down and slip to occur. 

But immediately the bonds are re-established with 

the next pair of rows and so on until the extra row 

reaches the edge. Figure 15.19 shows a photo- 

graph of some edge dislocations. 
Such a defect in the structure can move around 

quite freely in an otherwise perfect crystal. 

Sooner or later, however, it will meet another 

dislocation and this impedes its freedom of 

movement. A metal with many interlocked dis- 

locations in its crystal structure will be harder than 

a metal with only a few. It is this which accounts 

for the work-hardening process. 

A simple analogue in two-dimensions is avail- 

able in the bubble raft of W. L. Bragg (Fig. 14.3 

and 15.20). 

ey Slip 
plane = 

Dislocation 
line 

Fig. 15.18a An edge dislocation. 
(From A. G. Guy, Elements of 
Physical Metallurgy, Addison- 

Wesley.) 
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Fig. 15.19 Germanium crystal etched to show 
the ends of edge dislocations. (From L. H. Van 
Vlack, Elements of Materials Science, Addison- 

Wesley.) 

[15.5] 
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Fig. 15.20 A bubble raft showing grain boundaries and a dislocation at 
AA. There are others. (Photograph E. J. W.) 

A raft of uniform sized bubbles about a milli- 

metre in diameter is easily formed by blowing 

gently through a jet held just below the surface of 

a detergent solution. The depth of the jet below 

the liquid surface should be kept fixed. These 

bubbles will adhere to one another, i.e., inter- 

bubble attractive forces and also forces of 

repulsion will exist. The close packed structure of 

the raft is clearly seen and so is the existence of 

‘bubble crystal grains’. At a point such as A in 

Fig. 15.20 a bubble is missing — and a dislocation 

exists. If, now, shearing forces are applied to such 

a raft, the motion of the dislocation is very clear to 

See: 

The presence of atoms of a different size from 

the majority of the atoms which make up the 

lattice will also play an important part in the 

interaction of dislocation with dislocation. 

15.5 Cracks and brittle fractures 

In 1920 A.A. Griffith, who was working with 

glass fibres, made a remarkable discovery which 

was to give rise to further modification of the 

simple model for a solid which we have been 

studying. 

He had been working with thin glass fibres and 

found these to get stronger as they became 

thinner. Indeed the strength of a fibre of diameter 

2.5 x 10-3mm was as much as a quarter of the 

calculated strength, whereas a glass rod of about 

1 mm diameter broke at about one eightieth of the 

calculated strength. 

Griffith suggested that some mechanism must 

be responsible for concentrating the stress so that, 

locally in the glass, the stress rose to higher values 

than expected. This idea of stress concentration 
had risen seven or eight years before when 
Professor Inglis was investigating the causes of 

failure in the hulls of steel ships. Now Griffith 

extended the idea from the macroscopic to the 
microscopic scale. 

Consider an atomic lattice with its regular 
array of bonds and particles under tension (Fig. 
t5.21). Each bond contributes to the whole 
strength of the material. But suppose that there is 
a fault or a crack as at C in Fig. 15.22. At the tip 
of this crack there will be an increase in the 
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Fig. 15.21 

concentration of the stress. The inter-particle 

bonds are broken along the length of the crack; 

the whole stress is taken up at the tip. Although 

the stress which is applied to the material is well 

below the anticipated breaking stress, just at the 

tip of the crack the stress will be much higher than 

we imagine. The bonds between the particles in the 

vicinity of the crack tip are the ones which are 

most likely to fail under stress. 

Griffith suggested that minute cracks, smaller 

perhaps than a wavelength of light, would serve to 

reduce the strength of his glass fibres. It was many 

years before suitable techniques were developed 

which enabled men to reveal the crack patterns, 

but Griffith’s analysis had been accepted by many 

long before this. The particle model could now 

accommodate brittle fractures of glass. 

| An excellent example of the effect of a crack in 

weakening a material is to be found in the 

breaking of a glass tube or the cutting of a pane of 

_ glass. All that the glass worker does is to initiate a 

crack with a suitable knife and then to apply a 

' suitable stress. The glass breaks cleanly along the 

| line of the crack. 

15.6 The thermal and electrical properties 

of metals 

In Section 13.2(d) we observed that the expansion 

| of solids when heated could be explained in terms 

_ of the potential energy-particle separation graph 

| of Fig. 13.10. Although the effect is a relatively 

| small one it is of considerable importance. 

| If a solid bar of length /, increases by length A/ 

as a result of a relatively small rise in temperature 

| AT, experiment shows that 

nt AT. 

| If follows that A/ = alAT, where a is a 

constant for the material of the bar and is known 

as the /inear expansivity. 
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Fig. 15.22 

™@ The linear expansivity of a substance is the 

fractional increase in length per unit tempera- 

ture rise. In SJ its unit is K7~!. 

Typically metals have expansivities between 

10-*and 3 x 10-*K~' at ordinary temperatures. 

The expansivity of a substance does, however, 

depend on the temperature. This could be anti- 

cipated from the form of the graph shown in Fig. 

13.10. As the temperature rises, the potential 

energy (E, — E,) rises and the asymmetry of the 

curve within which the particle is confined 

increases. This means that the average position of 

the particle from A is increased and this implies a 

small increase in length. 
In addition, the amount of the expansion is 

roughly proportional to (E, — E,). And, as we 

have already seen, so too is the specific heat 

capacity of the material. The graph of expansivity 

against temperature (Fig. 15.23) and that of 

specific heat capacity against temperature (See 

Fig. 9.6) are very similar in shape and this is only 

to be expected. 

As the crystal lattice absorbs energy from a 

heat source, its internal energy is increased. This 

energy is available within the vibrations of the 

atoms as the sum of the potential and kinetic 

energies of those atoms. 

30 

20 

@/10°K"! 

1200 0 200 400 600 800 

T/K 

Fig. 15.23 Variation of the expansivity of copper with 

temperature. 

1000 
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As long ago as 1819, Dulong and Petit 

observed that most solid elements absorbed nearly 

the same amount of energy per unit temperature 

rise if the masses chosen for comparison were 

proportional to the atomic masses. This has come 

to be known as Dulong and Petit’s law. It is well . 

illustrated in Table 9a in which the molar heat 

capacities of the metals quoted share a value 

around 25 J mol-'K~—!. See also Section 12.5. 

However, as we have seen, experiments show 

that the value of the molar and the specific heat 

capacities of substances fall as the solid is cooled. 

This confirms that, as we have seen in Chapter 12, 

there must be some restrictions on the way in 

which the atomic oscillators can accept the energy 

proffered to them. 
If one end of a solid bar is heated energy is 

conducted away from the heat source mainly by 

the vibration of the particles which constitute the 

lattice. One might expect that the thermal con- 

ductivities of solids would not differ widely from 

one another. But this is not so. There are excellent 

solid thermal insulators and there are excellent 

solid thermal conductors (especially such metals as 

copper and silver). The range of thermal con- 

ductivities, written \ in Eq. 11.5: 

AQ/At = dA Aa 

is about | to 1000. 

Such a wide range of values suggests that the 

model of thermal conduction based solely on 

lattice vibrations is inadequate in some way. 

This becomes clearer when the electrical pro- 

perties are considered. On the one hand there are 

the electrical insulators; on the other there are the 

electrical conductors (again headed by such metals 

as copper and silver). The range of electrical 

conductivities written o in Eq. 11.6: 

Vite Vy i = AQ/At = oA —— 

is about | to 10°. 

The lattice vibration model is inadequate to 

account for good thermal conduction. It is 

difficult to see how it can contribute to electrical 

conduction in metals and other good electrical 

conductors. There must be some other mechanism 

at work. 

[15.7] 

Problem 15.4 ‘An aluminium kettle containing 

boiling water is in contact with a gas flame at a 

temperature of about 550°C. The water is found 

to be evaporating at a rate of 0.1 kg per min. The 

base of the kettle is 1 mm thick and its area is 

0.015 m2.. Estimate the temperature of the outer 

surface of the base of the kettle. (Specific latent 

heat of vaporization of water is 2.27 x 10°J 

kg~-! and the thermal conductivity of aluminium at 

this temperature is 210 Jm~'s~!K7!.) 

Since the water is vaporizing at the rate of 0.1 kg 

per min and the specific latent heat of vaporiza- 

tion of water is 2.27 x 10°J kg~', energy is being 

transmitted through the aluminium base at a rate 

4Q _ 0.1 es gee aina DT Se NOP US 

= SOUS! 

Substituting in the equation 

AQ _ dA(T, - 7) 
At / 

we have 

210 Jm="s=!K=! <& 0015S m2 

XC =a) 
B/SOMise— 

10-3m 

hence 

Pie 7S Gok 

Temperature of the outside surface of the base 

of the kettle is about 1 °C higher than the water 

temperature within. The metal is ‘in contact’ with 

a hot flame at about 500°C. This suggests that the 

major temperature change must occur in the 

surface layers of gas. 

15.7 Conclusion 

The development of theories and models in 

physics is a very complex process. It is a creative 

act which goes on alongside the process of obser- 

vation and experiment. In retrospect, it is always 

‘easy to describe a model or theory and then 

produce an amount of experimental evidence in 

support of this model. 

When a particular model is well established, 
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this is often the most economical method of 

approaching it. Such is the case with the model for 

matter; but further modifications are necessary in 

order to produce something whose properties 

correspond closely to the properties of real 

materials. 

The form of the accepted model is now well 

established in physical theory. An _ engineer, 

interested in using materials; a_ technologist 

interested in improving their properties; a chemist 

interested in producing new materials will not 

concern themselves with the details of the whys 

and wherefores. They will take, and learn to use, 

the best model available to achieve the end in 

view. But these terms engineer, technologist, and 

chemist are in many ways shades of meaning 

applied to those involved in the study of physical 

science. They reflect the particular interest of 

these people. But all are involved in the processes 

typified by the work of Boyle. Every so often new 

observations will be made which do not fit in with 

accepted models and ideas. The model or theory 
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must be modified. This is the process of creative 

science. And at these moments it is necessary to 

ask why science has accepted its present ideas. 

There are those scientists today who are 

engaged in what is often called fundamental 

research. These are people who continually ask 

and probe the question ‘Why?’ There are others — 

the great majority - who are engaged on the 

application of present knowledge, extending and 

using the models already developed. But it is only 

in recent years that we have seen such an apparent 

division of ‘scientific’ study. The history of 

science suggests that these two activities cannot be 

successfully divided. Boyle, who is chiefly 

remembered today for his law, must have been 

well known in his own day as a theorist and 

speculator, and not just an investigator and 

observer. His friend, Robert Hooke, again 

remembered for his law, was perhaps better 

known in his time as an architect — a man to whom 

the application of stresses and strains was every- 

day business. 
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Waves and Vibrations 
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162 

After electricity, wave motion is probably the 

most important topic in modern physics. Some 

might say that waves appear even more frequently 

than electricity. Yet if anyone is asked to produce 

an everyday example of wave motion, almost the 

only ones that come to mind are the ripples running 

over the surface of water, or the larger scale 

effects of waves at sea. It is hard to think of 

another common example of waves. Yet a proper 

understanding of waves is essential to anyone 

investigating communication, whether by speech, 

radio or television; how we see; how we can make 

images; what is colour; how musical instruments 

work; how we navigate; and even why atoms are 

as they are. How is it that waves are so important, 

and yet so uncommon in our day-to-day 
experiences? 

It is because wave motion - the, behaviour 
characterized by ripples on the surfaces of a 
stretch of water - serves as an important model 
when we try to understand so many different 

aspects of the physical world. Light, radio, sound, 
even electrons in some of their properties, behave 
in the way waves behave. We cannot see what it is 
that ‘waves’ - as we can with the water on the 
surface of a lake - but then we cannot see the tiny 
particles which make up a gas. We accept models 
because they provide an explanation of what we 
can observe. 

But this is hurrying along too quickly with the 
story of this Unit. First we shall see what set of 
properties are characterized by the words ‘wave 
motion’. Then we shall look at a number of other 
phenomena in physics and see how well they share 
‘wave-like’ properties. Finally we shall try to put 
these wave models to good use. 
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Fig. 16.1 (a) A wave channel. (b) A wave trough. 

16.1 Waves on the surface of water 

Since ripples on the surface of water are the 

commonest example of wave motion, we shall use 

them to start our investigation into wave 

behaviour. 
Water-surface waves can be created in a 

number of ways. Dropping a stone on to the still 

surface of a pond can create many of the effects 

we shall look at, but waves on such a large stretch 

of water are not easily controlled. 
Water waves can be made to run over quite 

long distances in a laboratory by confining them 

to a channel, which can be several metres long, 

Fig. 16.2 Producing circular ripples in a ripple tank. 

made from plastic guttering (Fig. 16.1a). Shorter, 

transparent tanks are also useful for looking at the 

up-and-down motion of a water surface as a wave 

passes across it (Fig. 16.1b). However, neither of 

these lets us look at a wave spreading out into the 

space around it — as it does on a pond. 
To do this, a wider stretch of water is required. 

Usually this is arranged in a laboratory in a ripple 

tank (Fig. 16.2). The advantage of such trans- 

parent tanks is that a shadow of the ripples can be 

cast on to white paper beneath the tank and the 

pattern of the waves more easily seen. Apart from 

tank and lamp, the only requirement for creating 

easily-seen ripples is a chemist’s separating funnel, 

which allows drops of water to fall on to the water 

surface at a controlled rate (about one every two 

seconds is about right). A number of things can be 

observed. 
The ripples spread out in a series of ever- 

widening circles. As they cross the water surface a 

series of ‘hills and valleys’ (usually called crests 

and troughs) are formed. A section through the 

water surface would look something like that 

shown in Fig. 16.3a. 
Such a wave of limited length is called 

correctly a wave train or wave group. This dis- 

tinguishes it from a continuous wave, which has 

neither beginning nor end - and is of course a 

product of a physicists’ imagination! - (Fig. 

16.3b), and a pulse (Fig. 16.3c) which does not 

contain any repeated up-and-down motion. 

The wave train runs across the surface of the 

water at a steady speed. We shall see what factors 

control this wave speed, c, in a later chapter. 

Measurement shows that the distance between 

successive circles is constant. In fact, the dark 
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Fig. 16.3 (a) A wave group or 
wave train; (b) a continuous 
wave; (c) a pulse. 

circles correspond to the ‘troughs’ in Fig. 16.3. 

This distance is called the wavelength, \ (Fig. 

16.4). 

The number of crests or troughs passing a 

particular point on the surface each second is 

called the wave frequency, f. The unit of its 

measurement is the hertz (Hz) - 1 hertz is the same 

as one crest or trough passing a particular point 

each second. 

Any one point on a wave of frequency, /, will 

move forward f complete wavelengths every 

second - a total distance of f x \. This distance is 

also equal to the wave speed, c. This leads to the 

first important result arising from a study of 

waves: 

Wave specd, ¢ = fr (16.1) 

Phase 

Ripples spreading out from a single point are 

called circular waves. Every point on one parti- 

cular circle started out at the same time from the 

source. A particular circle joins up all the points 

on the wave which started out at the same time 

Fig. 16.4 A wave train of constant wave-length. 

[16.1] 

(a) 

from the source. A line such as this is called a 

wave front. All points on a particular wave front 

are behaving in the same way at any particular 

instant of time. They are said to be in phase. This 

word ‘phase’ will be given a much more precise 

meaning in a later chapter, but for our present use 

we need only understand two uses of the word. The 

first is ‘in phase’ and the second is out of phase (or 

more precisely 180° out of phase) which will refer 

to two points on a wave behaving in exactly 

opposite ways to each other. For example, a crest 

and a trough are exactly out of phase. Moreover, 

two points which are different distances from the 

source may be in phase provided the difference in 

distance of the two points from the source is a 

whole number of wavelengths (Fig. 16.5). 

Problem 16.1 Suppose a wave travels out froma 

point in fhree dimensions. What shape is a wave 
front? Do the rules about phase given for a two- 
dimensional wave also apply to one in three 
dimensions? 

OO 
c, wave speed 



[16.1] 

Fig. 16.5 Circular wave fronts emanating from a central 

point. Points B and C are moving in phase and are on the 

same wave front; points A and C are also moving in phase 

but are not on the same wave front. Points B and D are 

moving exactly out of phase. 

Plane waves 

When a circular ripple is some way from its 

source, a small section of a wave front is almost a 

straight line (Fig. 16.6). Because we are often 

dealing with small sections of a wave front many 

wavelengths from the source, it is easier to treat 

the wave front as though it were plane (or 

straight). We draw such wave fronts as in Fig. 

16.7. Geometrically it is much easier to handle 

plane waves than circular waves. Plane wave 

trains can be created in a ripple tank by placing a 

20cm length of wooden rod in the water and 

giving it a short sharp push forward (Fig. 16.8). 

Waves on the surface of water 165 

. 
Fig. 16.7. Plane wave fronts. 

Fig. 16.8 Producing plane wave fronts in a ripple tank. 

0) 
The section AB is almost straight. 

Fig. 16.6 
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Wave energy 

As a wave train passes over the surface of water, it 

does not carry the water with it. This can be seen 

by placing a few pieces of some light material such. 

as cork on the surface of the water. As the wave 

passes them, they merely bob up and down. The 

wave carries energy, setting the water in motion —- 

the wave is indeed nothing more than the up-and- 

down of the water, conveyed to one patch by the 

movement behind it, nearer to the source, and 

then passed on to the next patch in front, farther 

away from the source. Jn this way a wave transfers 

energy without transferring matter. This property 

of waves uniquely distinguishes waves from other 

methods by which energy can be transferred. It is 

so important that it is worth investigating in more 

detail. To do this, we will turn our attention toa 

less common form of wave motion — waves along 

a stretched spring. 

16.2 Waves on a stretched spring 

The way a wave travels can be more clearly seen by 

sending a wave pulse down a long stretched 

spring. Such springs which can be stretched to 

many times their original length have been 

developed from a toy called a ‘slinky’. Heavier 

springs are now also available which, while they 

cannot be stretched to the same extent, enable 

quite slow moving pulses to be observed. If pieces 

of white paper are attached to one or two coils of 

the spring, the motion of a particular coil can be 

watched as the pulse passes. It is quite clear that 

the coils do not move in the direction of the wave 

but are forced to move up and down by the move- 

ment of the coils behind them. Their motion is 

Direction 
spring 
moves 

Amplitude 

Direction wave moves 

Fig. 16.9 A wave train with varying amplitude. 

[16.2] 

then passed on to coils ahead of them and so the 

pulse is propagated along the spring. 

The maximum displacement of the coils from 

their equilibrium, or rest, position as the pulse 

passes is called the amplitude of the pulse. If a 

wave passes along the spring, the amplitude of 

each successive crest and trough may be the same 

as in Fig. 16.3b in which case the wave is referred 

to as having a constant amplitude. The short wave 

train in Fig. 16.9 does not, however, have a 

constant amplitude. 

The energy carried by the wave depends both 

on its amplitude and its frequency. The higher the 

frequency, the more quickly must the wave 

medium oscillate between its maximum displace- 

ments. In a detailed investigation, which we shall 

carry out later, we shall see that when a body 

oscillates up and down, as it does when a wave 

passes, the energy transferred to it is proportional 

to the square of the amplitude. The energy carried 

by a wave across unit area per unit time is called 

the wave intensity. The wave intensity is thus 

proportional to the square of the wave amplitude. 

Longitudinal and transverse waves 

In the experiment just described, the spring coils 

oscillate in a direction perpendicular to that in 

which the wave is travelling (Fig. 16.9). Such 

waves are referred to as transverse. Another sort 

of wave can be sent along a stretched spring in 

which the coils move backwards and forwards in 

the same direction as that in which the wave is 
travelling (Fig. 16.10).:Such a wave is referred to 

as /ongitudinal. It is a sort of pressure or shunting 

wave as one might get if a locomotive reverses 

quickly into a line of trucks. The wave is trans- 

mitted by each part of the wave medium pushing 

or pulling on the part just ahead of it. 



[16.3] Huygens’ principle 167 

HOONTTOMOOTAUNIT 
Motion of coils Direction of wave 

Fig. 16.10 A longitudinal wave on a stretched Spring. 

Polarization 

In a longitudinal wave nothing more can be said 

about the direction of motion of the wave medium 

other than that it is in the same direction as the 

wave itself moves. In a transverse wave, simply 

saying that the motion of the wave medium is 

perpendicular to the direction in which the wave 

moves is not enough. We can ask, for instance, if 

that motion is up-and-down, or side-to-side (Fig. 

16.11). Or it may be that the direction of move- 

ment is changing all the time. 

Transverse waves, in which the direction of 

movement of the wave medium is always main- 

tained in the same plane, are said to be plane 

polarized. We shall meet this idea of polarization 

again in a later chapter. 

Problem 16.2 Send a short transverse wave train 

down a slinky spring. Is the wave polarized? Is it 

possible to send an un-polarized transverse wave 

down the spring? How could you arrange some- 

thing that would only allow waves polarized in a 

particular plane to pass along the spring? (Such a 

device would be called a po/arizer.) 

Fig. 16.11 Plane polarized transverse waves. 

Reflection of wave pulses 

Before leaving this brief look at pulses on a 

stretched spring we cannot help noticing that a 

pulse sent down such a wave medium does not 

simply disappear at the far end (Fig. 16.25). 

Indeed the principle of conservation of energy 

ensures the energy cannot vanish. If the far end is 

fixed, a pulse will be seen to be reflected back 

along the spring when the incident pulse reaches 

the fixed end. The pulse is also reflected ‘the other 

way up’ - or exactly out of phase with the 

original, incident pulse. Why this change of phase 

takes place is something we shall investigate later. 

For now we return to water waves. 

16.3 Huygens’ principle 

Christiaan Huygens was a Dutch physicist who 

lived at the same time as Isaac Newton. He was 

probably the first scientist to make a proper study 

of wave motion. One of the first things to puzzle 

him was how a wave in two dimensions moved 

forward in the way it appeared to. We have just 

seen that on a spring a part of it is set in motion by 

the part behind and that this part then sets in 
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Wavelet from P 
time t later 

e 

Wave 
source 

Wave front 
now 

Fig. 16.12 A secondary wavelet from a point on a wave 
front. 

motion other parts ahead of it. Consider now the 

circular wave front shown in Fig. 16.12. Huygens 

assumed that a point like P must communicate its 

movement to a// points around it. If this is so, 

there ought, a time ¢ later, to be another circular 

wave front centred on P, of radius ct, where c is 

the speed of propagation of the wave motion (Fig. 

16.12). But the new wave front does not look like 

this. 

Thinking further, it is clear that all points on 

the wave front would similarly send out secondary 

wavelets of the same sort (Fig. 16.13). Each of 

these wavelets would be a circle of radius ct some 

time ¢ after the original wave front arrived at P. 

But the new wave front at time ¢ later is 

actually a circle whose centre is the wave source 

and whose radius is the previous wave front. This 

is the circle that touches all the secondary wavelets 

S 

Wave ; ; 
source Distance = ct 

® 

Wave front, 
Wave front time ¢ later 
now 

Fig. 16.13 Huygens’ construction for a circular wave front. 

[16.4] 

-— a line called the envelope of these secondary 

wavelets. In three dimensions, the secondary 

wavelets are spherical waves and their envelope is 

itself a spherical wave centred on the original wave 

source. 
Huygens’ principle states that every point on a 

wave front can be considered to be the source of a 

secondary wavelet which spreads out uniformly in 

all directions at the speed of wave propagation. 

The new complete wave front at some time ¢ later 

is the envelope of all the secondary wavelets. 

This is a geometrical construction which is 

hard to prove from wave theory, but clearly works 

for a circular wave spreading outwards in all 

directions. It turns out that the construction can 

be used to give correctly new wave fronts under 

much more complex circumstances and we shall 

find considerable use for the principle in this and 

succeeding chapters. 

16.4 The reflection, diffraction and 

refraction of water waves 

The reflection of water waves can be easily 

brought about by placing a barrier in the path of 

the on-coming wave train. Figures 16.14a and b 

show the reflection of a plane and circular wave 

train at a straight barrier. In the case of the plane 

wave, it is always found that the angle between the 

incident wave and the barrier is equal to the angle 

between the reflected wave and the barrier. But 

instead of drawing in the line of the wave fronts it 

is more usual to draw if the direction in which that 

wave is travelling (that is the direction of travel of 

the energy associated with the wave). And instead 

of measuring angles between the wave front and 

the reflecting surface, we measure angles between 

the direction of wave travel and a perpendicular to 

the reflecting surface (called the normal to the 
surface). Figure 16.15 shows that the angle 
between a plane wave front and the reflecting 
surface is the same as that between the direction of 
wave travel and the normal. 

Angle @ is called the angle of incidence. The 
law of wave reflection states that the angle of 
incidence is equal to the angle of reflection. The 
reasoh for this rather complicated way of going 
about things is that it enables us to apply the same 
law when we are dealing with circular wave fronts 
and curved reflectors. 
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(a) 

Reflecting 
surface 

Incident 
wave fronts 

Direction of 
wave travel 

« Normal 

Fig. 16.15 

Diffraction 

In the previous section the barrier from which 

waves were reflected was large. To all intents and 

purposes the wave reached a ‘dead end’. What 

happens if there is only a small obstacle in the path 

of the wave? Figures 14.10 and 16.16 show what 

happens when a wave meets an obstacle about the 

same size as the wave’s wavelength. A wave is 

scattered off the object, and the smaller the 

object, the smaller is the amplitude of the 

scattered wave. Beyond the object, in the direction 

of wave travel, the wave front is at first disturbed, 

but soon it bends around the object and, a little 

way from the object, the wave front is again re- 

established. 

The reflection, diffraction and refraction of water waves 169 

(b) 

Fig. 16.14 The reflection of (a) plane parallel and (b) 

circular ripples at a plane barrier. (From W. Llowarch, Ripple 

Tank Studies of Wave Motion, Oxford University Press, 

1961. Copyright Oxford University Press.) 

Both the scattered wave and the bending of the 

wave round an obstacle in its path are examples of 

diffraction. Wave diffraction is the general term 

used for the effect on a wave front of an obstacle 

in its path, although scattering is often not 

regarded as a part of diffraction. 

tel oe Di Deciciaal 

Fig. 16.16 Diffraction of plane waves at a small object (see 

also Fig. 14.10). 
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The amplitude of a scattered wave depends on 

the size of the scattering object compared with the 

wavelength of the scattered wave. 

Diffraction by an aperture in a barrier is 

shown in the sequence of pictures in Fig. 16.17. 

These pictures show clearly that when the width of 

the aperture is small compared with the wave- 

lengths of the waves (wavelength being here the 

distance between successive bright regions in the 

photograph of the ripples) the pattern made by the 

diffracted waves is indistinguishable from that due 

to a single, weak, point source situated in the 

centre of the gap. The energy flow associated with 

the diffracted wave is equally distributed over a 

180° sector. 

In Fig. 16.17b, where the width of the aperture 

is some two or three times the wavelength of the 

waves, we see that the energy flux distribution is 

not uniform, and the bulk of the energy flux is 

being propagated in directions similar to the 

direction of the incident waves. This is the inter- 

pretation of the observation that the ripples are 

strong and distinct only within a narrow sector 

emerging from the aperture. Also we see, if we 

look carefully at one particular diffracted ripple, 

moving our eye along it from left to right, that the 

amplitude is not simply increasing steadily 

towards the centre and then decreasing, but that it 

varies through a series of maxima and minima, 

although the central maximum is outstandingly 

the greatest. Figure 16.17c shows the pattern 

produced when the aperture is many wavelengths 

wide, and here we see that there is very little 

energy flux propagated in directions other than 

the original direction. 

Refraction 

It is possible to change the speed of a wave in a 

ripple tank by changing the depth of the water. To 

obtain a significant change, the wave must move 

from a deep region to one which is extremely 

shallow. In Fig. 16.18 a glass plate has been put in 

a ripple tank and the water depth has been 

adjusted so that it only just covers the region of 

the plate. You can see that the plane wave has 

slowed up as it passes over the shallow region by 

the way the waves at the side of the plate (in the 

deeper water) have hurried ahead of those passing 

over the plate. 

Since just aS many waves must pass over the 

[16.4] 

(b) 

(c) 

Fig. 16.17 Diffraction of plane ripples passing through a 
series of apertures. (Photographs by E. J. W.) 

plate each second as come up from behind, in the 

deeper water, the frequency of the waves is 

unchanged as the waves cross from the deep 

region to the shallow one - it is the wavelength 

which changes. Since c = /\, it follows that 

wavelength « wave speed. 
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Fig. 16.18 The refraction (and partial reflection) of plane 

ripples at boundaries separating deeper from shallower 

water. (From W. Llowarch, Ripple Tank Studies of Wave 

Motion, Oxford University Press, 1961. Copyright Oxford 

University Press.) 

If the boundary of the shallow region is not 

parallel to the on-coming wave front, the direction 

of wave travel changes as the wave travels over the 

shallow region (Fig. 16.19). This change in 

direction produced by a change of wave speed is 

called refraction. Again angles are referred to the 

direction of wave travel and the normal to the 

surface. Angle i (Fig. 16.19) is the angle of 

incidence, while angle r is the angle of refraction. 

The relationship between these two angles can be 

explored experimentally in a ripple tank, but here 

we will use Huygens’ principle to find it. 

Applying Huygens’ principle to wave refraction 

Imagine two points (Fig. 16.20) A and B on an 

incoming wave front. A just touches the edge of a 

Direction 
of travel 
of incident 

wave ; ; 
Direction of travel 

of refracted wave 

Fig. 16.19 
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region in which the wave travels at a speed c, 

which is slower that its original speed c,. Now let 

us construct the new wave front at such a time, ¢, 

later that a wavelet from point B just touches the 

boundary edge at C. BC = cf. The corresponding 

‘wavelet from A will only have reached D, where 

‘AD = cot. The new wave front (which we have 

seen in the ripple tank is also plane) must contain 

D and C and so is the straight line joining D to C. 

Triangles ABC and ADC are both right-angle 

triangles with angles of 90° at B and D res- 

pectively. The angle of incidence, /, is also the 

angle between the wave front and the boundary 

edge just as it was in the case of the reflected wave 

front. The same is true for the angle of refraction, 

r. 
In triangle ABC: sin.i = BC/AC, 

and in triangle ADC: sin r = AD/AC 

sin i/sin r = BC/AD 

So the ratio sini/sinyv is a constant, as 

measurements made in a ripple tank will confirm. 

This ratio, which is equal to the ratio of the wave 

speeds in the two wave media, is called the relative 

refractive index for the two wave media. 

Dispersion 

If instead of using short wave trains, a continuous 

wave is set up in a ripple tank by using a 

mechanical vibrator, the frequency of the incident 

wave may be varied. 

If the experiments on refraction are now 

repeated, it will be found that the angle of 

refraction depends not only on the angle of 

Fig. 16.20 The application of Huygens’ principle to 

refraction. 
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Fig. 16.21 

incidence but also upon the frequency of the 

incident wave. This comes about because the wave 

speed in the shallow region depends upon the wave 

frequency. Wave media for which this is true are 

said to show dispersion. Waves of different 

frequency are refracted at different angles even 

though the angle of incidence is the same for them 

all. 

16.5 What happens when two waves 

cross? 

A feature of military displays is the intricate 

pattern-weaving of ‘cross marching’. In this, two 

lines of soldiers will accurately pass through each 

other’s lines without interrupting either’s step (Fig. 

16.21). That the effect is always so spectacular is 

because we know how difficult it is for bodies to 

pass across each other without colliding and 

upsetting each other’s path. 

What happens when two waves cross? This can 

be investigated using either a slinky spring, a 

rubber tube, or a long trough of water (Fig. 

16.1a). In order to ‘label’ the waves, one can be 

Fig. 16.22 
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sent as a single pulse from one end of the spring or 

tank, while a double’ pulse is sent simultaneously 

from the other end (Fig. 16.22). Experiment will 

quickly show that the two sets of pulses pass right 

along the spring or.tank as though the other did 

not exist. Both sets of pulses pass straight through 

each other and are quite unaffected by the pro- 
cess. This is a remarkable property of wave 

motion. The same effect can be seen, but with 

greater difficulty because of the smaller space, ina 

ripple tank. 

The principle of superposition 

You may have noticed that if two pulses are sent 

along from each end of a water-filled trough, 

_ some care has to be taken that the water does not 

splash over the trough when the two pulses meet. 

This occurs, even though the original pulses seem 

small enough. At the moment of overlap the two 

pulses seem to coalesce momentarily to make one 

large pulse before parting to go their separate 

ways. This effect can be seen even more clearly on 

a stretched spring or heavy rubber tube. 

However, if two pulses of opposite phase are 

sent from each end of the spring or rubber tube a 

different effect is observed at the moment of over- 

lap. Figure 16.23 shows a series of pictures of 

what happens. As the pulses overlap, the spring is 

momentarily undisplaced. This ability of waves 

both to add together and to cancel each other is 

summarized by an important rule called the 

principle of superposition. It states that when two 

Or more waves meet, the displacement produced is 

the algebraic sum of the displacements each wave 

would produce if it were acting on its own. The 

word ‘algebraic’ simply means that due account 

must be taken of whether the displacement is 

positive or negative (e.g. ‘up’ or ‘down’). 

Reflection of waves on a spring 

In order to show one example of this important 
rule in operation, we shall look again at the 
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Fig. 16.23 The superposition of two equal and opposite 

pulses on a spring. (From P.S.S.C. Physics, D. C. Heath 

1965, reproduced by permission of Education Development 

Center, Inc.) 

reflection of a wave from the fixed end of a 

spring. Again, it is simplest to look at a pulse 

rather than a wave train. What is true of a pulse 

will be equally true of a train of waves. 

Figure 16.24a shows such a pulse approaching 

the fixed end A of a spring along which it is 
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a 

(b) 

A 
(c) \\ Reflected pulse 

(f) A 

Fig. 16.24 The ‘hard’ reflection of a pulse. 

travelling. As it reaches A, the parts of the spring 

immediately to the left of A exert a force on A to 

move it upwards. But point A is fixed. In order to 

remain at rest an equal and opposite downward 

force must act on the spring at A which of course 

will be transferred to neighbouring parts of the 

spring to the left of A (Fig. 16.24b). 

A short time later, the incident pulse has 

moved farther to the right, while the reaction 

force at A has sent out a reflected pulse to the left. 

The two pulses add together according to the 

principle of superposition to give the resultant 

pulse shown in Fig. 16.24c. As the incident and 

reflected pulses overlap more completely, there is 

a moment when the spring is not displaced at all 

(Fig. 16.24d). A little while later still, the larger 

reflected pulse is now largely responsible for the 

size of the total pulse near A and the original on- 

coming pulse is seen to have reversed both its 

direction and its phase (Fig. 16.24e). Thereafter 
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Fig. 16.25 The reflection of a pulse from the fixed end of a 
spring. (From P.S.S.C.‘Physics, D. C. Heath, 1965, 
reproduced by permission of Education Development Center, 

Inc.) 

the reflected pulse travels back along the spring 

(Fig. 16.24f). Figure 16.25 shows a series of 
photographs of a similar pulse being reflected 

along a stretched spring. 

As we have seen, a wave-pulse is reflected, 

with inversion, at a rigid boundary: this is called a 

hard reflection. But reflection occurs, in general, 

whenever there is a discontinuity in the wave 

medium: this does not have to be a rigid 

boundary. We can demonstrate a soft reflection 

by means of a slinky and a long thread, as shown 

in Fig. 16.26. 

The thread keeps the spring in tension but 

Se aaa hae aan aay offers negligible resistance to any transverse 

displacement of the end J. When a pulse is sent 

along the spring from H to J it is reflected from J, 

but this time without inversion. If the thread has 

DE ee a OW na aaa negligible mass, then it absorbs no energy and the 

reflected pulse carries the same energy as the 

incident pulse. 

Ona ene Rana ae aaa aD aaa Wave interference 

The cancellation and reinforcement of waves in 

the region in which they overlap is referred to as 

wave interference, or more briefly as interference. 
Mmm In some ways this term is something of a mis- 

nomer because as we have seen, the effects 

described as interference come about because 

waves (quite remarkably) do not interfere with 
ellie t ck CPT  SMiAtNIARAE ta each other in the normal sense of the word, but act 

independently as though the others were not 

present. However, the phrase is too well en- 

trenched for it ever to be changed, and the effects 

it produces are some of the most important met in 

a study of wave motion. 

To look in more detail at wave interference, we 
return to the ripple tank and waves in two dimen- 

Brrr yore sions. It is hard to see the effect two waves have on 
each other if we rely on creating two wave trains in 

eS ee UN CEU I SUNN Ee Nee SN TST a 
BAD SCtE 

—__y 

‘Slinky’ spring About 3 or 4 m of thread Ye 

Fig. 16.26 
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Fig. 16.27 Interference fringes as seen in a ripple tank. The 

two vibrating sources are in phase. (From W. Llowarch, 

Ripple Tank Studies of Wave Motion, Oxford University 

Press, 1961. Copyright Oxford University Press.) 

the way we have done previously. For interference 

effects to be seen clearly it is best to generate two 

continuous circular waves by means of a vibrator. 

Having done this, the pattern of waves produced 

in the region of overlap is best seen using either 

stroboscopic illumination or stroboscopic viewing 

at the same frequency as the waves. In this way the 

wave pattern is ‘frozen’ and effects like those 

shown in Fig. 16.27 can be seen. It is readily 

Fig. 16.28 

ripples. 
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observed that the wave disturbance seems to affect 

only some regions of the water surface; others, 

extending like ‘rays’ from the sources appear to be 

quite still. Such a pattern of disturbance is typical 

of an ‘interference pattern’. In some regions the 

waves reinforce each other while in others they 

cancel out. 

Figure 16.28a shows two sets of circular waves 

emerging from sources A and B. The lines 

represent the crests of the waves while the spaces 

half-way between are the troughs. At the point R, 

the disturbances resulting from the two wave 

fronts are in phase with each other. By the prin- 

ciple of superposition they will add together to 

give a large, reinforced disturbance. A moment 

later a trough from A will arrive at R at the same 

time as a trough from B. So the wave medium at R 

will continue to undergo large displacements as 

the two waves cross. 

At C, the situation is different. Here a crest 

from A coincides with a trough from B. If the two 

amplitudes are the same, cancellation takes place. 

Waves passing across the surface from A and B 

will always at C be 180° out of phase and there 

will be no disturbance of the water. In Fig. 16.28b, 

the diagram has been redrawn so that there are no 

wave fronts shown in the regions of cancellation. 

These spread out like rays from A and B just as 

they did in Fig. 16.27. 

Both the experiment in a ripple tank and 

drawings such as that in Fig. 16.28 will confirm 

that if 

(i) the two sources A and B are separated further, 

or 
(ii) the wavelength is shortened, 

then the successive regions of cancellation and 

reinforcement get closer together. 
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(a) Two sets of ripples from two sources in phase. (b) The interference pattern produced by the two sets of 
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Coherence 

It was noted above that interference patterns 

cannot easily be seen in a ripple tank unless two 

sources producing continuous waves are used. The 

reason for this is that sources A and B (Fig. 16.28) 

must remain continuously in step with each other, 

or if not in step, then maintain a constant phase 

relationship with each other (e.g. always exactly 

out of step). If they do not the regions of can- 

cellation and reinforcement will continuously shift 

their position as the phase relationship between A 

and B changes. This means that for a steady inter- 

ference pattern to be produced the frequencies of 

the two waves must also be identical. 

Two wave sources which constantly maintain 

an unchanging phase relationship are said to be 

coherent. If a succession of wave trains is 

produced from two separating funnels as des- 

cribed in Section 16.1 the waves will be non- 

coherent and a steady interference pattern is not 

observed. (Try it for yourself - the experiment is 

well worth doing). 

It is possible to produce an _ interference 

pattern when sources of waves produce a sequence 

of non-coherent wave trains (as a succession of 

water drops will do). To do this, a barrier with twu 

gaps in it is placed in front of the source. The wave 

trains are diffracted at the gaps, spreading out 

from them as though from two separate sources in 

the centre of the gaps. An interference pattern like 

that in Fig. 16.29 is seen on the far side of the 

barrier. No matter what changes take place in the 

source of the waves, the two waves will always be 

in phase with each other at the two gaps. 

It is possible in a ripple tank to produce an 

interference pattern in this way using as a source a 

series of wave trains from a wooden rod placed 

Fig. 16.29 Interference of ripples diffracted at two 
apertures. (Photograph E. J. W.) 

[16.5] 

behind the gaps in the barrier. Two sets of circular 

waves are produced in the gaps which are always 

in phase no matter what irregularities occur in the 

incident wave. This is an important observation 

that we shall put into effect later on. 

‘A general rule 

The waves from two sources, A and B (Fig. 16.30) 

produce an interference pattern in the region 

around them. What is the condition that at point 

P the waves will interfere constructively, pro- 

ducing reinforcement? If the two waves are in 

phase with each other when they set out from A 

and B, they must either have travelled the same 

distance in reaching P or the difference in distance 

travelled must be a whole number of wavelengths. 

In general then: 

|AP — BP| = nd 

(The vertical lines around AP — BP imply that 

only the absolute value of the difference has any 

significance.) This difference in distance travelled 

by the two waves is called the path difference. 

For P to be a point at which the waves inter- 

fere destructively, producing cancellation (or at 

least a minimum amplitude), then the difference in 

distance travelled by the two waves must be an 

odd number of half-wavelengths: 

|AP — BP| = (n + 4) 

where v takes the values 0, 1, 2, etc., as before. 

These rules can sometimes be used directly in 

order to determine a wavelength from measure- 

ments made on the interference pattern the waves 

produce. Suppose that P lies at the centre of a 

region of wave reinforcement (commonly referred 
to simply as a ‘maximum’) and that P, lies at the 

Pp 



[16.5] 

Fig. 16.31 

centre of the adjacent region of reinforcement 

(the next ‘maximum’). Then 

|AP — BP| = nad 

and 

|AP, — BP,| = (n + I)A 

Hence 

LAP, = BP,| — |AP — BP| =A 

Often, however, some simplification 1S 

possible. It is frequently the case that the two wave 

sources are very close together compared with the 

distance the sources are away from the place 

where interference is being observed (Fig. 16.31a). 

The two lines AP and BP are almost parallel. If M 

is the midpoint between A and B, then AP and BP 

make nearly the same angle as MP does with the 

perpendicular to AB. 

If an enlargement of the diagram is produced 

(Fig. 16.31b) and a point C found on BP such that 

AP = CP, then the difference in distance the two 
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(b) 

waves travel in reaching P (the path difference) is 

|AP — BP| = BC 

If P is a long way from A and B compared 

with the separation AB of the sources, then the 

angle ABP will be very small. This means that the 

angles at the base of the isoceles triangle APC are 

almost 90°. 

In that case, we can take triangle ABC to be 

right-angled at C. Calling angle BAC = 0 

sin @ 

S sin 6 

BC/AB = 

BC = 

If P is in the centre of a region of reinforce- 

ment, the path difference BC = md. Hence 

AN —as sind 

This is an important result we shall be using on 

several occasions. But it can only be used provided 

that either the point of observation is a long way 

(16.2) 
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from the source of the waves compared with the 

separtion of the sources, or, for some reason, the 

directions of the interfering waves are truly 

parallel as they leave A and B. This latter situation 

can be realized by changing the path of the waves 

after they leave A and B - something which we 

have seen done already by changing their speed. 

16.6 The distribution of energy in an 

interference pattern 

Interference patterns arise owing to the ability of 

waves to both reinforce and cancel each other. 

What then happens to the energy carried by the 

waves? In the region of cancellation, the water 

surface will not be disturbed at all if the two waves 

have equal amplitude. There is. thus no energy 

being transferred to the water here. 

In regions of reinforcement, the two waves 

add together to give the water double the ampli- 

tude of motion that it would have had if only one 

wave had been present. But you will recall (see 

Section 16.2) that the energy given to a body set in 

oscillation is found to be proportional to the 

[16.6] 

square of the amplitude. So in the regions of 

reinforcement the water gains four times the 

energy it would have had, had only one wave 

acted. 

Suppose that one wave transfers W joules of 

energy per second to the surrounding water. If two 

similar waves.of equal amplitude and frequency 

travel over the water they should by the law of 

conservation of energy transfer 2W joules of 

energy per second to the surrounding water. In 

fact the two waves of equal amplitude and 

frequency will set up an interference pattern. In 

the regions of reinforcement, 4W joules of energy 

will be transferred per second, while in the regions 

of cancellation, no energy will be transferred. 

So the average energy transferred to the water 

per second by two waves is 

4W +0 
5 = 2W joules 

which is just as we would have expected. The wave 

energy is conserved, but in an interference pattern 

it is redistributed so that in some areas there is 

none and in others considerably more than might 

have been expected. 
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MECHANICAL WAVES 

17.1 What factors influence the speed of 
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In this chapter we are going to look more carefully 

at the way waves are propagated through a wave 

medium and derive some formulae which relate 

wave speed to other properties of the medium 

through which the wave travels. This will not only 

help in understanding how waves travel but also 

gives some results that are important in such 

widely different fields as the design of bridges and 

the design of musical instruments. 

17.1 What factors influence the speed of 

mechanical waves? 

In the previous chapter, some of the properties of 

waves were explored using a slinky spring. A 

transverse pulse passes along the spring because 

the displacement of one part of the spring causes 

an unbalanced force to act on the next part, so 

causing it in turn to be displaced (Fig. 17.1). The 

displacement of part A of the spring causes a force 

to act on part B. This in turn is displaced to 

position B’, causing a force to act on C, which is 

in turn displaced to C’, and so on. The speed with 

which a pulse (and thus a wave) is propagated will 

depend on the size of this unbalanced force. 

Figure 17.1 suggests that this unbalanced force is 

proportional to the overall tension, F, in the 

spring. 

Fig. 17.1 Propagation of a transverse pulse along a spring. 

179 
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But successive displacements of neighbouring 

parts of the spring will also depend on how 

quickly this force F can displace the spring. This is 

controlled by the acceleration given to each part of 

the spring. Newton’s second law related accelera- 

tion to force and mass. Hence, 

_ unbalanced force 
~ mass displaced 

Clearly this mass is not the whole mass of the 

spring but the amount close to the displacing 

force. This will depend on the mass per unit length 

of the spring. No other factor would seem to 

affect the speed with which the spring displace- 

ment passes along the spring. 

So wave speed, c, is a function of some 

combination of spring tension, F, and mass per 

unit length, ». Writing, 

ca Fy} 

we can use dimensional analysis to see what 

relationship we may expect between these three 

quantities. 

The dimensions of c are [LT~'] while those of 

F are the dimensions of force [MLT~?]. The 

dimensions of » are [ML~']. So, 

ELAS) = IML seh iMiL at}? 

Equating coefficients of 

(i) M: aa 0 C17) 
Ciel. [=a =p (722) 

Adding Eqs. 17.1 and 17.2, gives 

1 =2a 

a=+ 

Substituting this result in Eq. 17.1 gives, 

0= b 
i | Me vie + 

Fig. 17.2 A line of trolleys joined 
together by springs. 

[17.2] 

Consequently the relationship between c, F, and 

should be P 

c «x F%y-% 

or 

c x V(F/p) 

We shall now see if we can justify this expression 

experimentally and then make a more detailed 

analysis using the equations of dynamics. 

(17-3) 

17.2 Speed of a transverse pulse along a 

spring 

We expect the speed of a transverse pulse to 

depend on both the accelerating force of the 

spring and the mass to be accelerated. A good 

model of a spring can be made which separates the 

mass of a spring from its ‘springiness’ by linking 

together a line of trolleys (which act as the ‘mass’) 

by a series of light springs (which confer the 

springiness without themselves adding to the 

mass) (Fig. 17.2). 

Transverse pulses (and waves) can be sent 

along such a trolley-and-springs model and their 

behaviour is seen to be identical with similar 

pulses passing along a slinky spring. However, the 

expression for the wave speed derived above can 

now be tested by independently changing both the 

mass per unit length and the tension. 

eo 6 

Direction of 
motion of trolleys 
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Changing the mass per unit length 

The mass per unit length of the model can be 

doubled by taping to each trolley a mass equal to 

that of the trolley. In a particular experiment the 

mass of each trolley was found to be 0.70 kg. An 

arrangement is shown in Fig. 17.3 which enables 

the time a pulse takes to travel along the model to 

be measured electrically. Using such an arrange- 

ment, the following results were obtained: 

Time for a pulse to travel along trolley-and- 

springs model with unloaded trolley (five trials): 

Average time = 1.635 

Average speed = 1.47 ms7! 

Time for pulse to travel along trolley-and- 

springs model with each trolley carrying an 

additional mass equal to its own (five trials): 

Average time = 2.335 

Average speed = 1.03 ms7'! 

According to the relationship derived in the 

previous section, 

c « (mass/unit length) ~ ” 

So 

c X (mass/unit length)” = a constant, 

for constant tension. 

For unloaded trolleys: 

ll speed x (mass/unit length)” = 2.75 units 

For loaded trolleys: 

speed x (mass/unit length)” = 2.73 units 

This is a difference of only 1%, well within the 

experimental error of the measurements. 

Motion of 

Fig. 17.3 Timing the passage 

of of a transverse pulse along 

a line of trolleys. Photocell “< 

trolleys 
MB 
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Changing the tension 

The tension between the trolleys can be doubled, 

while maintaining the same separation between 

them, by doubling the number of springs connec- 

ting the trolleys. 

Problem 17.1 Why is it essential to maintain the 

same separation between the trolleys in this 

experiment? 

In this case, the formula predicts that speed « 

(tension)”. With one set of springs, measurement 

gave an average speed of 1.47ms~! for a pulse 

passing along a line of unloaded trolleys (see 

above). 

Time for a pulse to travel along trolley-and- 

springs model with unloaded trolleys but with two 

springs where there was one before (five trials): 

Average time = 1.02s 

Average speed = 2.36ms7! 

According to the formula, 

old speed (original tension) ” 

new speed — (new tension)” 

= (1/2)” 
=t0710 

Measurement gives 

old speed - 0.62 

new speed 
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Fig. 17.4 Plan showing how the pulse appears as it travels. 

Again the difference is well within the experi- 

mental error of the measurements, bearing in 

mind the variation in spring constant between 

different springs. 

Analysing the pulse movement dynamically 

So far we have said nothing about the constant 

which enables the proportionality sign in 

c « (F/y)” to be replaced by an equality sign. 

To do this we must try to find an exact relation- 

ship between wave speed and other factors. A full 

analysis of wave propagation along a spring is 

difficult, but a simplified treatment gives the same 

answer and reflects correctly the processes 

involved. 

Turning again to the trolley-and-springs 

model, suppose that the first trolley is given and 

maintained at a steady speed, u, in a direction 

perpendicular to the line of trolleys. Each trolley 

in turn acquires a speed, u, and _ thereafter 

continues to move at that speed. The ‘pulse’ that 

passes down the line of trolleys is the change in 

speed of each successive trolley in the line, marked 

out as a ‘kink’ in the line of trolleys. A short time, 

t, after the first trolley was set in motion, the 

‘kink’ will have passed some way down the line 

and the trolley-and-springs model will appear 

something like Fig. 17.4. In this diagram, trolleys 

1, 2 and 3 are all moving upwards with speed uw. 

Trolley 4, however, has not yet started to move. 

Figure 17.5 shows a diagram of the forces acting 

on this trolley. 

In the direction along which the displacement 

pulse moves the trolleys themselves do not move. 

{17.2] 

So the forces on the trolley which is about to move 

are balanced in this direction. Thus 

F' cos@ = F 

We shall now make an important approximation 

(which also has to be made in the less approximate 

approach to this problem). We shall assume that 

the angle 6 is always small, so that cos @ = 1. (The 

angle 0 can be almost as big as 20° before the error 

in this assumption exceeds 5% — try it for yourself 

on a calculator.) If this assumption is accepted, 

then 

gee 

Vertically, the force acting on the trolley is 

F sin @. This force will vary as the angle @ changes. 

So here again we are:going to make a simplifica- 

tion. We shall assume that each trolley changes 

speed so quickly that we can assume a constant 

force Fsin@ acts on each in turn, hopping 

instantaneously from one trolley to the next. This 

will mean that during the time interval, ¢, from the 

instant the first trolley started to move, a constant 

Fig. 17.5 The forces acting on trolley 4. 
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ut 

Fig. 17.6 

force Fsin@ has acted, getting first one trolley, 

then the next, moving - a total impulse of F sin 6 ¢. 

It is hard to justify this simplification, and all one 

can say is that a detailed analysis does come up 

with the same result! 

This impulse will have changed the momentum 

of each of the trolleys in motion from 0 to mu. So, 

Ftsin@ = mu Xx (number of trolleys in motion) 

Although in Fig. 17.4, only 3 trolleys had been set 

in motion, the actual number moving will depend 

on the speed of the pulse, c, the length of each 

trolley-and-spring unit and the time elapsed since 

the pulse started. The number of trolleys set in 

motion will thus be ct/x, where x is the length of 

each trolley-and-spring unit. So, 

Ftsin@ = mtu x ct/x (17.3) 

It only remains now to find an expression for 

sin @. Figure 17.6 shows that tan@ = ut/ct = HG: 

We have already made an approximation on the 

assumption that is small. For the range of angles 

for which we could assume cos 4 = 1, we can also 

assume that tan@d = sin@. (This time, for an 

angle @ = 20° the error introduced is just over 6% 

— about the same error as is introduced by 

assuming cos @ = 1.) So provided @ is small, 

sine w/c 

Substituting in Eq. 17.3, we have 

Fi xcuse = mux ch/x 

Simplifying, gives 

Pe =Inc/ x 
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m/x = p, the mass per unit length of the trolley- 

and-springs model, and the force, F, is the 

tension. Hence, 

c= VF (17.4) 

The proportionality constant in the original 

expression for c was thus 1. This result agrees with 

that obtained by using fewer approximations and 

simplifications, but both depend on the assump- 

tion that the pulse is small (so that the ‘kink’ in the 

spring is small). 

17.3 Longitudinal pulses on a 

trolley-and-springs model 

The trolley-and-springs model can be changed to 

provide a model capable of transmitting longi- 

tudinal pulses (Fig. 17.7). The springs must be 

capable of compression as well as extension and 

usually rather stiffer springs are used than in the 

model illustrating the passage of transverse waves. 

Before describing experiments which can be 

performed with this model, we shall find the 

Direction of 
motion of 

Direction of motion 
of pulse 

Fig. 17.7. Trolleys and springs arranged for the investigation 

of longitudinal pulses. 
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expected relationship between the speed of a 

longitudinal pulse and other characteristics of the 

model, using the same procedure as that used to 

analyse the transverse pulses. Again we shall 

simplify the procedure by working out the speed 

with which a single impulse passes along the line 

of trolleys. Since all waves and pulses travel at the 

same speed, an expression worked out for such a 

single impulse ought to apply to a// waves and 

pulses. 

Suppose that the first trolley is given a speed, 

u, which is maintained in the direction that the 

impulse travels (that is, along the line of the 

trolleys). Just as in the case of the transverse pulse, 

the displacement is passed down the line of spring- 

connected trolleys and some short time, /, after 

the instant the first trolley was set in motion, the 

line of trolleys appears as in Fig. 17.8. In this 

diagram trolleys 1, 2 and 3 are all moving forward 

at speed uw. Trolley 4, however, has not yet started 

to move and an unbalanced force acts on it owing 

to the compression of the spring on the left 

compared with that on the trolley’s right. 

As the first trolley moves forward it starts to 

compress the spring on its right. This transfers a 

force to the second trolley, accelerating it. This in 

turn compresses the spring on ifs right and starts 

the third trolley moving. Once the second trolley 

has reached speed u, the springs on its left and 

right will be equally compressed and no net force 

acts on it. Thus it continues to move forward at 

steady speed uv. The maximum extra force applied 

by one spring depends on the total extra compres- 

sion it receives. If this extra compression is some 

distance a, then assuming Hooke’s law to apply to 

At time 
t=0 

At time 
aan 

[17.3] 

the spring, the extra force applied is ka, where k is 

the spring constant. To simplify our working we 

will assume that each trolley applies this maximum 

extra force to the next one until it reaches speed u 

at which point this*force is transferred instantane- 

ously to the next one. Thus a constant force ka 

acts for a time ¢, transferring momentum mu to 

each trolley in turn. So, 

kat = mu X (number of trolleys in motion) 

If x is the length of each trolley-and-springs unit, 

then the number of trolleys in motion after time, /, 

is again ct/x. 

KGa ntl CLHX 

The distance occupied by the moving trolleys is 

ut less than the distance they originally occupied. 

This reduction in distance must be due to the 

compression of the springs. So the extra 

compression of each spring 

ut + (number of springs compressed) 

ut + ct/x 

ux/C 

and this is the value of a. 

Substituting for a: 

LA OBHO ME = TOE SCPE 

Simplifying: 

kx/c = mc/x 

Hence 

c? = x°k/m 

c = xv(k/m) (17.5) 

Fig. 17.8 The motion of a longitudinal pulse along a line of trolleys. 
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Fig. 17.9 Testing the expression for the speed of longitudinal pulses. 

This expression gives the speed of pulses along 

the trolley-and-springs model. It cannot be so 

readily reinterpreted in terms of a spring or other 

medium as could the expression for the speed of 

transverse pulses. But before seeing how this can 

be done, we shall first test the result on the trolley- 

and-springs model. 

Testing the expression for the speed of 

longitudinal pulses 

To test this expression, a line of five trolleys and 

springs are connected together (Fig. 17.9); the 

front trolley and a massive block are connected 

separately to an electronic timer. The timer is set 

to operate when electrical contact is established 

between the front trolley and the mass. The line of 

trolleys is set moving at a steady speed towards the 

metal block. When the front trolley makes contact 

with the metal block the timer starts to operate. A 

compression pulse now moves down the line of 

spring-connected trolleys as the remaining trolleys 

are brought to rest. As the last trolley comes to 

rest, the compressed spring between it and the 

previous trolley accelerates the last trolley in the 

reverse direction. A ‘separation pulse’ then moves 

back along the line, breaking contact between the 

trolley and the metal block when this pulse reaches 

the first trolley again. At this point the timer 

stops, having recorded the time for the pulse to 

move out and back along four trolley-and-spring 

units (a total distance of 8 x 0.36 = 2.88m in 

all). (The length of the first trolley is not included 

in the distance travelled - it acts simply as an 

‘inertial marker’ for the leading edge of the pulse.) 

From the time and distance data, the pulse speed 

can be calculated. In a particular experiment the 

following values were found: 

Speed of pulse (mean of five trials) = 2.70 m st 

Spring constant of springs = 45.6 Nim=! 

Mass of each trolley = 0.81 kg 

Length of each trolley and spring 

unit = 0.36m 

Hence calculated speed =i). 10 Miss 

This value compares well with the measured 

speed. 

17.4 The speed of longitudinal waves along 

a metal bar 

Hooke’s law, which we have assumed in order to 

derive the speed of a pulse along a line of spring- 

connected trolleys, applies generally to almost all 

metals provided the extension is sufficiently small. 

We have seen in Chapter 14 how this result can be 

generalized in order to define a coefficient of 

elasticity, called Young’s modulus, 

Young’s modulus, E = stress/strain 
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To understand the elastic behaviour of metals 

at an atomic level we must assume that the atoms 

interact with each other with forces of attraction 

and repulsion which for small displacements 

behave as though the atoms were connected by 

springs. 

Spring-connected particles are a useful model 

for interpreting the behaviour of many metals 

under stress. We might thus expect that such a 

metal bar will transmit longitudinal waves and 

pulses in the same way as the trolley-and-springs 

model we have just been examining. 

We shall now try to find an expression for the 

speed of such waves in terms of other measurable 

properties of a metal. 

Relationship between the spring constant and 

Young’s modulus 

As we have seen in Section 14.4 the Young 

modulus (£) and the spring constant (k) are 

related by the expression 

E =A x 

where x is the separation between the particles. Of 

course the atoms themselves form the springs as 

well as the masses, and x, the centre to centre 

distance between the atoms, is the same as the 

atomic diameter. 

Relationship between m, the atomic mass and the 

density of the bar 

If we imagine the bar with n* atoms in cross- 

section to be / atoms along, the total mass of the 

bar is / n’m. 

If the atoms are placed in a regular array so 

[17.4] 

each touches the next atom as shown in Fig. 17.10, 

then the size of the bar is mx x nx X lx, where x is 

the diameter of each atom. 

So density, @ = In’m/n?lx3 
ane 

‘Speed of a longitudinal pulse down a metal bar 

The speed of a longitudinal pulse passing down 

spring-connected trolleys is given by 

c = xv(k/m) 

Applying this to the metal bar and substituting for 

kandm 

Ex 
Ca ae ; 

ox 

c= V(E/0) 

This derivation assumes that the atoms of a 

metal are arranged in a particularly simple way — 

which in fact they are not. It also ignores any 

forces of interaction between the rows of atoms. 

However, different arrangements of atoms will 

only affect x, the spacing between the atoms, and 

as we have seen x cancels out in the final analysis. 

Cross-linking of the atoms similarly has no effect 

on the result as such an arrangement would still 

behave as if the atoms were connected by linear 

springs of some spring constant, k. It simply 

means that k is not the actual spring constant 

which relates the forces between any particular 

pair of atoms. So it is not surprising to find that 

this result, obtained under assumptions about a 

particular arrangement of atoms, is generally true. 

So 

(17.6) 

Fig. 17.10 
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Cathode ray 
oscilloscope 

Metal rod 

6 V battery 

Large 
mass 

Fig. 17.11 Measuring the speed of a longitudinal pulse in a 

metal rod. 

17.5 Measuring the speed of longitudinal 

pulses down a metal bar 

Essentially the same method can be used as that 

employed to measure the speed of a longitudinal 

pulse down a line of spring-connected trolleys. 

The arrangement is shown in Fig. 17.11. 

The cathode ray oscilloscope’s time-base is 

adjusted so that it will only operate when a p-daor 

a few volts appears across the input. The bar is 

dropped on to the heavy block and the time base 

operates as soon as the bar makes contact. A pulse 

then travels up to the free end of the bar and back 

down again before the bar springs off the block. 

At this point, the signal drops to 0V. A trace 

appears on the c.r.o. screen as shown in Fig. 

fei. 
By repeating the experiment several times a 

fairly accurate assessment of the time of contact, 

t, of the bar on the block can be made and the 

speed of the pulse thus estimated. This can be 

compared with the expected value derived from 

the known values of E and g@ for the material of 

the bar. 
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17.6 Water waves 

We cannot end this chapter without giving some 

attention to water waves, since our investigation 

into wave motion started with these. However an 

analysis of wave motion on the surface of water iS 

not easy. In the first place two different forces 

operate to pull the water back to its equilibrium 

position: surface tension and gravity. Secondly 

careful observation of the surface of water 

carrying big waves (as distinct from surface 

ripples) will show that the water does not simply 

move up and down as a wave passes over it, but 

round in circles. It is as though it were undergoing 

transverse and longitudinal wave motion at the 

same time! 

Three types of water waves are usually fairly 

clearly distinguishable from each other. 

a) Deep water waves 

These are defined as waves for which the wave- 

length is much smaller than the depth, but large 

enough to make surface tension a negligible 

factor. For such waves, the relationship between 

the wave speed and other factors is 

= Jex 
i 27 

where g is the acceleration due to gravity and ) is 

the wavelength. Many ocean waves come into this 

category. You will see that such waves suffer 

dispersion — the longer the wavelength, the faster 

they travel. 

Fig. 17.12 
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b) Shallow water waves 

For these, the wavelength is large compared with 

the depth, and large enough also to make surface 

tension a negligible factor. For such waves the 

relationship between c and other factors is 

c = ved 

where d is the depth of the water. Such waves 

travel without dispersion. 

c) Surface ripples 

Surface tension is here the predominant factor and 

{17.5] 

the expression for wave speed is 

Mf 277 
o= cae 

where y is the surface tension and @ the density of | 

“the water, while )\ is the wavelength of the waves. 

These waves also suffer dispersion, but the longer 

the wavelength, the slower the wave moves. 

Finally, to show how complicated the matter 

of water waves is, it has to be said that none of 

these expressions on its own. satisfactorily 

accounts for the motion of waves in a ripple tank! 



Chapter 18 

WAVES AS MODELS 

epee eee ee a ee 

18.1 Transfer of energy by waves and particles We have described a water wave as a disturbance 
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18.8 The electromagnetic spectrum 206 

connected trolleys. We are aware of the wave 

motion because of the movement it produces. But 

this is not the only feature associated with this 

wave motion. As a consequence of the passage of 

a wave or a pulse along a spring, energy is also 

transferred; and this is done without transfer of 

matter. This constrasts a wave with any other 

mode of energy transfer which always involves 

transfer of matter. 

Waves may not be limited to those in which the 

displacement can be seen directly. An example of 

this is an earthquake. The effects of an earthquake 

(transfer of energy) can be sensed by an instru- 

ment called a seismometer (Fig. 18.la) many 

thousands of miles from the source of the earth- 

quake. The trace recorded (Fig. 18. 1b) is of an up- 

and-down movement characteristic of a wave. 

There has been a transfer of energy, but not of 

matter, from the earthquake source. In this case 

we understand how this may be so. The trolley- 

and-springs model has shown us how longitudinal 

and transverse waves may pass through an elastic 

solid. An application of such a model to 

earthquake waves has not only served to explain 

the existence of such waves but has also revealed 

almost all we know about the structure of the 

earth’s interior. 

However, in other circumstances, for example 

in the transfer of sound and light energy — it is by 

no means obvious whether the transfer of energy 

is wave-like (without transfer of matter) or 

189 
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Spring flexes 

t 
This heavy weight 
does not move 

' 

Base moves vertical motion 

' 
The principle of the seismometer. Horizontal motions of the Earth’s crust are detected by the left hand, vertical 

motions by the right hand arrangement. (From Open University Science Foundation Course. Unit 22, Open University Press, 1971). 

particle-like (that is, with transfer of matter, as 

with water from a hose-pipe). To develop wave 

models further we need first to compare wave- 

energy transfer with particle-energy transfer. 

18.1 Transfer of energy by waves and 

particles 

We have already seen that the transfer of energy 

by waves has a number of other properties 

associated with it. Waves can be reflected and 

refracted. They are diffracted by obstacles and 

apertures, and multiple sources produce inter- 

ference effects. Transverse waves show the further 

property of polarization. To what extent are these 

properties shared by a stream of particles? 

Reflection 

Figure 18.2 shows a simple arrangement for 

exploring the behaviour of moving particles 
ay 

Time in minutes 

0) 5 10 

Fig. 18.1(b) 

15 20 25 

ha ae 

Seismogram of an earthquake with its epicentre in Turkey recorded at Cambridge, 
Mass. on 26 December 1939. Three sets of pulses can be distinguished. 

Drum move 
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Glass block 

Steel ball-bearing 
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Paper 

Fig. 18.2 Hard reflection of an elastic particle. 

making elastic collisions with some solid object. 

Figure 18.3 shows a diagram of the particle’s path. 

Conservation of momentum parallel to the reflect- 

ing surface gives 

my sin@ = mvsing 

Perpendicular to the surface, it can be shown 

that if the mass of the reflector is very large 

compared with m, and if the collision is elastic, 

then 

ycos@ = —ucos¢ 

It follows from this that 

P=" 

and thus particles colliding elastically with a solid 

reflector obey the same reflection law as do waves. 

Fig. 18.3 

Refraction 

Figure 18.4 shows an arrangement for investi- 

gating the behaviour of particles which undergo a 

change of speed at a boundary. Again the process 

may be analysed dynamically. Parallel to the 

boundary (Fig. 18.5) 

musin@ = mvsing 

since all momentum change takes place in a 

direction perpendicular to the boundary. So 

sini oP av, 
sing  uU 

This is almost the same rule as that formulated for 

waves in Section 16.4. We say ‘almost’ because in 

fact a careful comparison will show that the ratio 

of speeds is inverted. 

Steel ball-bearing 

© 

es 

Carbon ~ 
paper 

— Fig. 18.4 ‘Refraction’ of a particle at a 

boundary. 
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Fig. 18.5 

For waves: 

( speed in medium 
sin@ _ \corresponding to angle 0 

sing | speed in medium 
(ie vere to angle y) 

For particles: 

( speed in medium ) 
sin@ _ \corresponding to angle ¢ 

sing speed in medium 
lecer enone to angle s) 

Put another way, we can say that for particles the 

direction of energy flow gets closer to the normal 

if its speed increases. For waves the direction of 

energy flow gets closer to the normal if its speed 

decreases. This is the first important difference 

between waves and particles. 

Diffraction 

A stream of high-speed particles hitting an 

obstacle will certainly be scattered by it, but they 

are unlikely to bend round it to fill the space 

behind it (Fig. 18.6). Similarly, if a stream of 

particles passes through an aperture those hitting 

the edge may undergo some scattering, but with- 

out the effects shown in Fig. 16.16. 

So diffraction of a stream of particles is an 

unlikely effect. 

[18.2] 

Fig. 18.6 The scattering of particles. 

Interference 

Interference effects for waves are a consequence 
of the principle of superposition. A similar 

behaviour for particles is impossible. Two particles 

arriving at the same point will convey the sum of 

their energies to that point; there is no way in 

which their effects can be cancelled out at a point, 

or their energies redistributed over the region of 

interaction. 

The presence of interference phenomena of the 

sort associated with waves is unique to wave 

motion. /ts existence immediately tells of the 

transfer of energy by waves. 

We Shall now apply these ideas to some other 

forms of energy transfer where it is not obvious 

whether a wave or particle stream is the energy 

carrier. 

18.2 The behaviour of sound 

It is commonly believed that sound energy is 

propagated as a pressure wave in air (or in any 

other medium through which it travels). But what 

is the evidence for this? 

Echoes are a common enough example of the 

reflection of sound, but its refraction (which has 

been found to take place in the atmosphere when 

particularly loud sounds are transmitted over large 

distances) is less common. 
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Being able to hear ‘round a corner’ is an every- 

day experience. That sound is easily diffracted 

(that is, bends round obstacles in its path) suggests 

a wave-like transfer of energy. The crucial test, 

then, is to set up an interference pattern using 

sound. This can be done in a laboratory using a 

signal generator and two loudspeakers. The 

interference pattern produced can be detected not 

only aurally but also using a microphone and a 

cathode ray oscilloscope. If the microphone is 

moved between successive maxima (loud sounds) 

(Fig. 18.7) the wavelength of the sound can be 

calculated by a direct application of Eq. 16.2. 
Two features of this experiment can sometimes 

present difficulties. First, sound is also reflected 

from surrounding walls of the laboratory creating 

additional maxima and minima by interference. 

Reducing the volume of the sound does not 

necessarily help, since the sensitivity of reception 

has correspondingly to be increased. Often the 

only successful solution is to conduct the 

experiment out of doors. Secondly, the two 

sources of sound are often not placed far enough 

apart. The important equation m\ = s sin 6 (Eq. 

16.2) for the separation of interference maxima 

also shows the limits of the closeness of the two 

sources in order to obtain an interference pattern 

of any sort. In the limit, in which only one inter- 

ference maximum is observed, n = 1 for #@ = 7/2. 

Under these circumstances, 

PME AT=is i XSsil as 2 
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If the sources are closer than \ no distinguishable 

maxima and minima will be obtained. For a sound 

in mid-hearing range, say f = 1000 Hz, \ = 34cm. 

This means a considerable source separation if 

several interference maxima are to be detected. It 

may well be better to raise the frequency. 

J 

Sources of sound, pitch and the range of hearing 

The wave nature of sound is further confirmed 

when we examine sound sources. All of these 

consist of some sort of vibrator which sets the air 

in its neighbourhood vibrating in sympathy. Often 

these vibrations can be clearly seen and felt as in 

the case of a violin or guitar string, a loudspeaker 

cone or a tuning fork. When the sound wave 

arrives at a microphone, its diaphragm is in turn 

set vibrating. A changing electric potential 

difference is conveyed to a cathode ray oscillo- 

scope where its variation can be seen and its 

frequency measured. 

The pattern of these vibrations is often 

complex (Fig. 18.8a) and a clear frequency is not 

easily distinguishable. The output of a signal 

generator (and of a tuning fork) is particularly 

symmetrical and represents an oscillation of single 

frequency called a pure tone. More complex 

patterns can often be shown to be made up of a 

main frequency (the fundamental) and a sequence 

of higher frequencies (called overtones). The 

output from musical sources is of this type (Fig. 

18.8b). The fundamental conveys the sense of 

Shan pitch (see below) while the overtones convey the 

— 3 
os Microphone at 

aT first maximum 
a 

Loudspeakers 
= Shin 

' 
— us 

ae 
— Microphone at 

adjacent maximum 

Fig. 18.7 Investigation of the interference pattern caused by two sound sources. 
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(a) 

(b) 

[18.2] 

Fig. 18.8 (a) Trace of a 0.1 s fragment of the Mendelssohn violin concerto. (b) Trace of the note A on a violin over 0.1 s. 
(Photographs by Professor C. A. Taylor and reproduced by permission.) 

special quality associated with a particular musical 

sound. 

Experiments with a signal generator and a 

loudspeaker will show that 

a) variation in frequency of a sound corresponds 

with the physiological sensation of a change 

of pitch, and 

b) sound waves can be detected aurally over only 

a limited range. 

The bottom of this range is not easily 

determined, but below 20-30 Hz any vibrations 

detected do not usually convey a sense of pitch. 

The upper limit varies from one person to another 

and also with their age. It is often in the range 

16 000 Hz to 20000 Hz. It should not be assumed, 
however, that the range of frequencies of sound 
waves has any particular limit. Those well above 
the limit of hearing (in the range of 40 kHz up to 
several hundreds of kHz) are of importance both 

scientifically and technologically. Sound waves in 

this region are called u/trasonic. 

The speed of sound 

There are a number of methods, some direct and 
others indirect, for measuring the speed of sound. 

We will consider here one direct method and one 
indirect method as both are of general application 
to the measurement of wave speed. 

A direct method In this method, the output 

pulse of a cathode ray oscilloscope, which occurs 

as the sweep of the electron beam starts, can be 
amplified and picked up by a distant microphone 

(Fig. 18.9a). The output of the microphone can be 
fed back to the oscilloscope and shows up as a 
‘blip’ on the electron beam trace. The microphone 
can be moved and the corresponding extra time 
taken by the sound to move the extra distance can 
be evaluated from the movement of the ‘blip’ on 
the cathode ray oscilloscope screen. From the two 
measurements of distance and time, the speed of 
sound can be calculated (Fig. 18.9b). 

An indirect method {In this second method, the 
wavelength of a sound produced by a pair of loud- 
speakers fed from a signal generator is measured 
by making measurements of the position of the 
interference maxima they produce. The frequency 
of the sound can be measured either by relying on 
the calibrations of the signal generator or by direct 
measurement using a microphone and a cathode 
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ray oscilloscope. From these two measurements 

the speed of sound can be calculated using the 

formula, 

wave speed = frequency x wavelength. 

Sound waves in air 

A gas will behave elastically if subjected to varia- 

tion in pressure - a fact that can be readily 

checked by pressing down on the handle of a cycle 

pump while keeping the lower end closed. So air 

has all the properties necessary to transmit a 

longitudinal wave: each part can be pushed and 

pulled by neighbouring parts and can transmit this 

push and pull to other regions. There are no elastic 

The behaviour of sound 195 

forces that would permit a transverse wave to be 

transmitted through air. Sound waves should thus 

show no polarization effects, and this turns out to 

be the case. 

Longitudinal waves along a trolley-and- 

springs model gave a relationship between wave 

speed, spring constant and trolley mass of 

c = xv(k/m), where x was the length of a trolley- 

and-springs unit. This changed to V(E/@) for an 

elastic compression wave travelling along a rod. A 

similar expression is found to apply to pressure 

waves in a gas: namely, c = V(K/@), where K is 

the bulk modulus for a gas. (The bulk modulus is 

defined as pressure/change in volume per unit 

volume.) 

(b): 

Fig. 18.9 (a) Direct measurement of the speed of sound. (b) 

Dorling, Time, Longman, 1973.) 

c.r.o. traces obtained as the microphone is moved. (From G. W. 
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18.3 A model for light 

Controversy over the nature of light is a feature 

of the history of science from the turn of the 

eighteenth century until the middle of the nine- 

teenth. Isaac Newton was probably the first 

scientist to explore systematically the properties of 

light. As a result of his researches he proposed a 

model for light consisting of a stream of ‘lumini- 

ferous particles’ emitted by sources of light, 

scattered by objects in their path and enabling 

vision by their reception by the eye. 

At the same time Christiaan Huygens was 

proposing a wave-model for light to account for 

many of the same properties. In order to propa- 

gate such a wave, he imagined space filled with 

‘light particles’ that transmitted a longitudinal 

wave in much the same way that air transmits a 

sound wave. 

Neither model was entirely successful in 

explaining the then-known properties of light. 

Huygens was unable to demonstrate any inter- 

ference effects which would have been crucial in 

supporting his wave model; Newton was unable to 

advance any experimental evidence for the speed 

of light in different substances which could have 

been critical in supporting his particle model. 

While neither theory could claim acceptance over 

the other in terms of the evidence available, such 

was the standing of Isaac Newton during the next 

hundred years that his particle model was 

uncritically accepted by the majority of scientists. 

The evidence 

We have seen that both waves and a stream of 

particles making elastic collisions with obstacles 

will obey the same laws of reflection and re- 

fraction. 

For light, the relationship between the angle of 

incidence and the angle of refraction for a beam of 

light passing from, say, air to water is known as 

Snell’s law, and the constant ratio 

sine (angle of incidence) 

sine (angle of refraction) 

is called the relative refractive index from air to 
water (,/,,). 

This leads to the first critical test for the wave- 

or particle-model. If light is a wave motion, 

[18.3] 

speed of light in air 

speed of light in water ett 

If light is a stream of particles, 

_ speed of light in water (18.2) 

aie speed of light in air 

Since ,”,, 1s approximately 1.3, the crucial question 

is: does light travel faster, or slower, in water than 

in air? 

This is the question Newton was unable to 

answer. In fact it was not until the middle of the 

nineteenth century that anyone could answer it. 

By then a number of experiments were being 

performed in the laboratory to measure the speed 

of light and in one of these the equipment was 

reduced to dimensions small enough for the speed 

to be measured in water. It was found that light 

travelled more slowly in water and that the ratio of 

its speed in air to its speed in water was just that 

predicted above. 

Measuring the speed of light 

The speed of light is, today, an important 

constant. Indeed it represents a limiting speed - 

the fastest rate at which energy can be transferred 

as wave or particle. Because of its importance we 

will consider one modern determination that can 

be carried out in a school laboratory. The method 

is one of a family of experiments that depend 

upon the reflection of a light beam from a mirror 

rotating at high speed (Fig. 18.10). 

Light from a source D passes through a glass 

plate, or half-silvered mirror to fall on mirror B 

which, although stationary at present, can be 

rotated by a motor at a high speed. From there the 
light is reflected to a distant, curved, mirror, C. 
The light is reflected back along its same path to 
return to B. It is partially reflected on to the scale 
seen from A. The distances are so arranged that 
the light reflected from C is brought to a focus on 
the scale and its position identified by a hair-line 
across the source. 

If B is set into rotation at a high enough speed, 
it may have rotated through only a small angle, 6, 
duning the time the light travels from B to C and 
back again. This will cause the image of the source 
to shift a small distance x, say. By measuring this 
displacement, x, the angle through which the 
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Fig. 18.10 Measurement of the D 

speed of light using a rotating , A 

mirror method. (Courtesy Philip Eee Rotating, plane 
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mirror rotated as the light travelled the distance 

2BC can be calculated. 

A measurement of the mirror’s speed of 

rotation can be made by placing a photosensitive 

cell in the path of the reflected beam and observing 

the voltage pulses produced from the cell on a 

cathode ray oscilloscope. If the mirror makes n 

rotations per second, the angle # through which the 

mirror rotates takes a time 0/360” seconds. Thus 

the speed of light is given by the expression, 

2BC 
6/360n 

Current measurements of the speed of light give a 

value for c of 3.00 x 10%ms-~', correct to three 

significant figures. 

C= 

18.4 More evidence - interference and 

diffraction 

The variation of the speed of light in different 

substances seems to provide strong evidence for its 

wave-like nature. However, the critical test for 

this is the production of interference and diffrac- 

tion patterns. The diffraction of light is recorded 

by an Italian scientist, Grimaldi, as long ago as the 

seventeenth century, but the effect was not 

recognized then for what it was. Interference 

effects were first produced by an English scientist, 

Thomas Young, in 1801. Yet, despite the 

evidence, many scientists still refused to accept the 

consequences of these observations. 

The problems encountered in producing an 

interference pattern with light are that the wave- 

length turns out to be very small, and the light 

from normal sources is neither spatially nor 

temporally coherent. This means that the phase of 

the light wave changes abruptly both along what 

should be a wave front (spatial non-coherence) 

and randomly with time (temporal non- 

coherence). In other words the light from a 

normal source is like the waves produced in a 

ripple tank by the random dripping of a number 

of closely spaced water droppers (see Section 

16.1). To overcome these problems, we use a 

narrow line source placed a metre or more from a 

pair of narrow, closely-spaced slits. By using a 

distant line source, only a small section of wave 

front is used, so overcoming some of the problems 

of spatial coherence. By using two slits this wave 

front is divided into two, so overcoming the 

problem of lack of temporal coherence described 

in Section 16.5. A simple arrangement of light 

source and slits which works well is shown in Fig. 

18.11. Lamp L is a clear glass, straight filament 

lamp (for example, a 12 V 24W car headlamp- 

type bulb). It should be surrounded by a suitable 

opaque shield to reduce stray light. S is an 

ordinary microscope slide blackened with 

colloidal graphite, having a pair of parallel slits 

scored on it by a fairly sharp pointed instrument 

such as a fine ballpoint pen. These slits are about 

0.5mm apart, and set parallel to the line of the 

lamp filament. The distance from the lamp to the 

screen is not critical; between half a metre and a 

metre is generally satisfactory. An observing 

screen, O, is placed about two metres from S. The 

best kind of screen is a ground- or etched-glass 

one, or one of translucent plastic or paper. In a 

well-darkened room, with precautions taken to 

prevent any appreciable stray light reaching the 
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Fig. 18.11 Arrangement of light source and double slits for 
the observation of Young's fringes. 

eye, one can see a number of parallel bright bands 
on the screen, tinged with spectral colours. If a 
colour filter, (red is a good one to start with) is 
placed between L and S, the bands become more 
discrete. When the screen is moved closer to the 
twin slits, S, the bands become more closely 
spaced. The bright bands on the screen are regions 
of constructive interference between the diffracted 
waves emerging from the slits, and the dark spaces 
between them are regions of destructive inter- 
ference. With the screen at a fixed distance from S 

(18.4) 

you should try the effect of using a different 

colour filter, say green. This will be found to alter 

the spacing of the bright bands observed on the 

screen: they are more closely spaced with green 

light than with red. This we interpret as indicating 

that green light has a shorter wavelength than red. 

When a white light source is used the pattern on 

the screen is the combined effect of sets of bands 

having different spacings corresponding to the 

different colours present in white light. This 

explains the spectral colour tingeing of the bands 

when white light is used. You should also examine 

the effect of using different spacings between the 

two slits on the slide S. On a single slide one can 

rule three or four pairs of slits, with care, having 

spacings of about, say, 0.25mm, 0.5mm, 

0.75 mm, and 1 mm. It is found that the smaller 

this spacing, the greater the spacing of the bright 

bands on the screen. These results are consistent 

with what is observed in a ripple-tank when one 

varies the relation between wavelength and source- 
spacing. 

We will now see how measurements made in 

this experiment can be used to find the wave- 
length of light of a particular colour. Figure 18.12 
shows a diagram of the arrangement. We imagine 
we are looking down on the experiment bench 
from above. The two slits are at A and B. Oisa 
point midway between them and P is a point on 
the screen equidistant from the slits. The line OP 
is a useful axis for reference: we can call it the 
optical axis of the experiment. Now we imagine 
that the experiment has been set up in a 
symmetrical fashion, using monochromatic light, 
and with the source of light equidistant from A 
and B. In this way the wave vibrations at A and B 
can be assumed to be in phase with each other, 
and since the waves from these two secondary 
sources have had to travel equal distances to get to 
P, the vibrations at P must be in phase, so that 
there is constructive interference and hence a 
maximum of brightness at P. P therefore marks 
the central bright band of the pattern on the 
screen. Q is some other point on the screen. What 
is observed at Q depends on the distances AQ and 
BQ. If these distances differ by a whole number of 
wavelengths, then the wave vibrations arriving at 
Q will be in phase and there will be constructive 
interference: maximum brightness again. If the 
two distances differ by half a wavelength or three 
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Fig. 18.12 

halves, or any odd number of half-wavelengths, 

then there will be destructive interference - 

darkness. 

If Q is at the nth bright band from the central 

band, P, then the path difference, Al = nx. We 

have already seen (Eq. 16.2) that if AB is small 

compared with OP, then 

ny = ssinég 

where s = AB and @ is the angle POQ. Since 6 is 

small, sin@ is approximately equal to tan? = 

PQ/OP. Thus, 

PQ 
nh = Sop 
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The separation of neighbouring bright lines is 

PQ/n = phe 

Measurement of OP is easy enough, while s, the 

separation of the slits, can be done either by 

projecting a magnified image on to a distant 

screen, or by using a travelling microscope. From 

this, and a measurement of PQ/n, can be deter- 

mined. Its value is found to range from about 

650 nm for red light to about 450 nm for violet 

light at the other end of the spectrum. 

Diffraction 

Although Grimaldi produced, in the seventeenth 

century, what are now known to be diffraction 

effects with light, everyday experience suggests 

that light travels in straight lines and obstacles in 

its path cast sharp shadows. However, under the 

right conditions, diffraction effects are easily seen 

and many diffraction effects are common enough 

although not recognised as such. These include the 

light and dark rings seen round street lights on a 

misty evening. In this case the diffraction, or 

bending, of the light is caused by the water 

droplets in the atmosphere. 

It was in fact a diffraction phenomenon which 

finally told in favour of the wave theory of light. 

Despite Young’s experiments at the turn of the 

nineteenth century, many scientists still argued 

vehemently the case for the particle model. 

Augustin Fresnel, a French physicist argued the 

case for a wave model in front of a group of 

distinguished physicists early in the nineteenth 

century showing how a wave equation could, 

under appropriate conditions, describe all the 

effects observed for light. Scorn was poured on his 

ideas and one physicist, Poisson, pointed out as he 

saw it, the fallacy of the model, by showing that 

such a wave model for light predicted that a small 

round object placed in the path of a light beam 

should produce a shadow region with a bright spot 

in the centre. Far from assuming that such an 

effect was impossible, Fresnel set up equipment to 

see if this was so. We can repeat his experiment 

today in the laboratory, using a quartz iodine 

lamp (which gives a concentrated, bright source of 

light) behind a pinhole. The arrangement is Shown 

in Fig. 18.13. If you look carefully at the shadow 

of the ball bearing cast on the translucent screen 
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Fig. 18.13 Arrangement to investigate 
the pattern produced when light is 
diffracted by an obstacle, here a small 
ball. 

you will indeed see that there is a bright spot at the 
centre. Fresnel was then able to confirm his theory 
(and presumably discomfort Poisson) by demon- 
strating this prediction of his theory. 

Thus the behaviour of light in showing both 
interference and diffraction effects confirms that 
it is wave-like in nature. That these effects are not 
in everyday observation arises from the extreme 
smallness of its wavelength. But a wave of what? 
The difficulty in imagining a medium so tenuous 
that it was indistinguishable from a vacuum and 
yet of such elasticity that light could travel at 
300.000 km per second through it was (and indeed 
still is) a major obstacle to everyone’s acceptance 
of this wave model. 

18.5 Transverse or longitudinal? 

We shall conclude this search for a model for light 
by asking finally whether light is a longitudinal or 
a transverse wave. Transverse waves, as we have 
seen in Section 16.2, can be polarized so that the 
wave motion is confined to one plane. In Problem 
16.2 we asked how something could be arranged 

Fig. 18.14 A barrier with a frictionless, vertical slot passes 
those components of the wave in the string which are 
polarized in the vertical plane and no others. (From F. W. 
Sears, M. W. Zemansky and H. D. Young, College Physics, 
Addison-Wesley, 1980.) 

. Small 
ball-bearing 

{18.5] 

Glass plate 

Translucent 
screen 

so that only transverse waves polarized in a certain 

plane could be passed along a spring. One way of 

doing this would be to make a slot in which the 

spring could slide vertically but not horizontally 

(Fig. 18.14). Transverse waves passing through 

this slot will be polarized in a vertical plane. These 

waves will pass through another vertical slot 

farther along the spring, but not through a hori- 

zontal slot. If we did not know the plane of 
polarization of the wave passing through the first 
slot, the orientation of the second slot would tell 
us. The first slot is called a polarizer while the 
second is usually called an analyser. When no 
wave passes through the analyser after previously 
passing through the polarizer, the polarizer and 
analyser are said to be crossed. Of course these 
effects will only be seen if a transverse wave passes 
down the spring. The polarizer and analyser will 
pass longitudinal waves no matter what their 
relative orientations. 

Certain crystals are found to have the same 
effects on light as these slots have on mechanically 
transverse waves along a spring. The commonest 
of these are embedded in plastic, and known as 
Polaroid. Light passing through one sheet of 
Polaroid can be stopped completely by another 
sheet. If the second sheet is rotated through 90°, 
however, the light again passes. This phenomenon 
can only be explained by assuming that light is a 
transverse wave. 

This is not the only way that light can be 
polarized, and we will consider briefly two more. 

Polarization by reflection 

Natural light is unpolarized. This means that the 
plane of its vibrations is continually changing. 
Reflected light, however, is often partially 
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Fig. 18.15 When light is incident on a reflecting surface at 

the polarizing angle, the light reflected is plane polarised. 

(From F. W. Sears, M. W. Zemansky and H. D. Young, 

College Physics, Addison-Wesley, 1980.) 

polarized as can be seen by looking at reflections 

off any non-metallic surface using a piece of 

Polaroid. At a particular angle of reflection, it is 

in fact completely polarized (Fig. 18.15). The 

polarization of reflected light is the basis upon 

which Polaroid sun glasses work — cutting out the 

‘glare’ from reflections. Most troublesome reflec- 

tions come from horizontal surfaces and the 

polarizing material is set to cut out the light 

reflected from such surfaces. 

Polarization by scattering 

The blue light of the sky is produced by the 

scattering of sun light by air molecules, high up in 

the atmosphere. This scattered light is partially 

polarized, polarization being greatest in a direc- 

tion at right angles to the direction of the sun (Fig. 

18.16). Again this can be readily understood if 

light is a transverse wave, since the scattered light 

can only vibrate in the direction shown. 
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While this brief survey of the properties of 

light serves to confirm its transverse, wave-like 

nature, it certainly does not do justice to the 

variety of application of these properties or to the 

whole topic of image formation. A more detailed 

study of diffraction will be found in chapter ole 
J 

18.6 Electric waves 

The photograph in Fig. 18.17 shows an electrical 

oscillator, based on a capacitor and an inductor. 

The frequency of the oscillations produced can be 

calculated from a knowledge of the value of the 

capacitance C and inductance L involved from the 

formula 

1 

I 2aVLC 

(see Section 36.4). 

The oscillator in the photograph works at a 

frequency of 10°Hz (1 GHz). If its output is 

connected to a pair of metal rods, it can be shown 

that electrical energy can be transmitted into the 

surrounding space and picked up by the similar 

pair of rods connected to a galvanometer. 

The radiation can be stopped reaching the 

receiver by interposing a metal plate, which can 

also be used as a reflector. 

Interference effects confirm that this radiation 

is wave-like. But this time we shall use a rather 

different arrangement to allow two sets of waves 

to interact (Fig. 18.18). Since all the radiation 

emerges from one aerial and the oscillator runs 

continuously, the radiation is coherent. However, 

a second source may not have exactly the same 

frequency, so a stable interference pattern cannot 

man 
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Fig. 18.16 The polarization of light 
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Fig. 18.17. A U.H.F. transmitter and 
receiver operating at 1 GHz (30 cm). 
(Courtesy Unilab Ltd.) 

be formed by this means. Instead the radiation 
from the aerial is reflected off a metal plate so that 
the receiver picks up both the direct and the 
reflected radiation. 

Let us suppose that a strong signal is picked up 
at B when the reflector is at R, as shown. The path 
difference of the two waves arriving at B is 

ARB — AB = 7BR 

Let the reflector now be moved away from AB 
until the next strong maximum is picked up at B. 
The mirror is now at R’. The new path difference 
is 

AR’B — AB = 2BR’ 

Aerial 

Transmitter 

Fig. 18.18 The reflection of 1 GHz radiation. 

If we have moved from one maximum to the next, 
the increase in path difference is one wavelength. 
SO, 

\ = AR’B — ARB = 2RR’ 

Hence this experiment not only suggests a wave- 
like radiation, but also determines the wavelength. 

An interesting side-effect will be noticed if R is 
moved steadily towards AB. Close to AB, the path 
difference between the direct and the reflected 
wave approaches zero; we would then expect a 
maximum signal at B. Surprisingly it turns out to 
be almost zero! The explanation for this is that the 
wave, on reflection at R, changes its phase by 180° 
- just as the wave on a slinky spring when it 

Reflector n 

Aerial 8B R ll 
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reaches a fixed end. So if the path difference 

between the two waves is zero, they arrive at B 

exactly out-of-step and so cancel each other out. 

Knowing the frequency of the oscillator and 

assuming, not unreasonably, that this is the 

frequency of the wave, we can calculate the wave 

speed. In a particular experiment, the reflector 

was placed so that the signal picked up by the 

receiving aerial was a minimum. The reflector was 

then moved back until the received signal had 

fallen again to a minimum for the fourth time. 

The reflector was displaced a distance of 61.0 cm. 

The extra distance travelled by the reflected wave 

was thus 122 cm - equivalent to four wavelengths. 

Hence, 

dX = 122/4cm 

» = 0.305 m 

Hence, wave speed = \f 
=501305*x"'10? 

223205. o0108 i's + 

Within the limits of experimental error this is the 

same as the measured speed of light. 

That this electric wave is polarized can be seen 

readily by rotating either the aerial or the receiver 

(separately) through 90° about the line which 

connects them. In neither case is any radiation 

picked up. The aerial and the receiver can only 

transmit and pick up electric waves oscillating in a 

plane parallel to themselves — the waves are thus 

transverse — again the same as light waves. 

18.7 Radio waves? 

Radio and television transmitters use electrically- 

oscillating circuits similar to that used in the 

Fig. 18.19 The reflection of V.H.F. radiation using a radio set. 
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previous investigation. The wave-like nature of a 

VHF radio transmission can be shown by an 

arrangement similar to that given in Fig. 18.19. A 

large metal plate is placed behind a portable VHF 

radio so that the radiation from the transmitter is 

received both directly and by reflection off the 

plate. Movement of the plate towards and away 

-from the receiver will cause regular variations in 

the volume of the signal received — an observation 

which can only be explained by assuming that 

interference is taking place between two waves. . 

Again, the wavelength of the radiation can be 

measured in the same experiment. You may find 

that this experiment works best if performed in the 

open air. 

Figure 18.19 shows a diagram of the receiver 

receiving waves both directly and from the 

reflector. The path difference of the two waves 

arriving at A, the aerial on the receiver, is 2AR. It 

is easiest to set R so that the signal received is at a 

minimum in this case. If R is moved to R’ so that 

the signal falls to the next minimum, the increase 

in path difference is one wavelength. 

NH ak ak 

=: 2RR, 

Since the frequency of the transmission is deter- 

mined by the electrical characteristics of the 

transmitter, we can again use this data to find the 

speed of the wave. Again, to within the limits of 

experimental error, this turns out to be the same as 

the speed of light. 

Such waves are also transverse, but it may be 

harder to show this than it was with the laboratory- 

based oscillator. Scattering from nearby objects 

tends to produce waves of a variety of polariza- 

Reflector 
VHF receiver 

A Aerial R’ 
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tions. Even so rotation of the aerial in a plane 

perpendicular to that containing the propagation 

direction of the wave may well give a noticeable 
change in signal strength. 

If a portable television set is available, the 

experiment may be repeated using its internal 

aerial. The radiation can again be shown to be 

wave-like, by reflecting some of the transmitted 

signal back on to the aerial. At minima, the signal 

strength will be so weak that the picture will break 

up, giving a clear indication of a minimum signal 
strength. 

In a particular experiment, a reflector was 

moved a distance of 19cm as the signal received 
varied from one minimum to the next. This is the 
distance RR’ in the equation given above for the 
VHF radio. Thus d is 38 cm, or 0.38 m. The tele- 
vision set was tuned to Channel 61 and the picture 
transmission frequency quoted for this channel is 
791.25 Hz, a figure which depends on the elec- 

trical characteristics of the transmitter. 

So, wave speed = \f 

0.38 « 791.25 = 106 
= 3.01 <x 10'ms-! 

Again the speed turns out to be, experimentally, 
the same as that of light. However, since portable 

Fig. 18.20 A 10.7 GHz (2.8 cm) 

transmitter (left) and receiver in use 

to examine the reflection of the 

radiation from an array of vertical 

rods. (Courtesy Unilab Ltd.) 

[18.7] 

television sets usually use loop aerials, polariza- 

tion effects may be hard to establish. For this a 

directional aerial of the indoor type must be used. 

Electrical waves have so far been shown to 

exist over a range of wavelengths of a few metres 

down to a few tens of centimetres. Radio trans- 

mission, however, takes place at frequencies as 

low as 200kHz, representing a wavelength of 

1500m. We will finally consider one more 

experiment which extends this range of electric 

wavelengths down to a few centimetres. 

Figure 18.20 shows apparatus which generates 

a very high frequency electrical radiation. Inter- 

ference effects can be established using a reflector 

as before, but this time we shall, for variety’s 

sake, return to an arrangement similar to that used 

for light. Two slits can be constructed using three 

metal plates and an interference pattern picked up 

by a receiver placed beyond the plates (Fig. 18.21). 
If the receiver is moved along a line parallel to the 
slits AB, a series of maxima and minima will be 

recorded on the meter attached to the receiver. 
Alternatively, the electric wave can be modulated 
by an oscillation in the range of hearing and the 
effect registered via an audio amplifier as a varia- 
tion in sound intensity. 

If the receiver, R, is placed on the first 
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els 
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Fig. 18.21 Double-slit interference with 2.8 cm radiation. 

maximum after the central one, the path dif- 

ference of the two waves from A and B is one 

wavelength: 

AR — BR=\ 

Thus )\ can be measured. 

A particularly striking effect may be observed 

if the detector is set at a point where the signal is at 

a minimum of intensity. If one of the slits is now 

covered up, the signal strength can be seen (or 

heard) to increase, showing very clearly that with 

both slits open destructive interference was taking 

place at this point. 

The diffraction of the waves can be demon- 

strated by placing the receiver at an angle of 45° to 

the direction of the beam from the transmitter, 

after the beam has passed through a single slit 
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Receiver 

about 10 cm wide made by two metal plates (Fig. 

18.22). Little signal will be received. Narrowing 

the slit, however, far from reducing the signal 

strength even further, actually causes the intensity 

of the radiation received to increase. This can only 

be caused by diffraction of the radiation as it 

passes through the slit. 

With a wavelength a little less than 3cm 

(usually 2.8 cm), the frequency of the radiation 

cannot be easily determined electrically, so a 

determination of its speed demands a more direct 

method. Here we can employ a technique similar 

to that used for measuring the speed of sound 

waves. In this case the radiation is pulsed so that 

bursts of radiation are emitted at a frequency of 

200 kHz. The frequency of the waves is so high 

that each pulse will contain many waves. These 

Metal plates 

Transmitter 

Fig. 18.22 The diffraction of 2.8 cm radiation at a single slit. 

Metal 

plates 

Receiver 
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Fig. 18.23 Measuring the speed of 2.8 cm radiation. 

waves are too high in frequency to be recorded on 
a normal cathode ray oscilloscope, but it will 

record the envelope of the pulse. 

One possible experimental arrangement is 

shown in Fig. 18.23. The transmitted and received 
pulse are fed to separate beams of a double beam 
cathode ray oscilloscope. The time base should be 
capable of a calibrated resolution of at least 

0.1 uscm~'. With transmitter and receiver widely 
separated (several metres) the position of the 
received pulse is noted on the time base. The 
transmitter is now moved closer to the receiver, 
and the new position of the received pulse noted. 
The distance, d, the transmitter has been moved is 
recorded. The time taken for the pulse to travel 
this distance, d, can be calculated from the change 
in position of the received pulse on the time base. 

If the received pulse moved a distance xcm 
along the time base when set to a calibrated time 
of 10-’scm~', the time taken for the pulse to 
travel d is x X 10~-’s. Hence the speed of the 
microwaves is given by 

au 
Na 

Ins 2 

- Since the pulse displacement, x, will be only 2mm 
for a movement of the transmitter of 6m, high 
accuracy cannot be expected using instrumenta- 
tion normally available to schools. Nevertheless 
the experiment is worth doing for it shows again 
(and by direct measurement) that the speed of 
these electric waves is experimentally the same as 
that of light. 

The transverse character of these 2.8 cm waves 
is easily demonstrated by turning the receiver 
through an angle of 90° while still directing it at 
the transmitter. In this position, no radiation will 
be picked up. 

Pulse modulator 

18.8 The electromagnetic spectrum 

The fact that this wide range of electric waves and 

light are all transverse waves travelling at the same 

high speed of 3 x 108ms-~! suggests that the 

waves are identical in character, differing from 

each other only in their frequency. Light is not an 
obvious electrical oscillation, but even this 
problem is resolved once the emission of light has 
been associated with the movement of electrons 
within an atom (see Section 44.2). 

Infrared and ultraviolet radiation 

If light from an incandescent source such as a 
carbon arc is refracted by a prism, it spreads out 
into a spectrum of colours. We have already seen 
in the light interference experiment that colour is 
the physiological sensation associated with 
frequency. The spectrum is visibly terminated at 
the red (long wavelength) end and the violet (short 
wavelength) end. Yet other methods of deter- 
mining the energy radiated shows that the 
spectrum does not in fact finish here. If a 
blackened thermometer is held in the spectrum, 
the light energy falling on it will produce a rise in 
temperature. This rise in temperature can be 
detected beyond the red end, showing that there 
are waves of longer wavelength in the spectrum 
which are not visible. These are called infrared 
waves. Similarly beyond the violet end, certain 
fluorescent paints and photocells show the 
presence of radiation extending to shorter wave- 
lengths than are visible. Waves in this region are 
referred to as ultraviolet. 

_ Electrically-generated waves can now be pro- 
duced down to wavelengths of a few millimetres 
(10-3m). The near infrared (near to the visible 
region) has a wavelength of the order of LO Sie 
We must assume that waves exist with wavelengths 
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Fig. 18.24 An X-ray tube showing the anode construction. 

(Courtesy Mullard Ltd.) 

which fill this gap although they are not 

commonly observable. This suggests that there is a 

continuum of wavelengths (a spectrum) extending 

from wavelengths greater than 10*?m down to as 

short as 10-7m (the near ultraviolet). Does this 

spectrum extend to even shorter wavelengths? 

X-rays and y-rays 

X-rays are produced by the rapid deceleration of 

high-energy electrons (Fig. 18.24). This suggests 

that these waves - whose behaviour we have 

already discussed (see Section 14.6) on account of 

the interference patterns produced when they 

interact with crystals - may also be electrical in 

nature and members of the same family of waves. 

This extends the spectrum to wavelengths of the 

order of 10~!°m. 

Even shorter wavelength waves are produced 

in nuclear interactions. These are referred to as 

y-rays and crystal diffraction has confirmed their 

wave-like nature. These waves have a wavelength 

of the order of 10-'4m. While their production is 

not obviously electrical, their speed has been 

measured by generating them from nuclear inter- 

actions between artificially accelerated particles 

and matter. Again it has been shown that they 

travel at the same speed as light which suggests 

that they are very short wavelength members of 
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Fig. 18.25 The electromagnetic spectrum. The scales used 

are logarithmic. 

the same family that includes light and radio 

waves. 

The electrical nature of all these waves has led 

to them being called electromagnetic waves. Each 

is a member of the electromagnetic spectrum (Fig. 

18.25) which extends from long radio waves with a 

wavelength of many kilometres (10*m) down to 

y-rays with a wavelength of only 10-'*m. All are 

transverse waves and all travel at the common 

speed of 3.00 x 10®&ms~', in a vacuum. 
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The passage of waves through a medium has 

constantly drawn attention to repetitive, to-and- 

fro motion. When a continuous wave passes over 

the surface of water, any particular patch of water 

moves up and down in a repetitive fashion, 

passing on this motion to the next patch. How- 

ever, patterns of repeated motion of this nature 

are not confined to those associated with waves. 

All motion in the physical world can be divided 
into two broad categories: periodic motion and 
non-periodic motion. In periodic motion an object 
repeats its pattern of motion at regular intervals of 
time: it is rhythmic motion. The movement of a 
bird’s wing, and a fly’s wing, in flight, are 
examples of periodic motion. One wing-beat of a 
rook lasts about half a second. The wing-beat of a 
bluebottle fly lasts about one hundredth of a 
second. The water level in the Pool of London 
changes in a periodic way, the time interval 
between one high tide and the next being just 
under thirteen hours. Periodic motion is very 
common in nature although often very complex in 
form: the precise motion of a rook’s wing in flight 
is a subtle and beautiful thing, and far from easy 
to describe exactly. In the world of machinery 
periodic motion is commoner still, and vibrations 
can be an engineer’s nightmare: the violent vibra- 
tions of an engine during trial runs may succeed in 
shattering it if the vibrations cannot be suppressed. 

Rotational motion too is a form of periodic 
motion, but in this chapter we shall be concerned 
mainly with periodic motion back and forth along 
a straight line: how to describe this kind of 
motion, the forces which cause periodic motion, 
and the analysis of a variety of simple examples of 
periodic motion. 
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Fig. 19.1 Periodic motion of the human pulse. 

19.1 Describing periodic motion 

The graph in Fig. 19.1 shows the pulse of a healthy 

human being. It is in fact a record of the move- 

ment of the radial artery in the wrist, in response 

to the pumping action of the heart. It can be seen 

that the pattern of pressure variation repeats itself 

regularly. When a doctor feels a patient’s pulse he 

is detecting, with his’ fingertips, the maxima of 

blood pressure which distend the artery in the 

patient’s wrist in a periodic way. The unit of the 

pattern in Fig. 19.1, which is repeated regularly, is 

termed one cycle of the motion. The time duration 

of the cycle is called the periodic time, or more 

commonly, the period of the motion. Thus, a 

person with a pulse of 72 per minute has a period 

of blood-pressure variation of $$ = ¢ second. 

Compare the pattern of Fig. 19.1 with that of 

Fig. 19.2. In Fig. 19.2 the graph shows a simpler 

example of periodic motion: the movement of a 

mass suspended on a spring and oscillating freely 

up and down, above and below its equilibrium 

position. Clearly, the pattern of the motion shown 

in Fig. 19.2 is simpler than that of Fig, 195i 

fact, as will be discussed later, the motion illu- 

strated in Fig. 19.2 is an example of the simplest 

kind of periodic motion. 

We shall use the motion shown in Fig. 19.2 to 

define some of the terms used in describing 

periodic motion. The rhythmic movement of an 

object back and forth about an equilibrium 

position, or the rhythmic variation of a measur- 

able physical quantity above and below an 

equilibrium value, is often termed oscillation. The 

moving object, and the varying physical quantity, 

can be said to perform oscillations or to execute 

oscillatory motion. The term period of oscillation 

has already been defined and we may see that, 

although the oscillatory motions shown in Figs. 

19.1 and 19.2 could have the same period, they 

would still be quite different. We now have to 

discuss how the precise pattern of an oscillatory 

motion can be described. 
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Displacement in cm 

Fig. 19.2 Periodic motion of a mass hanging from a spring. 

Referring again to Fig. 19.2, we say that when 

the mass is at its equilibrium position its displace- 

ment is zero. The distance of the mass from its 

equilibrium position, at any given instant, is 

termed its displacement. If the mass is above the 

equilibrium position its displacement is reckoned 

as positive; if below equilibrium, it is reckoned as 

negative. Thus, at the instant represented by point 

A, the displacement is +3cm. At point B the 

displacement is —1cm. The maximum value of 

the displacement is termed the amplitude of the 

oscillation, and in this example we see that the 

amplitude is 5 cm. 

The graph of Fig. 19.2 does not perfectly 

represent the free oscillation of a mass suspended 

by a spring because it does not show the gradual 

dying-down of the oscillation. We will assume for 

the present that this dying-down is negligible. 

The frequency of an oscillatory motion is the 

number of cycles of oscillation performed per unit 

time, and the most commonly used time unit is the 

second. The basic unit used for measuring fre- 

quency is known as the hertz (Hz). A frequency of 

one hertz means simply one complete oscillatory 

cycle per second. Scientists and engineers often 

have to deal with very high frequencies and use the 

standard prefixes (kilo, mega, etc.) for these. The 

vibrations associated with sound waves range 

from about 20Hz to 20kHz; the electrical 

oscillations associated with radio waves range 

from about 100 kHz to 100 MHz. When you get 

the opportunity, look at the tunning scale on a 

radio receiver, and notice the ranges covered. Not 

all such scales are marked in frequency units, 

however; they may be scales of wavelength. 

The relationship between the period and the 

frequency of an oscillatory motion is simple. The 

symbol generally used for frequency is f, and the 

symbol for period is 7, and one is the reciprocal of 

the other, that is, 

T = (19.1) 4d 
if 
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For example, if you swing a small mass tied on a 

thread about 25 cm long like a pendulum you will 

find that the period is almost exactly half a 

second: thus the frequency is almost exactly 2 Hz. 

To take another example: in a certain radar 

transmitting antenna the frequency of the alterna- . 

ting current is 200MHz. This means that the 

period of oscillation of the electrons is 

1 
00 x 10° SES 5s 110-6 

5 ns (five nanoseconds) 

19.2 

A pendulum is a simple form of oscillator. The 

pendulum has been used for about three centuries 

as the basis of reliable time-keeping instruments. 

It is probably not surprising that a pendulum, 

swinging back and forth with a constantly main- 

tained amplitude, should keep regular time. But it 

is perhaps rather surprising to observe that, if a 

pendulum is set swinging freely, as it dies down 

and the amplitude decreases, the rhythm does not 

alter appreciably. This is to say that the period of 

oscillation is very nearly independent of the 

amplitude of oscillation. Table 19a shows how 
very nearly constant the period of a simple 
pendulum is for small amplitudes. 

Isochronous oscillation 

Table 19a 
ee ee Se eee 

ee Period (s) 

10° 1.0005 
20° 1.0019 
30° 1.0043 
40° 1.0076 
50° 1.0117 
60° 1.0168 
70° 1.0227 
80° 1.0293 
902 1.0387 

This property of a pendulum swinging with 
small amplitudes, namely, that its period is 
independent of its amplitude of swing, is called 
isochronism. It was first observed, so the tradition 
has it, by Galileo Galilei in the cathedral of Pisa. 
He was attending mass and, during a tedious 
sermon, timed the swing of a lantern suspended by 
a long chain from the roof, by counting how many 
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of his own pulse-beats corresponded to each swing 

of the lantern. He discovered that the time of 

swing was the same for large and small amplitudes 

alike. 
A pendulum is not a perfectly isochronous 

oscillator. One might wonder if in fact there is 

such.a thing as a precisely isochronous oscillator. 

As will be made clear later, an oscillator consisting 

of a mass attached to elastic springs is very nearly 

isochronous. The distinction between isochronous 

and non-isochronous oscillations is very nicely 

demonstrated by a simple piece of apparatus (Fig. 

19.3) consisting of pieces of bent metal curtain- 

track with a steel ball rolling in each. One is a 

V-shaped track with a curved apex. Another is in 

the form of a circular arc. The third is parabolic. 

A ball is released near the top of one side of the 

V-shaped track and allowed to roll back and 
forth. The amplitude of the motion decreases 
rapidly as a result of energy-loss through friction. 
The period of oscillation is long at first; then, as 
the amplitude decreases, it gets shorter until 
finally the ball is rattling back and forth rapidly in 
the apex of the track. 

By contrast, the motion of the ball in the 
circular track is quite different. As the amplitude 
decreases there is a noticeable change in the 
rhythm of the movement, and the period appears 
to remain constant right up to the stage at which 
the motion becomes imperceptible. Thus the ball 
rolling in a circular arc, like a pendulum bob 
moving in a circular arc, appears to be a nearly 

V-shaped 

Circular 

Parabolic 

Fig. 19.3 
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perfect isochronous oscillator. The ball rolling in 
the parabolic track is found not to be isochronous, 

although as the amplitude becomes smaller, the 

period, initially long, becomes less, and seems to 

approach a limiting constant value. 

19.3. The motion of a simple oscillator 

Many simple oscillating systems are isochronous. 

They also share in common the particularly 

smooth displacement-time graph shown in Fig. 

19.2 for the mass on the end of a spring. 

It is worth a moment to explain what the term 

‘simple’ means here. For what follows may not be 

considered by everyone to be ‘simple’ physics. In 

that case, ‘simple’ would mean ‘easy’! Physicists, 

however, often use the term ‘simple’ to mean 

‘depending on a few obvious variables’ and 

‘depending on these variables in a straightforward 

manner’. For instance the ‘simple’ pendulum is a 

mass on the end of a string. Its swing is controlled 

by the pull of gravity - a constant downward 

force. Air resistance, stretching of the string, etc., 

are all ignored. A trolley whose horizontal motion 

is controlled by a pair of springs is also a simple 

oscillatory system (Fig. 19.4). Friction between the 

trolley and the surface on which it runs can be 

ignored, since it affects only the amplitude of the 

motion. The forces acting on the trolley are 

‘simply’ those of the springs - which obey 

Hooke’s law - a ‘simple’ (i.e. straightforward) 

relationship between force and extension. 

There are a number of ways of determining the 

variations of displacement with time of these 

simple oscillators. The one of universal applica- 

tion is stroboscopic photography. The object 

under investigation is illuminated by a regularly- 

flashing lamp and a half-cycle of its motion is 

recorded on film. Figure 8.14 shows a strobo- 

scopic photograph of a swinging pendulum. 

Several cycles of the displacement-—time graph 

can be drawn for a pendulum by pulling a sheet of 

ae ae ae 

A O B 

Fig. 19.4 A ‘trolley-and-springs’ oscillator. 

The motion of a simple oscillator 211 

Fig. 19.5 A massive pendulum showing how a displacement/ _ 

time graph may be obtained. 

paper steadily along underneath the heavy 

pendulum of Fig. 19.5, which has an inked pen 

attached to it. 

The trolley-and-springs oscillator shown in 

Fig. 19.4 is a particularly useful example to use in 

analysing the patterns of motion which underlie 

isochronous periodic motion. A trolley of the kind 

used in dynamics experiments is tethered by two 

long helical springs lying along the same axis. At 

equilibrium both springs are stretched to about 

twice their original unstretched length so that, 

when the trolley is pulled to one side and let go, it 

will oscillate back and forth without the springs 

ever slackening. The surface upon which the 

trolley runs needs to be smooth: a sheet of paper, 

tinplate, formica, or any similar hard, smooth 

material is suitable. This apparatus may be used 

for investigating how the period of oscillation 

depends on the mass of the object oscillating and 

the stiffness of the springs. But for the present we 

are concerned simply with the kind of motion 

performed by this oscillator and the forces causing 

this motion. We will suppose that, for the time 

being, we can neglect any forces of friction. If 
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there were no friction, the trolley, once displaced 

and let go, would continue to oscillate with 

constant amplitude. In practice the amplitude 

decays, and a typical trolley will perform 20 or 30 

cycles before finally coming to rest. 

A half-cycle of the motion of the oscillator can, 

be plotted by using the following procedure. A 

piece of narrow paper tape is attached to the trolley 

and passed under the vibrator of a ticker-timer 

whose operation has been described earlier 
(Section 3.2). The trolley is pulled to one side and 
the slack tape is taken up between it and the timer. 
The timer is started and the trolley is released. A 
graph of half a cycle of its position can now be 
plotted from measurements made on the tape. For 
purposes of later comparisons it will be found 
convenient to make the ratio (spring constant/ 
mass of trolley) a whole number. The spring 
constant, k, is of course the value for both springs 
acting together. It must thus be measured by 
pulling back the trolley tethered by both springs a 
known distance, using a dynamometer to measure 
the force required. The mass of the trolley can 
then be suitably adjusted by adding mass to it. 

19.4 Analysing the motion of the 
trolley-and-springs oscillator 

Returning to Fig. 19.4, when the trolley is in 
equilibrium, the pointer attached to it is opposite 
O. Suppose now that it is displaced to B. There is 
now a resultant force on the trolley to the left, and 
if the trolley is being acted upon only by the forces 
of the springs, it must therefore (by Newton’s 
second law of motion) have an acceleration to the 
left. Suppose that the trolley moves under the 
action of this force. Its velocity, to the left, will 
increase. When the trolley is at a point nearer to O 
than B the force on it is less, therefore the 
acceleration is less: but this still means that its 
velocity to the left is increasing although it is 
increasing at a slower rate than before. As the 
trolley passes through the equilibrium position, O, 
the forces on it are balanced so its acceleration is 
zero. After passing O the force on the trolley is 
now to the right, and this force decelerates the 
trolley. The greater the trolley’s displacement to 
the left of O, the greater is this deceleration. At A, 
which is the same distance from O as B, the 
velocity of the trolley has been reduced to zero, 
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and thereafter it accelerates back towards B. So 

we see that, at every point during the motion, the 

trolley is acted upon by a resultant force which is 

directed back towards the equilibrium position. 

Hence the acceleration (which, by Newton’s 

second law, is directly proportional to the force) is 

always_in the reverse direction to the displace- 
ment. 

What further conditions have to be satisfied if 

the motion is to be isochronous? Let us suppose 

we double the amplitude of the motion by displac- 

ing the trolley some further distance from O. If the 

trolley is to complete its journey back to O in the 

same time, the average speed with which it moves 
will have to be doubled. But this doubled speed 
has to be achieved in the same time as before — so 
the trolley’s acceleration has to be doubled. The 

condition for isochronous motion of the trolley is 
then that the trolley’s acceleration is proportional 
to its displacement. Since, as we have just said, 
force is proportional to acceleration, this also 
implies that the force tending to restore the trolley 
to its equilibrium position is proportional to the 
displacement of the trolley. And this of course is 
just a statement of Hooke’s law for the springs. 
The trolley oscillates isochronously because its 
acceleration is at all times proportional to its 
displacement. This is the general condition for 
isochronous motion, and oscillators which obey 
this simple acceleration pattern are called simple 
harmonic oscillators and are said to undergo 
simple harmonic motion. 

In algebraic terms, the force F acting on the 
trolley when it is displaced a distance x from its 
equilibrium position is given by 

F= —kx 

where k is the spring constant for the pair of 
springs acting on the trolley. The negative sign is 
necessary as the force always acts in the opposite 
direction from the displacement. 

From Newton’s second law, a mass m acquires 
an acceleration a under a force F given by 

a= F/m 

—(k/m)x 

We shall now compute the motion of a typical 
trolley-and-springs oscillator for one quarter-cycle 
of its motion: from B to O in Fig. 19.4. We will 
suppose for the purposes of this calculation that 
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the trolley has a mass of 3 kg and that the springs, 

together, provide a force of 12Nm_' displace- 

ment of the trolley, either side of its equilibrium 

position. 
Suppose that the trolley is displaced a distance 

x (measured in metres). Then the force on the 

trolley is — 12x. 

Hence the acceleration, which by Newton’s 

second law is got by dividing the force by the 

mass, is —4x. Here we have, then, an acceleration 

which is directly proportional to the displacement 

and in a direction opposite to the displacement. 

The motion begins, we shall assume, with the 

trolley pulled out to a distance 0.200m and 

released from rest. We shall consider what 

happens in successive time intervals of 0.1 s from 

the start. Our computation will be only an approx- 

imation to the truth. How good an approximation 

it is we shall be able to see afterwards. In this 

method of computation we build up the 

displacement-time graph for the oscillator step by 

step. Figure 19.6 shows this graph completed. 

Note that the graph is made up of straight line 

segments. Each segment therefore represents 

motion with uniform velocity, and there is an 

abrupt change in velocity between segments. This 

Displacement/m 

Fig. 19.6 Computing the graph of displacement against 

time for the ‘trolley-and-springs’ oscillator. 
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Fig. 19.7 

of course is not the truth, only an approximation 

to it. Let us now study the principles of the 

‘computation. It may help to refer to an imaginary 

ticker-tape record of the motion, during the first 

quarter-cycle, as shown in Fig. 19.7. 

Suppose the distances travelled in successive 

time-intervals At are As, and As,. Then the 

average velocities for these two time intervals are 

As,/At and As,/At. The acceleration, a, or rather 

the average acceleration, is therefore given by 

As, AS, 

Rp EAT. . AS) Oss 

At A A? 

If the object had been moving with uniform 

velocity it would have travelled equal distances in 

successive time intervals At. Because it is accelera- 

ting it has travelled an extra distance A(As) given 

by 

a= 

A(As) = As, — As, = aA? 

In building up the graph we calculate, and make 

use up of, the extra distances travelled by the 

object, during successive intervals of time, as a 

result of its acceleration. 

[Using the notation of calculus A(As) can be 

written A’s, giving 

Nes = arte 

or 

re AS 
Nie 

In the limit as t — 0, we write this 

ae d’s 
di? 

a form which is familiar to mathematicians as the 

second order derivative of s with respect to ¢.] 

The acceleration is not constant, of course: it 

is proportional to the displacement and in our 

example is given by a = —4x. Our value for At is 

0.1s, so that the expression for the extra distance 

travelled during each time interval becomes 

— 4x 
at pa A(As) = a(0.1)? = 100 
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We can now build up the displacement-time 

graph (Fig. 19.6) for our oscillator. During the 

first 0.1 s time interval the oscillator’s velocity has 

increased from zero to some value in the negative 

x-direction: and we know that in fact this increase 
has taken place smoothly, but we assume, for our * 
approximation, that there has been an abrupt 
increase in velocity halfway through the time 
interval. We know that the gradient of the 
displacement-time graph represents the velocity: 
this means that the segment AB (gradient = 0 and 
hence velocity = 0) represents the velocity at time 
¢ = 0. Segment BD represents the velocity at time 
t = 0.1s. If the velocity of the oscillator had 
remained zero after the start, then it would be at 
point C on the graph after the second time 
interval: but its velocity has in fact changed and 
instead of travelling zero distance it has travelled 
an extra distance which we calculate using our 
formula derived above 

ag 

100 

Here x = 0.200 m, so A(As) = —0.008 m. There- 
fore the distance CD on the graph must be 
0.008 m: this enables us to plot point D and then 
draw the line BD. Going on from point D, if the 
oscillator travelled from there with constant 
velocity it would arrive at point E: but since it-is in 
fact accelerating it will arrive at point F and to 
locate this point on the graph we must compute 
the extra distance travelled in the 0.1s time- 
interval around time 0.2s. This extra distance is 
— 4/100 x 0.192 = 0.008 m (correct to the third 
decimal place). Thus the extra distance, EF on the 
graph, is 0.008 m so that point F can be plotted 
and the line DF drawn in. 

You should continue the process and produce 
the graph until it cuts the time-axis. If this is done 
carefully it will be found that the line crosses the 
time axis very close to time 0.78 s. If the process 
were continued further it would be found that the 
line, having gone below the time-axis and curved 
upwards, cuts the time-axis again at 3 x 0.78, 
then again at 5 x 0.78, 7 x 0.785, and so forth. 
The period of oscillation is thus 4 x 0.78 = 3.125 
very nearly. The curve we have obtained by this 
method looks very much like the first part of a 
cosine graph. We can test this numerically: then 
we shall deal with the theory. 

ANS) 
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The equation to our graph of Fig. 19.6 can be 

written, we will assume, thus: x = 0.200 cos 

since the initial value of x is 0.200 m. Now cos 6 

= 0 when 6 = 2/2, 3(m/2), 5(1/2), etc. The first 

zero of our curve occurs when ¢ = 0.78 which is 

very nearly 7/4. So, in order for our graph to be 

cos @ plotted against ¢, 9 must equal 27, so that 

when ¢ = 7/4, 6 = x/2 as we require. Let us try 

how good a fit the function 

xX = O200Icos Zz 

is to our curve. Take a trial value, say, time = 

0.40s. When ¢ = 0.40, cos2¢ = cos 0.8 (that is, 
0.8 radians which equals 45.8°). Therefore x = 
0.200 cos 45.8° = 0.200 x 0.698 = 0.140. This 
agrees very closely with the graph. 

19.5 Sinusoidal motion 

We shall now try to justify this link between the 
displacement-time graph for a simple harmonic 
oscillator and a cosine curve. To do this we shall 
first show a link between simple harmonic motion 
and circular motion. This correspondence can be 
demonstrated with the apparatus illustrated in 
Fig. 19.8. We set up a slow-running turntable 
close to a vertical screen. On the turntable we 
place a thin vertical rod mounted upon a heavy 
base and supporting a small ball at the top end. A 

+ Long pendulum 
Screen wx 

Light from 
a distant 
source 

Turntable 

Fig. 19.8 Comparing the motion of the bob of a simple 
pendulum with that of a sphere moving ina horizontal circle. 
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s 

Fig. 19.9 

small, intense light source is placed several metres 

away, on the same horizontal level as the ball, so 

that it casts a shadow of the ball on the screen. 

The light from the distant source is very nearly 

parallel and so the shadow of the ball should be 

sharp and negligibly larger than the ball itself. 

When the turntable is set moving at a steady speed 

the shadow is seen to move back and forth in a 

straight line on the screen. Is the motion sinu- 

soidal? Well, it is easy, half-closing one’s eyes, to 

imagine that the shadow is not that of a ball going 

in a circle, but of the bob of a long pendulum 

swinging to and fro. Later in Section 19.8, it is 

proved that the motion of a simple pendulum 

approximates very closely to sinusoidal motion 

provided that the angular amplitude of swing is 

small. We can mount a long pendulum - a small 

heavy ball suspended by a thread - to swing near 

the screen in a plane parallel to it, and by 

adjusting its length arrange that the shadow of the 

pendulum bob moves with the same period as the 

period of revolution of the ball on the turntable. 

This needs some patience to achieve exactly, but 

makes an impressive demonstration. The two 

shadows will be seen to move with almost exactly 

the same motion. 

We can explain the correspondence demon- 

strated above by a simple geometrical argument. 

In Fig. 19.9 imagine that the small ball is 

travelling anti-clockwise around the circumference 

of the circle. A clock is started when it is at B. At 

time ¢ the ball is at point P. The ball is travelling 

around the circle with constant speed. If its 

angular velocity is w then the angle PON is wf. A 

shadow of the ball is being cast on a screen SS, the 

line SS being parallel to AB, by a parallel beam of 

light in a direction perpendicular to the screen. 
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Thus the shadow of the ball is at P’. As the ball 

travels around the circle the shadow P’ travels 

back and forth in a straight line on the screen. 

Clearly, the displacement of the shadow-ball, 

measured from the central point (O') of this 

motion, is equal to the distance ON at every 

distant. It is easier now for us to fix our attention 

upon the motion of N rather than on Pp. 

What we have established is that if a point P 

moves round a circle at a uniform speed, then its 

projection, N, on to a diameter of the circle moves 

along the diameter with simple harmonic motion. 

This argument can be put into reverse using 

the ticker tape record of the trolley-and-springs 

oscillator. The distance from one extremity of the 

motion to the other is measured and a semicircle 

of diameter equal to this distance is drawn, 

centred on the bisector of the line of motion (Fig. 

19.10). 

Perpendicular lines are now drawn from each 

recorded dot on the tape to meet the semicircle. 

Lines are then drawn from the points of inter- 

section to the centre, O, of the circle. It will be 

seen that the angle between each line and its 

neighbour is constant. The dots are spaced apart 

equally in time and thus as the oscillator executed 

one half of its cycle, the corresponding point on 

the semicircle was moving around it at a steady 

speed. 

Returning now to Fig. 19.9, we can use this 

diagram to derive an expression relating the 

displacement of N to time. The amplitude, da), of 

the motion of N is equal to the radius of the circle, 

OA. Thus the displacement, x, of N, measured 

from O, is given by 

xX = A,cOsiol (19.2) 

where w is the angular velocity, in radians per 

second, with which P was moving around the 

circle. Thus we have demonstrated that the 
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Q 

Fig. 19.11 Two circular motions in 
phase. 

displacement-time graph for a simple harmonic 
oscillator does fit a cosine curve as we expected it 
might. 

19.6 Phase 

We have used the term ‘phase’ in earlier chapters 
to express the idea that waves may be ‘in step’ or 
‘out-of-step’ with each other. Using the apparatus 
of Fig. 19.8, we can now give a precise meaning to 
the word ‘phase’. 

On the turntable we place another ball on a 
stick as shown in the plan view of Fig. 19.11 at Q. 
With the turntable rotating the two shadows move 
back and forth. For convenience we will use the 
symbol P’ for the shadow of P, and Q’ for the 
shadow of Q. When P’ is at its maximum left- 
wards displacement so also is Q’. Likewise, P’ 
and Q’ both reach their maximum displacement 
to the right at the same instant, and have zero 
displacement at the same instant. The amplitudes 
are different: that of Q’ is smaller than that of P’. 
But the two motions are in phase, and therefore 
we could represent them by the equations 

Xp = Ap COS wl 

Now arrange P and Q as shown in Fig. 19.12. 
As they go around the circle (this time the ampli- 
tudes are equal) the displacement of P’ will be at 
every instant equal in magnitude but opposite in 
sign to that of Q’: the two motions are in anti- 
phase, or of opposite phase. 

A case of special interest is when the motions 
of P’ and Q’ are in quadrature. This is achieved 

Fig. 19.12 Two circular motions in 
antiphase (the phase difference is 7). 

[19.6] 

ye Gri ie > 

Q 

Fig. 19.13. Two circular motions in 
quadrature (the phase difference is 
Ti 2) 

by arranging P and Q as in Fig. 19.13. For this 
demonstration it is best to have the balls P and Q 
on different horizontal levels so that their shadows 
are easily identifiable on-the screen. As P and Q go 
anticlockwise around the circle the shadow P’ 
leads the shadow Q’: and Q’ gives the impression 
of lagging behind like a lazy dog on an elastic lead. 
Observing carefully, one notices that when P’ has 
maximum displacement Q’ has zero displacement, 
and vice versa. Now, if the graph of Fig. 19.14b 
represents the motion of P’, which of the other 

Fig. 19.14 The variation of displacement of a ee cal 
oscillator with time. 
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two graphs in Fig. 19.14 represents the motion of 

Q'? It is Fig. 19.14a: you should check this 

carefully. Thus the motions of P’ and Q’ in this 

situation can be described by the equations 

Ape Ay COS wl 

Xo = a sinwt 

(We write the amplitude, a), here because we 

arranged the amplitudes to be equal in the 

demonstration.) Readers having a good knowledge 

of trigonometrical functions will know that sin @ 

= cos (6 — (/2)), and so the two equations could 

be written 

Xp oe a, COS wl 

r TT 

But this can easily be seen by studying Fig. 19.13 

in which the displacement xg equals a) cos QOB, 
but QOB is of course equal to wf — (7/2). In the 
two equations above, the term — (7/2) is the phase 

difference between the two motions. We can say 

that Q’ has a phase lag of 7/2 radians behind P’, 

or that P’ leads Q’ by 7/2 radians. 

If we wanted Q’ to lead P’ with a phase- 

difference of 7/2 radians, then, using the same 

expression as before to represent the motion of 

P’, we would write the expression for Q’ thus: 

T 

In general, therefore, we can write the ex- 

pressions 

\| Xp a) COS wl 

XQ = ay Cos (wt + ¢) 

where ¢ is the phase difference between the two 

motions, and can be expressed in radians (or in 

degrees). 

The concept of phase is vital in describing the 

relative motions of two or more sinusoidal 

oscillators. But it also has relevance when des- 

cribing the motion of a single oscillator, as is 

shown by the example which follows. 

Problem 19.1 A particle is performing sinusoidal 

oscillation about a fixed point with amplitude 

5 cm and frequency 8 Hz. A clock is started when 

the displacement of the particle is + 2.5cm. Find 
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an expression for its displacement as a function of 

the time, ¢, registered by the clock. 

We can straight away write the expression in the 

form 

i X= a) cos (wt + ¢) 

and we have to find the appropriate values for a, 

w, and ¢. Now ay = 0.05 m, and w = Qaf C= 27 x 

8 = 16m radians per second. To find @ we reason 

as follows. 

We require that when f = 0s, x = 0.025 m. 

Therefore 

0.025 = 0.05 cos @ 

hence 

COS OO 

and so 

o = 60° or 300° 

But how does it come about that @ can have two 

possible values? You should be able to reason this 

out for yourself, perhaps with the help of sketch 

graphs, and bearing in mind that the displacement 

of the particle has the value + 2.5 cm twice during 

every cycle. 

The most general expression for sinusoidal 

motion is 

x*="ancos (alt te) 

or, using the sine function, x = dp sin (wf + od). 

You will meet both the cosine and sine forms, in 

different contexts, and should be ready to handle 

both. From this point onwards in this chapter we 

shall keep to the cosine form, and, for simplicity’s 

sake, usually assume when we are dealing with a 

single sinusoidal oscillator that our clock (usually 

an imaginary clock) has been started when the 

oscillator had its maximum positive displacement, 

so that the expression we use is x = a) Cos wf. 

(19.3) 

19.7. Period 

The period of a simple harmonically oscillating 

body is an important constant of its motion. We 

shall now try to relate this to other constants of the 

motion. Referring back to the diagram in Fig. 

19.9, we can see that the point N will complete 
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one cycle of its oscillation in the time P takes to go 

once round the circle. If P moves at w radians per 

second, 

T = 21/w 

Since T = //f the frequency of this oscillation 

is given by f = w/27. It now remains to relate w to 
other constants. 

The acceleration of P is wa) (which is equi- 

valent to v*/a,, see Sections 7.2 and 7.3) and is 

directed towards the centre of the circle. The 

acceleration of N is thus the component of w’a) 

parallel to AB (Fig. 19.9). This is wa, cos wf. But 

we have already proved that a,coswt = x, the 

displacement of N from O. 

So, 

acceleration of N = —wa,cos wt 

(19.4) = —wx 

(bearing in mind that x is in the opposite direction 

to the acceleration). 

For the trolley-and-springs oscillator, 

a —(k/m)x 

we = kK/m 

T =n 

We can justify this expression, in part, by the 

following argument. What could we do to the 

trolley-and-springs oscillator to double the period, 

T, of its oscillation? If T is to be doubled, any 

motion from one extremity to the equilibrium 

position (B to O in Fig. 19.4) will take twice as 

long - so the average speed is halved. Since this 

halved speed is attained in twice the time the 

acceleration must reduce by a factor of 4. Bearing 

in mind Newton’s second law of motion, this 

could be achieved either by increasing the mass of 

the trolley by a factor of 4, or by reducing the 

spring constant by a factor of 4 - just as is 

predicted by the equation above for the period. 

Generalizing the expression for JT found 

above, we can say that for any simple harmonic 

mechanical oscillator 

Hence 

/ mass 
T =82% = 

restoring force/unit displacement 

(19.5) 

[19.8] 

We shall now examine some other simple 

oscillatory systems which fulfil the conditions 

required for the performance of simple harmonic 

motion; and we shall thereby be able to find by 

theoretical analysis the factors which determine 

their periods of oscillation. It should be 

emphasized that very few oscillatory systems are 

truly simple harmonic, thus allowing easy 

analysis. However, many systems approximate 

well to being simple harmonic oscillators provided 

that the amplitude of oscillation is kept small. The 

reason for this is that, although it is rarely the case 

that the restoring force is directly proportional to 

the displacement (which is the condition for 

simple harmonic motion), the restoring force may 

be approximately proportional to the displace- 

ment over a limited range of displacements. A 

good example of an oscillator which is not truly 

simple harmonic is the simple pendulum. 

19.8 The simple pendulum 

A small, massive object suspended by a thread of 

negligible mass from a rigid support-point, 

allowed to swing in a vertical plane, is termed a 

simple pendulum. This is to distinguish it from the 

commoner, compound pendulum in which the 

mass has considerable spatial extension and 

cannot be considered as all being concentrated at 

one point as in the simple pendulum. 

If you have not already done so you should 

investigate experimentally two important proper- 

ties of a simple pendulum. The first of these is the 

very nearly perfect isochronism for small ampli- 

tudes of swing. It is most impressively demon- 

strated by setting up side by side two pendulums 

consisting of lead balls, one or two centimetres in 

diameter, suspended by threads about two metres 

long. Having made sure the threads are of equal 

length, set one pendulum swinging with a very 
small amplitude, say, about 5cm, and the other 
with an amplitude of about ten times as much. It 
should be found that they do not become notice- 
ably out of step over a time of ten cycles or so. 
The other important property is that the period 
of swing does not depend on the mass of the 
pendulum bob, but only on the length of the 
suspension. To demonstrate this, replace one of 
the pendulum bobs by a much more massive one, 
ten, fifty, or even a hundred times the mass of the 
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Fig. 19.15 

first. Again, if the two pendulums are set swinging 

in phase with each other they will be found to keep 

in phase for several cycles. The analysis which 

follows will show how these two properties arise. 

Figure 19.15 shows a simple pendulum dis- 

placed from its equilibrium position. The displace- . 

ment can be measured either by the angle 6 made 

by the thread with the vertical, or by the distance, 

x, through which the centre of mass of the 

pendulum bob has moved along the arc of its 

path. The length of the suspension, measured 

from the point of support to the centre of mass of 

the bob, is /. The mass of the bob is m, and the 

gravitational field strength (i.e. the gravitational 

force per unit mass) is g. 

First of all we want an expression for the force 

acting on the bob in its direction of motion. The 

tension in the suspending thread is always acting 

in a direction perpendicular to the motion of the 

bob so that it has no effect on the bob’s motion. 

The weight or force of gravity on the bob is mg, 

and the component of this parallel to the direction 

of the bob’s motion is mg sin @. Thus: 

restoring force at displacement x = —/Mmg sin 6 

Now @ (measured in radians) = x/l. If 6 is small 

we can use the approximation sin@ = @. How 

good an approximation this is, we shall consider 

later. Using the approximation we can write 

restoring force at displacement x = u 

and so we see that the restoring force is directly 

proportional to the displacement. Also, it is clear 

that the force is always in the reverse direction to 
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the displacement. The conditions for simple 

harmonic motion are therefore fulfilled, and so we 

should expect the oscillations to be isochronous, 

so long as the angle @ never becomes so large that 

the approximation sin@ = @ is invalid. 

It was established earlier (Section 19.7) that, 

for a simple harmonic oscillator, 

Dard Tee ori eee ee 
P re force per unit displacement 

hence, for our simple pendulum, 

: a 
period 7 = 27 me/I 

T=25 jes 
& 

and we see that the mass, m, does not appear in 

this expression, which predicts that the period is 

independent of the mass of the bob. 

hence 

(19.6) 

19.9 Some more applications 

Problem 19.2 Oscillation of a vehicle on its 

spring suspension. 

In a certain automobile, when five passengers 

get in, their total mass being 360 kg, the springs of 

the suspension are compressed a distance 4cm. 

The total mass including passengers supported by 

the suspension is 900kg. Assuming that the 

displacement of the springs is directly proportional 

to the compressive force in them, calculate the 

period of oscillation of the loaded car on its 

suspension, neglecting any effects of damping 

(which of course is very heavy in a well-designed 

suspension system!). (Take g = ION ke) 

First we find the force per unit displacement of the 

suspension springs. The weight of the passengers 

is 360 X 1ON = 3600N, and since this causes a 

compression of 4cm, which equals 0.04 m, the 

force per unit displacement is 3600/0.04 N m=! = 

90000 N m-!. Using the relation 

eriod = 27 ee 
P - force per unit displacement 

we get 

900 1 
Ti 0000 7 2 X70 7 2-028 
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Problem 19.3 Oscillation of a climber dangling 

on a rope. 

A typical mountaineer’s rope, about 35m 

long, will ‘give’ a distance of about 1.6m under 

the weight of a climber hanging freely on the end. 

Assuming the climber’s mass is 80 kg, estimate the 

period of vertical oscillation of the climber when 

dangling freely on the end of the rope. How does 

this compare with the period of swing if the 

climber ‘pendules’ (that is, swings on the rope like 

a pendulum-bob)? 

The solution goes on the same lines as the previous 

problem. The weight of the climber is 80 x 10 = 

800 N, and so the force per unit displacement pro- 

vided by the rope is 800/1.6 Nm~! = 500Nm7~!. 

Hence the period is given by 

21 [> = 27V0.16 = 27 X iu 

0.87 = 2.55 

iP 

ll 

The period of a simple pendulum is given by 

eT eo 
& 

Substituting our numerical values we get 

T = 2nV% = 2n x 1.87 = 125 
very nearly. 

Problem 19.4 Bobbing float in water. Any 

object floating in water, partly immersed, will, if 

displaced and let go, perform oscillations which 

quickly die away because of damping. What 

factors determine the period of such oscillation? 

One can get an appreciation of what they are by 

analysing a simplified situation. Figure 19.16 

shows a uniform straight stick with a counter- 

weight at its lower end to make it float upright. It 

Fig. 19.16 

[19.9] 

has a total mass m and the area of cross-section of 

the stick is A. It is floating in a liquid of density @ 

in a place where the gravitational field strength 

is g. 

To find the period of small vertical oscillations 

we use the relationship 

e's fae perloe~ “™/ force per unit displacement 

To get an expression for the force per unit 

displacement in this case we use Archimedes’ 

principle: a body totally or partially immersed in a 

fluid experiences an upthrust equal to the weight 

of fluid displaced. When our stick is in equili- 

brium the pull of gravity on it is balanced by the 

upthrust of the liquid. If we displace it a distance x 

vertically downwards there is an increase in 

upthrust equal to the weight of extra liquid 

displaced. This increase in upthrust is the net 

upwards restoring force on the stick. 

a) Consider the stick displaced vertically down- 

wards a distance x. Write an expression for the net 

upwards force on it. Is this force directly pro- 

portional to x? 

b) Consider the stick displaced vertically upwards 

a distance x, and write an expression for the net 

downwards force on the stick. Is this force directly 

proportional to x? 

c) Write an expression for the force per unit dis- 

placement and hence derive an expression for the 

period of small vertical oscillation. 

d) If the period in pure water is 1 second exactly, 

what is it in thin oil whose density is 0.81 g cm~3? 

a) When the stick is displaced downwards a 
distance x it displaces an extra volume of liquid 
Ax. The weight of this extra displaced liquid is 
Axeg. A, e@, and g are all constant. By Archi- 
medes’ principle, this expression gives the net 
upwards force on the stick and clearly it is directly 
proportional to the displacement x (Fig. 19.17). 

b) When displaced a distance x upwards, the 
upthrust on the stick is reduced by an amount 
Axeg, following the same lines of argument as in 
(a). Since, before the stick was displaced from 
equilibrium, the upthrust balanced the stick’s 
weight, this means that we have a net downwards 
force, tending to restore the stick to equilibrium, 
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Net downward 
force 

Axpg 

Net upward force 

Axpg 

Fig. 19.17 

of amount Axog. Thus, once again, we have a 

restoring force proportional to the displacement. 

c) Displaced either above or below equilibrium, 

the stick experiences a restoring force per unit 

displacement Agg. Thus the period of oscillation 

is given by 

eos 
"J Aga 

d) The expression for the period shows that 

T « (1/No). If T, is the period of oscillation in 

liquid whose density is @,, and 7, the period in 

liquid of density g,, then 

a ue 
T, Q2 

If T, is the period in the oil, then substitution of 

the numerical data yields 7, = 1.1 second. 

19.10 The energy of a simple harmonic 

oscillator 

The important idea that will be developed in this 

section is that a simple harmonic oscillator’s 

energy is in two forms, kinetic and potential, and 

that the energy is changing periodically from the 

one form into the other. 

Consider the trolley-and-springs oscillator, as 

illustrated in Fig. 19.4. As was said earlier, if there 

is no energy loss as a result of friction or any other 

resistances to motion, the oscillator once started 

will continue to move back and forth with 

constant amplitude. This is an ideal situation 
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never achieved in practice: but for the purposes of 

our argument we will suppose that we have such 

an ideal oscillator. At the ends of the motion, at 

maximum displacement, the velocity of the trolley 

is zero and therefore the kinetic energy (E,) is 

zero: the energy is entirely potential in the 

stretched springs. We define the amount of 

potential energy (E,) as the work done in 

displacing the trolley from equilibrium to its 

extreme position. At the mid-point of the 

oscillation the potential energy is zero (by the 

above definition), but the velocity is a maximum 

and so the kinetic energy is a maximum, and the 

total energy of the oscillator is in kinetic form at 

this point. Thus we see that during one complete 

cycle of oscillation the energy of the oscillator 

changes thus: 

E,— E, = E, — Eye, 

At points intermediate between the equili- 

brium position and the extremities of the motion, 

the energy is shared between potential and kinetic 

forms. We shall now derive an expression to show 

how the potential energy varies with displacement. 

The potential energy at a displacement, x, is 

given by the work done in displacing the object 

through a distance x from its equilibrium position. 

The force required to do this increases uniformly 

from zero at the equilibrium position to some 

maximum value, F. Using Hooke’s law, 

Fu= kx 

So the potential energy gained 

= work done 

= average force X displacement 

= +(0 + kx)x 

E,= >kx* ‘ (19.7) 

A graph of the variation of potential energy with x 

is plotted in Fig. 19.18. 

The variation of kinetic energy with x can now 

be obtained. Since energy is conserved, 

kinetic energy = total energy — potential energy 

When the object reaches the extremity of its 

displacement from the equilibrium position, all its 

energy is in the potential form. The displacement 

now is dy, the amplitude of the mction. 
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0 ag 

Displacement 

Fig. 19.18 Variation of E, and E,, with displacement in s.h.m. 

So, total energy = +ka? 
Thus, kinetic energy = +kaz — kx? 

E, = +k(az — x?) (19.8) 

The variation of kinetic energy with displacement 

is also shown in Fig. 19.18. 

Another expression for the total energy of an 

object undergoing s.h.m. can be obtained by 

writing down an expression for its kinetic energy 

as it passes through the equilibrium position. At 

this point, the speed of the object is the same as 

the speed for the equivalent point moving in a 

circle, whose projection is the position of the 

object at any time (see Fig. 19.19). The angular 

velocity of this point is w, so its speed at any time 

iS dow. Hence the kinetic energy of the object as it 

passes through its equilibrium position is given by: 

kinetic energy = +m(ayw)? 
1 

ce =Majpw? 

ag 

Fig. 19.19 

[19.11] 

This result ought to equal that obtained for the 

maximum potential energy. We can check this by 

making the substitution, w* = k/m in the expres- 

sion above. 

Mapu? 
= 4ma2(k/m) 
= +ka3 

total energy 

This is of course the expression obtained earlier 

for the maximum potential energy. 

19.11 Waves and simple harmonic motion 

We have seen already that when a continuous 

wave passes through a medium, the parts of the 

medium undergo a rhythmic to-and-fro motion. 

However, the pattern of this motion is often 

complex. The source of a wave is itself an oscilla- 

ting object and the complex patterns of oscillation 

in the medium reflect the complexity of the oscilla- 

tions of the wave source. 

We have noted one case, however, in which the 

wave form is particularly symmetrical — that is the 

one associated with a pure tone. The shape of the 

wave form is very similar to the displacement— 

time graph of a simple harmonic motion, so it is 

not surprising to find that waves of this sort are 

associated with sources which are oscillating 

simple harmonically. 

While simple harmonic waves are uncommon, 

their study is specially important because it turns 

out that a// waves, no matter how complex their 
pattern, can be broken down into a series of 

simple harmonic waves (often referred to as ‘sine 

waves’). The proof of this was first illustrated by a 

French mathematician, Baron Jean Baptiste 

Fourier at the turn of the eighteenth to nineteenth 

century. The sequence of simple harmonic terms 

that go to make up any particular oscillation is 

known as its Fourier series. The process of 

splitting up an oscillation into simple harmonic 

terms is called Fourier analysis. 

We shall now put together what we know 

about waves and about simple harmonic motion 

to derive an equation for a simple harmonic wave. 

Figure 19.20 is a ‘snapshot’ of the medium 
‘through which a (transverse) wave is passing. The 
wave is moving in the z-direction. Its displacement 
at any time is x. 

At the source of the wave (z = 0) the medium 
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Fig. 19.20 ne 

is oscillating in step with the oscillation of the 

source. The variation of x with ¢ is thus given by, 

X = agcos wt 

What can we say about the oscillation of a 

point A in the medium, a distance z from the 

source? The wave disturbance will have taken a 

time z/c to reach A from the source (c is the wave 

speed). This means that A is doing now what the 

source was doing a time z/c seconds ago. It thus 

lags behind the source in phase. To write down an 

expression for the variation of x with / at the point 

A, we need to find some way of writing down the 

phase difference between ifs oscillation and that of 

the source. Referring back to Fig. 19.20 we can see 

that for every increase in z of d (the wavelength of 

the wave) the phase of the oscillation changes by 

2m (one complete cycle). 

If the point A were a distance from the 

source, then the phase difference between the 

oscillation at A and the oscillation of the source at 

z = 0 would be 27. 

If, on the other hand, A is some distance Z 

from the source, then the phase difference 

between the oscillation at A and the oscillation of 

the source at z = Oils 

a 
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and this is the phase difference we require. 

Thus we can now write down an expression for 

the oscillation expected at any point, A, a distance 

z from the source, as 

X= dQ, COsl@l — 2m - 

This then is the wave equation for a simple 

harmonic wave. 

There are a number of different ways of 

writing this result. One useful way makes the 

substitution 

g= 20f 

(If the wave frequency is f, then the angular 

frequency of the oscillation it produces will be 

2a}. 

= a,cos(2nft — 24z/r) = | 

dy COS = (Aft — Z) 

Substituting c = Af: 

* = aycos (ct — Z) (19.9) 
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FORCED OSCILLATIONS AND 

STANDING WAVES 

20.1 Forced oscillations 224 20.1 Forced oscillations 

20.2 Resonance 228 
i i erves to introduce the 

20.3 Stationary waves 232 A very simple experiment s 
idea of a forced oscillation. Set up a simple 

pendulum (any small heavy object on a thread will 

do) with your hand as the support. You will find 

that you can excite it into oscillation by very small 

rhythmic movements of your hand from side to 

side. If the movements of your hand are in rhythm 

with the natural, free vibrations of the pendulum, 

you can build up an amplitude which is very much 

greater than the amplitude of your hand’s motion. 

If now you keep your hand perfectly still the 

amplitude of oscillation will of course decay as a 

result of damping until all motion ceases: but you 

can maintain oscillation at a constant amplitude 

by keeping your hand moving very slightly, all the 

time in rhythm with the natural swinging of the 

pendulum. The movement of your hand may be 

almost imperceptibly small. In a pendulum clock 

the amplitude of swing is kept constant by the 

escapement ~mechanism which delivers small 

impulses to the pendulum, in rhythm with its 

natural swing. The loss of energy due to damping 

is made good by energy fed from the wound-up 

clock spring (or the raised weights, as in a grand- 

father clock), via the gear trains and the escape- 

ment, to the pendulum. 

Fig. 20.1 A demonstration of a forced oscillation using the 
‘trolley-and-springs’ oscillator. 

224 
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Displacement 

Forced oscillations 225 
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Fig. 20.2 Variation of displacement with time at that start of a forced oscillation. 

Figure 20.1 shows a way of demonstrating 

forced oscillations in ‘the laboratory, using the 

trolley-and-springs oscillator. The trolley, M, is 

attached by spring, S,, to a rigid support. The 

other spring, S, is joined to a wire W whose other 

end is bent to form a loose-fitting ring which is 

slipped over a rod E mounted eccentrically on a 

small wheel R. The wheel is rotated by a motor 

which can be set to run at any desired speed. When 

the system is started from rest the motor quickly 

reaches a steady speed after being switched on. 

But the movement of M, which should be studied 

closely, is puzzling: it takes a fair length of time 

for the amplitude of oscillation to settle toa steady 

value. The graph of Fig. 20.2 shows how the 

displacement varies with time at the start of the 

process. The initial stage of the motion during 

which the amplitude is not constant is known as 

the transient stage: after that we have the steady- 

state oscillation. 
For the time being we shall concentrate atten- 

tion on the steady-state oscillation. When we 

experiment with the effect of changing the speed, 

setting it at different speeds and then observing 

the steady-state oscillation which is attained at 

each motor speed, we find that the steady-state 

amplitude depends on the motor speed in a sen- 

sitive way. The amplitude is greatest when the 

frequency of the motion of the rod E (which is the 

‘driver’ in this situation) is equal to the frequency 

of free oscillation of the trolley and springs 

arrangement (which we can call the ‘responder’). 

At any other driving frequency the amplitude of 

the responder is less, and the greater the difference 

between the driving frequency and the natural 

frequency of the responder, the smaller is the 

amplitude. Figure 20.3 shows a typical result from 

this experiment. 

The terms driver and responder are engineering 

language and very useful in this context. ‘Driver’ 

refers to whatever agency is providing a periodic 

force which is acting upon the responder: the 

‘responder’ being the complete oscillatory system 

which has its own characteristic frequency (or 

frequencies) of oscillation when allowed to oscil- 

late freely (i.e. undriven). 

The effect of damping on forced oscillations is 

of prime importance. In all the oscillatory systems 

so far analysed it has been assumed that there is no 

energy loss due to friction or any other resistances 

to motion: thus the amplitude of oscillation has 

remained constant. In any real-life mechanical 

oscillatory system performing free oscillations, 

there are resistances to motion which cause a loss 

O Driving frequency 

Fig. 20.3. Variation of the amplitude of the responder with 

the driving frequency. 
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Displacement 

Fig. 20.4 Variations of displacement with time for (a) an 
undamped, (b) a lightly damped, (c) a heavily damped and 
(d) a very heavily damped oscillator. 

of energy and a decay of the amplitude of oscilla- 

tion. Oscillations decaying in this way are known 

as damped oscillations, and the term degree of 

damping is generally used to signify how rapidly 

the amplitude decays. A heavily damped oscilla- 

tion decays rapidly in amplitude, and a lightly 

damped oscillation decays slowly. Figure 20.4 

shows the displacement-time graph for (a) an 

undamped, (b) a lightly damped, (c) a heavily 

damped, and (d) a very heavily damped oscillator. 

An experiment in which one can vary the 

amount of damping applied to a forced oscillator 

is based on the arrangement shown in Fig. 20.5. 

The responder is the mass attached to the spring, 

and controllable damping is provided by the metal 

plate moving in glycerol. The driver is a small 

wheel with an eccentrically mounted rod E, the 

linkage from it to the responder being the cord 

which runs over the two pulleys. An experimental 

run can be done with light damping, using a metal 

plate of small area in the glycerol, and measuring 

the steady-state amplitude of oscillation for 

different settings of motor speed. The driver 

(20.1] 

frequency is measured by having a revolution 

counter attached to the wheel R and counting the 

number of revolutions made over an interval of 

one minute or so. The experiment can be repeated 

with heavy damping provided by a plate of large 

area. Provided the plates are thin and have very 

small mass compared with the oscillating mass 

permanently attached to the spring, the extra mass 

of the larger plate will have negligible effect on the 

frequency of free oscillation of the system. Figure 

20.6 shows how the steady-state amplitude 

depends on driver frequency for light and heavy 

damping. 

When the steady-state amplitude has its 

maximum value, that is, when the driving fre- 

quency is equal to the natural frequency of free 

oscillation of the system, we have the condition 

known as resonance. The system can be said to 

resonate to the driving agency. With light 
damping a sharp resonance is obtained: the 

variation of amplitude with change in frequency is 

very marked when the driving frequency is close to 

the natural frequency of the responder. With 

heavy damping a broader resonance is obtained. 

In fact the resonant frequency itself is slightly 

altered when the degree of damping is varied, but 

the difference is scarcely perceptible in this 

practical example, and here we shall ignore it. 

Fig. 20.5 Apparatus for investigating the effect of damping 
in a forced oscillation. 
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O Driving frequency 

Fig. 20.6 Variation of the steady-state amplitude with 
driving frequency. 

The degree of damping also affects the way in 

which the phase-difference between driver and 

responder varies with the driving frequency. The 

graph in Fig. 20.7 shows this. These phase 

relationships can be observed, using the apparatus 

of Fig. 20.5, by attaching an eye-catching hori- 

zontal pointer (e.g. a thin strip of brightly- 

coloured paper) to the load on the end of the 

spring, and a similar pointer to the part of the 

string between the top of the spring and the pulley 

—T : Yseesaiis 

} Driving 
frequency 

Resonant 
frequency 

Fig. 20.7. Variation of phase difference between driver and 

responder with frequency. 
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above it. The relative motion of these two pointers 

shows clearly that driver and responder move very 
nearly in phase with each other when the driving 

frequency is much less than the resonant 

frequency, and with almost exactly opposite phase 

when the driving frequency is much higher than 

the resonant frequency. At resonance there is one 
quarter-cycle phase difference between driver and 

responder. Figure 20.7 shows the phase-difference 

between driver and responder as a function of 

driving frequency, for lightly and heavily damped 

forced oscillations. 

Barton’s pendulums 

A very striking example of forced oscillations and 

resonance can be obtained using the arrangement 

of pendulums shown in Fig. 20.8. In this demon- 

stration, the frequency of the driver is fixed, and 

a sequence of responders of differing natural 

frequencies are forced into oscillation. The 

responders consist of a series of pendulums which 

vary in length from about one metre to a few 

centimetres. The driver is a pendulum about half a 

metre long. In order that the responders do not 

take up too much of the energy of the driver, the 

pendulum bobs of the former consist of small 

paper cones, while that on the latter is a small lead 

sphere. Coupling of the driver to the responders 

takes place along the string upon which all the 

pendulums are suspended. 

When the driver is set swinging, all the 

responders are forced into oscillation. They settle 

down rapidly to a steady-state oscillation. The 

amplitude of those whose natural frequency is 

close to the driven frequency is seen to be large, 

while those whose natural frequency is remote 

from the driven frequency oscillate with only 

Lead Paper cone 

sphere pendulums 
(the ‘driver’) (responders) 

Fig. 20.8 Arrangement of Barton’s pendulums. 
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Fig. 20.9 Barton’s pendulums. A time exposure showing 
the relative amplitudes. (Photograph by A. W. Trotter for 
the Nuffield Advanced Physics course.) 

small amplitudes. Figure 20.9 is a time exposure of 

the oscillation of such a sequence of pendulums, 

showing the relative amplitudes of their oscilla- 

tion. 
The variation in phase between driver and 

responders is also very clear as the photograph in 

Fig. 20.10 shows. Pendulums whose natural 

frequency is close to the driven frequency oscillate 

one quarter of a cycle (7/2) out of phase with the 

driver. Those driven at a frequency much lower 

than their natural frequency are in phase while 

those driven at a frequency much higher than their 

natural frequency are half a cycle (7) out of phase 
with the driver. 

The damping of the responders may be 

decreased by increasing the mass of their bobs. 

This can be achieved by placing a small split 

plastic curtain ring on each paper cone. Much 

sharper resonance will then be observed. 

20.2 Resonance 

The phenomenon of resonance is one of far- 

reaching importance both in theoretical physical 

science and in the world of engineering, and in this 

section we shall discuss a few examples. 

The oscillatory system shown in Fig. 20.5 has 

one and only one natural frequency of oscillation. 

Fig. 20.10 Barton’s pendulums. An instantaneous photo- 
graphs showing the phase relationships. (Photograph by A. 
W. Trotter for the Nuffield Advanced Physics course.) 

It resonates at that frequency and only that 

frequency, when it is subjected to a periodic 

forcing agency of variable frequency. This implies 

that it is a very simple mechanical oscillatory 

system, and engineers very rarely deal with 

systems as elementary as this! Even a simple 

structure, such as a metal table with four legs and 

diagonal bracing struts, for supporting a piece of 

machinery, is capable of oscillating in different 

modes at many different frequencies. These fre- 

quencies can be calculated if one knows the 

dimensions, masses, and elastic properties of the 

various parts of the structure; but the calculation 

cannot be done without the use of a computer and 

even then the task of writing the computer pro- 

gram is long and intricate. In practice an engineer 

is more likely to make vibration tests on the 

structure itself, or on a scale model of the 

structure, by observing how it responds to being 
driven by a vibrator of variable frequency. 
Resonance in such a structure is generally highly 
undesirable, because the large amplitudes of 
oscillation of the structure at resonance may be 
sufficient to shake its fixings loose or even to 
damage the machinery supported by the table. In 
actual use the structure may be excited into 
resonant oscillations by the action of the 
machinery supported by the structure. 
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Fig. 20.11 Investigating the application of a forced 
vibration to a steel rod clamped firmly at one end. 

A very simple experiment illustrates well the 

existence of more than one resonant frequency in 

a mechanical structure, although the system in this 

example is so simple that it scarcely deserves the 

name structure, being no more than a uniform, 

springy, steel rod clamped firmly at one end with 

the other end free to vibrate. This rod is forced 

into vibration by a moving-coil vibrator which is 

driven by an audio-frequency signal generator. 

The arrangement is illustrated in Fig. 20.11. To 

start with, the frequency is set at its lowest value 

(say about 10 Hz). The rod is observed to vibrate, 

and after a while it attains a steady-state oscilla- 

tion and the amplitude of vibration of the end of 

the rod can be measured on the scale of milli- 

metres. Rough measurements of steady-state 

amplitude are made at different frequencies, and 

it is observed that there is a distinct resonant 

(b) 

Fig. 20.12 Three mods of vibration of the steel rod. 

To variable frequency 
audio signal generator 
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frequency at which the rod vibrates with very large 

amplitude in the mode (a) of Fig. 20.12. As the 

frequency is increased further, the amplitude 

decreases, but at a certain higher frequency the 

rod begins to oscillate in a different mode, (b) in 

Fig. 20.12. A third mode (c) can also be observed 

at a higher frequency still. If a rough graph of 

amplitude and driving frequency is made, it will 

look like the graph of Fig. 20.13. 

In the experiment which yielded the results 

displayed in Fig. 20.13 the first resonance (funda- 

mental mode) occurred at a frequency of about 

14Hz, and the second one at 90 Hz. The third 

resonance was of much smaller amplitude than the 

others, but nevertheless a distinct maximum of 

amplitude, at a frequency of about 220 Hz. 

Resonances at higher frequencies were detectable 

by ear as distinct peaks in the volume of sound 

emitted by the vibrating rod at certain frequencies, 

but the amplitude of vibration was too small to be 

observable with the naked eye. It is of interest to 

note here that the modes of vibration of a rod 

rigidly clamped at one end (what engineers call a 

cantilever) are the same modes as those of a 

tuning-fork’s prongs. When a tuning-fork is 

struck the fundamental mode is the most 

prominent and long-lasting and is responsible for 

the characteristic note emitted by the fork; but the 

higher modes of oscillation are excited when the 

fork is struck and these are responsible for the 

‘clang’ which dies away rapidly, much more 

rapidly than the fundamental vibration. 

A rod clamped rigidly at both ends has 

characteristic modes of vibration, each with its own 

natural frequency: these are different from the 

modes of vibration of a rod which is clamped only 

at one end. A uniform flat plate ( @ lamina) of 

elastic material - any reasonably springy metal 

Double amplitude (mm) 

0 50 100 150 200 

Driving frequency/Hz 

Fig. 20.13 Variation of amplitude with driving frequency. 
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will do - has characteristic modes of vibration 

which have a two-dimensional pattern. Fascina- 

ting experiments can be performed with Chladni’s 

plate (Fig. 20.14). The plate can be made- to 

resonate in its many modes at different fre- 

quencies. It can be regarded as 

dimensional counterpart of the vibrating rod of 

Fig. 20.12. Although the amplitude of vibration is 

generally too small to be observed, the pattern of 

the vibration is revealed beautifully by sprinkling 

a thin layer of fine dry sand evenly on the plate. 

When the plate is vibrating in one of its normal 

modes the sand is shaken away from the regions of 

maximum amplitude and collects in regions of 

minimum amplitude. Intriguing symmetrical 

patterns are revealed at different frequencies. 

Damping and selectivity 

We return now to the simple forced oscillatory 

system with viscous damping of Fig. 20.5 to 

consider the shape of the resonance curves (see Fig. 

20.6) which are characteristic of that system. We 

have observed that, the smaller the degree of 

damping, the sharper is the curve. It will now be 

shown that a quantitative measure of the width of 

a resonance curve is a useful concept. We define 

the width in terms of the graph of (amplitude)? 

against frequency, as in Fig. 20.6. The square of 

the amplitude is chosen, rather than the amplitude 

itself, because the energy of the oscillator is 

proportional to (amplitude)*, and energy is 

generally the important parameter in such a 

Vibrator piston applied 
to plate to excite it 
into resonance 

Fig. 20.14 Chladni’s plate. 

the two- 
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system. The width of the resonance peak is 

defined as the difference in frequency between the 

points at which the squared amplitude is half the 

value of the squared amplitude at resonance, as 

can be seen in Fig. 20.15. If the damping is not too 

heavy, the shape of the peak between points P and 

Q is very nearly symmetrical about the resonant 

frequency, so that the frequency at point P can be 

written w) — Aw, and at point Q, w, + Aw, where 

w, is the resonant (angular) frequency. Thus the 

width of the peak is 2Aw. It must be emphasized 

that the concept of width of a resonance peak is 

applicable only to situations in which the degree 

of damping is small enough for the shape of the 

resonance curve to be very nearly symmetrical 

about the resonance frequency. 

Resonance in atoms and molecules 

In certain conditions individual atoms and mole- 

cules behave like oscillatory systems having a 

number of natural modes of oscillation. The 

phenomenon of resonance is well known to the 

scientist who uses the technique known as infrared 

spectroscopy. When a beam of high-frequency 

electromagnetic radiation — infrared radiation - 

passes through a sample of a substance which is in 

the molecular state it is found that the sample 

absorbs energy from the radiation very strongly at 

certain precise frequencies. By measuring the 

frequencies at which the strong absorptions occur 

the spectroscopist can identify the types of 

chemical bond between atoms in the molecule. In 
‘ 

Driving 
frequency 

Wy—-Aw Wo thw, 

Fig. 20.15 Variation of (amplitude)? with driving frequency. 
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(a) Bond stretching 

Fig. 20.16 

this way infrared spectroscopy is a powerful tool 

for use in determining the structures of substances 

in the molecular state. 
A molecule is built of atoms bonded together 

by electrical forces which behave to some extent 

like springy elastic links between the atoms. A pair 

of atoms can vibrate in such a way that the bond 

between them alternately stretches and shortens, 

as shown schematically in Fig. 20.16a. (See also 

Section 13.1 for potential energy/distance 

graphs.) The bond between a pair of atoms can 

bend back and forth, as shown in Fig. 20.16b: the 

situation here is analogous to a pair of lead balls 

fixed to either end of a spingy steel rod. With each 

of the two types of distortion described there is a 

vibratory motion and the characteristic frequency 

of the vibration depends upon the masses of the 

atoms at either end of the bond and upon the 

stiffness of the bond. The two types of motion 

described are not the only kinds with which a 

precise, characteristic frequency is associated but 

those two must serve to illustrate the principle in 

this extremely brief account. 

The exact manner in which the electromagnetic 

radiation interacts with the molecules can only be 

satisfactorily described with the help of quantum 

theory. The basic principle of an absorption 

spectrometer (not merely an infrared spectro- 

meter, which works in the infrared region of the 

electromagnetic spectrum) is shown in Fig. 20.17. 

We have already discussed how the rate at which 

energy is absorbed by an oscillator depends upon 

the driving frequency. The rate of energy 

absorption is a maximum at resonance. This 

means that, in the system shown in Fig. 20.17, the 

energy of the electromagnetic wave reaching the 

detector will vary with the frequency of the 

source, and at resonance it will be a minimum 
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* electromagnetic 

radiation 

Detector Specimen 

Fig. 20.17 The principle of the absorption spectrometer. 

because the energy flux reaching the detector is a 

minimum. A graph of detector response plotted 

against the frequency of the radiation will look 

like the curve shown in Fig. 20.18: this would be a 

very simple example of an absorption spectrum. 

It is not possible in this book to discuss in 

detail any further examples of resonance. In 

concluding this section we briefly mention some 

other examples of importance in the study of the 

structure of matter. Subatomic particles which 

have electric charge (protons and electrons for 

instance) also have spin and thus they behave like 

small magnetic dipoles. Now a magnetic dipole 

which is free to move, when placed in a steady 

magnetic field, is an oscillatory system (compare a 

pivoted compass needle, how it flutters, when 

placed between the poles of a magnet), and it has a 

characteristic frequency of free oscillation. The 

particle can be forced into oscillation by means of 

Frequency of 
radiation 

Absorption 
frequency 

Fig. 20.18 An example of a simple absorption spectrum. 
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a periodically varying magnetic field: for example, 

the magnetic field of an electromagnetic wave. If 

the frequency of the wave is the same as the 

natural frequency of the particle in the steady 

field, then the particle will be excited into 

resonance. If a very large number of particles are 

thus excited at the same frequency (there will be 

several billions of such particles in a milligram of 

matter), they may absorb energy at an appreciable 

rate from the electromagnetic radiation which 

falls upon them, and an absorption spectrum may 

be observed. Electron spin resonance is one 

example of this type of resonance, and nuclear 

magnetic resonance is another. Study of these 

phenomena can yield useful information about the 

subatomic structure of substances. 

20.3 Stationary waves 

The experiment shown in Fig. 20.19 demonstrates 

another form of forced oscillation. The vibrator is 

connected to a signal generator whose frequency 

can be varied. Starting at a very low frequency of 

oscillation, the frequency of the vibrator is slowly 

increased. At particular frequencies it will be 

found that the stretched string is set into violent 

oscillation. The string vibrates with a large 

amplitude and forms a number of fuzzy loops. At 

the lowest frequency at which large amplitude 

oscillations are set up along the string, a single 

loop is formed as shown in Fig. 20.20a. Increasing 

the frequency slightly causes the amplitude of 

oscillation of the string to become almost imper- 

ceptible. Further increase of frequency will bring 

about a second large amplitude of oscillation 

whose pattern is shown in Fig. 20.20b. Figures 

20.20c and 20.20d shows the pattern of subse- 

quent large amplitude oscillations. These 

Supporting string 

Rigid ae 
support 

Vibrating string 

Fig. 20.19 A standing wave in a stretched string (Melde’s 
experiment). 

(d) 
SS 
Fixed 
end Vibrator 

Fig. 20.20 Four modes of vibration of a stretched string. 

amplitude resonances clearly have something in 

common with the situation shown in Fig. 18.8. 
To follow the motion of the string in detail we 

can use a stroboscopic lamp, adjusting the flashing 

rate so that the string appears to move very slowly. 

We then observe that the string performs a 

periodic sequence of movements as illustrated in 

Fig. 20.21. These string resonances are a special 

kind of wave motion called a stationary, or 

standing wave. The crests do not move along the 

_ 67 he <5 C/I
 

Fixed 

end Vibrator 

Fig. 20.21 ‘Glimpses’ of a stationary transverse sinusoidal 
wave at time intervals of 7/12. where 7 is the period of the 
vibration. 
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string, as they do in a travelling wave. Instead they 

shrink, turn into troughs, and back into crests 

again. Within any one loop of the pattern all the 

particles of the string are oscillating in phase with 

each other, and exactly out of phase with all 

particles in the two neighbouring loops. The 

amplitude of oscillation of any chosen particle is 

constant, and at certain places on the string this 

amplitude is a maximum. Such places are called 

antinodes of the stationary wave pattern. At other 

places the amplitude is nearly zero. Points of zero 

amplitude are called nodes. You will notice that 

the vibrator itself is at a node for the large 

amplitude oscillations. The amplitude of the 

vibrator is very low compared with that at an 

antinode. 
Before attempting to analyse the process by 

which a stationary wave is generated, it is worth 

returning to the slinky spring, and attempting to 

produce a stationary wave pattern with it. With 

one end of the slinky spring fixed, and shaking the 

other end rhythmically from side to side, with 

gradually increasing frequency, you will find that 

at certain frequencies the wave-pattern appears to 

cease to travel along the spring: instead, a side-to- 

side wiggle of large amplitude begins and you have 

a stationary wave pattern. By adjusting the 

frequency, it is possible to form single, double, 

treble and even higher loop patterns. 

We have seen already (Section 16.5) that any 

wave disturbance, excited at one end of, and 

travelling along, a stretched string (or spring) is 

reflected from the anchored end. This suggests 

that the stationary wave arises from the combined 

effect of an outgoing and a reflected wave. It is, in 

other words, a form of wave interference. Let us 

try to predict what will be the result of super- 

posing a continuous sinusoidal wave of constant 

amplitude, travelling from right to left along a 

string, and the wave which results from this out- 

going wave being reflected at the fixed end of the 

string. Fig. 20.22 shows the profiles (broken lines) 

of the two waves, at successive instants in time. 

The solid line shows the result of their super- 

position. So here is our stationary wave, predicted 

by this geometrical argument. You will notice that 

all points within any loop oscillate in phase with 

one another and that particles in neighbouring 

loops are 180° out of phase with each other, as we 

saw for the stationary wave on a string. This 
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Fig. 20.22 The formation of a stationary wave. The dashed 

line represents a travelling sinusoidal wave going towards the 

left and the dotted line represents a wave going to the right. 

The full line is the stationary wave pattern which results 

from the superposition of the two travelling waves (compare 

Fig. 20.21). 

superposition of two travelling waves also pro- 

vides the additional information that successive 

nodes (and successive antinodes) are separated by 

half a wavelength. 

Now we shall carry out the same process 

algebraically. Let us suppose that the waves in Fig. 

20.22 are travelling along the horizontal z-axis and 

that the incident wave is reflected at z = 0. The 

wave displacement is along the vertical x-axis. For 

the diagram at ¢ = 0; x = 0 when z = 0 for both 

incident and reflected wave. 
In Section 19.11 we showed that a travelling 

wave could be represented by the equation: 

x= a,cos (ct — 2) 

However, this represented a wave for which x = dp 

when ¢ = 0 and z = O. It also referred to a wave 

travelling in the z-direction from left to right. 

This equation has to be modified if it is to 

represent the incident and reflected waves in Fig. 

20.22. In fact the following equation correctly 

represents the incident wave: 

Sam 
= dy sin > (ct +2) 



234 Periodic Motion 

(Check that this correctly matches the diagrams in 

Fig. 20.22 by finding x; when (a) ¢ = 0 and z = 

d/4, and (b) ¢ = 7/4 and z = 0.) Since the 

reflected wave is travelling in the opposite direc- 
tion, 

we 
Mi asin =* (—ct + 2) 

(You can check this by making the same sub- 
stitutions.) 

The resultant displacement, x, for any value of 

z and f¢, is given by 

xXx = Xx; ota xe 

which yields, after sine terms have been expanded, 

LRCh 2 
xX = 2a) cos —— sin —— x x (20.1) 

This expression represents a simple harmonic 
oscillation whose amplitude is a function of z. 
Since it is the amplitude variation which is of 
interest to us, we will write 

qty cos “act (20.2) 

where, 

eT 
A = 2aysin Ur (20.3) 

The maximum amplitude is 2a, and occurs at the 
places where the value of z is such that sin 2rz/\ 
= +1 or —1. For this to be true, 

2mz/\ = na + 7/2 

where n = 0, 1, 2, 3, etc. Hence maxima will occur 
at distances )\/4, 3/4, 5/4, etc., from the 
reflecting end. 

Similarly A = 0 at places where the value of z 
is such that 

eee _ 
sin orm 0 

For this to be true. 

Qi, Nea (20.4) 

where n = 0, 1, 2, 3, etc. Hence nodes occur at 
distances, 0, \/2, d, 3/2, etc., from the reflecting 
end. You will notice that the reflecting end is a 
node (as it must be if the analysis is correct) 
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and that neighbouring nodes and antinodes are 

separated by half a wavelength. 

While this analysis does produce a stationary 

wave with all the features observed for the wave 

on the stretched string, there are apparently no 

restrictions on the possible frequencies of such a 

wave. In order to explain why the stationary waves 

set up on the stretched string existed at only 

particular frequencies we must take account of the 

conditions that must be met at both ends of the 

string. So far the only ‘boundary condition’ we 

have imposed is that the two waves must form a 

node at the anchored end. But we have seen that 

the end to which the vibrator is attached is also a 

node. This restricts the stationary waves that can 

be set up to those for which a whole number of 

loops can be fitted into the length of the string. 

Thus if the string is of length, /, only stationary 

waves for which / = n(\/2), where n = 1, 2, 3, 

etc., can be set up. So the possible wavelengths are 

restricted to those obeying the relationship 

A = 2l/n 

This analysis of stationary waves has arisen by 
considering the forced oscillations of a stretched 
string. However, it leads to no new ideas about 
resonance itself. The string resonates when the 
frequency of oscillation is equal to the natural 
frequency of the string. The importance of this 
experiment is that it shows us that a stretched 
string (and indeed’ many other systems) has a 
number of discrete natural frequencies of vibra- 
tion. The analysis of these natural frequencies in 
terms of stationary waves shows a way in which 
we may evaluate the wavelength of the waves and 
thus the frequency of these natural vibrations. 

With each different mode of vibration of the 
String, characterized by the number of loops in the 
pattern, one particular frequency is associated, 
often called the eigen frequency of that mode. The 
mode of vibration associated with the lowest eigen 
frequency is often called the fundamental mode, 
and its frequency the fundamental frequency. 

The set of eigen frequencies associated with 
the vibration of a particular string or air column is 
called its harmonics - the first harmonic being the 
fundamental frequency of the vibration. The use 
of the term ‘harmonic’ is particularly associated 

(20.5) 



[20.3] 

with the modes of vibration of musical instru- 

ments. 
The second and higher harmonics are also 

called overtones. 

We will now apply these ideas of a stretched 

string of length, /, fixed at both ends. If the string 

is plucked it will vibrate. The natural frequencies 

of its vibration are those given by the associated 

stationary waves of wavelength, 

Nan 

To find the eigen frequencies, we must use the two 

relationships: 

ah 

and, for a stretched string, from Eq. 17.4 

c = V(F/p) 

Making substitutions, gives 

(20.6) 

All of these possible modes will be excited at the 

same time, resulting in a very complex mode of 

vibration. The relative amplitudes of each mode 

depend on the position and way the string is set 

into vibration. The fundamental mode will have 

the largest amplitude, however, and will determine 

the pitch of the note produced from the string. 

The higher eigen frequencies (harmonics) give the 

characteristic quality or timbre to the note. 

The application of the foregoing principles to 

stringed musical instruments is of great impor- 

tance, but there is no room to treat them in detail 

here. 

In the case of a stretched string the eigen 

frequencies of the normal modes of vibration are 
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all whole number multiples of the fundamental 

frequency. This is by no means always the 

situation. The prong of a tuning fork, for 

instance, has overtones whose frequencies are 

non-integral multiples of the fundamental. One 

prong vibrates in the modes which were shown 

earlier in the discussion of mechanical resonance: 

you should look back at Fig. 20.12 and 20.13 

where you will see that the three lowest modes of 

vibration have eigen frequencies which are related 

in a fashion very different from that for a 

stretched string. A metal bell is a good example of 

a system in which the eigen frequencies are not 

generally integral multiples of the fundamental. 

Although the bell-makers of centuries ago could 

not perform a mathematical analysis of the 

oscillatory behaviour of a bell, they did know that 

certain overtones could have frequencies which 

caused a very discordant sound when heard in 

conjunction with the fundamental frequency. Ina 

sweet-sounding bell the most discordant overtones 

are suppressed, by the skill of the bell-maker. A 

drumskin has many normal modes of vibration, 

and the overtones again have eigen frequencies 

which are not integral multiples of the funda- 

mental - similarly, the wooden bars of a 

xylophone, or the metal bars of a glockenspiel, or 

metal chimes. Also, a prime example is shown in 

the delightful experiments with Chladni’s plate, 

described in Section 20.1. 
Stationary waves can often be seen in water. A 

cup of tea, when jiggled around, can show this, 

and stationary waves can be excited in a small 

tank, for instance your bath. Do you think that 

the eigen frequencies of deep water in a narrow 

rectangular tank, for instance, would be whole 

number multiples of a fundamental? The for- 

mulae for water wave speeds given in Section 17.6 

can help you answer this. 
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One of the most important facts about waves is 

that we clearly depend upon them for almost all 

the information we receive about the world in 

which we live. Our fwo major senses of sight and 

hearing depend respectively on the reception of 

light and sound, both of which turn out to be 

wave-like. In recent years, increasing amounts of 

information have reached us via radio and 

television, both of which depend upon 

electromagnetic waves of rather longer 

wavelengths than light. Our knowledge of the 

universe in which we live depends almost entirely 

on the reception of electromagnetic waves, and 

that knowledge increases as we increase the range 

of frequencies over which the information can be 

received. Even our understanding of the structure 

of the earth depends very much on the reception 

and analysis of another kind of wave - the seismic 

wave. Navigation, which at one time depended 

solely on sight, now depends largely on radar, 
which is the scattering and reception of 
electromagnetic waves in the microwave (10-3 m) 
region of the spectrum. 

How then do we receive and interpret the 
information carried by all this wave-like energy? 
In this chapter we shall survey some of the 
important features. 

The waves we receive may come from one of 
two sources: they are either a direct transmission 
from the original energy source; or they have been 
scattered from some object in their path. It is 
useful for a moment to look back at the various 
wave transmissions that are of value to us and ask 
which source of the waves is important in each 
case. Sound waves arrive at our ears largely by 
direct transmission. Scattering certainly affects 
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the nature of the sound, but for certain reasons 

related to its wavelength, little information is 

received in this way. For some animals such as 

bats the situation is different and they depend 

almost entirely on scattered sound. The majority 

of the information we receive from /ight comes 

from scattered waves; direct viewing of a light 

energy source is usually distracting and even 

harmful. Navigation by radar depends entirely on 

the reception of scattered waves, but television 

and radio depend on reception of waves from the 

original source, although these may have under- 

gone reflection and diffraction before reaching us. 

Reception of scattered waves here can seriously 

degrade the information received. 
A wave, whether scattered or direct, can 

convey information about its source in only a 

limited number of ways — surprisingly limited in 

view of the wealth of information we receive. One 

wave may differ from a companion wave in the 

following ways: 

in location 

in amplitude 

in frequency 

in phase 

in polarization 

Of course the last-named can only apply to trans- 

verse waves. The ability to derive information 

from the state of polarization of electromagnetic 

waves is of importance to radio-astronomers and 

only recently has it been shown that some insects 

depend upon this feature for navigation. How- 

ever, we shall not consider this further in this brief 

account. We shall now consider first the world of 

sound in relation to the first four items in the list. 

21.1. The reception of sound 

The information we receive from sound depends 

almost entirely on variations with time in the 

amplitude and the frequency of the waves 

received. 

Amplitude 

Variations in amplitude are linked directly to 

variations in the intensity of a sound. This in turn 

affects its Joudness, but not in any very simple 

way. The sensitivity of our ears varies with 

frequency, and very low pitched and very high 

pitched sounds are not as loud as mid-range sound 

of the same intensity. 

Increasing steps of loudness are not linearly 
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related to increasing steps in intensity even if the 

frequency remains constant. Suppose a particular 

sound source of fixed frequency emits energy at a 

rate of P, watts. Doubling this power to 2P, watts 

will bring about a certain increase in apparent 

loudness. To increase further the loudness by an 

equal amount, it is found that the power of the 

source has to be doubled again to 4P) (not 

increased by an equal step to 3P)). A further 

increase in loudness by a similar step requires the 

power to be doubled again — to 8Pp. 

Thus the steps in loudness increase are pro- 

portional to the ratio of the power increases, the 

same ratio of powers giving the same step in 

loudness increase. For this reason, a scale of 

loudness is based on the logarithm of the power of 

the sound. A logarithmic scale of the powers of 

sound transmitted will go up in steps which are 

proportional to the apparent change in loudness. 

So if a sound source increases in transmitted 

power from P, to 2Po, 

Changes in loudness = 1og,)2P) — 108, Po 

= 108\9(2Po/Po) 

log jo2 

=) 013010 

\| 

The unit of changes in loudness is the be/; 1 bel 

increase in loudness represents a change in 1 of the 

difference between the logarithms to base 10 of 

the transmitted power. Thus the change in loud- 

ness above is 0.3 bel. In fact the bel is rather a 

large unit for normal measurements of loudness, 

and commonly a unit one-tenth of a bel — the 

decibel (dB) - is used. The change in loudness 

above is one of about 3 dB. By fixing an arbitrary 

zero at the threshold of hearing, it is possible to 

construct a scale of loudness such as that shown in 

Table 21a. 

Frequency 

The range of frequencies over which normal hear- 

ing takes place ranges, as we have seen earlier, from 

about 25 Hz up to 16-20 kHz. This is the widest 

range of frequencies in terms of the ratio of 

highest to lowest of any of the waves we use for 

communication. A doubling in frequency repre- 

sents a pitch change of one octave. The word 

‘octave’ is often used in any discussion of fre- 

quency to express a doubling of the frequency. 

The range 25 Hz to 20 kHz is a change of about 
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Table 21a 

Sound Intensity/ Wm _-2 

Threshold of audibility ie 
Breathing Oi 

Whisper 1Os-9 
Quiet conversation 10> 
Inside quiet car 1052 
Normal conversation 10-7 
Average radio 10-2 
Loud radio 10° 
Heavy traffic {Ore 
Noisy factory 10° 
Underground train 1062 
Thunder Om 
Threshold of feeling 1.0 
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Loudness/dB Description 

0 Silence 

10 Quiet 

50 Average 

80 Loud 

110 Very loud 
120 

nine and a half octaves. (You should check this 

calculation for yourself.) 

Our ability to differentiate changes with time 

in the amplitude and frequency of a sound is what 

makes speech possible. An investigation of the 

structure of the ear shows how it is we are capable 

of receiving such a wide range of frequencies and 

how we are able to make fine distinctions between 

the pitch of two sounds of different frequencies. 

Location 

We cannot, with any degree of accuracy, locate 

sources of sound. We can do so to some extent, as 

is shown by the popularity of the stereo reception 

of radio transmissions and the play-back of 

recorded music. The ability roughly to locate 

sound sources in space seems to add to the quality 

of music. However, precisely how we are able to 

make this location of sound is the subject of 

continuing research and some doubt has been cast 

on the extent to which many listeners can dis- 

tinguish between stereo and mono reception. 

Neither are we able to make much use of 

sound scattered by other objects. Our ability to do 
this or to locate accurately sources of sound is a 
consequence of the wavelength of sound waves 
compared with the dimensions of common objects 
around us and the size of our ears. The problem of 
location we will leave until we tackle the more 

important topic of images, but the lack of scattered 

sound refers back to the ripple-tank experiments 

described in Section 16.4. Here we saw that all 

objects would scatter a wave falling on them, but 

the amplitude of the scattered wave was very small 

compared with the amplitude of the incident wave 

if the object was about the same size, or smaller 

than, the wavelength of the wave falling on it. 

Most sounds we hear are in the frequency 

range of 100 Hz to 2000 Hz. Using the formula, 

c = fd, we can calculate the wavelength range: 

For f=" 100'Hiz! XN = 340/100 

ean) 

For f = 2000Hz, \ = 340/2000 

0) fata 

Such a wavelength range suggests that we may get 

substantial scattering by an object the size of a 
house, but very little from something the size of a 
car. 

If an animal, such as a bat, is to navigate by 
sound it will need to utilize a wave of much 
smaller wavelength. This it does by producing its 
own sounds with a frequency of about 50 kHz. 
Again using c = fh, 

\ = 340/50000 

= 6.8 < 10s om 

= 6.8mm 

Such a wave will be strongly scattered by most 
objects that it will be important for a bat to avoid, 
or to find, as prey. 

While the small wavelength will help a bat in 
locating the direction of incidence of a scattered 
wave, this does not in itself help in pinpointing the 
distance of the scattering object. Here, experiment 
has shown that many bats use a technique now 
employed in radar location. Instead of emitting a 
continuous sound wave, the sound is emitted in 
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Source 

@ 

Fig. 21.1 

pulses. There will then be a delay between the 

sending of the pulse and the reception of the 

scattered pulse. This delay will depend upon the 

distance to the scattering object (Fig. 21.1). By 

sensing the length of the delay the bat, and radar, 

can assess the distance to the scattering object. 

This technique, originally known as echo- 

location, has also been employed for many years 

for detecting underwater objects. The process, 

called sonar, uses a high-frequency sound wave 

which is strongly scattered by objects of 

appropriate size. In this way ships at sea are able 

to detect and locate moving underwater objects, 

assessing both their location and their speed. In 

war-time this has been used for the detection of 

submarines (an early device was known as ASDIC 

which were the initials of the anti-submarine 

detection investigation committee). Sonar is also 

used for the location of shoals of fish. 

Phase 

Because of the continuous variation of amplitude 

and frequency of most transmitted sound, dif- 

ferences in phase are rarely maintained unchanged 

for long enough for the transmission of infor- 

mation in this way. However, there is one 

consequence of phase differences that contributes 

both to the quality of received sound and is 

utilized for the comparison of frequencies. The 

phenomenon is referred to as beats and arises 

Signal generator 
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when sounds of two different, but close, fre- 

quencies are produced simultaneously. The result 

is a note, the intensity of which varies in a periodic 

manner. Beats can be produced easily using the 

apparatus shown in Fig. 21.2. As the frequency of 

one signal generator approaches the other, the 

combined sound emitted from the two loud- 

speakers will be found to rise and fall in intensity. 

The period of this rise and fall will get longer as 

the two notes approach each other in frequency. 

We shall now find a relationship between the 

frequency of the rise and fall in intensity - called 

the beat frequency — and the frequencies, f, and f, 

of the two notes ‘beating’ together. Let us suppose 

that the two sound waves are of equal amplitude, 

that f, > f, and that at the instant ¢ = 0 crests 

from the two waves coincide at the point of 

reception, thus producing a maximum intensity in 

the sound received. 
A moment later the intensity will be less as the 

two waves are no longer in phase (Fig. 21.3). The 

intensity continues to fall, reaching zero when the 

two waves are 180° out of phase at the point of 

reception. Thereafter the intensity continues to 

rise, reaching a maximum at time ¢ = 7, when the 

two waves are again in phase at the point of 

reception. During the periodic time, 7, of one beat 

there will arrive at the point of reception one more 

cycle of the higher frequency wave of period 7, 

than of the lower frequency wave of period 7). 

Since 7/7, complete cycles of the higher fre- 

quency wave and 7/7, complete cycles of the 

lower frequency wave will arrive in this time, 

T/T, — T/T, = 1 

Hence 

W/o Loe 

Since wave frequency = 1/wave period, it follows 

that the beat frequency, f,, is given by 

hier do Ib 

Signal generator 
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Fig. 21.3. (a) Two waves with equal 
amplitudes but slightly different frequencies 

which, when added together, give the (b) 
variation in intensity shown in (b). 

A measurement of the beat frequency thus gives 

the difference between the two frequencies of the 

notes beating together. Practically, the two notes 

can be brought into unison by adjusting one until 

the beat frequency is as low as can be practically 

detected. This technique is also used for ‘tuning’ 

some shortwave band radio receivers. 

21.2 The reception of light 

The use we make of information conveyed by light 

is generally quite different from that of sound. 

Variation in amplitude and frequency with time 

are only of limited value in an everyday context. 

The ability of our eyes to detect differences in 

either is very poor when compared with our ear’s 

ability to detect changes in the amplitude and 

frequency of sound. The ability to utilize phase 

changes in conveying information is a very recent 

technological development (usually called holo- 

graphy) and not a matter of everyday experience. 

This leaves only /ocation — and here our eyesight is 

unparalleled. The power of sight lies in the ability 

to locate in space the source of each scattered 

wave received by the eye: the ability, in other 
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words, to form images. This amazing property far 

outweighs the limitations of our eyes to detect 

variation in amplitude, frequency and phase. We 

shall give a great deal of attention to this power of 

image formation since in understanding it we learn 

how we may utilize the process over a range of the 

electromagnetic spectrum far outside the range of 

sight. And in understanding the limitations of the 

natural image-forming process, we can learn how 

to overcome them and thus derive even more 

detail about the world in which we live. But before 

that we will give some attention to the matters of 

amplitude, frequency, and phase. 

Amplitude 

While we can clearly detect differences of ampli- 

tude in space - ‘light and shade’ - our eyes are 

unreliable indicators of the variation of amplitude 
of light waves with time. This is due to their self- 
compensating ability to limit or increase the 
amount of light received (depending on the bright- 
ness of the source) by variation in the size of the 
eye pupil. If it is important to make comparisons 
of amplitude, this must be done by other means - 
either photographically or by using light-sensitive 
electronic components. These technological aids 
also have the advantage of being able to reach 
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beyond the range of intensities that the human eye 

can detect. 

We shall say little more about variations in 

amplitude, but this should not imply that the 

subject is unimportant. The relationship between 

the amplitudes of scattered light waves and the 

amplitude of the incident wave is a complicated 

one; the relationship between the amplitude of all 

such waves and their consequent effect on photo- 

graphic film is a science in itself. Opto-electronic 

components which depend on the amplitude of the 

light wave falling on them and often on its 

frequency are becoming increasingly important. 

However, we shall concentrate in this chapter on 

matters of even more general importance. 

Frequency 

Vision operates over a band of wavelengths from 

ppout 6.55 <,105 m. 10.4.5 -< 10-7m. This 

represents a frequency range of 4.6 x 10'4Hz to 

6.7 x 10'4Hz - considerably less than an octave. 

We have already seen (Section 18.8) that diff- 

erences in frequency are sensed as differences in 

colour. In general, our ability to sense differences 

between frequencies of two sources of light is 

limited to not much more than the differences 

between the colours of the spectrum: red, orange, 

yellow, green, blue, and violet. Our eyes are in 

fact only equipped to differentiate two broad 

frequency ranges: high and low. It is by the 

relative response of these two different types of 

cells that we seem able to differentiate colour. 

Theories of colour vision usually describe red, 

green and blue as primary colours while the sensa- 

tions produced by mixing any pair - namely 

yellow, cyan (peacock blue) and magenta - are 

termed secondary colours. Such theories are of 

importance in fields such as colour photography 

but it must be emphasized that they relate to 

Fig. 21.4 Spatial variation of intensity for 
beams of red and blue light interfering after 

The reception of light 241 

colour vision rather than the actual frequencies of 

light waves. 

The frequencies associated with light sources 

(and indeed other sources of electromagnetic 

waves) are intimately related to the nature of the 

emitting source. An analysis of these frequencies, 

called spectral analysis, is of great importance in 

deriving information about the nature of sources. 

Indeed a very large part of astronomy depends 

upon such a process. Again it is clear that eyesight 

cannot be relied upon to perform this analysis. So 

important is it, however, that we will spend a little 

time showing how this analysis can be performed. 

The diffraction grating 

When white light is passed through a double-slit a 

series of dark and light bands is formed on a 

distant screen (Section 16.5). Careful examination 

of the bands shows that their edges are coloured. 

This has been ascribed to the fact that white light 

can be thought of as composed of a range of wave- 

lengths, all forming interference maxima at 

slightly different angles. If light of just two 

colours, say red and blue, falls on a double slit, 

the two sets of interference bands can be observed. 

A graph of the variation of intensity with the sine 

of the observation-direction angle would appear 

as in Fig. 21.4. (In fact the intensity of each 

maximum falls away either side of the maximum. 

We shall understand the reason for this later, but 

for the moment it has been disregarded.) The 

angles of the interference maxima are given, as we 

have already seen (Eq. 16.2), by sin@ = nd/s. A 

diagram expressing this fact is shown in Fig. 

DNase 

If now the number of slits through which the 

light passes is increased notable changes take place 

in the observed interference pattern. If the separa- 

tion between neighbouring slits is unchanged, then 

Intensit 
4A u 

passing through a pair of slits (assuming 
uniform wave amplitudes). 
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Fig. 21.5 Light emerging from (a) a 
pair of slits and (b) a number of slits 
in the direction 6 and producing an 
interference maximum (assuming 
uniform wave amplitudes). 

there will be no change in the position of the inter- 

ference maxima, as Fig. 21.5b shows. However, 

the distribution of intensity with angle now 

appears as in Fig. 21.6. The vertical scale has been 

reduced and the progressive fall off in the ampli- 

tude of the maxima either side of the central 

maximum has again been ignored. 

It is a helpful experiment to look at the pattern 

produced by two, three, four, etc., slits of the 

same width and separation and see the progressive 

brightening and sharpening of the maxima. 

A device consisting of many closely spaced 

slits is called a diffraction grating. 

There are two main classes of diffraction 

gratings - reflection gratings and transmission 

gratings. The action of a transmission grating, 

which is simply an array of equally spaced similar 

apertures in a barrier, is demonstrated in a ripple- 

tank. Figure 21.7 shows the result of placing a 

barrier containing a number of equally spaced slits 

in the path of a train of continuous straight 

ripples. The secondary waves emerging from the 

Intensity 
N2A2 > 

Red 

ee ee ee ee ie i ee we ee ee ee 

sin 0 

Fig. 21.6 Spatial variation of intensity for beams of red and 
blue light interfering after passing through a number of slits. 
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slits interfere in such a way as to produce not only 

a train of very nearly straight ripples travelling in 

the same direction as the original ones, but also 

trains of very nearly straight ripples travelling in 

other directions, on either side of the central train. 

Thus the energy flux associated with the waves is 

concentrated into certain specific directions 

including the original direction. If the number of 
slits is increased the emerging ripples become more 

nearly exactly straight, and thus the specific 

directions of energy flux become more sharply 
defined. 

For a simple demonstration of the action of an 

optical diffraction grating one can use an inexpen- 

sive plastic replica grating, which is manufactured 

in much the same way as a gramophone record. In 

Fig. 21.8 the lamp L, a clear glass straight filament 
lamp like the one recommended earlier for the 
Young’s slits experiment, is placed at the focus of 
a converging lens, C. F is a colour filter (red is 
good for a start). This arrangement produces a 
parallel beam of nearly monochromatic light. The 

Fig. 21.7 Interference of ripples diffracted from an array of 
regularly spaced apertures. (Photograph E. J. W.) 
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Observer 

Base line 

Fig. 21.8 Arrangement of lamp, filter, lens and grating to 
produce a parallel beam of light of one colour. 

beam passes through the grating at G. If you 

position your eye on the same horizontal level as 

the grating you will observe not only plenty of 

light coming straight through the grating, but also 

light emerging obliquely, on both sides of an axis 

perpendicular to the grating. On removing the 

colour filter F and allowing the full white light 

through the grating you see that light of different 

colours is channelled into different directions: 

thus spectra are produced by the grating. A good 

way to observe these spectra is to use a second 

converging lens, D, as shown in Fig. 21.9 to 

converge the diffracted beam and form an image 

on a small screen, S, placed in the focal plane of 

this lens. It is generally possible to see more than 

two spectra either side of the axis. The first pair of 

spectra appearing either side of the axis are known 

as the first order spectra, the next pair as the 

second order, and so on. 

By placing the light source at the focal point of 

the lens C the light reaching the grating consists of 

plane waves. The light emerging from each slit is 

(N.B. not to scale) Part of 
grating 

Fig. 21.10 
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Fig. 21.9 Arrangement of Fig. 21.8 modified to produce a 
sharply focused first or second order spectrum. 

thus in phase with the light emerging from every 

other slit. By placing the screen at the focal point 

of lens D, the interfering waves travel parallel to 

each other after emerging from the grating (Fig. 

21.10). So the formula 

nh. = 7s sin (21.1) 

is exactly true for a grating set up in this way. 

With an accurately-made grating, for which the 

value of the grating spacing, s is known to a high 

order of accuracy, and a spectrometer to measure 

@ with high precision, one can make very exact 

determinations of the wavelength of light from a 

source. 
We can use an argument based on the conser- 

vation of energy to explain why the diffraction 

grating maxima are so sharp. We have already 

seen (Section 16.2) that the energy associated with 

a wave of amplitude A is proportional to A’. 

Thus, in a two-slit interference pattern, the energy 

at the maximum is increased by a factor of four 

over that which would have resulted from one slit 

on its own. If the light passes through WN slits, the 

amplitude at the maxima must be NA and so the 

intensity is increased by a factor of N* over that 

due to one slit alone. Yet the total transmitted 

energy has only increased by a factor of N. This 

implies a substantial redistribution of energy with 

angle. Suppose (Fig. 21.11), none of the energy 

were redistributed. Then the whole area in front of 

the slits would be uniformly illuminated with light 

of intensity NJ, where / is the intensity due to one 

slit alone. 

In Fig. 21.12 the interference maxima are 

approximated to isosceles triangles. All light 

within the angle range +sin~'(\/s) of a particular 
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Fig. 21.11 

maximum is channelled into the triangle of half- 

angle 6 (6 is so small that sin 6 = 6, if 6 is measured 

in radians.), So, as energy is conserved, the area of 

the rectangle (= NI x (\/s)) is equal to the area 

of the triangle (= N*J x 6). Hence 

O = )VING 

me 4 x (separation of maxima) 

So the bigger is N, the smaller is 6. It is important 

to note that N is the number of slits through which 

light passes to form the observed maxima. This is 

not necessarily the same thing as the total number 

of slits on the grating. 

In Section 21.5 you will find a further discus- 

sion of the width of the interference maxima 

produced by a diffraction grating in which the 

same result is derived by applying the principle of 

Superposition to the wavelets which arise from 

each slit in the grating. 

We have said that, in general, you can observe 

more than one pair of spectra when using a 

grating. What determines how many spectra you 

see? We can answer this by analysing a typical 
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Intensity 

practical situation. A certain type of plastic replica 

grating in common use has 6000 rulings to the 

centimetre specified by the manufacturers. This 

means that the size of the grating element is given 

by 

S m = 1650nm 
1 

~ 6000 © 
Let us now find out what happens to mono- 

chromatic light of three particular colours when it 

goes through this grating: red light for which \ = 

650 nm, yellow light for which } = 580 nm, and 

violet light for which \ = 450 nm. (Red and violet 

light with the wavelengths quoted mark approxi- 

mately the visible limits of the spectrum of white 

light obtained with a grating like the one des- 

cribed.) To find the values of the angle 6 at which 

the light will appear in the different orders of 

spectra we use equation 21.1 

ny = ssing 

putting n = 1 for the first order, n = 2 for the 
second order spectrum, and so on. Table 21b 
shows the result of doing this. The calculations 
predict that we should be able to see the complete 

Intensity 

Fig. 21.12 The re-distribution of energy by a 
grating with N slits. we sin 0 
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Table 21b 

Violet Yellow Red 

sin 6 0 siné 0 siné 0 

Aa | wul. 290 17° 0:3 74= 22° ~~ «(0.419 © 25° 
eee 580™ —35°™=-.0.748. 48° 0839... 57° 
fa 3 | 0.870 60° = 1,12 = 1.26 - 
n= 4 | 1.10 = 

first order and second order spectra, and part of 

the third order one. But it is not possible to see, 

for instance, the yellow in the third order 

spectrum. Why not? The mathematically minded 

will say that this is because sin # cannot be greater 

than unity. But it is more convincing, perhaps, to 

see how this works out geometrically. Refer back 

to Fig. 21.10. The optical path difference between 

adjacent paths is AT. As the angle @ is increased, 

TBA remaining all the time a right angled triangle. 

AT becomes greater. When 0 is very nearly 90° the 

length of the side AT is very nearly equal to AB 

which equals s, the grating spacing. Thus s 1s the 

upper theoretical limit for the optical path dif- 

ference, and if this is less than three whole wave- 

lengths for yellow light, then no yellow light will 

be observable in the third order spectrum. 

For the most accurate spectroscopic work 

reflection gratings are generally used. These are 

made by very high-precision machines which rule 

minute parallel grooves in a highly polished metal 

mirror surface. The grooves are effectively non- 

reflecting, and the narrow strips of untouched 

metal between reflect the incident light, acting as 

sources of secondary waves, just as the adjacent 

apertures in a transmission grating act as sources 

of secondary waves. 

- The equally spaced layers of ions in a perfect 

crystal can act as the elements of a kind of reflec- 

tion grating for very short wavelength electro- 

magnetic waves, namely X-rays. This is the basis 

of X-ray crystallography and is described further 

in Chapter 14. 

21.3 Location 

It is perhaps misleading to list ‘location’ as a 

feature of a wave alongside amplitude, frequency, 

phase and polarization, since it is not itself a 

property of a wave. Waves do not carry with them 
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any indication of the direction in which the energy 

flux travels. In a transverse wave, indeed, the 

disturbance associated with the wave is in a direc- 

tion perpendicular to that in which the wave is 

travelling. The only possible ‘information’ that 

reaches the receiver is that of amplitude, fre- 

quency and phase of the disturbance produced by 

the wave. How then are we able to locate the 

source of a wave in space — in other words, to 

form images? To answer this question we must 

look in detail at the processes involved in image 

formation. 

Scattered light 

The observation of self-luminous bodies plays 

little part in vision. In order to ‘see’ non-self- 

luminous bodies we depend upon them scattering 

light which arises from other sources. We have 

already seen in the ripple-tank experiments that all 

objects will scatter waves falling on them, 

producing a circular (or in three dimensions, 

spherical) wave that travels out uniformly in all 

directions. This scattering is only substantial for 

objects several times bigger than the wavelength of 

the waves falling on them. The average wave- 

length of light is 5 x 10~-7m, so all objects within 

our own scale will produce substantial light 

scattering. Indeed for the purpose of image 

formation, we must think of every point on such 

objects as scattering light falling on them into a 

spherical wave centred on that point (Fig. 21.13). 

It is this scattered light which will eventually form 

the image. 

Recombination 

The scattered light will not form an image on its 

own. If a piece of card is held so that scattered 

light from the tree (Fig. 21.13) falls on it, the card 

S 

Fig. 21.13 Light scattered from three typical points on an 

object. 
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Fig. 21.14 The use of a lens to 
form an image. 

is uniformly illuminated. No point-for-point 

image of the tree falls on the screen. In order to 

make an image of the tree on the card we should 

have to use a /ens. Figure 21.14 shows a con- 

ventional diagram of a lens ‘bending’ the light so 

that light from every point on the tree falls on a 

corresponding point on the card, so forming an 

image. 

This is a process of recombination. The lens 

recombines the waves so that all those from one 

point on the object seem to converge to another 

point on the screen. The procedure of forming a 

sharp image is often callled ‘focusing’. We will 

now try to understand this procedure from a 

‘waves’ point of view. 

The process of scattering and recombination 

It is important to realize that these two procedures 

are quite independent. The lens has no effect on 

the scattering process — how could it? So all the 

information which goes to make up the image 

must already be present in the scattered waves 

when they arrive at the lens. This is an important 

statement and its recognition has led to new ways 

of recording and producing images called holo- 

graphy (see Section 21.8). A good simple way of 

understanding the distinction between scattering 

and recombination is to think of how a slide 

Projector 

Fig. 21.15 The formation of an 
image of a transparency. 
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projector works. Light from a lamp _ passes 

through a slide and then the light, after being 

scattered by the image on the slide, passes through 

a lens to form an image on a distant screen (Fig. 

21.15). If the lens is removed, the screen is simply 

uniformly illuminated. And yet all the informa- 

tion which went to make up the image must still be 

there. The light still passes through the slide and is 

scattered by it. Why then is there no image? 

A moment’s thought will show that without 

the lens, light from every point on the slide is 

arriving at every point on the screen (Fig. 21.16). 

As a consequence every point on the screen is 

receiving light from every point on the object (the 

slide). This can be easily tested by taking a long- 

focal length lens and holding it near the screen so 

that a small sharp image falls on the screen (Fig. 

21.17). Although the lens is picking up only a 

small part of the light which has passed through 

the slide, nevertheless an image of ai/l/ the slide is 

formed on the screen. This image can be formed 
anywhere on the screen. by picking up just the light 
travelling towards a small part of it. 

The pin-hole camera 

One way then to form an image would be to 
arrange matters so that only light from a parti- 
cular point on the object fell on only one parti- 
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Slide 

Screen 

Fig. 21.16 In the absence of a lens, light from all points on 

the transparency reaches all points on the screen. 

cular area of the screen. This could be done by 

placing a small hole in the path of the light (Fig. 

21.18). Light from a point A on the object forms a 

patch of light at P on the screen. Light from B 

cannot reach P. Instead light from B forms a 

patch at Q. So light scattered from the object at A 

falls only on the screen at P; light from B falls 

only at Q and an image is formed. This is the basis 

of the pin-hole camera. 

Reducing the aperture of the pin-hole will 

reduce the amount of light reaching the screen, 

but it may also reduce the size of the light-patch at 

P and Q so giving a sharper image. But let us 

return for a moment to the ripple-tank photo- 

Fig. 21.17 Wherever a lens is placed in the beam, a 

complete image of the transparency is produced. (From C. 

A. Taylor, images, Taylor and Francis, 1978) 

Object 
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Screen 
with 
pinhole 

Fig. 21.18 A pin-hole camera. 

graphs (Fig. 16.17). If the size of the aperture 

approaches the wavelength of the waves, the light 

passing through the hole spreads out uniformly in 

all directions. Under these circumstances light from 

A will again uniformly cover the screen - and 

so will light from every other point on the object. 

Thus reducing the size of the hole will not neces- 

sarily sharpen the image. It may do so at first but 

ultimately, as it gets fainter and fainter, the image 

will get more and more ‘blurred’ as more and 

more spreading of the light takes place as it passes 

through the pin-hole. 

For some radiations, e.g. X-rays, no lens 

exists to recombine the waves. Consequently this 

pin-hole technique is the only way in which images 

can be formed. 

The action of a lens 

If light from all points of the object, such as an 

illuminated slide, falls on all parts of the screen, 

what information is carried by the waves that 

enables an image to be formed by a lens? To 

answer this, let us consider light scattered by two 

points A and B on an object and arriving at some 

point P on a screen (Fig. 21.19). Although two 

Pp 

Fig. 21.19 Light scattered from the points A and B reaches 

the screen at P. 
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Fig. 21.20 Wave fronts from point A are refracted by the lens and 
arrive at P in phase to form a sharp image point. 

waves arrive at P, only one disturbance is pro- 

duced. The nature of that wave-produced distur- 

bance depends on the principle of superposition. 

In other words, the two waves will produce an 

interference pattern and the nature of the dis- 

turbance at P depends on the path difference 

BP-AP. So this is the additional information 

conveyed by the waves which arises from the 

different /ocations of their sources, they will differ 

in phase at almost all points on the screen. So at P 
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Fig. 21.21 Wave fronts from point B arrive at Q in phase to 
form a sharp image point. 

[21.4] 

waves arrive from every point on the object, and 

their original location is coded by their phase 

relationships to each other. It is this code that a 

lens seems able to unravel. 

Figure 21.20 shows the wave fronts from a 

point A passing through a lens and arriving at P 

where A is sharply focused. What is the path 

difference (in terms of wavelengths) for the part of 

a wave travelling along AMNP and AJKP? It 

turns out that the answer, when due allowance has 

been made for the thicker glass at JK compared 

with MN, is zero! And the same goes for every 

other path. A lens gives a sharp image of A at P 
because P is the one point for which waves along 
all paths from A arrive in phase. At every other 
point the waves interfere destructively. We 
cannot prove this point here, but that is what 
detailed analysis shows to be the case. Point B 
forms a sharp image at Q (Fig. 21.21) because this 
is the point for which all wave paths from B have 
zero path difference. Hence the lens produces a 
point-for-point image of the object. And it will 
only do it at a particular distance from the lens — 
this distance depending on the position of the 
object. 

The diagram drawn in Fig. 21.20 can of course 
be justified empirically by placing a lens-shaped 
piece of glass or plastic in a ripple tank and 
allowing waves from a point source to cross it. 
The wave fronts change direction as they cross the 
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Fig. 21.22 Wave fronts from a distant point object produce a 
sharp image point in the focal plane of the lens. 

shallow region and form new circular wave fronts 

which converge on an image point, just as is 

shown in Fig. 21.20. 
If the object is very distant from the lens, the 

waves arriving at the lens are effectively plane. 

These converge to produce a sharp image at a 

distance from the lens called the focal length (Fig. 

21.22). The image is then formed in the focal 

plane of the lens. The converse of this is that any 

image formed in the focal plane of a lens is 

produced by plane waves falling on the lens. This 

was the basis upon which the lens was used to 

form the interference maxima produced by the 

diffraction grating (Fig. 21.10). 

Defects in the image 

a) Spherical aberration In practice it is not 

possible to make a lens for which the path dif- 

ference of waves travelling from, say, A along all 

routes to P (Fig. 21.20) is exactly zero when the 

lens has a large aperture. This results in P not 

being a sharp image of A; a defect referred to as 

Object 
(white light) 

Fig. 21.23 Chromatic aberration in a lens. 
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—_ = 

- Focal length + 

spherical aberration. Minimization of this defect 

is one of the arts of lens manufacture. 

b) Chromatic aberration Light waves of dif- 

fering frequencies do not produce image points in 

exactly the same position from identical object 

points (Fig. 21.23). This defect can produce 

coloured fringes around the image point. Again 

careful manufacture can minimize and even 

eliminate this defect. 
There are a number of ‘higher order’ aberra- 

tions all of which are related to the geometrical 

difficulty of achieving zero path difference for 

different routes from object points to corres- 

ponding image points for all positions of the 

object. For their detailed description the reader 

would have to refer to more advanced and 

specialized texts. 

c) Diffraction Waves from any object point are 

scattered in all directions; only part of each wave 

front passes through the lens. We have seen 

already (Section 16.4) that under such conditions 

Red 
image 
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the waves are diffracted and spread out into the 

space beyond the aperture. The effect of this is to 

impose the diffraction pattern produced by an 

aperture on the waves passing through a lens. This 

results in a ‘blur patch’ at P rather than a sharp 

point, and this limits the ultimate sharpness of the . 

image. Because diffraction ultimately determines 

the quality of all images, the matter is of great 

importance and we shall now give some attention 

to the diffraction pattern produced by an aperture 

when a light wave passes through it. 

21.4 Diffraction by a slit 

The diffraction of light when it passes through a 

slit is easily seen by making a slit from the halves 

of a broken razor blade and looking at a lamp 

with a line filament through it (Fig. 21.24). A 

bright central band will be seen, flanked on either 

side by one or two less bright bands which will 

have coloured edges. If the slit is narrowed, by 

moving the blades closer together, the bright 

central band becomes wider and the whole pattern 

spreads out. This is consistent with the diffraction 

patterns produced by waves in a ripple-tank. 

The same effects can be produced objectively 

on a screen using a laser. Light from a laser passes 

through a single slit and falls on a distant screen. 

The same pattern will be observed on the screen, 

but many more subsidiary maxima will be seen 

flanking the central maximum. 

We shall now use what we know about waves 

to try to explain this diffraction phenomenon. For 

simplicity’s sake we shall assume that the wave 

incident on the slit is plane and that the diffraction 

pattern is formed so far from the slit that we can 

also treat the waves arriving at the screen as plane. 

Both these conditions, which produce what is 

known as a Fraunhofer diffraction pattern, are 

commonly met in practice. Within the aperture the 

Fig. 21.24 Viewing a line source through a slit of adjustable 
width. 

(21.5) 
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Fig. 21.25 Application of Huygens’ principle to the wave 
fronts emanating from a single slit. 

plane wave extends from one edge A to the other 

at B (Fig. 21.25). We shall now use Huygens’ 

principle to construct the new wave front. To do 

this, we imagine each point on the incident wave 

front to give rise to a secondary, circular wave 

front. Clearly a plane wave front will move 

forward in the direction the original incident wave 

was travelling. However, subsidiary wave fronts 

are found to be produced in other directions, 

which are not there if the plane wave continues 

indefinitely beyond A and B. This is because the 

limited number of secondary sources can produce 

constructive and destructive interference in other 

directions. First let us consider the direction 

making an angle @ With the incident direction such 

that the path difference between a wavelet from A 

and one from B is one wavelength, \ (Fig. 21.25). 

BD is the path difference of the two wavelets 

since we are assuming the screen receiving these 
wavelets to be sufficiently distant compared with 
the aperture, b, for the waves arriving there to be 
plane. Imagine now a secondary source at C, such 
that AC = CB. A wavelet from this secondary 
source is 180° out of phase with one from A, and 
can interact with it to give cancellation of the 
wave. Similarly for every secondary wavelet 
between A and C there is a corresponding wavelet 
between C and B with which it can interfere 
destructively. It follows then that all the light from 
half AC of the slit can ‘cancel’ all the light from 
half CB. So no light energy flows in the direction 
6, for which sin@ = )/b. 
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Fig. 21.26 The Fraunhofer 
diffraction pattern of a single slit: (a) 
intensity distribution (b) the ‘pattern. 
(From F. W. Sears, M. W. 
Zemansky, H. D. Young, College 
Physics, Addison-Wesley, 1980.) 

Similarly no light energy flows in the direction 

6’ for which BD = 2), or in direction 6” for which 

BD = 3) and so on. At points in between these 

angles, not all light is cancelled and subsidiary 

maxima appear. From the angle 0 = 0O to 

6 = sin~(\/b) progressively more and more of 

the secondary wavelets can be paired with others 

180° out of phase and the intensity of the light 

falls as 6 increases. A graph of intensity against 

sin 6 thus appears as in Fig. 21.26a. 

One of the consequences of this analysis is that 

the angular width of the central maximum is twice 

that of the subsidiary maxima. Experiment will 

quickly confirm that this is indeed the case. 

Since the angular width of the entire pattern is 

often small, it is possible in these cases to write 

sin@ = @ in radians, and hence the angles in 

radians at which minima of intensity are found are 

+)/b; +2/db; +3/\d, etc., from the centre of 

the pattern. 
Both the angular width of the central diffrac- 

tion maximum and the angular separation of 

successive subsidiary maxima depend on the 

wavelength of the light - this is the reason the 

subsidiary maxima produced by the diffraction of 

white light are coloured. Both the dependence of 

the width of the central maximum and the separa- 

tion of the maxima on the wavelength of light can 

be investigated by placing colour filters across the 

slit forming the diffraction pattern. 
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(a) 

(b) 

For b = , sin@ = 1 (it is not appropriate to 

make the approximation here that sin@ = 6). 

Under these conditions the central maximum 

occupies the entire space beyond the slit; for 

b < ), we approach the condition in which light 

spreads uniformly over all the space available to 

it, as we have previously seen with waves in a 

ripple tank. 

Of course, light waves are rarely limited by a 

slit in this way, and the only reason for adopting it 

here is the fact that the diffraction can be treated 

one-dimensionally. The analysis for a circular 

aperture is harder and we will content ourselves by 

quoting the result for the positions of the diffrac- 

tion minima: 

sing t=" 22ND 

This means that a point of light giving rise to 

plane waves at a circular aperture of diameter, b, 

will produce a fuzzy patch on a distance screen of 

angular diameter 2 x 1.22)/b. 

(21.2) 

Problem 21.1 A 35 mm camera of normal design 

has its image plane 50 mm behind the lens when 

photographing a distant object. Set at its smallest 

aperture, b is about 3 mm. Estimate the diameter 

of the blur patch produced by a distant point 

source. 
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Fig. 21.27 Two point sources are just 
resolved if the maximum of the diffraction 
pattern of one source just coincides with the 

first minimum of the other, (Rayleigh’s 
criterion). 

Angular diameter, ¢, of the blur patch 

bel 22enoa x 10-7 
ie 310m: 

407-10 —* 

If the diameter of the blur patch = d, then 

d/S0 x 10-3 = ¢ to a good approximation. 

Hence d=. 50 10>" <6 

2% 10 mi 

= 0.02 mm. 

21.5 Resolving power 

If the directions from a lens to two points on an 

object make an angle less than ¢ in the example 

above, then they will produce blur patches that in 

fact overlap (Fig. 21.27). If the patches just touch 

(centres of the object points separated by an angle 

¢) then clearly the two patches will be distinguish- 

able. If the angular separation is less than ¢, they 
may not be distinguishable. At what point do they 
become indistinguishable? There is no absolute 
answer to this question. It depends on so many 
other factors such as contrast of the subject, 
overall illumination, etc. But clearly there is some 
limit to the extent to which two objects can 

Fig. 21.28 A set of closely-spaced line sources. 

[21.7] 

approach each other and yet remain distinguish- 

ably separate. This limit is said, quite arbitrarily, 

to be @/2: in other words the angle between the 

centre of the diffraction disc and first minimum 

for the diffraction pattern of a point source. This 

is a good approximation to the truth for ‘average’ 

viewing conditions and was first proposed by Lord 

Rayleigh, since when it has been known as the 

Rayleigh criterion. Fig. 21.27 shows the distri- 

bution of intensity with angle for the central 

diffraction discs of two sources which are just on 

the limits of resolution according to the Rayleigh 
criterion. 

Two object points can just be resolved if their 

angular separation is 1.22\/b. The smaller the 

angle, the higher the reso/ving power of the optical 

instrument forming the image. The way the 

resolving power depends on both the aperture b 

and the wavelength can be_ investigated 

experimentally by viewing a series of closely- 

spaced line sources through a narrow slit (Fig. 

21.28). With a red filter across the lamp, the slit 

can be narrowed until the separate sources cannot 
quite be distinguished. If the red filter is replaced 
by a blue filter it will be found (owing to the 
shorter wavelength) that the sources can now be 
distinguished. Figure 21.29 shows a series of 
photographs illustrating the variation in 
resolution achieved by using different apertures. 

The concept of resolving power and the 
Rayleigh criterion can be applied to circumstances 
other than the formation of an image point by a 
lens. Consider for example the diffraction grating 
mentioned earlier. We have seen that the angular 
separation between the centre of an interference 
maximum and the point at which the intensity falls 
to zero is \/Ns, where s is the grating spacing and 
N the number of slits in use. We shall now derive 
this result another way. 
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(a) 

(b) 

Fig. 21.29 Diffraction patterns of four 

‘point’ sources, with a circular opening 

in front of the lens. In (a), the opening 
is so small that the patterns to the right 
are just resolved, by Rayleigh’s criterion. 

Increasing the aperture size decreases 
the size of the diffraction patterns, as in 

(b) and (c). (From F. W. Sears, M. W. 
Zemansky, H. D. Young, College 

Physics, Addison-Wesley, 1980.) 

(c) 

At angle @ (Fig. 21.30) the path difference 

between light from the first slit and light from the 

Nth slit is NX if @ is the direction to the first order 

maximum of wavelength, \. Suppose the angle is 

now increased by a small amount, 6, so that the 

path difference between light from the Ist slit and 

the Nth slit is N\ + X. The path difference 

between light from the first slit and the N/2th slit 

is thus 

Ist slit A 

1] N d 
> (NA = d) = > oF 2 

Light from these two slits is 180° out of phase and 

cancellation occurs. Similarly, light from every 

other slit in the first half of the grating can be 

paired with light from a corresponding slit in the \D 5 
° eG 

second half so that both are 180° out of phase. So Nth slit, BENS 

in the direction @ + 6 cancellation occurs and this Nw 

is the direction in which the intensity of the first 

order maximum falls to zero. From Fig. 21.30, 

6 =~ DC/AB and DC is X. Fig. 21.30 
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Hence, Ol = NT NS: 

as proved before. 

If it is possible just to resolve two wavelengths 

\ and \ + Ad in the first order, then, using the 

Rayleigh criterion, light of wavelength \+ Ad 

must form its first order maximum at the position ° 

where the maximum of wavelength } just falls to 

zero — that is at the angle 0 + 6. 

For light of wavelength \ + Ad, 

and, as we see from Fig. 21.30, BD = NX + Xd 

BD = N(A + Ad) 

N(\ + AdX) = NX +X 

Nd + NAX = Nr + Xd 
Nod = d 

The resolving power for the grating is usually 

expressed as \/ AX. So 

AJAX = N. 1-3) 

It is not difficult to show that for the nth order of 

interference, 

\/AX = nN 

and the resolving power increases with order of 

interference. 

Again it must be emphasized that the resolving 

power realized in practice is measured by the 

number of slits, N, through which the light 

actually passes. This may be far less than the 

theoretical resolving power of the grating. For this 

reason, diffraction gratings should be mounted in 

spectrometers in order to make full use of all the 

slits available. 

Fig. 21.31 Variation of intensity 
from a double slit with sin 6 
showing the combined effects of 

interference and diffraction at a 
single slit. 

[21.7] 

21.6 Diffraction and the double slit pattern 

Before leaving the matter of diffraction and 

resolving power it is worth noting that the 

introductory work on the diffraction grating and 

the double slit assumed that the light is uniformly 

diffracted in all directions as it passes through 
each slit. In fact this is not so. 

It is spread out into a diffraction pattern 

whose extent is governed by the width b of each 

slit. Fig. 21.31 shows the way the intensity of light 

from a double slit of separation, s and slit width, b 

varies with angle. The solid line shows that the 

maxima (and the minima) are separated by angles 

6 = )/s (making the approximation sin 0 = @ for 

small values of 0). The dotted envelope of these 

maxima is the diffraction pattern produced by the 

diffraction of light through each slit. Minima 

occur in this pattern at angle + n)/b either side of 

the central maximum. 

You will notice that as a consequence of the 

diffraction pattern of each slit, the interference 

maxima tend to fade out, only to reappear again 

in the subsidiary maxima of the diffraction 

pattern. It is not easy to see this when looking at a 

white light source through a slit, but the effect is 

very readily seen if light from a laser is passed 

through a double slit system. 

21.7. The limits of vision 

The limited resolution of a lens and thus of most 

optical instruments is brought about because only 

a part of each scattered wave is received by the 

Intensity 
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lens. In a high quality microscope, however, the 

lens is so close to the object that the lens is so close 

to the object that virtually all the scattered wave 

_ passes through the lens. There are, however, still 

limits to the fineness of detail that can be 

observed. It will be recalled that a lens is able to 

decode the original location of a wave by the 

phase difference produced by two scattered waves 

arriving at the lens. But suppose, in Fig. 21.19 that 

the points A and B were only one wavelength 

apart. We have already seen that under these 

circumstances no maxima and minima can be 

formed within the region of scattering. In other 

words, there is too little distinction in phase for 

the lens to be able to differentiate the location of 

A and B even if it receives all the scattered waves. 

Hence the finest detail observable is of the same 

order as the wavelength of the radiation used. This 

is about 5 x 10-’m for light. To observe finer 

detail, shorter wavelength radiation must be used. 

This is the reason X-rays are used to analyse the 

structure of crystals (see Chapter 14). 

21.8 The formation of images using 

coherent light 

In seeking to explain the action of a lens in 

forming an image, we have pointed out that 

scattered waves from two object points separated 

in space will interfere with each other producing 

sets of interference fringes, whose spacing 

depends on the original separation of the sources 

of the scattered waves (Fig. 21.19). In the absence 

of a lens we might thus expect a screen receiving 

light scattered from some extended object, such as 

the tree in Fig. 21.13 to be covered in a complex 

pattern of fringes produced by the interference of 

all the wavelets scattered from each point on the 

tree. In fact we have described such a screen as 

uniformly illuminated. Even the most detailed 

investigation fails to show any interference 

fringes. The reason for this is that the light falling 

on the tree (from the sun, for example) is non- 

coherent. We have already seen that non-coherent 

wave radiation does not produce an observable 

interference pattern (Section 16.5). Scattered 

wavelets from two object points retain a fixed 

phase relationship for only a fraction of a second 

(something like 10~° s) and then the phase relation- 

ship makes a discontinuous jump as the phase 
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of one or both of the scattered waves changes. 

However, this non-coherence does not invali- 

date the description of the operation of a lens 

which collects together light from the scattered 

waves and provides just one set of paths for the 

light scattered from one object point, all of which 

have (in wavelengths) the same path length. Any 

changes in phase for the wave fronts following 

these paths is the same for all of them and the 

resulting image point remains unchanged. 

Using non-coherent light the lens is the only 

method of forming and thus recording (photo- 

graphically) an image. However, we have today 

increasingly powerful sources of coherent radia- 

tion, extending over a wide band of the electro- 

magnetic spectrum. The devices producing such 

radiation in the visible region are called /asers 

(ight amplification by the stimulated emission of 

radiation). Their operation is described in Section 

44.6. 
If an object is illuminated by coherent radia- 

tion, the phase relationship between the scattered 

wavelets should remain fixed. Such scattered light 

ought to form interference patterns on a screen on 

which it falls and such proves to be the case. This 

phenomenon has led to a method of image record- 

ing and reproduction called holography. An 

object (see Fig. 21.32) is illuminated by light from 

a laser, some of which is also reflected at the 

partial reflector, M, to form a reference beam. 

Scattered light from the object falls on a photo- 

graphic plate at P, in combination with the 

reflected coherent radiation from the mirror, M. 

Interference fringes are formed on the plate, the 

position and spacing of these fringes depending on 

the phase of the scattered wavelets relative to the 

reference beam. In the absence of the plate, the 

object could be seen at E via the light that it 

scatters in that direction. A different view of it 

could be obtained at E’ via light scattered in that 

direction. 
If the photographic plate is now developed and 

a positive transparency made (so that there are 

transparent patches on the plate where the light 

was originally most intense) an image of the 

original object can be reconstructed by illumina- 

ting the plate with light from a second laser. The 

light from the second laser must fall on the plate in 

the same direction as the original reference beam. 

A little thought will show that the photographic 
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Fig. 21.32 Schematic arrangements for 
(a) producing a hologram and (b) 
reconstructing an image from a (a) 
hologram. (From C. A. Taylor, /mages, 
Taylor and Francis, 1978.) 

plate will modify the beam so that the light 

travelling in the direction to E is the same as in the 

original set-up. As far as an eye at E is concerned, 

it is the same and so it sees an image of the original 

object as I. One of the great advantages of this 

method of image formation is that the image is 

three-dimensional. Light now travelling in a 

direction towards E’ will be the same in its 

distribution of amplitudes as light originally. 

travelling in that direction. Consequently it will 

give a view of the original object that would have 

been obtained in that direction. 

Receiver 

Aerial 

Fig. 21.33 

(21.9] 

21.9 Location of astronomical radio 

sources 

We complete this section on location by con- 

sidering one more technique using phase dif- 

ferences to locate sources of radiation. This 

technique is now much used in radio-astronomy. 

Figure 21.33 shows a diagram of the set-up. 

Radiation from a distant radio source is picked 

up by two widely spaced aerials, A and B, and 

their signals are combined at the receiver. 

Radiation from the distant source will consist of 

plane waves at the‘earth’s surface and there may 

be a path difference between the two signals. In 

the diagram, this path difference is CB 

CB ="s sin@ 

If CB is a whole number of wavelengths a 

maximum signal will be picked up at the receiver, 
while if CB is an odd number of half-wavelengths, 
no signal will be received. 

The two aerials, being mounted on the earth, 
are rotating with it, so the angle @ is continually 
changing. Thus the signal picked up passes 
through a series of maxima and minima which are 
usually recorded on a chart recorder. Analysis of 
the interference pattern enables an accurate value 
of the direction of the source of radiation to be 
made. The bigger d is the more closely spaced 
the fringes and the more accurately can the direc- 
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tion of the source be fixed. Base lines (i.e., values 

of d) of over 100km have been used although 

there are great technical difficulties in doing this. 

21.10 Image transmission by scanning 

Images can be recorded for subsequent viewing 

photographically, but their transmission over long 

distances cannot yet be done ‘in one piece’. Both 

photography and electric sensors respond only to 

the intensity of a wave at a given point; they do 

not record the phase. Transmission of images 

takes place by recording the intensity of each point 

on an image of the object and transmitting this as 

an electromagnetic wave whose amplitude (or 

frequency, in frequency modulation) is a measure 

of the intensity recorded. The image is scanned 

point by point and built up again in the receiver by 
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a reversal of the process. Thus an image which 

consists of a spatial variation in intensity is 

converted into a signal which is a ¢ime variation in 

intensity. For moving pictures, the scanning has to 

be done at high speed, so that each picture is built 

up in something like 1/25th of a second. Repeti- 

tions of pictures at such a rate will be seen by the 

eye aS a continuous and changing scene. On such 

principles does television depend. 

If only ‘still’ pictures are required, the infor- 

mation may be transmitted over some consider- 

able period of time. This is the technique used in 

the Voyager space mission where photographs are 

recorded electronically on board the spacecraft 

and then transmitted piece by piece back to earth 

under favourable transmission conditions. A 

similar but not quite so slow build up of pictures is 

achieved in the transmission of weather pictures 

back from meteorological earth satellites. 
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UNIT SIX 

Electric Currents and Charges 



Chapter 22 

INTRODUCTION 

260 

An understanding of basic electrical theory is 

necessary to understand the structure of matter. 

Moreover, if we wish to understand the uses of 

electricity: heating, lighting, motive power, radio, 

television, computers, micro-processors and a 

host of others, we must first understand the 

behaviour of electric currents in conductors and 

circuits, 

In this chapter we shall meet the principles 

which are necessary for understanding how elec- 

tricity is made to serve useful ends. As an 

introduction we shall raise some questions which 

are relevant to the present-day and to the future 

technological world by considering two particular 

areas of development in electrical technology 

which have radically changed the pattern of life in 

the twentieth century. We shall discuss very briefly 

the growth of electrical power in Britain, and the 

miniaturization of electronic circuits. 

Michael Faraday discovered in 1831 that an 

electric current could be generated by the relative 

motion of a magnet and a conductor. In the years 

that followed, this effect, electromagnetic induc- 

tion, was explored by many people with a view 
to designing a machine which could generate 
electrical energy in useful quantities. In 1886 John 
Hopkinson, engineer physicist, wrote the first 
treatise on dynamo design. By about 1900 elec- 
trical generators were in common use: multi- 
polar generators driven by reciprocating steam 
engines, many producing several thousand kilo- 
watts of electrical power. Electrical energy was all 
generated, at this time, by private companies, 
mostly for the sole purpose of supplying street 
lighting. In 1906 the total capacity of all electrical 
generating plants in the United Kingdom was 
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about 1000 MW, and in that year the number of 

kilowatt-hour units sold was 530 million, but the 

average cost of generation and distribution was 

high. In 1910, S. Z. de Ferranti, addressing the 

Institution of Electrical Engineers, expounded the 

idea of making an abundant and cheap supply of 

electrical energy available all over the country, 

mainly for the purposes of conservation of coal 

resources, to encourage production of homegrown 

food, and for better utilization of labour. 

The demands imposed upon industry by the 

First World War spurred on the government to 

consider ways of interconnecting generating 

stations to economize on plant, coal, and other 

costs. In 1926 the Central Electricity Board was 

constituted. The Board set about getting the 

private electrical generating companies to co- 

operate in the establishing of a national network 

of transmission mains, originally called the 

‘Gridiron’, but now known as the National Grid. 

At that time the total capacity in the country was 

about 3000 MW, with about 5000 million units 

(5 GWh) being sold per year, at an average unit 

price of about £0.01. The Grid was essential if 

generation and distribution of electrical energy 

was to grow in an economically viable fashion. 

This is for two main reasons: firstly, it is not 

practicable to store appreciable quantities of 

electrical energy — it must, nearly all, be generated 

as and when needed; secondly, it is an expensive 

and slow business to start up and shut down a 

generating plant in response to a rapidly fluctua- 

ting demand. 

In the 1950s, the maximum capacity of a single 

generator was 60 MW: today it is 660 MW. Figure 

22.1 shows the growth of electrical energy output 

from all generating plants in the United Kingdom.. 

From this it can be seen that the consumption in 

1980 was more than 240 GWh, over forty times 

what it was when the National Grid was proposed. 

The chart shown in Fig. 22.1 is clearly not one 

of exponential growth (see Chapter 8). Although 

the number of units available for use has grown 

substantially over the last twenty years, the rate of 

growth is tending to diminish. Students of recent 

British history might like to speculate on the 

reasons for this and for the peaks which appeared 

in 1973 and in 1979. The figures are taken, with 

permission, from the Annual Abstracts of 

Statistics for the period. 
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Fig. 22.1 The growth of the output of electrical energy 

from 1959 to 1980. 

The present output of the electricity industry is 

summarized in Table 22a, and the figures in it 

should be compared with the ones quoted earlier. 

We may now ask some questions about these 

statistics. 

a) Why is it not practicable to store electrical 

energy other than in pumped storage systems 

(see Section 8.8)? If it were, then a national 

supply could be a much simpler system than it 

is now. 

Why are the efficiencies of the processes of 

transforming the energy in steam to the elec- 

trical form so low? (See Section 12.12.) 

c) What fraction of the electrical energy 

generated is wasted in transmission from 

generator to consumer? 

b — 
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transistor and other semiconductor devices. The 

advantages of transistors over vacuum tubes can 

be summed up briefly as follows: 

Table 22a The generation of energy and the capacities 
of power stations in the United Kingdom, 1979-1980 

Energy Percentage Output 
generated of total capacity/ 
in 1979/ MW 
GWh 

Nuclear plant 34604 12 5527 
Other steam plant 239317 86 57307 
Gas turbines and 

oil engines 758 3704 
Pumped storage plant 1175 22 1060 
Other hydroelectric 

plant 3628 1284 

Total 279 482 68 882 

Note: The average thermal efficiency of conventional 
steam stations rose from 20.9% to 31.7% between 1948 
and 1980. The average thermal efficiency of the twenty 
most efficient stations was 33.7% in 1980. 

d) What is the future of the supply (at present 

about 12%) from the nuclear power plants 

(see Chapter 49)?. 

The answers to these questions largely deter- 

mine the economics of the electrical power 

industry. We cannot answer them now, but what 

is presented in this book should enable you to see 

how to answer them, although you may need to go 

to other sources of information for facts and 

figures. 

At the other extreme from heavy current 

electrical engineering is the electronics industry 

which, in its brief life, has already been through 

several revolutionary stages of development. 

‘Micro-miniaturization’ is a term which briefly 

sums up the revolutionary change that is happen- 

ing in electronics. 

The period of rapid progress in making 

electronic circuits smaller and more rugged, 

began in 1939, at the outbreak of the Second 

World War. Military electronic equipment, 

especially airborne radio and radar, had to be 

compact and highly reliable. Electronic vacuum 

tubes (valves) were made as small as possible, 

some of the smallest being known as acorn valves, 

which gives an idea of their size. After that war the 

change to transistors and other semiconductor 

devices marked a real turning point in the 

electronic revolution. The first transistors were 

manufactured in the early 1950s, and large sums 

of money were invested in developing the 

a) They do not deteriorate with time, whereas 

vacuum tubes do. ’ 

b) They waste much less electrical power than 

vacuum tubes. 

c) There is no warm-up period after switching 

on. 

d) They are physically much more robust than 

tubes. 

e) They can be made very much smaller than 

vacuum tubes which perform a_ similar 

function. 
Without the advent of miniature semi- 

conductor devices such as transistors and, latterly, 

integrated circuits, it would have been impossible 

to develop computers beyond a rudimentary stage. 

In the early 1950s the primitive electronic 

computer in Britain known as ENIAC contained 

18000 vacuum tubes and the failure rate of these 
was such that it spent more time out of commis- 

sion than it spent working. It was, by modern 

standards, a very limited machine. It filled a whole 

room: its modern counterpart can be made small 

enough to fit in your pocket. The effect of the 

computer revolution upon our lives need not be 

dwelt upon here. 

There is no doubt that electronic circuits will 

continue to get smaller and smaller, without losing 

reliability. Some present students of physics will 

have one day to use, or even design, such circuits. 

It is for this reason that the treatment of electric 

circuit theory in this unit is planned in such a way 

as to lead the student to be concerned more with 

the function of an electric circuit element rather 

than its internal structure, and to think of ways of 

combining circuit elements to perform a desired 

function which cannot be performed by a single 

element alone. 

In this unit we introduce the concepts of 

electric current, potential difference (voltage), 

resistance, power, charge, energy, capacitance, 

and the ideas needed to understand electro- 

magnetism and alternating current theory. The 

questions at the end of the book not only provide 

exercises in using the concepts, but describe 

important modern applications and thus aim at 

widening the range of your knowledge, not simply 
at testing and reinforcing your understanding. 
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STEADY DIRECT CURRENTS 
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23.3 Resistance 269 It is not possible to tell whether a metal wire 1s 

23.4 The resistance of wires 277 carrying an electric current merely by looking at it. 

There are, however, two detectable effects which 

we ascribe as being due to an electric current. 

Firstly, a heating effect. One of the main practical 

uses of electricity is to heat a wire. A nichrome 

alloy wire, heated by an electric current, forms the 

basis of all electric room heaters, immersion 

heaters and other heating elements. A tungsten 

wire, kept white hot by an electric current, in an 

atmosphere of inert gas, is the filament of an 

electric lamp. The other effect, the magnetic 

effect, is less readily detected. Oersted announced 

in 1820 his discovery of the effect. He used a 

battery made of copper and zinc electrodes in 

sulphuric acid, a wire, and a pivoted magnetic 

compass needle. 

Both effects have been employed in instru- 

ments for measuring the strength of an electric 

current. The hot-wire ammeter, in which the 

expansion of a wire when heated by the current 

was made to move a pointer over a scale, is now 

obsolete. The moving-coil and moving-iron meters 

both make use of the magnetic effect for their 

operation. The construction of the former 

instrument is discussed in detail in Section 34.4. 

To investigate the properties of steady direct 

currents, one can do some experiments with 

simple circuits and ammeters. Suppose we have a 

circuit arranged as shown in Fig. 23.1, consisting 

of 3 torch lamps connected in series to 3 dry cells. 

A current, we say, flows when the switch S is 

closed, and we have a complete circuit. It ceases to 

flow, it seems (because the lamps go out), at the 

263 
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in 

Fig. 23.1 

instant we open the switch S. So much will 

probably seem obvious to you. In our investi- 

gation of the behaviour of electric current, we ask 

two questions. 

a) When the circuit is made, what is the current 

strength at different points in the circuit? 

b) Does the current rise from zero to a steady 

value instantaneously when switch S is closed, 

and fall to zero instantaneously when the 

switch is opened? If not, how does the current 

change with time during the switch-on and 

switch-off processes? 

The second question we shall leave until 

Section 26.7, when we have a fuller understanding 

of the nature of the electric current. The first can 

be tackled straight away. 
When we switch on the circuit we observe that 

the three lamps are lit to an equal, steady bright- 

ness. If now we break the circuit and insert an 

ammeter into that break (Fig. 23.2) we see no 

detectable change in the brightness of the lamps. 

We can assume therefore, that the presence of the 

ammeter has had negligible effect. If now we 

insert that ammeter into any other point in the 

circuit - between any two of the lamps, between 

any two of the cells — we find that it gives the same 

reading as in the first case. 

This reminds us of the behaviour of liquid 

flow (see Section 11.4). Evidently we can use a 

flow model for the electrical behaviour in the 

Fig. 23.3. Comparing an ammeter with a standard ammeter. 

(23.1] 

Fig. 23.2 

circuit even though we cannot see anything 

flowing in the wires. 

It is clear, too, how we may compare one 

ammeter with another. We establish a circuit such 

as Fig. 23.3 in which A, is a standard ammeter. 

The ammeter A is to be calibrated and the variable 

resistor or rheostat R can be used to control the 

current. It is legitimate to enquire how the 

standard ammeter itself was calibrated. This is a 

matter to which we shall-return in Section 34.2. 

Experience with such series circuits as these 

will quickly reveal the need to observe the appro- 

priate polarity when connecting an ammeter into a 

circuit. The terminals of the battery will be 

marked as positive or negative; the ammeter 

(unless of the centre-zero type) will be similarly 

marked. For correct use, the positive terminal of 

the ammeter must be nearest (in circuit terms) the 

positive terminal of the battery. 

Unlike a liquid circuit (in which the direction 

of flow is evident) there is no obvious direction of 

flow in an electric circuit. In consequence, an 

arbitrary direction has been assigned and we agree 

to speak of current as though it flowed out from 

the positive pole or terminal of the battery, 

through the circuit elements and so back to the 

negative pole of the battery. This is the con- 

ventional current direction indicated by arrow- 

heads in circuit diagrams. 

To check our hypothesis that a flow model is 

an appropriate one we can set up a parallel circuit 

as in Fig. 23.4. Here a single cell is providing the 

current to light the three similar lamps which are 
connected ‘in parallel’. The readings J, /,, 7, and 
1; of the four ammeters Ay, A,, A, and A, will 
confirm that 

fo = 1 +5 

This behaviour is typical of flow in a branch- 
ing circuit as we have already seen in Section 11.6. 
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Fig. 23.4 

It is described by Kirchhoff’s first law: 

@ The total current into a junction point in a 

circuit is equal to the total current flowing out 

of that junction point. 

The evidence gathered so far suggests that, in 

electrical circuits, there is a flow of what we might 

call electricity but which is better named electric 

charge. That flow conforms to the laws we noted 

when we examined a flow model earlier. The 

function of the ammeter is to measure the quantity 

of electric charge which flows through it in time ¢. 

If O is the quantity of electric charge passing 

through the ammeter in time /, the current / is 

given by 

whence 

(23,1) 

We have used the ampere (A) as the unit of 

current so it follows that the unit of electric charge 

must be the ampere-second. This is usually known 

as the coulomb (C). 

@ The coulomb is the quantity of electric charge 

passing a given point on an electrical con- 

ductor in one second when a steady current of 

1 ampere is flowing in the conductor. 

Chemical 

energy 

Fig. 23.5 Energy conversions in a simple 

circuit. 
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For the definition of the ampere itself see 

Section 34.2. 

23.2 Potential difference 

Armed with the concepts of electric current and 

electric charge, we can proceed to the important 

discussion of the energy transformations in 

electrical circuits. As an introduction, consider the 

simple circuit shown in Fig. 23.5. Electric charge 

circulates at a steady rate around the circuit and 

the lamp is steadily lit. In the cell chemical energy 

is being transformed; in the lamp energy is being 

given out in the forms of heat and light. It is 

reasonable, therefore, to think of the electric 

charge, as it circulates around the circuit, as being 

the agency which carries the energy from the cell 

to the lamp. Since the lamp is giving out energy at 

a steady rate and charge is circulating at a steady 

rate, it makes sense to assume that each coulomb 

of charge is carrying a certain quantity of energy 

with it: it collects this energy from the cell and 

delivers it to the lamp. Immediately this raises the 

question of how much energy is being carried by 

each coulomb of electricity. Consider what would 

be the effect of altering the strength of the current 

in the circuit of Fig. 23.5. If the current is 

increased the lamp glows more brightly: obviously 

energy is being delivered to the lamp at a faster 

rate. Thus, clearly, the rate at which energy is 

delivered to the lamp depends upon the strength of 

the current. But the current is not the only factor 

which determines the rate at which the energy is 

delivered. An excellent demonstration of this fact 

is an experiment in which two lamps of very 

different power are connected in series to the 

mains. In Fig. 23.6 L, is a 240 V 60 W lamp. L, is 

an ordinary torch lamp designed to work at a 

Energy is Energy is Hed Heat and 
converte light 
in lamp 

Electrical 

energy converted 
in battery 
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a.c. mains 

(NG 

Fig. 23.6 Mains lamp Torch lamp 

voltage of about three volts and to take a current 

of about a quarter of an ampere. What do you 

think will happen when the supply is switched on? 

Both lamps will light to approximately normal 

brightness, although the layman would probably 

be willing to bet on the smaller lamp being burned 

out almost instantly! There is no possible doubt 

that energy is being converted at a much faster 

rate in the large lamp than in the small one: but we 

know, because the two lamps are connected in 

series, that the same current must be flowing 

through each. The same current is _ being 

accompanied by very different rates of energy 

conversion: therefore the strength of the current 

flowing through a device is not the only factor 

determining the rate of energy conversion in the 

device. (You are advised not to try this experiment 

at home.) 

We now have to find what other factor, or 

factors, determine the rate at which energy is 

delivered to electrical devices. The most suitable 

device is an electric immersion heater since we can 

be sure that it will convert electrical energy into 

heat - and heat can be measured by calorimetry. 

Unfortunately calorimetry experiments are not 

easy to perform with accuracy for there is always 

considerable loss of the energy by conduction, 

convection, radiation and even evaporation. 

There are, of course, techniques of allowing for 

these losses. Nevertheless we shall consider a very 

simple experiment since the principle involved is 

of such importance. As an experiment of principle 
it Shows how voltmeters are calibrated in the first 
place. 

Figure 23.7 shows a suitable circuit in which the 
voltmeter under test is connected in parallel with a 
small immersion heater. A known current (J, 

typically not more than 5A) is allowed to flow 

(23.2] 

Fig. 23.7. Testing a voltmeter. 

through the heater which is immersed in some 

water (mass m, typically 0.2 kg) contained in a 

polystyrene cup. The rise in temperature which 

results after time ¢ (usually about 100s) is noted. 

This requires that the water should be carefully 

stirred and that the initial and final temperatures 

should be read as carefully as possible. Since the 

specific heat capacity of water is (to two signifi- 

cant figures) 4200 Jkg-'K~-', the energy (in 

joules) received by the water as it warms up by AT 
is 

(4200 Jkg-! K-') mAT 

The electric charge which delivers this energy 

to the water is 

current X time 

It follows that each coulomb of charge delivers 

mAT 

It 
energy (4200 Jkg-'K-') x 

to the water. 
The experiment is repeated several times 

(always of course with cool water) and with 
different currents obtained by choosing different 
numbers of cells in the battery. If the results are 
compared with the readings of the voltmeter under 
test, it will be seen that there is reasonably close 
agreement between them. The voltmeter is giving a 
direct reading of the number of joules trans- 
formed in the heater for each coulomb of electric 
charge which passes. Table 23a shows some 
typical results. 

Since, as we have said, calorimetric experi- 
ments, although of great fundamental import- 
ance, are neither easy to perform with accuracy 
nor convenient, an instrument which can measure 
electrical energy directly would provide an 
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Table 23a Mass (m) of water used in each case: 0.2kg. Time for which charge passed: 100s 

Cells used AT/K Energy transferred Current/A Charge/C Energy transferred Voltmeter 

to water/J charge/J C~' reading/V 

6 7.0 5900 5.0 500 11.8 12.1 

5 4.8 4030 4.2 420 9.6 10.0 

4 St 2600 oo 330 19 8.1 

3 1.6 1340 25s 250 5.4 6.0 

opportunity for easier experimentation in a wider voltmeter. 

context. Such instruments are known as joule- 

meters (Fig. 23.8a); the industrial equivalent is 

the domestic meter which one finds in every pri- 

vate house and which, from time to time, a 

representative of the regional Electricity Board 

comes to read. The domestic meter is designed to 

work on a.c. at the mains voltage and to measure 

energy in units called kilowatt hours (Fig. 23.8b). 

One kilowatt hour equals 3600000 joules. The 

question of the units in which electrical energy can 

be measured will be dealt with in detail later: for 

the time being it is sufficient to appreciate that, 

when an electrical supply is connected to a load, 

e.g. a heater, via a joulemeter, the meter will 

register, in joules, the amount of electrical energy 

transferred from the supply to the load. 

Before using a joulemeter it is wise to make an 

approximate check of its calibration. Precisely the 

same technique is used as when calibrating a 

(a) 

Fig. 23.8 Electrical energy meters: (a) shows a laboratory joulemeter (courtesy Philip Harris Ltd. 

phase kWh meter. (Courtesy Ferranti Measurements Ltd.). 

An electric immersion heater is connected to 

the output (or load) terminals of the meter, and a 

suitable low-voltage supply is connected to the 

input terminals. The energy output of the 

immersion heater during a given time is measured 

by measuring the temperature rise in a measured 

mass of water, knowing that the specific heat 

capacity of water is 4200 Jkg~' K~'. The energy 

output, measured in this way, can then be 

compared with the reading of the joulemeter. 

An instructive experiment is to take a selection 

of low-voltage lamps, say, a 12 V,6 V anda2.5 V 

lamp, and to connect each in turn into the circuit 

shown in Fig. 23.9. By adjusting the rheostat R it 

is possible to arrange that the same current flows 

in each lamp when it is connected. In an experi- 

ment of this kind the results displayed in Table 

23b were obtained, the supply being switched on 

for one minute in each case. 

(b) 

); (b) shows a domestic single 
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@ 

Joulemeter 

Fig. 23.9 

The current through each lamp was 0.20 A and 

it flowed for a time of 60s. Thus we know that the 

charge which has passed through each lamp is 0.20 

x 60 = 12C. If the supply had been switched on 

for two minutes in each case, then twice the 

amount of energy would have been delivered to 

each lamp. This suggests that the lamps differ in 

this important respect: the amount of energy 

converted per coulomb of charge is different for 

each lamp. These amounts have been calculated 

and entered in the right-hand column of Table 

23b. It should not be surprising, now, that these 

amounts correspond roughly to the voltage 

markings on the lamps. We are now in a position 

to elucidate the precise meaning of the term 

voltage. The word itself means, literally, ‘the thing 

which is measured in volts’. The ‘thing’, or rather, 

‘the physical quantity’ which is measured in volts, 

is the number of joules per coulomb of charge. 

Thus, in the smallest of the three lamps used in the 

experiment described above, for every coulomb of 

charge which has passed through the lamp fila- 

ment, approximately 2.5 joules of energy have 

been transformed into heat and light: and that 
lamp was marked 2.5 V (meaning 2.5 volts). The 

actual measurement made with the joulemeter 

gave 2.7 joules per coulomb. This is explained 

(assuming the joulemeter has been accurately 

calibrated) by the fact that the filaments of mass- 

produced lamps vary one from another in their 

characteristics, and it should not be surprising that 

a bulb marked 2.5 V 0.2 A may use a little more or 

Table 23b Current in each lamp: 0.20A. Time 
switched on: 60s 

Lamp type Energy Charge Joules per 

utilized/J passed/C coulomb 

2.5V0.2A 32 12 ALU 

8.0V0.2A 97 12 8.1 

12.0V0.2A 154 12 12.8 

[23.2] 

a little less than precisely 2.5 joules per coulomb, 

even when the current through the filament is 

maintained at exactly 0.2 A. In the experiment we 

could have measured this quantity by a much 

more direct method, using a voltmeter (which has 

probably occurred to you already!) and it is useful 

to repeat the experiment of Fig. 23.9, this time 

connecting a voltmeter in parallel with each of the 

three lamps being tested. The voltages indicated 

by the voltmeter should then be found to agree 

well with the values calculated in the right-hand 

column of Table 23b. 
The quantity which is measured in volts is 

properly termed potential difference (p.d.). A 

voltmeter is always connected in parallel with, or, 

as it is often expressed, across an electrical device, 

in order to measure the p.d. between the terminals 

of the device. One often refers to ‘the p.d. across’ 

an electrical device when signifying the p.d. thus 

measured. 

The exact definitions of the term p.d. and the 

unit in which it is measured are as follows: 

M The p.d. across an electrical device is the 

amount of energy converted per unit charge 

passing through the device. 

@ The volt is the unit of p.d. such that one volt 

= one joule per coulomb. 

It should now be possible for you to work out 

how, in the circuit of Fig. 23.9, one could find the 

amount of energy converted in a lamp in a given 

time without using the joulemeter. These facts 

give the clues: 

a) The voltmeter measures the number of joules 

of energy converted in the lamp per coulomb 

of charge passed through the lamp. For this 

quantity we use the symbol V. 
b) The ammeter measures the number of cou- 

lombs, passing through the lamp per second. 
For this we use the symbol J. 

c) The clock measures the time, ¢, during which 
the supply is switched on. 

Using the symbol W for the amount of energy, 
we can write the solution thus: 

(number of joules) 

= (number of joules per coulomb) 
(number of coulombs per second) 

x (number of seconds), 
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or, in symbols: 

(23:2) 

Problem 23.1 An electric room heater takes a 

current of 6A from the 250V mains supply. 

Calculate (a) how much energy it transforms when 

switched on for a period of ten hours, and (b) the 

cost of having the heater switched on for ten hours 

when the cost per wnit is 6p. (1 unit = one kilo- 

watt hour = 3600000 J.) 

To compute the answer by the method outlined 

above we must first express the time in seconds. 

a) Ten hours = 10 x 60 x 60 = 36000s 

eneroy = Wa VN 

=¥250.616 7X 636:000)) 

= 54000000 J 

54000 000 

~ 3600000 ape 

= 15kWh 

[Sigg ip: 

80 p. 

b) Cost 

It is important for every householder, indeed 

for every consumer of electrical energy, to 

appreciate that what he pays for is neither the 

potential difference (the volts) nor the current (the 

amperes) separately, but the quantity of electrical 

energy utilized, i.e., the quantity measured by 

product V/t. This can always be calculated by the 

method of Problem 23.1 if the loads are resistive 

in nature. 

23.3 Resistance 

One might wonder, referring back to the experi- 

ment of Fig. 23.9, how it comes about that the 

same current flows through each of the three 

tungsten filament lamps although the p.d. across 

each lamp is different. The difference can only be 

due to different characteristics of the tungsten 

filaments. The property of the filament which 

determines the relation between the p.d. across it 

and the current flowing through it is its resistance. 

We can begin investigating this property by means 

of a simple experiment with a tungsten filament 

lamp. In the circuit of Fig. 23.10 the current 
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Fig. 23.10 

flowing through a lamp can be varied by the 

rheostat R. There are suitable meters in the circuit 

to measure the current and the p.d. A typical set 

of measurements (Table 23c) shows more clearly 

the relationship between the p.d. and the current. 

In trying to analyse these results, however, one 

must bear in mind that in this situation we have 

not just ¢wo varying physical properties (p.d. and 

current) but three. The third property is the 

temperature of the filament, which varies during 

the course of the experiment from around room 

temperature to a temperature of around 2000°C. 

Although the temperature of the filament has not 

been measured in the experiment, it is reasonable 

to suppose that the very marked variation in 

temperature has contributed in some way to the 

pattern of results obtained. To carry out a 

meaningful investigation of the relationship 

between p.d. and current in a conductor (e.g., a 

metal wire) we must begin by controlling any 

variable factors other than p.d. and current. It is 

not practicable to keep the temperature of a lamp 

filament constant while performing this kind of 

experiment with it, but a similar experiment can be 

done with a length of wire of a suitable type 

immersed in oil to keep its temperature constant. 

In such an experiment it is found that, regardless 

Table 23c 

p.d./V Current/A 

0.4 0.60 

0.9 0.90 

2.0 1k25 

3.9 1.70 

6.5 2.30 

10.0 2.85 

12.0 3.10 
nn aU EEE EET 
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Fig. 23.11 Current/p.d. characteristics for 5 m of tungsten 
wire of diameter 0.4 mm at temperatures of 273 K and 573 K. 

of the material of which the wire is made, the 
current is directly proportional to the p.d. over the 
whole range of measurement. If the experiment is 
then repeated with the wire maintained at a 
steady, higher temperature (by heating the wire in 
a sandbath, for example) then again it is found 
that the current is proportional to the p.d., but for 
any given value of p.d., the current is less than 
what it was in the cool wire. The measurements of 
p.d. and current, when plotted on a graph, then 
appear as in Fig. 23.11 which refers to 5m of 
tungsten wire of diameter 0.4mm. This kind of 
change in the current-p.d. characteristic as a 
result of change in temperature is a property of a// 
wires made of pure metals within a normal 
working range of temperature. The reader should 
now be able to appreciate why the current—p.d. 
graph for the lamp filament, in Fig. 23.12, is not a 
Straight line but a curve of decreasing gradient, 
remembering that the greater the current, the 
higher the filament temperature. 

We have referred previously (Section 11.6) to 
the analogy between the flow of a fluid in tubes 
and the flow of electricity in a circuit. We found 
that both fluid flow through a tube and the flow 
of electric charge in a conductor experienced a 
resistive effect. In the case of a fluid Eq: Jis4 
could be written 

Ap _ 8yl 

AV/At+ ~ 1——-qa4 

[23.3] 

Current/A 

0 5 10 

p.d./V 

Fig. 23.12 Current/p.d. characteristics for the filament of a 
lamp. 

So, for a given tube and a given fluid, the ratio 

pressure difference/flow rate gave a measure of 

the resistance to flow. 

In the electrical case, Eq. 11.6 could be written 

AV el 

NOVI Sy | 

For a given conductor, the ratio potential dif- 
ference/current gave a similar measure of elec- 
trical resistance. 

In symbols 

ay 

R = V/I (23.3) 

and this is the defining equation for resistance. 
The unit of electrical resistance is then the volt 

ampere~! or ohm. The international symbol for 
the ohm is 2. 

In the experiment illustrated in Fig. 23.10 
values of p.d. and current were measured for a 
tungsten filament lamp. These values are tabu- 
lated again in Table 23d and the resistance of the 
filament has been calculated for each pair of 
values. The resistance is observed to increase as 
the current through the filament increases. But 
look at the results of a similar experiment made 
with a metal wire kept at approximately constant 
temperature, in Table 23e. It is clear in this case 
that resistance of the wire is constant, regardless 
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Table 23d Tungsten filament lamp 

P.d./V Current/A Resistance/Q 

0.4 0.60 0.7 
0.9 0.90 1.0 
2.0 1.25 1.6 
3.9 1.70 2.3 
6.5 2.30 2.8 

10.0 2.85 3.5 
12.0 3.10 3.9 

of the strength of the current flowing in the wire. 

This implies that, if one knows the resistance of a 

wire, one can easily predict what the current in the 

wire will be for any given value of p.d. applied to 

it, or what the p.d. will be for any given current, 

provided that there is no change in temperature. A 

length of metal wire at constant temperature is one 

example of a /inear electrical device: a device in 

which the current is always directly proportional 

to the applied p.d. The particular practical uses of 

linear and non-linear electrical components will be 

discussed in detail later in this chapter. 

The relationship of direct proportionality 

between the current and the p.d. in metal wires 

held at constant temperature was first convincingly 

demonstrated by Georg Simon Ohm, a German 

mathematician and physicist. The results of his 

investigations appeared in a paper published in 

1826. The proportionality apparently held good 

for a wire of any dimensions made of any metal, 

over the whole range of currents which he was able 

to obtain, provided that the temperature of the 

wire was not allowed to vary. 

H Ohm’s law: a steady current flowing througn 

a metallic conductor is directly proportional to 

the p.d. between the ends of the conductor, 

provided that the temperature and other 

physical conditions are kept constant. 

Table 23e Length of resistance wire 
ss 

Pde) Vi Current/A Resistance/Q 

72 0.50 2.4 

2.9 1.20 2.4 

4.1 1.65 2.5 

5.2 2.10 2.5 

6.3 2.50 2.5 

7.6 3.05 2.5 
SS EE EE eS 
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Resistance 

0) Temperature 

Fig. 23.13 The variation of resistance of a super-conductor 

with temperature at temperatures near to the absolute zero. 

The law is found to be obeyed very closely by all 

metals, and by certain non-metallic conductors 

and electrical devices. These can therefore 

conveniently be referred to as ohmic conductors 

and ohmic devices: alternatively (as mentioned 

earlier) they can be called /inear because of the 

linearity of their characteristic current-p.d. 

relationship. 

We must note that at very low temperatures 

most metals depart radically from the simple 

behaviour described by Ohm’s law. Indeed their 

resistance falls to zero. In this state they are 

superconductors. Figure 23.13 shows graphically 

how the resistance of a superconductor changes at 

this transition. 

The phenomenon, which was discovered by 

Kamerlingh Onnes in 1911, has the interesting 

implication that once a current is started in a 

superconducting ring, it may continue indefinite- 

ly. But, of far more significance is the application 

of the phenomenon to the design of super- 

conducting magnets. Such magnets can be made 

to be far more powerful and yet cheaper to run 

than conventional powerful electromagnets. This 

suggests important consequences for electric 

power generation and for electric motors if the 

upper limit of superconductivity can be raised. At 

present this stands at 21 K. A further rise to, say, 

30 K could revolutionize electrical technology. 

23.4 The resistance of wires 

G. S. Ohm was also the first person to investigate 

how the resistance of a wire in a circuit depended 

upon the /ength of the wire. To investigate the 
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Fig. 23.14 Circuit for the investigation of variation of the 
resistance of a wire with length. The wire under test is 
connected between P and Q. 

relationship between resistance and length for a 

wire nowadays one could use the circuit of Fig. 

23.14. It is found that the resistance is directly 

proportional to the length, provided that the wire 

has uniform cross-section. To investigate how the 

resistance depends upon the thickness of the wire 

one can use samples of wire made of one parti- 

cular material, all samples having the same length 

but different thickness. It is found that the 

resistance depends upon the area of cross-section 

1072 107840-3 1° 102.108 109 

Copper 

Aluminium [4 

Metals 

Iron 

Constantan [|] 

Alloys 
Nichrome 

Carbon 

Germanium 

Silicom ESS ee ese 
Semiconductors 

Glass 
(high lead) 

Electrical 
porcelain 

Insulators Rubber 

Polythene 

Fig. 23.15 
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of the wire in such a way that if a wire has twice 
the thickness of a second wire, having the same 

length, then the resistance of the first wire is one 

quarter of the resistance of the second. The 

resistance is inversely proportional to the area of 

‘ cross-section. These facts are summed up in a 

formula for the resistance, R, of a wire in terms of 

its length, /, and its area of cross-section, A: 

(23.4) 

The symbol g represents the resistivity of the 

material of the wire, and is constant for a given 

material at a specified temperature. If R_ is 

measured in ohms, / in metres, and A in square 

metres, then the unit of @ must be: ohm metre 
(abbreviated: Qm). The. resistivities of some 

common materials used in electrical circuits are 

shown in bar-chart form in Fig. 23.15. The 

enormous range of resistivity from the metals 

(10~*Q m) to insulators (10'*Q2 m) makes it neces- 

sary to use a logarithmic form for the chart. The 

scale of resistivity is given in powers of ten. In this 
‘ 

1012 4018 On heating 

1.56 x 10-8 Increases 

245x107 9 4 

SOR a10=s 4 

48 x10’ Little change 

1.SxT103° : 

3.5 x107° Decreases 

0.6 2 

2.3 x 103 ie 

6 ~x10!! 

10''to 1012 ze 

10'2 " 

1014 » 

Bar diagram of the resistivities of a number of substances in 2 m at room temperature. The scale is logarithmic. 
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way, the 22 orders of magnitude (from 10-8 to 

10'4) can be fitted into the space available. Actual 

values are quoted to the right of the chart together 

with an indication of how the values change with 

temperature. 
The formula R = e(//A) can be used to 

calculate the resistance of any wire or cable of 

uniform cross-section. 

In some applications it is more convenient to 

use the conductivity o of the material. This is the 

reciprocal of the resistivity and, as has been 

pointed out in Chapter 15, varies very widely when 

considered over the whole range of insulators and 

conductors. 

Problem 23.2 The heating element of an electric 

toaster is made of nichrome tape, thickness 

0.05 mm, width 1 mm. The length of the tape is 

4m. Calculate the resistance of the element at 

wa. 

Cross-section area of tape 

10-0050 10 1? 

5 Se One 

ll 

Resistivity of nichrome = 130 x 10-§Qm. 

Using the formula: 

4 
= —8 (JA eee R = 130 x 10 X => 1078 

520 
Fe es 

"R= 1040 

If one wanted to find the resistance of a cable 

consisting of several strands of wire of one parti- 

cular material, then one would simply substitute 

the total cross-section area of all the strands for A 

in the formula. If the strands are made of different 

materials, as for instance in the steel and 

aluminium conductors used in the overhead power 

cables of the National Grid in Great Britain, then 

one cannot use the simple formula alone: another 

formula, which gives the resistance of a number of 

resistors connected together in parallel, must be 

used as well. 

Problem 23.3 The resistance of overhead cables 

of the National Grid. Estimate the resistance per 
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kilometre of one type of aluminium-and-steel 

conductor used on the 132 kV grid system, given 

the following data and guide-lines. 

The cable consists of a core of 7 steel strands, 

each 0.28 cm diameter: the total cross-sectional 

area of these steel conductors is therefore about 

0.4cm2. Around this core are 30 aluminium 

strands of the same diameter: the total cross- 

sectional area of aluminium is thus about 1.8 cm’. 

Take the resistivity of aluminium as 3 x 107° 

Q m, and that of steel as 12 x 10-§Q m. 

a) Using the appropriate formula, calculate the 

approximate resistance of 1km of the 

aluminium conductors. 

b) Repeat for the steel conductors. 

c) Compare the resistance of the two types of 

conductor: you will notice that one is con- 

siderably greater than the other. Most of the 

current will flow in the conductor of lower 

resistance, and in our rough estimate we can 

neglect the presence of the high-resistance 

conductor: which conductor is this? 

d) Finally, state the resistance per kilometre to 

one significant figure. 

The results of these calculations will be used in 

Problem 24.4 where the power loss in the con- 

ductors is considered. 

From Eq. 23.4 

l 
hea Oo 

a) For 1 km of aluminium: 

R= Seale sx ame 
ce 1.8 2 1033 

=IOMTM: 

b) For 1 km of steel: 

103 
= —8 R= Ne LOX aban 1024? 

= 30. 

c) The resistance of the steel is thus about twenty 

times that of the aluminium, so most of the 

current flows through the aluminium. 

d) The overall resistance of the cable will be 

slightly less than 0.17 @ (because of the 

presence of the steel). Call it 0.2 per km, 

correct to 1 significant figure. 
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Problem 23.4 In the article on microelectronics 

in the Electronic Engineers’ Reference Book it 

is stated that, in a typical thin-film circuit, in 

which resistors are made by the condensation of 

vaporized nichrome alloy on to borosilicate glass, 

a 10 kQ resistor would be approximately 1 cm long © 

and 0.25 mm wide. The resistor is a thin, flat strip 
of the metal. From this information, and using the 

value for the resistivity of nichrome given in Fig. 

23.15, estimate to one significant figure the thick- 

ness of the strip of metal, and express the answer 

in nanometres (1 nm = 10~-?m). Then, given that 

the diameter of single atoms in a metal like 

nichrome is very roughly 0.2nm, express the 

thickness of the resistor strip in terms of atomic 

diameters. 

Let the thickness of the resistor strip be x. 

Using the formula R = o(//A) and sub- 

stituting, we get 

Oger a 0 ee 
, OZSR AO: 

Per SU ALS A! 
a x 

hence 

20% Nr Ses 

a 10 

= 52 «Oe in = SA i000 

or, to one significant figure, 5 nm. 

If one atomic diameter is approximately 

0.2 nm, then the strip is about 5/0.2 = about 25 
atoms thick! 

Layers as thin as this are achieved by con- 

densing the vapour of the metal, in a near 

vacuum, on to the surface of the substrate 

material (typically, borosilicate glass). It is 

possible to control the minute thickness very 

accurately since the material is being deposited, 

literally, atom by atom. 

The resistivity of any pure metal increases with 
its temperature. Figure 23.16 shows the effect of 
temperature on the resistivities of some metals. 
Over a limited range of temperature the graphs are 
approximately linear, so that a temperature coef- 
ficient of resistivity can be specified for the metal 

[23.4] 
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Fig. 23.16 The variation of resistivity with temperature for 
zinc, aluminium and copper. 

concerned. This coefficient is defined as the 

increase in resistivity per °C or K 

resistivity at 0°C 

We may write 

Ry — Ro 
R, = a6 (23.5) 

where R, and Ry are the resistances at temperatures 

6 (in °C) and 0O°C respectively and a is the 
temperature coefficient of resistivity. 

Certain alloys have a high resistivity and a 
very small temperature coefficient of resistivity in 
comparison with pure metals. Examples of such 
alloys are constantan and manganin which are the 
metals most often used for making resistors of the 
wire-wound variety: and in this application it is 
very convenient that variation of resistance as a 
result of change in temperature is generally 
negligibly small. Table 23f shows the temperature 
coefficients of resistivity of some metals, and here 
it should be noted that the coefficients all have the 
same order of magnitude for pure metals. The 
coefficients for resistance alloys are in the order of 
one hundredth of that for a pure metal. So far as 
is known, it is impossible to find a ‘recipe’ for an 
alloy which shows no change in resistivity whatso- 
ever when its temperature changes. 
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Table 23f The elements of electric heaters are generally 

——— C~*ésbancde@: fan ally, calle’ nnichromes which) (like 

Temperate coefficient — Constantaland manganin) has a high resistivity 
Material of resistivity/K7~' i : 

ei ee ey SS butt a small temperature jcoeiticient. alts] main 

Pure metals virtue is that it does not deteriorate mechanically 

Aluminium 4.5 x DS or chemically when maintained at a high tempera- 

Copper 6.6 x 107 ture (e.g., red heat) for prolonged periods of time. 
Silver AN or: ‘ ; ; 

Jinc 42 H0e? Often a heating element is made of a flat strip of 

Alloys F the metal rather than of round wire (see Problem 

Constantan +0.02 x 10-3 23.3 above), as in an electric toaster. The flat strip 

Nichrome OseciG=? form of conductor combines a high resistance with 

a large surface area for rapid dissipation of heat. 
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24.1 Power 

When you switch on the headlamps of a motor car, 

radiant energy streams out forwards and lights the 

way ahead. The energy flow process was discussed 

in Section 23.2 in which the term potential dif- 

ference was defined. The rate at which energy is 

supplied by the battery is the power supplied; 

likewise the rate at which energy is utilized by the 

lamps is the power utilized. The word power 

means rate of conversion of energy. 
The unit of power is the watt (W). If we say 

that a lamp has a power of one watt, we mean that 
electrical energy is being converted into heat and 
light at the rate of one joule per second. (See 
Section 8.5). We can write: 

L Wee ise 

Let us see now how the power consumed by a 
passive electrical device such as a lamp is related to 
the current flowing through it and the potential 
difference across it. The current is the quantity of 
electric charge flowing through the filament per 
unit time, and the p.d. is the amount of energy 
delivered per unit charge: thus, if we multiply 
together the current and the p.d. we get the 
amount of energy delivered per unit time, which is 
the power delivered to the lamp. Expressed in 
terms of the units for these quantities, the product 
is written: 

I.Grlaxe Cis) 

which is simplified to J s~! or, by definition, W. 
The conventional symbol for power is P, and we 
write the formula 

P= VI (24.1) 
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Table 24a Power ratings of some domestic electrical 
appliances in watts 

Tape recorder 30 
Reading lamp 60 
Colour T/V receiver 150 
Electric blanket 200 

Vacuum cleaner 750 
lron* 625-1000 

Kettle 2000 

Room heater* 2750-3250 

Immersion heater 3000 

(150 litre tank) 

* Maximum and minimum power ratings are generally 

marked on such appliances as these which are fitted 

with means of controlling the energy supplied. 

We can express the power in terms of the resist- 

ance, R, of the device if we use the relationship 

R = V/I, which defines resistance. Substituting 

V = IR into Eq. 24.1 we get P = /’R; alternative- 

ly, substituting J = V/R we get P = V’/R. 

Table 24a shows the power ratings of some 

electrical devices in common use. The three 

quantities will, of course, be observed to satisfy 

the relationship P = V/ in each case. 

Multiples and sub-multiples of the basic unit, 

the watt, are in common use (see Appendix 1), the 

former in the literature of electrical power genera- 

tion and use, the latter in the world of electronics 

and telecommunication. 

The power of electrical devices, both domestic 

and industrial, is nearly always marked on them. 

On a domestic lamp one may find, for example, 

the correct operating voltage and the power 

indicated thus: 240 V 60 W. 

The power output of a generating station is 

likely to be specified in megawatts. A typical large 

station may have a capacity of 2000 MW. 

24.2 Electromotive force 

The role of the battery in an electric circuit has 

been compared with the role of the pump ina fluid 

circuit. It must, however, be much more than this, 

for not only is it necessary for the maintenance of 

the flow of electric charge but it is the major 

source of the energy which is transformed to heat, 

light, etc., in the circuit components. 

Consider a simple circuit made up of a variable 

resistor R, an ammeter, a voltmeter of high 
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Fig. 24.1 Circuit used to investigate the role of a battery. 

sensitivity and resistance and a new 1 5 V cell (Fig. 

24.1). As R is varied, corresponding readings of 

the voltmeter are recorded; see Table 24b. 

The rise in the potential difference across the 

resistor R is noteworthy; it immediately raises the 

question of the fate of the volts ‘lost’ when the 

resistor R has low values. 

Table 24b 
2 

R/Q V/V I/A 

5 1.42 0.28 
10 1.48 0.15 

20 1.52 0.076 

40 1.535 0.038 

60 1.54 0.026 

80 1.545 0.019 

100 EOS 0.016 

200 1.56 0.008 

1000 1.56 0.0007 

5000 1.56 0.0003 
a 

The graph of the values of the potential dif- 

ference across the resistor R and the current 

flowing (Fig. 24.2) is a straight line, provided that 

the external resistance is not allowed to fall too 

low. 

The difference between the maximum potential 

difference (in this case 1.56 V) and the potential 

difference across the resistor is proportional to the 

current drawn from the cell. Evidently there is a 

further resistor to be considered. We know that 

the copper connecting wires themselves can contri- 

bute very little to the total resistance of the circuit 

so we conclude that the cell itself has some internal 

resistance. 

Problem 24.1 What is the internal resistance (7) 

of the 14 V cell used in this experiment? 
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Since the graph (Fig. 24.2) is a straight line, the 

potential difference recorded by the voltmeter is 

proportional to the current drawn from the cell. 

The difference between the highest and the lowest 

values of the p.d. recorded during the experiment 

(the ‘lost’ volts) is (1.56 — 1.42) volts, i.e., 0.14 V. 

This p.d. of 0.14V is responsible for the 

current flowing through the cell and so 

internal resistance r = 

This result suggests that a fresh cell could give 
a short-circuit current of 3 A. This value will fall 

away very quickly as the cell polarizes. 

Current/A 

4 15 CITE G 
Potential difference/V 

Fig. 24.2 Variation of the current in circuit 24.1 with 
potential difference for a range of values of resistance R. 

Problem 24.2 It was claimed that the resistance 
of the copper connecting leads contribute very 
little to the total resistance of the circuit. What is 
the order of magnitude of the resistance of the 
leads in an experiment such as this one? The 
resistivity of copper is 1.6 x 10-§Qm 

In such an experiment perhaps 2m of con- 
necting wire were used. Typically, such wire is 
made of stranded copper with a total cross- 
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sectional area of 0.75 mm? (which is 0.75 x 107° 

m2). Applying Eq. 23.4 we have 

LEG 10a 

OMS a1 04 

=4.~x 10-0 

Resistance of the leads = Q 

Order of magnitude of resistance of the leads 

is 10“ 

There seems to be no way in which the volt- 

meter used in this experiment can be used to 

measure how energy is utilized or dissipated within 

the cell itself. We would need to devise another 

experiment in which the heat produced in the cell 

could be measured to discover this and, in prin- 

ciple, this could be done. We would then be able 

to state, exactly, the maximum total energy per 

unit charge which the complete circuit (cell 

included) can utilize or dissipate. This maximum 

voltage we may call the electromotive force 

(e.m.f.) of the cell. We could, in principle, 

determine it by immersing the complete circuit in a 

calorimeter and measuring the current and the rate 

of production of heat. 

Now, such a cell can provide energy to a 

simple circuit for a long period of time without 

change. The energetic conditions are steady. The 

amount of energy per unit charge generated by the 

source is equal to the total amount of energy per 
unit charge which is utilized in the whole circuit. 
So we see that the electromotive force of the cell is 
equal, also, to the energy per unit charge which is 
generated within it. 

Let us now further develop these energetic 
aspects of the electric circuit in which a steady 
direct current is flowing. Consider a battery (or, 
indeed, any suitable electrical source) with e.m-.f. 
— and internal resistance r connected to an 
external resistance R. Let the current be J. 

The e.m.f. E is equal to the external energy 
transformed per coulomb plus the energy trans- 
formed in the battery itself per coulomb. We can 
measure the first of these. 

During an interval of time ¢, /t units of charge 
pass and the energy transformed in the external 
circuit is J?R¢ whilst the energy dissipated in the 
battery is /2rt. 

From the definition of electromotive force 
as the energy per unit charge utilized in the entire 



[24.3] 

current a 
_ total utilized energy 

E : 
charge passing 

mn Rate 
= Tt (24.2) 

= T(RteTr) 

igi FAN 7 5) 
$= Fete (24.3) 

Multiplying both sides by R 

R 

eS Wat ante 

This is the voltage V which we can measure with a 

voltmeter. So 

R 

PUL ROeeP 
Dividing both numerator and denominator of the 

fraction by R we have 

1 
r 

ee 
V=E 

As R tends to an infinite resistance, so the p.d. V 

tends towards E. This is the justification for the 

direct measurement of e.m.f. by the use of a high 

resistance voltmeter or a potentiometer. 

Equation 24.2 may be written 

El = JAR lr 

or 

PPSTeR Torey: 

which may be written as 

EI - PR-Tlr =0 

In this form we are using a sign convention: we are 

allotting a positive sign to terms representing 

electrical power applied to the circuit, and a 

negative sign to terms representing electrical 

power utilized in the circuit and in the battery. The 

left-hand side of the equation rewritten in this 

form then represents the net gain of electrical 

power in the circuit and battery, which is zero. 

The importance of using this sign convention 

becomes apparent in Section 24.6, where one has 

to be careful to distinguish regions of a circuit in 

which power is supplied from regions where power 

is utilized. 
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24.3 Energy changes 

The dry cell used in our experiment will eventually 

cease to provide a useful e.m.f. and, at this point, 

is discarded. It is not rechargeable. The con- 

stituents of this cell (zinc case, ammonium chloride 

paste, a mixture of powdered carbon and 

manganese dioxide, carbon rod) are involved ina 

chemical reaction which makes it possible to 

transfer some energy to the circuit. We would 

hardly expect all the available energy to be 

transferred usefully: some causes the temperature 

of the cell to rise when in use. The e.m.f. (which is 

1.5 V) describes the maximum transfer of energy 

to useful forms. When supplying a current to an 

external circuit the ratio of the energy transferred 

usefully to the total energy available falls and this 

is revealed as a fall in the external p.d. 

Other dry cells use different constituents; these 

include the alkaline-manganese cells and the 

mercury cells. The latter type is particularly useful 

in applications which require a long life and a high 

ratio of energy to volume (e.g. in watches, calcu- 

lators, pace-makers). 

Certain cells are reversible and chargeable. 

The most useful of these include the lead 

accumulator (so commonly used in car batteries), 

the nickel-iron or Nife cell and the nickel- 

cadmium or Ni-cad cell. In such cells, when in 

use, the e.m.f. is in the same direction as the 

current and energy is being converted to what we 

may call an electrical form. But, when on charge, 

the e.m.f. is in opposition to the current, and 

electrical energy is being transformed to another 

form which we may think of as chemical. In this 

case, too, such other energy sources as the 

exchange of energy with the surroundings result- 

ing from temperature gradients are involved. 

ee ee 

Problem 24.3 A 3 V torch battery has an internal 

resistance of 0.8 ohm. It is connected to a lamp 

which draws a current of 0.25 A. 

a) Calculate the p.d. across the lamp. 

The battery is then used to supply a number of 

lamps connected in parallel, and they take a total 

current of 1.25 A from the battery. 

b) Calculate the p.d. across the lamps in this 

case. 
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a) From Eq. 24.3 

p.d across‘load = JR +=. EF — Jr 

31> 025 XK AO8LV, 

3 —0.2V 
= 2.8V 

II 

b) Similarly, 

p.d. across load =-3 — 1.25 x 0.8V 

3 — 1.0V 
= 2.0V 

In Problem 24.3 case (a), only 0.2 V is utilized 
within the battery; in case (b) 1.0V. The greater 
the current taken from the battery, the greater is 
the utilization of energy within the battery. In 
practice this is not likely to be a serious problem 
because one would not normally take such a large 
current as in case (b) from such a small battery 
because the useful lifetime of the battery would be 
inconveniently short in this situation: for, in 
general, the smaller the chemical cell the larger is 
its internal resistance. It is partly a consequence of 
the fact that batteries have internal resistance that 
torch bulbs rated at 2.5V are used with dry 
batteries whose e.m.f., when new, is 3.0 V. The 
small battery of a pocket torch may have an 
internal resistance of as much as 5 Q, and if such a 
battery is supplying a current of 0.1 A, the ‘lost 
volts’ will be 0.5 V, which in this example would 
be just right. However, internal resistance is not 
the only consideration in this practical situation: 
there is also the fact that, during use, the e.m.f. of 
a battery decreases. 

We now have an important theoretical point to 
clarify. Looking at the circuit of Fig. 24.3 we see 
that we have two principal elements in the circuit, a 
device which converts energy from some other form 
into electrical form (the generator or cell), and 
a device which converts the energy from electrical 
into some other form (the load). In each case the 
rate of energy conversion — the power — can be 

Fig. 24.3 z 
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calculated from the p.d. across the device and the 
current flowing through it. But can these measure- 

ments of p.d. and current reveal whether power is 

being supplied by the device or utilized by it? 

They can, provided that one takes into account the 

polarity of the p.d. across the device and the 

direction of the current. In the circuit of Fig. 24.3 

positive electric charge flows in the direction of 

the arrows. This charge, when it moves through 

the generator, goes from a region of lower 

potential to a region of higher potential and thus 

gains energy. In the generator, then, the direction 

of current flow and the direction of increasing 

potential are the same. It is convenient to think of 
the potential rise across the generator, going from 
its negative to its positive terminal. Thus, the rule 
is that if the current and potential rise are in the 
same direction for an electrical device, then the 
device is supplying electrical energy to the circuit. 
Consider now the load. It is a passive device, and 
in it the electric charge loses potential energy as it 
flows. The current flow is in the opposite direction 
to the potential rise, and here electrical power is 
utilized. These ideas are important when con- 
sidering the circuit of Fig. 24.4. Here we have a 
storage battery (accumulator, or re-chargeable 
battery) being charged from a source of direct 
current. Here, the direction of current flow in 
relation to the polarity of the battery looks wrong: 
but the explanation is that, in the battery here, we 
are converting electrical energy back into chemical 
energy. Notice that, the potential rise across the 
battery is in the opposite direction to the current: 
hence (by our rule) the battery is utilizing electrical 
energy. The internal resistance of the battery, r, is 
also utilizing electrical energy but, of course, not 
converting it into chemical form! We can write the 
equation for conservation of energy in the circuit 
thus: 

Vio] — p= 0 

d.c _ 
* source 

+ 

Fig. 24.4 
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allotting positive signs to the terms representing 

electrical power supplied and negative signs 

to power utilized, using the sign convention 

explained above and the symbols of Section 24.2. 

Problem 24.4 Power loss in the overhead con- 

ductors of the National Grid. 
The solution of Problem 23.3 gives an estimate 

of the resistance per kilometre of one type of 

aluminium-and-steel conductor used on the 132 kV 

transmission system of the National Grid: to 

1 significant figure it was 0.20 km~!. A calcula- 

tion accurate to 2 significant figures would have 

given 0.16Qkm~—!. 
Suppose that the loading is such that the 

effective value of the current (that is, the equiva- 

lent value of steady direct current) flowing in one 

of these conductors is 400 A. 

a) Calculate the voltage drop along a 20 km run 

of cable. 

b) Roughly what percentage of the working 

voltage of the system is this? 

c) Assuming that the voltage at the supply end is 

actually 132 kV, and the effective value of the 

current is still 400 A, what is the power input 

to the system, to the nearest megawatt? 

d) From the answer to (a), and knowing the 

current, calculate the power dissipated as heat 

in one conductor, to the nearest tenth of a 

megawatt. 

e) What percentage of the power input is lost as 

heat in one conductor? 

You will see from these calculations, if you 

have done them correctly, that the power loss is 

small in comparison with the input power. It is 

small because a very high voltage (132 kV) is being 

used. Suppose that the voltage were one tenth of 

this value: we shall now consider the consequences 

of this. 

f) If the voltage is to be 13.2 kV, what must the 

current be, in order to have the same power 

input to the system? (Remember, power = 

voltage x current.) 

g) What is the voltage drop along a 20 km run of 

cable now? 

h) Compare the answer to (g) with the new 

supply voltage: they are almost the same. This 

means we have lost nearly all the volts along 
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the line! This reasoning need be pursued no 

further - you should now see the full implica- 

tions of this argument. 

a) The resistance of a 20 kmrun of cable is 20 x 

0.16 = 3.22. The voltage drop is given by 

, V = IR, whence V = 400 x 3.2 V = 1280V. 

b) The voltage drop is 1280/132000 x 100 V 

~ which is roughly 1% of the working voltage. 
c) The power input is 132000 x 400 = 52 800000 

W = 53MW to the nearest megawatt. 

d) In one conductor the power dissipated = 1280 

x 400 W = 0.5 MW to the nearest tenth of a 

megawatt. : 

e) The percentage power loss is 0.5/53 x 100, 

that is, roughly 1% per conductor. 

f) If the voltage is reduced to one tenth, then the 

current must be increased ten times (that is, to 

4000 A) if the power input is to be the same, 

because power = the product of voltage and 

current. 
The voltage drop, given by V = JR, will be ten 

times what it was before because the current / 

has been increased ten times (R, we assume, 

remains unchanged): thus the voltage drop is 

now 12800 V. 

h) The new supply voltage is 13.2 kV, that is, 

13200 V: so the voltage drop is only slightly 

less than this. Presumably therefore the power 

loss in the cable is also only very slightly less 

than the power input, and the system would 

be useless in this form. We see from this that a 

change in the supply voltage by a factor of 

ten, subject to the constraint of keeping the 

power input unchanged, means that the power 

loss is altered by a factor of about a hundred 

(from approximately 1% to 100%). 

— g 

24.4 Matching source and load 

The presence of internal resistance in an electrical 

generator sets a limit on the amount of electrical 

power which can be delivered by the generator 

into a load. We shall now see how this limitation 

arises, for it has important consequences not only 

in electrical power engineering but in electronics. 

When an electric generator is connected to a 

load, some of the generated power is dissipated in 

the internal resistance, and hence wasted, and the 
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Source 

Load 
R 

Fig. 24.5 

rest is delivered to the load. The amount of wasted 

power depends on the current which is being 

drawn from the generator, and this current 

depends on the resistance of the load. Alteration 

of the load resistance will thus cause a change in 

the amount of power wasted by dissipation in the 

internal resistance of the generator. In many 

practical situations it is both possible and desir- 

able to adjust the value of load resistance so that 

the greatest possible power is transferred from the 

source to the load. We shall show here what 

conditions are required for maximum transfer of 

power from source to load. 

In the circuit of Fig. 24.5 the current is given 

by 

Ei 
ae 

and the power (P,) dissipated in the load, by 

Z 

P, = PR -( qo) R a ip (24.4) 

Assume now that the e.m.f. and internal resist- 

ance of the source cannot be altered, but that the 

load resistance is adjustable. What value of R 

makes the power dissipated in the load a 

maximum? Figure 24.6 shows how the power, P,, 
given by Eq. 24.4, varies with R. It is seen that the 
power is greatest when the load resistance is equal 
to the internal resistance of the source. Under 

these conditions the power wasted (by dissipation 
in the internal resistance of the source) is equal to 
the power delivered to the load, and each is equal 

top) 47; 

If we wish to find the value of R which makes 

[24.4] 

is R 

Fig. 24.6 Variation of the power dissipated in a load with 
the resistance of the load. 

P, a maximum, we must apply a calculus tech- 

nique and differentiate the expression 

E 2 

P.=(55) : 

St - "ae | aor | 
dR aR | (8 +7)? 

ie | (R + sett +r) 

Equating this to zero gives 

r= R= "0 

Hence 

RESEF (24.5) 

Since only the result R = +r has physical 
meaning in this context, we conclude that the 
condition for P, to be a maximum is that R = ras 
indicated in the previous paragraph. 

This case.is analogous to the transfer of energy 
when two masses collide elastically. In that case, 
the maximum transfer occurred when the masses 
were equal to one another. (See Section 43.2.) 

When a source of electrical energy is connected 
to a load in such a way that the maximum power is 
transferred from source to load, we say that the 
source is matched to the load. Matching a source 
to a load is essential in certain branches of 
electronics. For example, the aerial of a television 
receiver behaves like a source of electrical energy 
having a certain internal resistance, and the aerial 
input socket on the television receiver functions as 
if it had a certain resistance between its terminals 
and it can be regarded as the load when the aerial 
is connected to it. A usual value for this is 75 Q. 
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The power of the ‘signal’ entering the aerial is so 

very weak that it is important to get as much of 

this power as possible to enter the receiver circuit, 

otherwise the quality of the reception may be 

reduced. Thus, in a properly designed system, an 
aerial which functions like a source whose internal 

resistance is 75 Q is connected to the receiver. 
Another situation in which the matching of 

source to load is desirable is where very high 

electrical power is involved. In a large radio 

transmitting station, for instance, where radio 

waves are sent out carrying a power of hundreds 

of kilowatts, any loss of power means appreciable 

loss of money. 

In Chapter 41, on amplification, you will 

meet several examples in which the power trans- 

ferred from a source to a load is calculated. 

24.5 Kirchhoff’s second law 

It is necessary now to find out what happens when 

there are two or more electrical devices in a circuit. 

Look at the circuit of Fig. 24.7. This circuit has 

been used earlier in elucidating the behaviour of 

electric current: now we shall use it to throw more 

light on the concept of p.d. To measure the pd: 

across the lamp L, we would connect a voltmeter 

to points A and B: we can say alternatively that we 

are measuring the p.d. between points A and B. If 

we then measure the p.d. between points A and C 

we find that it equals the sum of the p.d. between 

A and Band the p.d. between B and C. This result 

can be expressed in symbols thus: 

Vac = V ap + Viec 

Similarly it is found by experiment that 

Viep = Vgc a Veo 
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and, as one would expect (and as must follow 

logically from the previous two results), 

Van = Vag + Vec + Von 

Another way of expressing these results would be 

to say that the voltages add up as one goes around 

a circuit. The same rule is found to be obeyed by 

the cells when the voltmeter is connected across 

each cell separately, then across two of the cells, 

then across all three. One could then express the 

result thus: the cell voltages when added up equal 

the lamp voltages added up. But in fact the 

situation is a little more subtle than this. To clarify 

the subtlety we need to make voltage measure- 

ments on the circuit of Fig. 24.7, using a centre- 

zero voltmeter. With such a voltmeter, if a cell 

whose e.m.f. is 1.5 V is connected to the meter 

with the correct polarity the needle swings to the’ 

right of zero, registering +1.5 V. If the cell is 

connected with reverse polarity (i.e., with the 

connections to the meter interchanged) then the 

needle swings to the left of zero, registering 

—1.5V. Suppose now that we go around the 

circuit of Fig. 24.7 with our centre-zero voltmeter, 

starting with the meter’s negative terminal con- 

nected to point A and its positive terminal to B. 

The results of a typical set of measurements are 

shown in Table 24c. 
As expected, the negative voltages in the table 

of results (which represent the p.d.s across the 

three cells), when added together, equal the sum 

of the positive voltages (the p.d.s across the three 

bulbs). We can say, in a sense, that ‘the voltage 

goes up’ as we go from A to B around the circuit, 

and then ‘goes down’ from D, via E and F, back 

to A. But our crude language, indicated by 

inverted commas, is not really precise enough, 

Table 24c 

Negative terminal Positive terminal Voltmeter 

of meter connected — of meter connected reading 

to point to point 

Steal 
sao 

aT hh ie) Oo) > 35) Sal (nal (GS) Gey (es) 

+ 
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because the ideas of ‘voltage going up’ and 

‘voltage going down’ are not exact. The word 

‘voltage’ so far has been an alternative word for 

‘potential difference’. The word ‘difference’ is 

important to appreciate here: there is a certain 

potential at point A, and. another potential at 

point B, in the circuit of Fig. 24.7, and the 

difference in potential between A and B is 1.2 V. 

What is more, the potential at B is 1.2 V higher 

than the potential at A. Alternatively one can say 

that the potential at A is 1.2 V lower than the 

potential at B (not surprisingly, perhaps). Thus, in 

going from A to D, we find that the potential 

increases by a certain amount; and in going from 

D via the cells back to A we find that the potential 

decreases by the same amount. We can, if we 

choose, call the potential at point A zero. If we do 

this, then we can tabulate the potentials at 
different points in the circuit as in Table 24d. 

From one point of view the results may seem 

obvious: one does not expect to arrive back at 

point A, having gone around the circuit, to find a 

potential there different from what it was when 

one started the journey at point A! 

Table 24d 

Point Potential/V 

0. 
+ 1.2 

+2.7 

+4,.1 

+2.8 

+1.5 

0 rPmumMoowp 

The results of this experiment are an illustra- 
tion of Kirchhoff’s second law, which can be 
expressed as follows: 

@ ‘The sum of potential rises (taken as positive) 
and potential drops (taken as negative) along 
any closed path is zero.’ 

The rises occur in suitably connected active 
components; the drops in passive ones, if one goes 
round the circuit with the current. 

We have considered only a simple series 
circuit, constituting a single closed path: but 
Kirchhoff’s second law can be applied to any 
circuit, however complex. Figure 24.8 shows a 
bridge circuit (this has various applications, as we 
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Fig. 24.8 A bridge circuit. There are seven distinct closed 
paths in the circuit. 

shall see). There are several closed paths which can 

be followed round in this circuit: 

a) A-R,- B-G-—D-R,-—A 
b) B- R, -C-—R,-D-—G-—B 

c) A—R,-B-R,—C-—-R,-—D—-—R,-A 
d)A-E-—C—R,-—B-—-R,-A 

yA-E=C—Kh.= DD] Rw 

Each of these paths has been followed around 

clockwise, but it could just as well have been 

followed around anticlockwise. See whether you 

can trace two more, perhaps less obvious, closed 

paths in this circuit. If we were to go around any 

one of these closed paths with a centre-zero volt- 

meter in the manner already described, we would 

find that Kirchhoff’s second law is obeyed. 

Kirchhoff’s second law often enables us to 

write equations relating the potential differences 

across the several devices in a complex electrical 

circuit, and together with Kirchhoff’s first law 

(the current law) it provides a powerful means of 

analysing complex circuits. 

Before we proceed to seeing how simple circuit 
problems can be solved, we must consider one 
further fact about circuits in general. In the simple 
series circuit of Fig. 24.7 the current is flowing 
clockwise around the circuit. In the lamp L, the 
current flow is therefore from right to left, from B 
to A, and we note also that the potential at B is 
higher than at A. Similarly for the other two 
lamps: in ‘going across’ a lamp in the same 
direction as the current flow, we always experience 
a drop in potential. And this is a general fact; that 
the current flow through any passive electrical 
device (that is to say, any device in which electrical 
energy is converted into some other form) is from 
the high potential side of the device to the low 
potential side. But in going across a cell (and 
neglecting for the moment any internal resistance 
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A 10 &2 B 0.52 Cc 

1.5V 

F E D 

Fig. 24.9 

it may have) from its negative terminal to its 

positive terminal, there is a potential rise; another 

way of expressing this fact is to say that the 

positive terminal of the cell is always at a higher 

potential than the negative terminal. Such a 

potential rise, associated as it is with an active 

driving source, is the e.m.f. of the source. 

24.6 Solving circuit problems 

We shall now apply the laws and the ideas dis- 

cussed above to the solving of a not-too-complex 

circuit problem. 

The problem we shall set ourselves is to deter- 

mine the current in each part of the circuit of Fig. 

24.9. The smal! resistors just below the cells 

represent the internal resistance of the cells. In the 

diagram we first indicate the assumed directions 

of the current. In practice, it does not matter 

whether these directions are the correct ones or 

not. If we guess wrongly, the current will emerge 

with a negative sign. We shall start by drawing an 

arrowhead above the 4.5 V cell and labelling it /,; 

which is one of the currents to be calculated. 

Then, above the 3 V cell, we indicate the current 

I,. Now we apply Kirchhoff’s first law to the 

junction point B: the current flowing away from 

B, towards C, must be equal to the sum of the 

currents flowing into B. Thus the current flowing 

from B to C must be (/, + J). Now we apply 

Kirchhoff’s second law, firstly to the closed path 

A-B-E-F, which will give us one equation con- 

taining the unknown quantities /, and /,; and 

secondly to the path B-C-D-E, which will give us a 

second equation containing /, and /,. Thus we 

shall obtain a pair of simultaneous equations 

which can then be solved to yield the values of /, 

and /,. 

Solving circuit problems 285 

Consider first the path A-B-E-F. We shall 

write potential rises as positive quantities and 

potential drops as negative. Going from A to B we 

are travelling in the same direction as the current, 

so we have a potential drop which can be written 

—10/,. From B to E we have firstly a potential 

drop as we go across the cell from its positive to its 

negative terminal: thus we write this potential 

drop as —3 V. In going down across the internal 

resistance of the middle cell we are going in a 

direction opposite to that of the current, and so we 

have a potential rise: this will be written + 1.5/,. 

From E to F we have a direct connection with (we 

assume) no resistance, so there is no change in 

potential. From F towards A, across the internal 

resistance of the left-hand cell, we are going in the 

same direction as the current, so here is a potential 

drop, written —2/,. Finally, in returning to A 

across the cell, we have a potential rise of + 4.5 V. 

Now, Kirchhoff’s second law says that the sum of 

potential rises and potential drops along any 

closed path is zero: so we can write, for the path 

A-B-E-F: 

—10/, — 3 + 1.5/, — 2/, + 4.5 = 0 

And for the path B-C-D-E (you should work 

through this equation term by term): 

20:5 Cots I) tel ed 025 at) 

— 15/7,+3=0 

These two equations can be simplified and 

rewritten as follows: 

= 12iethel Since leSheu0 
—OtslueilOSbek domed 

If we multiply the upper equation by 1.5, then the 

equations can be added together and the terms in 

I, will disappear: 

= [Sl iaios la an 2s 
SOS Ie = 2051) +15 nO 

Adding the equations together, we obtain 

—18.75/, + 3.75 =0 

therefore 
3275 

fn Fagigs at 

= 0.2A 

Substituting this value for /, in one of the 
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equations above containing /, and J, enables us to 
find J,, and the result is 

1, = 0.6A 

The current (J, + /,) flowing from C to D, via the | 

1.5 V cell, is thus 0.8 A. You will note that we 

have here a rather curious situation: the 1.5 V cell, 

if it were operating normally in a circuit, would 

cause current to flow in a direction opposite to 

what we have here. In this particular circuit it is, 

as it were, being overpowered by the effect of the 

other two cells. This is a situation which can 

happen in practice. What really happens is that 

whereas the 4.5 V and 3V cells are being dis- 

charged (or more precisely, chemical energy is 

being converted into electrical energy) in the 1.5 V 

cell the reverse process is happening, with electrical 

energy being converted back into chemical energy. 

This is called charging. If the 1.5 V cell is a 

rechargeable cell, e.g., a lead—acid accumulator or 

a Nife cell, then indeed it wi// be charged by this 

process: but an ordinary dry (Leclanché-type) cell 

is not ordinarily rechargeable since the reaction is 

not fully reversible. 

Having computed the currents in the circuit we 

can now determine the potential difference 

between any two points we choose. For example, 

the p.d. between B and C is simply the product of 

the current in the resistor and the resistance: 0.8 x 

0.5 V = 0.4 V. The potential at B is higher than at 

C because the current is flowing from B to C. 

Suppose we wish to find the p.d. between B and E, 

and to determine which point is at the higher 

potential. In going from B downwards across the 

internal resistance of the cell, against the direction 

of the current, we find a rise in potential of an 

amount 0.6 x 1.5V = 0.9V. So, down by 3 V 

and then up by 0.9 V means a net drop of 2.1 V. 

Thus the point B is at a potential of 2.1 V higher 

than point E. 

Now you should check your understanding of 

the ideas, by trying Problem 24.5, and carrying 

out similar calculations for other pairs of points in 

the circuit of Fig. 24.9. It is a good idea, when 

solving the problem, to copy the circuit diagram, 

choose one point in the circuit and make it the 

zero of potential (say point F), and then to label 

the other points in their circuit with their potentials 

when they are calculated. 
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Problem 24.5 
a) Find the p.d. between points A and F. (See 

Fig. 24.9.) Which of the two points is at the 

higher potential? 

b) Find the p.d. between C and D. Which of 

these two points is at the higher potential? 

c) Calling the potential of F, E, and D zero, label 

the points A, B, and C with their appropriate 

potentials. Hence calculate the current in AB 

and in BC: these results should check with the 

values of current already calculated. 

Problem 24.6 

a) Suppose you have a 12 V d.c. supply, and 

from this you wish to light two lamps, one 

rated at 6 V, 0.05 A and the other at 2.5 V, 

0.2 A. Their voltage and current ratings are 

different. Because their current ratings are 

different they cannot be connected simply, in 

series. The circuit shown in Fig. 24.10 could 

be used. Using Kirchhoff’s two laws, find the 

values of the two resistors needed, R, and R,. 

If the 6V lamp blows, then it becomes an 

open circuit and takes no current. Try to 

predict, by calculation, what happens to the 

2.5 V lamp. You may assume that the resist- 

ance of the 2.5 V lamp does not alter: then, 

afterwards, you may need to take into account 

that in fact the resistance will increase if the 

lamp glows more brightly. 

c) Consider what would happen if the 2.5 V 

lamp were to blow: would the 6V lamp’s 

behaviour alter? Again, first assume that the 

resistance of the 6 V lamp does not alter. 

b — 

d) Let us label some of the points in the circuit, 
as shown in Fig. 24.11. Now we know that the 
p.d. between C and D must be 6 V: hence also 
the p.d. between B and E. Thus the p.d. 

Fig. 24.10 
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F 

GV The across R, must be (12 — 6)V = 

current flowing from A to B divides at junction 

B, hence this current is (0.2 + 0.05)A = 

0.25 A. Thus we can find R,, since 

Now to find R,. The p.d. between B and E is 

6 V. But we must have 2.5 V across the lamp, 

so the p.d. across R, must be (6 — 2.5) V = 

3.5 V. The current flowing through it is of 

course 0.2 A. Hence 

Bese. Ra aaa a 38 

b) If the 6 V lamp blows, then the circuit reduces 

to the one shown in Fig. 24.12. Assuming that 

c) 
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Fig. 24.12 

the resistance of the 2.5 V lamp (which is 

2.5/0.2 = 12.50) does not alter, then the 

total circuit resistance is now (24 + 12.5 + 

17.5)Q = 54Q, hence the current is 12/54 = 

0.22 A. This implies a slight increase in the 

brightness of the lamp: 10% over-running, 

but since its resistance will increase as a result 

of the higher temperature, the current will not 

be quite so large as the value calculated. The 

precise value is indeterminate. 

If the 2.5 V lamp blows, then we have simply 

the 6V lamp, whose resistance in normal 

- operation is 6/0.05 = 120, in series with R, 
across the supply. The current we thus calcu- 

late as 21/(24 + 120) = 0.083 A. Therefore, 

we might well expect this lamp to blow also. 
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25.1 Combining resistances 

When several resistors are connected together in 

series (see Fig. 25.1) the resistance of the combina- 

tion is equal simply to the sum of the individual 

resistances. This can easily be proved as follows. 

Consider these resistors, R,;, R,, R;, connected 

together in series, and connected to some source 

of e.m.f. so that a current, /, flows through them. 

We already know that the current in each resistor 

must be the’same. If the p.d. between the ends of 

the combination is V, then (from energy con- 
siderations) 

V=V, + Vz +0¥V, (25.1) 

where V,, V,, V3, are the p.d.s across the indivi- 
dual resistors R,, R,, and R;. But, by the 
definition of resistance 

a 
Ji ’ 

V. V. PRA R, = 

Dividing Eq. 25.1 by / throughout we get 

He gy eee 
fT Fie, 

but V/I is the resistance of the whole combina- 
tion, which we can call simply R. Thus 

R = Re Ry R; (25.2) 

homes Ry R, 

| i} —_ I 
| | 
| | 
<i  SSSC*7) 

p.d.=V 

Fig. 25.1 Resistors in series. 
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Fig. 25.2 Resistors in parallel. 

If three resistors are connected in parallel, as 

in Fig. 25.2, then the resistance of the combina- 

tion is given by a formula different from the one 

above. We derive it as follows. Calling the 

currents in each of the three resistors /,, /,, and /;, 

we know that the current entering the combination 

and leaving it, at the junction points, is given by 

Hf = Il sie gate g (25.3) 

But, as follows from the definition of resistance, 

agit pe Nee as. Io 
—s Ree I, = Ros I, = R, 

And if we call the resistance of the combination 

simply R, then J = V/R. Hence, substituting in 

Eq. 25.3 we get 

Vera ulin aeyel 
Romaoh | Re R; 

and dividing this throughout by V we obtain 

I, 

which we can call a reciprocal addition law, for 

resistances in parallel. 

A knowledge of these two laws, for resistances 

in series and for resistances in parallel, is useful to 

anyone building electronic circuits. Suppose you 

require a 1kQ resistor for some particular 

purpose, but you have not got one. However, you 

find that you have a 330 and a 680 resistor, 

each one marked with a silver ring indicating that 

it has a tolerance of 10%. Then, connecting the 

two resistors in series, you know that you have 

now a resistance of (330 + 680) + 10%, that is, 

1010 + 101. If a 10% tolerance resistor is good 
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V,+V> 

Va= 

Fig. 25.3. A simple potential divider. 

enough for your purpose, then this combination is 

good enough, because the total resistance could lie 

anywhere in the range 909 to 1111. Similarly, 

if you wanted a resistance of 500 kQ, but had not 

got this particular value, or anything near it, in 

your stock, you could make do with a pair of 

1 MQ resistors connected in parallel. 

25.2 The potential divider 

The purpose of a ‘voltage dropper’ is to split the 

supply voltage into two parts: one part is the 

voltage across some electrical device - the device’s 

correct operating voltage - and the other part is 

the voltage drop across a resistor. It is often 

desirable to divide a supply voltage into two or 

more (not necessarily equal) parts by means of two 

or more resistors connected in series across the 

supply. The simplest example of this potential 

divider is shown in Fig. 25.3. Here we have two 

resistors connected in series to a battery. We know 

that the sum of the p.d.s across R, and R, must 

equal the p.d. across the battery terminals, V. 

Suppose the current in the circuit is 7. Then 

since 

=V,+V, 

V = IR, + IR; 

and so 

V 

The p.d. across R, is V, which is equal to /R;. 

Substituting from Eq. 25.5 

V R, 
Raia Ros nl a © Rietiks 

V (25.6) 
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960 22 

240 V 

12° 

Fig. 25.4 Fi 

Similarly the p.d. across R, is V, and 

R) 
omeiRp bey a 

Therefore the ratio 

itt Kiree, jz 
pdeacross.K, koe R: 

p.d. across R, Rs V 

vay ee (25.7) 

Thus the p.d. provided by the battery has been 
divided in the ratio R,:R, across the two resistors. 
By choosing suitable values of R, and R, we can 
obtain any voltage we wish, between zero and V, 
across one of the resistors. 

This analysis assumes that no current is drawn 
by the circuits which may be connected across aR 
and R,. Problem 25.2 deals with a case in which 
currents are drawn from the system. 

Problem 25.1 In Fig. 23.6 two lamps, one 
marked 240 V, 60 W and the other 3 V, 0.75 W 
were connected in series across the 240 V mains 
supply. Both lamps lit and appeared to be normal. 
We can now see that they constituted a potential 
divider. What was the potential difference across 
each of the two lamps? 

When operating normally each lamp takes a 
current of 0.25 A. It follows that the resistance of 
the mains lamp was 240/0.25 = 960 ohm and the 

[25.2] 

(a) (b) 

g. 25.5 The principle of the potentiometer 

resistance of the other lamp was 3/0.25 = 12 ohm. 

Figure 25.4 shows the system. 

Applying Eq. 25.6, the p.d. across the main 
lamp was 

960 

960 aero tee 

or 237 V; the p.d. across the low voltage lamp was 

(12/972) x 240V or 2.96 V. No wonder they 

appeared to be lit normally! 

If a continuously variable voltage source is 

required, the pair of fixed resistors (Fig. 25.5a) 

can be replaced by a potentiometer: this is basically 
a resistor to which a sliding contact (a wiper) has 
been added. If the potentiometer is made from a 
length of resistance wire (often coiled around a 
former), then we have a linear potentiometer, so 
called because the resistance between the wiper 
and one end of the resistance wire is directly 
proportional to the distance between the wiper 
and that end. Hence, in Fig. 25.5b the p.d. 
between the points A and B is directly propor- 
tional to the distance of the wiper from the lower 
end of the resistance track. You may wonder what 
determines the value of resistance which a 
potentiometer should have. This depends on the 
particular application for which the potentiometer 
is being used. If the resistance is small, a large 
current is drawn from the battery, and this may be 
undesirable (one should bear in mind that the 
current flowing in the resistor heats it, and this 
energy, which must be dissipated, is wasted). If, 
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on the other hand, the resistance of the potentio- 

meter is large, then although only a small current 

is taken from the battery, it is impossible to take 

much current from the terminals A and B. How- 

ever, in many applications of the potential divider, 

the current taken from the terminals A and B is 

much smaller than the current flowing through the 

resistance track: under these conditions no 

difficulty arises in using it to provide any desired 

voltage within the range from zero to the full 

battery voltage. 
Potentiometers are available in types ranging 

from the familiar laboratory bench type, handling 

currents of a few amperes, to the small wirewound 

types so familiar as volume controls in radio sets. 

They may be straight, they may be helical. They 

may be wire wound; they may have carbon tracks. 

They may be fitted with turn-counting dials which 

enables the potentiometer to be calibrated. 

Problem 25.2 \f the e.m.f. of the battery in Fig. 

25.5 is 12 V and the potentiometer has a total 

resistance of 15Q with a maximum current rating 

of 3 A, how can it be used to light a6 V, 3 W lamp 

fully? 

The problem is to determine the resistances above 

and below the potentiometer slider as shown in 

Fig. 25:5b. 

The lamp requires 0.5 A and, when fully lit, 

has a resistance of 12 2. We may redraw the circuit 

as in Fig. 25.6. 

The equivalent resistance of the lamp and R,, 

which are in parallel, is given by 

Pas apelin sep 4 
ee aloe, 

Fig. 25.6 
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12R; 
Reale 

whence 
R= 

Since we require 6 V across R, (and therefore 

across the lamp), 6 V must also appear across R,. 

The current is the same in R, and in R,, so the 

two resistances must also be the same. 

ay oF bes 
Ren R, + 12 

And we know that 

R, + R, = 15 

Combining the two equations we find that 

12R, 

erate a9 ene 

This reduces to the equation 

R3 + 9R, — 180 = 0 

The roots of this quadratic equation are + 9.65 

and —18.65. The latter can have no meaning in 

this situation. So the slider must be placed so that 

the resistance R, is (15 — 9.65) ohm and that 

the resistance R, is 9.65 ohm. 

The current flowing in the section R, will be 

6/5.35 = 1.12 A: -in the; Section, Rj-it will be 

6/9.65 = 0.62 A; and in the lamp the current will 

be 1.12, — 0.62.=.0,5 A as required. 

It would be simpler to use a voltmeter and to 

adjust the potentiometer by trial and error! 

One important use of a two-resistor potential 

divider is to supply the correct bias voltage to the 

base of a transistor, e.g. the one used in the 

amplifier module discussed in Section 41.1. Figure 

25.7 shows how this may be done. Typical values 

Fig. 25.7. The use of a potential divider to provide a bias 

voltage to the base of a transistor. 
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Grid Cathode To A, (focus) To A, (final 
anode 

680 k2 | 820 k2 

560 kQ2 
600 to 1200 V 

-50 V OV +2000 V 

Fig. 25.8 A potential divider which might be used to supply 
the appropriate potentials to a cathode ray tube (see Fig. 
33.8). 

transistor is here maintained at a positive potential 
with respect to the negative rail whose potential is 
zero. The p.d. between the base and the negative 
rail is 

200 
4800 + 200 

This voltage has been calculated assuming that no 
current flows between the base of the transistor 
and the junction of the two resistors. In practice a 
small current will flow, from the base into the 
junction of the two resistors, and the effect of this 
is to reduce the p.d. across the lower resistor of the 
pair. But again, in practice, this current is 
generally much smaller than the current flowing in 
the two resistors already, and so the calculation 
above is only slightly in error. 

A potential divider sometimes consists of a 
chain of several resistors. Figure 25.8 shows 
an arrangement used to maintain some of the 
electrodes of a cathode ray tube at the required 
operating potentials with respect to the cathode. 
In this instance the currents taken by the elec- 
trodes are very small, and so large values of 
resistance can be used, drawing very little current 
from the high voltage supply. 

Any point in such a chain may be taken as 0 V 
and all the other potentials measured with respect 
to this point. In the example shown the cathode is 
chosen to be 0 V; the final anode A, is then at 
2000 V. Equally well, the final anode A, could be 
made 0 V by connecting it to ‘earth’ and then the 
cathode is at —2000 V. Whichever is chosen, the 
potential difference between the cathode and the 
final anode remains the same, i.e., 

(2000 — 0) = 0 — (—2000) = +2000 V. 

x 6V = 0.24V 

[25.2] 

+6 V 

OV 

Fig. 25.9 

The potential divider principle can be used to 

convert changes in resistance into changes in 

voltage. For example, a certain type of photo- 

sensitive cell, known as a light-dependent resistor 

(which we shall abbreviate |.d.r.), has a resistance 

which depends upon how strongly it is illu- 

minated. Variations in the intensity of the light 

falling upon the l.d.r. cause variations in its 

resistance. If the I.d.r. is connected in series with a 
fixed resistor across a battery (or other voltage 
source) then variations in illumination give rise to 
changes in p.d. across the l.d.r..These changes in 
p.d. can be used to trigger an electronic switching 
circuit and thus to switch on (or off) some piece of 
apparatus. Problem 25.3 concerns an l.d.r. and 
gives you an appreciation of the magnitudes of the 
variations involved. 

Problem 25.3 A typical cadmium sulphide light- 
dependent resistor has a resistance which is about 
100 when it is strongly illuminated and about 
1 MQ when in almost total darkness. By using the 
l.d.r. as one member of a two-resistor potential 
divider, as shown in Fig. 25.9, it is possible to 
convert the changes in resistance into changes in 
voltage for the purpose of operating a voltage- 
controlled switching circuit. By choosing a suit- 
able value of R one can arrange that the voltage 
across the l|.d.r. is nearly zero when it is illu- 
minated, and very nearly the full supply voltage, 
6 V, when unilluminated. Suggest a suitable value 
for R and explain why it is a suitable value. 

For the voltage across the l.d.r. to be nearly zero 
when the l.d.r. is illuminated we require that its 
resistance — call it X bright — Should be much smaller 
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Pp 

Fig. 25.10 The slide-wire potentiometer. 

than R. We also require that x4,,, Should be much 

greater than R. In termis of ratios, we require: 

Xpright X dark 
—— < 1 and — > 1 
R R 

or, 

R 
<1 

X dark 

Suppose we simply equate the two ratios which are 

to be much less than unity, we get 

Xorign _ _F 
Rivis ak 

hence 

RF Ons Maine el OO) Ho A0® 

hence 

R = 10*0 = 10k 

The two ratios thus become 1/100, so that 

when the l.d.r. is illuminated the voltage across it 

is only about 1% of the supply voltage, and 99% 

of the supply voltage when it is dark. 

25.3 The slide wire potentiometer 

For certain applications, a potential divider is 

made very easily; using a length of uniform resist- 

ance wire AB, connected directly across a battery, 

as shown in Fig. 25.10. In a simple laboratory: 

version of this, the wire AB is | m in length and is 

mounted directly above a metre scale divided into 

centimetres and millimetres. A movable contact, 

P, can be set at any position on the wire. In this 

way, a potential can be obtained between P and B, 
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Cc 

Fig. 25.11 Applying the slide-wire potentiometer to the 

comparison of e.m.fs. 

having any desired value in the range from zero to 

the full p.d. provided by the battery. The useful- 

ness of this type of potentiometer lies in the fact 

that the p.d. between P and B is directly propor- 

tional to the length of the section of wire between 

P and B so long as no current is taken from P. 

This is a consequence of the wire’s uniformity of 

thickness which means that the resistance of any 

section of the wire is directly proportional to that 

section’s length. 

The slide-wire potentiometer is used chiefly 

for comparing voltages, that is to say, finding the 

ratio of two voltages. It cannot be used for 

making absolute measurements of voltage. Let us 

see how the instrument can be used for comparing 

the e.m.f.s. of two chemical cells. If one of the 

cells is a standard cell, for example, a Weston 

Cadmium Cell which has an e.m.f. of 1.0159 V at 

20°C, then the e.m.f. of the other cell can be 

calculated accurately when the ratio of e.m.f.s has 

been found by means of the potentiometer. Figure 

25.11 shows the arrangement for these measure- 

ments. To understand its operation, we shall 

consider typical numerical values in an experi- 

mental situation. D is the battery which is used 

simply to maintain a steady current flowing in the 

line AB, and thus a constant p.d. between A and 

B. For D one can use a lead-acid accumulator, 

giving a p.d. of about 2 V. The exact value of this 

p.d. is unimportant: what is essential is that it 

should remain constant throughout the experi- 

ment. We find that when the movable contact, P, 

is touched to the wire near to B, the needle of the 

centre-zero galvanometer is deflected strongly one 

way: let us say this deflection is to the left of zero. 

When P is close to A, a strong deflection to the 
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right is obtained. As one would expect, there is 

One point on the wire at which, when P is touched 

on to that point, the galvanometer shows no 

deflection. We can interpret these results as 
follows: 

Galvanometer deflection Interpretation 

Potential at P less than 

potential at O, so current 
flows QO — P. 

To the left 

To the right Potential at P greater 
than potential at QO, so 
current flows P — Q. 

Potential at P the same 

as at O, so no current 

flows between P and OQ. 

Zero 

In the third of the situations above, P is at 

what is often called the balance point. In this 

condition, since there is no p.d. between P and Q, 

the p.d. across the section of wire PB must be 

equal to the p.d. across the cell C,. Also, in this 

condition of balance, no current is being drawn 

from the cell C,, and the p.d. across it is its open- 

circuit p.d., that is, its e.m.f. 

Let us suppose that the length PB which was 

obtained with cell C, was 60.3 cm, and that C, was 

a small dry cell. We are intending to find its e.m.f. 

accurately. We now replace the dry cell C, with a 

standard cell C,, and find the balance-point by the 

same method as before. The result of doing this, 

together with the previous result, is tabulated. 

Because the p.d. across any section of the potentio- 

meter wire is directly proportional to the length of 

the section and no current is drawn from P, the 

ratio of the e.m.f.s of the two cells must be equal 

to the ratio of corresponding lengths, that is, 

ce, d 
Eee (25.8) 

Using the numerical results of Table 25a, we 
find 

Bin . 008 
1.0159 ~ 43.1 

whence E, = 1.48 V. Thus we have found that the 

e.m.f. of our dry cell is 1.48 V. 

With a potentiometer wire one metre long, 

measurements of length can easily be made to the 

[25.4] 

Table 25a 

Length PB for e.m.f. of 
balance/cm cell/V 

if = BOS (5, = 7 
tA fe A OUES, 

nearest millimetre, so the length-measurements 

are reliable to 3 significant figures. Since the 

e.m.f. of a standard cell is reliable to at least 4 

significant figures, our calculated e.m.f. is reliable 

to 3 significant figures. This degree of accuracy is 

greater than can be obtained with even a very 

expensive moving-coil voltmeter. 

Note that a problem will arise if the e.m.f. of 

the cell under test is not very different from that of 

the driver cell D. It is best to arrange matters so 

that the balance point lies between about 20 cm 

and 80 cm from the end of the potentiometer wire. 

This can be done by adjusting rheostat R. 

25.4 How good is a voltmeter? 

Potential dividers are often constructed so that 

they reduce the applied voltage to some given 

fraction. Figure 25.12 shows a simple ‘black box’ 

for which the output voltage will always be one 

third of the input voltage. Voltage reducers of this 

sort are often called attenuators. An attenuator 

is often used in electronic circuits; for example, 

connected to the input of an amplifier it can 

prevent the over-loading of the amplifier by too 

large an input signal. 

By means of external voltage measurements 

alone we could discover the voltage-reducing 

property of this particular box. However, the 

Input 

Fig. 25.12 A simple attenuator. 
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same voltage-reduction ratio could be achieved 

with any pair of resistors inside the box provided 

that their resistances were in the ratio 2:1. Clearly 

to determine the actual value of the resistances we 

should need to make resistance measurements 

across each pair of terminals separately. Question 

6.9 at the end of the book involves deducing the 

contents of a similar ‘black box’ from the results 

of external measurements. 

We now have to tackle a practical difficulty 

which can arise when making voltage measure- 

ments on circuits of the type we are discussing. 

This difficulty is best illustrated by the results of a 

simple experiment which present an apparent 

paradox: by solving the paradox we shall be able 

to understand why voltage measurements on 

certain circuits can be misleading. 

The situation is this. We have three voltmeters: 

the best, and most expensive (a), is a large multi- 

range meter; the second (b) is a cheap laboratory 

voltmeter; and the third (c) is a small voltmeter 

salvaged from some old radio equipment. Each of 

the three reads to 5 volts full scale (the multi-range 

meter has its selector switch set on the 5 V range). 

First of all we check the three meters by connec- 

ting them in turn to a 4.5 V dry battery (com- 

prising three 1.5 V dry cells). We find that they all 

read 4.5V, and so we are satisfied with their 

accuracy. Then we decide to make some voltage 

measurements with the ‘black box’ of Fig. 25.12. 

We connect a 12 V battery to the input terminals 

of the box, and measure the output voltage with 

each of the voltmeters in turn. The results we 

obtain are as follows: 

a) multimeter 4.0V 

b) lab. voltmeter DAY 

c) salvaged voltmeter 320 ¥ 

Here we have discrepancies which are certainly 

serious! You may have guessed a reason for the 

disagreement: but consider the results of further 

measurements. The multimeter seems in order but 

the two other meters seem to be reading low. 

Suppose now we connect meters (a) and (b) simul- 

taneously (i.e. in parallel) to the output terminals 

of the box: we find that they both read 2.4V. 

Likewise, when we connect (a) and (c) simul- 

taneously they both read 3.5 V. Then, when (b) 

and (c) are connected simultaneously we find that 

they agree with each other, but this time the 
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Fig. 25.13 

reading is 2.2 V, slightly less than the reading 

obtained with (a) and (b) together. The truth of 

the matter is that, although none of the meters is 

inaccurate, the very act of connecting a voltmeter 

to the terminals of the box alters the voltage 

between those terminals. This happens because the 

voltmeter itself has a finite resistance and when we 

connect it across the terminals we are thereby 

adding a resistance in parallel with the output 

terminals of the box. Let us see exactly how this 

happens in one particular instance. Figure 25.13 

represents the situation when voltmeter (b), which 

incidentally has a resistance of 1000, is 

connected to the output terminals. We. shall 

predict the p.d. which should appear across the 

terminals. The combined resistance of the lower 

resistor of the voltage divider and the voltmeter is 

given by 

whence 

R*="5000 

Hence the p.d. across this parallel pair is given by 

500 12 
Fis aE BOO 12. Scam moee 

We can safely say, therefore, that this particular 

voltmeter is simply not suitable for measuring 

voltages in this particular situation. The voltmeter 

(c), which (we can now reveal) has a resistance of 

50002, does not cause so serious a disturbance of 

the p.d.s in the circuit, but it is nevertheless 

unsuitable. The multirange meter (a), however, 

has a resistance of 10°ohm: connecting it in 

parallel with the 10000 resistor of the ‘black box’ 
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produces a combined resistance of very slightly 

less than 1000 Q, and the change in voltage caused 

by this is negligibly small. The meter is nothing 

like sensitive enough to detect such a change. An 

ideal voltmeter would be one which possessed 

infinite resistance. A good approximation to this 

ideal is the electronic voltmeter which is a volt- 

meter incorporating a d.c. amplifier so that its 

resistance becomes effectively thousands of 

megohms, or even greater. In the absence of such 

a very high resistance voltmeter, what determines 

whether or not a particular meter is suitable for a 

particular situation? The foregoing discussion 

should make the answer clear. If the connection of 

a voltmeter to a circuit is not to alter appreciably 

the p.d.s in the circuit, the voltmeter’s resistance 

should be in the order of about a thousand times 

the resistance of the part (or parts) of the circuit 

across which the p.d. is to be measured. Thus, a 

voltmeter like (b), having a resistance of only 

1000, is really only suitable for measuring the 

p.d. across something which has a resistance of 

not more than a few ohms at most. It is satis- 

factory for measuring the p.d. across the terminals 

of a battery because the internal resistance of a 

battery whose e.m.f. is 5 V or less is not likely to 

be greater than an ohm or so. But suppose you 

want to check the voltages supplied to the 

electrodes of a cathode ray tube in an oscilloscope, 

where the voltages are derived from a voltage 
divider in which the resistors are in the order of 
one megohm. An electronic voltmeter would be 

the only suitable instrument in this case. 

Having learned to exercise caution in the 
choice of a voltmeter when making measurements 
on a live circuit, we may wonder if similar care is 
needed with ammeters. The problem of choosing a 
suitable ammeter is generally much simpler to 
solve. When we use an ammeter to measure the 
current in a part of a circuit we have first to break 
the circuit and insert the ammeter into the break. 
We want the current which flows when the 
ammeter is present to be no different from the 
current when the ammeter was absent. If the 
addition of the ammeter appreciably increases the 
resistance of the circuit in which it has been 
inserted, then it will, in general, reduce the current 
appreciably. So we require simply that the resist- 
ance of the ammeter should be much less than the 
resistance of the part of the circuit in which it is to 

[25.4] 

be inserted. But, typically, the resistance of a 

cheap ammeter reading up to 5 A will be as little as 
0.01, and this is considerably lower than the 

resistance of most circuits in which one is likely to 

want to measure current with a cheap ammeter. 

. Problem 25.4 concerns a situation where the 

measurement of current in a circuit would be 

difficult because of the finite resistance of the 

ammeter. 

Problem 25.4 Suppose you are going to make 

measurements of current and voltage on some 

electrical devices. You have a milliammeter whose 

resistance is 5Q (reading up to 15 mA) and a 

voltmeter whose resistance is 1 kQ (reading up to 

15 V). Let us say that the device X has a resistance 

of about 5kQ, and that you have connected up 

the circuit as shown. Calculate the readings of the 

meters in the situation shown in Fig. 25.14a when 

the supply voltage is 12 V. 

Consider the alternative arrangement shown in 

Fig. 25.14b. In what way (if any) is it better than 

the previous circuit? Explain carefully. 

For what kind of electrical device would the 

first arrangement of ammeter and voltmeter be 
suitable? 

Problem 25.5 A typical moving-coil galvano- 
meter has a resistance of 5Q and needs a current 
of 100A to produce full scale deflection. It can 
be used, in certain limited applications anyway, as 
a voltmeter for measuring voltages, because the 
current in the meter} ‘and hence the scale-reading, 
will be proportional to the voltage applied to its 
terminals, because the meter itself is an ohmic 
conductor. 

Fig. 25.14 
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Fig. 25.15 T T 

a) Calculate the voltage which, applied to the 

meter terminals, produces full scale deflec- 

tion, expressing the answer in millivolts. To 

convert the meter into a voltmeter capable of 

reading higher voltages we connect a resist- 

ance in series with it, as in the diagram (Fig. 

2e15): 

b) Calculate the value of R needed to make the 

meter give full scale deflection when the 

voltage applied to the terminals is 5 V. 

c) Ina multi-range voltmeter a chain of resistors 

is used, as shown in Fig. 25.16. By means of 

the rotary switch S different resistances can be 

connected in series with the meter. Suppose 

we want voltage ranges of 5, 25, 100, 250, and 

500 V. Calculate the values of the resistors 

needed, as shown in the diagram. 

a) Using V = IR, we get V = (100 x 107°) x 5 

(i <0 ns 0,5 a1V 

Disa LOO, <4 10-9)..x, CRis.)), nence K-55 

5 x 104 = 500002, and so R = 499950. 

c) R, is clearly the resistor which gives the 5 V 

scale, and so it is 49995, as already calcu- 

lated. 

For the 25 V scale the second position of 

rl al 

Fig. 25.16 The circuit of a multi-range voltmeter. 
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the switch is used (going anticlockwise), bring- 

ing R, and R, into the circuit. Hence 

2 
100xx 10" 

and since R, + 5 = 50000Q, this means that 

R, must be 200000 2 (200 kQ). To find R;, we 
know that R,; + R, + 5 = 2500002, so 

100 
100 x 10~° 

Hence R; = 7500000 (750 kQ). In a similar 

way we find that R, = 1.5MQ and R,; = 

2.5 MQ. 

Riot Roe = = 250000 

R, + 250000 = = 1000000 Q 

25.5 ‘Black boxes’ as circuit elements 

So far we have concerned ourselves with circuit 

elements and their relationship between potential 

difference and current. And that is all we need to 

know in order to use them in a circuit. Generally 

speaking, we do not need to know how the element 

produces the V// relationship. This has led to the 

idea of the ‘black box’; that is, some device with 

particular input and output characteristics about 

whose internal workings we need to know 

nothing. This approach is particularly helpful 

when extended to modern small-scale integrated 

circuits. So far as the designer of a circuit 

incorporating such a device is concerned, only the 

input and output characteristics are required to be 

known. Two devices with the same set of charac- 

teristics can do the same job but how they achieve 

this is irrelevant. 

Consider this simple example. Figure 25.17 

shows two resistive ‘black boxes’ each offering a 

resistance of 500 ohm. Internally they are quite 

different. 



298 Some Useful Circuits 

Fig. 25.18 

Problem 25.6 Show that the two ‘black boxes’ 
(a) and (b) in Fig. 25.18 have the same input and 

output characteristics. 

If we apply a p.d. of V to the terminals P and S, 

the p.d. which appears across QR is 

560 
270,42 560 

If we apply the same potential difference V to 

terminals T and W the p.d. which appears across 
UV is 

V or 0.67 V 

100 

47 + 100 

We might have applied the potential difference 

to QR and then to UV. In that case the p.d. across 
PS will be 

V or 0.68 V 

180 
270 + 180 

and across TW will be 

100 

150 + 100 

V or 0.4 V 

V or 0.4V 

again. 

Looking at the effective resistances across QR 
and UV we see that these are given by 

1 | ] 

Rie 56000450 

Fig. 25.19 The principle of the 

Wheatstone bridge. 

[25.5] 

and “by Ry.= 

= 250 ohm: 

The three tests we have applied show that the 

two ‘black boxes’ do have the same input and 

output characteristics. 

100.4150. Sogthat Ravea Re 

25.5 Measuring small differences in 

resistance: bridge circuits 

An ammeter and a voltmeter used together 
provide an obvious method for the measurement 
of resistance. But the method has limitations 
owing to the current drawn by the voltmeter, the 
p.d. across the ammeter and to the accuracy of the 
instruments themselves. Normal bench indicators 
cannot be relied on to an accuracy better than 2% 
— and then only near to the full-scale deflection. 
In many modern applications it is necessary to 
measure small differences in resistance which are 
in the order of 0.1%; and the ammeter—voltmeter 
technique is not adequate. However, round about 
1843, Charles Wheatstone devised a method which 
is capable of such measurement. 

A network of four resistors is used, together 
with a suitable galvanometer and a simple power 
supply (often a dry battery) as in Fig. 25.19a. The 
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two pairs of resistors constitute two potential 

dividers in parallel. If all four resistors have 

precisely equal resistances (1000, say), the 

potential difference between A and E must be 

exactly the same as that between B and E. A and B 

will be at the same potential and a sensitive 

galvanometer connected between them will show a 

zero reading (Fig. 25.19b). 

Suppose now that the resistance of resistor R, 

increases from 100 to 100.5 Q (a change of 0.5%). 

The potential difference across R, becomes 

100.5 

So now there is a p.d. between A and B of 

7mV. This will cause an appreciable current 

(7A) to flow through a typical laboratory 

galvanometer with a resistance of 10000 and 

graduated 50-0-S0nA. With a more sensitive 

galvanometer of the light beam type very much 

smaller changes can be measured. 

This arrangement of four resistors in a ‘bridge’ 

can solve our problem of detecting and measuring 

small changes in resistance. Let us therefore 

consider the general case (see Fig. 25.19a). 

We require the potential difference between A 

and B to be zero. This implies that: 

p.d. across R, = p.d. across R, 

and that 

p.d. across R, = p.d. across R, 

So 

p.d. across R, 

p.d. across R, 

p.d. across R; 
p.d. across R, 

If, when balanced, /, is the current flowing in 

R, and R, and J, is the current flowing in R; and 

R,, then 

T,R, _ loR; 

therefore 

«25..9) 

We do not need to work with equal resistances: 

it is the ratios of the resistances which matter, for 

not only is 

R,/R, = RJR, 
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2 Q 
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6 16 

/ Q 2 

322 622 

(b) 

82 16Q 

Fig. 25.20 

but R,/R; == Roi Ry 

Figure 25.20 shows some balancing arrange- 

ments. 
The Wheatstone bridge is of considerable 

practical importance, not only for the straight- 

forward comparison of resistances but for the 

control of servomechanisms. We will examine an 

application to the measurement of strain in 

structures with ‘strain gauges’. 

When a wire is stressed, it lengthens and simul- 

taneously gets thinner. Its electrical resistance 

therefore increases. There is a further effect which 

causes the resistance to increase by increasing the 

metal’s resistivity. This is known as the piezo- 

resistive effect. 
A strain gauge is often made of a thin foil of 

metal which is cut away by etching to leave a long 

zigzag of the form shown in Fig. 25.21. This is laid 

on to thin paper or plastic (or insulator) and 

Fig. 25.21 A strain gauge. 
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Active 
gauge 

Omi 

Fig. 25.22 Using a pair of strain gauges in the circuit of a 
Wheatstone bridge. 

electrical connections can be made to the points A 
and B. 

In use, a pair of these gauges is glued to the 

member (perhaps a load-bearing strut of a bridge). 

One, the active gauge, is secured so that its length 

lies along the direction of. stress in the strut; the 

other, the dummy, is secured very close to the 

active gauge in such a way that it is not affected by 

the stress. Keeping the two gauges close together 

ensures that the changes in resistance due to 

temperature variations will be the same in each 
gauge. 

The pair of gauges is connected into two of the 

arms of a Wheatstone bridge when measurements 

are required (see Fig. 25.22). 

When the active gauge is unstressed, the 

voltage developed across the points TT will be 

zero. Once the active gauge is stressed, its resist- 

ance changes, the bridge becomes unbalanced and 

a potential difference appears across TT. This 

potential difference is a measure of the strain 
experienced by the active gauge and by the 
member to which it is secured. 

25.6 Some more circuit elements 

Resistors are examples of circuit elements: they 
are self-contained devices which are commonly 

Fig. 25.23 Current/potential difference 
characteristics for (a) a thermionic 

diode, (b) a Germanium diode and (c) a 
thermistor. (a) Thermionic diode 

[25.6] 

used in electrical circuits. So far we have been 

concerned principally with what they do rather 

than how they do it. We have not considered, for 

instance, the question of what actually happens, 

on the atomic scale of size, within a resistor when 

. it conducts an electric current. 

The conducting behaviour of a circuit element 

which has only two terminals can often be 

concisely described by its voltage—current charac- 

teristic (often referred to simply as characteristic). 

Figure 25.23 shows the voltage—current charac- 

teristics of three devices. The characteristics of 

nearly all circuit elements are dependent upon 

temperature, as Fig. 25.23c makes clear. This is 

often of great practical importance with semi- 

conductor devices, as will become apparent later. 

The voltage-current characteristic tells a 

circuit designer what current will pass through the 

element when a given p.d. is applied to it, or, put 

another way, what p.d. appears across it when a 

given current passes through it. The skill of the 

circuit designer lies in combining different circuit 

elements so that they produce the required overall 

function, and often much ingenuity is exercised in 

counteracting shortcomings in the behaviour of 

one circuit element by combining its function with 

another element which annuls, partly if not 
totally, those shortcomings. For instance, the 
often very undesirable sensitivity of transistors to 
changes of temperature can be counteracted by 
pairing suitable transistors together so that the 
temperature effects cancel’ each other. 

We shall now discuss a few simple circuit 
elements and try to show how their functions are 
useful in practice, and to explain the principles of 
the designing of circuits. 

The first is the rectifier diode. The name 
rectifier is given to any device which converts an 
alternating current into a direct current. ‘Diode’ is 

60 °C 

(b) Germanium diode (c) Thermistor 
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Q ¢ 
Thermionic Semiconductor 
diode diode 

Fig. 25.24 The symbols for a thermi- 
onic and a semiconductor diode. 

a modern word constructed from Greek roots to 

signify ‘two electrodes’. The two main categories 

of rectifier diode are thermionic diodes and semi- 

conductor diodes. In the thermionic diode one 

electrode, the cathode, has to be heated in order 

for the diode to function. Its action is described in 

Section 33.2 where the thermionic emission of 

electrons is discussed. For low-power rectification 

of a.c. thermionic diodes are nowadays much less 

used than semi-conductor diodes. Figure 25.23a, b 

shows the voltage-current characteristics of 

typical diodes of each type. Figure 25.24 shows the 

conventional circuit symbols for the two kinds of 

diode. In Fig. 25.25 each type is shown incor- 

porated in the simplest ‘half-wave’ rectifying 

circuit. 

In such a circuit, since the diode conducts only 

in one half of each cycle of the a.c., the d.c. 

output across the load is ‘half wave’ (Fig. 25.26a). 

To provide ‘full-wave’ rectification, four similar 

diodes are arranged in the form of a bridge (Fig. 

25.26b). 

In the half-cycle in which the input terminal T, 

is positive with respect to T,, current can flow 

through diode 2 so that the output terminal T, is 

positive. The external circuit is completed through 

terminal T; and the diode 3. 

Half-wave 

Fig. 25.26 (a) Wave-forms for a.c., 

half-wave rectification and full-wave 

rectification. (b) Circuit to provide full- Full-wave 

wave rectification. (a) 

BARON: 
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Fig. 25.25 Half-wave rectification circuits. 

In the half-cycle in which the input terminal T, 

is positive with respect to T,, current can flow 

through diode 4 so that terminal T, is again 

positive. The external circuit is completed through 

terminal T, and diode 1. 
An ‘ideal’ diode would conduct perfectly a 

current in one direction, that is, it would have zero 

resistance to current in one direction; and it would 

not conduct at all a current in the reverse direc- 

tion. The characteristic of such a diode would 

therefore be a straight line lying exactly along the 

voltage axis, the whole length of the negative 

voltage region, becoming at the origin of the 

graph a straight line lying precisely along the 

positive current axis. Although the graph of Fig. 

25.23a does not show it, the thermionic diode’s 

characteristic has a slight ‘tail’ stretching into the 

negative voltage region, because it still conducts a 

slight forward current even when small reverse 

voltages are across it. Any semiconductor diode 

conducts slightly in the reverse direction, when 

reverse voltages are applied, the reverse current 

being greater for larger reverse voltages. Typically, 

a small semi-conductor diode which is used to 

conduct forward currents in the order of one 

ampere will have a reverse current in the order of 

several microamperes. 

(b) 
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The thermistor is a semiconductor device 

whose resistance depends upon temperature in a 

sensitive way. The characteristic of a typical 

thermistor is shown in Fig. 25.23c. Unlike a metal 

conductor, its resistance decreases with rise in 

temperature, falling by about 75% as the tempera- , 

ture rises from 25°C to 60°C. Contrast the 

temperature sensitivity of a pure metal, such as 

copper; the resistance of a pure copper wire would 

increase by approximately 15% for the same rise 

in temperature. 

A thermistor, unlike a diode, has no rectifying 

property: it conducts equally well a current in 

either direction through it. Certain types of 

thermistor are used in electrical temperature- 

measuring or controlling devices; other types are 

used to limit surge-currents in circuits. 

Another useful semiconductor device is the 

light-dependent resistor (l.d.r.), sometimes called 

a photosensitive resistor, generally made of 

cadmium sulphide. It behaves as an ordinary 

resistor, but the resistance depends upon the 

amount of illumination incident upon it: the 

greater the illumination, the smaller the resistance. 

A number of ingenious photo-electronic devices 

can be designed around an I.d.r., ranging from 

burglar alarms to exposure meters. Problem 25.3 

concerned such a resistor. 

Problem 25.6 Errors can arise, when using a 

moving-coil meter, as a result of changes in 

resistance of the coil (generally made of copper 

wire) Owing to changes in temperature. Firstly we 

shall see how great these error can be, and then we 

shall see how they can be overcome in one parti- 
cular instance. 

a) Consider a moving coil meter whose coil has a 

resistance of 10.009 at a temperature of 

20°C. The temperature coefficient of resis- 

tivity of standard annealed copper is 43 x 

10-*K~!: this is also the fractional change in 

resistance, of any particular copper wire, per 

degree change in temperature. Use this data to 

find the increase in resistance when the coil 
warms from 20°C up to 40°C, and hence 
find the resistance (to four significant figures) 

at 40°C. We have to remember, however, 
that the equation defining the temperature 
coefficient of resistivity (Eq. 23.5) requires a 

[25.6] 

knowledge of Rp». This has first to be 

calculated. ° 

b) Suppose our meter gives full scale deflection 

for a current of 100uHA. What must the 

voltage, in microvolts, across the coil be, at 

20 °C, to produce full scale deflection? 

c) Suppose the same voltage as calculated in (b) 

is applied to the coil when the temperature is 

40 °C: what will the current be now? Express 

the difference between this reading and the 

reading at 20 °C as a percentage of the reading 

at 20 °C. This error is excessive if the meter is 

a good-quality one in which the true current is 

guaranteed to be within, say, +2% of the 

scale reading. 

d) The effect of this temperature-dependent 

change in resistance can be reduced by con- 

necting in series with the coil a resistor which 

changes very little with temperature, one 

made of constantan, for example. 

Suppose we have a constantan resistor of 

90.00 2 connected in series with the coil, and 

that we can neglect any changes in resistance 

of this resistor due to changes in temperature. 

The total resistance at 20 °C is thus 100.000. 

Calculate the voltage which must be applied to 
the combination coil + resistor to produce 
full-scale deflection at 20 °C now. 

e) Suppose this same voltage is applied to the 
meter when the temperature is 40°C. What 
current flows now? Express the difference 
between this current and the current at 20°C 
as.a percentage of the current at 20°C, and 
comment on the result. 

' The constantan series resistor is generally 
known as a ‘swamping’ resistor, and such a 
resistor is generally used in a meter designed 
to have a low-resistance shunt connected to it, 
to convert it into an ammeter, as in Fig. 25.27. 

Shunt 

‘swamping’ 
Fig. 25.27 resistor 
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a) From Eq. 23.5 

Ry — Ro R, = uli) 

Therefore 

Ry 
i (1 + a) 

Putting in numerical values, Rp = 9.2080. 
Repeating the calculation to find Ry) we have 

R= 10790: 
b) Using V = JR. Voltage needed to produce 

full-scale deflection = (100 x 10-*) x 10.00 

a2 Vo Otel 10 Ve 

c) At 40°C the current is found by using V = 

IR, hence J = V/R, thus: 

ian 
10.79 

The discrepancy is thus 100 — 92.7 = 7.3 nA, 

and expressing this as a percentage we find it 

to be 

I= Bg9 7778 in uA 

V3 
100 100: =" 7% 

to nearest percent. 

d) With a total meter resistance of 100.00 2 we 

need a voltage of (100 x 10-*) x 100 = 10~° 

V, or 10 mV, to produce full scale deflection. 

e) If this voltage is applied to the meter at 40 °C, 

when the resistance will be 100.79, the 

current will be given by 

Oise 

100.79 

Thus the error is now 0.8pA, and conse- 

quently a percentage error of 0.8%, or 1% to 

the nearest percent, and this is generally 

within the acceptable limits. 

[= = 99.22... in pA 

Problem 25.7 Figure 25.28 shows the simplest 

form of meter for measuring resistance directly. 

The resistance to be measured is connected to the 

terminals T T, the scale of the milliammeter being 

calibrated to read the resistance directly. Suppose 

we have a meter which reads to 15 mA full-scale, 

an angular deflection of the needle of 90°; the coil 

resistance of the meter being 5 Q, and the battery 

voltage 1.5 V. We shall now see, working step-by- 

step, how to construct the ohm-meter. 

a — 

b) 

Cc — 

a) 

b) 

Some more circuit elements 303 

Fig. 25.28 R 

Clearly, the larger the resistance R connected 

to the terminals TT, the less the current. 

Hence if the current scale is calibrated, as is 

usual practice, from left to right, the resist- 

ance scale will have its zero on the right. We 

want the zero of the resistance scale to corres- 

pond to full-scale deflection. Thus when the 

angular deflection of the needle is 90°, R 

= (. The current flowing in the circuit here is, 

of course, 15mA. Calculate the value of S 

needed. 

What is the value of current in the circuit 

when @ = 75°? Knowing this, calculate the 

value of R which will produce this deflection 

of the needle. Enter the answers in a table like 

the one below. 

Repeat the calculation for the other values of 

@ given in the table. Make a rough sketch of 

the new meter scale, marked off in intervals of 

502, and comment upon the form of this 

scale. 

Pointer deflection, 9 0° 15° 30° 45° 60° 75° 90° 

Current/mA 

R/Q 

When you next see a multimeter (with an 

ohms scale), look at it critically. 

Using V = JR. The total circuit resistance 

(assuming the battery has negligible internal 

resistance) is (S + 5Q): thus 1.5 = 5 x 

10=4)_x (S'+ 5), hence S +:5 = 100, there- 

fore S = 952. . 
When @ = 75° the current is 33 X 15 = 12.5 
mA. To find the value of R: 
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total resistance = $+5+ R= 1.5 

but S = 95, therefore 

100, “Re=o120 

hence 

R = 202 

c) We can save time in the long run by making a 
formula for R in terms of @. The current 

needed to produce a deflection 6 is 6/90 x 

15 mA, that is 0/6mA, or 0/6 x 10-3A. 

12.5 x 1073 

[25.6] 

Proceeding as in (b), we can write 

6 < 10-3 

which reduces to 

BO sneering 
It is a quick business now to substitute values 

of @ into this and find the corresponding 
values of R. 
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We must now return to the question of the electric 

current itself. We have assumed this to be a flow 

of something we called electric charge. Our 

evidence for this application of the ‘flow’ model 

was the observed behaviour of the ‘current’ in 

series and parallel circuits. In all those cases, the 

circuits were complete. 

The question now arises as to the behaviour of 

the current in circuits which are not complete. 

Close the switch in the circuit of Fig. 26.1 and the 

galvanometer will fail to indicate a current. But 

attach two large metal plates to the points A and B 

(Fig. 26.2) and an effect will be observed. Two 

moderately sized plates (say 20 cm square) with a 

small air gap between them and, of course, 

insulated from one another will be adequate. At 

the instant of switching on, there will be a 

momentary deflection of the galvanometer needle. 

If the switch S is opened and the point P 

connected to the negative terminal of the battery, 

a momentary deflection of the same magnitude, 

but in the opposite direction, is observed. This 

suggests that electric charge flows on to the plate 

Fig. 26.1 

305 
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A when S is closed and then flows back when P is 

connected to plate B (or, possibly, that the electric 

charge flows away from A when S is closed, then 

back on to A when P is joined to B). 

The experiments in Fig. 26.2 show that having 

the plates A and B closer to each other results in 

larger deflections on the galvanometer when the 

switch S is closed. The investigation can be 

extended by inserting a second galvanometer into 

the circuit, as in Fig. 26.3. When S is closed (the 

plates having first been discharged by joining P to 

the negative terminal of the battery), the two 

galvanometers show deflections, usually of about 

equal magnitude, and in such a direction that if 

electric charge has flowed on to A it must have 

flowed away from B, alternatively if electric 

charge has flowed away from A then it must 

simultaneously have flowed on to B. We say that 

plate A has become positively charged, and B 

negatively charged, as a result of closing S. When 

S is opened and P is joined by a wire to the 

negative terminal of the battery, by-passing the 

battery, then the two galvanometers show equal 

deflections in the opposite direction to what they 

showed when S was closed. We interpret this result 

as the discharge of the plates A and B. 

Fig. 26.4 Circuit for investigating the behaviour of a 
parallel-plate capacitor. 

[26.1] 
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Fig. 26.3 

26.1 Capacitors 

We proceed now to investigate the action of this 

parallel-plate arrangement as a holder of electric 

charge. The investigations may conveniently be 

carried out using the apparatus of Fig. 26.4. 

S is a reed-switch. This is a single pole, two- 

way switch contained in a glass capsule and 

capable of a fast rate of switching. Figure 26.5 

shows a section through the switch. 

PP’ is a flexible magnetic strip which is sprung 

so that the end P is normally in contact with the 

end R of the fixed non-magnetic strip RR’. QQ’ is 

a fixed magnetic strip. If a magnet is brought near 

to this capsule, QQ’ and PP’ wiil be magnetized 

and P moves into contact with Q so completing 

any circuit connected to the terminals P’ and Q’. 

In this usage, the switch is operated by the 

proximity of a magnet. It is known as a proximity 

switch. 

If, however, the capsule containing the switch 

is placed within a solenoid connected to, say, a 

50 Hz supply, the reed PP’ will oscillate between 

R and Q. It is usual to feed the a.c. into the 

solenoid through a rectifier diode. Then the switch 

moves from R to Q SO times each second. 

At a switching rate of 50 Hz, the charges from 

the plates will cause the needle of the milliammeter 

to give a constant reading. This reading depends 

on the charge stored on the plates each time the 

reed is to the left (Fig. 26.4). 

The two plates are separated and insulated 
from each other by flat spacers of equal thickness 

and area about 0.5 cm’, made of plastic insulating 
material: celluloid, polythene, PVC, are all 

Fig. 26.5 The principle of a reed-switch. 
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suitable if clean and dry. The plates can be 

separated by three or four spacers evenly spaced 

from each other. The separation of the plates can 

be varied by using more spacers, stacked on top of 

each other. 
The area of overlap of the two plates can be 

varied by sliding the top one horizontally away 

from the lower one. The nature of the medium 

between the plates also affects the amount of 

charge which can be stored at a given voltage: this 

can be verified by inserting a sheet of the insula- 

ting material which was used to make the small 

spacers in such a way that the distance between the 

two plates is not altered. 
If the bottom plate is removed altogether 

(leaving the negative terminal of the battery still 

earthed, say, to a water-pipe, gas-pipe, metal 

mains cable sheath, or mains power-point earth 

socket and the upper plate insulated) it is found 

that the top plate alone can still store charge 

although considerably less than it did when the 

lower plate was present close to it. With the top 

plate alone it can also be shown that the presence 

of any other conducting object, close to the top 

plate but insulated from it, increases the charge- 

storing ability of the plate. 

We can now investigate how the charge-storing 

ability of the parallel-plate arrangement depends 

on: 

a) The voltage used to charge the plates. 

b) The distance between the plates. 

c) The area of overlap of the plates. 

d) The insulating or dielectric material between 

the plates. 

- But before proceeding to accurate measure- 

ments, bring your hand close to the upper plate 

while the reed-switch is running. Note the reading 

of the milliammeter. Then move your hand away, 

watching the milliammeter as you do so. That 

will show clearly the effect of nearby earthed 

conductors on the ability of the plates to store 

charge. 

Suppose the charge released by the plates when 

they are discharged through the milliammeter is 

Q. The reed-switch causes n discharges per unit 

time. Thus the average current through the milli- 

ammeter is nO and we will assume that this is the 

steady reading indicated by the milliammeter. 

Using a low-voltage a.c. supply from the 50 Hz 
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a.c. mains ensures that n is constant and so it is 

possible to calculate Q from the current reading 

(1) of the milliammeter since nQ = I. 

The first accurate measurement involves 

setting the plates at a fixed separation and using 

different values of battery voltage V. It is found 

that the charge on the plates Q is directly pro- 

portional to V. Then, using a constant charging 

voltage, and setting the plates at different 

distances d apart, one finds that, provided d is not 

too large, that Q « 1/d. Then, keeping constant d 

and voltage, but altering the area of overlap, A, 

one finds that Q « A. Finally, keeping the 

geometry of the plates constant and using a 

constant voltage, but putting a solid insulator 

instead of air between the plates, one discovers 

that Q is increased. The amount by which it is 

increased depends on the relative permittivity of 

the material, a term which will be defined in 

Section 26.3. 

The pair of parallel plates which we have used 

for these experiments is one example of a 

capacitor. A capacitor is any arrangement of a 

pair of electric conductors, insulated from each 

other, and designed as a device for storing electric 

charge. Its ability to store charge is specified by its 

capacitance. 

™ Capacitance is defined as the amount of charge 

stored per unit potential difference between 

the plates. (One generally refers to the con- 

ductors as ‘plates’ even if they are in fact rolls 

of metal foil.) 

If the charge stored is Q when the p.d. is V then 

the capacitance is given by 

(26.1) 

and, as the experiments have shown, this is a 

constant for a pair of conductors having a given 

geometry. The unit of capacitance is the farad (F). 

@ One farad is one coulomb per volt. 

The farad is not a conveniently sized practical 

unit. The parallel-plate arrangement used in the 

experiments described has a capacitance of only a 

few millionths of a millionth of a farad. Sub- 

multiples in common use include the microfarad 

(uF) and the picofarad (pF). (See Appendix 1.) 
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A parallel-plate capacitor of this sort is of little 

practical use: its importance lies in what it can 

reveal in experimental use about the nature of the 

electric field. Electric field theory is dealt with in 

Unit 7. The uses of capacitors of various types in 

electric circuits are what concern us now. 

26.2 Dielectrics and capacitors 

The capacitance of a pair of parallel metal plates, 

area 400 to 900 cm? and spaced a few millimetres 

apart, is in the order of a few hundred picofarads. 

This is far too small a capacitance for most appli- 

cations of capacitors in electronics. A quick look 

at the lists of capacitors in the catalogue of a 

manufacturer of electronic components gives a 

good idea of the ranges of values most frequently 

used. If one attempted to make a one microfarad 

capacitor in the form of parallel plates with an air- 

gap in between, then the area of each plate would 

have to be hundreds of square metres. But because 

the capacitance can be increased by reducing the 

separation of the plates and substituting a solid 

insulating material for the air between the plates, a 

capacitor can be made compact by having two 

layers of thin metal foil separated from each other 

by a very thin layer of insulating material. Waxed 

paper has been used for many years, and is still 

used, in the type of capacitor known simply as a 

paper capacitor. 

Instead of waxed paper, mica and various 

ceramic materials (for example, titanium oxide) 

are used commonly as the dielectric material in 

capacitors. Mica is a naturally occurring mineral 

which has a crystalline structure such that it can 

split into very thin sheets of almost perfectly 

uniform thickness. It can withstand high voltages, 

and high temperatures, and it is suitable for use in 

capacitors in circuits where there are ultra-high 

frequency (that is, in the order of hundreds of 

megahertz) alternating currents. The ceramic 

materials specially developed for use in capacitors 

can also withstand high temperatures and voltages: 

they also have very high relative permittivities. 

The meaning of this term is discussed below. 

Paper, mica, and ceramic capacitors are not 

generally made with capacitances greater than 

about one microfarad. For appreciably larger 
capacitance one generally uses an electrolytic 

capacitor, in which the thickness of the dielectric 

(26.2] 

layer between the layers of aluminium foil is very 

much less than can be achieved using paper, mica, 

or ceramic. In an electrolytic capacitor the layer of 

dielectric, which can be less than a thousandth of a 

millimetre thick, is produced by electrolysis. 

Paper impregnated with a solution of aluminium 

borate is used to separate the layers of aluminium 

foil. This solution is a conductor; but when a p.d. 

is applied to the two plates of the capacitor, the 

positive plate becomes anodized, that is, a very 

thin layer of aluminium oxide is deposited by 

electrolytic action on the surface of the metal. It is 

this layer of oxide which is the insulator between 

the two plates, and it is of course sandwiched 

between the positive aluminium foil and the layer 

of impregnated paper which makes direct electrical 

contact with the negative foil. This deposit of 

aluminium oxide has remarkably good insulating 

properties and, although it is so thin that one 

might suppose that it would break down when 

only a small p.d. is applied to the plates, in fact an 

electrolytic capacitor of this type can be made to 

work at voltages of several hundreds of volts. 

Electrolytic capacitors cover a range of capacitance 

from about | uF up to several thousands of micro- 

farads. It is essential to connect such capacitors 

into circuits the right way round. (Why is this so?) 

The different insulating materials used in 

capacitors have different relative permittivities. 

To understand what the term relative 

permittivity (or dielectric constant) means, 

consider what was done in the experiment 
described in Section’26.2. The factors determining 
the capacitance of a parallel-plate capacitor were 
investigated, and it was shown that inserting a slab 
of solid insulating material between the plates, 
without altering their spacing, increased the 
capacitance. The dielectric, air, was replaced by a 
solid dielectric. If the plates were in a vacuum we 
would find that the capacitance was not noticeably 
different from that when air was present. In fact 
the capacitance with air is very slightly greater 
than with a vacuum. 

M@ The relative permittivity «. of a material is 
defined thus: 

s ( capacitance of an ideal parallel-plate 
capacitor with material between plates 

. ee of same capacitor sh 
plates in a vacuum 
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The relative permittivities of some commonly 

used insulating materials are given in Table 26a. 

These are simply numerical constants. 

Table 26a 

Material Relative permittivity 

Polythene 223 
Perspex 2.6 
Paper (waxed) oi 
Paraffin Qa 

Paper (oil impregnated) 3.6 
PVC 4 
Mica 7 

Barium titanate 1200 
Water 80 

The name relative permittivity arises in the 

following way. The capacitance of an ideal 

parallel-plate capacitor can be expressed in terms 

of the geometry of the plates thus: 

(26.2) 

where A is the area of each plate, d is the distance 

between the plates, and ¢ is a constant for the 

insulating material between the plates, called the 

permittivity of the material. If the plates are ina 

vacuum the constant is written €, and is called the 

permittivity of free space. The significance of this 

constant, for free space, and how it measured, are 

discussed in Unit 7. If the medium between the 

plates is anything other than a vacuum the value 

of the constant is greater than €). If we use the 

symbol e, for the permittivity of a medium X, then 

the relative permittivity e, of medium X is defined 

as the ratio €,/€). Now suppose we have a parallel 

plate capacitor in a vacuum, and nothing between 

the plates, then we can write, for its capacitance 

A 
fo" 

Then if we insert a material whose permittivity is €, 

between the plates, the capacitance is given by 

Cy = (26.3) 

GC a a4 

Then the relative permittivity 

Ee, E (26.4) 
~ Co 
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From Eq. 26.2 we see that 

and so €, will have units metre farad/metre’, or 

farad per metre (Fm~'). As we shall see in 

Chapter 30, the permittivity of free space €o is 
8.854 x 10-'2 or 1/362 F m='. Since the relative 

permittivity of air differs but little from unity, we 

may use €) when the charges are separated by air 

rather than a vacuum. 

So far nothing has been said about the funda- 

mental physical reason why the insertion of a slab 

of insulating material between the plates of a 

capacitor has the effect of increasing its capaci- 

tance. The fact is that the electric field between the 

plates is modified by the presence of the dielectric. 

The atoms and molecules of all materials contain 

positively- and negatively-charged particles. In an 

insulating material these particles are not free to 

move away from their mean positions, but they 

can move a little, so that the distribution of 

positive and negative charge in the material can be 

altered slightly. In the presence of an externally 

produced electric field the distribution of charge 

in the material is changed. This process is known 

as polarization. 

The uses of capacitors can be roughly classi- 

fied as follows: 

a) To store electric charge which, after charging, 

leaks through some resistance in a circuit at a 

rate determined by the capacitance and the 

resistance combined. This process can be 

employed in electric circuits for determining a 

time-interval. This category includes the 

smoothing action of a capacitor, used, with a 

rectifier, in the conversion of a.c. to d.c. 

b) To store a small quantity of electrical energy. 

A large electrolytic capacitor is used in an 

electronic flash-gun, for use in photography. 

The capacitor is charged and then discharges 

very rapidly through a gas discharge tube 

(usually containing xenon gas). A small 

quantity of electrical energy is thus converted 

into light and some heat. 

c) To filter out a.c. from d.c. In many appli- 

cations a capacitor is used in such a way that it 

has, in effect, a very low resistance to an a.c. 

but a very high resistance to a d.c. 
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Fig. 26.6 Circuit for an electronic flash-gun. 

26.3 The electronic flash gun 

An electric discharges takes place in a suitable gas 

(often xenon) with the emission of an intense flash 

of light of short duration (about I ms). If such a 

device is to be operated from, say, a 6V dry 

battery, the circuit must first generate a high 

voltage (300 to 500 V). This is achieved by using a 

transistorized oscillator which converts d.c. to a.c. 

which can then be stepped up to a high voltage ina 

transformer before being rectified to d.c. once 

more. This high voltage d.c. is then fed to the 

capacitor C, (Fig. 26.6) through a resistor R, 
which limits the current. After several seconds the 
capacitor will have stored sufficient energy to 

operate the flash - if enough ions are already 

present in the flash tube. 

The ions are obtained by passing a brief pulse 

at about 10kV across the gas tube. This is 
obtained by using some part of the energy stored 
in C, to charge the capacitor C, to about 150 V. 
When the camera shutter contacts close, this 
energy provides a current pulse through the 
primary of the step-up transformer T. The output 
from T is applied to a transparent conducting 

coating on the wall of the flash tube and a spark 
passes. This spark provides the ions within the gas 
which allow the flash discharge to follow. 

Fig. 26.7 Capacitors in parallel. 

[26.4] 

Gas-filled 
flash tube 

Camera shutter contacts 

26.4 Combining capacitors 

Capacitors may be used in circuits in both series 

and parallel arrangements. Connected in parallel 

(Fig. 26.7) it is self-evident that the effect is to add 

together the areas of the plates and we expect that 

the combined capacitance will be C, + C, + C;. 

In a formal proof we note that the application 

of a potential difference V will cause a total charge 

Q to accumulate in the capacitors and the total 
capacitance C will be given by 

The total charge Q is the sum of the separate 
charges Q,, Q, and Qj. 

O= Ont O40, 
=CV+CV+ CV 

= VG Cea) (26.5) 

Comparing Eq.°26.1 with Eq. 26.5, we have 

C= "CC, te, 

Connected in series, as in Fig. 26.8, each of the 
capacitors will carry the same charge as shown. 
The potential difference across the three capacitors 
will be given by 

(26.6) 

yas 
Alto (26.7) 

+O gp—Q +Oy,-O 

: Cree aloe Cs 

V 

Fig. 26.8 Capacitors in series. 
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But V = Var Vea V; 

OF ee 
BO Len ONC 

RICA eee Lee 
=0(5 a oe) 

Combining Eq. 26.7 and Eq. 26.8, we see 

(26.8) 

(26.9) 

26.5 Storing energy in a capacitor 

If a capacitor is connected to a battery through a 

resistor, charge will flow from the battery on to 

the plates and a graph relating the potential dif- 

ference developing across the plates to the charge 

on the plates will take the form shown in Fig. 26.9. 

It is a straight line since Q is proportional to V. 

Initially no energy is expended by the battery 

as it transfers charge AQ to the uncharged plates. 

But, as Q increases, so does the p.d. between the 

plates. When, for example, that p.d. has reached 

V,, the energy required to add a further small 

charge AQ to the plates is V|AQ. This is repre- 

sented in Fig. 26.9 by the unshaded area. 

Once fully charged, the energy supplied must 

have been the sum of all such areas, which is QV. 

This is also +CV? and +Q?/C. 

This energy is stored in the electric field 

between the plates (see Chapter 30). 

Problem 26.1 The capacitor with the largest 

capacitance in a particular manufacturer’s cata- 

logue is described as ‘25 V working’ with a 

capacitance of 22000 »F. How much energy can 

this capacitor store? 

+CV? 

Ha? O00 <LO=*xe25° 

ayORo 

If the capacitor is discharged through a small 

motor arranged so as to lift a small mass, to what 

height might a 0.5 kg mass be raised? 

Energy stored = 

Energy available = 6.9J = mgh 

=05x 10xh 

Whence 

h = 1.4m 
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Potential difference 

AQ Q 
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Fig. 26.9 The variation of potential difference with the 

charge stored on the plates of a capacitor. 

26.6 Discharge of a capacitor 

The discharge of a capacitor is never an instan- 

taneous process, although we assu ved, when 

doing the experiments with t of Fig. 

26.4 that the time taken ior to 

discharge itself was negligibly ae We 

assumed this in spite of the fact tuat the reed- 

switch was discharging the capacitor fifty or even 

one hundred times per second. We shall now make 

a careful investigation of the discharge process. 

This is conveniently done using a capacitance of 

about 500 pF. Figure 26.10 shows the circuit and 

suitable component values. 

The capacitor is charged by closing the switch. 

With a 10V supply the microammeter reads 

100 »A since the circuit resistance is 100 kQ. When 

the switch is opened, the ammeter continues to 

show a reading as the charged capacitor slowly 

discharges through the resistor. The discharge is 

rapid at first, continuously becoming less rapid. 

If a stop-clock is started as the switch is 

opened, values of the discharge current / can be 

taken every ten seconds. The graph of these results 

(Fig. 26.11) appears to be a curve of the exponen- 

tial decay type (see Section 46.4), but rather than 

take this for granted we shall make a theoretical 

analysis of the process. 

At any instant during the discharge, the p.d., 

V, across the capacitor and the charge, Q, are 

related by Q = CV, where C is the capacitance. 
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Fig. 26.10 Circuit for the investigation of the variation of 
the charge on a capacitor with time. 

The current, /, flowing in the resistor R is given by 

V = IR. But the current is the rate of loss of 

charge from the capacitor, and thus we may write 

en eAQ 
i At 

the negative sign indicating that as time, /, 

increases, the charge, Q, decreases. 

From the equation for Q we see that V = O/C. 

From the equation for V we see that J = V/R 
= QO/RC. 

And so 

7 ven De 
At RC 

Or 

(26.10) 

[Using the notation of calculus this expression is 
written 

A OasdnetaQie 
dt RC 

This is a differential equation of the first order for 
which we shall carry out a step-by-step approxi- 
mate numerical solution (Compare Section 19.4). 
There are two good reasons for doing this: firstly, 
it is a technique which does not require a knowl- 
edge of the calculus; secondly, it is a method easi- 
ly programmed on a digital computer. Having 
obtained numerical values of Q one can plot a 

[26.6] 

graph and study the properties of the curve. 

The steps of the computation are as follows. 

a) Calculate the initial charge on the capacitor at 

time ¢ = 0, using Q = CV. Plot this point.on 
a charge-time graph. 

b) Use the initial value of the current to calculate 

the charge which leaves the capacitor in the 

first five seconds using AQ/At = J. 

c) Calculate the charge remaining on the capa- 

citor at the end of this 5 s period and plot this 

on your graph. What fraction of the initial 

charge is this? 

d) Calculate the voltage on the capacitor now - 

and thence the new discharge current. 

e) Calculate the charge remaining on the capa- 

citor at the end of this second 5s period and 

plot this. What fraction of the charge remain- 

ing at the end of the first 5s period is this? 

f) Continue the computation for several further 

5s intervals. It should be possible to use a 
calculator for this if you have spotted the way 
in which the charge remaining decreases with 
time. 

Plot the graph of charge against time for, say, 
50s, joining your points with straight lines. 
Table 26b may be used to check the steps of 
calculation. 

h) Compare your computed and your experi- 
mental curves. Why does the former run down 
more steeply? 

— g 

In drawing the curve, the decrease in the 
charge Q was 0.10 on each occasion. The charge 
at the commencement of each 5s interval was 
(0.9 x the charge at the start of the time interval). 

Table 26b 
ea a 

Time/s_ — Voltage/V Charge/C Current 
(AQ/At)/yA 

0 10.00 Sean Ome 100 
5 9.00 4.5 x 10-3 90 

10 8.10 4:05 x- 10-2 81 
15 7.29 Stan Ome IPAS) 
20 6.56 Ji20 AO > 65.6 
25 5.90 22965 al Ones 59.0 
30 DESI 2.66 x 10-3 5851 
36 4.78 ZrO an Ome 47.8 
40 4.30 DMS X WOr 43.0 
45 3.87 1.94 x 10-3 38.7 
50 3.48 yaaa Ole 34.8 
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The charge is reduced by the same fraction of its 

existing value in successive time intervals. This is 

characteristic of an exponential decay in which a 

quantity x is reduced by the same fraction in 

successive equal intervals. If the quantity is halved 

from x to x/2 in time ¢,,, then it will fall from x/2 
to x/4 in the next time interval ¢,,, and from x/4 to 

x/8 in the next interval t,, and so on. In this case 

t,,, the time taken for the quantity to halve its 

value is known as the half-life of the decaying 

quantity. If the graph for the capacitor discharge 

is plotted far enough it will be discovered that the 

charge is halved from 5 mC to 2.5 mC, from 4 mC 

to 2 mC, from 3 mC to 1.5 mC in very nearly equal 

intervals of time, which are, in this example, 33 s 

to the nearest second. 

The exponential law is of great importance in 

the sciences. Reference has already been made to 

its use in Chapter 8 in connection with the world’s 

energy resources and usage. In Chapter 12 it was 

found to describe the distribution of energy 

quanta among the atoms of an Einstein solid. We 

shall meet it yet again when dealing with the 

growth and decay of the radioactive elements. 

The exact solution to Eq. 26.10 is 

Q = Oia = 

and the half-life ¢,, is found by setting Q = Q,/2 

and solving for f,,, thus: 

(26.11) 

& = Open re 

st @l/RC = 2 

= RO in 2 = 0.693 RC (26.12) 

The product RC is known as the time-constant of 

the circuit, and in this example it is 
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Current 
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Fig. 26.11 Variation of discharge current with time. 

105 x (500 x 10-*)s = 50s 

Hence 

ty = 0.693 x 50s — 34:75 

The result obtained from our approximate 

numerical solving of the equation was less than 

this, the discrepancy being about 5%. We could 

make a better approximation to the truth by using 

a shorter time interval in the computation, using, 

for instance, At = 2s instead of Af = 5s. 

The time-constant of a circuit containing 

resistance and capacitance is an important para- 

meter in electronics. At first it may seem surprising 

that multiplying together these two physical 

quantities, the one measured in ohms and the 

other in farads, produces units of time. It is easily 

shown that this must be so by writing each unit in 

terms of units from which it is derived, thus: 

Q= VAH! = ViCs-!) = ViGers 

and 

F=CV 

therefore 

OG =a (VEO hc) OCG res 
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UNIT SEVEN 

Fields 
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FIELDS OF FORCE 
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27.1 Introduction 

Physicists use the word field to mean ‘a region of 

influence’ and a familiar example is the magnetic 

field around a magnet. which is taken to be the 

region where some magnetic effect can be 

detected. This is not very different from everyday 

usage. When we talk of a field of grass, we refer to 

a region in space where grass is to be found. 

Similarly, when we talk of an electric field, we 

refer to a region in space in which an electric force 

can be found. (You will notice the scientist’s 

shorthand here - we ought really to say ‘electric 

force field’ and not just ‘electric field’. The word 

‘force’ is invariably omitted and must be under- 

stood as being meant.) 

27.2. Action at a distance 

When, in Unit 2, we looked at the way forces set 

things into motion, or failed to move them, or 

changed the direction in which they moved, we did 

not consider how these forces were produced. 

They were just ‘pushes’ or ‘pulls’ -— the result 

usually of a direct contact between something that 

moved and whatever was trying to produce the 

movement. 

By looking at the effect these forces have when 

they act, we learn to define a force as something 

‘trying to change motion’. This is an important 

generalization of many happenings in the physical 
world. Once this generalization has been made, we 
are confident we can always recognize when a 
force acts. So when we bring a magnet up towards 
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an iron nail, and we see the nail move even when 

the magnet is some distance away, we say that the 

magnet exerts a force on the nail. We let go of a 

plate we are carrying and it crashes to the floor. 

The motion of the plate has been changed. We say 

that the earth exerts a force on the plate. 

We do not always have to see a change in 

motion to assert confidently that forces are acting. 

We demonstrate our knowledge of physics by 

rubbing a blown-up balloon on our clothes and 

sticking the balloon to the ceiling. We think, 

ordinarily, it ought to fall - because of the pull of 

the earth on it. So we say another force must pull 

the balloon towards the ceiling. We learn 

eventually to call this an electric force. 

All these forces, however, seem rather 

mysterious. They are not like the pushes and pulls 

we use to generalize our idea of a force. They are 

not forces of contact. The thing which causes the 

force is not in direct contact with the thing which 

moves. The force acts - that is undeniable - but 

nothing seems to be pushing or pulling. This 

mystified scientists for a long time; they felt that 

something ought to be visibly pushing or pulling 

and went to great lengths to prove that invisible 

mechanisms were involved. 

J. C. Maxwell was one of the first scientists 

to point out that far from being mysterious, 

these sorts of forces were probably the only ones 

which exist. As an example, think of the following: 

from a footballer’s point of view, a foot kicking a 

ball involves a force of contact. From the ball’s 

point of view, the force is also one of direct 

contact — direct contact between ball and foot. But 

from the point of view of an atom on the surface 

of the football, it is not direct contact at all. 

The atom’s outer electrons experience a repulsive 

‘electric force from the outer electrons of an atom 

on the surface of the boot as this approaches. This 

electric force pushes the ball-atom away. Other 

forces from neighbouring atoms help keep all the 

atoms in their same relative position within the 

ball. What has become of the force of contact? 

Today, rather than try to explain how these 

forces act, as soon as we meet them, we accept 

their existence and explore their properties. 

Newton worked in this way when he made his 

important discoveries about gravitational forces. 

He was not the first to give serious attention to 

forces such as these, but his approach was much 
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the most successful. You must agree with this, if 

success is measured by the ends to which we can 

put his laws, in trips to the moon and launching 

earth satellites. Yet science is no nearer explaining 

the force of gravity in terms of other fundamental 

properties. Before turning to an exploration of the 

properties of forces which act at a distance let us 

recall what Maxwell said, about two hundred 

years after Newton’s work: 

‘But if we leave out of account for the present 

the development of the ideas of science, and 

confine our attention to the extension of its 

boundaries, we shall see that it was most 

essential that Newton’s method should be 

extended to every branch of science to which it 

was applicable — that we should investigate the 

forces with which bodies act on each other in 

the first place, before attempting to explain 

how that force is transmitted. No men could 

be better fitted to apply themselves exclusively 

to the first part of the problem, than those 

who considered the second part quite un- 

necessary.’ 

[Reprinted from Proc. Royal Inst. 7, 1873.] 

27.3 Measurement of gravitational field 

strength 

If we are to explore the properties of fields, then 

measurements must be taken; this is done by 

measuring the force acting on a suitable ‘detector’ 

placed in the field. There is nothing sophisticated 

about this since for gravitational fields a suitable 

detector is simply an object whose mass is known. 

To measure a gravitational field strength, 

suspend the mass from a spring balance which has 

been calibrated in newtons by accelerating a mass 

of 1kg with it. If the force indicated by the 

balance is F and the mass is m, then the gravita- 

tional field strength, g, is defined thus: 

(2701) 

The units of g are N kg~', and on earth g = 9.8N 

kg-', whereas on the moon g = 1.6Nkg"'. 

@ The gravitational field strength at a point is the 

force per unit mass acting at that point. 
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Problem 27.1 On earth, with what acceleration 

will a 4kg mass fall? 

Force acting on mass = mass x field strength 

= 4kg x 9.8Nkg™! 

From Eq. 5.6 

; force (4 x 9.8)N 
acceleration =:—— = ———__——— 

mass 4kg 

=98ms"! 

Repeat the above calculation with a different mass 

and you will find that the acceleration due to 

gravity is independent of the mass falling. This 

fact is well demonstrated by the ‘guinea and 

feather’ experiment in which a coin of Newton’s 

day called a guinea and a feather fall at the same 

rate, side by side, ina vacuum. The usual slow fall 

of a feather is caused by air resistance. 

27.4 Electric field strength or electric 

intensity 

The principle used for measuring the strength of 

an electric field is the same as for gravity, only the 

detector used must be a known charge in cou- 

lombs rather than a mass. This test charge must be 

infinitesimally small so that its presence does not 

affect the field being measured. . 

@ The electric field strength at a point is the force 

per unit charge acting at that point. 

If the charge is Q, and the force acting on it is F, 

then the electric field strength, EZ, is given by: 

(2722) 

The units of E are N C~!, and later in Section 30.2 

this will be shown to be the same as V m~'. 

It is often important to know the electric field 

between parallel plates; for instance, the cathode 

ray tube in an oscilloscope has two pairs of plates 

to provide electric fields for deflecting the electron 

beam. Figure 27.1 illustrates how such an electric 

field could be measured using the definition given 

above. The glass spring acts as an insulator and 

also supports, through a small hole in the top 

plate, the test sphere that is made of expanded 

polystyrene coated with conducting paint. If the 

(27.5] 

Glass spring 

—————— s=—5 kV 
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' 

Fig. 27.1 

test sphere is given a positive charge it will be 

repelled by the top plate and attracted to the lower 

plate; this tiny force will stretch the spring slightly. 

The force constant of the spring and the charge on 

the test sphere will need measuring before calcula- 

ting the electric field strength. These measure- 

ments are not easy to perform accurately and 

Section 30.2 describes an alternative, but related, 

method. 

27.5 Magnetic fields 

The basic detector for magnetic field measurement 

is the current element which is a length of wire 

carrying a current. Such a wire placed at right 

angles to a magnetic field will experience a force in 

a direction at 90° to both wire and field. See Fig. 

27.2 which illustrates Fleming’s left-hand rule, a 

useful ‘memory aid’. 

Force 

Field 

Current 

Force 

Magnetic field 

Current 

Fig. 27.2 Fleming's left-hand rule. 
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Axis of ae 
rotation of 

wire frame 

Rider 

Fig. 27.3. A current balance. 
(Courtesy Griffin and George 
Ltd.) 

To investigate how this force depends upon the 

current and the length of wire in a magnetic field, 

the apparatus shown in Fig. 27.3 may be used. 

This is a current balance; it consists of a hori- 

zontal, rectangular frame that can pivot about one 

of its long sides by means of a pair of taut 

suspension strips. These strips also carry the 

current to and from the straight conductor which 

forms the other long side of the frame. Thus the 

conductor can move up and down in the field 

produced by one, two or three magnets. Assuming 

the magnets to be identical, the number used 

varies the length of the current-carrying conductor 

being acted upon by the magnetic field. The direc- 

tions of the field and current are arranged so that 

the wire between the poles is pushed upwards; a 

length of paper tape can be bent and used as a 

rider on the wire to return it to its rest position. 

This provides a simple way of determining force. 

With a constant current, 1, 2, and 3 magnets 

require 1, 2, and 3 units of force, and so’ F oT, 

where F is the force, and / represents the length of 

wire in the magnetic field. Likewise, keeping the 

length constant, and varying the current, it is 

found that the force on the wire is proportional to 

the current strength, /. Thus F « I, and combining 

the two results we may write F « //. 

Obviously if we had used stronger magnets we 

would have obtained greater forces. Thus, for a 

given value of / and a given value of /, the force on 

a wire lying at right-angles to the direction of the 

magnetic field can be used as a measure of the 

strength of the field. (Note that we have said wire 

lying at right-angles. As will be shown, the angle 

between the wire and the direction of the magnetic 

field affects the size of the force.) A convenient 

way of measuring the strength of a magnetic field, 

which we suppose for the time being to be a 

uniform field, is by defining it as the force per unit 

length per unit current upon a straight wire lying 

at right-angles to the field. If the actual current in 

Moveable conductor 
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Insulator 
x 

Taut suspension 

the wires is J and the length affected by the field is 

/, then the strength of the field is given by 

(27:3) 

The SI unit of this quantity is the newton per 

ampere metre, or tesla. 

As we shall see in Unit 9, the term magnetic 

field strength is more commonly called magnetic 

flux density. 

The product J/ is called a current element and 

sO 

@ the magnetic field strength at a point can be 

defined as the force acting on a unit current 

element placed at that point (force, current 

and magnetic field being mutually perpendi- 

cular). 

It is worth noting that for each of the fields, 

gravitational, electric and magnetic, the defini- 

tions of field strength all the take the same form. 

What happens when a wire carrying a current 

lies in a magnetic field but not at right-angles to it 

can be investigated using the form of current 

balance shown in Fig. 27.4. A magnet and yoke 

are placed on the pan of a top pan balance capable 

of reading to 0.01 g. In this arrangement it is the 

magnet that moves and the wire loop, with the 

horizontal current element at the bottom, that is 

fixed. It is a simple matter to rotate the magnet 

and so explore the effect of having the current 

element at an angle @ to the field instead of 90°. 

The horizontal part of the loop is short: this is 

so that it is affected only by the limited, nearly 

uniform, region of field between the magnet 

poles. The vertical parts of the loop only produce 

horizontal forces which cannot affect the 

readings. Thus the only measured force is that on 

the current element. 
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Perspex 

Top pan 
balance 

Fig. 27.4 Using a top-pan balance to measure the force on 
a current element in a magnetic field. 

With a constant current the force is greatest 

when the wire makes a right-angle with the field. It 

is zero when the wire is parallel to the field. 

Careful measurement will reveal that the force is 

proportional to the sine of the angle, 6, between 

wire and field (see Fig. 27.5). Thus the complete 

expression for the force on a straight conductor of 

length, /, carrying a current, /, in a field of 

strength, B, is: 

FE = Bipsind. 

The direction of this force is always at right-angles 

to the plane containing the direction of / and the 

direction of B. The general case (c) in Fig. 27.5 can 

be arrived at by treating B as a vector quantity as 

Ee Bsin 6 

6 

uh 

Bcos 6 

B 

(27.4) 

Fig. 27.6 
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Cc 

B B 

Force out of No force 
paper = B/L 

(a) (b) 

Force out of paper 
= B/Lsin@ 

Fig. 27.5 (c) 

shown in Fig. 27.6. B can be resolved into a 

component Bsin@ at right-angles to the current 

element, and Bcos@ parallel to it. The Bsiné 

component at right angles to the current produces 

the force, while the Bcos6@ component produces 

no effect. 

27.6 A circular experiment? 

A knowledgeable student, on reading Section 

27.5, might object that it is pointless investigating 

how force depends on current, as measured by a 

moving coil ammeter. He or she reasons that the 

meter is using exactly the same effect as the effect 

we are trying to investigate and that the argument 
is therefore circular. Is the student correct? 

The student is correct in saying that both parts 
of the circuit are using the same effect (that of the 
force on a current in a magnetic field) but this 
does not necessarily invalidate the results. It is still 
possible to demonstrate that the force is propor- 
tional to the current flowing even without a 
calibrated ammeter. Four identical uncalibrated 
moving coil instruments are needed. First connect 
them all in series with a suitable supply and pass a 
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current through them so that a deflection of about 

+ full scale is produced; mark this deflection on 

each meter. Then connect them as shown in Fig. 

27.7. Close switches B and C and adjust the 

current until B and C point to the mark just made. 

Meter D will now register two units of current and 

this can be marked on its scale. Repeating the 

process with all three switches closed will provide 

a third mark on D for three units of current. Meter 

D can now be used in the current balance experi- 

ment; although its markings are not amperes, they 

are proportional to the current flowing. 
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28.1 

We have already referred to Newton’s theory of 

gravitation in Unit 1. It suggests that the force 

between two point masses M and m separated by a 

distance, r, is given by: 

Introduction 

ee Mm 
r2 

and that 

Mm 
lf = 7 (28.1) 

where G is called the gravitational constant and 
has a value 6.67 x 10-!!'Nm?kg~?. 

Newton had no means of determining this 

value experimentally but made a close estimate of 

it by using a remarkably accurate guess of the 

mean density of the earth in order to estimate its 

mass. His great..triumph, however, was the 

establishment of the inverse square law embodied 
in Eqs 234 

The story of this law’s development began 
with the work of Tycho Brahé (1546-1601), a 
practical astronomer who spent his lifetime 

making accurate observations of the planets and 
stars. These records were used for navigation but, 
more important, when Brahé died they passed into 
the keeping of his assistant, Johannes Kepler 
(1571-1630), who after years of study formulated 
three laws concerning the orbits of planets. 

28.2 Kepler's laws 

@ The laws may be summarized thus. 

1. The orbit of each planet is an ellipse with 
the sun at one focus. 
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Fig. 28.1 Elliptical path of a planet round the sun, S. The 

eccentricity is greatly exaggerated. 

2. The arm drawn from the sun to a planet 

sweeps out equal areas in equal periods of 

time. ce Fig. 25.1. 

3. The squares of the periods of revolution 

are proportional to the cubes of the 

average distances of the planets from the 

sun. 

Modern observations on the solar system, on 

the moons of the planet Jupiter and on earth 

satellites confirm the success of the three laws as 

summaries of the data. See, for example, Table 

28a. 

Table 28a Solar system data and a test of Kepler's 

third law 

Planet Mean radius Period of i 
of orbit orbital ie 
(r)/m motion 

(7)/s 

Mercury 579 < 10° 7.60 x 106 3.36 x 10% 

Venus inde 140!" 1:94.56 10? «3:35 X10 

Earth 1.49 x 10" 3.16 x 107 3.30 x 10%8 

Mars 2:28) 10" 594501001 ao coe d0* 

Jupiter Tigeyxclo" 3.74, «108 jen3.36-* 10°° 

Saturn As G0 9:30 oa 102) bes 3710 
ess 

Kepler’s three laws can only be accounted for 

if the law of force which applies to the sun and the 

planets is an inverse square law. The vital case is, 

in fact, that described in Law 1. Only an inverse 

square law of force can lead to planetary orbits 

which are elliptical with the sun at one focus. The 

second law is valid for any centrally directed 

force. 

Kepler did not live to see his laws used by 

Newton to establish the inverse square law of 

gravitation. It is the third law that leads most 

directly to this 1/r? relationship. For example, let 

ry 
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us start by supposing that gravitation follows an 

‘inverse n’ law, i.e., the force is proportional to 

1/r" where n is an integer whose value we want to 

find. If a planet of mass m moves in a circular 

orbit of radius r around the sun of mass M, the 

central attraction must provide the centripetal 

force necessary to retain that planet in its orbit. If 

T is the period of an orbit, then: 

ll 
GMm my? m ( 2ar ) 2 

re foe, ir 

or, 

GMm _ m4n’r 
rn i T?2 

Rearranging, 

GM co 
nT 

Now, GM/4r? is a constant for the Solar system 

and so r"+/T? is also constant for the system. 

Kepler’s third law then gives n + 1 = 3, orn = 2. 

Thus the central attraction is proportional to 1/7’, 

and Law 3 is consistent with the inverse square law 

of gravitation. 

28.3 Newton’s test of the inverse square law 

In this test Newton considered the circular motion 

of the moon around the earth and reasoned that 

the centripetal acceleration it must have was 

because of the gravitational attraction of the 

earth. For the moon, the centripetal acceleration 

towards earth 

a = we pee 
eee i ean? 

Now, the radius of the moon’s orbit is 3.844 x 

108m and the period is 27.3 days (2.36 x 10°s) 

(27.3 days is the mean sidereal month —- meaning 

‘with the stars’ — i.e., the time taken by the moon 

to complete 360° around the earth. The lunar 

month of 29.5 days is the time between successive 

full moons, and includes the time to complete an 

extra 29° because of the motion of the earth 

around the sun.) Using these values the accelera- 

tion of a mass at the moon’s orbit is 2.725 x 

1 Osim sis? 
Now, the radius of the earth is 1/60 of the 

distance from earth to moon, so, if the inverse 
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square law applies, the force and therefore the 

acceleration of a mass close to the earth’s surface 

should be 60? or 3600 times greater than if it were 

at the distance of the moon. Thus the estimated 

acceleration on-earth = 2.725 « 107-3: 3600 = 

9:8 ms, 

The measured acceleration of falling masses, 

including apples, has just this value on earth and 

the inverse square law is verified. 

This is also an experimental justification for 

assuming that the earth behaves as a point mass. 

The mass of the earth is distributed over its whole 

volume but it can be looked upon as a collection 

of many small masses, each contributing to the 

total attraction. Newton was able to confirm 

theoretically that any spherically symmetrical 

distribution of mass behaves at points outside 

itself as if all its mass were concentrated at its 

centre. 

28.4 Measurement of the gravitational 

constant (G) 

The gravitational constant G cannot be deter- 

mined from the force law between sun and 

planets. To do this, we should need to know their 

masses. The application of this very law is the only 

means of determining that. And for this we need 

to know G. 

The measurement of the gravitational force 

between two known terrestrial masses was first 

achieved by Cavendish in 1798. Subsequently, his 

apparatus was improved by Boys, who was able to 

use the combined strength and low torsion of 

quartz fibres to reduce the scale of the apparatus. 

Figure 28.2 shows a photograph of a modern, 
simple version. 

Two small lead masses are attached to a bar 

suspended from a thin wire with a very low 

torsional restoring force when twisted. The 

displacement of these masses by gravitational 

attraction to the large masses seen outside the 

instrument can be measured. 

Figure 28.3 shows, in plan view, the bar 

(length 2k) deflected through an angle 6 from its 

rest position with the centres of either of the pairs 

of masses separated by a distance r. Once equili- 

brium has been reached in one direction the large 

spheres are moved across to the positions (shown 

[28.4] 

Fig. 28.2 Apparatus for the determination of G, the 

gravitational constant. (Courtesy Griffin and George. Ltd.) 

dashed) and a deflection is obtained in the reverse 

direction. 
In equilibrium, 

Couple due to 

attraction of 

the adjacent 

masses 

opposing torque of 

suspension wire 

If the torsional constant c is the couple exerted 

per degree of twist of the suspension, then when 

the twist is 6 the couple or torque is cé. 
Thus: 

oe GMm 
rs) 2k = cé (28.2) 

The torsional constant, c, is too small to measure 

directly and so it is determined by timing the 

Oo f Cy 
i--- Ke 

e 

oe ee 
Fig. 28.3 
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period, 7, of horizontal torsional oscillations of 

the bar and its masses. This motion is simple 

harmonic (see Section 19.4) and the period is given 

by: 

S an |t 
c 

where / is the moment of inertia of the oscillating 

system. It can be calculated from 

(28.3) 

f= 2k? (28.4) 

Combining the three previous equations, we have 

4n*r*k 
G= PM (28.5) 

All the quantities on the right-hand side of Eq. 

28.5 can be measured and a value of G obtained. 

The accepted value is 6.670 x 10-'!'Nm?’kg~?. 

28.5 Orbital motion of planets and 

satellites 

The value of G is of importance because once it is 

known, together with other available information 

like orbital radii and periods, then it is possible to 

determine the mass of the sun, of the earth, and 

indeed the mass of any planet so long as it has an 

observable satellite. 

Let the masses of the planet and of the satellite 

be M and m, the radius of the orbit r and the 

period of the orbit 7. Let the orbital speed of the 

satellite be v. 

For circular motion, 

gravitational attraction 

= mass X centripetal acceleration 

GMm _ mv? 

fx ie Thnk: 

(yrs 

CMe as (28.6) 7; 

nae ks circumference of orbit (28.7) 

period of orbit 

_ 2ar 
aie 

The following problem illustrates the use of these 

equations: 
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Problem 28.1 Find the mass of the sun, given 

that its mean distance from earth is 1.5 * 10!!m. 

Eliminating v from Eqs. 28.6 and 28.7 we get: 

GM Aqn?r? 47n?r3 
Te Ty => Me= Gr (28.8) 

Using known quantities in Eq. 28.8, gives 

M 22 G0 kes 
In this problem the earth is the satellite of the 

sun. The same process can give the mass of the 

earth because it has its own satellite, the moon, 

which is 3.844 x 108m away. 

28.6 The gravitational field strength of a 

planet 

Suppose you are planning to land a spacecraft on 

the planet Mars. It would be necessary to know 

the gravitational field strength on the Martian 

surface as it governs weight there. Fortunately this 

can be easily calculated from observations made 

on earth before setting off. 

We shall assume, as Newton showed (Section 

28.3), that the planet is a sphere and that its mass 

M can be considered to be concentrated at the 

centre. If 7 is the planet’s radius then a mass m 

placed on the surface is at a distance r from the 

mass M. By Newton’s law of gravitation, the force 

acting on ™ is: 

GMm 
r 

oe 

Gravitational field strength, 

3 (orces ae 
mass m™ 

Therefore, 

(28.9) 

It has been assumed that the planet is not rotating. 

The effect of rotation on g is discussed in Section 

28.7. 
It is possible to find an actual value for g on 

the Martian surface because the planet has two 

satellites, Phobos and Deimos. See Question 7.14 

at the end of the book. 
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28.7. The variation of the earth’'s 

gravitational field strength, g, with latitude 

If the gravitational field strength is measured at 

the poles (g,) its value will be found to be 9.83 N 

kg~', whereas at the equator, g, is 9.783 Nkg~'. 

This difference occurs for two reasons: 

1. The earth is an oblate (flattened) spheroid and 

not a sphere; the equatorial radius (r.) is 

greater than the polar radius (r,). Conse- 

quently a mass on the equator is farther from 

the centre than a mass at one of the poles, and 

sO gravitational attraction at the equator is 

less. 

2. Because of the earth’s rotation a mass on the 

equator is moving in a circle of radius (r,) at 

464ms~! (Gust over 1600km _ per hour), 

whereas a mass at the poles does not have this 

circular motion. Part of the gravitational 

attraction provides the necessary centripetal 

acceleration. 

Consider a mass, m, hanging from a spring 

balance first at a pole, and then at a point on the 

equator. At a pole, the forces acting on the mass 

are: 

a) GMm/(r,)? towards the centre of the earth 

due to gravitation. 

b) mg, away from the centre of the earth due to 

the spring balance. 

Note that mg, is the reading of the spring 

balance that we call the weight of the mass. 

As these two forces are in equilibrium, their 

resultant is zero 

GMm 
“() Mg, z(() 

or 

GM 
= = 28.10 oe (r,)? ( ) 

However, at a point on the equator, the two 

corresponding forces acting on the mass are 

GMm/(r,)* towards the centre, and mg, away 

from the centre and this time their resultant is not 

zero but must provide the centripetal force mv?/r, 

Thus 

GMm my? 
ee mae ; 
(r.) "e 

[28.8] 

GM v2 
e.i= Oy ne (28.11) 

Inspection of Eqs. 28.10 and 28.11 will reveal why 

g. is less than g,. 

Problem 28.2 Assuming the earth to be a sphere, 

of radius 6.36 x 106m, show that the difference, 

(g, — g) is 0.034 N kg7'. 

28.8 The variation of gravitational field 

strength, g, with depth 

On the earth’s surface, 

By similar reasoning, at a point above the surface 

at a distance r, from the centre of the earth, 

_ GM 
ateneGaye 

Since r is smaller than r, it follows that the 

gravitational field strength is larger on the surface 

of the earth than it is farther out in space. 

What happens if you go down a very deep 

mine and so get closer to the centre of the earth? 

This is a different situation and we cannot assume 

that g continues to increase. First consider the 

gravitational field inside a hollow spherical shell, 

at a point such as‘P in Fig. 28.4. 

Imagine cones spreading out from P having 

the same axis and equal angles. Where the cones 

meet the shell they subtend sections of the shell, 

Fig. 28.4 The gravitational field inside a hollow spherical 
shell. 
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i.e., masses m, and m, at distances a and b res- 

pectively. These masses are proportional to the 

areas subtended which in turn are proportional to 

(distance)? from P. (See Section 30.12.) 

Therefore 

My soo m, _ Mm, = or —= cat ts Fp a tN28A2) 

If the angle of the cones is small, m, and m, can be 
considered to be point masses and Newton’s law 

of gravitation applied. Place a mass m, at P and 

find the resultant force on it. 

F, = Force towards left due to m, 

_ Gm, 
a? 

F, = Force towards right due to m, 

Gm, 
b? 

Now, using Eq. 28.12, 

Gm,m, 
2 ee a 

Therefore the resultant force on m, = F, — F, = 0. 

Of course, this only applies to two small sections 

of the shell at opposite ends of a diameter, but the 

process can be repeated for the rest of the shell by 

drawing other pairs of cones through P, and 

although the geometry becomes more difficult the 

result will be the same, namely, the total gravita- 

tional field strength inside a shell is zero. 

(Reasoning like this can also illustrate why there is 

no electric field inside a hollow charged con- 

ductor.) 
Now we can see that g decreases below the 

surface of a sphere of uniform density even 

though one is approaching the centre (see Fig. 

28.5). The point B can be thought of as being on 

the surface of a solid core, shown shaded, but is 

on the inside of the shell that surrounds the core. 

The shell provides no force on a mass placed at B. 

The weight of this mass is due only to the core’s 

gravitational attraction which depends on the 

inverse square law and is proportional to the mass 

of that core. If B goes deeper it will weigh less 

because the core beneath it is of smaller radius and 

therefore smaller mass. It follows that at the 

centre of such a sphere the mass would appear to 

be weightless. 
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Fig. 28.5 B is a point below the surface of a sphere of 

uniform density. 

The earth itself is not a sphere of uniform 

density. Its core is much denser than the surface 

rocks, which average about 3000 kg m~? increa- 

sing to 6000 kg m~ at the base of the mantle and, 

at a depth of nearly 3000 km, suddenly changing 

to 9400 kg m~3. Consequently a mass lowered into 

a deep mine experiences an increase in weight as it 

gets a little nearer to the dense core material. 

Problem 28.3 Show that, below the surface of a 

sphere of uniform density, the gravitational field 

strength is directly proportional to the distance 

from the centre. 

28.9 Spaceflight and weightlessness 

One remarkable consequence of the gravitation 

force law is the fact that for any mass, ™m, orbiting 

about the other attracting mass M at a distance r 

from it, the period of rotation is independent of 

the mass m. See Eq. 28.8. It follows that all 

masses moving around M in an orbit of radius r 

will have the same speed v (see Eq. 28.6) and 

therefore all have the same acceleration towards 

M. 
This leads to the phenomenon referred to as 

weightlessness. An astronaut in a space capsule in 

orbit around the earth experiences no reaction to 

his weight in the capsule, since the pull of gravity 

on him is just sufficient to maintain him at the 

same orbiting speed as the capsule, at the capsule’s 

distance from the earth. 
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Let us consider three ‘thought-experiments’: 

Experiment 1 

If two large masses are allowed to fall from rest 

they will move with the same acceleration. If they 

start at the same instant the two may be expected 

to fall together even though their masses may be: 

different, as the ‘guinea and feather experiment’ 

shows. Suppose that, when they are released they 

are just touching, then they will continue to fall in 

contact. 

Experiment 2 

The two masses can together be thrown hori- 

zontally. This means that as well as having the 

same vertical acceleration they also have the same 

velocity in a horizontal direction. As Fig. 7.1 

illustrates, such a combination of linear motions 

results in a parabolic trajectory and so the two 

masses will follow two such identical paths. If they 

start in contact they will remain in contact. 

The term ‘in contact’ has been used in the 

Same sense that they are just touching but not 

exerting a force on each other, for, if they did, 

they would move apart. 

Experiment 3 

If the masses are given a higher common velocity 

they will again travel in contact but will strike the 

ground farther away. If they are given a sufficient- 

ly high horizontal velocity they will go into earth 

orbit. (The earth’s gravitational attraction 

provides the centripetal force necessary for 

circular motion.) This is Newton’s ‘thought 

experiment’ with a cannon on a mountain already 

discussed in Section 7.1. 

Suppose that one of the masses is now put 

inside a metal box and the three previous experi- 

ments are repeated, i.e., the box is dropped, 

thrown, put into orbit. As before, the box and the 

ball are each in the same gravitational field and 

have the same motion; consequently they are 

travelling together and are exerting no forces on 

one another. 

This is the situation an astronaut finds himself 

in when he is in a space capsule which is in free 

flight (i.e., the rocket engines are not burning). 

Since the capsule is exerting no force on him, he 

describes himself as weightless. This is perhaps not 

the best word to use because he is in the gravita- 

tional field of a planet (or planets) and must there- 
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fore have weight. It might be better to describe an 

astronaut’s condition as reactionless rather than 

weightless. 

On the other hand, like all earth-bound 

creatures, the astronaut is accustomed to a gravi- 

tational field acting throughout the volume of his 

body while the surroundings exert a supporting 

force on a small area of his surface. This 

supporting force, or reaction, is recognized as 

being the result of his weight. When he is in orbit 

no supporting force exists and so he describes his 

state as weightless. This approach is especially 

excusable if he has tried to find his weight by 

connecting himself to his surroundings, i.e., the 

capsule, with a spring balance, for this will read 

zero! 

28.10 The tides 

A triumph of Newton’s work on gravitation was 

that he was able to explain that the tides resulted 

from the attractions of the moon and sun. The 

moon is closer and provides the major effect. 
The moon attracts the water on the earth and 

raises the water nearest to it into a hump. This 

hump is fixed relative to the moon, and as the 

earth rotates beneath it every 24 hours so each 

part in turn experiences the change in depth. If 

you are by the sea you will be aware that during 

the day there are two high tides and two low tides. 

This implies that there is a second hump of water 

diametrically opposite on the side of the earth 

facing away from the moon. This is quite a puzzle 
because on this far side the water is being pulled 
by the earth and the moon in the same direction 
and so it might seem that the combined pull there 
ought to cause a hollow in the sea rather than a 
hump. 

To explain this double hump (see Fig. 28.6) we 

Moon‘s 
motion 

High \ 
tide 

Fig. 28.6 The double tidal hump. 
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Fig. 28.7 

must think of the combined motion of the moon 

and earth rather than just think of the moon 

orbiting an earth with a stationary centre. 

Consider the following experiment: take a 

stick, about 30 cm long, and to each end fix a ball 

of plasticine or clay about the size of an apple. 

Throw this into the air giving it a flick as it goes. 

As it spins in the air, the balls will appear to rotate 

about a point C on the stick roughly midway 

between them (see Fig. 28.7). 

Now replace one of the balls with a much 

smaller one and again spin the stick into the air 

(see Fig. 28.8). This time it will rotate about a 

point C near to the heavier ball. This point is the 

centre of mass of the spinning system. Another 

simple way of demonstrating this effect is to spin a 

hammer into the air and it will rotate about a 

point on the handle close to the head of the 

hammer. 

The earth-moon system behaves in a similar 

way and rotates about the common centre of 

mass, so rather than think of the moon orbiting 

around the earth, we should think of them as 

moving around each other as shown in Fig. 28.8. 

Of course, while this is happening the earth is 

spinning about its own axis once in 24 hours, but 

_as this motion does not contribute to the raising of 

Fig. 28.9 7v 

Fig. 28.8 
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tidal humps it will not be brought into the dis- 

cussion. It does, however, help to delay their 

arrival at a point on the earth’s surface by about 

6 hours. All we are aiming to explain is why there 

is a tidal hump of water on the far side of the 

earth. 

Both the moon and the earth rotate eccentri- 

cally about point H (see Fig. 28.9) once in 27.3 

days. If the earth’s radius is r, then by imagining 

the earth and the moon to be joined by a rod and 

taking moments, it will be found that OH = 77, 

approximately. Thus HA = 4r and HB = 1¢r. 

(Data for checking this is given in Problem 28.4 at 

the end of the section.) 

Because of the rotation about H, point A 

moves in a circle of radius HA and B moves in a 

circle of radius HB; and so masses, either solid or 

liquid at these places must have the appropriate 

acceleration towards the centre of rotation H. 

Now, HB = 7HA and so a mass at B moves 7 

times faster than a mass at A. Consequently the 

necessary centripetal acceleration, and force, at B 

must be 7 times greater than at A. Using mv’/r (or 

mrw?) it may be shown that at A, a 1 kg mass must 

have a force 1.1 x 10-°5N acting towards H, and 

at B the corresponding force is 7.7 x 10°~°N 

towards H. 
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3.3x10°N 

Fig. 28.10 Forces on a 1kg mass at 
points A and B placed at opposite ends 
of a diameter of the earth. 

Each of these forces on the 1 kg mass is 

provided by a combination of three forces: 

a) The gravitational attraction of the moon 

which at the distance of the earth is 3.5 x 10-5 

N at A, and 3.3 x 10-°N at B. Both of these 

forces act towards the moon, i.e., towards the 

right in Fig. 28.9. 

b) The gravitational attraction of the earth per 

unit mass, which is g, acting towards O, the 

centre of the earth. 

c) The supporting force the earth exerts on the 

mass. At A let this force be F, acting away 

from O, and at B let the force be F, also acting 

away from O. 

All of these forces are shown in Fig. 28.11. 

The resultant force in newtons towards O, at A 

is Go Ee gee ee oe 

and this provides the 1.1 x 10~5N necessary for 
circular motion. Thus, 

Oe eee Sa) gees Ll Iie 

sO 

By ao AO OS nN 8 (ese 1G) 

The resultant force in newtons towards O, at B is 

g +353 KX 10 

and this provides the 7.7 x 

circular motion. Thus, 
1LO-9N required tor 

Cth 3 84k OS phon = 5 alle 

SO 

Bieet- 4A lg cans inN_ (28.14) 
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e Moon 
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Equations 28.13 and 28.14 show that the presence 

of the moon has reduced the effective gravita- 

tional field strength at both A and at B. 

If the 1 kg masses were hanging from spring 

balances, the presence of the moon would cause 

the springs to be stretched less and the masses 

move away from O at both A and B. Water 

behaves in the same way and so the tide rises at A 

and at B. 

The calculation above shows that it is the change 
in the gravitational field strength of the moon across 
the diameter of the earth which is responsible for the 
tides. Although the field of the sun at the earth is 180 
times greater than that of the moon, the change 
across an earth diameter is very small. So a solar 
tide is much smaller than a lunar one. When the two 
tides are in phase the combined tide is a maximum — 
a spring tide. 

_—. a + 

Problem 28.4 Use the following data to check 
the various quantities quoted in Section 28.10. 

Mass of earth = 5.98 x 10*%kg 

Mass of moon = 7.35 x 10”kg 

Radius of earth = 6.37 x 10°m 

Radius of moon = 1.74 x 10°m 
Distance between centres of earth and moon 

= 3.84 x 10®m 
G = 6.67 X 10-''N m?kg-? 

1. Take moments to show that HB = 7HA. 
2. Calculate the centripetal acceleration at A, 

and at B. 
3. ‘Calculate the gravitational attraction of the 

moon at A, and at B. 



Chapter 29 

POTENTIAL IN THE GRAVITATIONAL FIELD 

29.1 Potential energy and potential 337 

29.2 Gravitational potentials in the field around 

the earth 332 
29.3 Choice of sign convention and datum for 

potential 334 

29.4 Potential changes and potential gradients 

334 
29.5 Potential at a point in the earth’s 

gravitational field: the general case 336 

29.6 A potential weil 337 

29.7. The special case of circular motion 337 

29.8 A paradox in space 338 

29.1 Potential energy and potential 

The concept of field strength was introduced so 

that we could describe a measure of the force that 

a field might exert on a mass, a charge or a current 

element placed at any point within it. This descrip- 

tion was independent of any particular mass or 

charge or current element. It was a description of 

a general property of the field. 

Any object situated in a force-field, and there- 

fore acted upon by a force, possesses potential 

energy. 

For example, in discussing the case of the 

gravitational potential energy of a mass at rest at 

some height A above an arbitrary zero (for 

example, the floor) we have seen that this energy is 

expressed by the product mgh. This assumes that h 

is small compared with the earth’s radius so that g 

can be considered to be constant. 

Just as we defined gravitational field strength 

at a point as the force experienced per unit mass at 

the point in question, we may now define a 

gravitational potential at a point as the potential 

energy per unit mass possessed by a mass placed at 

that point. Taking the surface of the earth as an 

arbitrary zero (Fig. 29.1a), the gravitational 

potential (V) at a height / is gh. This assumes that 

h is small compared with the earth’s radius so that 

g can be considered to be constant. 

In this example, points with the same gravita- 

tional potential can be connected by a series of 

lines parallel to the earth’s surface. These are 

called equipotential lines. In three dimensions, 

points with the same potential all lie in surfaces, 

called equipotential surfaces. 

331 
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Fig. 29.1 (a) The gravitational A, 
potential and (b) equipotential 
surfaces near to the surface of the S 
earth. . 

The shape of a gravitational equipotential 

surface close to the earth’s surface is spherical if 

we assume the earth is a spherically symmetrical 

mass. Within a small region the shape of the equi- 

potential surface is indistinguishable from a plane 

as in Fig. 29.1b. 

29.2 Gravitational potentials in the field 

around the earth 

The calculations of potential in a uniform field are 

easy enough. But practical problems may not be 

so simple when the field is non-uniform. 

Consider a spacecraft of mass m. How much 

energy must be given to it in order to get it clear of 

the pull of the earth? If the earth’s gravitational 

field strength remained constant at all distances 

from the earth’s centre, the question would have 

no answer. But the field is not uniform; it 

diminishes according to an inverse square law. 

This is shown in Fig. 29.2 in which the gravita- 

tional field strength g is plotted against distance 
from the earth. 

When the spacecraft is 9 earth radii from the 

earth’s surface (about 6 x 107m - a sixth of the 

way to the moon) the gravitational force has fallen 

to about 1% of its value at the surface. The pull of 

the earth has fallen to about 0.1 N for each kilo- 

gram of spacecraft. Compared with the amount of 

Field strength/N kg”! 
5 / } 

Radius of 
earth 

Fig. 29.2 Variation of the gravitational 
field strength in the vicinity of the earth. 

(a) Earth’s surface 

[29.2] 

i Equipotential 
surfaces 

Direction of field 

= (b) Small area of 
earth‘s surface 

energy already utilized in getting this far, very 

little more is required to increase the distance 

further. : 

At a distance of 12 x 10’m the pull of the 

earth is about 0.25% of its value at the surface, 

and is only 0.025 N per kilogram. 

Ultimately, the spacecraft can get so far away 

that the gravitational pull due to the earth is 

smaller than any stated amount. We may then say 

that the spacecraft is so remote from the earth that 

no further energy has to be provided to free it 

from the gravitational pull of the earth. 

The question is, how much energy has to be 

supplied to get the spacecraft into such a position? 

Consider the spacecraft at a distance r from 

the earth’s centre (Fig. 29.3). At this distance the 

field intensity g is given by 

St SNe: 

In order to move the craft a further distance Ar 

along the radius, additional energy has to be trans- 

formed to gravitational potential energy. The 

energy gained per unit mass, AE = gAr. 

We can calculate this with the help of the 

graph (Fig. 29.2) of field strength against distance. 

At the distance of 1 x 107m, g = 4Nkg~-". If 

we take Ar = 0.2 x 107m, then AF is given by the 

area of the shaded strip under the graph between 

4 6 8 10 12 

Distance from centre of earth/10’ m 
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g 
<q 

Ar 
a nm 

Distance to | 

Fig. 29.3 earth =r CD) di> 

distance values of 0.9 x 107m and 1.1 x 10’m. 

thus AEo= AN ke © .0:2> <710' m = 8 x: 10°) 

kg-'. Therefore, at this distance of | x 10’m, 

every kilogram of the spacecraft requires 8 x 10°J 

of energy to move it 0.2 x 10’m. As you can 

imagine from the graph, strips, or elements of 

similar width, but farther from the earth will have 

a smaller area indicating the need for less energy; 

the farther away we go the easier it becomes, 

thanks to the inverse square law of gravitation. 

To find the total energy per kilogram required 

to take the spacecraft from earth to a distance of 

12 x 107m, over 50 such computations would 

have to be performed and added together. A 

quicker but less accurate result will be obtained by 

taking a larger value for Ar. We shall take Ar 

= 1 x 107m, a large increment indeed. 

Table 29a shows the first three summations for 

gAr. You should complete it as far as 12 x 10’m 

and plot a graph of gravitational potential of the 

spacecraft against r, the distance from the centre 

of the earth. 

Your graph should approximate to that shown 

in Fig. 29.4 which is an accurate one produced by 

using very much smaller increments than those 

suggested for Table 29a. 

Figure 29.4 tells us that to get the spacecraft 

12 x 107m away from earth we have to provide a 

o 

Jkg71 

Gravitational potentials in the field around the earth 333 

total of 5.9 x 10’J for each kilogram of its mass. 

For a load of, say, 5000 kg (about the mass of an 

Apollo command module) the total energy to be 

supplied must be 2.95 x 10!'J. 

The spacecraft requires still more energy to get 

completely free of the earth’s pull. The potential 

energy—distance graph does not seem to be 

reaching a limit yet. In fact it approaches the 

limiting energy very slowly. If we go on with our 

calculations, it turns out that the limit is 6.23 x 

10’ J but we should have to make calculations to 

one hundred earth radii from the earth to get 

within 1% of this value. 
This graph of potential energy per unit mass 

against distance (Fig. 29.4) is also a representation 

of the way in which the potential at points in the 

earth’s field changes with distance. The potential 

is measured relative to the earth’s surface taken as 

an arbitrary zero. It would be more rational to 

transfer the zero to some point far out in space 

where we could agree that no additional energy is 

required to move the mass farther away from the 

earth. We shall, in future, refer gravitational field 

potentials to this position (see Section 29.3). 

To change from the former system to this new 

one, we need to subtract 6.23 x 10’J from all the 

Table 29a 

Average Valueof Ar/m  gAr/ Cumulative 
value of g at r/ Jkg~' — energy total/ 

r/m Nkg7! Jkg-! 

1107 4 110 4 107 4561107 
2°10" 1 TextO" a0, 5 x 10’ 
3x 107 0.44 1x 10’ 0.44 x 10? 5.44 x 10’ 

7 
b 

No 

Fig. 29.4 Variation of the 
gravitational potential energy of unit 0 2 

mass with distance from the centre ; 

of the earth. Radius of 
earth 

Potential energy per kg relative to earth’s surface/10 , cm 5 a aoe : 

Distance from centre of earth/10/ m 
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Radius of 
earth 

Fig. 29.5 Variation of the gravitational 
potential with distance from the centre of 
the earth. Zero potential is at an infinite 

distance. 
Gravitational potential/10” J kg | 

numbers calculated, and replot the graph (see Fig. 

29.5): 

The potential of each point (or the potential 

energy of unit mass) is, of course now negative; all 

that has been done is to shift the graph axis. 

However, the shape of the curve is the same, and 

potential differences are the same, e.g.: find the 

change of potential when a spacecraft goes from 

1 x 10’m to 4 x 10’m away from the earth. 

Remembering that: 

change = (final state) — (initial state) 

from Fig. 29.4, AF (5.2.0 10) (222 10") 

= sa 0 Uke 

(—1 x 10’) — (-—4 x 10’) 

=e3 << 107) koe 

\I from Fig. 29.5, AE 

29.3. Choice of sign convention and datum 

for potential 

The use of negative potentials is illustrated by the 

following ‘thought-experiment’. 

Three students are working in a tall building 

and are each measuring the potential energy 

change when a small mass of 0.1 kg is carried up, 

and down, stairs. 

Student A has her laboratory on the ground 

floor and so she takes this as her zero energy 

datum. Every time she goes up a floor the mass 

gains 3 J of energy, and A records her results as in 
Fig. 29.6a. 

Student B decides that his laboratory, half way 

up the building, will be his zero energy datum. 

When he goes up a floor the mass gains 3 J, but on 

going down, it /oses 3 J per floor. To distinguish 

gains from losses B makes the latter negative and 

[29.4] 

Distance from centre of earth/10’ m 

4 6 8 10 12 

his results are shown in Fig. 29.6b. 

Student C works on the top floor, as far from 

the earth’s centre as she can get, and this is her 

zero datum. She can only go down, and to be 

consistent, all her results are negative (see Fig. 

29.6c). 

C is really doing the same as we did when 

drawing the graph of Fig. 29.5 - taking the zero 

energy point as far from the earth as possible; but 

in the case of the spacecraft, the distance is 

infinite. 

Asked, ‘What is the energy change when the 

mass falls from the top floor to the ground?’, all 

three students will give the same reply. 

change = (final state) — (initial state) 

Pom A Ba (0) CLS 1) est 
For B, AF = (—6J) — QJ) = -15J 
For C, AZ =.(—15 3) — (0J),= — 15] 

With our convention, the negative sign 

signifies a Joss of energy by the mass. 

29.4 Potential changes and potential 
gradients 

A body which is moving in a gravitational field of 

force may lose or gain potential energy. Whenever 
the body is displaced in the direction of the force 
which is exerted on it in the field, it will lose 
potential energy, changing this energy to some 
other form. 

, If the body, assumed to have unit mass, moves 
through a distance Ar in the direction of the force 
g due to the field, then the resultant change in the 
potential energy is given by 
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Fig. 29.6 

(29.1) AVeS Sherk 5 

and this defines the change in potential, written 

AV. 

The change in potential is negative (repre- 

senting a loss) when the displacement Ar is in the 

same direction as the force. To get the correct sign 

for the change in potential when a body moves ina 

field of force we must pay due regard to the 

convention which gives rise to this formula. 

(a) Sign convention 

The positive direction is taken as the direction of 

increasing distance from a fixed point. Thus, in 

the case of the earth, any displacement away from 

the centre is positive, whereas the field, g, which is 

towards the centre is negative (Fig. 29.7). 

As an example let us consider a unit mass 

which is moved 30m away from the earth at a 

point where the gravitational field is 6 N kg™ | We 

apply the sign convention, 

Ar = +30m and g = —6Nkg"! 

Therefore, 

Positive 
direction 

Fig. 29.7 
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AV = —(—6Nkg~')(+ 30 m) 

= +180Nmkg~! = +180Jkg7! 

This is positive and represents an increase in 

potential of the mass. Or, looked at from the 

point of view of a zero which is placed at an 

infinite distance, the potential has become less 

negative. See Fig. 29.5. If, instead, the mass 

moves towards the earth, the displacement is in 

the direction of decreasing distance and is 

negative, i.e., Ar = —30m. Applying Eq. 29.1, 

we obtain 

AV = —(—6Nkg—')(—30 m) 
= —180Nmkg~! = —180Jkg"' 

This is negative and represents a decrease in 

potential of the mass. In other words, the 

potential has become more negative. 

Examples 

a) Suppose a field intensity of magnitude g is in 

the direction PO in Fig. 29.8, where the direc- 

tion OP is regarded as the positive direction. 

How does the potential change as we move 

away from O? 

AV = —(—g)(+ Ar) 
+ gAr 

on 
ait ect XN pi, 

Fig. 29.8 
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So the potential increases. 

b) Suppose now that the field intensity is in the 

direction OP in Fig. 29.8. How does the 

potential change as we move from P towards 

O? 

AV = —(+8)(- Ar) 

+gAr 

So the potential increases. 

c) Energy is required to move a body from P 

towards O. What is the direction of the field? 

In this case the change in potential is to be 

positive whilst Ar is negative. So the product 

—(g)(— Ar) must be positive. It follows that g 

must be positive, and so is in the direction OP. 

It should be noted that when a mass is moved 

in the direction of the gravitational force, its 

gravitational potential energy decreases whereas 

when it moves against the direction of the force, 

the mass gains potential energy. 

b) Potential gradient 

We have, in the general case of a gravitational 

field, 

ONY 

So 

AV 

at = ie 
In the limit as 

INP => SKS 

(29.2) 

dV/dr is known as the potential gradient at the 

point chosen. We see that the field intensity at a 

point is equal to the negative potential gradient at 

that point. Thus if in Fig. 29.4 (or Fig. 29.5) you 

measure the gradient of the curve corresponding 

to a distance of 2 x 10’m, you should find it to be 

about 1Jkg-'m~-', i.e., I1Nkg~! (the tangent 

there has a slope of 45°) which checks with the 

value of g which can be read off from Fig. 29.2. 

You could also check that at 4 x 10’m, g = 

0.25 N kg~' (slope of the tangent is 14°). 

The minus sign that appears in Eq. 29.2 of 

course indicates that the field, g, acts towards the 

centre of the earth and not away from it. 

[29.5] 

29.5 Potential at a point in the earth’s 

gravitational field: the general case 

As a unit mass moves through a distance Ar away 

from. the earth the change in potential is given by 

SVN 

At a distance r 

GM 
oa 2 

So 

AV = au Ar 
r 

In the limit 

as Ar — 0 

dv = 7 ap 

The total energy change in moving from r = r, to 

0 oo 

fiav= | aay, 
V ree 

f =ar ais 

i = om [-> | 

ll | @ < | | | — 

yo ae 
co ry 

eae - (0-2) 
ry 

pays _ GM 

ry 

If the mass moves from a point distant r from the 

centre of the earth to infinity 

(2973) 

For the earth, GM = 4 x 104 J mkg~'and so Eq. 

29.3 becomes: 

_ 4 x 108m ke=) 
r(m) 

. 14 

= <x ...ind kg"! 

Y= 

(29.4) 

Equation 29.4 gives the potential at any point 
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Distance from earth in 
earth radii R 

Fig. 29.9 The gravitational potential well of the earth. 

distance r away from the centre of the earth. All 

values calculated will be negative because zero 

potential is taken to be at infinity. 

Problem 29.1 Use Eq. 29.4 to check the points 

used for plotting Fig. 29.5. Also, plot a large 

version of this graph, and determine g at various 

distances by finding the gradients at a number of 

points; see Eq. 29.2. Check your answers using 

Eq. 28.9, which for the earth becomes 

AS an li()= ae ba 

29.6 A potential well 

A spacecraft, almost stationary a long way from 

earth, is attracted towards it. As it falls towards 

earth, its kinetic energy increases as its potential 

energy decreases, just as a pail of water will fall 

down a well, if the rope to which it is attached 

breaks. This analogy has led to the variation of 

potential in an attractive force field being referred 

to as a potential well. Figure 29.9 is a graph of the 

earth’s potential well. 

A mass in a potential well is acted on by an 

attractive force towards the centre of the well. We 

(a) 
Fig. 29.10 
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have so far only considered what will happen to a 

spacecraft held stationary a long way from the 

earth. Under these conditions, when the restrain- 

ing force is removed, the spacecraft falls towards 

the earth with increasing speed. Is this the only 

possible motion for a mass in a gravitational 

potential well? 
Here is an experiment you can do, to find out. 

Set up a large funnel (at least 30 cm in diameter at 

the mouth) so that its axis is vertical as shown in 

Fig. 29.10. The funnel forms a potential well. 

Hold a ball-bearing at the edge and then release it. 

It runs down the funnel (and out through the 

central hole, if it is small enough). This is some- 

thing like the spacecraft hurtling in towards the 

earth. Now hold the ball-bearing some way inside 

the lip and give it a small impulse in a direction 

making an angle with the line to the centre (Fig. 

29.10b). 
The ball no longer drops down to the centre 

but moves on an ellipse. Sometimes the ball is 

close to the centre; sometimes it is far away. 

When the ball was given its initial impulse, it 

had a total energy E. 

B= Eon. 

E, is its potential energy. This is negative if we 

reckon potential energies at the lip to be zero. 

E must remain constant throughout the 

motion. (Why?) 

Thus the lower the ball the more negative is E,, 

and so the larger is + mv?. Do your observations 

confirm this? 

29.7. The special case of circular motion 

In one particular case, this ellipse becomes a 

circle. Can you set the ball-bearing into a circular 

orbit in the funnel? The forces on the ball have a 

resultant towards the centre of the funnel, in the 

Potential energy 
zero, here 

Potential energy 
—m4gh, here 

(b) 
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Reaction 

mg 

Funnel walls 

Fig. 29.11 

plane of the orbit, as shown in Fig. 29.11. Ideally 

the ball maintains a constant distance from the 

attracting centre. What in fact happens to the 

ball? Why does it behave like this? 

In the special case of motion in a circle, we can 

work out the value for the total energy E for a 

spacecraft or satellite in the earth’s gravitational 

field. If the craft is moving with velocity v in a 

circle radius r as shown in Fig. 29.12, 

iE E, + amv 

5 (29.5) 

From Newton’s laws of motion applied to motion 

in a circle (see Section 7.2) 

Ve pei 
Wi r 

Hence 

Mm 
VG ; 

Energy per kg/10/ Jkg7 

Fig. 29.13 Variation in E, and &, for a 
satelite in orbit with distance from the 

centre. The dashed curve represents the 

total energy. 

[29.8] 

Fig. 29.12 

Substituting this value for my? in the expression 

for E, we get: 

B= -cim + $o"m (29.6) 

Mm -6 (29.7) 

29.8 A paradox in space 

While a satellite is orbiting, friction with the outer 

layers of the earth’s atmosphere causes a gradual 

reduction of its total energy. The radius of the 

orbit decreases and the satellite actually goes 

faster! This behaviour is not what is normally 

expected from a reduction of total energy. 

This paradox can be understood by considering 

Eqs. 29.5 and 29.6 which show that the total 

energy is part potential 
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and part kinetic 

GMm 
) 

These two parts are plotted on the graph of Fig. 

29.13, the dotted curve being the sum of the two, 

i.e., the total energy 

(4 mv? or + 

GMm 
(a3; 

which is given by equation 29.7. 
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If the total energy is reduced, that is, made 

more negative, the result is a decrease in the radius 

of the orbit. If this happens the graph shows that 

the kinetic energy increases and so the satellite 

must go faster. 
The reason that the satellite can lose total 

energy yet gain kinetic energy is that the gravita- 

tional potential energy decreases at twice the rate 

that the kinetic energy increases; thus there is an 

overall loss of energy. Figure 29.13 illustrates this. 
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30.1 Exploration of electric fields 

In Section 27.4 the principle for measuring the 

strength of an electric field was established by 

placing a small charge in the field and measuring 

the force per unit charge acting on it. In practice 

it is not easy to accomplish an actual measurement 

by this method directly, but the principle does give 

us a simple way of exploring electric fields and 

seeing how they vary, or if they are uniform. 

A very thin flexible foil, usually of metal- 

coated plastic, about 15 mm long by 3 mm wide is 

stuck to the end of a long insulating roc?(see Fig. 

30.1). If this probe is placed between two vertical 

charged plates that are mounted on insulators, as 

in Fig. 30.2, no deflection of the foil should be 

seen. If now the foil is touched against one of the 

plates it will take charge from that plate and be 

deflected away to the opposite plate. The force 

exerted on the charge by the field and the 

opposing force developed by the flexing of the foil 

will result in the foil bending through a definite 

angle. This provides a rough indication of the field 

strength in the space between the plates. 

If the indicator is now moved around in the 

space between the plates the foil will remain 

deflected by the same amount except when it is 

near the edges of the plates. There the deflection 

will be less. The deflection soon falls to zero as the 

s 

Fig. 30.1 A foil indicator for use in an electric field. 
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Fig. 30.2 A foil indicator in a uniform electric field. 

probe is taken well away from the space enclosed 

by the edges of the plates. However, in the middle 

region of the space, the deflection is constant 

whether the foil is near one plate, in the centre, or 

near the other plate. 
This elementary experiment shows that, apart 

from edge effects, there is a uniform electric field 

between charged parallel plates. Establishing that 

it is uniform is important because calculating the 

strength of the field then becomes simple as will 

be seen in Section 30.2. 

What factors affect the strength of this field? 

Perhaps the area of the plates, or their separation, 

Fig. 30.3 A foil indicator in the 

field of a pair of charged, parallel ' V, 

plates. ae + 
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or the potential difference between them which 

governs the charge they carry. The following 

experiment examines these possibilities. Consider 

a pair of parallel conducting plates that can be 

maintained at a known potential difference of up 

to a few kilovolts by means of a continuously 

variable high voltage supply; a foil indicator is 

placed between the plates (see Fig. 30.3). 
Initially the plates may have, for example, a 

separation of 0.030 m and a p.d. of 2000 V. The 

foil is charged and its deflection is recorded by 

projecting its shadow on to a screen. If now the 

separation of the plates is changed, it will also be 

found necessary to change the potential difference 

in order to produce the same foil deflection, and 

therefore the same strength of field. In a typical 

experiment the values given in Table 30a were 

obtained. 
Evidently the quotient V/d is constant within 

the limits of experimental error for a particular 

value of electric field strength. We shall see in the 

next section that this quotient gives a numerical 

value for the field strength. 

Table 30a 

Separation of Potential Ratio 
plates (d)/m difference V/V V/d/V m~' 

0.030 2000 67000 
0.040 2700 68 000 
0.051 3500 69000 
0.063 4200 67000 
0.073 5000 68 000 
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To examine the effect of area on the field it is 

only necessary to replace the plates by a pair of, 

say, double the area. If these are given the same 

separations and potential differences as in Table 

30a then the same constant deflection of the foil 

will result. (This assumes that the foil carries — 

the same charge as before.) We can therefore 

conclude that area does not affect the electric field 

strength between parallel plates. 

30.2 Calculation of the field between 

parallel plates 

Suppose a positive test charge Q is in the field 

between the parallel plates A and B and that the 

force acting on it is F as shown in Fig. 30.4. Our 

initial foil experiment has established that F is 

constant right across from plate A to plate B 

provided Q is not too near the edges. Conse- 

quently if the charge is moved from A to B 

through the distance d between the plates then the 

energy gained by Q is Fd. Therefore the energy per 

unit charge = Fd/Q. 

Now, this is the energy transfer per unit charge 

passing between the plates or, in other words, the 

potential difference between the plates. Thus 

Fd F V 
a) V hence O d 

But, F/Q = E, the electric field strength (see 
Section 27.4). Therefore, 

Fig. 30.4 

[30.3] 

(30.1) 

Note that the unit of E can be either NC~! or 
Vine’: 

So, instead of trying the difficult task of 

determining a field strength as in Section 27.4 by 

measuring the force on a test charge directly, it is 

much more convenient to make the measurements 

with a voltmeter and ruler, and to calculate V/d. 

30.3 Potential gradient 

Equation 30.1 is that for a potential gradient. This 

concept was met before in Section 29.4 where a 

change of gravitational potential was given by 

AV = —gAr (Eq. 29.1); the minus sign resulting 

from the sign convention adopted. 

A similar relationship for electric fields is 

AV = —EAr, where AV represents a change in 

electrical potential, E is the electric field strength, 

and Ar is the displacement. One difference that 

the sign convention must accommodate is that 

whereas masses can only attract, charges can both 

attract or repel. 

The sign convention used is: 

a) the positive direction is the direction of 

increasing distance from a fixed point or 
datum, 

b) the field direction is given by the force acting 
on a positive charge. 

To illustrate this convention, consider a unit 

positive charge Q that is moved through a small 
distance Ar near a large charged sphere S as in Fig. 
30.5. The positive direction is taken as the direc- 

tion of increasing distance from S. 

If the movement is 0.03 m away from S, then, 
applying the sign convention, Ar = +0.03 m. Let 
the average field strength for this displacement be 
200 V m-'. Since this acts away from S we can 
write E = +200 V m-—'. Therefore, 

AV = —(+200 V m—')(+0.03 m) = —6V 

This is negative and represents a loss of energy by 
the charge. 

Next consider the case when S has a negative 
charge and again Q is moved away. Now the field 
acts towards S and so E = ~—200Vm-!. As 
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Fig. 30.5 

before, Ar = +0.03 m. Therefore 

AV = —(—200 V m-')(+0.03 m) = +6V 

This is positive and represents a gain in energy by 

the charge. 
Note that when a charge is moved in the direc- 

tion of the force acting. on it, then its electrical 

potential energy decreases; when it moves against 

the direction of the force on it, then its electrical 

potential energy increases. 

We have in the general case of an electric field 

AV 
NV = EAL or —— 

Ar 
E=- 

In the limit as r — zero, 

(30.2) 

dV/dr is the potential gradient and the electric 

field strength at a point is equal to the negative 

potential gradient at that point. 

30.4 The flame probe 

In Section 29.4 on gravitational fields we saw that 

if a graph of potentials at various distances was 

available then the field strength at any point could 

be obtained by finding the gradient there. The 

same can be done for electric fields. But how can 

electric potentials be measured, for instance, in 

Fig. 30.6 A flame probe. 
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the space between charged plates? Some means of 

making an electrical ‘connection’ with a point in 

empty space has to be devised and this is achieved 

with a flame probe. A gold leaf electroscope is 

then used to measure the actual potential. 

One form of flame probe is shown in Fig. 30.6. 

It consists of a 1 m length of about 12 mm diameter 

rigid plastic tube (PVC water pipe is suitable) 

one end of which is equipped with a bung and pipe 

for connection to a gas supply. The other end is 

fitted with a bung having a hole from which a 

hypodermic needle protrudes. A thin wire making 

connection with the needle is taped to the side of 

the tube and is connected to the electroscope. In 

use the tube is held by clamping it at the gas inlet 

end so that the needle is as far away as possible 

from benches, etc., because the presence of 

earthed objects will affect the potentials being 

measured. The gas supply is turned on and once 

the air has been driven from the tube it will be 

possible to light a flame at the end of the needle. 

The gas flow should be adjusted until the flame is 

about 3 mm long. 

The electroscope is first calibrated as a volt- 

meter by connecting its cap and case to the 

positive and negative respectively of a power 

supply capable of being continuously varied up to 

5kV. The best method of providing a scale is to 

cast a shadow of the leaf on to the electroscope’s 

frosted glass window. Marks can be made on this 

as the p.d. between cap and case is raised in steps 

of 200 V up to about 1400 V. The electroscope is 

now a voltmeter that does not require a continuous 

flow of current. 

To help understand the action of a flame 

probe an introductory experiment (shown in Fig. 

30.7) should be performed. A length of bare 

copper wire is made into a coil of 5 or 6 turns and 

about 1 cm across. This is taped to a plastic strip 

support. This is a simple way of providing a small 

hollow conductor and it is arranged so that the tip 

From 
gas tap 

To electroscope 
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Bare wire we 
coil taped 
to perspex 
support 

Fig. 30.7 Testing the 
action of a flame probe. 

of the flame probe needle is just inside. The coil 

can be kept at a known potential V with respect to 

earth by a variable 0-5 kV supply. The calibrated 

electroscope measures the potential of the flame 

probe needle, also with respect to earth. 

Initially allow the needle to touch the inside of 

the coil, and, with no flame burning, raise and 

lower the potential V and note that the electro- 

scope and voltmeter readings agree. 

Return the potential to zero and move the coil 

slightly so that the needle tip no longer touches its 

inside. Now when the potential is raised the 

electroscope reading remains at zero or nearly so. 

Finally, light the tiny flame within the coil 

and, although there is no physical contact there, 

the electroscope reading will once again agree with 

the voltmeter reading as the supply is varied. The 

flame ionizes the air at the tip of the needle and 

then the ions will allow charge (of appropriate 

sign) to flow. Charge will only flow when a 

potential difference exists and so the flow 

continues until the tip is at the same potential as its 
surroundings. 

The flame probe is thus able to measure the 

potential of the space within the coil. We shall use 

it to measure potentials at points in the space 

between charged plates and near charged spheres. 

30.5 The potential gradient between 

parallel plates 

The flame probe can now be used to measure 

potentials at points between the parallel plates of 

Fig. 30.4. The electroscope case is earthed and 

connected to the negative plate which is the zero 

datum for potential and distance measurements. 

[30.6] 

Support 
clamp 

Gas supply 

A suitable value for the p.d. between the plates is 

1200 V. 

Typical graphs for two different values of the 

plate separation d are shown in Fig. 30.8. The 

closer the plates are, the greater the potential 

difference and the larger the field strength. Within 

the limits of experimental error the relationship 

between V and r is linear, indicating a constant 

value for dV/dr and so a uniform field strength, a 

fact established earlier with a foil detector and 

now verified by alternative reasoning. 

30.6 Field strength and potential near a 
charged sphere 

A conducting sphere is suspended from the ceiling 

by an insulating nylon line and is prevented from 

swinging by the lead that connects its surface to a 

1.5 kV power supply. The negative socket of the 

supply is ‘earthed’ so that all potentials measured 

are relative to the potential of the earth which is 

chosen as the zero datum. Any apparatus and 

Potential/V 

40 60 

r/mm 

80 100 

Fig. 30.8 Variation of potential with distance between pairs 
of parallel plates at two different plate separations. 
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Fig. 30.9 Investigating the potential 
near a charged sphere with a flame 

probe. 

furniture is at least 1 m away from the sphere so 

that its field is not affected. If a foil detector 

(Section 30.1) is charged and held at various 

distances from the sphere it will be clear that the 

field is non-uniform. 
Figure 30.9 shows how a flame probe may be 

used to measure the potential at a distance r from 

the centre of a charged sphere. Some typical 

results are shown in Fig. 30.10. 

Readings taken from this graph will show that 

the product Vr is a constant and so 

Vesta os 3 (30.3) 

The same relationship holds for gravitational 

potentials and the graphs of Fig. 30.10 and of Fig. 

29.5 have the same form; the obvious difference 

between them is the result of the positive charge 

on the sphere causing repulsion, whereas gravita- 

tion always gives an attraction. If a negative 

charge had been used instead, then all the 

1500 
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Nylon 
line 

potentials measured would have been negative 

ones and when plotted would give a graph exactly 

like Fig. 29.5. 
We must now examine how potential depends 

on the charge carried by the sphere. For this a 

permanent connection to the power supply is not 

required but the sphere must be well insulated, as 

before, by suspending it with a nylon line. It is 

charged by touching it momentarily with the lead 

from the power supply, set at, for example, 

1000 V. This charge is then measured by trans- 

ferring it to a 0.01 uF capacitor, which is such a 

large value compared with the capacitance of the 

sphere that very nearly all of the charge will be 

transferred. The problem is now reduced to one of 

measuring the small potential difference across the 

capacitor. This p.d. is approximately 1 V but we 

cannot use a moving-coil meter as it will have a 

resistance of, perhaps, 104 ohm and would rapidly 

discharge the capacitor (time constant RC = 

10-4s). Instead we can use an electrometer. This is 

— oO oO oO 

Potential/V 500 

Fig. 30.10 Variation of potential with distance 

from the centre of a charged sphere. 

0.1 0.2 0.3 0.4 0.5 0.6 

Radius of sphere r/m 
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an electronic device which is effectively a 0-1 V 

voltmeter with a very high input impedance of 

about 10'*ohm. Now the time constant RC = 

10°s, and it would take about 11 days to discharge 

the capacitor to one-third of its initial charge! 

Therefore the electrometer will give a steady | 

reading of the p.d. across a capacitor instead of a 

rapidly falling one and if sucha p.d. is 0.65 V then 

the charge stored in a 0.01 ,»F capacitor is given by 

Q = CV = 0.01 x 10-° x 0.65 C 

=. 639 % 10-2 C 

This was the charge stored on our sphere when its 

potential was 1000 V and by taking readings with 

different initial potentials it can be shown experi- 

mentally that the potential of the surface of the 

sphere is proportional to the charge on it and, in 

general, V « Q. Combining this with Eq. 30.3 we 

can write V « Q/r, or, introducing a constant, 

Ve ke (30.4) 

The value of k can be obtained by inserting known 

values of V, Q, and r into Eq. 30.4. For instance, 

Onathe surtace of thei sphere’ 7, ="0,06m, V = 

1000 V, QO was found to be 6.5 x 10-°C: This 
gives 1922 x<ul OAV =. 

In Section 30.15 we shall see that 

1 
47 €, 

where €, is the permittivity of free space (or electric 

field constant). Since this is 8.85 x 10-'Fm-~}, 

k = 8.99 x 10?VmC7!. The equation for the 

potential at a distance r from the centre of a 

sphere carrying a positive charge Q is 

(30.5) 

Problem 30.1 Using values taken from Fig. 

30.10 and Eq. 30.4, estimate the charge on the 

sphere. Use this value of charge to calculate the 

potential at (i) 0.12m, and (ii) 1m, from the 

centre of the sphere. 

(Answers: 10-*C, 750 V, 90 V.) 

[30.8] 

30.7 The inverse square law for electric 

field strength 

As with gravitational fields (see Section 29.4b) the 

strength of an electric field at a point can be found 

if a graph of potential against distance is available 

and E = — dV/dris applied. Figure 30.10 is such 

a graph and it (or a large scale version of it drawn 

using V = 90/r) can be used to find the potential 

gradient at r = 0.15m and 0.30m. The corres- 

ponding electric field strengths are E = 4000 V 

m~—' and 1000 Vm~—'!. Thus doubling the distance 

results in reducing the field strength to a quarter: 

the characteristic of an inverse square law. If this 

law applies, what will be the field strength at 

r = 0.60m? Check your answer by finding the 

gradient at that point. 

Another way of finding a field strength is to 

differentiate the expression for potential in order 

to get its rate of change with respect to distance, 

i.e., to find E = —dV/dr, where 

V = c2 = kQr-! 

Therefore, 

E = -—kQ(-1r-4) 

hence, 

k= KZ (30.6) 

The field strength E is the force acting per unit 

charge. For a charge Q, placed at a distance r from 
a charge Q,, the force acting is: 

(30.7) 

This is a statement of the inverse square law of 

force between point charges. It is also known as 
Coulomb’s law after the French scientist who 
investigated the force between electrically charged 
spheres in 1784. 

30.8 Experimental test of Coulomb's law 

TQ investigate the way in which the force between 
two charges varies with those charges and with 
their separation we shall describe two experi- 
ments. In the first, the light metallized sphere 
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Fig. 30.11 A test of Coulomb's law. 

(about 1 cm in diameter) is fixed to an insulated 

stem and given a charge which is to remain 

unaltered throughout the experiment. This may be 

done by using either a power supply providing 

several kilovolts, or a Van der Graaff generator. A 

second similar sphere, which is suspended from a 

well-insulated nylon trapeze (see Fig. 30.11) is also 

charged. The first sphere, held rigidly as shown, is 

brought up to the suspended sphere. Repulsion 

occurs if the charges are of the same sign. To 

measure the separation of the two spheres without 

bringing a rule near to them it is convenient to 

throw a shadow of them on to a screen using light 

from a distant source. The angle of deflection (0) 

of the nylon threads is measured. The separation 

of the spheres (r) is noted and the charge (Q,) on 

Fig. 30.12 
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the suspended ball is discharged to the capacitor 
and electrometer mentioned in Section 30.6, and 

so measured. The experiment is repeated with 

different charges on the suspended sphere but with 

the same separation of the spheres and with the 

same charge on the fixed sphere. 
_If F, is the force between the two spheres, Fy 

the tension in the thread and m the mass of the 

sphere, x the displacement shown in Fig. 30.12 

and / the length of the thread we have, at equili- 

brium 

F, = F; sind 

and 

mg = F;cos@ 

Dividing 

F,/mg = tan0é 

so 

F,; = mgtané 

= mgx/l 

provided that 6 is small. 
The deflection x of the nylon suspension is 

therefore directly proportional to the force of 

repulsion between the two charges. 

Figure 30.13 shows the relationship between 

the charge on the sphere and the deflection of the 

suspension, which, as we have seen, is a measure 

of the force. We conclude that 

force « charge 

Force in arbitrary units 

0 2 4 6 8 10 

Charge/10-8 coulombs Fig. 30.13 
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Fig. 30.14 
(Separation) “/cm 

In the second experiment, the charges on the 

two spheres are kept the same and the separation r 

is changed. Figure 30.14 shows the graph which is 

obtained under these circumstances when the 

deflection (recorded as the force) is plotted against 

1 
r2 

We conclude that 

1 
force « 

More accurate experiments confirm that the 

force of one charged sphere on the other varies 

inversely as the square of their separation. We 

already know that the force is proportional to Q,, 

the charge on the suspended sphere. Further 

experiment can show that it is also proportional to 

the charge, Q,, on the sphere fixed to the insulated 

stem. 

+5 kV Earth 

Fig. 30.15 Displaying electric fields. 

[30.10] 

So we find 

fy 210% 

and therefore 

Fy = 222 

where k is a constant of proportionality. 

30.9 Electric field patterns 

The plotting of magnetic fields around a magnet 

with iron filings is familiar enough. Similarly, the 

visualization of the shape of electric fields near 

charged conductors can be carried out using 

electrodes in a shallow dish as in Fig. 30.15. The 

dish contains a layer of clear oil upon which has 

been sprinkled a layer of grass seed, semolina, or 

short hairs about 1mm long chopped from a 

brush. The electrodes are connected to a power 

supply capable of an output of 5kV, and the 

semolina particles or hairs will align themselves 

with the direction of the electrostatic force at each 

point in the field. Various electrode shapes can be 

constructed and Fig. 30.16 shows some typical 

field patterns. Figure 30.16a shows a uniform field 

characterized by straight parallel lines in the 

central region. The field becomes curved and non- 

uniform at the edges of the ‘plates’. Figure 30.16b 

represents a radial field which, in three dimen- 

sions, results in an inverse square law of force. 

Figure 30.16c is ‘also a radial field between 

concentric electrodes, but note how there is no 

field within the central electrode. This relates to 

the zero gravitational field inside a spherical shell 

discussed in Section 28.8. 

In all cases field lines are perpendicular to the 

electrode at each end of the line. This point should 

be remembered when sketching electric fields. The 

reason for this is discussed in the next section. 

30.10 Equipotential lines and surfaces 

A contour line on a map is an example of an 

equipotential line. Any point on a particular line is 

at*the same potential, or height above sea level. 

Likewise, equipotential lines (or in three dimen- 

sions, equipotential surfaces) can be drawn in 

electric fields and you can imagine the path traced 
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(a) (b) 

Fig. 30.16 Examples of electric field patterns. 

out by a flame probe that is moved so that the 

indication of potential on the gold leaf electro- 

scope is constant at some chosen value. If this is 

done with the sphere of Fig. 30.9 the paths traced 

out will be a series of concentric spheres. Figure 

30.17 illustrates equipotentials around a sphere and 

also between parallel plates. An important point 

to note is that when equipotential lines and field 

lines cross, they do so at right angles. This is 

because the potential energy of a charge does not 

change if it is moved at right angles to a force, i.e., 

to a field line. 

Because an electrode is a conductor, if there is 

no current flowing then all points on its surface 

must be at the same potential and so the surface is 

an equipotential. This is why field lines enter and 

leave conductors at 90° to the surface. 

30.11 A further look at field potentials 

In Section 30.2 and 30.3 we have chosen to 

consider only energy changes for displacements 

along the direction of the field. What will happen 

Fig. 30.17 Examples of 
equipotential surfaces (shown by 

dashed lines) and the 
corresponding field lines 

(arrowed). 
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(d) 

if movement takes place along any path? To 

discuss this we shall find it convenient to use the 

ideas of the equipotential line and surface (see 

Section 30.10). Figure 30.17 shows equipotential 

lines in an inverse square law field and in a 

uniform field. 

Consider the paths shown in Fig. 30.18. The 

field between the two plates is uniform. 

How much energy will be gained if a test 

charge is moved from A to B? We can break the 

path down into any number of zigzag steps (Fig. 

30.18b) which either go along the field direction or 

along an equipotential surface. Along the latter, 

no changes in energy take place. So the net change 

in energy will be exactly the same as though the 

test charge had moved in the direction of the field 

from one equipotential line through A to an 

equipotential line through B. 

From this, it follows that if the test charge 

returns from B to A by any path the energy lost 

will be identical with the energy gained in moving 

from A to B. Thus the potential at any point in an 

electric or a gravitational field has a unique value 
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Fig. 30.18 

relative to any chosen zero. It does not depend on 

the path a charge takes to reach it. Fields which 

behave like this are called conservative (see 

Section 8.16). 

30.12 Flow, and the inverse square law 

We have seen that radial fields, whether electric or 

gravitational, follow an inverse square law. This is 

a law that is prominent in physics and it applies to 

cases other than force fields. For example, the 

intensity of gamma radiation falls off inversely 

with the square of the distance from the source, 

and the same applies to the energy radiated by the 

sun. Neither of these are field strengths. We will 

study the inverse square law by considering the 

flow of paint particles from an aerosol paint 

spray. This will lead to the flux model which is a 

useful concept when considering gravitational and 

electric fields. 

Let us suppose we want to spray a patch of 

colour on a piece of metal held perpendicular to 

the path of the spray, which is fixed in one 

position (Fig. 30.19). We apply these restrictions 

because we are trying to make the problem as 

simple as possible. Clearly we shall cover a much 

bigger patch if we place the metal at BB’ than if we 

place it at AA’. We could cover an even bigger 

patch if we moved the piece of metal farther away 

still. Can we paint bigger and bigger areas satis- 

factorily by just moving the surface to be sprayed 

farther away from the can? 

[30.12] 
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The amount of paint per square metre will get 

less and less and we may not be covering the 

surface densely enough to give a satisfactory paint 

cover if the metal surface is too far away. 

Why is this? Because in all cases, the same 

total amount of paint falls on the surface in unit 

time. It is just spread out more thinly as we move 

the painted surface away from the spray. How 

much more thinly? Consider Fig. 30.20. The area 

covered by the spray at AA’ = 7s’, where s is the 

radius of the cone of spray at distance r. The area 

covered by the spray at BB’ = 7S’, where S is the 

radius of the cone of spray at distance R. If an 

amount of paint P leaves the spray in unit time, 

the density of paint 

at AA’ = P/zs? 

at BB’ ="P/xS* 

But 

Sas ="7FIR 

Hence 

density of paint at A Se 
density of paint at B se 2 

The density of paint sprayed to any distance r 

from the source is proportional to 1/r?. 

So the density obeys an inverse square law. 

This law is a consequence of the geometry of 

space. 
A law of the same form applies to light 

B 
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Fig. 30.19 The —~I 
aerosol paint law. B’ Fig. 30.20 
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Fig. 30.21 

intensities. The amount of light energy J provided 

by a point source per second, will under normal 

circumstances, be the amount passing through the 

surface of the sphere of radius r and also through 

the sphere of radius R (Fig. 30.21). 

If the light is emitted uniformly in all direc- 

tions the intensity of illumination (or illuminance) 

at a distance r is 

I) 
4nr? 

and at distance R is 

ue 
47 R? 

It thus follows that the light intensity at any 

distance r from the source is proportional to 1/7’. 

30.13 Flux and flux density 

Flux is merely another word for flow and indeed 

in workshops, flux is the name of a material used 

in soldering and brazing processes to help the 

molten metal to flow freely and to spread evenly. 

The inverse square law is a law of flow. When any 

quantity flows outwards from a point source 

uniformly in all directions at an unchanging rate 

then the amount passing through parallel surfaces 

of the same area at different distances from the 

source will obey an inverse square law. The 

amount flowing out is known as a flux - in the 

examples considered, a flux of paint and an energy 

flux in the case of light. 

Under these conditions, the flux per unit area 

diminishes inversely as the square of the distance 

from the point source. The flux per unit area is 

known as the flux density. In the case of the paint 

spray, the flux density measures the degree to 
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Fig. 30.22 

which the paint covers the surface to be painted; in 

the case of light, the flux density is a measure of 

the illumination of the surface on which the light 

falls. 

30.14 The flux model for the electric field 

Our experiments confirm that the electric field 

intensity obeys an inverse square law and, as we 

have seen, this represents the typical behaviour of 

a flux density. We will suppose then, that E, the 

field intensity, does behave like a flux density. 

We have no need to enquire into the reality of 

this analogy between the two phenomena but we 

can use it. It provides us with a useful model for 

discussion. It must be stressed that nothing 

actually flows in the case of the electric field, and 

yet the idea of flow is very helpful. 

What would be the total flux from a charge Q 

in this case? This total electric flux, y, must be the 

flux density, E, at the sphere (Fig. 30.22) multi- 

plied by the area of the surface of the sphere. 

Y= E x 4ar 

be «eg x 4rr (using Eq. 30.6) 

y = 4akQ (30.8) 
We were able to calculate y very easily because we 

chose a particularly simple and symmetrical case. 

But the shape of the surface surrounding Q should 

not affect the electric flux associated with Q, if 

our model is a good one. To return to the flux law 

of light, the placing of a book relative to a lamp 

will certainly control how much light falls on its 

pages, but it does not affect how much light leaves 

the lamp. Similarly if we spray a surface with 

paint by holding the paint spray close to it we shall 
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Fig. 30.23 2 

get a dense layer of paint. If we hold it a long way 

off we shall get a thin layer of paint - but the 

amount of paint coming from the spray per 

second is the same in both cases. 

So we can generalize our model and assume 

that any charge Q is a source of electric flux, 
4rkQ. The electric field at any point is then the 

density of the electric flux at that point. This is a 

simplified statement of Gauss’s law. We will look 

at some consequences and applications of this 

model shortly. But before that, let us again 

consider the steps we have taken in setting up this 

model. 
We have used the fact that flux densities, like 

paint films and illumination, obey inverse square 

laws in certain symmetrical cases. Why they do so 

is simply a property of the geometry of space. For 

the cone shown in Fig. 30.23, 

@,/a, = 7,/1p 

area A, = 7a? area Ay was 

Thus 

A;/ A= a7/.a3 
TAS Te 

The areas are in proportion to the square of their 

distances from O. 
The validity of our model of the electric field 

depends upon the fact that experimentally the 

electric field E obeys the inverse square law 

whenever a flux density model suggests that it will 

do so. 
Thus ultimately our model depends upon the 

trust we can place in the power of 2 in the 

expression 

E«OQ/r 

We shall see in Chapter 47 that this relationship is 

applied successfully down to the distances 

involved in collisions between sub-atomic 

particles. 

[30.15] 

30.15 The relationship between k and «, 

Equation 30.8 gives the total flux arising from a 

charge Q. Now consider the uniform field between 
parallel plates of area A and separation d, having 

a p.d. of V between them. Since there is a charge 

of magnitude Q on each plate, if the plates are 

close together so that we may assume there is 

negligible field beyond the area of the plates, then 

the flux between the plates = 47k Q. 

3 flux ‘ V 
Flux density = cee field strength = oi 

Therefore 

4nkQ _ V nA 
pam and so at aa 

In Section 26.3 we saw that for a parallel plate 

capacitor 

capacitance, 

and so, 

Avo! 
Od & 

Therefore, 

(30.9) 

The permittivity of free space, €, 8.85 x 

10+12.F mahandiso:k =)9<5 102m. 
The constant ¢) is the permittivity of free 

space. For media other than a vacuum, the con- 

stant is written e€,€), where e, is the relative 

permittivity of the medium. Since the relative 

permittivity of air differs little from unity, we may 

use €, when the charges are separated by air rather 

than a vacuum. 

The value of the permittivity constant e€, is 

el x 10-2 -12 8.854 x 10 or 36x 
» 

and its units are often quoted as J-!C2m~—' or as 
rim. 
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You should check these units against those 

which you would expect from the equation 

ee a 
Sane 

30.16 The capacitance of a sphere 

The potential, V, of a sphere of radius r that is 

carrying a charge Q is given by: 

eee) 
4m€) r 

If C is the capacitance of the sphere then 

and so, for an isolated sphere, 

30.17. Summary of relationships 

(30.10) 

This unit 7 has introduced many relationships and 

this summary illustrates the similarities between 

the gravitational and electric cases. The textual 

equation numbers are given in brackets in Table 

30b. 
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Table 30b 
2 eee = |» ie er 

Gravitation Electric 

Potential gradient dV _ dV 

or field eanarne 3dr ao 

Coen Go! (293) === Goa) 
distance r r 4ne€9 Fr 

Potential energy _G Mm 1 Qq 

at distance r r 4n€y I 

Field strength M i Q 
at aeaneer Ga (28.9) deere (30.6) 

Force at Mm 4 Qq 

distance’? G 2 (28.1) Geer (30.7) 

These expressions are not difficult to remember i 

you note the patterns. Potential follows a 1/r rule, 

whereas field and force have a 1/r? rule. Gravita- 

tion formulae contain the gravitational constant 

G, whereas the corresponding constant in the 

electric cases is 1/47€,. 

Potential and field are both ‘per unit mass’ or 

‘per unit charge’, whereas the expressions for 

potential energy and force include the mass (m) or 

charge (Q) on which the appropriate field acts. 

It should be stressed that, strictly speaking, 

these expressions apply to point masses or point 

charges. 
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31.1 Introduction 

When the two terminals of an electric battery are 

connected by wire to electrodes separated by a 

liquid, such as a dilute acid or a solution of a salt, 

changes occur. The circuit is now surrounded by 

a magnetic field; the components warm up; 

chemical action takes place in the conducting 

liquid and in the battery itself. These effects are all 

related to the electric current. 

The word ‘current’ suggests a flow —- in this 

case, a flow of charges. As we have seen in 

Chapter 23 measurements of the current do 

suggest a behaviour not unlike that which we 

associate with other examples of a flow. In the 

simple series circuit for example, the current is the 

same wherever it is measured. At junctions in 

circuits (Fig. 31.1) .the current divides or combines 

so that as much current enters the junction as 

leaves it. 

Fig. 31.1 2.0A 1.54 



[31.2] 

It is possible to build a simple model of such a 

current of electric charge. And when we add to 

such a model the concept of the volt as a measure 

of the energy dissipated per coulomb of charge 

passing a section of a circuit, it becomes very 

tempting to elaborate this model of electrical 

‘stuff? circulating round a circuit, transferring 

energy in chemical reaction, in heating, and in 

causing motion through the interaction of 

magnetic forces. It is not unlike a constant 

procession of bottles which start full of milk and 

gradually lose it as they travel from the dairy to 

the home and back again round the circuit; or, 

maybe, a fluid which flows around carrying energy 

as hot water in a heating system carries energy. 

Imagery of this sort is useful because it provides a 

framework within which to think about physical 

problems. 

The electrical phenomena of the simple circuit 

force us to ask questions about electricity. Among 

them: what is it that flows in a circuit? If charge, is 

it positive or negative or both? How fast does it 

flow? What is electric charge — a form of matter or 

a property of matter? Is it particulate as is matter? 

It is the purpose of this Unit to examine 

possible answers to such questions. 

One of the difficulties we experience in 

building a convincing model of the electric current 

is that we can have no direct experience of what is 

going on. All our evidence is indirect. But some 

can come from experiments in which the passage 

of electricity is associated with the movement of 

matter. 

31.2 The shuttling ball 

This experiment demonstrates that what we 

observe on a galvanometer, and so associate with 

an electric current, can be attributed to the 

continuous transfer of definite quantities of 

electric charge. See Fig. 31.2 

Two metal plates about 150mm in diameter 

and mounted on insulating supports are separated 

by 100mm. A table tennis ball that has been 

coated with colloidal graphite to give it a conduc- 

ting surface is suspended midway between the 

plates by a long thin nylon thread (a very good 

insulator). The plates are connected in series with 

a 5kV supply and a light beam galvanometer that 

is capable of detecting currents in the order of a 

microampere. 
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Nylon thread 
1m long 

lk 
5 kV (uA) 
=0O 

Fig. 31.2 

If the ball is uncharged, nothing will be 

observed even though it is in the strong electric 

field between the plates. However, when the ball is 

moved (using the nylon thread to avoid shocks) so 

that it touches the negative plate, it gains a 

negative charge and now experiences a force that 

causes the ball to swing towards the positive plate. 

The ball touches the positive plate, gains a positive 

charge and swings back towards the negative plate 

where it collects a negative charge once again. The 

ball oscillates continuously back and _ forth 

carrying a negative charge when it moves towards 

the left and a positive charge when it moves 

towards the right. 

While this is happening the galvanometer 

shows that a current is flowing in the circuit 

because it gives a reading that is reasonably steady 

so long as the oscillations of the ball are frequent 

enough. 

Problem 31.1 

1. How can we check experimentally that the 

galvanometer reading is due to both positive 

and negative charges moving (i) in the space 

between the plates, and (ii) in the connecting 

wires? 

2. Formulate a model in which only one type of 

charge can move that can explain the flow of 

current and also how an insulated conductor 

can be either positively or negatively charged. 

1. (i) The charge on the ball can be tested with a 

gold leaf electroscope, after contact with each 

plate, to confirm experimentally that the ball 

alternately carries positive and negative 
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charges. (ii) Although both types of charge 

can be seen to move in one part of a Series 

circuit it cannot be deduced that the same 

process necessarily happens in a different 

part, especially in a wire where the process 

cannot actually be seen. 

2. A moving positive charge hypothesis: suppose 

all uncharged conductors consist of equal 

numbers of positive and negative charges, and 

that the positive ones are free to move while 

the negative charges are fixed. This enables 

the following to be explained: 

a) Current flow: if the terminals of a cell are 

joined, its positive pole repels the positive 

charges in the wire and these move towards 

the negative pole, i.e., in the conventional 

direction of current flow. A continuous 

supply of positive charges comes from the 

chemical action in the cell. 

b) An uncharged insulated conductor: this has 

equal numbers of mutually cancelling positive 

and negative charges. 

c) A positively charged insulated conductor: this 

has extra positive charges added to it so that 

the number of positive charges exceeds the 

number of negative charges. 

d) A negatively charged insulated conductor: this 

has had some of its positive charges removed 

which leaves the conductor with an excess of 

negative charge. 

Thus all of the usual effects can be explained on 

the basis that it is only the positive charges that 

can move through a conductor. Of course, an 

equally satisfactory hypothesis can be formulated 

based on fixed positive charges and moving 

negative charges. 

The shuttling ball experiment shows that what 

is observed on a galvanometer as a flow of current 

in a circuit is consistent with the passage of many 

separate or discrete charges. The experiment gives 

no indication concerning the sign or the size of 

these charges, or indeed if the discrete charges are 

all of the same size. 

31.3 The basic charge: the electron 

The hypothesis of discrete charges originally arose 

from work on electrolysis and was crystallized by 

[31.4] 

G. Johnstone Stoney in an address to the British 

Association in 1874. Stoney spoke of a natural 

unit of electric charge associated with such ions as 

those of hydrogen, chlorine, etc. In 1891 he went 

further, and was able to estimate the size of this 

unit at about one tenth of the value accepted 

* today; he named this unit of electric charge the 

electron, and assumed that all electrical charges 

were whole multiples of this basic charge. Subse- 

quent to Stoney’s invention of the term it became 

clear that the electron was not just a charge but 

that it had a mass associated with it. The evidence 

for this arose as a result of experiments carried out 

on the conduction of electricity through gases at 

low pressure (Section 33.1) which culminated in 

the work of J.J. Thomson who measured the 

specific charge e/m (the ratio of charge to mass) 

of the electron (Section 33.3). Thus it became clear 

that what we now call an electron is a particular 

negatively charged speck of matter. 

31.4 Measuring the charge 

Many successful attempts were made to measure 

directly the small charges associated with atoms of 

matter. Nevertheless, it was R. A. Millikan who 

produced definitive confirmation of the existence 

of a basic unit of electric charge in 1909, even 

though most physicists at that time would have 

said that the case was already proven. 

The essence of Millikan’s experiment was to 

measure the individual charges on many tiny oil 

droplets that had,,been produced by a spray. 

Friction during the spraying process gave several 

of the droplets various amounts of charge. By 

analysing his results, Millikan deduced that the 

charges measured were all multiples of a funda- 

mental unit of charge. 

As an analogy, let us suppose that we are 

presented with the masses of a number of 

packages. We are told that, as a working 

hypothesis, we may assume that each contains a 

different number of otherwise identical marbles. 

Table 3la gives a list of such masses (due 

allowance has been made for the packaging). If 

the hypothesis is correct then each mass should be 

an integral multiple of the mass of a single marble. 

By inspecting the table of masses we may be able 

to select the smallest multiple. Our task is aided if 

one of the packages contains only one marble. 
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Table 31a 

Package Mass/g 

25.3 
12:8 

13.0 
27 
31.0 

105 
42.2 
18.6 
129 6 =] On m & ewe 

Look at the table and try to select a lowest 

multiple. Then work out how many multiples of 

this basic unit are contained in each package. 

When you have decided how many basic units 

(marbles) there are in each package, divide the 

mass of each package by the number of marbles 

you think it contains to find the average mass of 

each marble in the package. 

The success of your hypothesis must be judged 

against the degree of consistency in your answers 

and the expected experimental error in the 

measurements. 

How many marbles did you find in package 

G? There are actually 17. You probably found it 

very difficult to decide whether there were 16, 17, 

or 18. Would it have made any significant dif- 

ference to the average mass of each marble in this 

particular package, whichever figures you had 

chosen? With large numbers of marbles in a 

package it is very difficult to decide how many 

marbles are contained within it. 

The success of Millikan’s method was due to 

the very small quantities of charge he was 

Window 

cin |maatiens 
Microscope 

Fig. 31.3 Millikan’s apparatus. 
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measuring which represented only small multiples 

(mostly less than 10) of the basic unit. 

31.5 Millikan’s apparatus 

Figure 31.3 is an example of the type of apparatus 

that Millikan used. Two metal plates, about 50 mm 
in diameter, are separated 15mm apart by an 

insulating ring equipped with a small window for 

viewing the oil drops, and another window (not 

shown) for illuminating the interior from one side. 

The upper metal plate has a hole 0.5mm in 

diameter through which a few oil drops can fall 

from the spray box above. This has a lid so that a 

small quantity of oil can be sprayed in with a 

simple spray. The plates are connected to a switch 

and a variable power supply. The electric field 

between the plates can be upwards (lower plate 

positive), downwards (top plate positive), or zero 

when the switch connects the plates together. 

When a fine spray of oil droplets is produced, 

frictional charging can happen, perhaps as the oil 

leaves the jet of the spray. The process is com- 

pletely random; some drops will be positive, 

others negative, the size of the charge will vary 

from drop to drop, and some drops will be 

uncharged. Also, the weights of the drops will not 

all be the same. 
Droplets that have fallen through the hole can 

be observed through the microscope as tiny points 

of light like distant stars. If the plates are shorted 

together the droplets will all be falling in the same 

direction. When the power supply is connected 

some droplets will continue to fall at their original 

speed, some will fall faster and others will be seen 

to rise. The ones that rise have charges that are of 

the same polarity as the lower plate. The power 

Lid 

Oil 

Metal drop 
plates 

Insulating 
ring 
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supply can be adjusted until a selected drop is 

stationary and after a few minutes all the other 

ones will have moved from the field of view. Such 

a drop may have a charge Q and mass m and if a 

uniform field, E gives an upward force on the 

charge which just balances it against the pull of 

gravity, then 

EQ = mg 

The field E is governed by the potential difference 

V between the plates and by the plate separation, 

d. 

V 
Eg 

V 
so Fie = mg 

hence Q= mee (31.1) 

Thus Eq. 31.1 allows the tiny charge on an oil 

drop to be calculated from measurable quantities. 

The next step is to alter the charge on the same 

drop many times, each time adjusting V until the 

drop is held stationary and recording its value, so 

that the corresponding charge can be calculated. 

Once about ten determinations of the various 

charges on the drop have been made it should be 

possible to see that one never finds a charge of less 

than 1.6 x 10-'°C and that all the values are 

whole number multiples of this basic unit of 

charge. 

31.6 Some experimental details 

We have mentioned changing the charge on the 

drop and also measuring its mass, but how can 

this be done with something so minute as a single 

droplet from the mist from an oil spray? Changing 

the charge is simple and it involves ionizing the 

space between the plates by exposing it briefly to 

the radiation from a small radioactive source. 

(Millikan also used X-rays for the same purpose.) 

Initially the ions produced will be rapidly collected 

up by the positive and negative charges on the 

plates and nothing else will happen. However, if 

the potential difference between the plates is 

removed by connecting them together briefly then 

the ions will drift slowly around and soon one or 

two will touch the drop and transfer their charges 

[3126] 2 

to it. Whether the drop’s charge increases or 

decreases depends.on the sign of the charge on the 

ion that it touches. Of course, while the plates are 

connected together, the drop is falling under 

gravity but it only does so slowly and it can easily 

be re-positioned and re-balanced as soon as the 

: potential difference across the plates is switched 

on again. 

To illustrate the problem of finding the weight 

of a droplet, let us first estimate its mass assuming 

the diameter to be about 10-°m and the density 

1000 kg m-3. Treated as a cube the drop has a 

volume of 10-'8m3 and therefore a mass of the 

order of 10-'5kg. Use of a chemical balance is 

clearly out of the question since most can only 

manage | mg (10~°kg). 

The method used involves a measurement of 

the terminal speed with which the oil drop falls 

through the air. A model of the situation is 

provided by a ball from a ball-point pen falling 

through water. This quickly attains a maximum 

constant or terminal speed, as the opposing forces 

(the weight downwards and the buoyancy upthrust 

and viscous drag upwards) reach equilibrium. 

Although air has a viscosity which is only about 

1/50th of that of water, the oil droplet also 

reaches a terminal speed, taking several seconds to 

fall 1 mm. At this rate the droplets can easily be 

timed with a stopwatch to give their terminal 

speeds. 

The problem now is to relate the speed of the 

falling droplet to its radius. We can use the 

method of dimensions for this. 

It is reasonable to assume that the viscous 

force on the falling drop will depend in some way 

on the viscosity n of the air. We already know that 

this has dimensions M L~-!T~! (Section 11.6). It 

will also depend in some way on the terminal 

speed v and on the radius a. We write 

F = k(ny(@)* 

where x, y and z are the powers to which y, v anda 

are to be raised and k is a dimensionless constant. 

Equating dimensions: 

MLT-? = (ML7!T-)(L T-!)(L) 
’ me INA Dee ats ata odd 

Equating the powers of M, L and T res- 
pectively we find that x, y and z are all unity. So 
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the equation for the viscous drag on a drop has the 

form: 

F = knva 

Stokes, after whom this equation is named, 

showed that the constant k was, in fact, 67. So we 

have Stokes’ equation 

available for application to Millikan’s oil drops. 

Now let us consider some data taken from one 

of Millikan’s experiments and published in 1911. 

An oil drop fell through 1.010 cm in 23.2s. 

Its terminal speed was 0.01010m/23.2s = 

a4 AO ts 7! 
The viscosity of air (7) is 1.836 x 10-7 Nsm~? 

ae 250 C.4; 

The density of the oil used (@) was 896 kg m~? 

as. 

The separation of the plates (d) was 0.016 m. 

The p.d. between the plates (V) was 7730 V. 

The gravitational field strength (g) was 9.8 

Nike". 

The mass (m) of the drop 

(31.2) 

volume X density 

FTAQ 
mg 
traog (31.3) 

Assuming that, at the terminal speed, the 

viscous force (determined by Stokes’ law) balances 

the weight, we have +7a?9g = 6m7eQav 

Multiplying both sides of this equation by 

3/274 gives: 

ll The weight of the drop 

2nv. 31.4 
208 uy 

2a’eg = 9nv whence a = 

Problem 31.2 

(a) Use the data above to calculate the radius of 

the oil-drop used. (You should find that the radius 

is in the same order of magnitude as the spacing 

between the lines on a 6000 line per cm diffraction 

grating. There is no doubt about the smallness of 

these drops!) 

(b) Use the radius you have just calculated and 

Eq. 31.3 to find the weight of the drop and then 

use this with Eq. 31.1 to determine the charge 

carried. 

eee st 4 SS eee 
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Table 31b 

-19 Q j49-19 
Drop O/1I05"™.C n 7/10 Cc 

A 6.31 4 1.58 

B 9:51 6 1,59 

c 7.90 5 1.58 
D 14.26 9 1.58 

The charge on this drop was 6.31 x 10°"C. 

Millikan subsequently changed the charge on this 

drop by the ionization technique and obtained a 

series of values for the charge carried. This is 

listed in Table 31b. 

Examination of these values reveals that the 

charges increase or decrease by integral multiples 

of a basic charge and that the drop carried whole 

numbers of these charges indicated by the n 

column. The basic unit of charge, the charge on the 

electron, is accepted today to be 1.602 x 10°'°C. 

Problem 31.3 Asan exercise in algebra, use Eqs. 

31.1, 31.3, and 31.4, to show that the charge on an 

oil drop is given by: 

else en 
ies V 2eg 

Use this equation to check your answer to the 

previous problem. 

(31.5) 

Precautions to ensure accuracy 

a) A single oil drop may be in use for over an 

hour and an oil that does not evaporate 

readily should be chosen so that the drop’s 

weight remains constant. The oils used in 

vacuum pumps have a low vapour pressure 

and consequently are suitable. 

b) The droplet displaces some air and allowance 

must be made for the resulting upthrust for 

very accurate results. 

c) The viscosity of air varies with temperature 

and increases by approximately 4% for a 10K 

rise. The value used must correspond to the 

temperature of the experiment. 

d) Stokes’ law is not well obeyed when the radius 

of the sphere is comparable to the mean free 

path of the air molecules, and a correction 

factor must be applied to the viscosity of air to 

take this into consideration. 
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32.1 

In the previous chapter it was established that an 

electric current is consistent with the flow of 

particles of charge and that the basic unit of 

charge, the charge carried by the electron, had a 

constant value that could be measured. The aim of 

this chapter is to consider some of the questions 

that remain to be answered: Are the charges 

positive or negative? How fast do they travel? 

How many charge carriers are there per unit 

volume of conductor? 

The answers come from an effect discovered in 

1879 by E. H. Hall, and named after him. 

Introduction 

32.3 The Hall effect 

Hall showed that when a conductor was placed in 

a magnetic field and constrained from moving, a 

p.d. appeared across the dimension of the con- 

ductor perpendicular to both field and current. 

Thus in Fig. 32.1, where the conductor is shown as 

Current 

Current 

Fig. 32.1 
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Fig. 32.2 

part of a flat ribbon, the p.d. appears across PQ. 

The explanation of the Hall effect comes from 

considering the force acting on a horizontal wire 

that is carrying a current at right angles to a 

vertical magnetic field. If the wire is thin and free 

to bend, it would move in a horizontal plane to the 

position shown dotted in Fig. 32.2, because the 

moving charges it carries experience forces that 

are perpendicular to both the field and the 

current. The same forces act on the moving charge 

carriers in the flat ribbon and as this is not free to 

move, the charges themselves move across to the 

far side Q. There will now be a deficit of these 

charges at side P which will have an opposite 

polarity from Q. Thus a p.d. is set up across the 

conductor, and this is called the Hall voltage. Its 

size is small, being only a few microvolts in the 

case of metals even when large fields and currents 

are used. 

32.3. The sign of the charges 

The sign of the Hall voltage can provide a direct 

test of the sign of the charge carrier involved in 

the electric current within a conductor or semi- 

conductor. The direction of the magnetic deflec- 

ting force is independent of whether the current 

consists of positive charges moving in the direc- 

tion of the conventional current, or negative 

charges moving in the opposite direction. The Hall 

effect immediately tells us the sign of the charges 

involved, for if Q is positive and P negative, then 

the charges shifted across must be positive ones. 

In the case of many metals, e.g., copper, 

aluminium, silver, gold, platinum and the alkali 

metals, it is found that Q is negative and P 

positive; it can therefore be deduced that the 
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charge carriers in these metals are negative. 

Furthermore, these negative charges can be 

associated with the electron, since in the Millikan 

experiment the initial charge on the oil drop is 

obtained by a frictional transfer of charge between 

the oil and the spray nozzle. Thus Millikan gives 

the size of the basic charge while the Hall effect 

provides the sign. 

Although it is now established that an electric 

current in a wire is a flow of negative electrons 

going from the negative of a cell around a circuit 

to the positive terminal, the opposite or con- 

ventional direction is still retained. It is not unlike 

a country deciding that its traffic should drive on 

the left, for once that has been decided some 

order, and some laws, can be established. It was 

decided arbitrarily in the absence of other 

evidence that the convention should be a flow of 

positive charges around a circuit from positive to 

negative, and on this basis, the corkscrew rule, 

Fleming’s left-hand rule, etc., were formulated. 

Although attempts have been made to change such 

rules and adopt ‘electron flow’ they have not 

generally found favour, and conventional current 

flow is widely used - after all, in practice, it is not 

often that one needs to know what mechanism is 

involved in the flow of electricity; what it actually 

does is usually of more immediate importance and 

for this, conventional flow serves us well. 

32.4 The speed of electron flow ina 

conductor 

Consider the arrangement of Fig. 32.3 in which a 

ribbon, or slice of a conductor, of breadth b is 

placed in a magnetic field of strength B. In their 

journey through the slice at speed v, electrons, 

each with charge e, migrate across to side Q and 

build up a Hall voltage V. This establishes an 

internal electric field of strength V/b and a force 

on each electron of Ve/b acting in the direction Q 

to P. This is in opposition to the magnetic 

deflecting force which acts from P to Q. As we 

shall see in Section 34.5, this force has magnitude 

Bev. In equilibrium, 

Bey = “f 

hence 

V 
i Bb (32.1) 
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Conventional 
current 

Fig. 32.3 

Experimentally it is possible to measure B, V 

and b and a value for the mean drift speed of the 

electrons is obtained. The reason for the word 

‘drift’ is partly because the electron motion is 

likely to be haphazard as it travels along and also 

because of its numerical value, as will become 

apparent in the problem following. 

Problem 32.1 In an experiment with a piece of 

thin aluminium foil of width 1.1cm_ placed 

between the poles of an electromagnet, a magnetic 

field of 1.7 tesla produced a Hall voltage of 14 nV. 

Show that the mean speed of the electrons is 

0.75 mms~!, 

There are two remarkable things to note about 

this result: 

(i) the slow mean speed of the electrons, and 

(ii) the fact that this speed has been obtained 

without needing to know the size of the 

current flowing! 

If the current flowing is measured together with 

the thickness of the conductor the Hall effect 

yields further information about the material. 

32.5 Number of electrons per unit volume 

Consider a wire of cross-sectional area A made of 

a material that has n free electrons per unit 

volume. Let the charge on each electron be e and 

their mean velocity v. In ¢ seconds, all the 

Fig. 32.4 
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Area of cross-section 
A=bd 

—__ 

Current 

electrons in a length vt will pass point X (Fig. 

32.4). 

volume of section XY = Avt 

number of electrons in XY = nAvt 

total charge in section XY = nAvte 

Thus in ¢ seconds, a charge (nAvfe) passes any 

point in the wire. 

current = rate of flow of charge 

_ charge passing 

time 

_ nAvte 

t 

We will now apply this general result to the 

situation shown in Fig. 32.3, noting that the thick- 

ness of the foil is d and so the area of cross-section 

A = bd. 

Combining Eqs. 32.1 and 32.2 gives: 

(32.2) 

I =nAve 

. V 
ii= nibd)( gy) 

_ ndVe 
a B 

Electron 

drift Conventional 
current 
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Rearranging, we obtain 

_ IB 

Problem 32.2 

(a) Calculate the number of electrons per unit 

volume in aluminium given the data of Problem 

32.1. The current flowing is 5.0 A and the thickness 

of the foil is 0.02 mm. Take e = 1.6 x 10~'°C. 

(Answer: 1.9 x 102?m~-?) 

(b) If the nucleon number (mass number) of 

aluminium is 27 and its density is 2700kgm~°, 

calculate the number of aluminium atoms per unit 

volume and hence estimate the number of free 

electrons per atom. The Avogadro constant is 

ex.107?mol-'. 

In 27 g of aluminium there are 6 x 10” atoms. 

But 2700 kg of aluminium occupy | m?. 

Therefore 27 g of aluminium occupy 10~° m?. 

Therefore in 10-5 m3 there are 6 x 1073 atoms, 

and so in 1 m3 of aluminium there are 6 x 10% 

atoms. 

From (a) there are 1.9 x 102° free electrons in | m* 

of aluminium. 
Therefore, number of free electrons per atom 

TOs WO 19. 

6 1044 6-5 

32.6 Factors affecting the size of the Hall 

voltage 

Rearranging Eq. 32.3 gives: 

(32.4) 

Thus to make V large, the current and magnetic 

field must be made as large as possible, and the 

denominator as small as possible. It is easy to 

select thin slices of the material used, so making d 

small. Equation 32.4 shows that the width has no 

effect on V, as b does not appear. The fact that n 

must be small implies that the best Hall effect is 

- obtained with poor conductors, i.e., those with 

relatively few free electrons per unit volume. 
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Particularly suitable materials are semi- 

conductors like silicon and germanium that have 

been lightly ‘doped’ with impurities to make them 

conduct slightly. It is not possible to state precisely 

the number of charge carriers per unit volume for 

such semi-conductors since the number depends 

on the impurity concentration and also upon 

temperature; a rise in temperature increases the 

number of carriers and therefore produces a 

marked fall in resistivity. The best that can be said 

is that for semi-conductors the number of charge 

carriers per unit volume lies within the range 10” 

to 1023 m~-3, and therefore the Hall voltage is very 

much greater than in the case of metals for which 

n is about 102m-3. Because of this, semi- 

conductor Hall devices are used for detecting and 

measuring very small magnetic fields. 

32.7 p-type and n-type semi-conductors 

The Hall effect provides some insight into 

the conduction processes occurring in semi- 

conductors, and in particular it confirms experi- 

mentally the bonding theories involved when 

minute quantities of an impurity are added (e.g. 

about 1 impurity atom per 10° or 107 host atoms.) 

If phosphorus is the impurity added to silicon then 

it should provide extra electrons which are avail- 

able for conduction. Since a flow of negative 

charges is involved, this particular ‘doped’ semi- 

conductor is called n-type. However, if boron is 

the impurity then on theoretical grounds there 

should be fewer electrons available for conduction 

than in normal silicon. Vacant sites lacking 

electrons now exist and these are called holes. A 

positive hole can be filled by an electron in a 

neighbouring atom dropping into it, but this then 

leaves the neighbour with the vacancy or hole. The 

process continues and the hole moves from one 

end of the semi-conductor to the other in the 

opposite direction to the electrons, each of which 

only moves ‘next door’. The overall effect is that 

of a positive charge moving in the conventional 

direction and so such a material is called a p-type 

semi-conductor. It must be emphasized that no 

positively charged particles are actually moving. 

This can be confirmed by placing slices of each 

type in a magnetic field, passing a current through 

them in series, and measuring the Hall voltage. 

The results are shown in Fig. 32.5. In the case of 
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B-field into 
plane of paper 

Conventional current 

Fig. 32.5 p- and n-type semiconductors in a magnetic field. 

the p-type material it is positive charges, or holes, 

that are moving from left to right and these are 

deflected across to the far side to make that 

positive. In the n-type material, electrons are 

moving from right to left and it is these negative 

charges that are deflected across to the far side to 

make it negative. It should be noted that some 

metals — cobalt, zinc, cadmium, iron — exhibit a 

positive Hall effect and that the theory of mobile 

charged particles in a crystalline metal can account 

for this. 

32.8 Hall effect measurement 

Figures 32.1 and 32.6a show in outline the basic 

arrangement for Hall effect experiments and 

whether the sample is a metal foil or a slice of 

semi-conductor, a practical difficulty has not yet 

been mentioned. This concerns making contact 

with the sides of the sample at points P and Q 

which are exactly opposite each other, so that when 

there is no magnetic field, but a current is flowing 

in the sample, then zero p.d. exists between P and 

Q. The slice is equivalent to the circuit shown in 

Fig. 32.6b, so far as any potential difference 

across the specimen between P and Q is con- 

are 

Fig. 32.6 Circuit used to investigate the Hall effect. 

[32.9] 

cerned. In the absence of a magnetic field through 

the specimen, the potential difference V between 

the points P and Q will be zero if 

Peis 

R, Ry 
(See Section 25.5.) 

The values of these ratios depend on the exact 

points of contact at P and Q and are most unlikely 

to be equal to each other. To compensate, a small 

potentiometer (1 to 2 ohm) is placed across the 

specimen as shown in Fig. 32.6c. By adjusting this 

potentiometer, the potential difference V can be 

made equal to zero in the absence of the field. 

32.9 lons in an electrolyte 

The speed of ions 

We have seen in Section 32.4 that electrons travel 

very slowly when an electric current flows in a 

metal. This section describes an experiment which 

shows a similar slow motion of ions in an elec- 

trolyte; it must be said that the result is not 

conclusive and the demonstration should be inter- 

preted with caution. There is no doubt that what is 

observed travels slowly but there is no direct 

evidence that it is the motion of the charged ions 

themselves. 

A strip of filter paper which has been 

moistened with ammonia solution is supported on 

a glass slide and connected to a d.c. power supply 

by means of spring clips (e.g., crocodile clips) 

(Fig. 32.7). A few small crystals of copper 

sulphate and of potassium permanganate are 

scattered over the surface of the paper and about 

100 volts applied to the electrodes. The coloured 

stains which spread out from the crystals lack 

symmetry, the blue stains from the copper 

Sliding contact 



[32.10] 

Fig. 32.7 

sulphate spreading towards the negative electrode 

and the purple stain from the potassium per- 

mangante spreading towards the positive 

electrode. Switch the supply off, and the stains 

spread symmetrically. What do you imagine will 

happen if you reverse the polarity of the connec- 

tions and again switch on? 

The blue and the purple stains are related 

chemically to the atoms making up the crystals. 

Their spread towards the positive and negative 

terminals of the battery suggests that the passage 

of the electric current is associated with a 

movement of atoms from the crystals within the 

dampened filter paper. 

It seems likely that the carriage of electric 

charge across the paper is, in part at least, 

associated with the atoms or groups of atoms 

which cause the coloured stains. Such electrically 

charged atoms or groups of atoms are called ions. 

This conclusion does not, of course, exclude other 

processes and it may well be that some other 

mechanisms are also responsible. 

32.10 Faraday’s laws of electrolysis and 

the ionic model 

The chemical reactions resulting from the passage 

of electric charge through conducting liquids were 

extensively investigated by Michael Faraday, 

whose name is now remembered in the two laws of 

electrolysis. He introduced technical terms into his 

accounts of his researches which are still in use. 

Liquids, whether molten solids or solutions, which 

conduct electric currents are called electrolytes; 

chemical reactions accompany the process which 

is called electrolysis. The conductors (usually solid 

metal or carbon) which connect the electrolyte to 
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the rest of the circuit are electrodes, that which is 

connected to the positive pole of the supply being 

the anode and that which is connected to the 

charged particles within the solution. Those 

carrying a positive charge or charges (e.g., H*, 

Cu2+, Na+) which move towards the cathode are 

often called cations. Those with a negative charge 

(e.g., O2-, Cl-, SO32-) which move towards the 

anode are called anions. 

As an example of an electrolytic reaction, 

consider the passage of an electric current through 

a solution of copper sulphate. A 12 V d.c. supply 

is connected in series with an ammeter, a rheostat 

and two copper electrodes supported in a beaker 

containing a strong solution of copper sulphate. 

The copper cathode is carefully cleaned with 

an abrasive cloth and weighed before connection 

into the circuit. A current of 1 A is passed through 

the circuit for, say, 10 minutes. The cathode is 

removed, dried and re-weighed. This procedure is 

repeated for a range of values of both current and 

time. 
The experimental results show that the mass 

(m) of copper deposited is proportional to the 

current (/) for constant times and to the time (f) 

for constant currents. So 

m « J, with ¢ constant 

m« t, with J constant 

SS necon LE 

Now the product /t is a measure of the quantity of 

charge passing through the electrolyte. 

In general it is found that the mass of material 

liberated at the anode or the cathode in electrolysis 

is proportional to the quantity of charge passing. 

This statement expresses Faraday’s first law of 

electrolysis. 

It is difficult to avoid making the hypothesis 

that the electric charge passing through the 

electrolytic cell is carried by particles of matter: 

Faraday’s ions. 
The case chosen above is a simple one, for only 

copper appears as an end product. The experiment 

can readily be adapted to investigate any changes 

which may occur at the anode. You may wish to 

investigate this yourself. You could try weighing 

the anode before and after a charge is passed. 

A more complex example involves the elec- 

trolysis of water. Now pure water is a very poor 

conductor of electricity whereas water containing 
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a small quantity of an electrolyte such as sulphuric 

acid is a very good conductor. It seems that the 

acid forms ions in the water and these provide the 

charge carriers. But the complex reactions which 

occur at the anode and cathode result in the 

liberation of oxygen and hydrogen, the con- 

stituents of water. 

Experiment shows that the ratio of the mass of 

hydrogen liberated to the mass of oxygen is 1.05:8. 

This is almost identical to the ratio of the masses 

of hydrogen and oxygen which combine in 

chemical reaction and is just one half of the ratio 

of atomic masses of hydrogen and oxygen 

(1.08:16). 
Faraday and many other workers in this field 

made many such comparisons of the masses of 

atoms involved in electrolysis and found that the 

quantities of electricity required to liberate one 

mole of different elements bear a simple relation- 

ship to one another. This is a statement of 

Faraday’s second law of electrolysis. 

Accurate experiments have given a value of 

96 500 C as the charge needed to liberate 1 mole of 

hydrogen and 193000 C as the charge needed to 

liberate 1 mole of oxygen. 

Since 96500 C are needed to liberate 1 mole 

(1.08 g) of hydrogen, it follows that each 

hydrogen ion in the acidulated water carries on the 

average (96 500/N,) C, where N, is the Avogadro 

constant. The evidence will not allow us to say 

that each ion carries exactly this charge; but there 

is no good reason why different hydrogen ions 

should carry different charges so we shall assume 

that the charges are identical and are each 

96 500/N, C. 
Building an assumption such as this into the 

model is an acceptable device so long as we 

remember that the assumption was made. In 

Chapter 10 when we discussed the speed of each 

molecule in considering a kinetic model for gases, 

we were careful to point out that the measured 

speed was only an average of a wide range of 

possible speeds. In that instance, that was the 

most reasonable assumption to make for it was 

implicit that the molecular velocities were 

changing continuously as a consequence of the 

many collisions which were taking place; and even 

had they all been the same at one moment, they 

would soon have become randomized. 

Since the Avogadro constant is 6.02 x 

[32.11] 

1023 mol-! the charge carried by the hydrogen ion 

(which proves to*be the smallest quantity asso- 

ciated with any single ion) is 

96 500 
+ 6.02 x 102 

This is +1.6 x 10-'!9C. The number is already 

familiar to us as the numerical value of the charge 

on the electron (e). The hydrogen ion carries a 

positive charge equal to that of the electron. The 

oxygen ion carries charge — 2e. 
The number 96500 is known as the Faraday 

constant (F) and has units: C mol~!. 

32.11 Applying the current model 

We have seen indirect evidence that charge carriers 

in an electric current move slowly, and yet our 

experience is that when a lamp is switched on it 

lights up very quickly. What model of a current 

can reconcile these observations? Fig. 32.8 shows 

such a circuit. The wires contain a very large 

number of free electrons (about 107?m~?) and 

before the switch is closed, the source of e.m.f. 

has repelled electrons to one side of the switch 

making that negative, and removed electrons from 

the other side which is positive. No flow occurs 

and the free electrons throughout the wires move 

in random directions. 

Once the switch is closed and the circuit com- 

pleted, all the electrons start to drift in the same 

direction, including those in the thin tungsten wire 

which forms the lamp filament. Thus one does not 

have to wait for electrons to leave the battery and 

go all the way slowly to the lamp before it lights 

up. The electrons are already in the wire and ready 

to go; as soon as the battery pushes the first one, 

they all start to move, just like a locomotive 

shunting a long line of trucks. 

In their journey through the ionic lattice of the 

Fig. 32.8 
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metal wire the electrons will collide with irregu- 

larities such as impurities and discontinuities in 

the lattice. In such collisions electrons transfer 

energy to the lattice itself; the wire gains internal 

energy and becomes warm. 
A similar process occurs in the filament which 

becomes very hot because the electrons are travel- 

ling much faster and so transfer more kinetic 

energy. The higher speed is because the filament 

wire is considerably thinner than the connecting 

wires, and since they are in series they must be 

conveying the same current. Considering Eq. 32.2 

I = nAve, if n is taken to be the same for both 
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parts of the circuit, and / and e are the same, then 

the product Av must be a constant. Therefore for 

the thin filament wire, the cross-sectional area A is 

small and so the electron drift speed v must be 

large. 

/ 

Problem 32.3 The diameter of the connecting 

wires is 10 times that of a lamp’s filament. Show 

that the kinetic energy of the electrons in the 

filament is 104 times greater than elsewhere in the 

circuit. 
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33.1 The conduction of electricity through 

gasses 

Gases at atmosphere pressure are non-conductors 

of electricity unless the electric field to which they 

are subject is very high indeed. In air at atmospheric 

pressure the field must exceed 3 x 10°Vm~! 

before a current, in the form of a violent and 

noisy spark, passes between the two electrodes 

providing the field. 

The lightning flash is the best example of such 

a discharge. Experiments using photography 

suggest that the structure of the flash is complex. 

A leading downstroke, which moves quite jerkily 

and slowly, ionizes the air leaving a conducting 

path in its wake. This path then carries the main 

discharge upwards at very high speed (about 

40000 kms~!) in a current of from 10% to 10°A. 

Since the duration of this intense flash is about 

10-4s the quantity of electricity involved is in the 

order of 10C. The potential difference between 

cloud and cloud or between cloud and ground may 

be as high as 10° V, so that 10° J may be involved 

in a typical discharge. 

If low pressures are maintained in a discharge 

tube, a quieter steadier passage of electricity can 

take place between the two electrodes. In this case 

also the current is accompanied by the emission of 

light as in a neon sign. 

33.2 Thermionic emission and the electron 

gun 
¥ 

Figure 33.1 shows a section through a highly 

evacuated glass envelope in which the pressure is 

about 10-*Pa (equivalent to about 10-°mm of 
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Fig. 33.1 A hot cathode and a cylindrical anode in an 
evacuated glass envelope. 

mercury). At one end there is a metal electrode K 

which can be raised almost to white heat by 

passing a current through the heater coil ‘hh’ 

which is contained within it. 

When a metal is very hot, some of the free 

electrons within its lattice will have enough energy 

to leave the surface of the metal. This is not unlike 

the evaporation of molecules from a liquid 

surface. These electrons do not wander far but 

gather in a cloud around the electrode from which 

they have been emitted. This is because they have 

taken their negative charge with them and have 

left the electrode with a positive charge. It is this 

positive charge which attracts the freed electrons 

and keeps them within the cloud. 
The electron cloud is not static; electrons 

closest to the electrode are constantly being 

recaptured by it as others are being emitted. A 

state of dynamic equilibrium will be reached when 

the number of electrons returning in unit time 

equals the number leaving in that time. The outer- 

most electrons in the cloud are prevented from 

getting nearer to the electrode by the repulsion 

from the ‘space charge’ of the electrons closer in. 

If the heater is switched off and the electrode 

cools, the emission of electrons ceases; the 

electron cloud returns to the electrode, which 

becomes electrically neutral once more. 

This process of producing electrons in space by 

heating is known as thermionic emission, it was 

discovered by Elster and Geitel in the 1880s. 

Cathode ray and television tubes are entirely 

dependent upon this process. 

To return to Fig. 33.1, the second electrode, 

A, is cylindrical in form. If made positive with 

_respect to the electrode K by connection toaS5kV 

supply, it will attract electrons from the electron 

cloud and a current will be indicated by the milli- 
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ammeter. Evidently the positively charged elec- 

trode (or anode) is collecting electrons from the 

space charge and consequently from the heated 

negatively charged electrode (or cathode). An 

electron stream flows across the gap between the 

electrodes from K to A. 

Problem 33.1 What will happen if (a) the heater 

is switched off but with the 5kV supply still 

connected, and (b) if the heater is switched on 

again after the connections to the 5kV supply 

have been reversed so that K is positive with 

respect to A? 

The emission of the charge carriers 1s associated 

with the heater and therefore with the electrode K. 

Current flows only when electrode A is positive 

with respect to K. It seems then that only negative 

charge carriers are involved. 

Problem 33.2 If air is allowed into the envelope 

of Fig. 33.1 and the heater is on, it is found that a 

current will flow when the anode is positive and 

when it is negative. Explain why. 

(Hint: You may have seen an experiment in which 

two insulated metal plates are placed 5 cm apart 

and are in series with a 5 kV supply and a galvano- 

meter. If a candle flame or a-source is placed 

between the plates, a current will flow.) 

Not all of the electrons are collected up by the 

anode; those that are initially close to the axis of 

the anode will miss its far end and continue 

diverging to the end of the envelope (see Fig. 

33.1). There, this diverging beam of cathode rays 

or electrons will cause fluorescence especially if 

the glass is coated with a material such as zinc 

sulphide or calcium tungstate. 
In the tube shown in Fig. 33.2 a metallic object 

in the shape of a Maltese cross placed in a diver- 

gent beam forms a shadow on the fluorescent 
screen, confirming rectilinear propagation of 

cathode rays. The beam can be deflected by a 

magnet and shown to be consistent with a stream 

of negative charge. The white-hot cathode also 
emits light and casts a shadow but one that is 

undisturbed by the magnetic field because light is 

an electromagnetic wave and not a stream of 

charged particles. 
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Fig. 33.2 A hot cathode ‘Maltes 
Cross’ tube showing the shadow 
cast by the electron beam. (Courtesy 
Teltron Ltd.) 

Problem 33.3 The modern design of a Maltese 

Cross tube allows a connection to be made to the 

cross itself. If an additional power supply is used 

to make the cross negative with respect to the 

anode then the sharp-cornered shadow shown 

broken in Fig. 33.3 becomes larger and with 

rounded corners rather like a four-leaf clover. 

Explain this effect. 

Originally Perrin showed directly that cathode 

rays consisted of negatively charged particles by 

actually collecting them and testing their sign. A 

modern version of his tube is shown in Fig. 33.4. 

In this tube the cathode rays are formed into a 

narrow beam by passing through a small hole at 

the end of the anode which acts as a crude form of 

electron gun. A small can-like electrode is offset 

from the centre line and is connected to a gold-leaf 

electroscope. When a magnetic field is applied to 

deflect the beam into the collecting can the electro- 

scope leaf deflects showing that a charge has been 

collected. The electroscope is next isolated from 

the collecting can and a test on the charge carried 

by the leaf shows it to be negative. 

Fig. 33.4 A hot cathode ‘Perrin’ tube. (Courtesy Teltron 
Ltd.) 

[33.3] 

Problem 33.4 State carefully the direction of the 

magnetic field if the electron beam is to be 

deflected as shown by the broken line in Fig. 33.4. 

Explain your reasoning. 

A stream of negative charges moving to the right is 

equivalent to a conventional current moving 
towards the left. The magnetic field moves this 

current up the page. Use the left-hand rule to find 

the field direction. 

33.3 The nature of cathode rays 

The experiments referred to so far suggest that 

there is a basic unit of charge of magnitude 1.6 x 

10-'°C which is the charge on the electron. 
Charge separation can be achieved by friction and 

by ionization; and the Hall effect offers evidence 
for believing that the charge carriers in at least 

some metals have negative charges. Experiments 

with thermionic emission demonstrate that heating 

can cause negative charges to leave a metal. It is a 

small step to associate these thermionically- 

produced negative charges with the electrons 

produced by friction and ionization in Millikan’s 

experiment where their charge was measured. 
Figure 33.5 shows a thermionic tube (a fine 

beam tube) which gives us even more infor- 

mation about the nature of electrons. Instead 

of a near perfect vacuum, this tube contains a little 

hydrogen or helium at very low pressure (about 

J Pa). When the filament is heated and a potential 

difference of about 100V is applied between 

cathode and anode, a fine beam of cathode rays 
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Fig. 33.5 A ‘fine-beam’ tube. The electron beam, made 

visible by the re-combination of the ions it has produced, 
follows a circular path in the magnetic field produced by the 

current in the coils. (Courtesy Teltron Ltd.) 

emerges from the anode, its path being made 

visible by the ionization of the gas atoms it hits. 

The evidence of the other experiments suggests 

that the beam is made up of a stream of electrons. 

Let us assume that each particle has mass m and a 

negative charge e. Their motion results from the 

application of an electric field within the gun so 

that the kinetic energy acquired in the field is 

equal to the potential energy provided. If the 

potential difference applied is V, the potential 

energy provided is Ve and the kinetic energy 

acquired is +mv? where v is the velocity with which 

the particles leave the gun. So 

Ve= =mv? (3371) 

The resultant beam of moving charges is 

deflected by a magnetic field B produced by the 

pair of coils alongside the tube. Since the field B is 

at right angles to the direction of motion of the 

particles, the beam is deflected into a circle of 

radius r. The deflecting force (F) bends the path of 

particles of mass m and speed v into a circle of 

radius r. 

my? 

r 
F= (33.2) 

This force is provided by the interaction of the 

magnetic field and the moving charges and is given 

by: 

F = Bev (33.3) 

(see Section 34.5). 

Combining Eqs. 33.2 and 33.3 we get 
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Bey = yy ; 

Be= = (33.4) 

(33,5) 

Substituting in Eq. 33.4 we get 

hoe mn wave 

? m 

and simplifying, we obtain 

(33.6) 

Since V, B, and r can all be measured, we can 

calculate a value for e/m. Since the term specific 

means ‘per unit mass’, the ratio e/m is called the 

specific charge of the electron. 

Problem 33.5 In a typical experiment, B was 

found to be 6 x 10-4 tesla, and V was 100 V. The 

consequent value of r was 5.7 cm. Calculate the 

value of e/m. 

In his original experiment for measuring the 

specific charge (e/m) J. J. Thomson (1897) used a 

‘null-deflection’ method to measure the speed of 

Fig. 33.6 A modern version of the ‘Thomson’ tube. The 
electron beam is seen undergoing deflection in the electric 
field between the two horizontal plates. (Courtesy Teltron 

Ltd.) 
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the electrons. Figure 33.6 shows a modern version 

of his tube, designed for use in demonstrations of 

the principle. 
The beam is moving from left to right and its 

path can be seen on a fluorescent screen marked 

out with a grid so that its radius of curvature 

may be found. At the top and bottom of the: 
screen are horizontal plates between which an 

electric field can be established to deflect the 

beam. If the field strength is E then the force 

acting on an electron is Ee and this can be 

arranged to act downwards as in Fig. 33.6. A pair 

of circular coils provides a horizontal magnetic 

field which can deflect the beam independently 

upwards, the force acting on an electron being 

Bey. Since the two deflecting forces are arranged 

to act in opposition they can be adjusted until they 

counterbalance and the beam goes straight on 

undeflected. 

Under the conditions of balance: 

Ee = Bev 

where E the electric field between the parallel 

plates may be calculated from the known separa- 

tion of the plates and the measured potential 

difference between them. Therefore 

veils 
— sp 

Substituting this value for speed in Eq. 33.4 gives 

the specific charge, e/m, directly, without making 

any assumptions about the energy gained by the 

electrons while they are being accelerated in the 

electron gun. 

(33-7) 

Problem 33.6 Look at Fig. 33.6. (i) What is the 

polarity of the top plate if the deflection is due to 

the electric field alone? (ii) If the deflection is due 

to the B-field alone, is this acting (a) up the page, 

(b) down the page, (c) into the plane of the page, 

or (d) out of the plane of the page? 

(Answers: (i) negative; (ii) c.) 

J.J. Thomson experimented extensively with 

such electron beams and showed that the value of 

e/m was the same (within the limits of a large 

experimental error) whether the electrons were 

produced by cold-cathode discharge, the ther- 

mionic effect or by the irradiation of the cathode 

with ultraviolet light (another discovery by Elster 

[33.6] 

and Geitel). Nor did the ratio depend on the 

nature of the gas in the tube. Also, later measure- 

ments using beta particles from a radioactive 

source gave a Similar value for e/m once correc- 

tions had been applied. This was necessary 

because of relativistic effects that become signifi- 

cant with the high speeds of beta particles. 

33.4 Specific charge and the mass of the 

electron 

The accepted value of the specific charge of the 

electron is 1.76 xX 10'!'C kg~!. Once this, and the 

value of e is known, the mass of the electron 

follows. Thus: 

pee. TOM OO2EX* 10M eMES oe} 

O/iiae (ale Gl0 Cea pai eee 

33.5 Comparison of electrons with 

hydrogen ions 

Experiments on the electrolysis of water lead 

readily to a value for the specific charge of the 

hydrogen ion. This proves to be 9.57 « 10’Ckg7=!. 

This is nearly 2000 times smaller than the specific 

charge of the electron. Either the electron has a 

much larger charge than the hydrogen ion or a 

much smaller mass. Other evidence shows that 

both have the same sized charge, but with opposite 

signs. So we are forced to conclude that the 

electron is much less massive than the hydrogen 

ion; 9.1» 107*'kg compared’ with 67x 

10-*’kg. The ratio m,/m, is approximately 1840 

tOnle 

33.6 Calculating the speed of electrons 

Knowledge of the specific charge of the electron 

enables us to calculate the speed of electrons that 

have been accelerated through a known potential 

difference, since Eq. 33.5 only requires us to know 

the value of e/m, and the p.d. V. 

Problem 33.7 Calculate the speed of the 

electrons that have been accelerated through 

(i) 100 V as in the experiment of Problem 33.5 

(ii) 5 kV as in the Maltese Cross experiment 

(iii) 25 kV as in the tube of a colour television set. 

(Answers: (i) 5.9 x 10°ms-~'; (ii) 4.2 x 107ms-!; 
(iii) 9.4 x 107ms~*.) 



[33.7] 

33.7 A pause for thought 

In physics we meet numbers of all sizes ranging 

from 6.6 X 10~-34Js (Planck’s constant) and the 

diameter of an atom, 2.4 x 10-'m, through 

_ atmospheric pressure, 10° Pa, right up to the mass 

of the earth, 6 x 10*4kg, and of the sun, which is 

2 x 10°%kg. It is difficult to grasp the significance 

of such numbers whether they be very small or 

exceedingly large, and it is sometimes helpful to 

try to relate them to more familiar situations. 

It is all too easy to be unimpressed by the size 

of the answers to Problem 33.7, and to pass on; 

but stop and think. If you travelled at the speed of 

the slowest electron in the list you could go right 

around the earth in under 7 seconds and could 

reach the moon in just over a minute! All three of 

these answers are enormous, as speeds go. In the 

colour television tube these tiny pieces of matter 

have started from rest yet they arrive at the screen 

travelling at about + of the speed of light. 

Two questions emerge: 

a) How is it possible for masses to be accelerated 

to such high speeds, and in the short length of 

the electron gun (e.g. 5 cm)? 

b) If only 25 kV can cause them to go so fast why 

is it not possible to make electrons travel at 

the speed of light and beyond? After all, about 

256 kV should do the trick and such a p.d. can 

be produced by a small Van der Graaff 

generator — even a school one. 

The large acceleration is a result of the high 

specific charge of the electron. Consider an 

electron between two plates separated by 5 cm and 

having a potential difference between them of 

100 V. 

Electric field between the plates 

— 100V 
fen0205.10 

Force acting on an electron 

SBOOOOINGs ) X16. < 105)" 

= 322. < 10 5'2.N 

= 2000 V m~! (or NC~') 

This is a rather small force, but when it is acting 

on a mass of only 9.1 x 10-3'kg, the resulting 

acceleration is: 

ie a2 x a0T3 N 
a= = = 3.5« 10%ms~ 

m Ol Oren : : 

A pause for thought 375 

This is incomparably greater than a good racing 

car can manage (e.g. 10 ms~?) or a tennis ball 

which, while being hit hard, accelerates at about 

2 LO] nits a 

If this electron starts from rest and maintains 

this acceleration over a distance of 5cm, then 

the speed reached can be calculated using 

v2 = u? + 2as. Thus 

$2 =e 5 104 oe M0Se= 35a xml 

hence 

y= 5.9 x 10®°ms7! 

which is the answer (i), obtained before, using 

energy conservation. 
To understand why electrons, or any matter, 

cannot in practice be made to go faster than 3 x 

108ms-~', the speed of light, one has to know 

something of relativity (see Chapter 39). One of 

the conclusions that Einstein reached was that 

energy has mass. As a body with rest mass ™, is 

accelerated to speed v, its kinetic energy and 

therefore its mass increase. The new mass is given by: 

Mo 

where cu= 3. <l0>mcel. 

This equation has been used to calculate the 

mass increase of various particles travelling at 

high speed and the results are shown in Table 33a. 

m= (33.8) 

Table 33a 

Particle Speed Mass 

Spacecraft 10 times speed 1.00000000005 my 

of sound 
=3 < 10°ms | 

Electron ORIKc 1.005 mo 
= Sie OM apicve! 

Faster electron +¢= 108ms-' 1.06 mo 

Fast beta particle 0.99¢ 7.1™Mo 

The table illustrates that the effect of the mass- 

increase only becomes significant at speeds 

approaching the speed of light so little wonder 

that we do not normally notice it! However, the 
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important result from this is that as the speed of a 

mass grows nearer and nearer to the speed of light, 

the accelerating force encounters more and more 

mass, and so further acceleration becomes steadily 

more difficult. Electrons given ever-increasing 

amounts of energy, approach the speed of light, 

but cannot reach it. 

Equation 33.5 was developed in the context of 

a mass being given energy to make it accelerate, as 

in a laboratory dynamics experiment; and then it 

was used in cases where very high speeds were 

involved. In conditions well beyond normal 

experience, Eq. 33.5 does not give the right 

answers, for if it did, the speed of light should be 

attainable by an electron that has accelerated 

through a potential difference of 256 kV. Extend- 

ing a theory from an initial situation to a very 

different one is rather like extending a graph well 

beyond the plotted experimental data and 

expecting it to work. Such extrapolation is 

allowable with caution, but too often, unforeseen 

factors produce invalid results if the extension is 

carried too far. An example is the familiar graph 

of extension of a wire against load which is, 

initially, a straight line but soon departs from it. 

This illustrates the danger of always assuming that 

what happens in our normal experience (e.g. when 

mass is constant) will continue to occur in situa- 

tions that are beyond our experience. Once the 

limitations of Eq. 33.5 are known it is a very 

useful relationship that yields answers close to the 

truth; electrons going as fast as 108ms~-! only 

increase their mass by 6%. 

33.8 The electron volt 

This is a non-SI unit of energy that is parti- 
cularly convenient when describing the energy of a 
charged particle. 

M@ The electron volt is the energy gained by a 
charge of 1.6 x 10-!°C (an electron) that has 
passed through a potential difference of 1 volt. 
Thus leV = 1.6 x 10-" 7, 

As an example, if an electron, or a proton, moves 
through a potential difference of 200 V then it can 
be described as having gained 200eV of energy, 
which is equivalent to 3.2 x 10-!7J. Commonly 
used multiples are 

[33.9] 

keV = 10?eV = 1.6 x 107'°J, 
MeV = 10%eV = 1.6 x 1078 J 
GeV = 10°eV = 1.6 x 107-'°J. 

If an alpha particle has been accelerated through 

2 xX 10°V (2MV) then it gains 4 MeV of energy 

since it carries two proton charges; this is equiva- 

lent to 6.4 x 107" J. 

However, if an alpha particle is described as 

having an energy of 2 MeV then this equals 3.2 x 

10-" J and could have been gained by the particle 

accelerating through a p.d. of 10° V (or 1 MV). 

Problem 33.8 Assuming that the energy of a 

particle is all in the form of kinetic energy, calcu- 

late the speed of: 

(i) a2keV electron (mass = 9.1 x 10-3!kg); 

(ii) a 2 keV alpha particle (mass = 4 x 1.67 x 

10-7" kg); 
(iii) an alpha particle that has been accelerated 

through a p.d. of 2kV. 

(Answers: (i) 2.65 x 10’ms7); 

ms~!; (iii) 4.38 x 105ms-~!.) 
(it) 331%<a = 

33.9 Focusing an electron beam 

In the tubes shown in Figs. 33.4 and 33.6 a crude 

form of electron gun was used in which a narrow 

parallel beam was produced from a divergent 

beam by passing it through a narrow hole, just as 

light is passed through a slit in a raybox. This is 
not a very efficient method since so many of the 
electrons are stopped by the anode and relatively 
few form the actual beam. Figure 33.7 shows how 
cylindrical electrodes may be arranged to form an 
‘electron lens’ which causes the whole divergent 
beam to become one that converges to a spot on 
the distant fluorescent screen. A, is called the 
accelerating or final anode, while A, is the 
focusing anode. Relative to the cathode, A, is at 
about 800V while A, is kept at 2000V for 
example. Consequently, electric fields are esta- 
blished between the electrodes as shown by the 
broken lines and electrons tend to follow the 
directions of these. Electrons would only follow 
the lines exactly if they had zero mass. Initial 
acceleration is caused by the diverging field 
between the cathode and A, but the electrons soon 
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Fig. 33.7. An ‘electron lens’. 

meet the converging field between A, and A, 

which provides further acceleration and also 

makes the beam converge instead. By adjusting 

the potential of A, the shape of the electric fields 

can be altered until the beam comes to a point on 

the screen; thus A, is called the focusing anode. 

Figure 33.7 also shows an electrode G, or grid, 

that partially surrounds the cathode. If this is 

made negative with respect to the cathode, 

electrons are repelled back to the cathode and so 

fewer are available to form the final beam. Thus 

the grid is able to control the number of electrons 

striking the screen per second and therefore 

control the brightness of the spot observed. 

Figure 33.7 is typical of the electron guns 

found in the tubes of television sets and cathode 

ray oscilloscopes. 

33.10 The cathode ray tube 

The discovery of thermionic emission led, several 

decades later, to the development of a major 

industry — the electronics industry. And although 

many of the thermionic vacuum tubes which were 

produced have now been replaced by solid state 

Control 
electrode 

Cathode 

Heater or 

filament 

Fig. 33.8 The electrodes in a cathode ray tube. 

Focusing 
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Vacuum 

devices and integrated circuits there remains a 

significant group of tubes in everyday use. This 

group includes the television picture tube in the 

home and the cathode ray tube in the workshop 

and laboratory. 
Freeing the electron provided a charged 

particle of minute mass (and therefore low inertia) 

which could respond very rapidly indeed to 

changes in electric and magnetic fields. Moreover, 

these particles could be given sufficient energy to 

cause fluorescence to appear when they struck a 

suitable screen. It was this behaviour which is put 

to use in the cathode ray tube (Fig. 33.8.) See 

Section 25.2 for a resistor chain which could 

provide the operating potentials for such a tube. 

The beam from the electron gun (see Section 

33.9) passes between two pairs of flat parallel 

plates which are located between the anode and 

the screen. A potential difference between the first 

pair (Y plates) will cause the beam to deflected in 

the vertical plane; a potential difference between 

the second pair (X plates) will cause deflection in 

the horizontal plane. Using the two pairs together, 

it is possible to direct the beam to fall on any point 

on the screen. 

Plates for 
_ vertical deflection 

Accelerating 
anode 

Plates for 
horizontal deflection ae 

a 

Electron 
gun Metallic coating 

Fluorescent screen 
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Fig. 33.9 A saw-tooth voltage for a time base. 

It is usual to apply a potential difference which 

varies with time (in the way shown in Fig. 33.9) to 

the X-plates. Thus provides the time base. Then 

the spot moves across the screen in a horizontal 

direction at a steady speed taking 1 ms per cm. 

When the spot reaches the end of the screen, it is 

brought back to the starting point very quickly 

and repeats its travel. If now an alternating 

potential difference is applied to the Y plates, the 

spot will trace out a path which displays the 

waveform of the alternations. If the time base is 

set at 1 ms per cm, say, and the frequency of the 

applied alternating potential difference is 5 kHz 

(i.e., 1 cycle in 0.2 ms) 5 cycles will appear for 

each cm of trace. 
The uses of such a tube which, with the appro- 

priate circuitry, is the heart of the cathode ray 

oscilloscope, include the display of waveforms, 

the measurement of voltages (both peak-to-peak 

and direct), direction and range-finding (radar), 

navigational aids, echo-sounding; indeed almost 

any phenomenon can be investigated provided 

that it can be expressed in terms of a change in 

electrical potential. But, of course, it is the 

television picture tube which affords the com- 

monest example of the application of thermionic 

electrons. 

The television picture tube differs from that 

shown in Fig. 33.8 in that it does not have X¥ and Y 

plates; deflection of the beam is achieved magneti- 

cally using two pairs of coils placed outside the 

neck of the tube. Also, a colour tube has three 

electron guns, one for each of the colours: red, 

green and blue. Mixtures of these primaries can 

produce any required colour. 

33.11 

X-rays 
The X-ray tube and the discovery of 

This penetrating radiation was discovered by 

accident when W.C. RO6ntgen in Wiirzberg was 

doing research on the nature of the cathode rays. 

[33.11], 

He had enclosed his discharge tube completely 

with black card to absorb the visible light of the 

discharge. A ‘translation of his paper was 

published in Nature on January 23rd, 1896. It 

began: 

‘A discharge from a large induction coil is 

passed through a Hittorf’s vacuum tube, or 

through a_ well-exhausted Crookes’ or 

Lenard’s tube. The tube is surrounded by a 

fairly close-fitting shield of black paper; it is 

then possible to see, in a completely darkened 

room, that paper covered on one side with 

barium platinocyanide lights up with brilliant 

fluorescence when brought into the neighbour- 

hood of the tube, whether the painted side or 

the other be turned towards the tube. The 

fluorescence is still visible at two metres 

distance. It is easy to show that the origin of 

the fluorescence lies within the vacuum tube. 

It is seen, therefore, that some agent is capable 

of penetrating black cardboard which is quite 

opaque to ultra-violet light, sunlight, or arc- 

light. It is therefore of interest to investigate 

how far other bodies can be penetrated by the 

same agent. It is readily shown that all bodies 

possess this same transparency, but in very 

varying degrees. For example, paper is very 

transparent; the fluorescent screen will light up 

when placed behind a book of a thousand 

pages; printer’s ink offers no marked resist- 

ance. Similarly the fluorescence shows behind 

two packs of cards; a single card does not 

visibly diminish the brilliancy of the light. So, 

again, a single thickness of tinfoil hardly casts 

a shadow on the screen; several have to be 

superposed to produce a marked effect. Thick 

blocks of wood are still transparent. Boards of 

pine two or three centimetres thick absorb only 

very little. A piece of sheet aluminium, 15 mm 

thick, still allowed the X-rays (as I will call the 

rays, for the sake of brevity) to pass, but 

greatly reduced the fluorescence. Glass plates 

of similar thickness behave similarly; lead 

glass is, however, much more opaque than 

glass free from lead. Ebonite several centi- 

metres thick is transparent. If the hand be held 

» before the fluorescent screen, the shadow 

shows the bones darkly, with only faint out- 

lines of the surrounding tissues.’ 
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Fig. 33.10 Rontgen’s photograph of the bones of a human 
hand. (From Nature, January 23, 1896. Reproduced by 
permission of the publisher.) 

ROntgen, seeing the significance of his original 

observation, abandoned his other research and, in 

a matter of seven weeks, discovered almost all the 

properties of X-rays known to us today. His work 

was quickly translated and published in scientific 

journals all over the world. The fascination of the 

new discovery and especially of the ability it 

provided to produce shadow photographs of 

opaque objects captured the imagination of the 

scientific community. This is hardly surprising for 

later in his paper R6ntgen wrote: 

‘The justification of the term ‘‘rays’’, applied 

to the phenomena, lies partly in the regular 

shadow pictures produced by the interposition 

of a more or less permeable body between the 

source and a photographic plate or fluorescent 

screen. 
I have observed and photographed many such 

shadow pictures. Thus, I have an outline of 

part of a door covered with lead paint; the 

image was produced by placing the discharge- 

tube on one side of the door, and the sensitive 

plate on the other. I have also a shadow of the 

bones of the hand (Fig. 33.10), of a wire 

wound upon a bobbin, of a set of weights in a 

box, of a compass card and needle completely 

enclosed in a metal case, of a piece of metal 

where the X-rays show the want of homo- 

geneity, and of other things. 

For the rectilinear propagation of the rays, I 

have a pin-hole photograph of the discharge 

The X-ray tube and the discovery of X-rays 379 

apparatus covered with black paper. It is faint 

but unmistakable.’ (ROntgen, 1896.) 

X-rays are produced whenever high speed 

electrons are suddenly slowed down or brought to 

rest as for example when they hit the anode of a 

discharge tube, or a cathode ray tube screen. The 

tube of a television set is a potential source of 
X-fays but they are not very penetrating, and the 

glass front absorbs them. Figure 33.11 shows a 

vacuum X-ray tube in which the source of 

electrons is a heated cathode and the anode is a 

disc of tungsten embedded in solid copper that 

extends outside the tube to cooling fins. Electrons 

are accelerated to high energies by a p.d. of 

between 25 to 100 kV and on hitting the tungsten 

anode only about 0.5% of their kinetic energy is 

converted into X-radiation, the remainder increa- 

sing the internal energy of the anode. Hence the 

need for a high melting point metal at the place of 

impact and a good conductor leading to the 

cooling fins to dissipate the thermal energy. 

Problem 33.9 
(i) Calculate the energy in joule gained by a 

single electron that has been accelerated 

through 50 kV in an X-ray tube. 

(ii) How many electrons are hitting the anode per 

second if the tube current is 10 mA. 

(iii) Estimate the thermal power that must be 

dissipated from the tube. 

(Answers: (i) 8 X 10-5J per electron; (ii) 6.25 x 

10'6 electrons per second; (iii) SOO W.) 

Fig. 33.11 An X-ray tube (compare Fig. 18.24) 
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The penetrating power of X-rays depends on 

the energy of the electrons producing them and 

consequently on the accelerating p.d. The inten- 

sity of the radiation from a tube depends, how- 

ever, on the number of electrons leaving the 

cathode per second and this in turn is governed by 

the cathode temperature. 

33.12 The properties of X-rays 

lv X-rays are’ not deflected by” electric ‘or 

magnetic fields and so cannot be charged 

particles. 

2. They can be diffracted by a crystal lattice (see 

Section 14.6) and therefore have a wave 

nature. Their wavelength is very short, ranging 

from 10-°m to 10-'4m. Like other electro- 

magnetic waves they travel at3 x 108ms~'in 

a vacuum. 
3. X-rays affect photographic emulsions and 

[33.12] 

cause fluorescence in a number of materials 

including glass. 

4. They cause ionization to occur in gases. 

5. X-rays can produce damage in living tissue. 

The uses of X-rays are not confined to the 

photographic examination of the human body but 

extend to the examination of metal castings, the 

inspection of canned products, the examination of 

baggage at airports, and as we have already seen in 

Chapter 14 to the examination of crystal structures. 

Even the very real disadvantages of the last 

property listed has been put to good use in the 

treatment of cancer. For this, very high energy 

X-radiation is produced by electrons that have 

gained up to 4MeV of energy in a linear 

accelerator. These X-rays can be carefully directed 

and used to destroy cancer cells within the body. 

Cancer cells are of a simpler structure from 

normal body tissue and are unable to regenerate 

themselves after receiving radiation therapy. 
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Chapter 34 

MAGNETIC FORCES ON CURRENTS 

AND MOVING CHARGES 

34.1 The force between two parallel 34.1. The force between two parallel 

currents 382 currents 
34.2. An Ampeére balance and the definition of % , , ; 

iromunitiof current. 384 In this section we explain how the electromagnetic 

34.3. Forces on a coil ina magnetic field 386 force between a pair of conductors, with electric 

34.4 The moving coil galvanometer 388 currents flowing in them, can be investigated; we 

34.5 Forces on moving charged particles 389 also explain the definition of the unit of current, 

the ampere. 

In 1820 the Danish physicist Hans Christian 

Oersted announced his discovery that an electric 

current in a wire influenced a magnetic compass- 

needle. Figure 34.1 illustrates his findings. If a 

current is flowing along the wire from north to 

south, the north-seeking pole of a compass-needle 

placed above the wire is deflected to the west: it is 

deflected to the east when placed below the wire. 

This, and further experiments, showed that the 

pattern of the magnetic field produced by a 

current flowing in a straight conductor is in the 

form of concentric circles around the wire. 

N 

Fig. 34.1 Oersted’s discovery: with the compass needle 
above the wire, the deflection of its north-seeking pole is 
westwards and with the needle below the wire, the 

deflection is eastwards. 

382 



[34.1] 

Fig. 34.2 The magnetic field due to a current in a long 
straight wire can be represented by concentric circles in 

planes perpendicular to the wire. 

The direction of a magnetic field was original- 

ly, and can still be, defined by the direction of the 

force on a north-seeking magnet pole placed in the 

field. It can be deduced from Fig. 34.2 that the 

direction of the field around a straight wire obeys 

a ‘right-hand grasping rule’: imagine grasping the 

wire with your right hand, the thumb pointing in 

the direction of the current; your fingers, curled 

around the wire, give the direction of the magnetic 

field. Also, this is the direction in which an 

ordinary screw with a right-hand thread would 

rotate when advancing in the direction of the 

current (the ‘corkscrew rule’). 

In Chapter 27 we studied how the strength of a 

magnetic field can be measured by measuring the 

force on a suitable conductor, with current 

flowing in it, placed in the field. This technique 

can be used to measure the magnetic force 

which one conductor exerts upon another when a 

current flows in each of them. 

At this point we should mention that it was 

André Marie Ampére, whose name was eventually 

chosen for the unit for electric current, who first 

investigated the magnetic force between wires 

carrying electric currents. In a memoir published 

in 1820, he discusses the differences between the 

effects of static electricity and current electricity, 

and wrote: 

‘But the differences which I have recalled are 

not the only ones which distinguish these two 

states of electricity. I have discovered some 

more remarkable ones still by arranging in 

parallel directions two straight parts of two 

conducting wires joining the ends of two 

voltaic piles; the one was fixed and the other, 
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Fig. 34.3. The forces between parallel currents P and Q. 
One field line of the magnetic field of P is shown; where this 

line meets Q the field is in the positive y-direction. 

suspended on points and made very sensitive 

to motion by a counterweight, could approach 

the first or move from it while keeping parallel 

with it. I then observed that when I passed a 

current of electricity in both of these wires at 

once they attracted each other when the two 

currents were in the same sense and repelled 

each other when they were in opposite senses.’ 

The apparatus which we use to investigate these 

effects today, soon to be described, is very little 

different from Ampére’s original apparatus which 

used ‘voltaic piles’. These were batteries consisting 

of stacks of metal discs separated by pieces of 

cardboard soaked with electrolyte. They were 

invented by Alessandro Volta in 1800. 
Before attempting to measure the force 

between two conductors we shall predict the 

direction of this force, using the ideas developed 

in Chapter 27 and the information given above 

about the magnetic field around a straight con- 

ductor. Figure 34.3 shows a pair of horizontal 

straight wires, in the same vertical plane, with a 

current flowing along each one of them. Just one 

of the magnetic field lines of the field around P is 

shown; you should verify that this obeys the right- 

hand grasping rule. The set of axes: x, y, Z, all at 

right angles to each other, in Fig. 34.3, is useful 

for defining directions in three-dimensional space. 

These axes are the conventional Cartesian axes as 

used in three-dimensional geometry. The two 

currents are in the positive x-direction. The 

magnetic field of wire P, where it meets with Q, is 

in the positive y-direction. Now, to predict the 

direction of the force on wire Q, use the Fleming 

left-hand rule (Section 27.5). You should find that 
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Fig. 34.4 To show the effect of a magnetic force on an 
electron beam. The beam is repelled by the current in the 
wires above it. 

this force is in the positive z-direction (upwards). 

Of course we can just as well consider the 

magnetic field of wire Q and the force which this 

field produces upon wire P. By this reasoning we 

find that the force on P is in the negative 

z-direction. This is in instance of Newton’s third 

law: the force which P exerts upon Q is equal and 
opposite to the force which Q exerts upon P. Our 

predictions imply that two wires, carrying currents 

flowing in the same direction, should attract each 

other. 
If the current in one of the wires is reversed 

when the direction of its magnetic field will also be 

reversed, and thus the direction of the force on the 

other wire will be reversed. So we can infer that 

two wires, with opposite-going currents flowing in 

them, will repel each other. 

Axis of rotation 
of wire frame 

J 

Fig. 34.5 A simplified current (or Ampére) balance. 
(Courtesy of Griffin and George Ltd.) 
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The simplest apparatus for demonstrating the 

existence of these forces comprises a pair of long 

strips of thin aluminium foil hanging loosely side 

by side, with means for passing a current of 

several amperes through each of them, and a 

means of reversing the current in one or both of 

the strips. The force is weak, but sufficient to 

cause a visible change in the spacing of the strips. 

These forces exist even when there is no 

conductor to carry the current. A stream of 

charged particles travelling through empty space is 

surrounded by a magnetic field, and consequently 

charged particles moving in a magnetic field 

experience a force (provided that they are not 

travelling parallel to the field). Figure 34.4 shows 

a demonstration using a cathode ray tube. A large 

current is needed in the conductor lying parallel to 

the axis of the tube, and so a bundle of wires is 

used. About 20 thicknesses of wire with a current 

of about 2 A in the wire is equivalent to a single 

current of about 40 A, and this is enough to cause 

a noticeable deflection of the electron beam, either 

towards or away from the wires. The demonstra- 

tion can be used to confirm that the electron beam 
is equivalent to a conventional current going in the 

opposite direction to the beam, hence that the 

beam must consist of negative charges. 

34.2 An Ampere balance and the definition 

of the unit of current 

This instrument, an example of which is shown in 

Fig. 34.5, is one type of current balance (see also 

Insulator 

SS . 

Axis 

Movable 
conductor 

Fixed 
conductor 



[34.2] 

Section 27.5). The instrument is similar to the 

apparatus used by Ampére himself and described 

in a memoir he presented to the French Academy 

of Sciences in 1820: for this reason we call it an 

Ampére balance. We use the Ampére balance to 

measure the force between a pair of parallel 

currents, and to make absolute measurements of 

currents in amperes. 

In the Ampére balance one conductor is fixed 

(F) and the other movable (M). The movable 

conductor is one side of a rectangular wire frame 

which is pivoted by means of two springy metal 

tapes (T,T) which are in a state of tension. The 

frame can be balanced in an horizontal plane by 

means of a small movable counterweight (a 

‘rider’). Current flows in and out of the wire 

frame by way of the two metal tapes. 
The Ampére balance can be used to find how 

the force between a pair of parallel straight 

conductors depends upon the distance between 

them, when the current in each conductor is kept 

constant. A circuit is made comprising a steady 

d.c. supply, a variable resistor, an ammeter, and 

the fixed and movable conductors of the Ampére 

balance, all connected in series. The purpose of 

the ammeter is simply to ensure that a constant 

current is maintained. Table 34a shows the results 

of an experiment in which the ammeter reading 

was 2A. These results are consistent with the 

supposition that the force is inversely proportional 

to the distance between the conductors, because, 

for each setting, the product of the force and the 

distance is very nearly constant. Experiments with 

apparatus capable of greater precision have shown 

that this is exactly the case, provided that the 

thickness of the conductors is negligible compared 

with their spacing, and that ‘end-effects’ can be 

neglected. By ‘end-effects’ we mean deviations of 

the magnetic field pattern near the ends of the 

Table 34a 
_ “SSS ee eer 

Distance (d) between Force(F) onmovable Product 

centres of conductors/ conductor/pN FE xd 

mm 

12 ifs 156 

10 16 160 

8 20 160 

6 27, 162 

4 40 160 
Beis ioe Ss eS 

An Ampere balance and the definition of the unit of current 

Fig. 34.6 Testing Kirchhoff’s first law using Ampere 

balances. 

straight conductors, where they change direction. 

These end-effects are negligible if the spacing of 

the conductors is very much smaller than their 

lengths. 
Suppose now that we set and keep a constant 

spacing between the two conductors of the 

Ampére balance, and keep a constant current 

flowing in one of the conductors (the fixed one, let 

us suppose). We can then use the force between 

the conductors as an indication of the strength of 

the current in the movable conductor. Suppose 

now that we had four of these Ampere balances, 

all identically arranged so that they produce the 

same force when the same current flows through 

the movable conductor of each of them. This 

would be verified, in practice, by connecting the 

four movable conductors in series with a suitable 

supply and resistance. These four Ampere 

balances are then arranged in a circuit as shown 

in Fig. 34.6, where we use the symbol AB to 

represent the movable conductor only of each 

balance. The same constant current flows through 

the fixed conductor of all four balances. This is 

provided by a separate supply. 

Imagine now that we measure the force 

between the conductors in each of the four 

Ampére balances, keeping the spacing of the 

conductors the same for all of them. We would 

find that the relationship between the four forces 

is 

Fea hy 

This demonstrates Kirchhoff’s first law (see 

Section 23.1), and also indicates that the force 

between the conductors in each balance is directly 
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proportional to the current in the movable con- 

ductor. The experiment could be performed just 

as well with the symbol AB representing the fixed 

conductor in each balance, and having the four 

movable conductors connected in series to a 

separate supply. 

It follows that the force between a pair of. 
conductors must be proportional to the current in 

each of them. And because (assuming end-effects 

are negligible) this force is uniformly distributed 

along the length of wire upon which it acts, we can 

infer that the force is directly proportional to this 

length. For instance, if we halved the length of the 

shorter, movable conductor, we should expect the 

force to be halved, provided that we do not alter 

the current or the spacing of the conductors. 

We can now write an expression for the force 

between a pair of parallel straight conductors: 

pie tall 
a 

where J, and J, are the two currents, / is the length 

of the pair over which the force acts, and a is the 

distance between them. The expression can also be 

written: 

Tl 
F = (a constant) —— a (34.1) 

The value of the constant depends on how the unit 

for current is defined. The unit is appropriately 

named the ampere, as you already know. It is one 

of the base units of SI: 

M@ The ampere is that steady current which, 

flowing in two infinitely long straight parallel 

conductors of negligible circular  cross- 

sectional area placed one metre apart in a 

vacuum, causes each conductor to exert a 

force of 2 x 10-7 newton on each metre of the 

other conductor. 

InfEq%34.1; ifiweisubstitute io! t=) vA t= 

1m, and a = | m, then, by the definition of the 

ampere, the force must be 2 x 10-7N. Thus the 

value of the constant in the expression must be 2 

x 10-’NA~?. This means that we can use the 

Ampére balance to make a measurement of a 

current by measuring a force, a length, and a 

distance. Such a measurement is termed an 

absolute measurement because the method of 

measurement is directly related to the definition of 

[34.3] 

the ampere: we are not using an instrument which 

first of all has to be calibrated to read current in 

amperes. 

Problem 34.1 A parallel-wire Ampére balance 

was connected, with both its conductors in series, 

in a circuit with an ammeter believed to be 

wrongly calibrated, a battery, and a variable 

resistor. These measurements were made: 

Length of movable conductor (the shorter of 

the two): 200 mm 

Spacing between centres of conductors: 8 mm 

Force between conductors: 28 »N 

Ammeter reading: 2.5 A 

Use Eq. 34.1, and the numerical value for the 

constant given above, to calculate the current. 

Comment on the correctness or otherwise of the 

calibration of the ammeter. 

F=2x 10-7NA-2Le2 
a 

Since the two conductors are connected in series 

we can write: /,-= J, = J, Uheretore 

Z8HC OTN) ese 1 Carat 
2 = 

i 2 * 10-7 NASt Oh200t se 10mm 

hence 

I 2.4 A (to two significant figures) 

But this does not mean that we can say that the 

ammeter is wrongly calibrated. Consider the 

measurement of the spacing of the conductors: 

this has been given to the nearest millimetre only. 

A variation of +0.5 mm in this spacing would 

make a considerable difference to the result. If, in 

the calculation above, we substitute 7.5mm 

instead of 8mm the calculated current becomes 

2.2 A. If we put 8.5 mm instead, we get 2.5 A. 

This illustrates the point that the simple 

parallel-wire Ampere balance of Fig. 34.5 is not 

capable of enough precision to calibrate 

ammeters, although it does show the principle of 

how such calibration can be made, and also 
demonstrates the law of force between parallel 
straight conductors. 

34.3 Forces on a coil in a magnetic field 

Up to now our discussion of electromagnetic 
forces has been limited to the forces on straight 
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B-field 
direction 

Fig. 34.7. The forces on a plane rectangular current-loop in 

a uniform magnetic field. The forces labelled F produce a 
torque. The unlabelled forces are in equilibrium and do not 

produce a torque. 

conductors in magnetic fields. In order to under- 

stand the principles of certain types of electric 

meter, of dynamos and motors of various kinds, 

we need first to know about the forces which act 

upon a coil in the presence of a magnetic field. 

Figure 34.7 shows a single rectangular loop of 

wire PQRS. A set of Cartesian axes, xyz, is shown 

in the diagram so that we can define directions in 

three-dimensional space. The sides PQ and RS of 

the rectangle are parallel to the y-axis. We shall 

suppose that the xy plane is the horizontal plane. 

The plane of the rectangle PQRS is tilted in 

relation to the xy plane. Let us suppose also that 

there is a uniform magnetic field, strength B, 

parallel to the positive z-direction. We imagine 

that there is a current 7 flowing around the 

rectangle, although, for simplicity, we have not 

shown any connections to an electrical supply. 

Consider side PQ first. The current / is flowing 

in it from Q to P, in the negative y-direction. The 

magnetic field is at right angles to this direction. 

The Fleming left-hand rule can be used to deter- 

mine that the force on PQ is in the negative 

x-direction. Similar reasoning for side RS shows 

that the force on this is in the positive x-direction. 

If / is the length of each of these sides, then there 

are two equal and opposite horizontal forces 

acting and, as shown in Chapter 27, the magnitude 

of each force is given by 

P= Bil 

The perpendicular distance between the lines of 

action of these forces is wsin@, where w is the 

length of side PS and side QR. Thus the torque 
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Torque =BA/ sind 7 

Vertical 
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Fig. 34.8 A plane circular current-loop in a uniform 
magnetic field acting in the Z-direction. Its orientation is 
defined by the direction of the normal. The area enclosed by 

the loop is A. 

produced by this pair of forces is given by 

T = BI! x wsin@ = Bilwsin@é (34.2) 

Consider now the forces acting upon the sides 

PS and QR. The force on PS is the negative 

y-direction, and the force on QR is in the positive 

y-direction. The two forces have a common line of 

action midway between sides PQ and RS: thus 

they counterbalance each other and produce no 

torque. 
The torque on the loop, due to the forces on 

sides PQ and RS, will be greatest when 0 = 90°, 

and zero when 6 = 0°. If the coil were free to 

move it would rotate and eventually come to rest 

with its plane parallel to the xy-plane (or, to 

express this another way, wiih its plane perpendi- 

cular to the magnetic field). 

Note that in Eq. 34.2 the product /w is the area 

enclosed by the wire rectangle PQRS. Thus, if we 

call this area A, the equation can be written 

T = BIA siné (34.3) 

Although we shall not do so here, it can be proved 

theoretically (and verified experimentally) that 

Eq. (34.3) is correct for a plane loop of any shape, 

not only rectangular. 

The angle 6 in Eq. 34.3 is the angle shown in 

the diagram on Fig. 34.7; in this diagram it is 

indicated as the angle between the side QR of the 

rectangle and the x-axis. Now suppose we were 

dealing with a circular loop instead of a rectan- 

gular one, again with its plane tilted with respect 

to the horizontal xy-plane. How would we indicate 

the angle in that case? Figure 34.8 shows this 
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situation. The normal to the plane of the loop 

(‘normal’ here meaning a line perpendicular to the 

plane of the loop) makes an angle 6 with the 

magnetic field which, once again, is parallel to 

the z-axis. In three-dimensional geometry the 

orientation of a plane, such as PQRS, in three- 

dimensional space is usually described by specify-. 

ing the direction of a normal to the plane. In the 

case of a circular coil of wire we often refer to the 

axis of the coil, and the direction of this axis will 

always be very nearly the same as the direction of 

the normals to the planes of all the loops which go 

to make up the whole coil. 

34.4 The moving coil galvanometer 

The term ‘galvanometer’, derived from the name 

of the Italian physicist Galvani, has survived as 

the name used for an instrument which measures 

small electric currents. The name d’Arsonval - 

often associated with the moving coil galvano- 

meter - was a French medical physicist who 

developed the instrument for use in industry, 

education, and medical research. It still forms the 

basis of many current-measuring instruments, and 

voltmeters. For certain applications it is rapidly 

being superseded by fully electronic instruments 

with digital displays. By contrast with a digital 

instrument, a moving coil instrument is often 

termed an ‘analogue’ measuring instrument, 

because the angular position of the coil is an 

analogue of the electrical quantity being 

measured. 

A moving coil galvanometer makes use of the 

torque on a coil wrapped around a light rectan- 

gular frame and mounted on pivots in the field of 

a strong permanent magnet. Figure 34.9 shows the 

moving part of a typical instrument, with the pivot 

bearings and their supports. Figure 34.10 shows 

the fixed magnet assembly of the same instrument. 

The central, fixed cylinder is a solid piece of soft 

iron and forms a part of the magnet-assembly. 

This design of magnet-assembly ensures that, 

whatever position the coil settles in, the direction 

of the field in the annular air-gap is parallel to the 

plane of the coil: in other words, the field is in a 

radial direction. If this is the case, then the torque 

acting upon each loop of the coil is simply: BIA. 

To see the reason for this, look again at Fig. 34.8. 

If the loop is set with its plane parallel to the field, 

[34.4] 

then 6 is 90° and so the torque is BJA sin90° = 

BIA. If the coil has N turns then the torque on its 

is BIAN. 
The coil is not generally allowed to swing 

through a total angle of more than 60° at most. In 

this way the fact that the field becomes appreci- 

ably non-radial near the gaps between the poles is 

of no consequence. 

In a typical milliammeter such as is used in 

school laboratories the magnetic flux density in the 

air-gap is likely to be in the order of 107! tesla. 

The sides of the coil, assumed square, might be 

about 10mm. The number of turns in the coil 

could be, say, 50. Suppose that the current 

producing full-scale deflection is 100 nA. We can 

estimate the torque on the coil as follows. 

Area enclosed by coil: 

10mm x 10mm = 10-4m? 

Torque on one turn: 

BIAs= 109! a OO Rt AS X10 

= 10-9Nm 

Torque on whole coil: 

50: 10-°.N me=<5 31 08>Nim 

This is about the amount of torque which would 

Shaft of 

ointer 3 : 
P Hair-spring (removed, 

for clarity) 

Coil wound upon 
aluminium frame 

) 

Ry Hair-spring 

Fig. 34.9 The coil assembly of a moving coil meter. The 
two hair-springs provide the electrical connections to the coil 
as well as the counter-balancing torque. 
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Fig. 34.10 The magnet assembly of a 
moving coil meter provides a radial field in 

the cylindrical air-gap. 

result from a small ant sitting on one side of the 

coil! In practice, the torque on the coil due to the 

current is counterbalanced by the torque produced 

by two spiral hair-springs: these also serve as 

electrical connections to the coil. They are wound 

in opposite directions to counteract effects of 

thermal expansion. As a rule, the outer end of one 

of these hair-springs can be moved by means of an 

adjusting screw in order to set the pointer to the 

zero of the scale when no current flows. 

When a current flows in the coil, the coil turns 

until the torque due to the springs (often called the 

restoring torque) counterbalances the torque due 

to the current. The torque due to the springs is 

proportional to the angle through which the coil 

has rotated from its zero position. Calling this 

angle a, we can then call the torque provided by 

the springs ca, where c is torque per unit angular 

rotation, or torsional constant of the pair of 

springs. Assuming that any friction is negligible, 

when the coil reaches equilibrium: 

torque due to springs 

SCO 
torque due to current 

NBIA 

From this equation we obtain an expression for 

the current sensitivity of the meter. The current 

sensitivity is defined as the angular deflection per 

unit current and it is given by: 

NBA 
G 

a 
ar (34.4) 

This expression can be regarded as a ‘design 

formula’ for a moving-coil galvanometer. 

Question 9.4 at the end of this book considers this 

‘design formula’ further. 

The voltage sensitivity of a galvanometer iS 

V/s 
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Permanent magnetic alloy 

Soft magnetic alloy 

Non-magnetic metal 

defined as the angular deflection per unit p.d. If 

the resistance of the coil is R and a p.d. V is 

applied to it then the current in the coil is given by: 

The voltage sensitivity is given by: 

‘a eNBA 

TRASPCR 
es is (34.5) 

34.5 Forces on moving charged particles 

If you have the opportunity to study the inside of 

a television receiver (when it is switched off and 

unplugged from the mains), look for the deflec- 

tion coils which are situated close against the 

outside of the picture tube, as in Fig. 34.11. One 

NN Inner pair of 

x deflector coils, 
HH, (for horizontal 

. deflection) 

v ie 

Outer pair of 
deflector coils, 
VV, (for vertical 
deflection) 

Fig. 34.11 A TV picture tube showing the two pairs of 

deflection coils. 
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pair (V, V) produces a magnetic field in a vertical 

direction and this deflects the electron beam 

horizontally. The other pair (H, H) produces a 

horizontal magnetic field for deflecting the beam 

vertically. 

In the realm of atomic physics, huge electro- 

magnets are used to keep electrons, protons, or, 

other charged particles travelling in circular paths 

in the particle accelerating machines called 

synchrotrons. Mass spectrometers employ the 

same principle, and these will be met later in 

Chapter 48. 

We now proceed to study the forces which act 

upon moving charged particles in a magnetic field. 

In Chapter 32 we developed the model of an 

electric current as a flow of charged particles. We 

use this model also in deriving an equation for the 

force on a single charged particle moving in a 

magnetic field. In Section 32.5 we obtained the 

equation 

I = nAve 

for the current in a conductor, where n is the 

number of electrons per unit volume, A is the area 

of cross-section of the conductor, v is the drift 

velocity of the electrons each of which carries a 

charge e. Consider a length / of the conductor, and 

suppose the conductor is straight and that it lies at 

an angle @ to a magnetic field of uniform strength 

B. The number of electrons in this length of 

conductor is nA/. The force on the length / is given 

by 

PF = Blismng 

and so the mean force acting upon each particle is 

B(nAve)/ sin 6 

nAl 

We can now suppose that the magnetic force 

acting upon the conductor as a whole is the 

combined effect of the magnetic forces acting 

upon all the individual particles. The direction of 

the force on a particle is therefore presumably ina 

direction perpendicular to the plane which con- 

tains the direction of the magnetic field and the 

particle’s velocity. 

We shall now discuss what shape of path is 

followed by a charged particle in a uniform 

magnetic field, when no other forces are acting 
upon it. 

= Bevsing 
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Fig. 34.12 The motion of a positively charged particle in a 
uniform magnetic field which is perpendicular to, and out of 
the plane of the diagram. 

The simplest case to consider is when a particle 

is moving in a plane perpendicular to the direction 

of the field. This is represented in Fig. 34.12 where 

we have to imagine that there is a uniform mag- 

netic field in a direction perpendicular to the plane 

of the diagram, and directed up out of the plane of 

the diagram. P and Q are two successive positions 

of the particle, assumed to be carrying positive 

charge e. At P we suppose that the direction of the 

particle’s velocity v is in the plane of the diagram, 

so that the force on it, which has to be perpendi- 

cular both to the field and to the direction of v, is 

also in the plane of the diagram, and (by 

Fleming’s left-hand rule) directed towards O. 

Because this force is perpendicular to the particle’s 

motion at every instant, the velocity of the particle 

will keep constant magnitude, but will con- 

tinuously alter direction. Because the magnitude 

of the velocity is constant and the field is constant, 

the force will have constant magnitude, and there- 

fore the particle will travel in a circular path. The 

magnetic force provides constant centripetal 

acceleration and so, if the radius of the circle is r, 
we can write: 

2 

Bey = : 

ier (34.6) 

» This equation shows that the radius of the 
particle’s path is directly proportional to the 
momentum of the particle, and inversely propor- 
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Fig. 34.13 Helical path of charged particles in a uniform 

magnetic field (in the positive y-direction). 

tional to its charge. This implies that, if we have a 

stream of particles all of one kind, each with the 

same mass and charge, entering a magnetic field in 

a plane perpendicular to the field, each will travel 

in a,circular path whose radius is directly propor- 

tional to the particle’s speed. This prediction can 

be tested in an impressive way using a ‘fine beam 

tube’, in which the track of a thin beam of 

electrons is made visible by the presence in the 

tube of hydrogen gas at a very low pressure. Such 

a tube is shown in Fig. 33.5 in connection with its 

use in the determination of the specific charge of 

the electron. An electron gun projects a fine beam 

of electrons vertically upwards. A magnetic field is 

provided by a pair of coils, one in front of the tube 

and one behind, with their axes perpendicular to 

the plane of the figure. This arrangement of coils 

produces a field which is approximately uniform 

in the region inside the tube where the electrons 

travel, and the direction of the field is perpendi- 

cular to, and directed down into, the plane of the 

figure. The two coils are connected in series in 

such a way that their fields reinforce each other, 

and the strength of the field can be altered by 

varying the current in the coils. The speed of the 

electrons is controlled by the p.d. between cathode 

and anode in the electron gun. 

A simple demonstration with the fine beam 

tube proceeds as follows. 

a) Dependence of path radius r upon electron 

speed v. Eq. (34.6) predicts that r « v, fb; 

m, and e are constant. The electron ‘gun 
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voltage’ (that is, the p.d. between cathode and 

anode) is increased, and it is observed that the 

circular beam increases in size. This observa- 

tion is consistent with the prediction (although 

no quantitative measurements have been 

made here). 

b) Dependence of path radius r upon field 

" strength B. Eq. (34.6) predicts that r « 1/B, 

if m, vande remain constant. Without altering 

the gun voltage, the field strength is increased 

(by increasing the current in the coils), and we 

observe that the path radius decreases: and 

this is consistent with the prediction. 

We have already seen how the fine beam tube 

is used to determine the specific charge (e/m) of 

the electron. (Section 33.3.) 

One further simple experiment with the fine 

beam tube should be tried: the effect of ‘injecting’ 

the electrons into the magnetic field in a direction 

which is not in a plane perpendicular to the field. 

This is easily done by twisting the tube a little in its 

holder so that the electron gun’s axis is at a small 

angle to the vertical. Then, especially if you look 

down on the tube from above, you will see that the 

path of the beam is helical in shape. Figure 34.13 

shows the path of a beam of charged particles, all 

having the same mass, charge, and speed, in a 

uniform magnetic field when they are not travel- 

ling in a plane perpendicular to the field. 

We can predict that the path will have this 

helical shape, as follows. At every instant, the 

particle’s velocity can be regarded as made up of 

two velocity components, one component parallel 

to the field and the other component perpendi- 

cular to the field; and the effect of the field on 

these two components can be considered sepa- 

rately. We know already that a charged particle 

travelling in a direction parallel to a magnetic field 

experiences no magnetic force: we can therefore 

suppose that there will be no contribution to the 

force on the particle, in Fig. 34.13, arising from its 

velocity component parallel to the field. However, 

its velocity component perpendicular to the field 

will give rise to a magnetic force in a plane 

perpendicular to the field and this force will cause 

circular motion in this plane. But since there is no 

force on a particle in a direction parallel to the 

field, then the particle’s velocity component 

parallel to the field (by Newton’s first law) will 
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remain unaltered. Hence the particle’s motion is a 

combination of uniform motion in a circle in a 

plane perpendicular to the field, and constant 

velocity parallel to the field. Thus a particle travels 

as if it were going along the groove in a screw- 

thread of uniform pitch and diameter. The name 

for this shape of path is helix and the adjective is 

helical. The shape is not a spiral: a spiral is a curve 

of continuously changing radius in one plane. 

A magnetic field can ‘capture’ moving charged 

particles, by forcing them to travel in circles or 

helical paths around the direction of the field. 

This phenomenon is widespread in the universe. 

For example, the earth’s own magnetic field 

[34.5] 

‘captures’ some of the ions and other charged 

particles which are continually, although irregu- 

larly, being emitted by the sun. These particles are 

most highly concentrated, and lose their energy 

most rapidly, near the earth’s poles, and they 

cause the faint, coloured glowing streamers in the 

night sky known as the Aurora borealis, or 

Northern Lights, in the northern hemisphere. The 

Van Allen belts are regions, girdling the earth, in 

which charged particles are held ‘trapped’ by the 

earth’s magnetic field. The characteristic shape of 

an eruptive solar prominence reveals the pattern 

of the magnetic field which tends to keep the 

charged particles contained. 



Chapter 35 
4 

ELECTROMAGNETIC INDUCTION 

35.1 Basic experiments and theory 393 

35.2 The concept of magnetic flux 396 

35.3. The e.m.f. induced in a rotating coil 397 

35.4 Faraday’s disc dynamo 399 — 

35.5 Electromagnetic induction without physical 

motion 400 

35.6 Direct current motors 404 

35.7 Self induction 408 

35.1. Basic experiments and theory 

One of the best introductions to electromagnetic 

induction is to dismantle a bicycle dynamo: the 

sort which is driven by a small wheel pressing 

against the side of the tyre. 

Figure 35.1 shows the two main parts. One 

part is the rotor, which is simply a permanent 

magnet mounted ona spindle. It may not look like 

other magnets you have seen. To find where its 

poles are, put it in a thin plastic bag and dip it into 

iron filings; or better still, explore the magnetic 

field around it with a small magnetic compass. 

The other part is the stator, the stationary part, 

which is clearly like an electromagnet, comprising 

a coil of wire wrapped around a core made of 

iron. Note that its pole-faces are so shaped that 

the air-gap between them and the rotor is very 

small. The cylindrical magnet of the rotor has its 

poles at opposite ends of a diameter, and when it 

spins an alternating e.m.f. is generated in the 

Iron Coil 
pole-piece | 

Permanent 

magnet 

Fig. 35.1 A dismantled bicycle dynamo. 
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Fig. 35.2 Simple demonstrations of electromagnetic 
induction. 

stator coil. What exactly is happening? We shall 

answer this question in Section 35.3. First of all we 

must study electromagnetic induction using some 

specially-made apparatus. 

We know that a current-carrying conductor in 

a magnetic field generally experiences a force, and 

Chapter 34 was concerned with the practical 

applications of this force. When a current flows 

through a wire a magnetic field is set up around 

the wire, and the interaction of this field with 

some other magnetic field usually gives rise to a 

force on the wire. The converse effect, in which a 

magnetic field causes a current to flow ina wire, is 
known as electromagnetic induction, and was first 
fully investigated by Michael Faraday. If you have 
not done so before you should try the simple 
demonstrations of electromagnetic induction 
illustrated in Fig. 35.2. In each experiment it is 
found that the galvanometer registers a small 
current when the coil and the magnet are in 
relative motion, and that this current ceases as 
soon as the relative motion stops. The direction of 
the current is seen to be related to the direction of 

[35.1] 

the relative motion of coil and magnet, and the 
strength of the current is related to the speed of 

the relative motion: the greater the speed, the 

greater the current. Also, if you increase the 

number of turns of wire in the coil in each case, 

you will find that this increases the current 

generated. 

' The simple demonstrations just described do 

not enable us to investigate precisely what factors 

determine the strength of the induced current, and 

a carefully designed experiment is necessary. 

Figure 35.3 shows an arrangement for moving a 

wire (or rather, a bundle of wires) at a steady, 

measurable speed between the poles of an electro- 

magnet. It is found that a current is generated 

while the wires are moving, and only while they 

are moving. In this experiment we can alter: 

a) the strength of the field, 

b) the speed of the wire, 

c) the number of turns in the coil, 

d) the resistance of the circuit. 

We can alter each parameter singly, and we find 

the following. 

a) If the strength of the field is increased, by 

stepping up the current in the electromagnet, the 

induced current is greater, with the coil moving at 
the same speed. If one uses a current balance to 
measure the flux density (strength) of the magnetic 
field (see Section 27.5) then one can show that the 
strength of the induced current is directly pro- 
portional to the flux density of the magnetic field. 

b) Increasing the'speed of the wire increases the 

Poles of electromagnet 

rectangular coil 
(interchangeable) of VV turns 

Terminals for connection 
to galvanometer 

Fig. 35.3 A ‘flux-cutter’. The interchangeable rectangular 
coil of V turns can be moved into and out of the magnetic 
field by turning the drive screw. (Courtesy Griffin and 
George.) 
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through distance As in time At. 

induced current, and it is easily shown that the 

current is directly proportional to the speed. 

c) If different numbers of turns in the coil are 

connected into the circuit with the galvanometer, 

then it is found that, for motion with the same 

constant speed, the current is directly proportional 

to the number of turns. Hence, presumably, the 

total length of wire interacting with the field is the 

important factor. 

d) Varying the total circuit resistance, while 

keeping parameters (a), (b), and (c) constant, 

shows that the greater the resistance the smaller 

the current. Therefore it is the e.m.f., not the 

current, which is determined by (a), (b) and (c). 

Thus the induced e.m.f., E, is given by 

E « Blv (35.1) 

where B is the field strength, / is the total length of 

wire interacting with the field, and v is the speed. 

We shall now see how the expression for the 

induced e.m.f. can be derived theoretically. 

Consider the situation shown in Fig. 35.4 in 

which the conductor PQ carries free, positively 

charged particles. The charge on each particle is e. 

PQ is part of a circuit PQRS which moves from 

left to right at a speed v into a uniform magnetic 

field of strength B. The direction of this field is 

perpendicular to the plane of the diagram and 

down into this plane. XY is the boundary of the 

field region. 

As each particle moves along with speed v it is 

acted upon by a magnetic force (as discussed in 

Section 34.6) which acts at right angles to the 

direction of B and to the direction of v, and by 
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Area of 8-field, 
directed into the plane 
of the diagram | 

Fleming’s left-hand rule we find that the force is 

directed from Q to P. The magnitude of the force 

is given by 

F = Bev 

The positive charges will therefore be pushed up 

from Q to P and will then travel around the 

circuit. The amount of energy converted when one 

charge goes from Q to P is the product of the force 

and the distance it goes, and so is given by 

Fl = Bevl 

This means that an e.m.f. is being generated in the 

circuit, because (Section 24.2) e.m.f. is defined as 

the total energy per unit charge that the complete 

circuit can utilize, or dissipate. Hence, considering 

a single particle as it goes around the complete 

circuit: 

energy converted _ Bevl 
charge racece 

and so the e.m.f. is given by: 

E = Bvl (35.2) 

So we see that the constant of proportionality 

in Eq. 35.1 is in fact unity. 

If we imagine the free charges in the moving 

conductor PQ, in Fig. 35.4, to be negative instead 

of positive, then the magnetic force will push them 
downwards towards Q, and they will travel 

around the circuit QRSP in a clockwise direction. 

But the direction of conventional current (positive 

charge flow) will be the same as before, and the 

amount of energy gained by the charges will be the 

same as before, and so the same final expression 
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for the induced e.m.f. will be obtained. Thus the 
magnitude of the induced e.m.f. does not depend 

upon whether the charge-carriers are positive, or 

negative, or even a mixture of both. 

As soon as there is an induced current flowing 

around the circuit PSRQ, in Fig. 35.4, there will 

be a force on the wire PQ, just as there is a force. 

on any conductor which is at right angles to a 

magnetic field, when a current flows in the 

conductor. We have already reasoned that the 

direction of (conventional) current is anti- 

clockwise around the circuit: so along PQ the 

current direction is from Q towards P. Applying 

the Fleming left-hand rule, we find that the force 

on PQ must be towards the left, opposite to the 

direction of motion of the circuit. The implication 

of this is that, in order to keep the circuit moving, 

a force equal and opposite to this leftwards force 

must act upon the circuit, and that mechanical 

work must be done in moving the circuit along. 

This must be so, in order to satisfy the prin- 

ciple of conservation of energy. When a steady 

current is flowing in the circuit, electrical energy is 

being converted into heat, because the circuit has 

electrical resistance. This energy is being provided 

by whatever agency is pushing the circuit along. If 

the direction of motion were reversed, the induced 

current would likewise be reversed in direction, 

and so would the direction of the magnetic force 

on the wire. This force would now be directed 

towards the right; but once again it would oppose 

the circuit’s motion. We have here an instance of 

Lenz’s law: 

@ The direction of the induced current is always 

such as to oppose the change which causes that 

induced current. 

35.2 The concept of magnetic flux 

Let us refer once again to Fig. 35.4 and suppose 

that the circuit PQRS has moved forwards a 

distance As, and that its leading side is going from 

PQ"to' PP’ O™ ina time Ar Then its velocity 1s 

given by: 

eae 
aay 

consequently 

As 
By = Bo! 

[35.2] 

Inspection of the diagram shows that 

BAs| = B(areaP'Q'YX — area PQYX) 

and this is the change in the product: 

(35.3) 

(field strength) x (area enclosed by circuit) 

This product is the amount of magnetic flux 

‘passing through’ the area. In this illustrative 

example the direction of the field is normal (that 

is, perpendicular) to the plane of PQYX. In situa- 

tions where the field direction is not normal to the 

plane of the circuit the magnetic flux ‘passing 

through’ the circuit is the product: 

component of field strength x area enclosed 

normal to plane of circuit by circuit 

The unit for magnetic flux could be expressed 

as the product of the unit for field strength, the 

tesla; and the unit for area, square metre. But 

because the concept of magnetic flux is regarded 

as being fundamental in the theory of electro- 

magnetism it has a unit of its own: the weber 

(Wb). Thus the unit ¢es/a can be expressed in terms 

of the weber in this way: 

LT =. Whim 2 

Furthermore, the term magnetic flux density is 

commonly used instead of magnetic field strength, 

in electromagnetism. Here, the term ‘density’ is 

used in the special sense of meaning ‘per unit area’ 

(unlike the way the term is used when saying: ‘the 

density of pure water is 1000 kg m~-3’). So, from 

here onwards, we shall use the term magnetic flux 

density, although.we shall continue to use the fes/a 

unit where appropriate. 

An amount of magnetic flux can be pictured, 

in the mind, as a number of /ines of flux, and in 

Fig. 35.4 we can think of the wire PQ slicing 
through these lines of flux as it goes along, like a 

reaping machine cutting stalks in a field of corn. 

The amount of flux cut by the wire as it goes from 

PQ to P’Q’ is the amount contained within the 
area P’PQ’'Q. 

Equation 35.3 can be written thus: 

B As! = amount of flux cut by conductor 

and so: 

lI 
As 

Br! rate of cutting flux 

== 3) 
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Fig. 35.5 Section through a straight conductor cutting lines 

of magnetic flux. 

and as shown earlier (Eq. 35.2) this is the induced 

e.m.f. Thus we can write: 

induced e.m.f. = rate of cutting flux (35.4) 

35.3 The e.m.f. induced in a rotating coil 

Up to now we have considered electromagnetic 

induction in a conductor moving in a plane 

perpendicular to the direction of the magnetic 

flux. We shall now need to extend the ideas to the 

case of a conductor moving in a different plane. 

Figure 35.5a represents a straight conductor 

which is perpendicular to the plane of the diagram 

and is moving across lines of magnetic flux, in a 

uniform magnetic field represented by a set of 

equally spaced parallel lines. Going from P to Q it 

cuts five lines. In Fig. 35.5b it goes the same 

distance but only cuts three lines. In both cases, 

the conductor is moving with the same speed, and 

experiments show that the e.m.f. induced is 

greatest in the case shown in Fig. 35.5a, and 

furthermore that the e.m.f. is proportional to 

sin 6, where @ is the angle between the direction of 

motion and the direction of the flux. If the 

conductor moves in a direction parallel to the flux, 

then 6 = 0 and the e.m-f. is zero. Clearly, there- 

fore, it is the component of velocity perpendicular 

to the flux, vsin@, which determines the 

magnitude of the induced e.m.f. Equation 35.4 

becomes, for this situation: 

E = Bylsiné 

We are now equipped with the concepts 

needed to explain the action of a simple dynamo. 

Figure 35.6 shows the principle of a simple moving 

GSD) 
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Rotation P 

Fig. 35.6 The principle of the moving coil dynamo. 

coil dynamo. A plane rectangular coil WXYZ 

rotates anti-clockwise about an axis OP which is 

set at right angles to a uniform magnetic field 

whose flux density is B. In the position shown in 

Fig. 35.6 the sides WX and ZY are moving at right 

angles to the flux, and in opposite directions. Thus 

the e.m.f.s induced in these sides reinforce each 

other and push electric charge one way around the 

circuit. The sides XY and WX are not cutting lines 

of flux, nor will they do so at any stage during 

rotation of the coil. Fig. 35.7 shows a section 

through the coil, viewed in a direction along its 

axis of rotation, at various stages during rotation. 

During one half-revolution the current flows 

one way around the circuit, and it flows the 

opposite way during the next half-revolution. 

Consider the coil when the normal to its plane 

makes an angle @ with the direction of the field 

(Fig. 35.8). Let v be the speed of each of the sides 

WX and ZY. If the length of each of these sides is / 

then the e.m.f. induced in each side is given by Eq. 

3550: 

E = Bylsin@ 

If the angular speed of the coil is w, and if 6 = 0 

when ¢ = 0, then @ = wf and the linear speed of 

the sides WX and ZY is given by 

b 
v =O 

2 

where b is the length of sides XY and WZ. Hence 

the total e.m.f. produced by WX and ZY together 

can be written: 

a— ex Bos Isin ot 

therefore 

E = Bwblsinwt 
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Fig. 35.7 Four glimpses, along the axis of rotation, of a section through the poe 
coil of a simple dynamo during one revolution. (a) Since the sides WX and ee ie | 
ZY are cutting across the flux lines at right angles the induced e.m.f. is a 8 ————_—> | 
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the two sides are cutting across the flux lines at right angles and the induced | 
e.m.f. is a maximum; but the current now flows away from us in side WX | 

and towards us in side ZY. (d) The sides are again moving parallel to the ZY 
flux; no e.m.f. is induced and no current flows. 

The area enclosed by the coil is b/, and we can call 

this A. Hence 

E = BAwsinwt 

If the frequency of rotation (that is, the number of 

revolutions per unit time) is f, then w = 27/f, and 

so for a coil of N turns: 

E = 2xNBAf sin 27ft 

This is a sinusoidally varying quantity whose 

amplitude is given by: 

(35.6) 

E,) = 2nNBAf (35.7) 
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Fig. 35.8 Section through the dynamo coil, looking along 
the axis of rotation. 

This expression shows that the peak value (or 

amplitude) of the e.m.f. is determined by the 

number of turns in the coil, the flux density of the 

field, the area enclosed by the coil, and the speed 

of rotation. 

A dynamo designed exactly like that shown in 

Fig. 35.6 would be of little practical use, apart 

from demonstrating the principle. The following 

problem makes this evident. 

Problem 35.1 A model moving coil dynamo as 

used in elementary physics courses is made of 20 

turns of wire wrapped around a rectangular 

wooden former which has an area of about 

20 cm’. The average flux density of the magnetic 

field provided by a pair of ferrite magnets is about 

0.02 Wbm~?*. Estimate the peak value of the 

e.m.f. generated when the coil is spun at 5 revolu- 

tions per second. 

We use Equation 35.7 for the peak value of the 
en. f 

Ey = 2xNBAf 

The values to be substituted in this are as follows: 

IN S20 

q B= 002 Wb m-2 

A= 20° <0 =4imn2 

fs 
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Thus: 

E 2X20 OZ AZ0ex AO XS 

= 0.025 V 

This e.m.f. is far too small to light even the 

smallest filament lamp. 

If a dynamo were to be constructed exactly as 

shown in Fig. 35.6 the coil could not be spun 

through more than a few turns without twisting 

the connecting wires too much. In some dynamos, 

including the model mentioned in Problem 35.1 

above, the problem is solved by using s/ip-rings on 

the rotor, and brushes which press lightly against 

them to make electrical contact while allowing the 

rotor to spin unhindered. Alternatively, as in a 

bicycle dynamo (Fig. 35..1), it is the magnet which 

spins, while the coil (or coils) are stationary. As 

the permanent magnet rotor turns it magnetizes 

the iron of the stator (the stationary part) first in 

one direction, then in the opposite direction. This 

provides a magnetic flux through the coil which 

reverses twice during every revolution. In this way 

there is a continuous change of flux-linkage with 

the coil and so ane.m.f. is induced in it. The faster 

the rotation, the greater is the frequency and the 

peak value of the e.m.f. 

35.4 Faraday’s disc dynamo 

The reasons for studying this here are not purely 

of historical interest. One important feature of it 

is that it is the simplest dynamo that can generate a 

steady e.m.f., and so provide a steady direct 

current in a circuit. It is sometimes used for 

demonstrating the laws of electromagnetic induc- 

tion, although we have not chosen it for this 

purpose here. However, an understanding of its 

action will help you to understand how induction 

motors work, and the principles of electro- 

magnetic damping and braking. These are dis- 

cussed in Chapter 37. 

Michael Faraday showed that if a conducting 

disc is spun in a magnetic field whose direction is 

perpendicular to the plane of the disc, a potential 

difference is created between the axis and the rim 

(Fig. 35.9). If electrical connections are made, by 

spring ‘brush’ contacts, to the axle and the rim 

and connected to a galvanometer, then a small 

induced current will flow, whose strength is 

directly proportional to the speed of rotation. 
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Fig. 35.9 The principle of the Faraday disc dynamo. 

If the disc is rotating clockwise, as shown in 

Fig. 35.9, with its plane parallel to the zy plane, 

and the magnetic field parallel to the x-axis and in 

the positive x-direction, the direction of the 

induced current will be in the direction shown by 

the arrows on the connections to the galvano- 

meter. Why is it in this direction? To answer this 

you should consider the disc as if it were made up 

of a large number of radial spokes, and then apply 

the same reasoning to one of these imaginary 

spokes as was applied to the wire PQ, in Fig. 35.4, 

as it cuts across the flux lines. Faraday himself 

said: 

‘If a single wire be moved like the spoke of a 

wheel near a magnetic pole, a current of electricity 

is determined through it from one end towards the 

other. If a wheel be imagined, constructed of a 

great number of these radii, and this revolved near 

the pole, in the manner of the copper disc, each 

radius will have a current produced in it as it 

passes by the pole.’ 

So, imagine a spoke of a wheel as it passes 

between the two brush contacts, and imagine 

positive charge-carriers inside this spoke, and 

reason out which way along the spoke they will be 

pushed by the magnetic force. 

Now we shall obtain an expression for the 

e.m.f. induced between the axis and the rim of a 

disc dynamo, if the magnetic field is uniform over 

the whole area of the disc. We cannot simply use 

Eq. 35.2 because our imaginary spoke is not 

moving with uniform linear velocity; it is rotating, 

so that close to the axis its linear velocity is small, 

and near the rim it is larger. But we can use Eq. 

35.4: 

induced e.m.f. = rate of cutting flux 

We obtain an expression for the amount of flux 
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which is cut by an imaginary spoke as it rotates. In 

one revolution of the disc, this spoke will cut all 

the flux which crosses the area of the whole disc, 

and this amount of flux is 

(flux density) x (area) = BaR? 

where B is the flux density of the field and R the , 

radius of the disc. If the disc makes f revolutions 

per second, the flux cut per second is fBaR?’, and 

so this is the magnitude of the induced e.m.f. 

35.5 Electromagnetic induction without 

physical motion 

Any transformer provides an example of electro- 

magnetic induction taking place without any 

observable movement, except perhaps for a small 

vibration which may produce an audible hum, in 

the case of transformers used with the 50 Hz a.c. 

mains. 

So far we have considered examples in which 

an e.m.f. is induced in a conductor as a result of a 

relative movement of the conductor and a 

magnetic field. It is possible, however, to obtain a 

change of magnetic flux linkage with a circuit 

without any relative motion by simply altering the 

strength of the field. Faraday first studied this 

with the apparatus shown in Fig. 35.10, and wrote 

in 1831: 

‘A welded ring was made of soft round-bar 

iron... the ring six inches in external dia- 

meter.’ 

Fig. 35.10 Apparatus used by Faraday to investigate 
mutual induction. (Reproduced by permission of the Royal 
Institution of Great Britain.) 

[35.5] 

An insulated coil was wound around each half of 

the ring (Faraday used the word ‘helix’ for ‘coil’). 

Then: : 

‘The helix B was connected by copper wires 

‘with a galvanometer three feet from the ring.’ . 

When ‘helix’ A was connected to a battery, he 

found that: 

‘The galvanometer was immediately affected 

... but though the contact was continued, the 

effect was not permanent, for the needle soon 

came to rest in its natural position... Upon 

breaking the contact with the battery, the 

needle was again powerfully deflected, but in 

the contrary direction to that induced in the 

first instance.’ 

In modern times, we would say that when the 

primary coil A was connected to the battery a 

sudden increase in magnetic flux occurred in the 

iron ring, and while this flux was changing, an 

e.m.f. was induced in the secondary coil B. Then, 

when A was disconnected from the battery, the 

flux rapidly decreased to zero, and this caused an 

e.m.f. to be induced in coil B, but in the opposite 

direction to the previous induced e.m.f. A sudden 

increase in flux linkage, followed by a sudden 

decrease in flux linkage. 
To demonstrate the same phenomenon today 

we use basically the same arrangement, except that 

it is more convenient to have coils which can be 

quickly slipped on and off a magnetic core, as in 

Fig. 35.11. Provided that one chooses a pair of 

coils having a suitable number of turns, one can 

show the electromagnetic induction impressively 

by having a low-power, low-voltage lamp con- 

nected to one of the coils, and a battery and switch 

connected in series to the other coil. When the 

switch is closed, the lamp flashes briefly, and 

again when the switch is opened. With the switch 

closed, and thus a steady current flowing in the 

one coil, there is found to be no current in the 

other coil. Thus, an e.m.f. is generated, and 

current flows in the circuit, only while the 

magnetic flux produced by the primary coil is 

changing. One can refine the experiment of Fig. 

35.11 a little by adding a variable resistor in series 

with the battery and one coil to vary the current, 

and hence also the magnetic flux, less suddenly 

than is done by a switch. With a suitable ammeter 
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Fig. 35.11 A modern version of Faraday’s ring assembled 
from a pair of coils, two ‘C’ cores made from grain oriented 

silicon steel and a spring steel clip to hold the assembly 

together. (Courtesy Unilab Ltd.) 

in series with the lamp it will then clearly be seen 

that there is current in the lamp circuit so long as 

the current in the primary coil is actually 

changing. It will also be seen that when the current 

in the primary coil is increasing, the current in the 

secondary foil flows in one direction; and with 

primary current decreasing, the secondary current 

flows in the opposite direction. 

What would one have to do in order to keep a 

continuous, steady current flowing in the second- 

ary coil? Presumably it would be necessary to 

make the current in the primary increase con- 

tinually; or decrease continually. This, obviously, 

is not physically possible for any great length of 

time. But if the current in the primary is made to 

increase, then decrease, alternately, a current will 

flow in the secondary, continually reversing direc- 

tion: in other words, an alternating current will 

flow in the secondary. This is the principle of the 

transformer, the action of which may be studied in 

detail later (see Section 38.2). 

To study electromagnetic induction where 

there is no actual movement of the conductor we 

can use the same apparatus as was used previously 
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(Fig. 35.3). We can vary the field by altering the 

current in the electromagnet; we shall refer to this 

current simply as the magnet current. We can alter 

the magnetic flux enclosed by the coil either, as 

was done before, by using a constant field and 

moving the coil into or out of the field region, or 

by setting the coil in a fixed position and altering 

the strength of the magnet current. The fact that 

these two methods are electrically equivalent can 

be shown by means of a game which could be 
entitled ‘Unlink the Flux’. 

The purpose of the game is to reduce the flux 

enclosed by the coil to zero in the shortest possible 

time, without the induced current exceeding a 

certain, agreed maximum value. Each player starts 

with the same amount of flux enclosed by the coil. 

The game begins with the coil of Fig. 35.3 pushed 

into a position that gives maximum flux through 

the coil and the electromagnet current set at a 

suitable, maximum safe value. One way to reduce 

the flux through the coil to zero is to leave the 

magnet current unaltered, and to withdraw the 

coil while watching the galvanometer to see that 

the induced current does not exceed the limit 

agreed (let us call this method A). Another way is 

to leave the coil where it is, and reduce the magnet 

current carefully, and finally snatch the coil out 

(let us call this method B). It is possible also to use 

a combination of methods A and B (we shall call 

this method C). After some practice, the com- 

petitors will discover that the operation cannot be 

performed in a time less than a certain definite 

minimum (provided, of course, that none of them 

exceeds the allowed limit for the induced current), 

regardless of whether they have used method A, 

B, or C. The ‘perfect game’ would be the one in 

which the induced current is kept at exactly the 

allowed limiting value throughout the operation — 

this is difficult to achieve. 

What is the point of the game? If we imagine a 

‘perfect’ game being played, using methods A, B 

and C, then it is reasonable to suppose that all 

three methods would require exactly the same time 

to reduce the flux in the coil to zero. Let us now 

see how this can be interpreted theoretically. 

Let us return to Fig. 35.4. We use this example 

of a rectangular wire circuit moving into a region 

of magnetic field to develop the concept of an 

induced e.m.f. being caused by the side PQ cutting 
the magnetic flux. The rate of cutting flux was 
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Bly. But another way of regarding the situation is 

to think of the flux enclosed by the circuit 

changing. Now 

rate of change of area foie ol 

cease ( by flux within circuit 
and since B is constant here, this can be written 

B xX area occupied by 
rate of change of ( flux within circuit) 

which equals: rate of change of flux enclosed by 

circuit. 

As the game ‘Unlink the Flux’ shows, we can 

equally well change the amount of flux enclosed 

within a circuit by keeping it stationary and 

altering the flux density of the field. Since 

flux = flux density x area 

the amount of flux enclosed by a circuit can be 

altered by either: 

1) keep the flux density constant, and alter the 

area occupied by the flux within the circuit, or 

2) keep the area occupied by the flux constant, 

and alter the flux density, 

or, of course, a combination of both procedures. 

In all the situations mentioned above, if the 

coil has N turns, (all enclosing the same area), the 

e.m.f. induced in it is N times as great as the 

e.m.f. induced in a single turn coil of the same 

area. This leads to the concept of flux linkage. 

flux linkage = flux x number of turns 

This can be applied in cases where every turn 

enclosed the same area. The concept is applied to 

cases where this is not so, however, and in such 

cases the flux linkage could be calculated by 
finding the value of the product (flux density x 

area enclosed by one turn) for each individual 

turn, and then adding all the products together. 

Finally we can write an expression for induced 

e.m.f. which is applicable to all examples of 

electromagnetic induction: 

e.m.f. = rate of change of flux linkage 

In Section 35.1 we discussed Lenz’s law, which 

concerns the direction of the current induced in 

circuit when electromagnetic induction occurs. We 

described there an experiment which demonstrates 

the truth of this law, and in which you can see the 
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effect of the force, due to the induced current, 

which opposes the motion. A similar experiment 

can be done using a stationary electromagnet 

instead of a moving magnet (Fig. 35.12). When 

the current in the electromagnet coil is switched 

on, the aluminium ring experiences a ‘kick’ away 

from the coil; this kick happens in the opposite 

direction when the current is switched off. When 
the experiment is repeated with an incomplete ring 

there is no observable kick. This suggests that the 

force on the ring must result from a current in the 

ring which can flow only if there is a complete 

conducting path. How does this experiment 

demonstrate Lenz’s law? When the electromagnet 

is switched on, the magnetic flux through the 

aluminium ring increases, so inducing an e.m.f. 

and a current causing to flow in the ring. The 

force on the ring, owing to this induced current in 

the presence of the field of the electromagnet, 

pushes the ring away towards a region where the 

field is weaker. In this way the ring ‘tries to avoid’ 

the increase of flux through it. When the flux is 

reduced to zero by switching off the electro- 

magnet, the ring is pulled towards the coil, in a 

sense ‘trying to avoid’ the decrease of flux through 

the ring. In both instances the force on the ring is 

opposing the change of flux which causes the 

induced current. 

We shall now look more closely into the 

question of the direction of the induced current, in 

situations where it is caused by a changing 

magnetic flux. 

V-shaped suspension by threads 
(to prevent ring from twisting) 

Thick 
aluminium 
ring Electromagnet 

Fig. 35.12 An experiment to demonstrate Lenz’s law. 
When the electro magnet is switched on the ring is pushed 
away. When the magnet is switched off, the ring moves 
towards the magnet. The ring is suspended by V-shaped 
threads to prevent it from twisting. 



[35.5] 

Faraday’s iron ring experiment showed that 

the induced current flows one way when the flux is 

increasing, and the opposite way when the flux is 

decreasing. We shall use the apparatus of Fig. 

35.3. First of all we switch on the magnet current 
and use a small magnetic compass to find the 

direction of the field in the gap between the poles. 

We must now decide upon a positive direction for 

the flux - let us choose the positive y-direction 

(roughly left to right) in Fig. 35.3. If necessary we 

reverse the connections to the electromagnet so 

that we get the flux in this direction to begin with. 

Now we follow a similar procedure for the 

rectangular coil. When the induced current flows in 

this coil it produces its own magnetic flux, and we 

shall need to know the direction of this flux. The 

deflection of the galvariometer (to left or right of 

its centre zero) can be used to tell us this, pro- 

vided we do a preliminary experiment to find out 

what deflection the galvanometer shows when the 

rectangular coil’s flux is in the positive y-direction. 

This cannot be done with the electromagnet 

switched on because the electromagnet’s flux is 

much stronger than the flux due to the induced 

current in the coil, and a compass placed close to 

the coil will simply indicate the direction of the 

electromagnet’s flux. We need a way of getting a 

current to flow in the coil by some other means, 

with the electromagnet switched off. 

The procedure is as follows. The electro- 

magnet is switched off. The coil is withdrawn 

along its guide (but its orientation is not altered). 

Flux cutter coil 

Small compass 

Very low 
resistance 
shunt 

Centre- 
zero 
galvanometer 

Fig. 35.13 Using the coil of the flux-cutter apparatus to 

find the relationship between the direction of the induced 

current and the flux it produces. 
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A simple shunt is connected across the galvano- 

meter terminals so that a current of around 0.5 A 

can flow in the circuit without damaging the 

galvanometer, but nevertheless producing an 

observable deflection. The shunt will almost 

certainly have to have a very small resistance, 

much less than 19, and a short length of fine 

copper wire is likely to suffice (see Fig. 35.13). A 

battery is inserted in series into the circuit. The 

magnetic flux produced by the coil should now be 

strong enough to have a marked effect on the 

compass placed near its centre. The results of the 

experiment will be easier to interpret if we arrange 

that the galvanometer shows a deflection to the 

right when the coil’s flux is towards the right 

(positive y-direction) also. This may necessitate 

reversing the connections to the coil. We can now, 

therefore, tell from the galvanometer deflection 

the direction of the flux due to the current flowing 

in the coil. We then remove the battery and the 

shunt and set the apparatus once again, as shown 

i Fig. 35.3: 
The experiment itself is quickly done. As we 

increase the magnet current we note which way the 

galvanometer pointer deflects. Then decrease the 

magnet current, and observe that the deflection is 

the opposite way. Then reverse the connections to 

the electromagnet (to reverse the direction of its 

flux), and increase the magnet current, noting the 

galvanometer deflection. Then finally decrease the 

magnet current while observing the deflection. 

The results are shown in Table 35a. 

The symbol we use for magnetic flux is the 

Greek letter ® (phi, pronounced ’fie’), and so the 

Table 35a 

(a) (b) (c) (d) 

Direction of 

magnet flux 

Increasing or tscedana? Increasing Decreasing Increasing Decreasing 

Sign for 

d@/dt 

Galvanometer 

deflection 

+ - - + 

Sign for flux 
due to induced 

current, and _ + + ~ 

sign for 
induced e.m.f. 
oe 
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rate of change of flux can be represented by 

d@/dt. Make sure that you understand why its 
value must be negative in case (c) and positive in 

case (d). If in doubt, refer back to Section 2.7. 

If the coil has N turns, then the rate of change of 

flux linkage with the foil can be written: 

d& 
az 

So now, instead of writing: 

induced e.m.f. = rate of change of flux linkage 

We can write: 

(3578) 

The minus sign is necessary because, as we see in 

Table 35a, the sign of the induced e.m.f. is 

opposite to the sign for the rate of change of flux, 

d@/dz¢, in all four cases. 

The result displayed in Table 35a is another 

instance of Lenz’s law. 

Consider case (a) in Table 35a. The magnet 

flux is directed towards the right and is increasing: 

the induced current in the coil flows in such a 
direction as to produce a flux directed towards the 

left, so it can be thought of as ‘trying to prevent’ 

the increase of magnet flux. In column (b), when 

the magnet flux is decreasing, the coil’s flux ‘tries 

to sustain’ the decreasing magnet flux: in both 

cases it opposes the change in magnet flux. Similar 

arguments apply to columns (c) and (d). 

Problem 35.2 In the game ‘Unlink the flux’ 

described in Section 35.5 typical values for the 

various quantities are as follows: 

Initial flux density between magnet poles: 

0.25 Wb m-? 

Area within the part of the coil through which 
the flux passes: 400 mm? 

Number of turns in coil: 25 

Maximum allowed value for induced current: 

2 pA 

Total resistance of galvanometer circuit: 50 Q. 

Calculate the minimum time required to reduce 

the flux-linkage with the coil to zero. Assume that 

it is possible to keep the induced current steady 
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at its maximum allowed value throughout the 

operation. 

The amount of flux initially linking each turn of 

the coil is given by 

0.25 Wb m=? xX (400 x 10-°) m? = 10-4+Wb 

Let ¢ be the time for the operation. Then the 

rate of change of flux linkage is given by: 

d@ 10-*Wb 
Ea = (2s x Sees 

(with a minus sign because the magnet flux, 

assumed to be in the positive direction, is decrea- 

sing). The induced e.m.f. is the product of the 

induced current and the circuit resistance, and so 

equation 35.8 gives: 

()-4 . | = (2s ple ei 

25s 

(2 x 10-*A x 50Q) 

Hence t 

35.6 Direct current motors 

Figure 35.14 is a drawing of a model motor which 

can be quickly assembled from a kit of parts. 

Figure 35.15 is a simplified schematic diagram of 

the motor, to assist an explanation of its action. A 

rectangular coil of wire, QRSTUV, is free to 

rotate about an axis OO’ between the poles of a 

pair of magnets. The ends of the coil are 

connected at P and W to a pair of almost semi- 

circular pieces of copper foil. Two brushes, B and 

B’, make electrical contact with these pieces of 

foil without appreciably impeding the rotation. In 

the model (Fig. 35.14) the magnetic field is by no 

Fig. 35.14 A simple electric motor. (From J.M. Osborne, 
Electromagnetism, Longman, 1970. Reproduced by 
permission of the publisher.) 
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Current 

Fig. 35.15 Schematic diagram of a simple d.c. motor. The 
commutator segments shown are more robust than those in 

Fig. 35.14 

means uniform, but for the purpose of our 

description here we shall assume that the field 

in Fig. 35.15 is uniform. When the coil is in the 

position shown the force on the side RS is directed 

vertically upwards, and the force on the side TU, 

vertically downwards. Since the parts of the coil 

ST, QR, UV are all parallel to the field, there is no 

force on them. The pair of equal forces on the 

sides RS and TU constitute a couple which rotates 

the coil clockwise. Consider now the situation 

when the coil has rotated through 45° from the 

position shown. The forces on each side of the coil 

will be the same as before, but their turning effect 

Force 

\ 

(} Side RS 
\ 

\ 
\ 

Fig. 35.16 A commutator (a) just before and 

(b) just after the reversal of the current. 

p> , ae i” 

sy 
\ 
N 
\ 

Side TU® 

\ 

(a) 
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is less because the lines of action of these two 

forces are closer to the axis than before. When the 

coil has rotated through another 45° the two 

forces simply pull against each other, because side 

RS is now vertically above side TU, and there is no 

turning effect. Assuming that the coil has acquired 

some energy of motion, we can see that it will 

overshoot this ‘dead’ position. As it does so, the 

gaps between the semicircular segments pass under 

the brushes, and an instant later the electrical 

connections to the coil are reversed. The segments 

and brushes constitute the commutator. A 

commutator is any kind of switch which reverses a 

pair of electrical connections. Thus the direction 

of current through the coil is reversed, and hence 

the directions of the forces on the sides RS and TU 

are reversed. The force on side RS now pulls it 

downwards, and the force on TU pulls upwards. 

This change-over process is shown in Fig. 35.16. 

The coil then makes a half revolution, the current 

is reversed once again, and hence the forces on the 

sides RS and TU are again reversed. In this way, 

the forces acting upon the sides of the coil are 

always in such directions as to make the coil rotate 

continuously in the same sense (clockwise, in our 

example). 

Do forces on the other two sides on the coil 

have any effect? As stated earlier, when the sides 

RU (neglect the small gap Q-V) and ST are 

parallel to the field, as in Fig. 35.15, there is no 

/ 

® side RS 
; 

if Force 

/ 

Rotation 

/ 

Force 

(b) 
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force on them. When the plane of the coil is 

vertical (and you should argue this out for your- 

self), there are equal and opposite forces on RS 

and TU, but their lines of action lie along the axis, 

and thus exert no turning effect: they simply tug 

against each other (like one of the pairs of forces 

on the coil in Fig. 34.7). For any position of the 

coil, these two forces just oppose each other and 

make no contribution to the turning effect. 

In Equation 34.4 we obtained an expression 

for the torque on a rectangular coil in a uniform 

magnetic field. We cannot use that expression for 

the rotating coils of electric motors because, 

neither in the simple model motor of Fig. 35.14, 

nor in a ‘real life’ motor, is the magnetic field 

ever like this. In the model motor the field is 

distinctly non-uniform, being strong close to the 

pole-faces and decreasing markedly with distance 

away from them. In a ‘real life’ motor the field is 

almost perfectly radial, like the field in a moving- 

coil galvanometer (see Fig. 34.10). 

In a ‘real life’ motor the volume of space avail- 

able in the field region is packed as densely as 

possible with soft magnetic alloy (to maximize the 

magnetic flux) and a number of overlapping coils, 

with their planes set at equal angles to one 

another (Fig. 35.17). The size of the air-gap 

between the rotor (that is, the rotating part: 

another name for it is armature) and the stator 

(the stationary part) is made as small as possible in 

order to maximize the flux density of the field 

affecting each coil. The way in which an air-gap 

influences magnetic flux will be studied in some 

detail in Section 37.2. 
Each coil is connected to a pair of segments in 

the commutator (these can be seen in Fig. 35.17) in 

such a way that, whatever the position of the 

armature as it rotates, the currents in the coils are 

as shown in Fig. 35.18. Thus, in such a motor, the 

Fig. 35.17 The armature and commutator segments of a 
small d.c. motor. 
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Rotation 

Fig. 35.18 Schematic diagram of the cross-section through 
the windings of a d.c. motor, showing the directions of the 

currents. 

torque can be made to be nearly constant as the 

armature rotates. 

Before discussing further the practical forms 

of motors, let us consider how a motor converts 

electrical energy into mechanical form. A simple 

experiment will open the discussion. Using, for 

convenience, a low-voltage d.c. motor, measure 

the current taken by the motor under different 

conditions. You will find two important facts: 

a) When the motor is first switched on, the 

current is large; then, as the motor speeds up, 

the current decreases until the motor is 

running at a steady speed. 

b) If the motor is forcibly slowed down (by 

gripping the shaft with a cloth, as a kind of 

crude friction-brake), the current is observed 

to rise, and it falls again when the motor is 
allowed to run freely. 

A further experiment gives clues which help us 

to explain the facts just demonstrated. In the 

arrangement shown in Fig. 35.19 a motor has a 

flywheel attached to it so that, when the current is 

switched off, the armature keeps on spinning for a 

time. The switch S enables the motor to be dis- 

connected from the battery and immediately 

connected to the lamp. The ammeter A must be a 

centre-zero type, because it is used here to indicate 

currents in both directions. Firstly, the switch is 

set to the left-hand position: the battery is thus 
connected to the motor which speeds up, and the 
current is shown on A. When the motor has 
reached its steady maximum speed the switch is 
flicked over to the right. Now acting as a dynamo 
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Fig. 35.19 A motor can also work as a dynamo. 

while the flywheel is still spinning, the motor 

generates a current which lights the lamp. The 

important thing is that now the current registered 

by the ammeter is in the opposite direction to what 

it was before. Now, presumably, when the motor 

was connected to the battery it was nevertheless 

acting as a dynamo, generating an e.m.f. which 

opposed the current forced through it by the 

battery. This opposing e.m.f. is generally called a 

back e.m.f. The faster the armature spins, the 

greater is this back e.m.f., and hence the smaller 

the current flowing around the battery-motor 

circuit. This may become clearer when we con- 

struct a quantitative relationship, as follows. The 

net e.m.f. in the battery-motor circuit is the 

difference between the battery e.m.f. and the 

motor’s back e.m.f. By the definition of resistance 

we can therefore write: 

total circuit _ (battery e.m.f.) — (back e.m.f.) 

resistance current 

or, in symbols, 

Thus the current in the circuit is given by 

V—E 

R 
( (35.9) 

The back e.m.f., E, can be assumed to be pro- 

portional to the speed of the armature, just as the 

e.m.f. generated by a dynamo is proportional to 

the speed. Thus, the faster the armature spins, the 

greater the value of E and the smaller the value of 
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(V — E) and hence the smaller the current. 

We turn now to the question of the energy 

converted in the battery-motor circuit. The rate at 

which energy is converted (from chemical to 

electrical form) in the battery is VJ. We rewrite 

Eq. 35.9 thus: 

Vo =e hak 

and multiply both sides by / and obtain: 

Vi = Hl FPR 

This equation can be expressed in words as 

follows: 

(power from battery) 
= (useful power) + (power lost at heat) 

The term EI in the equation, the ‘useful power’ as 

we briefly call it, is the rate at which energy is used 

to keep the current J flowing against the opposing 

induced e.m.f., the ‘back e.m.f.’, and thus is the 

rate at which the motor does mechanical work. 

The term /2R is the rate at which electrical energy 

is converted into heat in the resistance of the 

armature coil (or coils). 

The existence of the back e.m.f., E, produced 

when a motor is running is made apparent by the 

experiment of Fig. 35.20. Here we have a volt- 

meter connected across the motor. When the 

switch is flicked across from left to right the 

voltmeter shows a voltage which, to start with, 

before the flywheel loses speed, is not much less 

than the battery voltage. 

In the example above we assumed that the 

magnetic field of the stator was constant through- 

S 

Flywheel 

Fig. 35.20 Demonstration of the back e.m.f. generated by 

a motor. 
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Supply 

Fig. 35.21 Electric motors: (a) 
shunt-wound and (b) series- 
wound. (a) 

out. This is true for a shunt-wound motor in 

which the stator electromagnet, or field winding, 

is connected in parallel with the armature, as in 

Fig. 35.21a. In this arrangement the p.d. across 

the field winding is constant (assuming the supply 

voltage stays constant) and so the current flowing 

in it is constant. But the armature current, as the 

example above showed, depends upon the speed. 

When the motor is switched on from rest the 

armature current is first of all very high, and so 

the torque on the armature is large. As the motor 

speeds up, the back e.m.f. in the armature 

increases, the armature current decreases, and so 

therefore does the torque. 

In a series-wound motor (Fig. 35.21b) the field 

winding and armature winding are connected in 

series to the supply. A motor of this kind does not 

have as many useful applications as a shunt- 

wound motor. 

In an efficient motor running at its correct 

working speed the back e.m.f. is usually only 

slightly less than the battery (or other supply) 

voltage. For instance, a motor designed to work 

from a 12 V supply may generate a back e.m.f. of 

11 V or even greater. 

Problem 35.3 A certain d.c. motor, designed to 

work from a 12V supply of negligible internal 

resistance, has an armature resistance of 0.252. 

When running freely, without any mechanical 

load, the current taken from the 12 V supply is 

2A. (The magnetic field of the stator can be 

assumed to be constant at all speeds.) 

a) Calculate the back e.m.f. generated in the 

armature when the motor runs freely. 

b) The motor is now ‘harnessed’ to some machi- 

nery, and its running speed becomes 80% of 
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Armature 

Supply 

(b) 

the free running speed. Calculate the new } 

back e.m.f., and the current taken from the 

supply, 
c) If the armature is held so that it cannot rotate }) 

at all, what current is taken from the supply? 

a) We can rewrite Eq. 35.9 thus: 

E= V —JIR 

so the back e.m.f. 

= 12V — QA <0.25 08 
=e le eV 

b) Assuming that the back e.m.f. is proportional 

to the running speed, the new back e.m.f. will 
be: 

80 
100 * 1tS:.V =/92V 

The current is given by: 

ae Wt 

SO 

ae LZ Ven IN. 

0.250 

= 11.2A 

c) When the running speed is zero the back 
e.m.f. is zero, and so the current 

V [= = 48A 

SS Se eee 

_35.7 Self induction 

Here is a puzzling demonstration. A low-voltage 
a.c. supply (say 12 V) is used to light a lamp. It is 

Armature 
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Bar of soft magnetic alloy 
inserted into coil 

Coil of 1000 
turns or more 

12 V lamp 

Fig. 35.22 Self-induction; the effect of a choke. A bar of 
soft magnetic alloy can slide into and out of the 1000 turn 

coil. 

possible to dim the lamp without either altering 

the supply voltage, or altering the resistance of the 

circuit. Fig. 35.22 shows how this can be done. 

A coil consisting of several hundred turns (1000 

is a suitable number) of thick copper wire, 

such as is used in transformer kits for school use, 

is connected in series with the supply and the 

lamp. When a bar of iron or mild steel, or, better 

still, a piece of laminated transformer core alloy, 

is pushed into the coil, the lamp dims. A coil, 

when used in this way to reduce the strength of an 

alternating current, is often called a choke. If the 

experiment is repeated using a steady smoothed, 

d.c. supply, the insertion of the magnetic material 

has no observable effect on the lamp’s brightness. 

The experiment suggests that it is the presence 

of alternating magnetic flux in the coil which is 

responsible for reducing the strength of the 

Fig. 35.23 Circuit to show that an inductor delays the 

growth of a current. 
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current. To understand how this comes about we 

need first of all to do some other simple 

experiments. 

So far we have seen how electromagnetic 

induction can be brought about by the relative 

motion of a conductor and a magnetic field, and 

by changes in magnetic flux linking a circuit with- 

out any physical movement. It should not be sur- 

prising, therefore, that when a changing current 

flows in a conductor, the changing magnetic flux 

due to this current induces an e.m.f. in the self 

same conductor. This phenomenon is called self 

induction. 

Figure 35.23 shows an experiment which 

demonstrates the effect of self-induction in a d.c. 

circuit. The circuit contains two parallel branches, 

each branch containing a similar lamp to give a 

rough indication of the strength of the current in 

the branch. L is a coil, of about 1000 turns of 

thick copper wire, of similar construction to the 

one used in the previous experiment, and which 

can be used with or without a core made of 

laminated transformer alloy. The coil’s resistance 

is a few ohms only, and the variable resistor R is 

set so that the two lamps light to equal brightness. 

First of all the coil is used without the magnetic 

core. When the switch is closed the two lamps 

reach equal brightness simultaneously; but when 

the magnetic core is used with L the lamp in series 
with it is observed to light up later than the lamp 

in series with R. This suggests that it must be a 

magnetic effect in L which is causing a delay in the 

growth of the current in its branch of the circuit. 

The growth of the current can be displayed on 

a c.r.o. by inserting a small resistance, 1 for 

instance, in series with L, and connecting the input 

leads to the c.r.o. across this ‘current sampling 

resistor’, whose resistance is small enough to 

avoid appreciably altering the behaviour of the 

circuit. The p.d. across the current-sampling 

resistor is proportional to the current flowing 

through it, and so the c.r.o. can display the time- 

trace of the rising current, and this should appear 

similar to the curve of Fig. 35.24. The current 

increases rapidly at first, then less and less rapidly 

as it approaches the final steady value. 

From now onwards we shall use the term 

inductor for a coil (with or without a magnetic 

core) in situations where its self-induction is 

significant. An inductor causes a delay in the 
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Fig. 35.24 The growth of current in an inductive circuit. 

growth of current because the changing current 

produces a changing magnetic flux, and this 

changing flux induces an e.m.f. which (Lenz’s law 

again) opposes the changing current. If we assume 

that the flux is proportional to the current, then 

the induced e.m.f. will be proportional to the rate 

of change of current. Thus the magnitude of this 

e.m.f. can be written: 

d/ 

arti 
where L is a constant for the inductor and is called 

the inductance of the inductor. The unit for 

inductance is the henry, and the letter ‘H’ is used 

for it. Because the product: (inductance) x (rate 

of change of current) must be a voltage: 

lees 

Because the e.m.f. induced in the inductor 

opposes the e.m.f. of the supply we can write an 

expression similar to the one for an electric motor 

(Eq735:9). 

current 

(e.m.f. of supply) — (e.m.f. of inductor) 

(total circuit resistance) 

in symbols: 

V — es 
pes Se ad 

R 

hence 

d/ V —IR 
Ae To (35.10) 

To find from this equation how the current 

varies with time one can use calculus to solve the 

[35.7] 

to C.r.o. 

LOKC.F.O. 

Fig. 35.25 When a current in an inductive circuit is 
switched off a large voltage can appear across the inductor. 
The straight line in the symbol for the inductor indicates that 
it has a magnetic core. 

equation, but to avoid that, we shall choose suit- 

able numerical values for V, R, and L, and carry 

out a step-by-step solution. At the instant when 

the switch is closed the time ¢ = 0 and the current 

aa) 

The numerical values we shall use are: 

a 

R= 50012 

es 25 0K 

At time ¢t = 0 the term JR = O and so 

CL gee 5s Ve i 
qd? 350m 0.01 As 

We assume, as a simplifying approximation, that 

the rate of rise of current remains constant at this 

value for a short interval of time Af, and then we 

calculate the increment in current AJ by the 
relation 

ss 

d/ 
AI = aro! 

We shall choose At = 0.1s here. So, at a time 

0.1 s after the instant of switching on, the current 

has increased by an amount 

(l1OmAs~') x (0.1s) = 1mA 

and so this is the current flowing at time ¢ = 0.1 s. 

Then, using this value of current, /, we can 

compute a new value for the rate of change of 

current, d//dt, hence a new value for AJ, and 

thus obtain the current flowing at time ¢ = 0.2s. 

In this way we can compute the current at succes- 

sive instants in time, and the results are shown in 

Table 35b and also plotted in Fig. 35.24. 

After a very long time (we can write f = o) 

the current is changing no more, that is, d//dt = 
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Table 35b Step-by-step calculation for growth of 
current in an inductive circuit. 

R = 5002, L = 250H, V= 2.5V 
ii -V — IR 
lt L NE = ONS 

d/ V—J/R 
t / IR V—IJIR aon i Al 

leet h-x 10-27 V Li ikem AQ?) A <0? 

00° 0 0) 2.5 10 1.0 
Or 1 0.5 2.0 8 0.8 
m2 1:8 0.9 1.6 6.4 0.64 
Ms 2. 222s nz 0.512 
O4 2.952 1.476 1.024 4.096 0.410 
B25) 3.362 +©1.681 O:819 3.276 0.328 
0.6 3.690 1.845 0.655 2.620 0.262 
a7) 3.952” 1.976 0.524 2.096 0.210 
Og 4.162 2/081 0.419 1.676 0.168 

O19) 4.330. 2.165 0.335 1.340 0.134 

1.0 4.464 

showing that the final steady current is inde- 

pendent of the inductance and hence, with the 

- numerical values used here, this gives J = 5 mA. 

| From the graph it can be seen that the time taken 

for the current to rise from zero to half the final 

value, namely 2.5 mA, is 0.31s. After a further 

time interval of 0.31 the current has risen to a 

value which is less than the final value by one 

| quarter of the final value, namely 3.75 mA. After 

_ value by one eighth of the final value, namely 
a further 0.31s the current is less than the final 

4.375 mA. In other words, the difference between 

' the instantaneous current and the final steady 

current is halved in successive equal intervals of 

| time. In this respect the growth of current in an 

| inductor resembles the growth of p.d. across a 

capacitor when being charged, and the decay of 

p.d. across a capacitor when being discharged (See 

Section 26.7.). 

Finally we examine what happens in an 

inductive circuit when a current is switched off. 

We can use our mathematical model for an 

inductive circuit to predict what should happen. If 

a circuit is suddenly broken the current must 

decrease very rapidly, so the value of d//dt will be 

very large. Since the e.m.f. induced in an inductor 
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is proportional to d//dt, the e.m.f. should 

likewise be very large, although it will only be of 

very short duration. The experiment of Fig. 35.25 

is used to test this prediction. 

N is a neon lamp designed to work at mains 

supply voltage (that is, about 250 V r.m.s.). With 

a high-voltage d.c. supply, or a suitable battery, 

we can show that a glowing discharge in the neon 

lamp does not strike until the voltage is about 

100 V. In the circuit of Fig. 35.25 we close the 

switch and find (not surprisingly) that the lamp 

does not glow, for the battery voltage is far too 

small to cause a discharge in the lamp. When the 

switch is opened a momentary flash is observed, 

indicating that for a very brief time the voltage is 

about a hundred volts or greater. The demonstra- 

tion can be made more convincing if one has an 

oscilloscope in which connection can be made 

directly to the Y-deflector plates. If the two 

deflector plates are connected to the two terminals 

of the inductor, one can display the very large 

voltage ‘spike’ which occurs when the switch S is 

opened. If the sensitivity of the cathode ray tube is 

known (that is, the voltage needed to deflect the 

spot of light on the screen by one centimetre) it 

may be possible to measure the magnitude of this 

voltage spike. This very large but short-lived 

voltage is the e.m.f. induced in the inductor when 

the current decays very rapidly. 

If any electrical circuit has a large inductance 

in it the problem of switching off a current in that 

circuit can be a serious one. It is perfectly possible 

for the spark which occurs between the switch 

contacts as they separate to persist and for there to 

be a continuous electric arc between the contacts, 

even when they are fully separated. In this condi- 

tion the current will still be flowing: it will not 

have been switched off at all! Nearly all electrical 

machinery has considerable inductance, and so the 

design of suitable switches for use in the electrical 

supplies to factories and all industrial plant is of 

great importance. In some types of heavy-duty 

switchgear the electric arc which forms when the 

contacts separate is extinguished by a powerful 

blast of air, or quenched by having the whole 

switch mechanism immersed in a suitable oil 

insulating medium. Sometimes it is not possible to 

switch the current off rapidly: it has to be reduced 

gradually by switchgear of highly sophisticated 

design. 



Chapter 36 

ALTERNATING CURRENTS 

36.1 

36.2 
36.3 
36.4 
36.5 

412 

Sinusoidal alternating currents and 

voltages 472 

Inductors in a.c. circuits 475 

Capacitors in a.c. circuits 420 

Oscillations in an LC circuit 423 

Rectification of a.c. 427 

36.1 Sinusoidal alternating currents and 

voltages 

The importance of alternating currents and 

voltages can hardly be overestimated. In almost 

every country the national electricity supply uses 

alternating current, the voltages being ‘stepped 

up’ and ‘stepped down’ by transformers. In any 

radio communication system, the aerial of the 

radio transmitter emits electromagnetic waves as a 

result of alternating currents flowing in the 

antenna. In the electronic reproduction of sound, 

the vibrations of a sound wave are converted, by a 

microphone, into alternating voltages and 

currents in order that they may be electronically 

amplified and then converted, by means of loud- 

speakers, into sound vibrations of increased 

power. 

To begin a study of alternating currents we 

need a supply which gives a very low frequency 

alternating current (a.c.). There are suitable low 

frequency electronic oscillators which are ideal, 

but a simple, mechanical means which can be 

operated by hand is shown in Fig. 36.1. It is a 

special kind of potentiometer, made from resist- 

ance wire wrapped closely around a rectangular 

card made of insulating material. When its spindle 

is rotated, sliding contacts A and B ‘pick off’ a 

p.d. which is proportional to the horizontal 

distance between them (by ‘horizontal’ here we 

mean in a direction parallel to the line joining P 

and Q). The terminals of P and Q are connected to 

‘a battery of small e.m.f., say 2.5 V. If the spindle is 

rotated at a constant speed the p.d. between A and 

B varies with time in an approximately sinusoidal 

fashion. The frequency of this alternating p.d. is 
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Fig. 36.1 A low frequency a.c. generator. Terminals P and 
Q are connected to a battery. A and B are sliding contacts 
mounted on an insulating, rotating arm. An alternating 
voltage appears between terminals A and B. 

equal to the number of revolutions of the spindle 

per second. 
Our first experiment compares an a.c. supply 

with a d.c. supply as a means of providing 

electrical power. 
In the experiment we use the very low fre- 

quency source to light a lamp, as in Fig. 36.2 with 

the switch S in the left-hand position as shown. he 

‘lamp and ammeter are connected to a battery and 

: variable resistor so that the lamp can be lit with 

d.c. instead of a.c. A is a centre-zero ammeter. 

When we rotate the shaft of the generator very 

slowly we observe that the lamp lights inter- 

| mittently, reaching maximum brightness twice per 

revolution: once when the current flows one way, 

and again when the current flows the opposite 

way. If we spin the generator shaft faster we find 

that the lamp flickers more rapidly and that the 

variations in brightness become less; also, the 

ammeter cannot respond adequately to the 

variations of current, so it oscillates just a small 

| distance either side of the centre-zero. We can run 

the generator at higher speed by using an electric 

motor to drive it, coupled by pulleys and a belt. 

| Above a certain speed we find that the lamp 

a.c. 

Fig. 36.2 generator 
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appears to be steadily lit, and the needle scarcely 

moves at all, registering zero all the time. We have 

the slightly paradoxical situation of an ammeter 

showing zero current in a circuit with a lamp 

showing clearly the presence of a current. The 

problem immediately arises, how does one 

measure the strength of the current in this 

situation? An ordinary moving-coil meter is 

useless but the brightness of the lamp gives a clue: 

perhaps one could use the heating effect of the 

current as a measure of its strength. 

Suppose we arrange that the maximum current 

in the circuit (which, you will recall, is obtained at 

two instants during each revolution of the 

generator shaft) is 100 mA. We spin the shaft at 

high speed, and note the steady brightness of the 

lamp. Then we switch over to the battery and 

adjust the variable resistor until the lamp is at the 

same level of brightness, and we read the steady 

current on the ammeter. We will find that the 

ammeter reads about 70mA. We deduce from 

these observations, therefore, that a sinusoidal 

alternating current whose peak value is 100 mA is 

equivalent to a steady d.c. of about 70 mA, if by 

equivalent we mean that the a.c. and the d.c. are 

carrying energy at the same average rate to the 

lamp bulb, where the energy is utilized as heat and 

light. 

We now proceed to find a theoretical reason 

for this relationship between the peak value of a 

sinusoidal a.c. and the equivalent d.c. We can 

represent a sinusoidally varying a.c. by the 

expression 

where / is the instantaneous value of the current 

and J, is the amplitude or peak value of the 

current. In describing simple harmonic motion 

(Section 19.7) we found that w = 27/, where f is 

the frequency of the oscillation. 

The rate of conversion of electrical energy into 

heat in a resistance R when a current J flows is 

I?R, so the rate of conversion of energy by our 

sinusoidal a.c. at time ¢ is given by 

P =RR sin? wt 

We are concerned with the average rate of 

conversion of energy by the a.c. because this is 

what determines the brightness of the lamp bulb. 
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To find this we need find only the average value of 

the term sin? wf because the term /$R is constant. 
We find this average value by taking the value of 

sin?wt at equally spaced instants in time during 

one complete cycle of variation, that is, from wf 

= 0 to wt = 2a radians, or 360°. A suitable 

increment for wf is 20°, and Table 36a shows the 
values computed for one whole cycle. The whole 

cycle comprises 18 time intervals, so to find the 

mean value of sin* wf we divide the sum of all the 

values in the right-hand column by 18. This gives 

0.500 as the mean value of sin? wt. Thus the mean 

rate of conversion of energy per cycle can be 

written: 

0.500/2R, or +I2R 

Figure 36.3 shows a graph of sin*w/f plotted 

against ¢, and you can see from this that the 

average value of sin* wf over one complete cycle is 

+, because its value varies equally above and 

below the horizontal broken line, with the ‘crests’ 

above this line equal in size and shape to the 

‘troughs’ below the line. 

The average rate of energy conversion per 

cycle by the a.c. is +/2R. If we were to use a 
steady direct current to give the same rate of 

energy conversion in the same resistance R, then 

this current would have to be equal to /,/V2, 
because 

Fig. 36.3. The variation of sin? wt and sin wt with time ¢. 

[36.1] 

Io - 72 
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This ‘equivalent steady current’ is called the root 

mean square value of the alternating current. Here 

is its definition: 

@ The root mean square (r.m.s.) value of an 

alternating current is the square root of the 

mean value of the square of the current, over 

one whole cycle. It is equal to that steady 

direct current which would dissipate energy at 

the same rate in a given resistance. 

The numerical factor /2 applies only to a 
sinusoidally alternating current: and in such a case 

we can write the relationship between root mean 

square current and the amplitude, or peak value, 

thus: 

peak value of current 
r.m.s. current = 

/2 

or, in symbols: 

(36.2) 

Table 36a 

wt sin wt sin? wt 

0) 0 0 

20° 0.342 0.117 

40° a 0.643 0.413 
60° 0.866 0.750 
80° 0.985 0.970 

100° 0.985 0.970 

120° 0.866 0.750 

140° 0.643 0.433 

160° 0.342 0.117 

180° 0 0 

200° — 0.342 OM 

220° — 0.643 0.413 

240° — 0.866 0.750 
260° — 0.985 0.970 

280° — 0.985 0.970 

300° — 0.866 0.750 

320° — 0.643 0.413 
340° — 0.342 Omnia 

360° 0 0 

Sum: 9.000 
Mean value: 0.500 
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The r.m.s. and peak values of sinusoidally 

alternating voltages are related in the same way. In 

practice it is usually the r.m.s. value which is used 

to specify the magnitude of an alternating voltage. 

When we speak of the ‘240 volt a.c. mains’ we 

mean that the r.m.s. voltage is 240 V: the peak 

value is therefore V2 x 240 V which equals 340 V. 

An experiment which shows directly the 

relation between r.m.s. and peak voltage is 

| represented in Fig. 36.4. Here an oscilloscope is 

used to measure the voltage; and the oscilloscope 

_ must be one which can respond to a d.c. input so 

that when a steady voltage is applied to the input 

terminals the spot of light on the screen is dis- 

played vertically and stays displaced, the displace- 

ment being proportional to the voltage. When the 

switch is in the left-hand position the lamp L is fed 

with a.c. from the low voltage terminals of a step- 

down transformer, and the peak value of the 

voltage is measured by reading off the amplitude 

of the sinusoidal trace on the oscilloscope. The 

switch is then put to the other position, the 

variable resistor adjusted until the lamp has the 

same brightness, and then the steady voltage is 

measured from the displacement of the trace on 

the oscilloscope. One cannot achieve high 

accuracy of measurement here, but it will be 

found that the peak value of the voltage is about 

1.4 times the steady voltage used (J/2 = 1.414). 

Testing for equality of brightness is best done by 

switching S back and forth rapidly. 

36.2 Inductors in a.c. circuits 

A demonstration of an inductor acting as a choke 

in an a.c. circuit was used to introduce Section 

35.7. This showed that when a magnetic core was 

pushed into a coil in an a.c. circuit, the strength of 

the a.c. was reduced. 

Before making a theoretical analysis of what 

Inductors in a.c. circuits 415 

Centre-zero 

a.c. 

Fig. 36.5 generator 

happens when an alternating p.d. is applied to an 

inductor we can demonstrate the phase-difference 

between voltage and current which is observable in 

a circuit which contains a very large inductance, 

using the very low frequency generator (Fig. 36.5). 

The two meters are adjusted so that they have a 

centre-zero. When the generator shaft is rotated 

slowly the voltage is seen clearly to reach its 

maximum value at a different instant from the 

current. In fact the voltage will reach its maximum 

positive value before the current does, the phase- 

difference being usually less than, but never 

greater than, one quarter-cycle. The way in which 

this phase-difference arises can be appreciated if, 

having observed what happens when the generator 

shaft is rotated at steady speed, one rotates it in 

jerks, a quarter revolution at a time. The way in 

which the current lags behind the voltage will then 

become very apparent. That this phase-difference 

is not due to some difference in the action of the 

two meters can be demonstrated. This is done by 

using a resistor instead of the inductor: then it will 

be clearly seen that the current and voltage are in 

phase. 

To understand how this phase-difference 

comes about we study the graphs of Fig. 36.6. 

Here the phase-difference is exactly one quarter 

cycle; this is the phase-difference we get whenever 

the resistance of the inductor is negligible. 

Earlier we derived an expression (Eq. 35.10) 

for the current in a circuit containing a d.c. 

electrical supply of e.m.f. V, resistance R, and 

inductance L. If the resistance R is negligible the 

expression becomes 

d/ V 

re eee 

and we can now refer to V as the applied voltage 

(or p.d.) across the inductor. SupposethatL = 3H 

and the peak value of the applied voltage is 6 V. 
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Fig. 36.6 The variation of current and voltage with time in a circuit 

containing pure inductance. 

Consider what is happening at point B on the 

time-scale of the graph in Fig. 36.6. At this instant 

V = +6V and using the expression above we find 

that dJ/dt must be +3 As@'!: this is the rate at 

which the current is rising, and it is the maximum 

rate of rise because V is at its maximum at this 

point. If the applied voltage were to remain at a 

steady value of +6V the current would have to 

continue rising at a rate of +2As~'. But the 

applied voltage decreases. At point C, V= +3 V 

and so d//dt = +1As~!. AtD, V = Oand there- 

fore dJ/dt = 0; here the current is at its maximum 

value and its instantaneous rate of change is zero. 

At Ewe have V = —3 Vandsod//dt = —1As7! 
which means that the current is decreasing at a 

rateof 1As~'. 

In order to develop the theory of a.c. circuits 

further we need to introduce a new concept. 

A very convenient method of representing 

sinusoidally varying quantities, especially when 

there are phase-difference between them, is the 

rotating vector technique. Section 19.5 described 

how sinusoidal motion could be derived from 

uniform motion in a circle - in a similar way the 

variation of any sinusoidally varying quantity can 

be derived from a vector rotating with uniform 

speed. In this context these rotating vectors are 

often referred to as phasors. 

In Fig. 36.7 imagine OP to be a rod, like the 

spoke of a wheel, rotating anticlockwise about O 

with uniform angular velocity w. At time ¢ = 0 the 

end P is at B. At the instant shown, therefore, the 

angle PON is wf. The distance ON, which is the 
projection of OP upon the AOB, is OP cos wf. 

Thus ON is a sinusoidally varying quantity whose 

A ae 

Fig. 36.7 Rotating vector, or phasor 
representation of a sinusoidally varying quantity. 

amplitude is equal to the radius of the circle. In 

this way we can represent two sinusoidally varying 

quantities with the same frequency which have a 

phase-difference of ¢ between them: 

X, = A, cos wt 

X, = A,cos(wt + ¢) 

by the diagram of Fig. 36.8. If these two quantities 

are ones which can be added (for instance, the 

voltages across a pair of electrical components 

connected in series), then their sum at any instant 

is represented by the projection of OS upon the 

horizontal LOL’. OS is the diagonal of the 

parallelogram which has OP and OQ as two of its 

sides: in other words, OS is the vector sum of the 

two vectors OP and OQ. 

Consider a circuit containing simply a resistor, 

R, and an inductor, L, connected in series with a 

supply of sinusoidally alternating voltage. The 

Fig. 36.8 Phasor representation of two sinusoidally varying 
quantities of different amplitude and phase. 
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50 Hz ~ R 

L = 100 H, with a resistance of about 300 22 

R=33kQ2 

Fig. 36.9 

inductor, we shall assume, has negligible resist- 

ance. A circuit like this can easily be set up for 

demonstration, but the demonstration is con- 

vincing only if the effect of the finite resistance of 

the inductor itse/f is masked by the effect of its 

inductance. Suitable values are suggested in Fig. 

36.9. If an oscilloscope is connected in turn across 

the terminals of the supply, across the inductor 

alone, and across the resistor alone, the surprising 

result is found that the sum of the voltage across 

the inductor and the voltage across the resistor is 

greater than the voltage across the terminals of the 

supply! The vector diagram of Fig. 36.10 shows 

how this comes about. 

It must be remembered that the voltage across 

a pure inductance leads the current flowing 

through it with a phase-difference of one quarter- 

cycle. The voltage across a pure resistance, on the 

other hand, is in phase with the current through it. 

Thus the voltage across the inductor, whose peak 

value we shall call V,, is a quarter-cycle ahead of 

the voltage across the resistor, whose peak value 

we call V,. In the rotating vector diagram of Fig. 

36.10 the vectors are rotating anticlockwise, and 

the angle between V, and Vp is a/2 radians, or 

90°, all the time. The voltage of the supply is 

represented by the vector Vs and this is the vector 

sum of V, and Vz. The lengths of these vectors are 

in the ratio 4:3. Let us suppose that V, = 4V and 

Vegans V: then) Vs is given by (Pythagoras’ 

theorem) 

Vo VE Na 

hence 

Vier SV. 
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a 

(Xs 
Fig. 36.10 Phasor diagram for the LR circuit of Fig. 36.9. 

So clearly, the arithmetical sum of V, and Vz is 

not equal to V;: four plus three does not equal 

five! 

Calculations based on vector diagrams like 

that of Fig. 36.10 do not require the presence of 

the circles, or the horizontal diameter: so in future 

we shall omit these parts of the diagram and 

simply keep the vectors themselves, as in Fig. 

36.14. 

An inductor has the important property of 

impeding the flow of an a.c. as our introductory 

experiment showed. We shall now discuss this 

property. The effect is convincingly shown in the 

experiment depicted in Fig. 36.11. An audio signal 

generator (with low impedance output) is used to 

provide an alternating voltage whose frequency 

can be varied as desired. The oscilloscope is used 

to monitor the output of the signal generator, 

simply to ensure that the peak value of the voltage 

remains constant when the frequency is varied. A 

is an a.c. ammeter of suitable range. L is an 

Oscilloscope 

Audio 
signal 
generator 

Fig. 36.11 
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inductor consisting of a coil wound on a former 

which can be slipped on a magnetic core, and the 

inductance can be varied by altering the distance 

between the two halves of the magnetic core, as 

shown in Fig. 36.12. The further apart the two 

halves, the smaller is the inductance. We find that, 

when the inductance is reduced, the current 

increases. When the frequency of the alternating 

voltage is increased the current is reduced, and a 

few measurements will suggest that, for a constant 

peak value of supply voltage, the current is 

inversely proportional to the frequency. 

Why should the current (its peak value, let us 

say) be inversely proportional to the frequency? 

We can argue it in the following way, using 

imagined numerical values as we did in the argu- 

ment of the last section. Referring back to that 

argument, suppose we start, as before, by 

considering the instant when the voltage applied to 

the inductor (assumed to have inductance only, 

and no resistance) is +6 V. The inductor has an 

[36.2] 

inductance of 3 H. At this instant the current must 

be changing at-a rate of +2 As~', because the 

value of Ldi/dt must equal the applied voltage. 

Suppose now that we double the frequency of the 

supply voltage, keeping its peak value unchanged. 

If the peak value of the current remained un- 

changed, then the rate of change of current at this 

instant would be +4As~!, simply because the 
frequency has doubled and hence the rate of 

change of current at each point during a cycle is 

twice what it was before. But a rate of change of 

current of +4As~! would mean that the applied 

voltage would have to be +12 V: but in fact it 
is +6V. 

This must mean that the peak value of the 

current is half what it was before. Figure 36.13 

shows the time-traces of the current at the old 

frequency and the current at the new frequency, 

for comparison. It follows, therefore, that if the 

supply voltage is kept constant, the peak value of 

current (hence also the r.m.s. value) must be 

inversely proportional to the frequency. 

To summarize, we can write the relationship 

between the peak current and the peak voltage 
thus: 

1 
ie 

To find the precise form of the relationship we 
cannot avoid using calculus. Writing w for 2xf, we 
represent the instantaneous value of the current in 
the inductor thus: 

My @e 

“J = Ihsinwt 

Fig. 36.13 The rate of change of current 
at point Pis the same in both cases. 
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The applied voltage is given by 

, al Viale 

Therefore, differentiating the expression for 

current with respect to ¢, we obtain 

V = wLlIcos wt 

and this can be written 

V = Vycos wt 

where 

Via elilo 

and this is the peak value of the applied p.d. Thus 

pe sare 
Oi. aoa iL 

This expression can be rearranged and written 

(36.3) 

and here we see that it resembles the expression 

which defines the resistance of an electrical device, 

V/I = R. But the right-hand side of the expres- 

sion, wL, is not the resistance of the inductor 

(which we have assumed to have zero resistance 

anyway). It must be remembered that the voltage 

and current are quarter of a cycle out of phase. 

The quotient V/I only defines resistance when 

the voltage and current are in phase. Here this 

quotient defines a different quantity which is 

called the reactance of the inductor. It is, like 

resistance, measured in ohms but, unlike what 

happens in a resistance, no power is dissipated 

when a current flows in a pure inductance. It is not 

immediately obvious that the quantity wl should 

be measurable in ohms, so let us see how this 

comes to be so. Frequency, f, has units: s7'. 

Inductance has units: Vs A~'. So the product wL 

has units: (s-') x (Vs A7') = VA~' or ohms. 

So far our arguments have been based on the 

assumption that the inductor has no resistance. 

We are now equipped to understand the function 

of an inductor which does have appreciable 

resistance. Such an inductor can be treated simply 

as if it were a pure inductance in series with a pure 

resistance, as in Fig. 36.9 earlier. That phasor 
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Vie = 2nfLl he 

Fig. 36.14 Phasor 
diagram for an LR 
circuit. Vp = Ril, 

diagram therefore applies to this situation, and we 

reproduce this diagram here in Fig. 36.14 without 

the circles, as we promised we would do: The peak 

value of the voltage across the series combination 

of inductance and resistance is the phasor Vin the 

diagram. Now, the peak voltage across the 

inductance is V, and we have already shown that 

V/Ip for a pure inductance equals wl, and so V, 

= wLJ,. The peak voltage across the resistance R 

is given by Vg = RlIy. Hence, by Pythagoras’ 

theorem, 

Vi= Vit VR 

= (las)? A GRIp)e 

hence 

Vs rs = VoL + 
0 

Now this quotient, voltage divided by current, is 

neither a reactance (where V and J are a quarter- 

cycle out of phase) nor a resistance (where V and J 

are in phase). We call it the impedance, and note 

that the voltage V; across the inductor, and the 

current (which is in phase with Vz), have a phase- 

difference of ¢ between them. The impedance (Z) 

of an electrical device, or a whole circuit, is 

measured in ohms. 

In the experiments, described earlier, demon- 

strating the properties of a pure inductance, we 

had to cheat’a little by choosing suitable inductors 
and frequencies so that the effect of any resistance 

in the inductor itself was negligible, being masked 

by the effect of the inductance. What we did, in 

fact, was to choose values of Z and f such that, in 

the phasor diagram of Fig. 36.14, V, was much 

greater than V, and so the phase-angle @ was very 

close to 2/2 radians, or 90°. 
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Fig. 36.15 Power in a purely inductive circuit. 

It was said earlier, without any reasons given, 

that in a pure inductance no power is dissipated. 

This will now be explained. 

We base our argument upon the graphs of 

voltage and current against time which were 

shown earlier, and are shown again here in Fig. 

36.15. The shaded curve shows how the product of 

voltage and current varies with time. 

Between points O and A on the time-scale, / is 

positive and V is negative, and so the product of 

VI is negative. Between A and B both / and V have 

negative values, thus their product is positive. 

Between B and C, V is positive but / is negative, 

and thus the product is negative. Between C and D 

the product is positive. When the product VJ is 

positive, energy is being fed from the source into 

the inductor and being stored in the magnetic field 

of the inductor. 

When VI is negative, energy is being returned 

from the inductor to the source. During one 

complete cycle, therefore, it is clear that there is 

no net energy transfer from source to inductor, or 

in the opposite direction. 

36.3 Capacitors in a.c. circuits 

One basic fact about capacitors and alternating 

currents is demonstrated strikingly by the experi- 

ment of Fig. 36.16. A capacitor whose capacitance 

is about 1000 uF is connected in series with a 6 V 

battery and a 6 V 0.06A lamp. (Care is taken to 

6V 

a I 

First using a 
d.c. supply 

Fig. 36.16 
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connect the capacitor with the correct polarity.) 

The lamp does not light, although it lights 

perfectly well when connected directly to the 

battery. This is as expected. Then the battery is 

replaced by a6 V r.m.s. a.c. supply, and the lamp 

is observed to light to almost full brightness. 

(Although we are using an electrolytic capacitor 

here, and it is being subjected to a voltage of 

about 6 x V2 = 8.5V, of the wrong polarity, 
every other half-cycle, it usually survives the 

treatment, provided that its working voltage is 

15 V or greater.) The experiment shows that 

whereas the capacitor does not conduct a d.c., it © 

does effectively conduct an a.c. The capacitor is, 

of course, being charged, discharged, and then 

charged with the opposite polarity, and discharged 

again, fifty times per second, and it is the charging 

current flowing in the wires of the circuit which 

lights the lamp. 

To investigate the phase relationship between 

the voltage across a capacitor and the current in 

the circuit we can use the arrangement of Fig. 

36.17. The voltage is found to lag behind the 

current (unlike the case of an inductor), reaching 

its maximum value about one quarter-cycle after 

the current reaches its maximum. The variations 

of voltage and current are shown in Fig. 36.18. To 

understand why the voltage and current vary in 

this way we must remember that current is the rate 

of flow of electric charge. At the instant A on the 

time-scale of the graph the voltage, and hence the 

Then using 6V 
: an a.c. ~ 

supply 
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Fig. 36.17 

amount of charge on the capacitor plates, is a 

maximum: the charge at this instant has ceased 

flowing into the plates and is about to flow away 

from them. Between A and B the voltage is 

decreasing which means that the amount of charge 

on the plates is decreasing also: the rate of 

decrease is a maximum at B, where the voltage 

curve has its greatest negative slope. At this 

instant therefore the current — the rate of flow of 

charge — has its greatest negative value. The rate 

of flow of charge then becomes less, as charge 

builds up on the capacitor plates, charging them 

with opposite polarity. At C the charge on the 

plates is again a maximum, and the rate of flow of 

charge, the current, is zero at this instant. You can 

continue the argument in this way, referring to the 

graphs. 

Consider now a circuit containing capacitance 

and resistance, as in Fig. 36.19. (This experiment 

is similar to the one with an inductor shown in Fig. 

36.9.) Suitable values for capacitance and resist- 

ance are shown. The peak value of the voltages 

across capacitance and resistance are measured 

with an oscilloscope and compared with the peak 

value of the voltage across the supply terminals. 

Onae 

ected 

5O iz = 33 kQ 

Fig. 36.19 

Fig. 36.18 Variation with time of current and voltage in a circuit 

containing pure capacitance. 

The sum of the first two, Ve + Vp, is found to be 

greater than the supply voltage, V;. The phasor 

diagram of Fig. 36.20 explains this situation. 

Remember that the vectors are imagined rotating 

anticlockwise: thus Vis lagging behind Vz by one 

quarter-cycle (Vz is in phase with the current 

flowing through R, and we have shown already 

that the voltage across a capacitor lags behind the 

current). Vs is the vector sum of V- and Vz and its 

magnitude is clearly less than the arithmetical sum 

of the magnitudes of V. and Vz. 

It is easy to get the phase relations between 

current and voltage for a capacitor confused with 

those for an inductor, and a useful memory-aid is 

the word CIVIL. Take the first three letters, CIV, 

and interpret them thus: in a capacitor (C) the 

current (J) leads the voltage (V). Take the last 

three letters, V/L, and interpret them: the voltage 

(V) leads the current (/) in an inductor (L). 

When a capacitor is present in an a.c. circuit, 

no electrical energy is dissipated in the capacitor, 

unless its dielectric has finite resistance. In an ideal 

capacitor the dielectric has infinite resistance. 

Using an argument similar to that for an inductor, 

based on graphs of current and voltage as in Fig. 

Fig. 36.20 Phasor diagram for 
an AC circuit. 
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36.18, you should show that, during one quarter- 

cycle, energy is fed from the source to the 

capacitor, and that this energy is returned to the 

source during the next quarter-cycle. 

The reactance of a capacitor determines the 

relation between the magnitude of the voltage 

across it and the current in the circuit. The way in 

which the reactance depends on the capacitance 

and the frequency can be demonstrated by the 

experiment of Fig. 36.21. The capacitance can be 

varied by connecting other capacitors of the same 

value in parallel with C. In this way it is found that 

the current registered by the a.c. ammeter, A, is 

directly proportional to the capacitance: J) « C. If 

the frequency is varied, making sure that the 

output voltage of the signal generator is kept 

constant (this is what the oscilloscope is for), it is 

seen that the current is also directly proportional 

toathe! frequency: Vpraife Thus," /CarAlso 

(although this is perhaps obvious and scarcely 

needs testing), if f and C are kept constant, the 

current is found to be directly proportional to the 

peak value of the supply voltage V,. Thus the 

reactance, if we define it in the same way as for an 

inductor, is related to f and C thus: 

se op egal 
Li oueaswyh ©> 

Using calculus one can show that the complete 

expression is: 

(36.4) 

This is done as follows. We can write an expres- 

sion for the applied voltage thus: 

V = Vosin wt 

y ie 

[36.3] 

Fig. 36.22 Phasor diagram 
for an AC circuit. 

where V, is the peak value of this voltage. The 

charge on the capacitor is given by 

QO = CV = CV sin wt 

The current flowing in the circuit is 

ce. 
7 dt 

substituting for Q in this expression, we obtain 

I = wCV, cos wt 

which can be written 

I = I, cos wt 

where /, is the peak value of the current, and 

Ip = wCV. 

Hence 

Kor sual 
de wC’ 

In Fig. 36.22 we see again the phasor diagram 

for a circuit containing capacitance and resistance. 

Vc, the peak value of the p.d. across the capacitor, 

is, as we have just explained, equal to J)/wC. Va, 

the p.d. across the resistor, is RJ). Thus, by Py- 

thagoras’ theorem, 

VESVORENV 

( J + en 
hence 

Vay. (late: os 
This quotient is the impedance of the circuit. Note 
that in this case the supply voltage, Vs, lags behind 
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Oscilloscope 

Fig. 36.23 

the current in the circuit (which is in phase with 

V,) by an amount ¢. In an inductive circuit the 

voltage leads the current. 
In the circuit of Fig. 36.22 power is dissipated 

only in the resistance, R. The peak value of the 

p.d. across R is Vz and 

Vp = Vs cos o 

and if J, is the peak value of the current, then the 

peak power dissipation is the product Velo. But 

the mean power dissipation is the product of the 

r.m.s. values of p.d. and current, and so the mean 

power equals 

which equals 

4VsIy cos . (36.5) 

The term cos ¢ is often known as the power factor 

for the circuit. If the circuit were purely resistive 

would be zero and cos ¢ would be unity. If the 

circuit were purely capacitative @ would be al 2. 

radians and cos ¢ equal to zero, and, as we already 

know, no power is dissipated in a purely capacit- 

ance circuit. Expression (36.5) is applicable to any 

circuit containing resistance and reactance. 

Finally, Table 36b summarizes concepts used 

in this section, showing their relationships and 

differences. 

The concept of resistance is only applicable to 

an electrical device in an a.c. circuit if the voltage 

and current are in phase. The concept of reactance 

is applicable only to devices for which there is 

exactly one quarter-cycle phase difference (a phase 

angle of +90°, or +7/2 radian) between the 

voltage across it and the current through it. The 

concept of impedance is used for devices which 
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Table 36b 
6. re ee 

Resistance Reactance Impedance 

V, 
Definition MY or Vims. Mo or Vins. Vo or 

Ig teams. I Heres I ties: 

Phase angle n= 0 nae @ may have 

between V i - any value in 

ee a (inductive) therange 
positive ie 

when V On es 2 

2 
leads /) reaiee T 

(capacitative) to + > 

Power Vins. X fms, Zero Vis. * 
dissipated /RECOSU 
ee EEE 

N.B. Vo and /y are peak values; V and /, without suffixes, 

represent instantaneous values; and V,.,.5, ANd /, ms, are 

root mean square values. 

have a reactive component and a_ resistive 

component, such as an inductor which has 

appreciable resistance, or a capacitor with ‘leaky’ 

dielectric; but its chief use is for circuits con- 

taining resistive and reactive devices. In general 

‘there will be a phase-difference between the 

voltage and current which is not precisely 1/2 

radian, nor precisely zero. 

36.4 Oscillations in an LC circuit 

The term ‘LC circuit’, using the symbols for 

inductance and capacitance, is a brief way of 

saying ‘circuit containing inductance and 

capacitance’. Circuits of this kind have wide- 

spread practical applications as tuned circuits or 

resonant circuits, chiefly in radio and television 

transmitters and receivers. 

Let us start by speculating on what we might 

expect to happen if a capacitor is charged and then 

connected to an inductor. If there is no resistance 

in the circuit, then no power can be dissipated as 

heat, as has been explained in Sections 36.2 and 

36.3. What would happen to the energy in the 

circuit? Would the capacitor discharge at all? 

Figure 36.23 shows an experiment which can 

help us to answer the question. The oscilloscope, 

with its time-base set to give a very slow sweep rate 

(about 1 trace per second is suitable), records the 

voltage across the inductor and capacitor. Closing 

the switch S charges the capacitor. When the 
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Voltage 

[36.3] 

Fig. 36.24 The oscillations in the voltage 
across L and C in the circuit of Fig. 36.23. 

switch is opened, a trace like that shown in Fig. 

36.24 is seen on the screen. We have here an 

oscillating voltage which decays to zero after a few 

cycles. 
If a resistor is connected across L and C the 

decay of oscillation is found to be more rapid: we 

have heavier damping. This suggests that the 

decay of oscillation may be due, in part at least, to 

the loss of energy being dissipated in the resistance 

in the circuit. 
It is convenient, for further experiments, to 

arrange that a continuously repeating trace on the 

oscilloscope screen can be obtained. Figure 36.25 

shows how this can be done. A sharp voltage pulse 

appears at the time-base output socket every time 

the spot flies back to the left-hand side, and this 

can be used to charge the capacitor which then 

discharges through the inductor as the spot traces 

from left to right. 

We can now investigate experimentally what 

factors determine the frequency of the oscilla- 

tions. The inductance can be varied by using the 

technique described in Section 36.2 and illustrated 

in Fig. 36.12. It is found that increasing the 

inductance reduces the frequency of oscillation. 

The capacitance can be altered by substituting 

other capacitors for C, or by adding further 

capacitors connected in parallel with C - this will 

show that increasing the capacitance also reduces 

the frequency of oscillation. Thus we see that this 

kind of circuit has a characteristic frequency 

which depends upon the inductance and the 

capacitance in it. Suppose we have used an 

inductance of about 0.1 H and a capacitor of 

about 1 yF, we will find that this characteristic 

frequency is about 500 Hz. 

A further experiment, using the same values of 

L and C as were used in the previous experiment, 

is shown in Fig. 36.26. The audio oscillator must 

be one which has a low-impedance output so that 

it can light a low-voltage lamp to full brightness 

even when its amplitude control is at less than its 

maximum setting. With the inductor alone, as in 

(a), the lamp lights at low frequencies but goes out 

when the frequency is increased: this is as 

Oscilloscope 

Time-base 
output 

Fig. 36.25 
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Fig. 36.26 

expected. With the capacitor alone, as in (b), the 

reverse situation is found, and the lamp only lights 

when the frequency is high. This also is as 

expected. 

In Fig. 36.26c we have combined the two 

previous circuits, and also inserted a third lamp, 

Z, to indicate the current flowing in one of the 

leads to the signal generator. At low frequencies X 

and Z glow but Y does not: thus it appears that 

most of the current is flowing by way of the 

branch containing L and X. At high frequencies 

the lamps Y and Z glow but X does not: so now 

most of the current must be flowing in the branch 

containing C and Y. But it is possible to set the 

frequency at an intermediate value such that 

lamps X and Y glow (although not necessarily at 

gross 
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full brightness) but lamp Z does not glow notice- 

ably. Using a.c. ammeters, instead of lamps, at 

positions X, Y and Z makes these observations 

even more convincing. 

At the characteristic frequency the current in 

the L-branch and the current in the C-branch of 

the circuit are both greater than the current drawn 

from the signal generator. This result seems a 

contradiction of Kirchhoff’s first law 

(Section 23.1). But what we know about the 

phase-relationships of current and voltage in 

inductors and capacitors should resolve the 

paradox. We know that in a pure inductor the 

voltage across it leads the current by quarter ofa 

cycle, and that in a pure capacitor the current 

leads the voltage, also by a quarter-cycle. Now, in 

our circuit, the capacitor and inductor are 

connected in parallel, so that the voltage across 

each must be the same in magnitude and phase. 

Thus the current in the inductor branch must be 

one half-cycle ahead of the current in the 

capacitor branch, that is, these two currents have 

opposite phase. The situation is shown in Fig. 

26327: 

The way the currents go, as shown in the graph, 

implies that nearly all the current is surging 

around the LC circuit, first clockwise, then anti- 

clockwise. It is the electric charge therefore that is 

in a state of oscillation, sloshing back and forth, 

as it were, like water in a bath. At the instant when 

the capacitor carries maximum charge (when the 

voltage is a maximum), the current is zero, hence 

the magnetic flux in the inductor is zero. This is 

the instant when all the energy in the oscillatory 

circuit is stored in the capacitor. A quarter of a 

cycle later the capacitor is uncharged, and the 

current is a maximum: this is the instant when the 

Current drawn from supply Voltage across L and C 

Fig. 36.27. The variation of current and 

voltage with time in a resonant circuit of 

negligible resistance. 
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energy is all stored in the inductor. Thus, 

neglecting any energy dissipation in the resistance 

of the circuit, the energy is transferred back and 

forth from inductor to capacitor, from being 

associated with a magnetic field to being asso- 

ciated with an electric field, alternately. 

We said earlier that the characteristic fre- 

quency of the LC circuit depended upon the 

inductance and the capacitance, and that increa- 

sing either of these quantities caused a reduction 

of the frequency. We shall now analyse the circuit 

theoretically to find precisely the relation between 

the frequency and L and C. Suppose the charge on 

the capacitor at some instant of time is Q, then the 

p.d. across the capacitor V,_. is given by: 

Ve= O/C.. The: p.d. across the inductor V, is 

related to the rate of change of current through it 

by the expression (see Section 35.7) 

d/ 
ie 

‘ dt 

If we regard the capacitor as the electrical supply 

which drives current through the inductor, then 

the current is equal to the rate at which the 

capacitor /oses charge, sO we must write 

ee Oy 
a di 

Hence 

qd a 80 a a? 
dir Sat diy? © arde 

Since the inductor and capacitor are connected in 

parallel, we must have V. = V,. Therefore we can 

write 

3 dO 
oe Alto 

[36.4] 

Silicon 

Fig. 36.29 Circuit to investigate conduction in a diode. 

cou” 1 
eo te 

This equation is of the same form as the one 

describing simple harmonic motion. In Section 

19.4 we found that, for such a motion, the 

acceleration d*x/df? was proportional to (— x). In 

Section 19.7 this was written 

hence (36.6) 

d2 

di? 

And we found that the solution for this equation 

was 

acceleration = = —w x 

X S"agCOSOr 

Equation 36.6 has the same form and so we may 

assume an analogous solution 

OQ = Q, cos wt 

implying that the charge on the capacitor varies 

sinusoidally, and the frequency of oscillation can 

be derived from the equation 

hence (36.7) 

Current/A 

Z C. . 1.0 

0.5 

Reverse current very 
small: usually a 
few microamperes 

—1.0 —0.5 0 0.5 1.0 

p.d./V 

Fig. 36.30 Current/p.d. relationship for a silicon diode. 
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Fig. 36.31 Circuit to show half-wave rectification. 

An experiment which demonstrates resonance 

in an LC circuit is shown in Fig. 36.28. The audio 

signal generator provides a sinusoidal alternating 

voltage whose peak value is in the order of one or 

two volts. A high resistance (about 5kQ is 

suitable) is put in series so that only a weak current 

is driven into the LC circuit. A c.r.o. is used to 

display the voltage across L and C. Provided that 

the resistance of the inductor is low (a few ohms at 

most) we find that, at one particular frequency, 

the voltage across L and C has a much greater 

peak value than at any other frequency. Here the 

LC circuit is resonating to the applied signal. If we 

already know the values of the inductance and 

capacitance, we can verify that this resonant fre- 

quency is equal to the value given by Eq. 36.7. 

The principle demonstrated by the experiment 

above is used in radio receivers. A variable 

capacitor in the circuit enables one to “tune in’ to 

the radio station required: then the circuit gives a 

large signal voltage only at the frequency of that 

station. Broadcasting stations operating at any 

other frequencies should not be audible, because 

the voltage across L and C is too small at those 

frequencies. That is the principle used in the very 

simplest design of radio receiver: in practice, the 

frequencies of broadcasting stations are so close 

together that a single LC circuit is not selective 

enough to prevent unwanted stations from being 

heard. More complex circuits have to be used, 

usually incorporating the superheterodyne prin- 

ciple. To find out more you must refer to a 

textbook on radio. 

36.5 Rectification of a.c. 

All large-scale, national electrical supply systems 

use alternating current, chiefly for economic 

reasons, as is explained in Chapter 38. But almost 
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all electronic devices, such as amplifiers, radio and 

television equipment, and computers, require a 

steady d.c. supply. Re-charging batteries requires 

d.c., but for this purpose it need not be a steady, 

or smoothed d.c. Rectification means the conver- 

sion of a.c. to d.c. A device which does this is 

called a rectifier. 

’ The simplest type of rectifier is a single diode, 

and one of the commonest kinds of diode is made 

from two types of silicon, called p-type and n-type 

(see Section 32.7). We shall not attempt to explain 

its internal action here, but shall simply study its 

function. For our experiments we use any silicon 

rectifier diode which has a maximum current 

rating of about 1 A. Figure 36.29 shows a circuit 

for investigating the conduction of the diode. Note 

that the symbol for the diode is like an arrow- 

head: when it is connected in the circuit as shown a 

measurable current should flow; if it is removed, 

reversed, and put back in the circuit the current 

should then be negligibly small. This shows that it 

only allows current to flow one way through it: the 

way the arrow-head points. When it is ‘the right 

way round’ in the circuit, and the maximum 

allowable current is flowing, the p.d. across the 

diode is found to be about 0.7 V: this value is 

characteristic of all silicon diodes. The graph of 

Fig. 36.30 shows the current - p.d. relationship 

for a typical silicon diode. Note that it is not an 

ohmic conductor, and therefore does not have a 

constant resistance: its resistance becomes less as 

the p.d. across it is increased. 

Figure 36.31 shows an experiment to demon- 

strate rectification of a.c. by a diode. A c.r.o. is 

used to display the p.d. across a resistor; this p.d. 

is proportional to the current in the diode at every 

instant and so the c.r.o. shows us how the current 

is varying. The diagram also shows the form of the 

trace observed on the c.r.o. This shows that the 

diode is allowing current to flow one way only, 

during every alternate half cycle of the a.c. This is 

called half wave rectification. If the diode is 

‘bridged’ by a wire link, as shown in Fig. 36.31, 

the complete, unrectified ‘waveform’ is observed. 

The term ‘direct current’ simply means current 

which flows in one direction only: it is not neces- 

sarily a steady current. In the experiment 

described we have produced a pulsating d.c. This 

would be quite satisfactory for re-charging a 

battery, but it would be useless as a d.c. supply for 
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a radio receiver, for instance, unless the pulsations 

are smoothed out by some means. The simplest 

way of smoothing the d.c. is to use a capacitor, 

connected in parallel with the resistor, as shown in 

Fig. 36.32; here we also see the ‘waveform’ of the 

trace on the c.r.o. when two different values of 

capacitance are used, and clearly the greater 

capacitance gives the better smoothing. Why does 

the ‘waveform’ have precisely these shapes? 

First you should recall the significance of the 

time constant of a circuit in which a capacitor is 

charging and discharging (see Section 26.7). We 

see, in Fig. 36.32, that when the p.d. across the 

resistor and capacitor is increasing its ‘time trace’ 

has the same shape as that of the alternating 

voltage of the supply. But when it is decreasing it 

does so more slowly than the supply voltage. 

When the capacitor is being charged the diode is 

conducting and has a low resistance. The supply 

also has a low resistance, and so the capacitor is 

being charged in a circuit of low total resistance, 

probably about 10, and the p.d. across the 

capacitor will ‘follow’ the varying p.d. of the 

supply with very little delay. But when the supply 

voltage falls the diode stops conducting, and the 

capacitor discharges through the resistor. In the 

experiment a 100 resistor was used, so that, with 

a 100 wF capacitor, the time constant is given by: 

time constant = 1000 x (100 x 10-°F) = 0.01 s 

As explained in Chapter 26 this is approximately 

the time taken for the capacitor to lose half its 

charge (the precise time is 0.693 RC). Half a cycle 

of the 50 Hz supply has a duration of 0.01 s, and, 

as we see in Fig. 36.32, the p.d. across the 

capacitor is falling to about half the peak value of 

the supply when the diode is not conducting. The 

500 »F capacitor increases the time constant of the 
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edhe. : as a 
= 100 pF C = 500 pF 

discharging circuit to 0.05 s and so the fall in p.d. 

is appreciably less. However, the smoothing pro- 

vided by a S500yF capacitor in this experiment 

would be quite inadequate in providing a supply 

for any amplifier, radio, or computer circuit. 

Problem 36.1 A student wants to use the circuit 

of Fig. 36.32 to supply an electronic circuit whose 

voltage and current requirements make it behave 

as if it were simply a resistance of 1000. She has 

been told that the ‘ripple’ (that is, the maximum 

variation of voltage) must not be greater than 1% 

of the mean supply voltage. What minimum value 

of smoothing capacitance must be used? 

When the smoothing capacitor is discharging 

through a resistance the time taken for the p.d. 

across it to fall to half of its original value is 

approximately equal to the time constant RC. 

With R = 1002 and C = 100 pF the time constant 

is 0.01 s. These values would cause a fall in p.d. of 

about 50% in the time of one half-cycle. To 

reduce the fall to less than 1% we need a time 

constant greater than 50 times the previous value, 

so a capacitance at least 50 times greater is needed: 

5000 »F or more. 

The bridge rectifier 

The most widely used type of rectifier in electronic 

equipment is the bridge rectifier, so called because. 

its circuit has the same configuration as the 

original Wheatstone bridge circuit (see Section 

25.5) containing four resistors. Figure 36.33 shows 

a bridge rectifier in an experimental circuit. This 

type of rectifier has the advantage that it uses both 

half-cycles of the a.c. and gives full wave rectifica- 
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c.r.O. screen 

Fig. 36.33 Circuit to show full-wave rectification with a 

bridge rectifier. 

tion. During one half-cycle two of the diodes 

conduct, and during the other half-cycle the other 

two conduct. Consider the situation when terminal 

P of the a.c. supply is at a higher potential than Q 

(or, as one often says: ‘P is positive with respect to 

Q’). The diode between A and B conducts because 

point A is at a higher potential than B; the diode 

between A and D does not conduct. Current flows 

through the resistor R, and the diode between D 

and C conducts because point D is at a higher 

potential than C (but less than A). The diode 

between B and C does not conduct. So current 

flows by way of P-A-B-R-D-C-Q. This 

current flows in a downwards direction through 

R, and so the top end of R is the high potential 

end. Similar reasoning can be applied to the other 

half-cycle; now the diodes between B and C, and 

between A and D, conduct, and the current path is 

Q-C-B-R-D-A-P. But once again the current 

flows downwards through R. 

Clearly it requires less capacitance to smooth a 

full wave rectified supply than a half wave 

rectified one, because there is less time between 

the voltage maxima. For most everyday applica- 

tions the four silicon diodes comprising the bridge 

are encapsulated into a single ‘package’ and pro- 

vided with four terminals. 

An important use for rectifiers is in a.c. 

meters. Figure 36.34 shows an example of a bridge 

rectifier linked to a moving coil milliammeter. 

This arrangement is often used in conjunction 

with a series resistor as the basis of an a.c. volt- 

meter, but its use is limited to situations in which 

the p.d. across each diode is negligible compared 

with the voltage being measured. The milli- 

ammeter indicates the mean value of the full wave 

rectified current, because the moving coil, pointer, 

etc., have sufficient inertia to prevent them from 
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Fig. 36.34 Circuit of an a.c. voltmeter. 

any noticeable movement at the frequency of the 

a.c. being measured. It can be shown theoretically 

that the mean value of a full wave rectified 

sinusoidal current is 2/7 times the peak value. As 

explained in Section 36.1 the peak value is V2 

times the r.m.s. (root mean square) value. Thus 

the r.m.s. is t/(2V2) times the value indicated by 

the meter. This factor is 1.11, to two decimal 

places. 

Problem 36.2 The arrangement of Fig. 36.34 is 

to be used to make an a.c. voltmeter reading up to 

500 V r.m.s. The moving coil milliammeter has a 

coil resistance of 109 and _ gives full-scale 

deflection for a current (d.c.) of 5mA. What 

value of series resistance is required? 

We can neglect the p.d. across each diode of the 

bridge, which cannot exceed about 0.7V (as 

explained earlier). We want the current through 

the meter to be 5mA when the r.m.s. voltage at 

the terminals is 500 V. 

As explained above, when the meter reads 

5mA the r.m.s. current through it must be 1.11 

times as great. Thus 

r.m.s. current = 1.11 x 5mA = 5.55mA 

This is to be the current flowing via the resistor 

when the r.m.s. voltage at the terminals is 500 V, 

so the total resistance required is 

500 V 
5.55 x 10-2A ee 

The 10 2 coil resistance is negligible in comparison 

with this. (Since moving coil meters are accurate 

only within about +2%, a resistance of 90k 

would suffice.) 

5 



Chapter 37 

THE MAGNETIC FLUX DUE TO 
ELECTRIC CURRENTS 

37.1 Magnetic flux measurement 430 37.1 Magnetic flux measurement 

37.2. The magnetic circuit concept 433 
37.3. Formulae for flux density 437 We shall need a technique for measuring amounts 

of magnetic flux, and flux density, in a variety of 

situations. The most suitable method for our 

purposes is to use a movable coil connected to an 

oscilloscope, and to arrange that the magnetic flux 

is alternating. When this alternating flux links the 

coil, an alternating e.m.f. is induced whose 

amplitude can be measured on the oscilloscope 

screen. Most of the measurements will be com- 

parative ones: finding by what ratio the flux has 

increased or decreased. This technique enables 

such comparisons to be made very quickly. 

Two distinct types of coil will be used (Fig 

37.1) to investigate the magnetic flux produced by 

a long tubular solenoid. The larger coil, A, which 

we shall call a girdle coil, is used to measure the 

total flux produced in the solenoid. This girdle coil 

must fit closely so that it is not linked by any of 

the reverse, external flux from the solenoid. The 

small coil on an handle, B, is generally known as a 

To c.r.o. 

Fig. 37.1. A long solenoid fitted with a ‘girdle’ coil A for 
measuring the total flux. A search coil, B, is used for 

measuring the mean flux density at a point. 

430 
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Fig. 37.2 The magnetic field of a solenoid; the ratio of 

length to diameter of the solenoid is 5:1. 

search coil. It detects only the flux which links the 

very small area enclosed by it, and thus the e.m.f. 

induced in it gives an indication of the mean flux 

density in a direction parallel to its axis. 

You should experiment with both types of coil, 

to explore thoroughly the flux produced by a long 

solenoid when an alternating current flows in it. 

To obtain a reasonably large induced e.m.f. in 

either coil one must use a frequency greater than 

the 50 Hz of the a.c. mains. This is a consequence 

of the law of electromagnetic induction: the e.m.f. 

induced in the coil is proportional to the rate of 

change of flux linkage, and so the higher the 

frequency, the greater will be the maximum rate of 

change of flux, and hence the greater will be the 

amplitude of the alternating induced e.m.f. A 

frequency of about 5 kHz is ideal for an air-cored 

solenoid which has a few hundred turns of wire on 

it. A frequency as high as this is needed so that the 

maximum rate of change of flux linkage with the 

girdle coil is great enough to produce an induced 

e.m.f. of sufficient amplitude to measure on the 

screen of a c.r.0. 

The results of the investigation should match 

with the information given in Fig. 37.2 which 

shows a section through a solenoid and its 

magnetic field pattern. Inside the solenoid, 

between the transverse planes labelled Q and R, 

the field is very nearly uniform, and here very little 

flux ‘leaks’ out from the wall of the solenoid. This 

is demonstrated by the fact that if the girdle coil is 

moved back and forth between Q and R there is 
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very little change in the e.m.f. induced in it. When 

the search coil is used to probe the field inside the 

solenoid, between Q and R, keeping its axis 

parallel to the solenoid’s axis, there is found to be 

very little variation in induced e.m.f., both when 

the search coil is moved back and forth parallel to 

the solenoid’s axis, and from side to side across 

the axis. When the search coil is placed on the 

solenoid’s axis, and level with the end P or S, the 

induced e.m.f. is half the value obtained pre- 

viously, provided the solenoid is long in compari- 

son with its diameter (see Table 37a for the 

significance of this). 

The search coil can be used to find the 

direction of the flux at any point, simply by 

orienting it so that the induced e.m.f. is a 

maximum: this occurs when the flux is parallel to 

the search coil’s axis. 

For a full investigation of solenoids we require 

a set of solenoids having the same number of turns 

of wire per unit length but with different areas of 

cross-section, and ones having the same cross- 

section but different numbers of turns per unit 

length. With these it can be demonstrated that 

what determines the maximum flux density (in the 

inner regions of the solenoid, as between Q and R 

in Fig. 37.2) is simply the total current circulating 

per unit length of solenoid: neither the shape nor 

the area of cross-section affect it. Thus, a solenoid 

having 6 turns per centimetre and a current of 3A 

gives the same maximum flux density as one 

having 9 turns per centimetre and a current of 2 A. 

Sometimes solenoids are made from a roll of 

metal foil (aluminium foil is often used) wrapped 

around a hollow cylinder and not from wire. The 

foil has an insulated coating so that the current 

circulates round and round the cylinder. In the 

example of Fig. 37.3 the solenoid is 20cm long 

and has 72 turns of foil around it. Electrical 

connections are made to the inner edge of the foil 

and to its outer edge. If a current flows uniformly, 

as suggested by the arrows in the figure, through 

the foil, then a current of 5A in this solenoid 

would provide 72 x 5A = 360A circulating 

around it, so that the current circulating around 

every centimetre length would be 18 A, the same 

as in the previous example. 

For some experiments, described later, we use 

a long, flexible solenoid which can be curved 

around to form a complete ring, as shown in Fig. 
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Metal bar makes connection 
to outer edge of foil 

i Metal tube former 
makes connection to 
inner edge of foil 

Arrows 
show 
circulation 
of current 72 turns 

of foil 

Fig. 37.3. A foil-wound solenoid. 

37.4. This is called a toroidal solenoid (from 

Latin torus meaning an anchor ring). Using a 

girdle coil we can show that the total flux 

produced by this flexible solenoid is unaltered if 

we change its shape from straight to toroidal 

form. This toroidal form has both practical and 

theoretical importance, chiefly because all of its 

flux is contained within it. This fact can be 

verified by using a search coil to hunt for flux 

leaking out from it. A girdle coil, on the other 

hand, is used to show that the flux is constant all 

the way around the toroid. As we have already 

seen, with a straight solenoid, if the flux density in 

the inner regions is B, then at each end, on the 

axis, the flux density is B/2. When the ends are 

joined, the fields. at the two ends combine to 

produce a total flux density B. Figure 37.5 shows a 

graph of how the flux density on the axis of a long 

solenoid varies with distance, near an end; and 

how these two ‘end-fields’ add together to give a 

constant total when the two ends are joined. 

The foregoing experiments suggest that the 

actual /ength of a solenoid is not a relevant factor 

in determining the flux density inside it, provided 

that it is long enough to make the field in its inner 

regions uniform. Strictly speaking this means that 

the solenoid must have infinite length, or else be 

toroidal so that it has no ends. In practice the flux 

density at the middle of a solenoid approximates 

well to that of a very long, or ‘infinite solenoid’ 

value if its length is a few times greater than its 

diameter. Table 37a shows how good the approxi- 

mation is. 

So far we have concentrated attention on the 

flux density in the region in and around a 

[37.1] 

Fig. 37.4 A schematic diagram of a toroidal solenoid. 

Table 37a 

Rati length Flux density at centre, as a percentage 

allo diameter of ‘infinite solenoid’ value/% 

5 98.0 
7 99.0 

10 Ooi5 
20 9959 

solenoid, and have established that in a long 

solenoid the flux density deep inside it depends 
only upon the current circulating per unit length 

of solenoid. Soon we shall be mainly concerned 

with the total flux produced by coils. 

To help you to start thinking about measuring 

total flux, look at Fig. 37.6. A set of three long 

solenoids, all having the same number of turns per 
unit length, is connected in series to an a.c. 

supply. Each one has around its middle a ten-turn 

girdle coil which can be connected to an oscillo- 

scope to measure the e.m.f. induced in it. A search 

coil also is used to probe the field inside the 

solenoids. The areas of cross-section of the 

solenoids are as shown. When the search coil is 

placed near the middle of solenoid X the e.m.f. 

induced in it is 10.0 mV. The e.m.f. induced in the 

girdle coil around it is 7.1 mV. Can you predict the 

_ séarch coil e.m.f. and the girdle coil e.m.f. for the 

other two solenoids, Y and Z? The flux density 

shown by the search coil will be the same in each 

because the current circulating per unit length is 

the same. The total flux, therefore, will be pro- 

portional to the area of cross-section, and so will 

be the e.m.f. induced in the girdle coil. 
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Distance 

Fig. 37.5 Graph showing the variation of flux density with 

distance at each end of a flexible solenoid. When the two 

ends of the solenoid are joined together the total flux density 
throughout the coil is B. 

37.2 The magnetic circuit concept 

How do we design an electromagnet to produce 

the strongest possible field in the air-gap between 

its poles? The concept of the magnetic circuit 

helps to solve this problem, as well as enabling us 

to find the exact relationship between magnetic 

flux and the currents which produce the flux. 

From the studies completed so far you should be 

able to offer some suggestions about what is 

needed for a strong electromagnet, for instance: 

1) use the strongest possible current ; 

2) use the greatest number of turns in the coils 

3) make the air-gap as small as possible. 

We cannot proceed further than this without a 

deeper understanding of the way magnetic flux 

behaves. To attain this we require an experimental 

system in which the magnetic flux is completely 

contained within a closed, loop-like path. The 

apparatus of Fig. 37.7 can be used for this 

purpose. The flux-path is provided by a ring made 

up of thin strips of overlapping magnetic alloy - 

used for making the cores of transformers — and 

bound together with adhesive tape. This alloy is a 

magnetically very ‘soft’ material: that is to say, it 

is easily magnetized and demagnetized, but cannot 

retain any permanent magnetism. It would be 

useless for , making permanent magnets. The 

length of the ring in Fig. 37.7 and its area of cross- 

section, can be altered by building it from dif- 

ferent numbers of strips, although this is a tedious 

operation. Unfortunately this is the only way of 

ensuring adequate magnetic contact between the 

separate parts which go to make up the ring. (This 
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—___—_—\o~ © 
Frequency ~ 5 kHz / 

Fig. 37.6 Measuring the flux in a set of three solenoids. 

Each solenoid has a ten-turn girdle coil around its middle. All 

solenoids have the same length but the areas of cross- 
section are 20 cm2(X), 10 cm2 (Y) and 40 cm? (Z). 

is fully explained later in this Section). Exactly the 

same principle is applied to the building of 

transformer cores. Indeed, the apparatus of Fig. 

37.7 is a sort of transformer, but here we are using 

the secondary coil as a means of measuring the 

flux in the magnetic ring, and not as an electrical 

supply. 

The movable girdle coil is connected to an 

oscilloscope which must be sensitive enough to 

measure voltages of a few millivolts. The primary 

coil is connected to a low voltage a.c. supply 

(audio signal generator) with a frequency of about 

1kHz to 5kHz. An a.c. ammeter is used to 

measure the current in the primary coil: this 

current will not be greater than about 0.1A 

r.m.s., for reasons which will become apparent 

later. 

The first experiment is to investigate how the 

flux in the magnetic ring depends upon the current 

and the number of turns in the primary coil. 

Keeping the same primary coil and varying the 

current, it is found that the e.m.f. induced in the 

girdle coil (the peak-to-peak e.m.f. is measured on 

Primary coil 

Fig. 37.7. An experimental magnetic circuit made by over- 

lapping strips of transformer alloy bound tightly together. 
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Fig. 37.8 Nearly all the flux is contained by the alloy, but a 
little leaks out into the air. 

the oscilloscope screen) increases when the current 

is increased. Substituting coils having different 

numbers of turns, but using the same current in 

each, we find that we get more flux with a larger 

number of turns. In fact it is the product: (current) 

x (number of turns) which determines the 

amount of flux. This product is often named 

‘ampere turns’. 

The fact that almost all the flux is contained 

within the metal ring is quickly checked by moving 

the girdle coil to different positions and observing 

that there is very little change in the induced e.m.f. 

An increase will probably be observed close to the 

fixed coil because a little of the flux takes a path 

through the air, instead of through the metal, as 

shown in Fig. 37.8. 

The next experiment is to construct a ring of 

greater total length, but keeping the same area of 

cross-section, and using the same number of 

ampere turns. This operation will reduce the 

inductance of the coil and the a.c. supply voltage 

will need to be reduced in order to restore the same 

current in the coil as before. Then it will be found 

that the flux has been reduced by lengthening the 

ring. By adding more alloy strips on to the core to 

thicken it, we find that this increases the flux for - 

the same number of ampere turns. 

Finally we can construct a ring of non-uniform 

cross section area and demonstrate that, in spite of 

this, the flux is the same at all places around the 

ring. 

These experiments show that the magnetic flux 

in a ring of suitable magnetic alloy behaves like an 

electric current in an electrical circuit. We shall 

sum up the points of similarity in Table 37b, using 

the term magnetic circuit for the apparatus with 

which we have experimented. 

The ‘proper’ name for ‘battery voltage’ in this 

context is of course electromotive force, or 
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‘e.m.f.’. By analogy with this, the term magneto- 

motive force, or m.m.f., is used to signify what we 

have so far called ‘ampere turns’. More precise 

experiments than we have described show that the 

flux in a magnetic circuit can be described mathe- 

matically by expressions which are exact analogues 

of the expressions used in electrical circuits. Thus, 

for a magnetic circuit consisting of a ring of one 

material of uniform cross-section, we can write: 

b= uM 

where p» depends upon the flux density within the 

material, but within strict limits may be approxi- 

mately constant (this point will be taken up later:) 

and where © is the flux, M is the magnetomotive 

force (the ‘ampere turns’ product for the coil), A 

is the area of cross-section, and / is the length of 

the magnetic circuit. For an electric circuit com- 

prising simply a battery of negligible internal 

resistance of e.m.f. &, and a uniform resistance 

wire of cross-sectional area A and length /, the 

current would be given by the expression: 

A 
AGES Fs 

(37.1) 

(372) 

Here o is the conductivity of the material of the 

wire. Conductivity is the reciprocal of resistivity: 

Table 37b 

Magnetic circuit Electric circuit 

The flux depends on the 

‘ampere turns’ 
The flow of charge 

depends on the ‘battery 
voltage’ 
If length increases; the 
current decreases 

If length increases; flux 

decreases 

If cross-sectional area 

increases, the current 

increases 

If cross-sectional area 

increases, the flux 

increases 

The current is constant all 

around the circuit regard- 
less of variations in cross- 
sectional area. 

The flux is constant all 

around the circuit regard- 
less of variations in cross- 
sectional area. 
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in symbols, o = 1/@ (see Section 23.4). The 

conductivity of most conducting solid materials is 

constant, at constant temperature, for a very large 
range of current densities in the material. In this 

way it differs markedly from its magnetic 

analogue: permeability (,). 

Rearranging the two Eqs. 37.1 and 37.2, and 

writing them so that they can be compared, we 

have: 

a 
A |S (3753) 

=el|r- 

and 

sty 

1 = if E 07 | (37.4) 

The electrical circuit expression is shown in terms 

of resistivity, 9, as well as conductivity, o: and it 

will be recognized as the expression for the 

electrical resistance of the circuit. By analogy the 

quotient M/® is defined as the magnetic re/uct- 

ance of the magnetic circuit. The unit of reluctance 

is: AWb~-'!. This concept of reluctance can be 

applied to any one part of a magnetic circuit also, 

and the total reluctance of the entire circuit is 

equal to the sum of the reluctances of all the parts: 

a similar rule applies to the electrical resistances of 

the parts of any electrical circuit, in which all the 

parts are in series. 
Before we go on to use these concepts quanti- 

tatively in problems, for instance that of the 

design of an electromagnet, we must emphasize 

the limitations of the analogy between magnetic 

and electric circuits. The first important difference 

concerns energy. In an electric circuit which has 

resistance, energy must be continuously supplied 

to maintain a steady current in the circuit. This is 

not so in a magnetic circuit: energy is not used in 

maintaining a steady magnetic flux, although 

energy is needed to ‘build up’ a magnetic flux 

from zero, and energy will be converted into heat 

in the magnetizing coil unless it is made of a super- 

conductor. Another point, and related to the first, 

is that whereas our theoretical model of an electric 

current in a conductor involves the idea of moving 

charged particles of matter, for which there is 

plenty of evidence (see Chapter 33), there is no 

evidence whatsoever that magnetic flux is a flow 

of any material substance (although the Latin 

word flux means ‘flow’). Furthermore, the 
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electrical conductivity of a vacuum is precisely 

zero, but the magnetic permeability of a vacuum 

has a finite value. This value is determined by the 

definition of the ampere, as will be explained later 

in this chapter (Section 37.3). 

The fundamental difficulty in measuring the 

magnetic permeability of a medium is in ensuring 

that all the flux is kept within the medium. To 

adapt the experiment just described to measure the 

permeability of transformer alloy, or iron, the 

ideal way would be to fill the toroidal solenoid 

with the material in question. However, we can 

obtain good estimates, for transformer alloy, 

using the apparatus of Fig. 37.7 and applying the 

theory of the experiment we have just described. 

Question 9.29, at the end of this book, concerns 

such a measurement. But we must emphasize, at 

this point, that the permeability of magnetic 

materials is never constant, unlike the conductivity 

of any metal at constant temperature. At best, 

permeability is approximately constant over a 

limited range of flux density within the material; 

and the relationship: flux « m.m.f. is an approxi- 

mate one, valid within certain limits, but neverthe- 

less useful in spite of the limitations. This should 

explain why, in the experiment described in 

Section 37.2, the current was kept small. 

Problem 37.1 This example uses the concept of 

the reluctance of a magnetic circuit, and shows 

how large an effect a small air-gap can have on the 

flux. 
A pair of ‘C’-shaped transformer half-cores 

join perfectly to form a magnetic circuit. The alloy 

of which they are made has a mean permeability 

of 3 x 10-3WbA~'m7~! for small flux densities. 

The mean length of the flux-path in the complete 

ring is 200mm, and the area of cross-section is 

400 mm?2. Suppose. now that an air-gap of width 

0.04 mm is introduced between both pairs of 

joining faces. By what factors is the reluctance of 

the magnetic circuit increased? 

We use Eq. 37.4 for the reluctance of a uniform 

magnetic circuit: 

M ae 
Reluctance = por ea . 

and we shall also use it for individual parts of a 

complete circuit. 
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Thus the reluctance of the pair of half-cores 

(without air-gap) is 

1 5 200 X_ 107° m 

3X 10 WO A mn 400 x 10-¢m? 

= ieal0vAW bat 

Taking the permeability of air as being the same as 

that of a vacuum, 47 x 10-7WbA~-'m~!, and 

assuming that the flux crosses the air-gap without 

spreading over a larger area of cross-section, we 

obtain, for the reluctance of the two air-gaps 

(total width 0.08 mm): 

1 x 0.08 x 10-3m 
4x x 10-7>WoA'm-! 400 x 10-*m? 

=. Ona LOA WDae 

This adds to the reluctance of the half-cores 

making a total of 3.3 x 105A Wb7!, just about 

double the original reluctance. This means that, 

for the same coil current, the flux in the core will 

be approximately halved by introducing the small 

air-gaps. Gaps of this magnitude can easily arise 

from ill-fitting, rusty, or damaged faces to the 

half-cores. 

The problem should help you to appreciate 

why it was so important, in the experiments of 

Fig. 37.7, to avoid having ‘butt joints’ with an air- 

space between. Figure 37.9 should make this clear. 

The overlapping construction is used in trans- 

former cores: transformers are described in 

Chapter 38. 

Strips 10 mm wide by 1 mm thick 

MLLLLLLLLLLLL IZIIEL 

Strip 10 mm wider: 

[37.2] 

Now, in answer to the question which we 

posed at the beginning of this section, about 

electromagnet design, you should work through 

Question 9.30 (see end of book) which applies the 

theory we have developed. 

Finally, we use the theory to derive an expres- 

sion for the inductance of a magnetic-alloy cored 

inductor. Suppose this consists of a coil of N turns 

wound upon a magnetic core, forming a closed 

magnetic circuit, of reluctance S. The flux in the 

core is given by 

Moalstion NE 
~ reluctance S 

Assuming that the reluctance is constant, then if 

the current changes at a rate d//dt, the flux will 

change at a rate given by 

Adon) Node 

-diiisentS ach 

This changing flux will induce an e.m.f. in the coil 

E, where 

dé 
— 

ae di 

if we assume that all the flux links every single 

turn of the coil. Hence 

N? dl 

S Salsa 
But inductance, L, is defined by the relation (see 

Section 35.7): 

mats 
| 
k*—- 0.02 mm 

| 

LLL LLL 

Area crossed by flux in gap: ~ 10 mm2 

| 
Overlap 100 mm ie GOD tan 

LILA LLL, 4 

Fig. 37.9 Why an overlap joint makes 
better magnetic contact than a butt joint. 

| | 
Area crossed by flux in gap: ~ 1000 mm2 

Reluctance of air-space reduced by about 100 times 
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therefore 

(375) 

One type of inductor used frequently in school 

laboratories has a coil of 1100 turns which can be 

fitted on to a core of the type described in 

Problem 37.1. We estimated there that the reluct- 

ance of this core for small flux densities, was 

about 1.7 x 10°A Wb~—!. Substituting these values 

MEd. 37.5, we get 

11007 
arsoalOoee tens 

L= 

Note the unit, the henry. Equation 37.5 shows that 

the unit for inductance, which we already know to 

be the henry, must also be the reciprocal of the 

unit for reluctance (N, the number of turns, has 

no units). Thus inductance could also be expressed 

in terms of the unit: Wb A~!. 
As shown in Problem 37.1 an air-gap of 

0.08 mm total width would just about double the 

reluctance of the core. Since, as Eq. 37.5 

indicates, the inductance is inversely proportional 

to the reluctance, this air-gap would approxi- 

mately halve the inductance. 

37.3. Formulae for flux density 

We now come to a fundamental theoretical 

problem: how can we predict the magnetic flux 

density at points in the field of any conductor with 

a current flowing it it? In the previous section we 

have solved the probleni for the field inside a long 

solenoid, but that is just one particular example of 

a current-carrying conductor: we now proceed to 

consider the magnetic fields of straight conductors 

and of flat coils. 

A long straight wire 

First we shall study the field around a very long 

straight wire with a current in it, taking up this 

topic from where we left it at the end of Section 

34.2. In that section we established that the 

magnetic force between two parallel straight 

conductors of length separated by a distance a was 

given by the expression (34.1): 
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T 
Fee (2 x 10 NA~ ) nia 

where /,, J, are currents in the two conductors, 

expressed in amperes; / and a are expressed in 

metres, and the force is in newtons. Now, by the 

definition of magnetic field strength, (which we 

prefer to call flux density), the flux density at any 

point whose distance is a from the wire carrying 

the current /, is given by 

if 

Bamipy 
and substituting for F, we obtain 

ss Bee BS (2x 107Na) 4 (37.6) 

As you already know, the pattern made by the 

flux lines around a long straight wire is one of 

concentric circles; and furthermore the pattern 

made by flux lines around any conductor, or set of 

conductors, carrying current is a pattern of closed 

loops, although these loops are not, in general, 

circular in shape. 
The French physicist Ampére established a 

very important law which applies to these flux 

patterns, whatever their shape, and whatever the 

configuration of conductors carrying the current. 

To avoid too mathematical a discussion, we need 

to go back a little into the history of electro- 

magnetic theory. For more than a century after 

Ampeére’s time (the 1820s) the strength of a 

magnetic field was expressed, not as now, in terms 

of the force on a current-carrying conductor, but 

in terms of the force on an imaginary single 

magnetic pole. This idea has survived in the 

convention we use for defining the direction of 

magnetic field: this was originally defined as the 

direction of the force on a ‘free’ north-seeking 

magnetic pole. As you know, magnetic poles 

cannot exist singly in isolation, but only in pairs 

(N and S). However, it is possible to imagine an 

isolated pole and how it would perform in a 

magnetic field. Consider the field of a long 

straight wire, as shown in Fig. 37.10: the current is 

in a direction at right angles to the plane of the 

diagram. If a free N pole were released at point P 

the force on it would push it around the circle (we 

assume that this imaginary pole has no inertia, no 

mass, of course!). For every revolution of the pole 
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Fig. 37.10 The magnetic field of a long straight wire 
carrying a current perpendicular to the plane of the paper. 

a certain amount of work would be done on it. If 

the N pole were released at Q the force on it would 

be greater, but it would not travel so far during 

each revolution. In all such cases: 

work done on pole 

« field strength x distance around circle 

hence 

I 
work done « o x 27a 

therefore 

work done « J 

Thus the work done is independent of the distance 

from the wire: it depends only upon the current 

‘encircled’. It can be proved mathematically that 

the result is exactly the same for an imaginary 

path, in the form of a loop, of any shape, sur- 

rounding the current; but the proof is beyond the 

scope of this book. 

A solenoid 

We can show that the same rule is true for the field 

inside a toroidal solenoid. The total flux inside the 

solenoid (see Section 37.2) is given by the expres- 

sion 

b= yM4 

[37.3] 

The magnetomotive force M is the product of the 

number of turns in the solenoid, N, and the 

current, /. Assuming there is no material inside the 

toroid we can therefore write 

= oN IS 

and so the mean flux density (or field strength, if 

we choose to call it so) is given by 

(37.7) 

We say ‘mean flux density’ because the field is not 

strictly uniform: it is stronger close to the inner 

edge of the toroid because here the wires are closer 

together than at the outer edge. We can neglect 

this non-uniformity if we imagine the radius of the 

toroid to be large compared with the radius of the 

hollow tube itself: then the total length of the 

toroid, measured along its axis, is given by 

ar 

As before, we imagine a free north pole making 

one revolution in the field inside the solenoid, 

along its axis. Then, since work done on the pole 

is proportional to the field strength x distance 

around circle 

we have: 

work done « bose Xela 

a NI 

The total current ‘encircled’ by the pole as it goes 

once round is N/, so once again it is true that the 

work done on the pole is proportional to the 

current ‘encircled’ by the pole as it makes one 

revolution. 

We stated earlier, without any proof, that the 

rule is true for a looped path of any shape. We can 

give one instance of this by considering the field in 

part of a long straight solenoid. Figure 37.11 

Fig. 37.11 The application of Ampére’s circuital law to part 
of a long solenoid. PORS is the imaginary path considered. 
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shows a section through the solenoid: we have 

‘sliced through’ the wires and the current is 

coming towards us along the wires on the upper 

side. The field inside the solenoid is thus towards 

the right. We imagine moving a free N pole along 

the path PQRS which is partly inside the solenoid 

and partly outside. From P to Q the force on the 

pole is along the direction PQ, so the work done in 

moving it from P to Q is proportional to Bd. 

Going from Q to R the pole is first of all travelling 

in a direction perpendicular to the field, so no 

work is done on it by the field. When the pole is 

outside the solenoid, going along the upper part of 

QR, the field is zero, so again no work is done. 
From R to S there is no field, so no work is done. 

From S to P the same arguments apply as to the 

section QR, and no work is done. Thus the total 

work is simply « Bd. Now, if as before N is the 

number of turns in the solenoid whose length is /, 

N 
B — bot 

and so the work done 

x MN 4 I 

but N(d//) is the number of turns in a distance d 

along the solenoid, and so once again we have the 

result: 

work done « current ‘encircled’ by path of pole 

By now we hope that you are convinced of the 

general truth of this rule. Finally, we can make a 

statement of it, in modern terms, but avoiding 

advanced mathematical ideas, and avoiding use of 

the concept of a free magnetic pole. 

Ampeére’s circuital law 

Imagine a closed path of any shape in a magnetic 

field in a vacuum, such as the broken line in Fig. 

37.10. Imagine this path divided up into infini- 

tesimally small portions, each of length ds. For 

each portion consider the product: 

(component of B-field parallel to ds) x ds 

The sum of all such products equals: 

jt) (Net current enclosed by path). 

You should check back for yourself at this 

point that the law is correct for the toroidal 

solenoid for which B is given by Eq. 37.7. 
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Ampeére’s law and a long straight wire 

Consider once again the expression we obtained 

for the flux density at a distance a from a long 

straight wire carrying current /: 

B= (2 x 10-7NA~? z 

We apply Ampere’s circuital law to this, for a 

circular path of radius a around the wire. Because 

B is parallel to the path at every point the sum of 

products: 

(component of B-field parallel to ds) x ds 

is simply 

B x (length of path) 

which is 

B X 27a and this must equal pol 

therefore 

(37.8) 

comparing this with the earlier expression, a few 

lines above, we see that 

uo = 40 X 10-7NA~? 
Thus the numerical value of the constant jo is 
determined by the number ‘2 x 10~” which 

appears in the definition of the unit of current, the 

ampere. 
The symbol y, without a suffix, is used for the 

permeability of any medium other than a vacuum, 

and it is often convenient in practice to use the 

concept of relative permeability for magnetic 

materials. This is defined as follows: 

absolute permeability 

relative permeability _ of material 
of material ~ absolute permeability 

of free space 

By ‘absolute permeability’ we mean the perme- 

ability expressed in its proper units. These proper 

units can be N A~2, as used above, or other alter- 

natives: see Question 9.37 at end of this book. 

A circular coil 

The final example of a current-carrying conductor 

and its magnetic field for us to study is a plane, 

circular coil (Fig. 37.12). This is more difficult to 

analyse theoretically than the previous examples 
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(solenoid, and straight wire), but it is important 

because in many experiments a magnetic field is 

provided by one or more ring-shaped coils. 

Using the search coil technique we can dis- 
cover what variable factors determine the flux 

density at the centre of a plane circular coil. The , 
coil can be made from thin, flexible insulated wire 

wound around a former made of non-magnetic 

pegs stuck into a large piece of pegboard. The 

number of turns, N, used to make the coil, and the 

radius of the coil, r, can be varied, as well as the 

current in the coil. Altering only one of the 

variables at a time we find that: 

| 
(BacceN| Diary Boon) 

These three expressions can be combined into one: 

mec NI 
i 

To determine theoretically the constant of pro- 

portionality in this expression is the awkward bit. 

It cannot be done by applying Ampere’s circuital 

law, because the magnetic flux pattern, as shown 

in Fig. 37.12, is geometrically complex, and it is 

not possible to find an imaginary path enclosing 

the current for which the flux density is constant, 

as we were able to do for a solenoid and a straight 

wire. 

In order to avoid advanced mathematics we 

adopt an experimental approach to the problem of 

determining the constant in the expression for the 

flux density at the centre of a plane circular coil. 

Figure 37.13 shows a long solenoid made of plane 
Vr He EP ihe BES ee oS <% 

Fig. 37.12 The magnetic field pattern of a current in a 
plane circular coil. (From D.S. Heath et a/., PSSC Physics 
(1965). Reproduced by permission of the publisher.) 

[37.3] 

Low voltage supply, frequency about 5 kHz 

Fig. 37.13 A long solenoid made of plane circular coils of 
radius r, separated by distance r/2. The flux density near the 
middle is four times the flux density at the centre of an 
isolated plane coil of a single turn having the same radius 
and carrying the same current. 

circular coils, of radius r, which are separated by a 

distance r/2. Although this is a very ‘open-wound’ 

solenoid, the flux density on its axis is very nearly 

constant, as the use of a search coil will show. 

Near the middle of the solenoid, where, as for any 

other long solenoid, the flux density approximates 

closely to that of an infinite solenoid having the 

same number of turns per unit length, the mean 

flux density is found to be exactly four times the 

flux density at the centre of a single coil of radius r 

with the same current flowing in it. This 4:1 ratio 

is easily demonstrated by means of a search coil 

connected to an oscilloscope. Now, the flux 

density in a long solenoid is 

NI 
Ko / 

where WN is the number of turns and / the length. If 

we call the flux density at the centre of the single 

plane coil B, then 
‘ 

NI 
4B = Ps 

But since the turns in the solenoid are spaced by a 

distance r/2, 

yeH! = 
and substituting this in the expression above, we 

get 

and so 

(37.9) 
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SOME APPLICATIONS OF 
ELECTROMAGNETIC THEORY 

38.1 Transformers 447 38.1 Transformers 

38.2 Eddy currents 445 

38.3. Induction machines 447 

38.4 The generation of a.c. power 

All national, large-scale electrical supply systems 

449 use alternating current. The chief reason for this is 

one of economics. It is cheaper to send electrical 

power over large distances, by cables (usually 

overhead), if very high voltages are used. This was 

mentioned in Section 24.3, with a numerical 

problem (24.3) which showed the very great 

reduction of power loss (as heat in the cables) 

achieved when a high voltage is used. The British 

system uses voltages of 132kV, 275kV, and 

400 kV. For obvious reasons these voltages would 

not be suitable for the mains supply to your house. 

In practice, transformers are used to ‘step down’ 

the voltage by stages to 240 V r.m.s. for ordinary 

domestic supplies. Also, at the other end of the 

system — at the power generating station — ‘step 

up’ transformers are used to increase the voltage 

of the supply, from the generators, from 25 kV to 

132 kV, 275 kV, and 400 kV. 

Transformers are used in many domestic 

appliances. In the audio amplifier of a mains- 

operated cassette recorder, for instance, a step- 

down transformer is used to reduce the voltage 

from 240V r.m.s. to about 10V r.m.s.: this 

supply is then rectified and smoothed (see Section 

36.5) to give a steady d.c. supply at, typically, 9 V. 

On the other hand, in a colour television receiver, 

a step-up transformer is needed to provide the 

very high voltage (about 20kV) needed to 

accelerate the electrons in the picture tube: again, 

the supply from the transformer is rectified and 

smoothed. 

441 
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Fig. 38.1 A common type of trans- 
former, with only a few turns of one 

winding shown. The magnetic alloy core 

is made up of interleaved ‘T’-shaped and 
‘E’-shaped laminations. The circuit 

symbol for a transformer is shown inset. 

A transformer works by electromagnetic 

induction. The very first transformer ever made 

was probably Faraday’s iron ring apparatus which 

we saw in Section 35.4 (Fig. 35.10). 

The two coils, or windings, of a simple trans- 

former are generally wound concentrically on a 

common core made of soft magnetic alloy. For 

reasons which will be explained later this core is 

usually built up of thin layers of metal, called 

laminations, which are electrically insulated from 

each other by very thin layers of paper. Figure 

38.1 shows part of a common type of transformer 

and also the conventional circuit-symbol for a 

transformer. The form of the magnetic core is 

such that it provides two closed paths for the 

magnetic flux produced by currents in the 

windings: in a well-designed transformer there is 

negligible leakage of magnetic flux outside the 

core. Having the two windings concentric upon a 

common core ensures good flux linkage between 

the two windings, that is to say, nearly all the flux 

produced by current in the primary winding 

threads through, or links, the secondary winding. 

Fig. 38.2 Examples of laboratory 

transformers. The one on the left is a 
toroidal transformer. That on the right has a 
removable ‘yoke’ as the top part of its 

magnetic core, making it easy to 
interchange the coils. See also Fig. 35.11. 

[38.1] 

Circuit symbol 

qe 
Secondary winding 

Primary winding 

Laminated magnetic core 

Before attempting to analyse the action of a 

transformer theoretically we will look at the 

results of some simple experiments with trans- 

formers. For the first experiment we can use a ‘do- 

it-yourself? transformer in which we make our 

own secondary winding. Figure 38.2 shows two 

kinds of design suitable for this purpose. In each 

of these the primary winding has a fixed number 

of turns and can be connected directly to the 250 V 

a.c. mains. We take a length of insulated copper 
wire and wind first one, then two, then three, and 

more, turns around the transformer core. For 

each number of turns used we connect the ends of 

the wire to a suitable low-voltage lamp with an 

a.c. voltmeter connected in parallel with it to 

measure the secondary voltage of the transformer. 

The arrangement is thus as shown in Fig. 38.3. 

When we plot a graph of secondary voltage 

against N,, the number of turns in the secondary 

winding, we find that it is a straight line. Thus, in 

principle, it is a simple matter to find how many 

turns we need to obtain any other chosen value of 

secondary voltage. For the primary winding the 
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50 Hz 
mains Lamp 

Fig. 38.3 Circuit for investigating the effect of changing the 
numbers of turns on'the secondary coil. 

number of turns is determined by the primary 

voltage and, for a transformer with good flux- 

linkage between the two windings, the relationship 

number of primary turns 

number of secondary turns 
primary voltage 

secondary voltage 

is very nearly obeyed: Thus, by choosing suitable 

numbers of turns for the two windings we can 

convert the voltage of an alternating supply into a 

higher voltage (as in a step-up transformer) or into 

a lower voltage (step-down transformer). 

Now we take a closer look at the voltages and 

currents in a transformer when it is working. The 

circuit of Fig. 38.4 is used to apply different loads 

to a transformer, and to measure voltage and 

current in primary and secondary. 

The results of such an experiment are shown in 

Table 38a. The first set of readings was taken with 

the secondary on open circuit (that is, with 

nothing at all connected to it apart from the 

voltmeter which we can assume takes negligible 

current). The different loads were simply different 

numbers of 12V lamps connected in parallel. 

Also, the resistance of the primary and secondary 

windings are measured with an ohm-meter. The 

results were: primary 9.00, secondary 0.2. 

Table 38a needs to be studied carefully. 

Consider, first, the situation when there is no 

load. The primary current is 0.100 A. (This is 

shown not to be due to the presence of the volt- 

meter connected to the secondary simply by 

temporarily disconnecting that voltmeter.) The 

resistance of the primary winding was found to be 

Fig. 38.4 Measuring primary and secondary 

voltages and currents. More lamps can be added 

in parallel to increase the load. 
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Table 38a 
a ee ee aa ae Pee ee 

Primary Primary Secondary Secondary 

voltage V,/V_current/, voltage V/V current /, 

250 0.100 13.0 0 

250 0.175 1229 1.76 

250 0.250 12.7 3.30 

F250 0.388 225 6.20 

"250 0.490 12.4 8.20 

9.02, so if we apply the relation V = JR to the 

primary, we should get, for the primary current: 

I, = 0 TT 28 A 

approximately. But we found the primary current 

to be 0.100A. Why the huge discrepancy? 

Obviously, because the primary has appreciable 

inductance (in fact, the inductance is approxi- 

mately 8 H as you can verify, if you wish, from the 

data). The inductive reactance (see Section 36.2) is 

very much greater than the resistance, and so the 

phasor diagram for the primary winding, relating 

the applied voltage with the p.d. across the 

inductive part and the p.d. across the resistive part 

would be as shown in Fig. 38.5. The phase-angle 

¢, which, of course, is the phase-difference 

between the applied p.d. and the current, is very 

nearly 1/2 radians (90°), and the applied p.d. very 

nearly equal in magnitude to the p.d. across the 

inductive part of the winding. 
Thus the primary behaves very nearly as a pure 

inductance, and, as explained in Section 36.2, no 

power is dissipated in a pure inductance. But, as 

we see from the table above, when a load is 

connected to the secondary and a current is drawn 

from it, the primary current increases in magni- 

tude. Since power is now being fed from the 

secondary to the load, power must be going from 

the mains into the primary (if the principle of 

conservation of energy applies, as obviously it 

must). Let us consider the case in which a purely 

resistive load is connected to the secondary. The 
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p.d. across 
inductive 
part 

p.d. across 
resistive part 

Fig. 38.6 Phasor diagram for 
the secondary of a transformer Fig. 38.5 Phasor diagram for the 

primary of a transformer. (no load). 

secondary current flowing will be in phase with the 

secondary voltage. This current creates a magnetic 

flux which tends to reduce the total flux in the core 

due to the primary current, and if this flux is 

reduced then the back e.m.f. in the primary is 

reduced, and if so then the primary current 

increases. To enable you to understand this better 

it is helpful to build up a phasor diagram which 

includes voltages and currents. Figure 38.6 shows 

the situation where there is no load connected to 

the secondary. Assuming that the primary has 

negligible resistance, then the back e.m.f. E, in the 

primary is equal and opposite to the applied 

voltage, V,. The primary current in this condition 

is J,,, lagging behind V, with a phase-angle of 1/2 

radians. The e.m.f. induced in the secondary is E,, 
and has the same phase as the back e.m.f. in the 
primary (because they are both e.m.f.s induced in 
coils by the same changing magnetic flux). Since 
there is no load connected to the secondary, no 
secondary current flows, and therefore the figure 

is a complete representation of the situation. But 
when a load is connected to the secondary, current 
flows. We call this current /,. Since, even with a 

Vp 

Ep 

[38.1] 

Fig. 38.7 Phasor diagram for a 
transformer supplying a load. 

purely resistive load, the secondary circuit is partly 

inductive (simply because the secondary winding 

has self-inductance), the secondary current will 

not be in phase with the secondary voltage, but 

will lag behind it, with a phase-angle ¢, as shown 

in Fig. 38.7. As has been said already, this current 

tends to reduce the magnetic flux in the core, and 

thus the primary current increases by an amount J. 

Tis the current needed to produce a magnetic flux 

equal to the reverse flux produced by J,. The 

current drawn from the supply is I,, the vector 

sum of J and /,,. 

In order to calculate correctly the power input 

to the primary and the power output from the 

secondary one has to take into account the phase- 
relationships of V,, J,, etc. To do this in detail is 
beyond the scope of this book, but these facts 
explain why you cannot simply take the values of 
voltage and current in Table 38a (which are r.m.s. 
values, of course) and multiply V, by I, to get the 
power input, and V, by /, to get the power output. 
As a rough rule, however, when a transformer is 
working with the load for which it is designed, one 
can use the following approximate relation: 
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(38.1) 

where N, and N, are the numbers of turns in the 
primary and secondary windings, respectively. 

As has been already explained, if more current 

is taken from the secondary, the primary current 

immediately increases. Presumably, there must be 

a limit to the strength of secondary current which 

can be taken. It can be seen in Table 38a that the 
effect of taking more current from the secondary 

is that the secondary voltage decreases slightly. 

This happens because the secondary winding has 

resistance, and of course heat is dissipated in this 

resistance. Likewise, some heat is dissipated in the 

primary when any current is flowing. This dissi- 

pation of heat in the windings is what electrical 

engineers often refer to as copper losses and these 

determine the maximum current which can be 

safely drawn from a transformer. 

The laminated form of the transformer’s 

magnetic core, mentioned earlier, is designed to 

minimize eddy-current losses. If the core were 

made of a single solid piece of magnetic alloy the 

current induced in it by the changing magnetic 

flux would be sufficient to cause excessive heating 

of the metal. The paths of these eddy currents are 

in planes perpendicular to the magnetic flux so 

that if the laminations (which, remember, are 

insulated from each other) are parallel to the 

magnetic flux, the eddy-current paths are inter- 

_ tupted by the layers of insulator. It is found that 

‘ the rate of energy loss due to eddy-currents is 

roughly proportional to the square of the lamina- 

tion thickness, and it is easy in practice to use 

laminations thin enough to reduce eddy-current 

loss to a negligible amount. Although this method 

of transformer core construction is adequate at 

low frequencies (especially the frequency of the 

a.c. mains, 50 Hz), at higher frequencies, in the 

megahertz region, for instance, magnetic alloys 

are not suitable and ferrites are used instead 

nowadays. Ferrites are ceramic materials, not 

metals, and have extremely high resistivities so 

that they can be classed as insulating materials, 

and eddy-current loss in them can be negligibly 

small at high frequencies. 
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At very high frequencies, around 100 MHz 

and above, it is often not necessary for a trans- 

former to have a magnetic core at all. In such air- 

cored transformers the magnetic flux linkage 

between a pair of coils wound concentrically, one 

inside the other, can often be quite enough for 

efficient power-transfer from primary to 

secondary. 

38.2 Eddy currents 

We have already discussed the problem of eddy 

currents in the magnetic cores of transformers, 

and how they can cause power loss through 

heating. Now we shall investigate some of the 

useful applications of this class of induced 

currents. 

The heating effect of strong eddy currents is 

used in several industrial processes where a piece 

of metal has to be heated in a vacuum or in an 

atmosphere of inert gases, in order to join it to 

another piece by the process of brazing (like 

soldering but at a higher temperature). Figure 38.8 

shows a schematic diagram of a high frequency 

induction furnace. The large coil is fed with 

alternating current at a very high frequency, 

typically around 50 kHz. The alternating magnetic 

flux at the centre of the coil induces currents in the 

workpiece strong enough to heat it to bright red 

heat and melt the brazing metal which flows into 

the joint. This technique can obviously only be 

used for heating materials which have an electrical 

resistivity low enough to allow large induced 

currents to flow. 

Electromagnetic damping and braking are 

examples of Lenz’s law (see Section 18.7) in 

action. Figure 38.9 shows apparatus used for 

demonstrating these effects. The flat pendulum (a) 

Glass bell-jar 

Coil with very 
high frequency 
a.c. in it 

Metal parts to 
be heated To 

supply 

Fig. 38.8 Schematic diagram to show the principle of 

induction heating. 
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(b) Pendulum 
with slots cut 
in it 

Fig. 38.9 Apparatus to demonstrate 
electromagnetic damping and braking. 

make of thick sheet aluminium is set up so that it 

can swing freely in its own vertical plane. It is set 

swinging between the poles of a large electro- 

magnet, as shown, first of all with the electro- 

magnet switched off. When the electromagnet is 

switched on the oscillation of the pendulum is 

strongly damped and it soon comes to rest. The 

interpretation is as follows: when the metal is 

moving in relation to the magnetic field, currents 

are induced in it, and the force of interaction 

between these currents and the field opposes the 

motion (Lenz’s law). 

If pendulum (b) is now substituted for (a) we 

find that the damping is very much less. The fine 

cuts in the aluminium reduce the effect of the 

eddy-current considerably, just as /aminating 

the core of a transformer does: this was explained 

in the previous section. 

The aluminium disc in Fig. 38.9 can be set to 

spin in a vertical plane, with its edge between the 

poles of the electromagnet. If it spins freely with 

the electromagnet switched off, then it will quickly 

be stopped when the electromagnet is switched on. 

We have here a situation similar to the Faraday 

disc dynamo, as described in Section 35.4. When 

the disc is spinning an e.m.f. is induced which acts 

in a radial direction, in the region of magnetic 

field, just as it did in the disc dynamo. But in Fig. 

38.9 only a small part of the disc is in a region of 

magnetic field. Suppose that, in this part, the 

induced e.m.f. is driving current radially from the 

rim towards the centre: this current must find a 

return path through other parts of the disc which 

are not in the magnetic field. The force which 

Electromagnet 
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(a) Pendulum of 
thick sheet 
aluminium 

Aluminium disc 

opposes motion is the result of interaction of the 

induced current in the magnetic field region with 

the magnetic field of the electromagnet. 

Electromagnetic braking has many applica- 

tions in mechanical engineering. It makes possible 

an electrically controlled brake in which there is 

no physical contact, no friction, and therefore no 

wear of material. Another advantage is that the 

braking force or torque is exactly proportional to 

the speed of the moving part. 

In all the demonstrations described above the 

force produced opposes the motion. Suppose. 

with the pendulum (a) of Fig. 38.9, we start with 

the pendulum at rest but move the electromagnet 

(switched on already) in a direction parallel to 

the plane of the pendulum. We find that the 

pendulum moves with the magnet a little: the 

magnet is ‘trying to’ drag the metal along with it. 
This dragging effect can be studied further using 

the apparatus of Fig. 38.10 which also shows the 

principle of a car speedometer of traditional type. 

A turntable with very free-running bearing has a 

thick aluminium disc fixed to it. Just above the 
disc and very close to it is another turntable, fixed 

upside down, with several strong, flat magnets 

stuck on its surface. When the upper disc is spun 
we find that the lower one begins to rotate in the 
same direction as the upper one. The force of 
interaction between the eddy currents induced in 
the aluminium disc and the magnets on the upper 
disc opposes the relative motion of the two, so the 

“aluminium disc ‘tries to’ follow the magnets. To 
get some indication of the torque produced by this 
force we wrap a thin elastic cord around the 
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This distance is 
exaggerated 

Fig. 38.10 The principle of a 
speedometer. When the upper disc 
spins, a magnetic torque acts upon the 

lower disc. 

spindle of the lower turntable, with the outer end 

of the cord tied to a fixed support. The upper disc 

is spun at a steady speed, being driven by an 

electric motor. The faster the upper disc spins, the 

greater is the torque on the lower one. To prove 

that the effect is not due to moving air between the 

two discs, a sheet of cardboard is interposed 

between the two. 

In one type of speedometer used in cars a 

flexible drive cable links the propeller shaft to a 

flat magnet mounted on a spindle in the instru- 

ment. This magnet spins very close to an 

aluminium disc mounted on another spindle and 

restrained by a fine spiral hair-spring. The pointer 

is attached to this disc. The magnetic torque acting 

upon the disc is directly proportional to the speed 

of the spinning magnet, and so the angular deflec- 

tion of the pointer is proportional to the speed. 

(We assume that the hair-spring obeys Hooke’s 

law, giving an opposing torque which is propor- 

tional to the angular deflection.) 

These demonstrations lead us to study how 

the force of interaction between an induced 

Fig. 38.11 The principle of 
the induction motor. The 
circuit diagram shows how 
the two electromagnet coils 
are connected to the a.c. 

supply. 

Elastic 
cord 
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How the magnets are arranged 
on the upper disc 

current and an alternating magnetic field can be 

employed in various kinds of electric motor which 

operate from an a.c. supply. 

38.3 Induction machines 

We begin with an experiment which shows the 

principle of an induction motor. Figure 38.11 

shows a pair of small electromagnets, each made 

from a single C-core (of transformer alloy) and a 

coil of about 200 turns. A large capacitance is 

connected in series with one of the coils: this is 

made by connecting two electrolytic capacitors 

‘back-to-back’ so that the alternating voltage 

across them will not damage them (remember that 

electrolytic capacitors are designed to be used with 

the correct polarity). The purpose of the capacitor 

is to alter the phase of the a.c. in one of the 

electromagnet coils, and hence to alter the phase 

of the alternating magnetic field of this electro- 

magnet. This phase-difference is demonstrated by 

means of a double-beam c.r.o. and two search 

coils, each search coil being connected the same 

Aluminium disc 

5000 uF 

5000 pF 

Rotation 
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Fig. 38.12 A simple shaded-pole induction motor. The rotor 
is made of copper rods in a ‘squirrel-cage’ pattern (inset) 
which is embedded in solid magnetic alloy. 

way round to each of the two inputs to the c.r.o. 

The two electromagnets are set side by side, one 

pole of each being very close to the disc, but not 

touching it. When the supply is switched on the 

disc begins to rotate. Use of the search coils and 

c.r.o. shows that the alternating field above 

magnet B reaches a maximum slightly /ater than 

the field above magnet A; and we observe that the 

edge of the disc above them moves in the direction 

A to B. Connecting the capacitor in series with B 

instead of A causes the rotation to reverse. It is as 

if the aluminium dics were being ‘tricked into 

believing’ that we were actually moving a magnet 

beneath the disc in the direction A to B. A 

theoretical analysis of the effect is beyond the 

scope of this book, but at least you should be able 

to appreciate that it is possible to set up an 

alternating magnetic field whose maximum moves 

from one place to another and so behaves as if a 

permanent magnet were present and actually 
moving along. 

Instead of using the large capacitors to provide 

a phase-difference between the alternating mag- 

netic fields we can use the shaded pole principle. 

Although, with the apparatus of Fig. 38.11, this 

will not produce such a great torque as the 

previous method, it should give enough to turn the 

disc, provided there is very little friction in the axle 

bearings of the disc. ‘Shading’ one pole of one of 

the electromagnet is simply done by putting a 

thick copper ring around it, or by placing a small 

piece of thick copper or aluminium sheet above 

[38.3] 
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the pole. The torque on the disc is found to be in 

the direction from the unshaded to the shaded. 

pole; and using the pair of search coils and 

double-beam c.r.o., as before, one can show that 

the alternating magnetic field above the shaded: 

pole reaches its maximum slightly later than the 

field above the unshaded poie. Thus the shading 

ring (or plate) retards the phase of the field. In the 

capacitor method, the presence of the capacitors 

in series with electromagnet A advanced the phase 
of its field. 

In the foregoing experiments the torque on the 
disc was very weak. How can the principle be used 
in such a way as to produce enough torque to doa 

useful job? In fact there is one important applica- 
tion of the simple disc motor, and that is in the 
ordinary domestic kilowatt hour meter which 
records how much electrical energy the household 
has used from the a.c. mains. There is not space 
here to explain how it works except to say that the 
speed at which the disc rotates is proportional to 
the product of the r.m.s. voltage, the r.m.s. 
current, and to the cosine of the phase-angle 
between them. This product, as mentioned at the 
end of Section 36.3, is the power used in an a.c. 
circuit. The torque driving the disc has only to be 
enough to turn the small wheels which display the 
numbers of units. 

Figure 38.12 shows a type of shaded-pole 
induction motor often used in record players, 
fans, and other low-power domestic appliances. 
Notice that there are two shading rings, one on 
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Fig. 38.13 A 500 MW turbo- 
generator in the turbine hall at the 
coal-fired 1000 MW Ironbridge B 
power station in Shropshire. 

(Courtesy C.E.G.B.) 

one half of each pole of the electromagnet. The 

rotor is made of thick copper sections joined in a 

‘squirrel-cage’ construction as shown in the lower 

part of the diagram. This structure is embedded in 

magnetic alloy to form a solid cylinder. The air- 

gap between rotor and stator is generally iess than 

a millimetre in order to reduce the reluctance of 

the magnetic circuit (stator-rotor-air-gap) to a 

minimum so that the greatest possible magnetic 

flux is produced and hence the greatest possible 

torque. The construction is simple, robust, and 

relatively cheap. 

More complicated designs are needed for a.c. 

motors which provide greater power than the type 

we have discussed, and in factories large 

machinery is driven by a.c. motors which operate 

from a three-phase supply. But the same funda- 

mental principle applies: an alternating magnetic 

Fig. 38.14 A stator assembly for the Littlebrook D power 
station prior to the threading of the rotor. (Courtesy 

C.E.G.B.) 
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field is set up in which the position of maximum 

field strength moves along, from one pole-face of 

the stator to the next. In a /inear induction motor 

the stator pole-faces lie in a plane, rather than 

around a cylinder as in all rotary machines. 

38.4 The generation of a.c. power 

The industrial generator or alternator is usually 

driven by a steam turbine (see Fig. 38.13). The 

steam is raised in a conventional boiler (usually 

coal-burning) or in a nuclear ‘boiler’ (see Section 

49.1). In Britain the turbine shaft usually rotates 

at 3000 revolutions per minute (50 Hz). 

Within the alternator, a two-pole d.c. electro- 

magnet or rotor is carried on the shaft so that it 

rotates between three symmetrically arranged 

pairs of coils (stator). (See Figs. 38.14 and 38.15). 

Fig. 38.15 Checking the clearance as the rotor is installed 
in the 500 MW unit at the oil-fired 20OMW Pembroke 

power station in South Wales. 
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Neutral 

Fig. 38.16 Schematic diagram to show how the bi-polar 
rotor rotates between the three pairs of stator windings. The 
three separate output voltages appear at the terminals 1, 2 

and 3; the common neutral wire is also shown. 

[38.4] 

The rotating field induces an alternating e.m.f. in 

each pair of stator coils in turn. Consequently the 

phases of these three e.m.f.s are separated by 120° 

or one-third of a cycle. The r.m.s. value of each of 

the three e.m.f-s is about 25 kV. 
Figure 38.16 shows how the e.m.f.s occur in 

each of the three stator windings - the maximum 

in winding 1 leading that in winding 2 by 120° and 

leading that in winding 3 by 240°. 

The three stator coils share a common 

(neutral) wire, marked N in Fig. 38.16. The three 

separate phases appear at the terminals marked 1, 

2 and 3. These three output voltages are fed to a 

suitable three-phase, step-up transformer which 

raises the output voltage to that required for the 

grid system (132kV, 275kV or 400kV). (See 

Fig. 38.17) 

Only four wires are required for the distri- 

bution of the energy through the grid; one for 

each of the three phases (the line) and the common 

return (neutral) (see Fig. 38.18). This confers a 

Fig. 38.17 A 132/275 kV Supergrid transformer at a substation near Stourport-on-Severn, Worcestershire. (Courtesy C.E.G.B.) 
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Fig. 38.18 Suspension towers carrying two 400 kV three- 
phase transmission lines from the nuclear station at Sizewell, 

Suffolk. (Courtesy C.E.G.B.) 

great economic advantage especially as the neutral 

wire is of light construction and does not need to 

be insulated. 
This arises because every effort is made to 

ensure that the loads on each of the three phases 

are very nearly the same. If exact balance is 
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Fig. 38.19 Variation of the e.m.f. of each of the three 
phases of a three-phase generator with time. 

achieved, the current in the common return wire is 

zero — as can be seen either from Figs. 38.19 and 

38.20 which shows the phasors (rotating vectors). 

Me es 
1 

3 

Fig. 38.20 Phasor diagram for a three-phase supply. 

In practice, exact balance is rarely achieved; 

but a sufficiently close approximation can be 

attained. In the case of domestic supplies, which 

use one of the phases only, houses are grouped 

together and each group receives its energy from 

one of the three phases. 
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39.1 The propagation of E and B fields in 
space 

In Unit 5 we saw that the behaviour which charac- 

terizes the transmission of energy by waves 

includes the phenomena of diffraction, inter- 

ference, polarization, refraction and reflection. 

We found too that light and the other members of 

the family of electromagnetic waves travel in free 

space with a speed of 3 x 108&ms-~!. 

Our present concern is with the make-up of 

these electromagnetic waves and how it is that they 

share this speed. We shall first consider a problem 
which arose about a century and a half ago. This 
was the question of the speed with which electrical 
signals are propagated in very long cables. 
Modern equipment makes the measurement of 
this speed a simple one. 

If one takes a 200 m length of co-axial cable 
(that is a cable in which an inner conductor is 
sheathed in a dielectric which is itself surrounded 
with an outer conductor, often of braided copper, 
the whole being coated with a protective layer of a 
plastic) one can send a train of pulses into one end 
and receive them again at the other. Figure 39.1 
shows the circuit which one might use. 

The double-beam c.r.o. displays the signal 
entering the cable in one beam and the signal 
received from the cable on the other beam. The 
signal consists of a train of pulses from a 200 kHz 
pulse generator. The time base of the c.r.o. must 
be set at a suitable high speed; about 1 cm per ps. 

With such a cable the time delay between the 
entry of a pulse into the ‘near’ end and its arrival 
at the ‘remote’ end is in the order of 1 us which 
corresponds to a pulse speed in the cable of some 
2 e1Otms=* 
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Fig. 39.1 Circuit used to measure the speed of a pulse 
along a length of coaxial cable. 

The two resistors shown, each of about 700 

and of equal impedance to the cable itself, serve to 

prevent the reflection of the pulse from the ends of 

the cable. Without them, each pulse would arrive 

at the remote end, be reflected back to the near 

end, reflected back again, and so on. Since the 

cable has an impedance of about 70, the 

resistors will have just the right value to absorb 

these reflected pulses (see Section 24.4). 
We note that such a cable is. a form of 

capacitor: two electrodes separated by a dielectric. 

And to get some understanding of what is going 

on in the cable we shall consider an extended 

parallel plate capacitor; that is, one which is very 

long in comparison with its width. 

Although it is not quite so obvious, the 

plates also have some inductance. As the charge is 

being established, the charging current produces 

magnetic flux and the flux linkage gives rise to 

inductance (alongside the capacitance). It is this 

dual role of the extended system, in which it has 

capacitance and inductance at the same time, that 

holds the key to understanding its behaviour. 

Figure 39.2a shows the parallel plate capacitor 

to be considered. The width of the plates is a and 

the separation is b. The plates can be connected to 

a battery by means of a switch. 

At time ¢ = 0, the switch is closed and after a 

time ¢ charge will have spread along the two plates 

as shown in Fig. 39.2b. The upper plate will have 

received negative charge and the lower will have 

lost negative charge. These charges will spread 

along the two plates from left to right with speed v 

as current J flows in the circuit. We shall assume 
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that the advancing edge of the sheet of charge is 

sharp. 

At time ¢ the front edges of the charge sheets 

will have reached a distance v¢ from the left-hand 

end. 

After time ¢ a negative charge Q = —/t will 

have spread on to the upper plate and an equal 

positive charge on to the lower plate. 

The resulting charge density (the charge per 

unit area, @) will be 

OF oa eae 

avi avi ay .») 

One consequence of this flow of charge is that 

an electric field E is established within the volume 

ab vt (Fig. 39.2b). 

If we combine Eq. 26.1 

Ce OV 

with Eq. 26.2 

C= oF 

for a parallel-plate capacitor, we find that 

a ae 
d A Eo 

where V/d is the field intensity, E, and Q/A is the 

charge density, @. So we have 

Q 

Eo 

In the volume ab vt the field E 

age 
ere ay, 

eee Ey (39.2 + oaknace “)) 

As the charge sweeps along from left to right it 

also establishes a magnetic field B within the 

volume ab vt. 
The pair of plates can be thought of as a flat, 

elongated solenoid with a single turn (Figs. 39.2c 

and d). 
For a solenoid (from Eq. 37.7) we have flux 

density 

NI 
ba — bow a 

Since, in this case, N = 1, the flux density 

I 
B= MoT 
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Fig. 39.2 (a) An extended (very long) parallel 
plate capacitor. When the circuit is completed 
charge flows on to the plates and (b) an 
electric field E is established and (c) a magnetic 
field B develops. (d) Shows a flat elongated 
single-turn solenoid which is equivalent to the 
system shown in (c). 

Substituting for J/a from Eq. 39.2, we have 

B = Lo €, Ev (39.3) 

The two fields are extending themselves into 

an increasing volume of space between the plates. 

In time ¢, the flux in this new volume is (flux 

density) x (the area normal to the direction of the 

flux) = Bbvyt 

From the laws of a electromagnetic induction 

(see Chapter 35) we deduce that to keep a 

magnetic flux ® increasing we must maintain an 

applied voltage which is given by V = d@/dt, 

d&/dt being the rate of a change of flux. 

In this case we have 

y= = Boy (39.4) 

The existence of such a potential difference 

between the charged regions of the plates neces- 

sarily implies the existence of an electric field such 
that 

V 

b 
Combining the two equations 39.4 and 39.5, 

gives 

E= (39:5) 

B= BY < py (39.6) 

From Eq. 39.3 above 

B= pegEv 

Combining these last two equations we see that 

stall 
Ho €0 

,so that 

(39.7) 
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The speed with which the two fields are propa- 

gated in the space between the plates is related to 

two fundamental constants of free space — its 

permeability (u») and its permittivity (€ 9). 

How large is this speed? By definition (see 

Section 37.3) 

Ne tao 10> NAW 2 

and as we have seen in Section 26.3 

ne 9h m=! 365 on Oi em €o 

Hence, 

Lo€o = 4 x 10-'*ms7—! 

So 

3x 108 ms= 

This we recognize as the speed of light. 

Before seeking some experimental support for 

this, we will make one further check on our 

analysis which, it must be admitted is founded on 

reasonable assumptions rather than on exact 

deductions. We have seen that the unit in which py 
(the permeability of a vacuum) is measured is the 

newton ampere ~? (see Section 37.3). We have also 

seen that the unit in which e, (the permittivity of a 

vacuum) is measured is the joule~'! coulomb~* 

metre-!. This latter unit is equivalent to the 

coulomb? newton~-! metre~! (see Section 30.15). 

Consequently the units in which pé, is quoted are: 

v 

newton coulomb? 

ampere? newton metre? 

Since the coulomb represents the quantity of 

electricity passing round a circuit when 1 ampere 

flows for one second, we can write 

coulomb? = ampere? second? 

Thus, the units of p€) are second? metre ~’, and the 

units of 1/V(y€o) are metre second —', the units of 

speed, or velocity. This gives us some check on the 

result we have derived. 

Fig. 39.3 (a) Graph of p.d. between the plates 

against position when a steady d.c. supply is 

used. (b) Graph of p.d. between the plates 

against position when a single pulse is used. 
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Our analysis has examined the case of the 

spreading of continuous sheets of charge along the 

two plates. Had we connected a pulse generator to 

the two plates instead of a battery we should have 

had the same situation except that the region of 

charge would have had an end as well as a 

beginning. The graph of potential difference 
between the plates against position would have 

had the form shown in Fig. 39.3b rather than that 
in Fig. 39.3a. 

We have assumed that the trailing edge of the 

pulse travels with the same speed as the leading 

edge: and that conforms to our experience with 

the travelling pulses in the coaxial cable; even 

though, in practice, the leading and the trailing 

edges of such a pulse are not the sharp dis- 

continuities we have assumed. 
Indeed the situation within the coaxial cable 

when the pulses are travelling along it is very 

similar in form to the case of the two parallel 

plates we have analysed. One difference is that 

there is a dielectric other than a vacuum in the 

space between the two conductors and so we might 

expect the speed to be lower because the permit- 

tivity of any dielectric is greater than that of a 

vacuum. Another is the difference in geometry, 

but it can be shown theoretically that the speed of 

the pulses along a pair of conductors in a vacuum 

is independent of their geometry, and is 3 x 10°m 

sandy 
The configuration of the two long parallel 

conductors we have examined is known as a wave- 

guide; and the problem now is how it is that the 

pair of fields which accompanies the moving 

charges can, and does, leave the ends of the wave- 

guide. We have already seen that the fields do so 
when we used the 2.8 cm wave transmitter (Section 

18.7) which is equipped with a flared wave-guide. 

The charges themselves must stop at the ends 

of the plates, and the pair of plates shown in Fig. 

39.2 then reverts to an ordinary parallel plate 

capacitor. One would expect that there would be 

Position Position 
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some reflection of the charge pulse at the end (and 

indeed the experiment with the co-axial cable can 

be adapted to show this) but, after a short period 

of time, the situation will become static. There will 

be two sheets of charge, a uniform electric field 

between them and the usual non-uniformity at the 
edges. The magnetic field will no longer be present 

because the charges are no longer moving. 

Had we used a sinusoidal alternating voltage 

to provide the potential difference between the 

plates and the charges, both the E and the B fields 

would persist. They too would alternate sinu- 

soidally. Such a pair of oscillating fields can 

certainly travel out from the plates but the 

mechanism by which this happens is beyond the 

scope of this book. 

We may describe the electromagnetic wave as 

compounded of two fields: an E field and a B 

field. They are at right angles to each other and to 

the direction of propagation of the wave. In empty 

space the wave travels with speed c = 3 x 108m 

s~'. The variations in the two fields are in phase 

and we may represent them as in Fig. 39.4 which 

shows the variations of the E- and the B-fields ina 

sinusoidal, plane polarized electromagnetic wave. 

In Section 18.6, we examined some of the 

properties of such radiation. In one set of experi- 

ments the radiation was transmitted into space 

from a pair of metal rods (a dipole) with a 

frequency of 1 GHz (and a wavelength of 30 cm); 

in another set, a flared wave-guide was used 

to transmit the electromagnetic waves with a 

frequency of just over 10 GHz and a wavelength 

of just less than 3 cm. 

In particular, we observed that both sets of 

waves were polarized with the implication that the 

electric vector (which is the one detected in each 
case) is transverse in nature. It follows that the 
magnetic vector must also be transverse. 

39.2 The special theory of relativity 

There is much experimental evidence to suggest 
that the speed of light measured in a vacuum is 
independent of the motion of either the source or 
the observer. That it is independent of the motion 
of the source is characteristic of a wave motion. 
For example, the speed of sound is independent of 
the motion of its source. That the speed of light is 

¢ 
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Fig. 39.4 Variations in the B and E fields in a sinusoidal 
plane polarized electromagnetic wave. 

independent of the speed of the observer or 

apparatus used to measure it came as a great 

surprise. 

As if this were not enough, evidence now exists 

to suggest that the speed of light in a vacuum is a 

limiting speed for the movement of all material 

objects. 

The consequences of this experimental fact are » 

far reaching. Our concepts of force and energy 

lead us to believe that the transfer of energy can be 

measured in terms of forces which act during this 

transfer and of the distance moved by their point 

of application. This leads us to equate the kinetic 

energy of a moving body with +myv?. 
An electron accelerated in a suitable linear 

accelerator can attain a speed of 3 x 108ms-~! (or 

as close to this as makes no difference). Are we to 

assume that, after reaching this speed, it gains no 

more energy? Experiment suggests not. The energy 
transferred to the moving electrons can be mea- 
sured in terms of their charges and the potential 
difference through which they pass. The energy 
they possess as a result of the acceleration can be 
converted into heat by allowing the electrons to hit 
a metal target. As the potential difference ‘is 
raised, so does the energy attained by the electrons 
rise — and it continues to rise long after their speed 
has apparently reached 3 x 10®ms-~!. 

We have defined force as that which changes 
the motion of a body. Is this basic definition of 
force (and therefore of energy) wrong? We prefer 
to think not. Instead we accept other conse- 
quences. If the kinetic energy is still to be 
described in terms of the work done ona body, we 
find we must assume that energy itself has mass. The 
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Fig. 39.5 A ‘laser-clock’ 

total mass (i.e. the sum of the rest mass and the mass 

of the kinetic energy.) of the body is no longer 

unchanging. It is a function of the speed of the body 
relative to the person making the measurements. 
We refer to this person as ‘the observer’. 

This need to describe events in relation to 

particular observers instead of in relation to some 

ill-defined absolute system is the central idea of 

the theory of special relativity. 
Galileo and Newton recognized that the laws 

of mechanics were independent of the uniform 

motion of one observer relative to another. In 

other words, Newton’s laws of motion are equally 

true whether they are tested in a laboratory fixed 

on the earth, in an aircraft moving at a steady 

speed relative to the earth, or in a spaceship which 

is not accelerating relative to the earth. This truth 

is often referred to as the principle of Galilean 

relativity. 

Einstein recognized that the constancy of the 

speed of light merely represented the extension of 

the principle of Galilean relativity to the whole of 

physics. We have seen that the speed of light in a 

‘vacuum is related to two fundamental quantities, 

1 

V €oHo 

This is a law of electromagnetism. We know that 

electromagnetic fields are self-propagating when 

they move at this speed relative to the observer. 

Electromagnetic laws as well as mechanical laws 

are independent of the state of motion of an 

observer provided he is not accelerating relative to 

the earth. 

It might appear that the earth is a specially 

chosen reference system. In a way it is, since all 

C= 
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our fundamental experiments have been made in 
laboratories fixed to it. Now we recognize that 

even the earth suffers small accelerations (as it 

moves around the sun for instance). Scientists find 

it useful to visualize a frame of reference in which 

all our assumed laws of physics are exactly true: 

this is called an inertial frame of reference. For 

most purposes a frame fixed relative to the earth 

can be regarded as an inertial frame. An observer 

in a frame of reference which is in uniform motion 

relative to an inertial frame will also (by Einstein’s 

reasoning) be in an inertial frame. 
We cannot explore in this book all the con- 

sequences of the principle of relativity, but 

we will look very simply at two of the most 

important. 

First of all we shall consider how two different 

observers in uniform motion relative to each other 

measure time. To do this, we shall suppose that we 

are one of the observers and that another is 

moving steadily past us (on a balloon, in a train, 

observer who moves past us with a special type 

of clock - a /aser clock. We choose such a clock 

to illustrate the consequence of the constancy of 

the speed of light. It can be shown, however, 

that what is true for this clock is true for afl 

clocks. 
In this laser clock, we imagine a pulse of light 

bouncing up and down between mirrors at either 

end which are distance / apart (see Fig. 39.5). We 

will suppose that every time the pulse hits end A 

the clock gives out a tick, or moves some clock 

hands. The clock will have a natural period (to the 

observer moving with the clock) of 

where f) is a rather special time interval; that 

recorded by the clock between each pair of ticks 

according to the observer moving along with it. 

We call ¢) the proper time. 

Now we will see how the clock appears to 

behave from our point of view. As the light pulse 

bounces up and down, so the clock moves steadily’ 

to the right at speed v relative to us. The light 

pulse seems to traverse the line AB as it moves 

from the bottom mirror to the top (Fig. 39.6). 

Now AB:AC::c:yv, since the light pulse moves 

along AB with speed c according to us. 
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Fig. 39.6 A stationary observer's view of a laser clock 
moving from left to right. 
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Let us suppose that the laser clock ticks seconds 

according to the observer moving with the clock. 

[39.2] 

We will further suppose by way of example that 

the clock and observer move at the high speed 

relative to us of 0.6 c (that is 1.8 x 10?ms~—'). 

Then 

v? = 0.36 c? 

and 

ae = 0.36 

so that 

(1 _ 4 = 0.64 

and 

y2 

ions peels a 0.8 

Thus in one minute of our time, the moving clock 

only appears to make 60/1.25 = 48 ticks. Since 

each tick interval is called one second by the 

observer accompanying the clock, we say that the 

moving clock is running slow. It records only 48 s 

in the time our clock records 60s. 

There is a good deal of experimental evidence 

for this apparent running slow of a moving clock: 

an effect referred to as time dilatation or dilation. 

Unstable particles called p-mesons, or more 

simply muons haye, according to observations 

made when they are at rest with respect to us, a 

half-life of only 2 x 10~°s. But travelling towards 

us from the top of the atmosphere with a speed of 

0.99 c, they appear to live much longer. During 
the passage of 1 microsecond of time measured 
by the moving muon clock, we shall record the 
elapse of more than 7 microseconds. Without this 
idea we cannot, in fact, account for the number of 
muons reaching the lower atmosphere without 
decaying first. It is on the basis of such arguments 
and experiments that it has been proposed that a 
space traveller, setting out from earth and then 
returning will take a shorter time over the journey 
according to his clock than we record on ours. 
Consequently it is believed that the traveller will 
have aged less than his earth-bound friends. The 
arguments supporting this are more complex than 
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we can give here but many believe this outcome to 

be true. 
Another consequence of the principle of 

relativity is to be found in the measurement of 

length. A body moving past is recorded as having 

a shorter length in the direction of travel (though 

not sideways!) than an observer moving with the 

body says it has. Again we can use the laser clock 

to see why this is so (see Fig. 39.7). 

A pulse of light starts out from A, is reflected 

at B and returns to A’. According to an observer 

moving along with the clock this takes a time 

21 
fo 

Consequently 

LoC 

to 2 

where /, is the length of a body according to an 

observer moving along with it and is called the 

proper length. To ourselves, the pulse takes a time 

t, to move from A to B such that 

ct, i l ata v0, 

l 

1 =) 
It takes a further time ¢, to go from B back to A 

cl, = / a Vl, 

l 
ee eee) 

So the time ¢ the pulse takes to move from one end 

and back again is 

fet, + 1, 

i l ut l 
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Thus a moving length always appears to be shorter 

than an observer moving with the length would 

say. 
For an apparent contraction of 1% of the 

proper length: 
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. The moving length must be travelling at a speed of 

14% of the speed of light relative to the observer 

making the measurements - about 4 x 10’ms~!, 

A spacecraft, escaping from the earth’s gravita- 

tional field travels at only 1.1 x 10¢ms~'. For all 

normal speeds length contraction effects are very 

small indeed. 

Despite these effects of length contraction and 

time dilation, two observers moving past each 

other will always agree about their relative speed. 

If we form one set of observers, we measure the 

moving observer’s speed by comparing the time he 

takes (according to our clocks) to move a length 

measured in our frame of reference. If the same 

measurements are made by the moving observer, 

using times and lengths in his frame of reference, 

we shall claim that his measured lengths are too 

long, but his measured time intervals are too 

short. But as you can see by looking at the equa- 

tions for time dilation and length contraction, 

these two effects just cancel each other, so both of 

us record the same speed of relative motion. 

Why should the speed of light be the ultimate 

speed? This is a direct consequence of measuring 

speeds - we are compelled to make all measure- 

ments in our own frame of reference. Thus we 

assess a body’s speed in terms of the distance it 
travels in our frame (as proper length) and the 
time it takes in our frame of reference. This latter 
is not a proper time: we know now that our clock 
appears to run progressively faster compared with 
a clock carried by the moving body, the faster that 
body moves relative to us. As relative speeds 
approach c, the time dilation factor approaches 
infinity. We conclude that c is the ultimate speed. 

We started by observing the surprising con- 
sequences this limiting speed c has on our ideas 
about inertial mass. Derivation of the consequent 
relationship between mass and relative speed is 
beyond the scope of this book. It is from the 
relationship between mass and relative speed that 
Einstein was able to show a link between the 
energy carried by a moving body and its apparent 
mass, now -celebrated in the famous equation 
E = mc’. A full discussion of the implications of 
equation is beyond us here, but one observation 
might form a valuable conclusion to this brief 
discussion of the special theory. 

From all that we have said so far, it might 
appear that the relationship between measured 

[39.2] 
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Fig. 39.8 Some experimental results showing the variation 
in the inertial mass of electrons with speed. 

masses, lengths and time intervals and the relative 

speeds of observers is an artificial contrivance, 

designed by physicists in order to preserve a few 

well-known laws. We have already been able to 

distinguish some special lengths and time intervals 

called proper length and proper time which 

are measurements made by observers stationary 
relative to the length measured, or clock used. Ina 
similar way, we are able to define a rest mass of an 
object, as the mass of the object relative to which 

the observer is stationary. 

Fig. 39.8 brings together a number of experi- 
mental results showing the increase of inertial 
mass with speed for high-speed electrons. Only a 
few of the experimental results are marked. 

It was Einstein who first proposed that energy 
itself has mass, and also that the extra mass of a 
body moving relative to an observer could be 
extended to some of the mass of the matter making 
up the body. Mass is a measure of inertia; it is both 
conserved and additive. Rest mass is the sum of the 
inertial mass of the matter in the body and of the 
energies of the particles which make up the body. 
That this was true was violently demonstrated by the 
release of nuclear energy. The energy which can be 
released from the breakdown of a nucleus is related 
to the change in mass observed by the relativity 
equation EF = mc?. 

It is this fact more than any other which has 
served both to demonstrate that the special theory 
of relativity is something more than an exercise in 
mass and energy book-keeping and to turn what 
may seem an esoteric exercise into something 
which is the ‘bread and butter’ of a particle- 
physicist’s life. 
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Chapter 40 

DIGITAL ELECTRONICS 

40.1 Encoding data in digital form 463 Developments in electronics are occurring at a 
40.2 Logic gates 464 great rate. At the domestic level, high quality 
40.3 Storing digital data 467 sound-reproducing equipment and television have 
40.4 Pulse generating circuits 469 been with us for a long time, and their technology 
40.5 Some other digital circuits 473 has been steadily improved over the years. But 

now there is a spate of more advanced electronic 

equipment available to the domestic user: video 

recording equipment, microcomputers, micro- 

processors for controlling home-heating systems, 

cookers - not to mention the ever more sophi- 

Sticated electronic intruder alarm systems which 

house-owners install to protect their houses full of 

expensive electronics! 
Other spectacular developments are too 

many to mention here, but one area which 
may be familiar to some readers is that of electro- 
mechanical aids for disabled people. A home 
computer, with suitably designed interfacing (that 
is, the means by which the user can communicate 
with the machine), can enable a person who has 
almost no muscular power whatsoever to write 
letters, make design drawings, do complicated 
mathematics: many of the functions needed to 
carry on a professional career. 

In a few years’ time more and more people will 
be profoundly influenced by the ‘information 
explosion’, in which information of all kinds — 
verbal, written, pictorial, numerical — will become 
almost instantly communicable from one place to 
any other. All these data are processed by elec- 
tronics. In order for this to happen the data must 
be converted into a sequence of electrical pulses: 
often the number of pulses per second is many 
millions. These pulses are used to represent digits, 
and hence the term digital electronics is used for 

462 
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the branch of electronics which concerns the pro- 

cessing of data in digital form. 

This chapter introduces some of the funda- 

mental ‘building blocks’ of digital electronics: 

what they do, and how they are used. 

40.1 Encoding data in digital form 

We begin with one example of how a piece of 

data, in this case a single letter of the alphabet, 

can be represented by a series of digits. The digits 

of binary arithmetic are used: 0 and 1. First of all 

a suitable digital code is needed. A set of eight 

binary digits allows 256 symbols to be encoded 

(28 = 256). The word ‘bit’ is often used instead of 

‘binary digit’. An eight-bit code is sufficient for all 

the letters, numbers, and symbols found on a 

typewriter keyboard, as well as for a considerable 

number of other functions. 
One eight-bit code in common use is the ASCII 

system (the letters stand for: American Standard 

Code for Information Interchange). In this system 

a capital letter ‘Q’, for example, is represented by 

the sequence of eight bits: 01010001. A set of eight 

bits is often referred to as a ‘byte’, although in 

some contexts a ‘byte’ is taken to mean sixteen 

bits. 

When data are processed by electronic circuits, 

every byte has to be converted into electrical form. 

The usual way of doing this is to use voltages to 

represent the binary digits. Typically, in a 

computer circuit, the bit ‘0’ is represented by a low 

voltage near to 0V, and the bit ‘1’ by a high 

voltage about +5 V. If data are being sent along a 

Voltage 
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single pair of conductors, then the p.d. between 

these conductors will vary with time when the 

letter ‘Q’ is being transmitted as shown in Fig. 

40.1. Here we have an example of data being 

transmitted in serial form (a series of bits, one 

after the other). Digital data are also transmitted 

in parallel form: in our example a set of eight 

conductors would be used to transmit the eight 

bits simultaneously. 

In Fig. 40.1 the data are being transmitted 

serially at a rate of 9600 bits per second, or 9600 

baud: thus the duration of each bit is 1/9600 

second, except for the sfop bit which is always 

longer than the standard bit, and serves as an 

instruction to the data receiving device that a byte 

of data is about to follow. (Note that, in our 

example, the /east significant bit of the byte is sent 

out first.) 
What has been said so far raises a number of 

questions, for instance: how can the pressing of a 

key labelled ‘Q’ on a keyboard produce a set of 

eight voltage pulses, to represent the eight binary 

digits? And how can this set of pulses be made to 

cause a letter ‘Q’ to be displayed on the screen of a 

television receiver? And how can the byte 01010001 

representing the letter be stored in a computer’s 

‘memory’? Certainly we shall not be able to 

answer fully any of these questions in this book, 

but after studying this chapter you will have 

gained some knowledge of the fundamental 

‘building blocks’ of computers and other digital 

systems. 
The symbols on a typewriter keyboard are by 

no means the only kind of data which can be 

Next 

Start Stop start 
bit Data bit bit 

Fig. 40.1 Sequence of pulses representing the 

letter ‘O’ in the ASCII code (and using positive 

logic). 

Time 
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Fig. 40.2 The logical NOR 
function. 

(a) The logic symbol and the 
truth table for a NOR gate. 

(b) Using one of the four NOR 
gates of the IC type number 
7402. 

represented by a digital code. Pictorial symbols, 

musical notes and sounds, any physical measure- 

ment, the phonetic elements of human speech; 

even entire pictures, complete musical perform- 

ances, and human utterance in any language - all 

these can be digitally encoded, for the purpose of 
transmitting the data from one place to another, 
for recording and for reproducing. 

Before proceeding we should point out that it 
is purely a matter of convention and convenience 
whether the binary digit ‘1’ is represented by the 
presence of a voltage, or by the absence of a 
voltage. In some systems, termed negative logic 
systems, a ‘1’ is represented by a zero voltage and 
a ‘0’ by a non-zero voltage. Furthermore, the 
answers to logical questions: ‘yes’ and ‘no’, ‘true’ 
and ‘false’, are represented in digital systems by 
zero and non-zero voltages. In summary, we can 
say that a Dit is the smallest unit of information 
that can be represented by means of a voltage (or 
current, in some cases) which can be either zero or 

non-zero in value. 

Just as letters of the alphabet are strung 

[40.2] 

Truth table for a 

NOR gate 
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1 0 0 
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together to form words, so bits are strung together 

to make binary ‘words’. In any digital electronic 

system the number of bits thus strung together 
(typically eight or sixteen, and termed a byte) is 
constant. 

In the experiments which follow we shall not 
get as far as dealing with complete bytes: we shall 
be concerned with the principles of processing 
individual data bits. For further study you must 
refer to a textbook in which the principles of 
microprocessors and computers are introduced. 

40.2 Logic gates 

At the end of this chapter you will see how to make 
a circuit which will add together two numbers. 
The numbers are expressed in binary digital form, 
and the circuit is built up from elements known as 
lagic gates. Logic gates are used to perform the 
functions of combinational logic: in Section 40.5 
you will see examples of circuits which perform 
some operations of sequential logic. 
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Fig. 40.2 (continued) 

(c) Using a module made of 
resistors and a transistor. 

Four inputs (d) Lamp indicator modules for 
use in experiments on digital 
electronics: 
(i) A quadruple lamp indicator 
module, using /ight-emitting 
diodes (LEDs) and the IC type 
number 7404. 
(ii) A single lamp indicator using 
a filament lamp. (i) 

The first logic gate to be studied is known as a 

NOR gate, and its symbol (using the American 

convention) is shown in Fig. 40.2a. For experi- 

ments we can either use the integrated circuit (IC) 

shown in Fig. 40.2b (type number 7402 and known 

as a ‘quad 2-input NOR gate’), or the module 

shown in Fig. 40.2c and which is made from one 

transistor and three resistors (and which can be 

used for a large variety of other experiments). At 

this stage we are treating these devices as ‘black 

boxes’ with no attempt to explain their internal 

construction and how they work: we are con- 

cerned for the time being with what they do. 

Look at Fig. 40.2b or 40.2c. A voltmeter and/ 

or a suitable indicator lamp is connected between 

the output terminal, C, and the negative supply 

‘rail’. (Suitable indicator lamp modules are shown 

in Fig. 40.2d.) A pair of two-way switches enables 

each of the inputs A and B to be held at either the 

positive rail potential or at zero potential. It will 

be found that if either input A or input B are held 

at high potential the output voltage is low - nearly 

zero. If both inputs are simultaneously held at a 

Logic gates 465 

Approximate potentials 
at inputs and outputs/V 

high potential, then the output voltage is low once 

again. The output voltage goes high only when 

both inputs are simultaneously at a low potential 

(when they are both connected to the negative 

‘rail’). 
The function of the NOR gate is summarized 

by the tables in Fig. 40.2a. The digit ‘0’ corres- 

ponds to ‘low potential’ and ‘1’ corresponds to 

‘high potential’. These are examples of truth 

tables. The function described by these tables is 

termed the /ogical NOR function because the 

output of the gate is ‘high’ only when neither 

input A nor input B are ‘high’. 

In Fig. 40.3 the NOR gate is shown along with 

three other logic gates. Each of the gates can be 

made from transistors and resistors, but also each 

gate can be made from combinations of other 

gates, as you will find. 

The simplest logic function of all is that of 

inversion. The symbol for an inverter is shown in 

Fig. 40.3. It has only one input: when this is ‘high’ 

the output is ‘low’, and vice versa. In binary 

digital notation, the output is ‘1’ when the input is 



466 Digital Electronics [40.2] 

Fig. 40.3. The principal logic 
gates and their functions. 

‘0’, and the output is ‘0’ when the input is ‘1’. A 
NOR gate can be used as an inverter by having one 
of its inputs kept at ‘low’ potential. In the 
symbolism of binary logic, if the input to an 
inverter is X (where X can be 0 or 1) the output 
can be written ‘NOT X’ or ‘X’. In Fig. 40.2d an 
IC containing six inverters is being used. 

Figure 40.4 shows the logic symbol for an 

A 
C 

B 

(a) The logic symbol for an 
AND-gate. 

(b) Using one of the four AND-gates of 
the IC type number 7408. 

[pa 32S] 
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(c) Using a module made from resistors and transistors. 

Fig. 40.4 The AND-gate. 

AND gate, with circuits for experimenting. As in 

Fig. 40.2 a pair of two-way switches is used to 

provide the inputs, and either a voltmeter or a 

lamp indicator module, or both, are used to show 

the state of the output. The truth-table in Fig. 40.3 
shows why the name AND is appropriate: the 
output C is ‘high’ only when A and B are ‘high’ 
together. An AND gate can be constructed from a 

+5 V approx 

P 

A 

Q c 
B 

‘ (d) An AND-gate made from two 
inverters and a NOR-gate. 
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(a) The logic symbol and the truth table for an 
OR-gate. 

(b) Using one of the four OR-gates of the IC type 
number 7432. 

Fig. 40.5 The OR-gate. 

pair of inverters and a NOR gate, as shown in Fig. 

40.4d: and the circuit of Fig. 40.4c is exactly this, 

with the two transistors on the left, each with a 

pair of resistors, constituting a pair of inverters. 

The transistor on the right with its three resistors 

forms the NOR gate (compare Fig. 40.2c). 

In Fig. 40.5 we have an OR gate. With this the 

output is ‘high’ when either input A or B are high, 

or when both are high together. This can be made 

from a NOR gate followed by an inverter, as 

shown. 

Figure 40.6 shows a NAND gate (the name is a 

contraction of ‘NOT’ and ‘AND’). This could, if 

necessary, be made from three inverters and a 

NOR gate. 

Other combinations of gates, providing 

functions different from the ones already 

“Peay 8 foe eine 

5 = Cto ; C 
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(a) The logic symbol and truth table for a NAND-gate. 

(b) Using one of the four NAND-gates of 

the IC type number 7400. 

Fig. 40.6 The NAND-gate. 
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+5 V approx 

described, will be found in the Questions for this 

unit at the end of the book. 

40.3 Storing digital data 

There are many systems in use for storing data in 

digital form. Data bits can be stored on magnetic 

tape or disc, for instance. A typical ‘mini-floppy’ 

magnetic disc can hold more than 200000 bytes 

(200 kilobytes) on one side: this is a total of 

1600000 bits. (One kilobyte is actually 1024 

bytes. Binary arithmetic dominates the world of 

digital electronics, and 1024 = 2'°. The prefix 

‘kilo-’ is used because 1000 is close enough to 1024 

for practical purposes.) Punched paper tape and 

cards are used in older computer systems, but 

magnetic discs provide a much more compact 

O 

+5 V approx 
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means of storage. As well as these there are several 

electronic circuit elements which can be used to 

store digital data. Nowadays a variety of semi- 

conductor memory devices is used. A device of 

this kind is microscopically small and constructed 

on a single chip of semiconductor material, 

usually silicon. These devices are incorporated 

into the circuitry of the computer, for temporary 

or permanent storage of data. 

Here we shall explain how one type of 
temporary data storage device works. The basic 
memory ‘cell’ of this is called a bistable circuit, or 
‘flip-flop’ (it is also sometimes called a binary 
circuit). 

(a) The logic circuit diagram and a 
table of states. 

(b) Using two of the NOR-gates of 
the IC type number 7402. 

(c) Using a pair of transistor 
modules. 

[40.2] 

A bistable circuit is a circuit which has two 
stable states: that is to say, it can have two, but 

only two, distinctly different patterns of currents 

and voltages existing in it. One of these patterns 

will persist until some external influence ‘flips’ the 

circuit and establishes the other pattern. The two 

distinct conducting states are used to represent the 
bits 1 and 0. 

Figure 40.7 shows one example of a bistable 

circuit, both in its logical symbolic form, and as a 

full circuit diagram. It can be constructed by 

linking a pair of transistor NOR-gate modules, as 
shown. When the power is first switched on, it is a 
matter of pure chance whether the output Q is low 

Inputs are momentarlly | Then subsequent 
given these values: state will be: 

The same as before 

= OO 
O=0)"O=1 

Indeterminate 

+5 V approx 

Fig. 40.7. One kind of bistable circuit, made from a pair of cross-linked NOR-gates. 
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and Q high, or Q high and Q low. The symbol Q 

means ‘NOT Q’. But if the positive rail potential is 

applied to the input R (or, as we say, we make R 

high), then the output Q must go low, as a result 

of the NOR-function of the module - this will 

happen regardless of the state (high or low 

potential) of the other input to the upper module. 

And when Q goes low, Q must go high, because of 

the inverting function of the module (the input S is 

‘floating’ that is to say, not connected to anything 

at present). The high potential of Q is fed back to 

one input of the upper module, thus holding it 

high. If input R is then disconnected the circuit 

will remain in this state, with Q low and Q high. In 
order to make the circuit ‘flip’ to the opposite 

state (Q high, Q low) the input S must be made 

high momentarily. 

The symbols R, S, Q, and Q are the con- 

ventional ones used in the context of bistable 

devices. The S stands for ‘set’ and the R for 

‘reset’, and, by convention, ‘setting’ the bistable 

means making Q = 1 and Q = 0 (in binary digital 

notation). 

The example of a bistable circuit just described 

is not in fact the one must commonly used in semi- 

conductor memory devices. It was chosen because 

it is the simplest one to construct using standard 

transistor modules that are used in many other 

experiments in elementary electronics. A com- 

moner type of flip-flop is made from a pair of 

cross-coupled NAND-gates (Question 10.5 at the 

end of this book concerns the action of this type). 

For full details of the various types of flip-flop 

in present day use you must refer to a textbook on 

digital electronics. The type of flip-flop described 

above is shown as an RS flip-fiop. 
Bistable circuits of all types are made so small 

that 16,384 of them can be built as an integrated 

circuit on a single silicon chip measuring 2mm x 

2 mm. This can store 16 384 data bits. A set of eight 

of these would be used to store 16 kilobytes of 

data. 

One important feature of bistable memory 

devices like the ones mentioned above is that all 

the stored data is lost as soon as the power supply 

is switched off. When the power is switched on 

again it is a matter of chance into which of the two 

bistable states the circuit will settle. Thus, if the 

memory device is ‘read’ it will be found to contain 

‘rubbish’: a random sequence of ‘0’s and ‘1’s. 

Pulse generating circuits 469 

Memory devices such as these are used for 

temporary storage of data while the computer, or 

calculator, is operating. There are other types of 

memory device which do not lose their data when 

the power is switched off. For instance, an 

EPROM (erasable programmable read-only 

memory) will store digital data for as long as is 

wished. The data can be erased only by exposing 

the chip to ultraviolet radiation for a certain 

minimum length of time. EPROMs are used in 

pocket calculators, for instance, to store the 

numerical values of mathematical constants, such 

as a, in binary digital form. 

40.4 Pulse generating circuits 

In the introduction to this chapter we explained 

how digital data is often encoded into a sequence 

of voltage pulses. By ‘pulse’ in this context we 

mean a voltage which changes abruptly from one 

steady value to another value, remains at that new 

value for a certain length of time, then returns 

abruptly to its previous value. An example is 

shown in Fig. 40.8. 

In any digital circuit, all ‘signals’ are in the 

form of voltage pulses — not only the data itself. 

All computers have an internal clock: an oscillator 

which generates a precisely regular sequence of 

pulses at a high frequency (typically 8 MHz). 

These pulses are used to control and synchronize 

the operations of all the different parts of the 

computer circuit. Also, in a computer, all instruc- 

tions sent from one part of the circuit to another 

are voltage pulses. 

Figure 40.8 shows an experiment using a timer 

IC, type number 555, to produce a single pulse of 

any chosen duration. When the switch S is closed 

the potential at the output terminal (connected to 

pin 3 of the 8-pin package) rises sharply to nearly 

+5V, and remains at this potential for a time 

determined by the capacitance C and resistance R; 

then the potential falls abruptly to zero. 

To be able to use this timer IC effectively you 

need only know the essential details of its 

function, and these are illustrated by the experi- 

ments of Fig. 40.8 and Fig. 40.11. 

This is what happens in Fig. 40.8. When switch 

S is closed, pin 2 (Trigger) is ‘grounded’ - that is, 

taken to zero potential - then immediately the 

internal logic circuitry causes the output (pin 3) to 
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Fig. 40.8 (a) A monostable circuit using IC type number 
555. A single pulse is produced when the switch S is closed. 

go to high potential. Until now, pin 7 (Discharge) 

has been ‘grounded’ (held at zero potential), and 

so capacitor C is uncharged at the start. But at this 

instant pin 7 becomes disconnected from ‘ground’, 

by means of the internal logic circuitry of the 

device. Immediately C begins to be charged via 

resistor R. (The currents in the connections to pins 

6 and 7 are negligible.) When the potential at pin 6 

(Threshold) reaches 2/3 of the supply voltage, the - 

internal logic causes the output (pin 3) to go back 

to zero potential, and also causes pin 7 (Discharge) 

to be grounded and so C discharges almost 

instantaneously. If, at any stage during this 

sequence of events, switch S is opened, it will have 
no effect on the events: the Trigger (pin 6) is 
activated only by a decreasing potential, as the 
experiment of Fig. 40.11 will show. 

If you experiment with the circuit of Fig. 40.8 
you should try the effect of varying the value of C 
over a range of about | uF to 10 uF (a capacitance 
substitution box is ideal for this); and of varying R 
from about 1 kQ to 1 MQ. You will then see that 
this device can be used to produce a pulse of very 
short or very long duration. If the pulse has very 
short duration it may not succeed in lighting the 
lamp indicator: in this case a c.r.o. should be used 
to display the pulse. The duration of the pulse 
should be found to equal 1.1 RC. As explained in 
Chapter 26, the product RC is the time constant 
for the capacitor and resistor combination; and 
using the theory of capacitor discharge given 
there, it is possible to show that the time required 
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(b) Graphs showing the sequence of changes of potential. 

for a capacitance C to be charged via a resistance 

R to a p.d. equal to 2/3 of the supply voltage is 

(In 3) RC which equals 1.099 RC. 

A circuit, like that of Fig. 40.8, which pro- 

duces a single pulse then returns to its resting, or 

stable, state, is called a monostable circuit. A 

cruder but simpler monostable circuit, using a 

transistor module, is shown in Fig. 40.9. Note that 

the upper input terminal is connected to the 

positive rail, thus making the input to the module 
‘high’. The output therefore is low: this is the 
same inverting function that we met in Section 
40.2. When the transistor module is in this state 
the potential of its base (labelled ‘b’ in Fig. 40.9) is 
approximately + 0.7 V. 

With the switch in the ‘up’ position, the left- 
hand ‘plate’ of the capacitor is held at a potential 
of +6 V and its right-hand plate is at the potential 
of the base of the transistor, about +0.7 V. Thus 
the p.d. across the capacitor is about 5.3 V, and 
the capacitor is charged. When the switch is put to 
the ‘down’ position, the p.d. across the capacitor 
will initially be 5.3V, and then this p.d. will 
decrease as the capacitor discharges. But at the 
very instant when the switch is operated, making 
the left-hand plate of the capacitor equal to zero, 
the right-hand plate must go to a potential of 
—5.3 V, and this has the same effect as making 
the input to the module ‘low’, and so the output 
goes high. The capacitor immediately starts to 
discharge through the 15 kQ resistor in Fig. 40.10a. 
It continues to do so until fully discharged and 
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then it becomes charged with the opposite polarity. 

With its right-hand plate reaches a potential of 

about +0.7 V (as it was originally) the output of 

the module goes high. The graphs in Fig. 40.9 

show the changes in potential at the lower input 

terminal of the module, and at the output 

terminal. 
The duration of the pulse is determined almost 

entirely by the time required for the capacitor to 

discharge through the 15k resistor. Although a 

small current does flow via the base ‘b’ of the 

transistor, it is negligible in this case, being much 

smaller than the current flowing via the 15 kQ 

resistor. 
The duration of the pulse can be increased by 

adding extra resistance in series between the upper 

input terminal and the positive rail, as shown in 

Fig. 40.10a. 
As explained in Chapter 26, the rate at which a 

capacitor discharges through a resistor depends 

upon the time constant, which is the product of 

the resistance and the capacitance. In this case we 

have: 

pect x) x Oe 

=~ 0.45 

It was also explained that the half-life for 

capacitor discharge (the time required for the 

charge on the capacitor, and hence also the p.d. 

across it, to decrease to half of its original value) is 

In2 RC. Now In2 = 0.7, so in our case the half- 

life is approximately 0.7 x 0.4 ~ 0.3s. But, in the 

circuit of Fig. 40.10a, the capacitor has to lose 

considerably more than half of its charge before 

the output of the module returns to its original 

high potential. Because of this, and because the 

RG 
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Fig. 40.9 (a) A monostable circuit using a transistor 
module. (b) Graphs showing the sequence of changes of 
potential. 

actual capacitance of any electrolytic capacitor is 

nearly always appreciably greater than its marked 

value, the pulse duration obtained with this 

module is likely to be nearer to 0.5s or possibly 

even greater. Nevertheless, the product RC gives a 

rough estimate of the pulse duration to be 

expected. 
Using the circuit of Fig. 40.10a you can 

increase the pulse duration, as already suggested, 

by adding extra resistance in series between the 

upper input terminal and the positive rail; but you 

Extra 
capacitance 

Fig. 40.10 A monostable circuit with (a) extra resistance added to increase the pulse duration and (b) capacitance in series to 

decrease the pulse duration. 
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Potential at pin 2 (Trigger) 

and pin 6 (Threshold) 
+5 V 

h Time: 
Power on 

Potential at pin 3 (Output) 

(b) Time 

Fig. 40.11 (a) An astable circuit using the IC type number 555; pulses are produced continuously. (b) Graphs showing the 
sequence of changes of potential. 

will find that if the resistance is too great, no 

pulses can be produced, and that when the switch 

is set to the ‘down’ position the output of the 

module goes high and stays high. The cause of this 

is the leakage resistance of the electrolytic 

capacitor. With the switch in the ‘down’ position 

the capacitor acts like a high resistance connected 

between the base of the transistor and the negative 

rail, and if this high resistance is of similar 

magnitude to the resistance between the base of 

the transistor and the positive rail, the input to the 

module will be effectively held ‘low’ and so its 

output will stay high. The maximum extra resist- 

ance that can be used to produce pulses may vary 

from as little as 10k to greater than 100kQ, 

depending upon how ‘leaky’ the capacitor is. 

The pulse duration can be reduced by adding 

another capacitor in series with the internal 

capacitor of the module, as shown in Fig. 40.10b, 

where the extra capacitor is connected in series 

with the lower input terminal of the module. If 

you do this, you should try to predict what pulse 

duration will be obtained, using first of all the 

formula for the capacitance of two capacitors 

connected in series (see Eq. 26.9): 

een eee 
Cr Cre 

and then calculating the time constant RC. 

Figure 40.11 shows a circuit which produces 

pulses continuously: an astable circuit. Here you 

will see that pin 6 of the timer IC, the Threshold 

pin, is linked to pin 2, the Trigger pin. The 

sequence of events is as follows: 

1. When the power supply is first switched on, | 

the capacitor C is uncharged, and pin 7 (Dis- 

charge) is not grounded. 

2. The capacitor C charges up via resistors R, 

and R,; while this is happening the output (pin 

3) stays at high potential. 

3. When the potential at pin 6 (Threshold) 

reaches 2/3 of the supply voltage, pin 7 

(Discharge) is grounded. As this instant the 

internal logic makes the output (pin 3) go to 

zero potential. 

4. The capacitor now discharges via R,. 

When the potential at pin 6 (Threshold) falls 

to 4 of the supply voltage, so also does pin 2 

(Trigger) because it is connected to pin 6; this 

causes the output to ‘go high’, disconnects pin 

7 from ground, and the cycle repeats from 
stage 2. 

The graphs in Fig. 40.11b show the relevant 
changes of potential during this sequence. 

When experimenting with the circuit of Fig. 
40.11a you should study the effect of varying each 
of the resistances R, and R,, as well as the 
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Fig. 40.12 An astable circuit made 
from two transistor modules. 

capacitance C. From the theory developed in 

Section 26.5, it can be shown that the time taken 

for a capacitor to lose half of its original charge 

(so that the p.d. across it also halves) is In 2 RC 

which equals 0.693 RG. This is also the time 

needed for it to charge up from a p.d. equal to 

one-third of the supply voltage to a p.d. equal to 

two-thirds of the supply voltage. In the circuit of 

Fig. 40.11la, C is being charged via resistors R, and 

R, in series, then being discharged via R, alone 

(when pin 7 is grounded). Thus, theoretically, the 

duration of the positive output pulse, ¢,, and the 

interval between pulses, ¢,, should be given by: 

Due -G93 (Ret) C 

t, = 0.693 RC 

II 

In practice ¢, and ¢, are slightly less than this, 

partly because small currents flow via the connec- 

tion to pin 6. 
Figure 40.12 shows an astable circuit made 

from two transistor modules. With the values of 

resistance and capacitance already built into these 

modules, as shown, a lamp indicator connected to 

either output terminal will blink on and off 

repeatedly. As was done in the experiment of Fig. 

40.10, extra resistance or capacitance can be 

added externally to alter the duration of the pulses 

produced. 

With either of the astable circuits described 

above, a c.r.o. should be used to display the 

B Sum Carry 

0) SOF .0 

1 lO 

0 (ie 

1 OF i 

Fig. 40.13 A half-adder circuit with its truth table. 
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output pulses if they are occurring rapidly. Also, 

if an earphone, or an audio frequency amplifier 

with loudspeaker is available, it should be con- 

nected to the output of the astable circuit. With a 

slow pulse rate clicks will be heard: faster pulse 

rates will produce harsh-sounding musical notes. 

40.5 Some other digital circuits 

(i) A circuit which adds two binary digits 

This is an example of combinational logic. The 

circuit performs the simplest operation of binary 

arithmetic: adding two binary digits to produce a 

‘sum’ digit and a ‘carry’ digit. Figure 40.13 shows 

the arrangement of logic modules needed to 

achieve this, and the truth table which describes its 

action. 

You should check for yourself that the truth 

table is correct for the circuit of Fig. 40.13 by 

writing an intermediate truth table to show the 

logical states (O or 1) of points C and D in the 

circuit, for each of the four possible combinations 

of input states A and B. 

The circuit is called a ‘half adder’ because 

when two binary numbers are being added (each 

number consisting of several digits), two half 

adders are needed to add together not only one 

pair of digits but also the ‘carry’ digit from the 

previous addition operation. Figure 40.14 shows 

a circuit which does this. 

Carry digit (from Sum 
previous addition) digit 

Next 
two 

digits Carry digit 
(to next 
stage) 

Fig. 40.14 A whole-adder circuit. 
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Fig. 40.15 Using the 4-bit binary 
counter IC type number 7493. 

(ii) Using a counter IC 

This provides an example of a sequential logic 

circuit. The 4-bit binary counter IC, type number 

7493, counts voltage pulses and outputs the count 

as a 4-bit binary number. In the circuit of Fig. 

40.15 the pulses are provided by the astable 

circuit, previously seen in Fig. 40.11, but here with 

values of resistance and capacitance which will 

produce pulses at a rate of about one per second. 

A set of four lamp indicators should be connected 

to the four output terminals of the counter, 

and arranged on the bench in the order 

suggested by the diagram. Q, gives the /east 

significant bit and Qy the most significant bit of 

the binary number. The lamps will then show that 

the counting sequence goes: 0000, 0001, 0010, 

0011, etc., up to 1111, then starts again at 0000. 
Although we make no attempt to explain the 

internal structure of this counter IC, we can point 

out that it is built around several bistable (flip- 
flop) circuits. Four of these are arranged in a 

sequence, so that the output from one triggers the 

next one. In this way each of the bistables operates 

as a scale-of-two counter, and four of them con- 

stitute a circuit which has 24 = 16 stable states. 

(iii) Gating an audio frequency signal 

This circuit produces a single audible ‘bleep’ of 

chosen duration, by using an AND-gate to allow 

the audio frequency signal via one of the inputs to 
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the AND-gate when, and only when, the other | 

input to the AND-gate is held at high potential. 

Figure 40.16 shows a schematic diagram of the | 

circuit. Here the ‘box’ represents the monostable * 

circuit of Fig. 40.8. The Z-shaped symbol above | 

the input line to the monostable is a concise way of | 

indicating that the monostable circuit is ‘triggered’ 

when the input voltage goes from high to low. The 

symbol is in effect a portion of a graph of voltage 

against time. The same kind of symbolism is used 

to represent the output pulse from the mono- 

stable; the audio frequency signal is also shown in 

this way (with no attempt to represent the fre- 

quency realistically. however). 

ai Monostable 
(with R=1MQ 

C= 1 uF) 

To audio 
amplifier 
and 
loudspeaker 

From signal generator, or astable 
circuit producing pulses at an 
audible frequency 

Fig. 40.16 Gating an audio- frequency signal. 

In the circuit of Fig. 40.16 we see that the AND- 
gate functions here as a gate which is ‘opened’ by 
making one of its inputs high. 
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The kind of amplifier with which most of you are 

likely to be familiar is often termed an audio 

amplifier, as used in any sound reproducing 

system, such as a record player or tape-cassette 

player. In a tape-cassette player, for example, the 

magnetic play-back ‘head’ converts the changes of 

magnetization in the magnetic tape into an alter- 

nating e.m.f. of very small amplitude, typically 

about one millivolt or less. This alternating e.m.f. 

is called the signa/, and in this example it is an 

audio frequency signal, or a.f. signal. This means 

that the frequency of the alternating e.m.f. lies 

within the range of frequencies which are audible 

to the human ear. This signal is fed to the input 

terminals of an amplifier, amplified, and the 

output signal from the amplifier is fed to one or 

more loudspeakers or earphones. When loud- 

speakers are used the output voltage will usually 

have an amplitude in the order of tens of volts, 

when loud sounds are being reproduced, and the 

amplitude of the current may be about one 

ampere. 
The example described illustrates the point 

that amplification involves increasing voltages, or 

currents, or both. Although an audio amplifier 

may be the kind of amplifier most familiar to you, 

it is by no means the simplest kind. The faithful 

reproduction of sounds does not simply require 

that all audio signals should be amplified by a 

constant amount: the amplification, as a rule, has 

to be different for different frequencies. There are 

many reasons for this. For example, with some 

types of player for disc recordings, the pick- 

up cartridge emphasizes the high frequencies 

and to compensate for this the amplifier provides 

less amplification at high frequencies than at 
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lower frequencies. Also, with disc recordings, it is 

standard practice to record low frequency signals 

with a smaller amplitude than high frequency 

signals: thus, when the recording is being played 

back there must be more amplification at these low 

frequencies than at the higher frequencies. This 

point is taken up further in Section 42.4. 

The number of different kinds of amplifier, 

for different purposes, is huge. Amplifiers are 

essential in radio transmitters and receivers, televi- 

sion equipment, electronic measuring instruments, 

radar, missile guidance systems, automatic control 

equipment, and hosts of other applications. 
Amplifier circuits can be classified in various 

ways. There are, however, two main categories: 

active and passive amplifiers. An example of a 

passive amplifier is a step-up transformer, which 

produces an increase in voltage, but no increase in 

power: the output power from the secondary of 

the transformer can never be greater than the 

power input to the primary. In an active amplifier 

the power output is greater than the power input, 

the extra power being taken from the battery or 

from some other power supply. Nearly always, if 

the word ‘amplifier’ is used on its own, it is an 

active amplifier that is meant. 

In this chapter we shall be concerned entirely 

with examples of active amplifiers, and the power 

supply can be either a battery or a low voltage, 

smoothed d.c. supply. 

41.1 An amplifier module for experiments 

Our study of amplification begins with a series of 

experiments using a simple amplifier module. The 

same module (see Fig. 40.2c) which was used for 

the experiments in Chapter 40, can be used as an 

amplifier. Alternatively, the module shown in Fig. 

42.5, which incorporates a /inear IC amplifier, can 

be used. Either module performs much the same 

function, and it is chiefly the function that 

concerns us at present. 
The module of Fig. 41.1 needs an external d.c. 

power supply giving a voltage of about 5 V to 6 V; 

the precise value is not critical. Dry batteries or 

re-chargeable cells giving about 6 V are ideal. The 

maximum current taken by the module from the 

supply is less than 3 mA, so that several modules 

can be supplied from the same batteries. In the 

circuit diagrams the power supply is not shown: 
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Fig. 41.1 A junction transistor amplifier module for use in 
experimental work. 

instead the power rails are simply labelled ‘+ 6 V’ 

and ‘0 V’. 
In order to perform the experiments which 

follow it is not necessary to understand how the 

transistor in the module of Fig. 41.1 functions, 

but we give here a brief description of what 

happens. 

The particular type of transistor used in the 

module of Fig. 41.1 is known as a bipolar junction 

transistor, of the npn type, made of silicon. To ; 

find out more about this you will have to refer 

to a textbook which includes elementary semi- 

conductor physics. The three terminals of this 

kind of transistor are known as the base (b), 

emitter (e), and collector (c). The base is used, as a 

rule, as a control electrode, with only very small 

current flowing into or out of it, while a consider- 

ably greater current flows via the emitter and the 

collector. Whatever these currents may be indivi- 

dually, they must always obey Kirchhoff’s first 

law, so that the total current flowing into the 

transistor must equal the total current flowing 
out. 

We can assemble the circuit shown in Fig. 

41.2a, to find out how the currents in the three 

connections to the transistor are related. The 5 kQ 

potentiometer is used to vary the potential at the 

input terminal and hence the current flowing into 

the base of the transistor. When this base current 

is increased we find that the collector current also 

increases (that is, the current flowing via the 

2.2 kQ resistor into the collector of the transistor). 

This collector current is much greater than the 

.base current, and is very nearly directly propor- 
tional to the base current over a large range of 
currents. Typical results are shown in the graph of 
Fig. 41.2b. 
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(a) 

Fig. 41.2 (a) Measuring the currents in the three 
connections to the transistor. (b) Typical graph of collector 
current against base current. 

According to Kirchhoff’s first law the current 

flowing out from the emitter should equal the sum 

of the base current and’ the collector current. In 

symbols we can write: 

eee lel untae de 

In practice J, and J, will probably appear to be 

exactly equal, because J, is much less than either 

of them. 
Consider now what happens to the potential of 

the output terminal when we increase the potential 

of the input terminal of the module. An increase 

in potential at the input terminal causes an 

increase in the base current to the transistor. This 

causes an increase in the collector current, and this 

causes an increase in the p.d. across the 2.2 kQ 

resistor. Because the top end of this resistor is held 

at the potential of the positive rail, about +6 V, 

the potential of its lower end, connected to the 

collector, must decrease. Thus an increase of input 

potential results in a decrease of output potential. 

Fig. 41.3. (a) Measuring input and output voltages on the 

amplifier module. (b) The voltage transfer characteristic for 

the amplifier module. 
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This accounts for the inverting effect which we 

met in Chapter 40. We now proceed to study the 

relationship between input and output voltage 

(using the everyday term ‘voltage’ to mean 

‘potential with respect to the negative supply rail’ 

in this context). 

41.2. Measuring input and output voltages 

Figure 41.3 shows the circuit for making these 

measurements. The potentiometer across the 

supply rails provides an input voltage which can 

be varied from 0 V to about +6 V. The results of a 

typical experiment are shown in the graph of Fig. 

41.3. The output voltage drops very suddenly 

from nearly +6 V to almost zero when the input 

voltage V, is increased by a very small amount, 

from about 0.5 V to 0.7 V. Within this range of 

input voltages a small change in V; causes a much 

greater change in V,: this behaviour enables the 

module to be used for amplification. 

6 

(b) 
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The graph of Fig. 41.3 can be used to predict 

the voltage gain (or voltage amplification factor) 

obtainable with this module. Over the range V, 

=.0:5°V toe Ve= Ov] Vi thergraph is very nearly 

linear. The difference between these two values, 

for which the symbol AV, is used, is 0.2 V. When 

the input voltage increases by this amount the 

output voltage decreases from 5.5 V to 0.5 V. For 

the change in output voltage we write: 

AV, = —5.0V 

using a minus sign because the change in V, is a 

decrease. The voltage gain A is defined as the ratio 

AV, 
AV, 

and so, with our experimental results: 

=e 
oy eae voltage gain = 

This result can be expressed in words by saying 

that we have an inverting amplifier with a voltage 

gain of 25. As will be shown later, the fact that the 

amplifier inverts the voltage is no disadvantage: 

on the contrary, in many applications the inverting 

function is essential. 

41.3 Amplifying an audio frequency signal 

To use the module to amplify an alternating 

voltage, which we call the ‘signal’, we must 

arrange that this signal will cause the output 

voltage V, to vary within the limits V,= +1V 

and V,= +5V. In the absence of any signal, 

therefore, V, must be set at about +3 V, midway 

between the two limits. This will be the quiescent 

value of the output voltage. When a signal is fed 

to the amplifier the output voltage will vary above 

and below this quiescent value. The point on the 

graph (Fig. 41.3b) corresponding to the quiescent 

value of V, is called the operating point (or 

working point). To set this operating point 

correctly we have to apply bias to the amplifier 

input. There are several ways of providing this 

bias, but for the sake of convenience we shall use a 

potentiometer. 

Figure 41.4 shows the complete circuit for the 

simple a.f. (audio frequency) amplifier. To set the 

correct bias we connect a voltmeter between 

terminal A and the negative rail and then adjust 
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Fig. 41.4 The experimental audio amplifier. 

the potentiometer until the voltmeter reads +3 V. — 

The voltmeter should then be removed. The input 

signal is fed to the amplifier module via the 1 wF — 

capacitor which allows a.c. to flow, but does not — 
provide any d.c. connection between the signal 
source and the amplifier, so that the d.c. bias is © 

undisturbed. The value of capacitance is not . 

critical provided that its reactance, at the signal 

frequency used, is not greater than a few tens of 

ohms. The reasons for this will be clarified in 

Section 41.6 
A suitable frequency for this experiment, and 

those which follow, is about 5kHz. An audio ; 

signal generator is used to provide a sinusoidal 

alternating voltage at this frequency, with ampli- 

tude initially set at about +0.1V, and is 

connected to the terminals labelled ‘signal in’ in 

Fig. 41.4. A c.r.o. is connected to the terminals 

’ 

| 

labelled ‘signal out’. Care must be taken to link | 
the earthed terminal of the signal generator | 
(usually coloured black) with the earthed input 

terminal of the c.r.o. via the negative power rail 

connection (labelled ‘0 V’) in the circuit, as shown 

in the diagram. 

The amplitude of the signal is gradually 

adjusted until the output signal appearing on the 

c.r.0. screen has an amplitude of about +2 V. It 

cannot be any greater than this without ‘clipping’ 

of the waveform occurring. The sensitivity (or 

gain) of the c.r.o. input should be adjusted so that 

the amplified signal waveform nearly fills the 

screen, with ideally about three or four complete 

cycles displayed, as in Fig. 41.5b. The c.r.o. ‘live’ 
(Or positive) input connection is then transferred 
to the upper ‘signal in’ terminal, and a trace of 
much smaller amplitude appears, as in Fig. 41.5a. 

The voltage gain can be estimated using this 
relationship: 

amplitude of output voltage 
voltage gain = : - 

— amplitude of input voltage 

} | 

| 

| 

| 

| 
| 

| 

| 
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Fig. 41.5 Signal waveforms obtained with the audio 
amplifier circuit, as displayed on a c.r.o. with its gain 
controls unaltered during the experiment. 
(a) Input signal. 
(b) Output signal showing little distortion. 
(c) ‘Clipped’ output signal which results from 
overloading the amplifier. 

When using a c.r.o. to make the voltage measure- 

ments it is best to measure the double amplitude of 

each voltage (the ‘peak-to-peak’ value). If a 

double-beam c.r.o. is available the input and 

output signals can be displayed simultaneously. 

The voltage gain measured in this way should 

agree approximately with the value predicted in 

the previous experiment. Typical values range 

from about 20 to about 40 (depending upon the 

characteristics of the transistor itself). The same 

transistor could be used in a circuit to provide 

greater values of voltage gain, but values in the 

range 20 to 40 are best suited to this series of 

experiments. 

The experiment just described (Fig. 41.4) can 

be used to show the effect of overloading the input 

of the amplifier. This will not harm the module, 

provided that the input signal voltage amplitude 

does not exceed a few volts. This means that an 

audio signal generator can be turned up to full 

output without any harm being done. If the 

amplitude of the signal going into the amplifier is 

gradually increased while the output signal is 

being displayed on the c.r.o., then sooner or later 

the waveform of the output signal will be 

‘clipped’, as shown in Fig. 41.5c. This clipping 

happens because the output voltage cannot go 

beyond the limits set by the power rail voltages, 

+6V and OV in this case. This clipping is one 

form of distortion which can occur in amplifiers. 

From signal 
generator 
——_—_ 

Tu 

Signal 1.00,k0 
in 

Fig. 41.6 Circuit for 
investigating the effect of 
loading the amplifier output. 

— FP O 

From signal 
generator ‘earth’ 
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/ 

(a) (b) (c) 

When it occurs in a sound reproducing system it 

causes a very unpleasant distortion of the sound. 

In this experiment the effect can be made audible 

by connecting a high impedance earphone across 

the ‘signal out’ terminals. A loudspeaker is not 

suitable because its impedance is too low for use 

with this experimental amplifier: this point will be 

clarified in the next section. 

41.4 The output part of the amplifier 

For further experiments on the principles of 

amplification we add a resistive load to the output 

of the amplifier. Up to now the amplifier’s output 

has been effectively ‘on cpen circuit’, because the 

only item connected to it has been the c.r.o., and 

the resistance between the input terminals of a 

c.r.o. is very high: about 1 MQ. 

Adding a load to the amplifier output simu- 

lates more closely the conditions under which any 

single stage of amplification works in practice. 

Figure 41.6 shows the complete circuit including 

the load. A resistance box providing values of 

resistance from around 100 up to about 1 MQ is 

suitable for the load. The output coupling 

capacitor allows the alternating signal current to 

flow in the load, but does not provide any d.c. 
connection, so there is no risk of disturbing the 

quiescent value of the output voltage. 

The first experiment to do with the load 

Output 
load 
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Table 41a Performance of amplifier on load 

[41.4] 

a 

Data from experiment calculated from data 

Load Output Output 
resistance/kQ voltage current 

amplitude/V amplitude/mA 

= Vo RL Ve = R, 

Infinite 1.40 0.00 
10 eZ 0.13 
4.7 1.1 0.23 
eZ. 0.85 0.39 
1.5 0.75 0.50 
1.0 0.60 0.60 
4700 0.35 0.74 

connected is to measure what effect altering the 

load resistance has upon the output signal voltage 

amplitude. In this experiment we are not con- 

cerned with measuring the input voltage ampli- 

tude: this will be kept constant. We should, 

however, check that this input signal voltage does 

in practice stay very nearly constant, regardless of 

alternations in the output load. 

A typical set of results is shown in Table 4la. 

The data from the experiment are shown in the 

first two columns. Reducing the load resistance, 

thus drawing more current from the amplifier, 

causes a drop in the output voltage. This is similar 

to what happens with any electrical supply when 

progressively more and more current is taken from 

it as a result of reducing the resistance of whatever 

load is connected to it. 

For each value of load resistance the current 

flowing in the load has been calculated by dividing 

the output voltage V, by the load resistance R,. 

Very nearly the same kind of variation of voltage 

Signal source 

Output 
Av; voltage 

Vv 
° 

(a) 

‘Lost volts’/V Output Output 
resistance/kQ power/mW 

= 1.40V— V, o lost volts PR, 

0.00 - 0.00 
0.15 Ne? 0.08 
0.30 ‘is 0.13 
0.55 1.4 0.16 
0.65 les 0.19 
0.80 ike 0.18 
1.05 1.4 0.13 

with current would be shown by an electrical 

supply having constant e.m.f. and constant 

internal resistance. For such a supply, as we saw in | 

Chapter 23, there is the relationship: 

‘lost volts’ 
internal resistance = 

current 

Using this relationship to calculate values for the | 

effective internal resistance of the amplifier’s © 
output yields the results shown in the fifth column — 

of Table 41a. These are near enough to being 

constant for us to suppose that the relationship is 

valid for the amplifier output, bearing in mind 

that there is a sizeable range of uncertainty in the 

experimental data. The resistors in the inexpensive 

resistance box had a tolerance of + 10%, and one 

must allow at least +5% uncertainty in the 

measurements made with the c.r.o. 

From the foregoing results we can devise a 

very useful theoretical model for the amplifier. 

The correct name for this model is small signal 

Amplifier Load 

Fig. 41.7 (a) The simplest equivalent circuit model for the audio amplifier. f; is the input resistance, R, is the output resistance 
and Ay; is the output e.m.f. A is the voltage amplification factor or voltage gain. (b) The equivalent circuit for the complete 
amplification system. 
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a.c. equivalent circuit. Figure 41.7a shows the 

simplest version of such an equivalent circuit, and 

this simple version will enable us to develop the 

theory of amplification much further. 

The term output resistance is the name given to 

the effective internal resistance of the output part 

of the amplifier. From the figures in the fifth 

column of Table 41a we see that the output 

resistance of our amplifier is approximately 

1.3kQ. The symbol R, will be used for this. The 
power figures in the last column of the table show 

that the power output is greatest when the load 

resistance is about 1.5 kQ. This is consistent with 

the theory developed in Chapter 23 where it was 

shown that a source of electrical energy delivers 

maximum power to a load when the load resist- 

ance equals the internal resistance of the source. 

41.5 The input part of the amplifier 

As shown in Fig. 41.7, the input part of the 

amplifier can be represented by a single resistance, 

R,. This drastic simplification can be made only if 

a number of conditions are fulfilled: these are 

discussed in the next section. For the present we 

shall assume that these conditions are satisfied. 

The most direct method of measuring R; would 

be to make simultaneous measurements of voltage 

and current at the input of the amplifier, but in 

practice these are usually so small that they would 

be very difficult to measure without sensitive 

instruments. 

A much simpler, although indirect, method is 

illustrated in Fig. 41.8. It must be emphasized, 

however, that this simple method can be used only 

if the internal resistance of the signal source, R,, is 

small compared with the input resistance of the 

amplifier, R;. As Fig. 41.8 shows, an extra resist- 

ance R, is added in series with the signal input. 

This resistance is increased until the amplitude of 

the output signal decreases to half of its original 

value. Assuming that the amplifier keeps constant 

gain when this is done, we can deduce that the 

value of v, must have decreased to half of its 

original value: and this occurs when R, = Rj. For 

the amplifier circuit of Fig. 41.4 the value of R, is 

found to be in the range of about 3 kQ to 6kQ. 

Differing results are obtained because different 

transistors, even though they have the same type 

number, have different current gains. 
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Variable resistance 

Audio signal 
generator 

Fig. 41.8 Arrangement for finding the input resistance A; of 

the amplifier. 

41.6 Asimple equivalent circuit for the 

amplifier 

The amplifier, at its output, behaves like a 

generator whose e.m.f. is Av; and internal resist- 

ance is R,. This e.m.f. is controlled by the input to 

the amplifier. The input behaves like a resistance 

R,. The whole amplifier can be represented by the 

equivalent circuit shown in Fig. 41.7a. The broken 

line in the diagram indicates the control that the 

input has over the ‘generator’ of e.m.f. Av;. An 

analogy is the control that the handle of a tap has 

over the flow of water through the tap. In practice 

this broken line is omitted, as in Fig. 41.7b. 

The simple equivalent circuit of Fig. 41.7a 

represents a remarkable simplification of a circuit 

which in fact contains six components: a tran- 

sistor, two fixed resistors, one potentiometer, and 

two capacitors. But we must be cautious in using 

the equivalent circuit to make predictions about 

the amplifier’s performance. During our develop- 

ment of the ideas leading up to this simple 

equivalent circuit we have made, explicitly or 

implicitly, several bold assumptions, approxi- 

mations, and simplifications. These can be 

summed up as follows: 

1. All signal voltages referred to, and appearing 

in all formulae and calculations relating to the 

equivalent circuit, are the amplitudes of 

alternating voltages. The amplifier would 

perform entirely differently if steady d.c. 

voltages were applied to its input (remember 

the input coupling capacitor, for instance). 

2. The instantaneous values of signal voltages 

must never go beyond the linear portion of the 

input-output voltage characteristic. Signals 

which fulfil these conditions are called small 

signals, and in all formulae and expressiqns 

we use lower-case letter symbols for them. 
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3. All coupling capacitors, and any other 

capacitance and inductance within the 

amplifier circuit and within the components 

themselves, are assumed to have negligible 

reactance: this is so that all passive elements in 

the circuit can be assumed to behave as pure 

resistances. 

4. The pure resistances of (3) above are assumed 

to have constant values. This is, in fact, only 

an approximation to the truth. 

5. The amplifier is assumed to have only forward 

transfer effects and no reverse transfer 

effects. That is, altering voltages or currents 

at the input will produce an effect upon the 

output signal, but altering whatever is 

connected to the output will have no effect on 

any voltages and currents at the input. This, 

again, is not strictly true for our experimental 

amplifier: a careful experimenter will notice 

that there are slight reverse transfer effects. 

Because of these limitations the theoretical 

equivalent circuit which we have developed should 

be termed, in full, a non-reactive small-signal a.c. 

equivalent circuit. 

A little more needs to be said about the 

simplifying assumptions which have been made. 

Considering point (3) above: are we justified in 

ignoring any reactive effects in the amplifier 

circuit? Can we allowably ‘forget’ the presence of 

the two 1 uF coupling capacitors, for instance? As 

shown in Section 37.3 the reactance of a capacitor 

in an a.c. circuit is given by 

1 

Ae 
If f = 5kHz and C is 1 pF, this gives ¥ = 320. 
Compared with the input resistance of the 
amplifier which, as we have seen, is about 6kQ, 
this 32 Q is very small. This means that the ampli- 
tude of the alternating voltage across the capacitor 
will be a negligible fraction of the input voltage, 
and also that the phase-difference between voltage 
and current in the input circuit will likewise be 
negligible. However, if the signal frequency were 
much lower, since X « 1/f, this would no longer 
be true, and the 1 wF capacitor would ‘drop’ an 
appreciable fraction of the ingoing signal voltage, 
thus reducing the overall gain of the amplifier. 

A similar argument applies to the 1 »F output 
coupling capacitor. As was shown, the output 

[41.7] 

resistance of the amplifier is about 1.3kQ, and 

compared with. this the 32 reactance of the 

capacitor is negligible. 

41.7. Using the equivalent circuit model 

Provided that we keep within the limitations set 

out in the previous section, we can proceed to use 

the equivalent circuit to develop the theory of 

amplification further. The chief use of the simple 

equivalent circuit is to predict the values of input 

voltage and current and of output voltage and 

current, and hence voltage gain, current gain, and 

power gain. To do this we have to consider the 

complete amplification system, which can be 

represented as in Fig. 41.7b 

At the input of the amplifier the values of 

input voltage and current do not depend only 

upon the e.m.f. of the signal source: the total 

input circuit resistance has to be taken into 

account. As shown, the equivalent circuit model 

is used once again to represent the signal source, 

which behaves as if it were simply a generator of 

an alternating e.m.f. of amplitude v, in series with 

a resistance R,. The total input circuit resistance is 

R, + R;, and so the input current is given by 

Vs 

He Race te 
The input circuit, in our theoretical model, has the 

same structure as the output circuit, and similar 

rules will therefore apply to it. It has already 

been shown (Section 41.4) that, at the output, 
maximum power is delivered to the load when 
R, = R,. Similarly, -at the input, maximum power 
will be transferred from the signal source to the 
amplifier input when R,=R,. Thus, if it is 
required to obtain the greatest possible power gain 
with this amplification system, the source should 
be matched to the amplifier input and the load 
matched to the amplifier output. This is often 
what is required in r.f. (radio frequency) ampli- 
fication systems: but you should not suppose that 
this is always the most desirable arrangement. In 
many applications the designer makes R; much 
greater than R,, so that when the amplifier input is 
connected to the signal source it imposes negligible 
load upon the source. In a similar way it is often 
best to arrange that R, is much less than R,. This 
is usually the case with the final stage of an audio 
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amplifier feeding a loudspeaker (the power 

amplifier section). A typical loudspeaker unit has 

an impedance of 402 to 8Q. The impedance 

includes a reactance which varies with frequency 

as well as resistance: nevertheless the same broad 

principles are applicable. If R, is about 0.1 or 

less, as is often the case, then the amplifier’s 

performance will be very little affected by altering 

the load, provided that the impedance of the load 

is never less than a few ohms. 

For most applications the ‘ideal amplifier’ is 

one which has infinite input impedance and zero 

output impedance. Using integrated circuit opera- 

tional amplifiers enables one to approximate very 

closely to this ideal quite easily: much more easily 

than by using a circuit built around separate tran- 

sistors, although a single field effect transistor 

(FET) can be used as the basis of a simple amplifier 

which has extremely high input impedance. 

41.8 The frequency bandwidth of the 

amplifier 

Having developed the simple equivalent circuit 

model for the experimental amplifier, and having 

made some use of the model, we straight away go 

on to break the bounds of its usefulness! If the 

equivalent circuit of Fig. 41.7 were the actual 

circuit for the amplifier, then it ought to perform 

in the same way at all frequencies, because pure 

resistance in a circuit causes a constant relation- 

ship between voltage and current, regardless of 

frequency. The experiment now to be described 

shows how the gain of the amplifier falls off at 

low frequencies and at high frequencies. This 

leads to the concept of the frequency bandwidth 

of the amplifier. 

For this experiment we use the same circuit as 

for the previous experiment, Fig. 41.6. The load 

resistance is set so that it is approximately 

matched to the amplifier output resistance. In our 

example, a value in the range 1kQ to 1.5 kQ is 

satisfactory. Under these conditions we shall get 

most of the available output power transferred to 

the load. 

The method of expressing power gain in 

decibel (dB) units will be explained in Section 

41.9. As we saw in Section 21.1 a decrease in 

power of 3dB means that the power has been 
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halved. The frequency bandwidth of an amplifier 

is usually understood as being the half power 

bandwidth. This concept is not applicable to every 

type of audio amplifier; only to those which are 

designed to have an approximately ‘flat’ response 

over a range of frequencies, or to tuned amplifiers 

which have a single, sharp ‘peak’ in the graph of 

gain against frequency. 
Our experimental amplifier has an approxi- 

mately flat response over much of the audible 

range of frequencies, as shown in Fig. 41.9. Note 

that this is a graph of voltage gain, not power 

gain, against frequency: but this is no drawback 

because the half-power points are easily located. 

The power delivered to the load is proportional to 

V2, and so to halve the power the voltage must be 

reduced to V//2. Thus the half-power points are 

where the output voltage is a fraction 1/2 of its 
maximum value. 1/2 is almost exactly 0.7. In 
Fig. 41.9 it will be seen that these half-power 

points occur at frequencies of about 15 Hz and 

20 kHz: so these are the limits of the frequency 

bandwidth. Note that the scale of frequency in 

Fig. 41.9 is a logarithmic scale. This is usual 

practice for response graphs of this kind. 

Voltage gain 

0 L i 1 
10 100 1k 10k 100 k 

(a) Frequency/Hz 

NN W WOH O 
Half-power line (8 dB down) 

N oO 

Power gain/dB ce oO 

oO < i j « | j f Ace 

10 100 1k 10k 100 k 

(b) Frequency/Hz 

Fig. 41.9 The frequency response of the amplifier shown in 
Fig. 41.6 (a) in terms of voltage gain and (b) in terms of 
power gain using decibels. 
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If our experimental amplifier were to be used 

as one amplifying stage in a complete audio 

amplification system, it would not be too bad, in 

that its bandwidth covers nearly the whole range 

of audible frequencies. However, if you study the 

circuit diagrams of good audio amplifiers, you. 

will find that the circuit of each stage of amplifica- 

tion is nearly always considerably more compli- 

cated than the circuit of our experimental 

amplifier. The reasons for this chiefly concern the 

problem of stability: ensuring that the amplifier’s 

performance will not alter as a result of changes in 

temperature (to which all semiconductor devices 

are sensitive); of changes in the characteristics of 

components due to ageing; and of variations in the 

characteristics of individual components within 

each manufactured batch. Obviously, when mass- 

producing electronic equipment, it is economically 

undesirable to have to alter the circuit design to 

suit each individual transistor, for instance. 

Within one manufactured ‘run’ of transistors 

having the same type number there are inevitably 

variations in characteristics. As long as these 

variations are within certain (often quite wide) 

limits, correct circuit design ensures that these 

variations do not cause appreciable variations in 

the performance of the circuit. These practical 

considerations will be taken up in the next 

chapter, concerning feedback. 

Problem 41.1 A certain audio power amplifier, 

which has a flat response curve down to a fre- 

quency of 20 Hz, has a negligibly small output 
impedance. It is to be coupled to a load via a 
capacitor, C, as shown in Fig. 41.10. The load can 
be regarded as a pure resistance of 82. What 
minimum capacitance must C have, if the power 

to the load is not to fall below half of its mid- 

range value at a frequency of 20 Hz? 

We assume what at mid-range frequencies the 
reactance of C is negligible, so that the voltage 

Ro negligible 

Output of 
amplifier Fig. 41.10 

[41.9] 

across the load is equal to the output voltage of 

the amplifier. The power in the load will fall to 
half of its mid-range value when the reactance of 

the capacitor has the same magnitude as the load 

resistance, because then the voltage across C and 

the voltage across R will have the same amplitude, 

and since these two voltages are 90° out of phase, 

the amplitude of each will be 1/-/2 of the output 
voltage of the amplifier. (See Section 37.3.) The 

power in the load is proportional to the square of 

the voltage across it. 

Thus, we have to find what value of C gives it 

a reactance of 8 at a frequency of 20 Hz. 

1 

oe Ce 

therefore ] E 

a 2x X 20 x 8 

~ 1000 pF 

41.9 Decibels 

The decibel is a unit which can be used to express 

the power gain of an amplifier, as has already 

been mentioned in Section 41.8. It can also be 

used to express the power attenuation of a circuit 

which reduces the power of a signal. We shall now 

explain how and why the decibel unit is used. 

The decibel originated as a unit for expressing 

the loudness of sounds. You should refer to 

Section 21.1, where this is discussed, before 

proceeding. The abbreviation for decibel is dB. 

The power gain of an amplifier can be 

expressed thus: 

power gain iole power output 

(in decibel) E10 power input 

Problem 41.2 A_ certain audio frequency 

amplifier provides an output power of 100 W toa 

loudspeaker when the input power to the amplifier 
is 0.25 mW. What is the power gain, expressed in 
decibel? 

ae 100 
power gain = 10 log,, ( 0.25 x 10> 

= 10log,.(4 x 10°) 
10 x 5.60 

= 56.0dB 
eS Se 
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Long cable 

Signal Signal 

in out 

power output Ower output V 
Se 0S: ee ee 
power input power input power input 

gain = -13 dB gain = + 33 dB gain = —6 db 

For the whole system: power Ouse = 0.05 x 2000 x 0.25 = 25 
power input 

Fig. 41.11 Or, in decibels: power gain = —13 dB + 33 dB —6 dB =+ 14 dB 

For a circuit which reduces the power of a 

signal the power attenuation can likewise be 

expressed in decibel. The word ‘attenuation’ 

comes from Latin ‘attenuare’ meaning ‘to make 

thin’. We use exactly the same expression as the 

one given above for power gain. 

Problem 41.3 A certain tone-control filter circuit 

reduces the power of an audio signal by a factor of 

100 at one particular frequency. What is its power 

attenuation, expressed in decibel units? 

power gain _ ele 
(in decibel) — 1010810 799 

= 10log,,0.01 

="10 x =—2 

= —20dB 

eee 

It is indeed correct to say that this filter 

provides a power gain of — 20 dB. The minus sign 

indicates that the power output is less than the 

power input, and that the circuit therefore 

provides power attenuation. We can express the 

result in two equally valid ways: 

‘_20dB of gain’ or ‘20dB of attenuation’ 

The decibel system can be useful for expressing 

the overall gain of a system in which a signal is 

passing through a number of distinct ‘stages’ 

arranged one following another. Figure 41.11 

shows an example of this. In this example there 

are three stages in the system through which the 

signal passes: the first stage is a long length of 

cable which reduces the power of the signal, the 

second stage is an amplifier, and the third stage is 

a filter circuit which reduces the power. For each 

stage the ratio: power output/power input is given 

below. The value of this ratio for the whole system 

can be found by multiplying together the ratios for 

the three stages; but if the power gain for each 

stage is expressed in decibel units then we simply 

add the gains in order to find the overall power 

gain. Thus: 

For the three stages in fig. 41.10 we have: 

power output 
power input 

0.05 2000 0:25 

gain in dB —13 —6 

for the whole system: 

POWER OULDULY= 1105 "02000 pxMOs 25a 
power input 

or, in decibel: 

power gain = —13dB + 33dB — 6dB 

= +14dB 

In the example of Fig. 41.11 note that the 

power gain in decibel has, for each stage, been 

calculated to the nearest whole number. For 

instance, log,,0.05 is 2.6990 to four places of 

decimals, and 

2.6990 = —2 + 0.6990 = —1.3010 
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so that 10 log,) 0.05 = — 13.010, to three places of 

decimals. In practice a two significant figure value 

for power gain in decibel is usually accurate 

enough, and often the figure can be ‘rounded’ to 

the nearest whole number without appreciable loss 

of accuracy. Thus, if an amplifier doubles the 

power of a signal, we say that the power gain is 

+3 dB. Quadrupling the power means a gain of 

+6dB. Increasing the power by a factor of 5 

times means a gain of +7dB. Likewise halving 

the power means a gain of —3 dB, and so on. 

Refer back now to Fig. 41.9b, where you see 

an example of the generally accepted way of 

displaying the frequency response of an amplifier. 

In the language of electronic engineers, we can say 

that the output signal power is ‘3dB down’ at 

frequencies of about 15 Hz and 20 kHz, meaning 

that these are the frequencies at which the output 

power falls to half of its mid-range value. 
It is common, although not strictly correct, 

practice in the world of electronics to use decibels 

for expressing voltage gain and attenuation. 

Suppose that in a certain amplifier the r.m.s. value 

of the input voltage is v; and the input resistance of 

the amplifier is R;: then the power input to the 

amplifier is given by: 

vi 
Oe Re 

Similarly, if the r.m.s. output voltage is v, and the 

load resistance is R,, then the power output from 

the amplifier to the load is given by: 

Vs 
ll 

[41.9] 

If, and only if, R; = R, (and this is by no means 

always the case), we can write: 

2 

power gain = 10 logo jap 

20 log, (52) dB 

In systems where a signal passes through a succes- 

sion of stages whose inputs and outputs are 

matched to each other, the expression given above 

can be correctly used. In such a context we could 

say that, for example, a certain stage has a 

‘voltage gain of 60 dB’. What we really mean is 

that the power gain is 60 dB, but that the voltage 

gain is related to it by the expression above. So in 

this example: 

20 log, kee = 60 

hence 

and so 

+e = 1000 
Vi 

In other words, this particular stage amplifies the 

voltage by a factor of 1000. 

It has become common practice to express 

voltage gains (and attenuations) in decibel, 

regardless of thé’ values of input resistance and 

load resistance, and this can be misleading. 
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FEEDBACK 

42.1 Positive and negative feedback 487 42.1. Positive and negative feedback 

42.2 An experiment to demonstrate 
feadback 438 Feedback, in the context of electronics, means 

42.3 The theory of feedback 489 taking a portion of the output signal from an 

42.4 Negative feedback: why it is used 490 amplifier and ‘feeding it back’ to the input. If the 

42.5 Integrated circuit operational fed-back portion of the output signal is added to 

amplifiers 497 the input signal to produce a larger input signal, it 

42.6 Positive feedback and oscillators 492 is called positive feedback. With a.c. signals this 

means that the fed-back signal is in phase with the 

input signal. 
Negative feedback is the result of arranging 

that the fed-back portion of the output signal is 

subtracted from the input signal, thus diminishing 

it. With a.c. signals this is done by arranging that 

the fed-back signal is in antiphase with the input 

signal. 
Positive feedback, when applied to an ampli- 

fier, increases the gain: negative feedback 

decreases the gain. In the very early days of radio, 

when thermionic valves were being used to 

amplify the signal, positive feedback was some- 

times used to obtain increased amplification, and 

greater sharpness of tuning (greater se/ectivity). 

The danger in doing this was that a little too much 

positive feedback caused distortion of the signal, 

and a bit more feedback produced ear-splitting 

oscillation. This unpleasant effect can easily be 

produced with any audio amplification system 

having a microphone and a loudspeaker: simply 

bring the microphone near to the loudspeaker and 

sooner or later a very loud whistle or shrieking 

sound will result. 
If negative feedback reduces an amplifier’s 

gain, then it might be supposed that this can never 

be of any practical value. But this is the exact 

opposite of the truth, as we shall see. 

487 
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Fig. 42.1 Circuit for investigating positive and 
negative feedback. 

42.2 An experiment to demonstrate 

feedback 

Figure 42.1 shows a system which is used to study 

the effects of positive and negative feedback. It is 

built around the same audio amplifier circuit as 

was used in the previous experiments. (We should 

emphasize that the circuit has no practical use 

apart from demonstrating the principles of feed- 

back.) 

A step-down transformer is connected so that 

a fraction of the alternating output voltage from 

the amplifier is fed back to the input. Previously, 

with no load connected to the output, the voltage 

gain of the amplifier was in the range of about 15 

to 20. In the system of Fig. 42.1 the turns ratio of 

the transformer is 1:40. In one version of the 

experiment this was achieved by using a standard 

type of small transformer kit with interchangeable 

coils and a magnetic alloy core. A 2400 turn coil 

and a 60 turn coil were used. The voltage across 

the 60 turn coil is thus 1/40 of the voltage across 

the 2400 turn coil. In this way 1/40 of the ampli- 

fier’s output voltage is fed back and ‘inserted’ in 

series with the input, as shown. 

According to which way round we make the 

connections to the 60 turn coil, we can obtain 

positive or negative feedback. In the experiment 

this is most easily done by trial and error. A c.r.o. 

is used, as in the earlier experiments, to compare 

the amplitude of the output signal with that of the 

input signal. It is found that, with the connections 

to the 60 turn coil one way round, the output 

signal is increased as a result of feedback, and 

reduced when the connections are reversed. The 

former case, giving positive feedback, may cause 

the circuit to oscillate and produce large signals 

with distorted waveform, but this will happen only 

in the unlikely event of the amplifier’s voltage gain 

[42.2] 

2400 turns 
60 turns 

being appreciably greater than 40. Positive feed- 

back and oscillatory circuits are dealt with in 

Section 42.6. 

Having shown that the feedback does affect 

the overall voltage gain, we can go on to make 

some measurements. Firstly the 60 turn coil is 

disconnected, and the input signal is fed straight 

to the amplifier, and the voltage gain without any 

feedback is measured. Typical results are shown in 

Table 42a. Throughout the experiment we keep 

the transformer primary connected to the output 

of the amplifier because it does to some extent 

load the amplifier output, and we must keep this 

load constant. Note that we have used a new 

symbol for the input voltage: v,. This is in order to 

distinguish it from the voltage across the input 

terminals of the amplifier itself, for which we 

continue to use the symbol v;. The letter ‘g’ in v, 
can be thought of as standing for ‘generator’ in 
this context. 

The results of. Table 42a were obtained using a 

frequency of 5kHz, but very nearly the same 

results were obtained at other frequencies in the 

range 1 kHz to 10 kHz: thus the frequency used is 

not critical. Within this frequency range the trans- 

former ‘behaves’ satisfactorily in that its resistive 

and reactive components do not complicate the 
situation by introducing any appreciable loadings 
or any appreciable phase-shifts. 

Table 42a Effect of feedback on amplifier gain 
Se eee 

Feedback Vg Vo Overall gain 
LOUIE 

None 0.12 2.0 17 
Positive 0.10 Za5 25 
Negative 0.14 1.6 11 

EEE 
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42.3 The theory of feedback 

An expression will be derived for the overall 

voltage gain of an amplifier with feedback, such 

as the experimental one shown in Fig. 42.1. 

The symbol A is used for the voltage gain of 

the amplifier on its own, just as it has been used in 

the previous chapter. The feedback fraction is B 

and is provided by the feedback circuit, as shown 

in Fig. 42.2. Thus the feedback voltage is By,. 

This is added to the voltage across the ‘signal in’ 

terminals, v,; So we can write 

v, + By, = Vj 

but 

Vv, = AV; 

and the overall gain of the system is given by 

Maia AV; 

Vy vy, — By, 

If we divide top and bottom of the expression by v; 

we obtain 

MAB 

Equation 42.1 is a general one for the voltage 

gain of any amplifier with feedback. But we must 

give a warning at this point: the writers of text- 

books and article on electronics are not universally 

agreed about how positive and negative signs 

should be used in the algebraic expressions 

employed in the theory of feedback. You may 

think that we have introduced too many ‘minus’ 

signs in the following paragraphs: but we prefer to 

be rigorous in the matter of signs, as illustrated in 

the examples in Table 42b. 

In Eg. 42.1, if the term AB (the /oop gain) is 

positive, but less than unity, then (1 — AB) is less 

than unity and so 

or ern esas (471) 
Ve 

yy Za 
1 — AB 

| Feedback 
circuit 

Amplifier 

>A 

: A 
Overall = verall gain= 7, 

Fig. 42.2 Simplified diagram for amplifier with feedback. 
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Table 42b Examples of values of A and B, as used in 

the theory of feedback 

A= 100 A non-inverting amplifier with a 
voltage gain of 100 

A = —25 An inverting amplifier with a voltage 

gain of 25 

B= +0.05 A feedback circuit which does not 
reverse the phase of the signal, pro- 

viding a feedback fraction of 1/20 

B = —0.025 A feedback circuit which reverses the 
phase of the signal, providing a feed- 

back fraction of 1/40 

This means that the overall gain is now greater 

than the gain of the amplifier without feedback: 

here we have positive feedback. 
If AB has a negative value, then (1 — AB) > 1 

and 

A 
pare 

here we have negative feedback. For the amplifier 

of Fig. 42.1 A is negative because we are using an 

inverting amplifier, as explained in Section 41.2. 

To obtain positive feedback, therefore, we had to 

ensure that B was negative also, so that the 

product AB was positive. This meant that the 

transformer was connected in such a way that the 

fed-back voltage was of opposite phase to the 

output voltage from the amplifier. We did this 

simply by trial and error, finding which way round 

the connections to the 60-turn coil of the trans- 

former had to be made in order to cause an 

increase in the output voltage from the amplifier. 

Does the theory predict correctly the experi- 

mental results shown in Table 42a? The measured 

value of A was —17, and the feedback fraction 

was 1/40: so B = —0.025 for positive feedback 

and + 0.025 for negative feedback. So we calculate 

the overall gain as follows: 

with positive feedback 

A ale 
SC RS ES fae AA - 

with negative feedback 

A ie a 
eee eat 1 (— 1 e005 ae 

=—12 

These give acceptable agreement with experi- 
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mental results, if we allow for an uncertainty of 

about +10% in the measurement of the input 

signal voltage amplitude, this being the least 

precise measurement in the experiment. (If you 

doubt this last statement, try calculating the 

overall gain with A = —15 instead of A = —17.) 
What would happen if AB were to equal + 1?, 

This would make (1 — AB) = 0, and the overall 

gain equal to infinity: we shall discuss the effect of 

doing this in Section 42.6. 

42.4 Negative feedback: why it is used 

Let us consider an example which illustrates the 
usefulness of negative feedback. The example 
concerns the type of integrated circuit (IC), 
constructed on a silicon chip, which is used for 
operational amplifiers (see Section 42.5). These 
have, as a rule, a very high intrinsic gain. By 
‘intrinsic gain’ we mean the gain of the device 
without any external circuitry added to it. The 
intrinsic gain of such an ‘op amp IC’, as well as 
being very large, is likely to vary appreciably from 
one individual in a manufactured batch to 
another. Negative feedback is almost always used 
to reduce the gain to a precisely determined value. 

Suppose that one such ‘op amp’ has an intrinsic 
voltage gain of 10000 (not an inverting amplifier 
in this case, so that A is positive). A circuit is’ 
constructed around it to provide negative feed- 
back so that B = —1/100. The overall gain is 

given by the expression used above: 

pein 
1 — AB 

Then suppose that we substitute an op amp which 
has a higher intrinsic gain, say 100000 into the 
circuit. How does the overall gain compare in 
these two cases? Here are the calculations, side by 
side for direct comparison. 

A = 10000 A = 100000 

1 1 
7S jigT00 Pati kL00 

Overall 10000 Overall — 100000 
gain ~—_‘'101 gain _—-:1001 

99:9 

[42.4] 

This shows that a tenfold difference in the 

intrinsic gain of the op amp has resulted in only a 

minute difference in the overall gain. Further- 

more, the overall gain is determined almost 

entirely by the value of B, the feedback fraction, 

and the value of A has very little effect upon the 

result. This arises because, in these examples, 

AB > 1, and so 

1 — AB = — AB 

and so 

A ee ee 
fl —ABY VSABy eB 

In our example 

B= =e and so alee 100 
mrS100 pte 

The overall gain, in either case dealt with in our 
example, does not differ from this value by more 
than 1%. 

Nowadays there is scarcely any single 
commercially produced amplifier, of any type, 
which does not employ negative feedback in one 
Or more stages of amplification. An example of 
the value of negative feedback has already been 
given: minimizing the effect of variations in the 
intrinsic gain of an operational amplifier IC. 
Three of the chief reasons for using negative 
feedback are concerned with: 

i) Stability of gain. 

li) Frequency bandwidth. 

ili) Frequency-dependent gain. 

i) Stability of gain. With IC amplifiers, such as 
the one in the example above, and with tran- 
sistors, the characteristics can vary considerably 
from one individual to another in a manufactured 
batch. Also the characteristics can alter with age 
and with temperature. Negative feedback prevents 
variations in the intrinsic gain of these devices 
from altering the overall gain of the amplifying 
circuit. 

il) Frequency bandwidth. If negative feedback is 
applied by means of circuitry which is made up of 
pure resistances (or it could be provided by an 
‘ideal’ transformer), then it is bound to increase 
the frequency bandwidth of the amplifier. As was 
demonstrated in the experiment of Section 41.8, 
the gain of an audio amplifier falls off at low and 
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Inputs 
+ 

Fig. 42.3 (a) Symbol for an operational 
amplifier. (b) Input and output voltages 
for a typical operational amplifier. (a) 

high frequencies. In other words, the value of A 

decreases at high and low frequencies. If the feed- 

back circuitry is not frequency dependent, then B 

will be constant regardless of frequency. Then if, 

as in (i) above, the value of the product AB is large 

compared with unity, the overall gain will be 

approximately -—1/B and thus very nearly 

independent of frequency. 

iii) Frequency-dependent gain. Suppose that we 

wished to design an audio amplifier whose gain 

decreases in a regular fashion when the signal 

frequency is increased. An example of such an 

amplifier is any pre-amplifier designed for use 

with a magnetic pick-up cartridge for reproducing 

sound from disc recordings. This type of pre- 

amplifier is designed so that the power gain 

decreases by about 4 dB for every octave (that is, 

the power gain is reduced to a little less than 

half for every doubling of the frequency). This is 

most easily achieved by using a semiconductor 

amplifying device which has very high intrinsic 

gain, and a feedback circuit, made up of resistors 

and capacitors, whose attenuation increases by 

4 dB per octave increase in frequency. Thus the 

value of B increases when the signal frequency 

increases, and the overall gain which is approxi- 

mately —1/B decreases. To find out the reasons 

why this kind of frequency-dependent gain is 

needed the reader must refer to a textbook which 

deals with audio amplification in detail. The chief 

reason for having an amplifier gain which 

becomes less as the frequency increases concerns 

the fact that the amplitude of the e.m.f. generated 

by a magnetic pick-up cartridge, when the stylus 

oscillates in the groove on the disc, increases with 

frequency: this increase has to be ‘cancelled’ by 

the amplifier. 
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+o Output voltage 

Input voltage/mV 
+9 V Gi : 

—05 +0.5 

Output 

—9V 

(b) 

42.5 Integrated circuit operational 

amplifiers 

Here we shall introduce a type of amplifier, 

constructed as an integrated circuit on a single 

silicon chip, which is used in a great range of 

everyday applications. The term operational 

amplifier was originally used to describe the type 

of amplifier used in circuits to perform mathe- 

matical operations, in a certain class of computers 

called analogue computers. The integrated circuit 

amplifiers that were developed for this particular 

application were found to be well suited to many 

other applications, but the name ‘operational 

amplifier’ (or ‘op amp’) has been kept. 

The internal circuit of an op amp is complex, 

comprising many transistors and resistors, and we 

do not need to know the details of this in order to 

be able to use it correctly. The most usual symbol 

for it is shown in Fig. 42.3. It requires a d.c. power 

supply giving positive and negative voltages 

(typically +9V and —9V). It has two input 

connections, the upper one (labelled ‘—’) being 

the inverting input and the lower one (‘ +’) the non- 

inverting input. Which of the two inputs is used 

depends upon the application and in some applica- 

tions both inputs are used. Figure 42.3 shows also 

a graph of the output voltage against an input 

voltage applied between the two input connec- 

tions. From this you will see that the mean output 

voltage is zero: this allows the operating point to 

be set at zero when the op amp is used to amplify 

a.c. signals, unlike the single transistor amplifier 

(see Section 41.3) for which the operating point 

was about +3 V. 
The intrinsic gain of an op amp is extremely 

high, although it decreases as the signal frequency 

increases, as the graph of Fig. 42.4 shows. When 
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Voltage gain/dB 

1 10 100 1k 10k 100k 1M 10M 
Frequency/Hz 

Fig. 42.4 Data for the 741 operational amplifier (courtesy 
RS Components Ltd.). 

interpreting this graph, note that the frequency 

scale is logarithmic; note also that the voltage 

gain is expressed in decibels. As explained in 

Section 41.9, decibels are used primarily for 

expressing power ratios, but the decibel system is 

extended (rather loosely, as a rule) to expressing 

voltage ratios also. Refer back to that section to 

see exactly how that was done. This particular op 

amp serves as a good example of how negative 

feedback is used to stabilize the gain of an 

amplifier. To apply a constant amount of negative 

feedback we use two resistors, as shown in Fig. 

42.5. The magnitude of the feedback factor, B, 

here is simply the ratio of the resistance R, to the 

resistance R, (the feedback resistance). Thus 

pe RAVI Ke By 
Red apl20:kQ;, an05 

As explained in Section 42.4, if the magnitude of 

the product AB > 1, where A is the intrinsic 

voltage gain of the amplifier, then the overall gain 

Fig. 42.5 Operational amplifier with negative feedback. 

[42.6] 

of the amplifier with feedback ~ —1/B, and so in 

this example it is approximately — 25. 
This amplifier (Fig. 42.5) is an inverting 

amplifier with a voltage gain of about 25, and thus 

is similar to the single transistor amplifier module 

of Fig. 41.1. 
The input resistance of an amplifier with 

feedback, as in Fig. 42.5, is approximately equal 

to R,, and so in this case it is about 4.7 kQ. The 

output resistance, however, is negligibly small. 

This makes it useful for applications in which a 

low resistance load is connected to its output: this 

principle was explained in Section 41.7. 

Figure 42.6 shows an audio amplifier, suitable 

for the experiments of Chapter 41. An extra 

resistance of 1.2 kQ has been added in series with 

the output to make the output resistance of the 

amplifier equal to about 1.2 kQ, so that this, and 

its input resistance, are both similar to the values 

for the amplifier circuit of Fig. 41.4. 

We have described only one application of an 

integrated circuit operational amplifier. The many 

other applications are described in most standard 

textbooks on electronics. Among these applica- 

tions are: the voltage comparator, voltage 

follower, and analogue computer circuits for 

summing, differentiating, and integrating. 

42.6 Positive feedback and oscillators 

It has already been mentioned that almost any 

amplifier, given sufficient positive feedback is 

applied to it, may:spontaneously break into oscil- 

lation. The experiment of Fig. 42.1 can be used to 

demonstrate this if the transformer step-down 

ratio can be reduced, preferably by using a 

secondary transformer having a larger number of 

turns. With most amplifier modules of the kind 

1.2kQ 1 HF 

6-9 V Signal out 

O O 

OV OV 

Fig. 42.6 Experimental audio amplifier using an operational 
amplifier. 
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To c.r.o. 
beam 1 
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Signal To c.r.o. 
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_ 

To c.r.o. 
All capacitors: 0.01 uF 
All resistors: 4.7 kQ 

Fig. 42.7 
module. 

Investigating the function of a phase-shift 

used in that experiment, a transformer voltage 

ratio of 20:1 should cause the system to oscillate. 

A c.r.o. used to display the oscillating voltage at 

the output of the amplifier is likely to show a 

waveform which is not sinusoidal, probably a 

‘sawtooth’ waveform of some kind. The frequency 

of oscillation may be anything from a few 

hundred hertz up to tens of kilohertz: this is not at 

all a stable or well-behaved oscillator and would 

certainly not be used by an electronic designer as a 

means of producing an alternating voltage. 

It is instructive to carry out an experiment in 

which positive feedback is applied in a controlled 

way, and the frequency of oscillation is pre- 

dictable. For this purpose we introduce a new 

four-terminal module which houses a phase-shift 

network. Figure 42.7 shows the circuit diagram. 

Before putting the oscillator together one should 

find out by experiment what the function of this 

phase-shift module is. Using an audio signal 

generator and a c.r.o., as shown in Fig. 42.7, the 

input and output voltage amplitudes are compared 

at several different frequencies over a range of 

about 1kHz to about 20kHz. Not just the 

amplitudes are compared, but the relative phase of 

the input and output voltage: for this a double 

beam c.r.o. is essential. 

It will be found that the input and output 

voltages do not have the same phase, and that at 

one particular frequency the output voltage is in 

precise antiphase with the input voltage. At this 

frequency, which we shall call f,, the module 

causes a phase-shift of 180° (a radian). At low 

frequencies the output voltage is much smaller in 

amplitude than the input voltage; in other words 

there is a large attenuation. This attenuation 
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becomes progressively less at higher frequencies. 

It can be shown theoretically that, at the phase- 

reversal frequency /,, the ratio 

output voltage 49 I 
input voltage 901 ~——:'118 

In the circuit of Fig. 42.8 the output signal from 

the amplifier is fed back to its input via the phase- 

shift module: thus, for any signal present in the 

circuit at the frequency f,, the feedback fraction 

B = —1/18. If the voltage gain of the amplifier by 

itself, A, is —25, then the loop gain AB = 1.4. Let 

us suppose that, when the power supply is 

switched on, there is present at the amplifier input 

a very weak signal at the frequency f,. Every time 

this signal ‘goes round the loop’ its amplitude will 

increase by 1.4. Eventually the amplitude of the 

output signal from the amplifier will reach its 

maximum limit (which is about half the supply 

voltage, as was explained in Section 41.3), even 

though the input signal amplitude is still increa- 

sing. This means that the ratio 

output signal amplitude 

input signal amplitude 

is decreasing: in other words, the value of A is 

decreasing. This process continues until AB = 1: 

then oscillation is maintained with a steady 

amplitude. 
Although the theory is beyond the scope of 

this book, we can quote the formula which gives 

the phase-reversal frequency for the four-section 

phase-shift network of Fig. 42.7: 

2 IE Ve, eOIG3 
Joc ae IMORC a FROM 

This expression should predict fairly closely the 

oscillation frequency of the circuit in Fig. 42.8. 

The conditions under which oscillation will be 

maintained at a frequency f, in an amplifier with 

feedback can be summarized as follows: 

1) The loop gain AB = | at frequency /,. 

2) The overall phase-shift around the loop 

including amplifier inversion must be 360° 

(2x radian) or a whole number multiple of 

360°, at frequency f, 

In the experiment of Fig. 42.8 one nearly 

always finds that the waveform of the output 

voltage is somewhat distorted from a_ pure 
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Phase-shift module 
All capacitors: 0.01 uF 
All resistors: 4.7 kQQ 

Fig. 42.8 Experimental phase- 
shift oscillator. 

sinusoidal shape, because the intrinsic gain of the 

amplifier is too great. This can be reduced by 

introducing extra resistance in series with the input 

to the amplifier (next to the 1 »F capacitor), using, 

for instance, a 100k variable resistor, or a 

resistance substitution box. 

Finally, one particular point of difficulty must 

be dealt with. In the circuit of Fig. 42.8, how can 

an oscillation ever ‘get going’? Our argument 

above assumed that, at the instant of switching on 

the power, there was a weak signal at frequency /, 

present in the circuit. But how can there be? To 

understand this we have to use a concept that was 

introduced in Unit 5: the concept embodied in 

[42.6] 

Fourier analysis. This is the idea that any 

time-varying quantity can be regarded as being 

composed of purely sinusoidal components, of 

different frequencies and amplitudes. This 

concept can be applied to the changing voltages 

which inevitably appear in any circuit when its 

power supply is first switched on: it is just as if 

there were countless sinusoidal signals, all of 

different frequencies, present. All these signals 

will die away rapidly except for the one at the 

frequency f,: this one alone will grow in 

amplitude, as described earlier. 

Oscillatory circuits of other types will be found 

in any standard textbook on electronics. 
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EXCITATION AND IONIZATION 
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43.2 Energy transfer in collision processes 497 

43.3. The experiment of Franck and Hertz 498 

496 

43.1 Introduction 

In Unit 4 we discussed a model for ideal gases in 

which particles collided with one another or with 

the walls of the containing vessel without the 

dissipation of energy. The forces involved were 

conservative (see Section 8.16) and the collisions 

were assumed to be perfectly elastic. The argu- 

ment can be extended to real monatomic gases. In 

the case of the diatomic and other more complex 

molecules, energies other than the translational 

kinetic energy are involved. Nevertheless the 

effect, overall, is the same; the consequences of 

the many inelastic and superelastic collisions 

balancing out. (A superelastic collision is one in 

which translational kinetic energy is gained during 

the interaction. Although rarely met with in 

laboratory experiments on dynamics, such colli- 

sions are common in the microphysical world. 

Should, for example, two vibrating polyatomic 

molecules collide, they may show an increase of 

translational kinetic energy at the expense of their 

vibrational energy. It is such collisions which we 
have in mind when we say that collisions between 
the molecules of a gas can, on average, be taken to 
be elastic (see Section 10.2).) Under different 
circumstances, for example in a fine beam tube or 
a cloud chamber, interactions between particles 
cause changes which involve forces which are 
dissipative and the collisions are inelastic. A 
collision between an alpha particle and an atom, 
or between an electron and an atom may excite or 
éven ionize the atom. 

It is legitimate to enquire what the conditions 
are which lead to gaseous excitation and ioniza- 
tion. Controlled experiments are hardly possible 
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in atmospheric air as we find it in the laboratory; 
but we can exercise control if we enclose some gas 
in a tube at low pressure and examine its properties 

when it is bombarded with a stream of electrons. 

The method has the great merit that we can 

determine the energies of the bombarding 

electrons by using a voltmeter. For we know that 

the energy of an electron (which has a charge of 

—1.6 x 10-'°C) passing across a potential dif- 

merence Of; say, '5 Vis SeV or 5’ « 16> 10-2 J. 

Phat'is 8 x 107°J. 
With justice, it has been said that twentieth- 

century physicists have been great bombardiers! 

To understand the significance of the experiments 

they have performed we must return to the condi- 

tions which apply to elastic and to inelastic 

collisions (see Chapter 3). 

43.2 Energy transfer in collision processes 

a) Inelastic collisions 

Consider a particle of mass m,, moving with 

velocity u which collides inelastically with a 

stationary particle of mass m,, making a direct hit 

and sticking to it. The two move off together with 

velocity v in the same direction as u (Fig. 43.1). 

Momentum is conserved and so 

miu = (m, + m,)¥. 

But kinetic energy is not; for dissipative forces 

are at work. After the collision, the kinetic energy 

iS 

3(m, + m)v? 

mu g 
—- 1(m m eee eee 

=m, + 2 lamee ire 

1 
ht pl 24,2 = imu 

it ta Is 

m 
= zm w m, + m, 

.%. my, 
= (original K.E. of m,) ————— (orig mn, + my 

The kinetic energy remaining is dependent 

upon the value of 

mM, 
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—u 

%e(m,+ Mp) v2 After (m,+m2)v 

Fig. 43.1 

This we see is 

1 

1+ m,/m, 

So it is the ratio of the two masses which is 

important. 

Let us take a few cases: 

a) If m, < m, (for example a meteorite colliding 

with the moon) the ratio is very small. Almost 

all the kinetic energy of m, disappears. 

b) If m, = m, (as when two dynamics troileys of 

equal mass collide and stick together) the ratio 

is one half. Half the kinetic energy of m, is 

lost. 

c) If m,>m, (for example, when a moving 

motor-car strikes a moth) the ratio is nearly 

unity. The car loses very little of its kinetic 

energy. 

b) Elastic collisions 

Consider an elastic collision between the two 

particles m, and m,. Before the collision, m, has 

velocity uw and m, is at rest. After it, the masses 

have velocities v, and v, as in Fig. 43.2. 

Momentum is conserved so 

my,u — MV, a My V2 

or 

(43.1) m(u — v\) = my, 

Kinetic 
energy 
Ye myu2 

B Momentum 

Before m, mu 
nl: 

After ”’myv2+ 

mV? 
MmMyV4 ate M2V2 

Fig. 43.2 
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Since the collision is elastic we also know (see 

Chapter 3) that the 

relative velocity \ _ __/ relative velocity 

before collision / after collision 

(u — 0) = -—(v, - v2 
u+tvV, = v2 (43.2) 

Multiplying Eqs. 43.1 and 43.2 together gives: 

= 2 
m,(u — v\)(u + vy) = mv; 

mu? — mvt = mVv3 
a 2 ule Be ao DM 2 
Buy SV = oY 

Thus the kinetic energy is conserved and is shared 

between the particles. 

In order to relate v, and wu, use Eq. 43.2 to 

eliminate v, in Eq. 43.1: 

MV, = m,(u + u — Y¥,) 

v(m, + m,) = 2m,u 

as 2m,u 

aa (m, + mM) 

- ze (43.3) 
~ [1 + (m/m))] 

Before discussing this equation, it is a small step to 

obtain a relationship between v, and wu by 

combining Eqs. 43.2 and 43.3. Thus, 

2u 

4S Y= T+ n/m) 
It is left as an exercise in algebra to show that this 

leads to: 

sad 1 — (m,/m,) 

yu | | a9 

Considering some examples: 

a) If m, < m, (for example, an electron striking 

an atom), the ratio m,/m, is large and v, is 

small. v, is very little different from uw but is 

reversed in direction. The electron bounces 

away having lost very little energy to the 

atom. This is rather like a rubber ball 

bouncing back from a wall against which it 

has been thrown. 

b) If m, = m, (for example, an alpha particle 

striking a helium atom) the ratio of the two 

masses is unity and we see that the alpha 

particle stops, and all its energy is transferred 

to the atom (cf. Experiment B in Chapter 3). 

[43.3] 

c) If m, > m, (for example, an alpha particle 

striking an electron) m,/m, is small and v, ~ u 

and v, ~ 2u. The velocity of the alpha particle 

is little changed whilst the electron acquires 

almost twice the velocity of the alpha particle. 

43.3 The experiment of Franck and Hertz 

Among the pioneer bombardiers were J. Franck 

and G. Hertz (the nephew of H. Hertz). Their 

apparatus is represented diagrammatically in Fig. 

43.3. 
In the experiment, described in 1914, mercury 

vapour was used at a pressure of about 100 N m~? 

(normal atmospheric pressure is 10°N m~?). The 

tube was contained in an oil bath at about 380 K. 

The filament was heated by a current and 

produced thermionic electrons. These could be 

attracted to the grid by the application of a small 

variable potential difference. Electrons moving 

under the influence of this electric field would, of 

course, collide frequently with mercury atoms, 

and many would pass through the grid to fall on © 

the anode. The anode was connected to a sensitive 

galvanometer. The reading of this galvanometer 

provided a measure of the number of electrons 

arriving at the anode each second. 

By applying a small reverse voltage to the 

anode (relative to the grid) electrons passing 

through the grid could only reach the anode if they 

had sufficient energy as they entered this reverse 

| 
Mercury | 
vapour | 

Filament Grid Anode 

Accelerating | Retarding 
field | field 

| 
| 

| 

Fig. 43.3. Schematic representation of the Franck-Hertz 
experiment and of the electric fields within the Franck-Hertz 
tube. 
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Table 43a 

Accelerating Retarding Electron Current 
potential potential eneray at 

(filament to (grid to the anode/eV 
grid)/V; and anode)/V 

electron 

energy at 
mesh/eV 

0 —1 No electrons No current 
1 —1 No electrons No current 

2 —1 1 Current flow 

3 —1 2 Current flow 
4 —1 3 Current flow 
5 —1 No electrons No current 
6 —1 1 Current flow 

field (see Fig. 43.3). If, for example, the reverse 

potential difference was 1 V only electrons with 

energies greater than 1eV would be able to 

reach the anode and so contribute to the current 

registered by the galvanometer. Table 43a shows 

some typical situations. 

In the experiment itself the retarding potential 

difference between the grid and the anode was 

kept at a small fixed value and the accelerating 

potential difference between the filament and the 

grid was raised slowly. The current flowing from 

the anode was recorded. As long as the accelera- 

ting potential was smaller than the retarding 

potential, the current was zero. As the accelerating 

potential rose above this value, so the current rose 

in just the same way as the current rises in a 

vacuum tube. The collisions being elastic, the 

electrons transferred negligible amounts of energy 

when in collision with the massive mercury atoms. 

It was just as though the atoms were not there. But 

when the accelerating potential reached about 5 V 

the current through the galvanometer fell almost 

to zero. The electrons had insufficient energy to 

cross the gap between the grid and the anode 

against the retarding field. 

Franck and Hertz suggested that the electrons 

acquired just the right energy to excite the mercury 

atoms in collisions near to the grid. Their energy 

was all transferred to the excited atoms leaving far 

too little to overcome the retarding potential. 

If the accelerating potential was then raised, 

the excitation zone in the tube would move away 

from the grid towards the filament, so that an 

electron which had lost its energy in a collision 
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Pa 
Current 

/ 

Fig. 43.4 Variation of © 
current with potential for a 0 5 10 15 

mercury-filled tube. V/V 

would gain some further energy in the field, pass 

the grid and possibly reach the anode. The current 

would rise once more (see Fig. 43.4). 

Figure 43.4 reveals that the total current 

flowing reached a larger maximum than before. 

More electrons were being collected. Later research 

showed that these additional electrons originated 

in the ionization of some of the mercury atoms 

which entered a metastable state allowing ioniza- 

tion at an accelerating potential of 5.7 V. At an 

accelerating potential of about 10 V, the current 

fell for the second time, when the excitation zone 

occurred twice in the space between the filament 

and the grid. 

Excitation occurred in two zones in the space 

between the filament and the grid; the electrons 

suffered two inelastic collisions and the sequence 

of phenomena was seen to recur again and again 

as the accelerating potential was further raised. 

Franck and Hertz concluded that an electron 

required an energy of 4.9eV or 7.8 x 107!°J if it 

was to excite a mercury atom. Or, to look at it 

from another point of view, a mercury atom can 

accept energy in a ‘packet’ of 7.8 x 10-'°J. 

This experiment by Franck and Hertz was the 

first of a series performed by many workers. In 

the case of mercury, the excitation at 7.8 x 10-'!9J 
(4.9 eV) and at multiples of this energy which was 

so marked in the original experiment obscured the 

complexities of the phenomenon. Using another 

method devised by Hertz in 1923 and developed by 

J.C. Morris in 1928, a whole series of excitation 

levels for mercury was revealed. This series 

includes ionization (i.e., the removal of an 

electron from the atom) at an energy of 16.5 x 

10-23 (10.3:eV). 

Subsequently the critical potentials of many 

other gases have been studied. In every case there 
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is a discrete energy packet which atoms can accept 

and which causes ionization. See Table 43b. 

Table 43b_lonization energies 

Hydrogen 13.6 eV or 21.8 07) 
Helium 24.6 eV or 39.2 1083 
Nitrogen 14.5eV or 23:2 105199 
Oxygen 13.6 eV or 21.8610 2a 
Neon 21.6 eV or Ardea Ome 
Argon 15.8 eV or 2535x0799 
Xenon 12.1 eV or 1913-2 10-92 

Problem 43.1 Molecules of the gases which 

make up the air do not appear to ionize one 

another although we assume that collisions are 

frequent. Why is this? 

The energy of a typical molecule at room 

temperature (about 300 K) is 3/2 kT, where k is 

[43.3] 

Boltzmann’s constant. So energy 

3/2 x 1.38 x 10-2 x 300J 
~ 6 x 10-2!J (about 4 x 10-2eV) 

Now, typically it requires about 20 x 10-'°J 

to ionize a gas particle. The mean energy of the 

gas molecules is about 300 times too small at room 
temperature and it is unlikely that any molecules © 

in the energy distribution will have enough energy 

to succeed in causing ionization during a collision. 

As we have seen in Section 10.4, the energies 

of the molecules are grouped in a distribution 

pattern such that, even when the mean energy is as 

low as this, a few molecules will have considerably 

higher energies. If the gas is heated appreciably, 

by contact with a hot wire, for example, ionization 

can be detected. A few molecules acquire sufficient 

energy to ionize others with which they may 

collide. See Problem 33.2. 
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44.3 Summary 507 It will be recalled that electrons can be produced 

44.4 Balmer’s1/n law 507 within a vacuum tube by heating a filament. 

44.5 A problem experiment 507 Under the right conditions, however, light can 

44.6 Some applications 508 cause electrons to be ejected from metal and other 

surfaces. The effect was first observed by H.R. 

Hertz and can readily be demonstrated in the 

laboratory (Fig. 44.1). 

The clean, zinc plate attached to the negatively 

charged cap of the electroscope is illuminated with 

ultraviolet light through the wire mesh shown. 

Very soon the gold leaf will be seen to fall. If the 

experiment is repeated with a glass sheet between 

the light source and the zinc plate, no effect is 

observed. Evidently there are frequencies of light 

which are absorbed by glass and these have the 

ability to drive carriers of negative charge from 

the zinc. 
The simplest hypothesis is that the negative 

charges are associated with electrons. 

It was P. E. A. Lenard who made a systematic 

study of this photoelectric effect. 

u.v. light 
— 

Fig. 44.1 Simple demonstration of the photo electric effect. 

501 
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The facts which Lenard uncovered are listed 

below. Note that the light is referred to by its 

frequency (f) rather than by its wavelength ()). 

Remembering that fA = c = 3 x 10'ms~!, then 

red light with a long wavelength has a lower 

frequency than violet light with a short wave-: 

length. 

a) The emission of electrons does not occur for 

light of all frequencies. If below a certain 

value, called the threshold frequency, f,, then 

emission will not occur no matter how intense 

the light. 

b) For a given frequency f (where f > fp) the 

kinetic energy of the emitted electrons has a 

spread of values from zero up to a maximum 

value, E,,,,, Which is proportional to (f — f). 

For any chosen emitter E,,,, has the same 

value, no matter how weak or intense the 

light. 

c) If emission occurs, it does so as soon as the 

light reaches it (in modern terms, within 

10~°s), no matter how weak the light. 

If emission occurs, the number of electrons 

emitted per second (i.e., the electron current) 

is proportional to the light intensity. 

e) The value of the threshold frequency, fo, 

depends upon the material of the surface 

being illuminated. 

d — 

Points (a), (b), and (c) are surprising. There is 

emission if the frequency / is only a little above the 

threshold f, even if the light is very dim; and 

making the light brighter does not increase the 

maximum energy of the electrons. It only increases 

the number emitted. On the other hand, even with 

the most intense source of light which is available 

no emission is possible if its frequency is below the 

threshold, no matter by how little. 

In an earlier problem connected with the emis- 

[44.1] 

the great German physicist, had suggested (some- 

what reluctantly) that the energy might be radiated 

not in a continuous stream but in tiny packets 

which he called ‘quanta of action’ or, as we would 

say, quanta of energy. These quanta of light 

energy (or photons) had a magnitude given by 

where / is the frequency of the radiation and h isa 

constant now known as Planck’s constant. This 

constant is very small and has the value of 6.63 x 

10-34J s (to 3 significant figures). Table 44a illu- 

strates the very tiny sizes of photons of various 

types of radiation. 

Figure 44.2 is a cloud chamber photograph of 

the track of a photoelectron from a copper plate 

which has been irradiated with a very weak beam 

of X-rays (Cu K radiation). The length of the 

track of the photoelectron is what would be 

expected if a photon of the X-ray radiation had 

been absorbed (8 keV). The very short track to the 

right is that left by an electron which has been 

released from an atom by the photon which was 

emitted when the excited copper atom regained 

another electron. (C.T.R. Wilson, Proc. Roy. 

Soc., London (A) 104, 1 (1923).) 

In 1905, Albert Einstein related the photo- 

electric phenomena studied by Lenard to this 

quantum model of Planck. He supposed that the 

light quanta (or photons) could ‘penetrate into the 

surface layer of the body and their energy is trans- 

formed into kinetic energy of the electrons. The 

simplest way to imagine this is that a light 

quantum delivers its entire energy to a single 

electron.’ If the electron is at the surface (i.e., is 

ejected) it will have kinetic energy equal to that of 

the absorbed photon less any energy (¢) necessary 
to remove it from the field within the metal, that is 

(44.1) 

sion of radiation from hot bodies, Max Planck, (MV?) max = Af — (44.2) 

Table 44a 
se ee 
Photon: Radio TV Red Ultra violet X-rays y-rays 

Wavelength/m 1500 1 Gx 1037 1052 10—% 10-2 
Frequency/Hz 2 x 10° 3 x 108 5 x 10/4 8-105 35610" 3.x 107 
Energy/J 105 10e= 3x 10a2 Zeng 2ecoeee 2x 10-— 

Energy/eV 10-2 4075 2 12.5 10s 10° 
SSS SSS SS ES eee 
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Fig. 44.2 A cloud-chamber 
photograph of the track of a 
photoelectron from a copper plate 
which has been irradiated with a very 

weak beam of X-rays (Cu K radia- 
tion). The length of the track of the 
photoelectron is what would be 
expected if a photon of the X-radia- 

tion had been absorbed. The very 
short track to the right is that left by 
an electron which has been released 

from an atom by the photon which 
was emitted when the excited 
copper atom regained an electron. 

(Photograph by C.T.R. Wilson, Proc. 
R. Soc. London (A), 104, 1, 1923). 

The term ¢ is known as the work function. 

The model accounts satisfactorily for the 

experimental results: more photons cause the 

emission of more electrons; the greater the fre- 

quency of the photon, the greater the energy of the 

emitted electrons. And if hf < ¢, no electrons are 

emitted. 
This must make us reconsider the Franck- 

Hertz experiment where we observed that an atom 

could accept energy from an electron provided 

that there was enough. In the case of mercury, the 

appropriate energy was 4.9eV or 7.8 x 107"°J. 

The excited atom must eventually return to the 

unexcited state. If the extra energy is emitted as a 

photon of light, that photon might have a fre- 

quency given by the relationship E = Af, that is 

Te < 10>? 

t= G6 x 10-* 

Lasix 100 iz 

which corresponds to a wavelength of 2.5 x 

Hz 
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10-7m. This lies in the ultraviolet and reference to 

tables of line spectra confirms the existence of that 

line. 

44.2 Energy levels 

The experiments show that, in this excitation, a 

mercury atom accepts just a single quantum (7.8 

x 10-'9J) of energy and that the line spectrum of 

mercury includes a line of such a frequency that 

the photon involved carries exactly the same 

quantum of energy. In ionization, the mercury 

atom accepts a single larger quantum (16.5 x 

10-'!°J) and the line spectrum includes a line of 

such a frequency that the photon involved carries 

exactly this quantum of energy. The atomic model 

must accommodate these observations. 

Let us assume that the neutral atom accepts 

16.5 x 10-'8J from an electron which collides 

with it and that, as a result, an electron is removed 
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Fig. 44.3. The Balmer series of atomic 
hydrogen. (From G. Herzberg, Atomic 
Spectra and Atomic Structures, Prentice- 
Hall, 1937. Reproduced by permission of 
the publisher.) He 

from the atom to leave it ionized. When re- 

combination occurs between this positive ion and 

an electron, the energy of the incoming electron is 

just 16.5 x 10~-!9 J and this appears as a photon of 

electromagnetic radiation. 

What of the other line? Indeed, the line 

spectrum of mercury contains many other lines; 

photons of many different energies are emitted by 

excited mercury atoms. It appears that the 

electrons in the unexcited atom can accept various 

discrete energies as a result of collisions and sub- 

sequently re-emit that energy in the form of a 

photon. This has led to the idea of the energy 

level. In the case considered, an electron can exist 

in the atom at certain levels of energy. Subse- 

quently, it may return to a lower energy state and 

in so doing the atom emits the appropriate 

photon. 

As we have indicated the line spectrum of 

mercury is a very complex one. So, in accordance 

with usual practice, let us turn to something 

simpler — hydrogen. This too is found to possess a 

line spectrum which was extensively studied in the 

1880s by J. J. Balmer. Balmer was a mathematics 

teacher in Switzerland with an interest in mathe- 

matical puzzles rather than physics. 

Figure 44.3 shows a photograph of the lines 

with which Balmer worked and some of the wave- 

lengths are given. This series, which lies almost 

entirely in the visible spectrum, shows some 

remarkable regularities. The lines are spaced 

closer and closer together as we move from the red 

(long wavelength) to the violet end of the 

spectrum. And there seems to be a limiting value 

of wavelength within the series. Balmer developed 

an empirical relationship to describe this hydrogen 

series: 

A= 5b aaa (44.3) 

[44.2] 

486.1 nm 656.3 nm 

Sate 434. k nm 

= a0) 2 Hg He 

where \} = wavelength in nanometres, Db = 

364.6 nm, and v is a positive integer. Each integer, 

starting with nm = 3 gives a different line of the 

series. For the first line (labelled a in Fig. 44.3): 

eae 
orang 

For the second line (labelled 6), n = 4 and so the 

wavelength is: 

Ay = 364.6 | | = 656.2 nm 

Ag = 364.6 ee | = 486.1 nm 

Table 44b shows the results obtained by 

calculating the wavelengths of seven of these lines 

up to n= 9, and also the values of the wave- 

lengths as measured by experiment. These values 

are those which Balmer himself reported in the 

Annalen der Physik und Chemie in 1885, and the 

agreement between the calculated and the experi- 

mental values is striking. 

This remarkable piece of work provides good 

reason for naming this series of lines in the 

hydrogen spectrum after Balmer. We can see how 

the series tends towards a limiting value which, 

when n = o, is 364.6 nm. 

Table 44b Balmer’s Series in the spectrum of 
hydrogen 

Name Wavelength (nm) 

sii 7; Calculated Observed 

g 3 656.2 656.2 
B 4 486.1 486.1 
ui 9 434.1 434.1 
8 6 410.0 410.0 

7 396.9 396.8 

¢ 8 388.8 388.7 
7 9 383.5 383.4 
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Table 44c The Hydrogen spectrum 

Lyman series Balmer series Paschen series 
frequency frequency frequency 
x 10 Hz x 10 Hz x 104 Hz 

24.66 4.57 1.60 
29.23 6.16 2.34 
30.82 6.90 2.74 
31.56 7S 2.98 
31.97 7.55 3.14 
32.21 eal 
32.36 

Limit 32.88 8.24 3.66 

Balmer wrote that he was initially aware only 

of the existence of the first four lines. Imagine his 

excitement when a friend told him that more lines 

were known in the spectra of the stars and his 

satisfaction on discovering that their wavelengths 

agreed with his prediction. Encouraged by the 

success of his skill in numerology, Balmer specu- 

lated on the existence of hitherto undiscovered 

lines that would be given by his formula when the 

2 in the denominator is replaced by such numbers 

mee. 3, 4°, etc. 
Balmer’s work inspired others to search for 

additional lines in the hydrogen spectrum. 

It was not until the first decade of the twentieth 

century that Balmer’s speculation about further 

series of lines within the spectrum of hydrogen 

bore fruit. C.S. Lyman found lines in the far 

ultraviolet and F. Paschen reported a series in the 

near infrared. A total of six such series is now 

known. 
Let us now consider the Lyman, Balmer and 

Paschen series of lines in the hydrogen spectrum in 

the light of the suggestion that each line represents 

a different photon with an energy which is 

associated with the energy of an electron within 

the atom. Table 44c tabulates the frequencies of 

some of the lines in these series. 
If we assume that we may calculate photon 

energies for each line by applying Planck’s 

formula E = hf we find that these lines corres- 

pond to photon energies as given in Table 44d. 

Inspection reveals one familiar number: 

21.8 x 10-'9J. This was the energy quoted for the 

process of ionization by collision in Franck- Hertz 

type experiments with hydrogen (see Table 43b). 
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Table 44d The Hydrogen spectrum photon energies 

Lyman series Balmer series Paschen series 

energy energy energy 
x Nees x 10m cu xen d 

16.3 3.02 1.06 

, 19.4 4.10 1.55 
20.4 4.57 1.82 

20.9 4.85 1.97 

eit 5.00 2.08 

2S 5.11 

21.4 

Limit 21.80 5.46 2.42 

There is a remarkable observation to be made 
about the numbers in Table 44d which may best 

be displayed in diagrammatic form. Figure 44.4 

shows on the left the position of electron energies 

corresponding to the lines on a linear scale 

of energy. Energies between 6 xX 107! and 

16 x 10~-!9J have been omitted since no hydrogen 

lines fall within that region. 
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Fig. 44.4 Photon energies in the Lyman, Balmer and 
Paschen series for hydrogen. 
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The two remaining columns show the result of 

repositioning the Balmer and Paschen series of 

lines alongside the Lyman series, with the three 

limiting energies placed level with one another. 

The correspondence between the energies of the 

photons is quite remarkable. 

To interpret these observations, let us assume 

that, within an hydrogen atom, an electron can 

exist with energies, above some unknown zero of 

energy, which are given by the photon energies of 

the Lyman series. We shall number these excess 

energies successively from level 1 (zero excess 

energy) through level 2 (16.3 x 10!°J), level 3 

(19.4 x 10~'J) and so on. These ‘energy levels’ 

are shown to the right of Fig. 44.3. We see that the 

energy steps get closer and closer together as we 

approach the limit and ionization. And we see 

how each of the Lyman lines can be associated 

with the transition of an excited electron to the 

ground state. 

What is likely to happen if the transitions 

occur to the level for which n = 2? Presumably 

[44.2] 

the photons emitted will have energies which 

correspond to transitions from 

n= 3,tom= 2 

19.4°%< 1022.tol6.3 x 103 
= 31 5e1Os we 

n=A4ton = 2 

20:4 .< 107? tol63.<a10= 
= 4.1 5 10" 

ROS St0 We S22 

20.9 103" tole:s 10a 
= 4:6 x“10-" 

These energies correspond very closely to those 

for the photons of the Balmer series. The model 

can accommodate this series as well as the Lyman 

series. 

Problem 44.1 Use the energy level model to 

account for the Paschen series of lines in the 

hydrogen spectrum (Fig. 44.4). 

Energy 
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n Continuum 
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Fig. 44.5 Electron transitions in hydrogen. The gs 5 
zero for energy is at an infinite distance. (Adapted oO 
from M. Alonso and E.J. Finn, Physics, Addison- | 

Wesley, 1970.) 1 VY 
21.8 



[44.5] 

44.3. Summary 

A reasonable model for an atom allows a bound 

electron to exist in a number of states. In an 

unexcited atom, the electron is bound to the 

nucleus and exists in the ground state or level 1. 

When the atom is excited, the electron is still 

bound to the nucleus but exists in one of a large 
number of excited states or energy levels. As the 

atom gets nearer to being ionized, the gaps 

between these levels get closer together. Once the 

atom is ionized, the electron is free of the nucleus 

and can exist with any energy. 

These energy levels are very well defined and 

simple numerical relationships exist between 

them. They are often referred to as stationary 

states. 

The emission line spectra of atoms are asso- 

ciated with transitions of electrons from energy 

level to energy level, the energy difference deter- 

mining the energy (and therefore the frequency 

and wavelength) of the radiation emitted (Fig. 

44.5). 

Problem 44.2 Figure 44.6 shows what happens 

when white light is passed through sodium vapour 

and then examined in a spectroscope. Dark lines 

appear on a continuous spectrum and the wave- 

lengths are identical with those appearing in the 

emission spectrum of sodium. Account for this 

absorption spectrum in terms of the idea of energy 

levels. 

44.4 Balmer’s1/n’ law 

There is an alternative and very useful way of 

presenting the energy level view for the hydrogen 

atom. It derives from Balmer’s rule. In energy 

level terms, each level can be written in the form 

D8 SES E,=- n n2 

Fig. 44.6 Comparison of the emission and Emission lines 
absorption spectra of sodium. (From A.B. 
Arons, Development of the Concepts of 

Physics, Addison-Wesley, 1965.) 
Absorption lines 
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Energy level (n) 

4f={—1.36x10~ 19 J 

Energy/10~ '9 J 

Energy level 

Fig. 44.7. The energy levels of hydrogen plotted against the 
index numbers of the levels, with, on the right, the sequence 

of energy levels. 

where n is the number of the energy level con- 

sidered. Figure 44.7 shows a graph of the energies 

associated with the energy levels for hydrogen 

plotted against the number of the level concerned. 

In accordance with a practice which we first 

introduced in Section 13.1, the zero of energy 

chosen here is the energy of a free electron at rest; 

so an electron in the ground state has energy 

—21.8 x 10-"J (—13.6eV). The graph shows 

clearly how it is that the energy levels crowd closer 

and closer together as the limit is approached. 

We may ask why it is that an electron in a 
hydrogen atom is subject to the 1/n? law and why 

there are discrete energy levels anyway. This is a 

matter to which we must return later. 

44.5 Aproblem experiment 

In 1909, G.I. Taylor performed an experiment 

which raises in the clearest possible way one of the 

most surprising of physical concepts. In present- 

day terms, consider a small electric lamp; perhaps 

one from a torch emitting about 0.3 W. Most of 

that is heat, but it is safe to assume that about 

10-2 W is visible light. If we accept that photons 

— Ultraviolet — +— Infrared ——j-—— Visible 

Si 12 -2.49x10. 1° J 

2-4 —5.46x107 19 J 

1 —21.8x10~19 J 



508 Matter, Electricity and Light 

exist, we may ask how many are emitted in each 

second by this lamp. Taking the frequency of the 

light as around 6 x 10!*Hz, we find the photon 

energy is around 4 x 10-'%J. So the number 

emitted per second is around 2.5 x 10!*. Standing 

about 30cm from that lamp, about | photon in. 

50000 will enter the eye. So the number entering 

the eye in each second is around 10!. That is one 

photon every 10~-!*s. Since light travels at 3 x 

10®8ms~-', these will be separated from one 

another by, on average, 3 x 108 x 10~-!*m which 

istaex 10m. 
They are rather close together. If now the 

intensity of the lamp is reduced to about 10~4 of 

its original value by placing a very dark filter such 

as a piece of fogged film in the beam, the number 

of photons received at the eye will be reduced and 

their separation in space increased by 10% times. 

That is about 3 m - ten times the distance of the 

lamp from the eye. The chance that there are two 

or more photons in the space between the eye and 

the filter is small. Nevertheless the dark-adapted 

eye will continue to see the lamp quite clearly. | 
If now a diffraction grating is held just in front 

of the eye, a diffraction pattern will still be seen. 

Here we are dealing with individual photons, no 

one of which is likely to pass through more than 

one of the slits of the grating. 

Our explanation of diffraction phenomena has 

assumed a wave model for light. Here we are 

working with a particle model - the photons being 

the particles. It seems that both the wave and the 

particle models for light are necessary to explain 

G..I. Taylor’s experiment. 

We may note too that our explanation of the 

photoelectric effect employed both models. We 

thought of the light as arriving as a wave but 

delivering its energy to the ejected photoelectron 

in a packet. 

The two models for light are inseparable. 

44.6 Some applications 

a) The photoelectric effect 

Tubes using this effect were once commonplace. 

In one form, a curved plate of the photosensitive 

material (often caesium) was made the cathode of 

a vacuum tube. The anode, a loop of wire, served 

to collect any electrons ejected from the cathode 

when radiation of the appropriate frequency fell 

[44.6] 
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Fig. 44.8 A vacuum photo-electric cell. 

upon it (Fig. 44.8). A potential difference was 

maintained between the electrodes and a suitable 

meter measured the current. Since the response 

was a linear one, the meter could be calibrated to 

give readings of the illuminance (or illumination) 

directly. 
Today, semiconductor materials which are 

sensitive to light are used instead. Such photo- 

diodes, used in conjunction with a suitable 

integrated circuit can be used to control circuits 

carrying quite heavy currents — for example, 

street lighting circuits - and for counting inter- 

ruptions (in, for example, the light pen used to 

read the bar-codes on items sold in supermarkets). 

b) A measurement of the Planck constant 

A vacuum photocell (Fig. 44.8) can be used to 

provide an estimate of Planck’s constant. Figure 

44.9 shows the circuit. 

When light of a known frequency f (greater 
than the threshold frequency for the material of 

the cathode) falls on the cathode, photoelectrons 

are emitted with a range of energies extending up 

to a maximum value (+my?),,,.. If a variable 

reverse potential difference is applied between the 

anode and the cathode, it will be possible to find a 

Anode 

Photocell 

Cathode 

Electrometer 

Fig. 44.9 Using a vacuum photocell in a determination of 
the Planck constant. 



Fig. 44.10 Graph of the stopping 
voltage (Vo) against frequency. 

value of that p.d. (V,) which will just prevent 

photoelectric emission. Then 

(F+Mv?) max = CV 5 and also = hf — o 

where ¢ is the work function. 

This may be written 

eta 2 
Kaa e 

Further values of the ‘stopping voltage’ V, can 

be obtained for light of different frequencies. If 

then the results are plotted as in Fig. 44.10 the 

slope of the graph is h/e and the intercept on the 

axis of V, (corresponding to f = 0) is —¢/e. So 

both the work function and a value for Planck’s 

constant can be found. 

c) Solar cells 

Solar cells are a more recent application of the 

photoelectric effect. Cells are available which 

develop an e.m.f. of about 0.45 V and which can 

drive a current of about 80 mA through a circuit. 

But such cells remain an expensive energy source. 

Nevertheless they are an attractive proposition in 

view of the enormous demand for energy which 

has already been discussed in Chapter 8. Research 

is concentrated on the production of low-cost 

solar cells. Even so, it has been estimated that if a 

cell with an efficiency of about 20% were avail- 

able at a reasonable price, it would require 1% of 

the total land area of the United States to be 

covered with such cells if the ‘solar cell farm’ were 

to supply the needs of the whole country for 

electrical energy. That is indeed a formidable 

undertaking with serious environmental conse- 

quences. And, even then, such a farm would only 

operate by day! 

Fig. 44.11 
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Excitation. Fig. 44.12 Stimulated 
emission. 

Nevertheless solar cells are particularly useful 

for supplying energy in orbiting satellites and in 

space probes. They also find an application in 

some pocket calculators and watches. 

d) The stimulated emission of radiation 

Figure 44.6 shows what happens when white light 

passes through sodium vapour. Light of a fre- 

quency corresponding to the normal emission 

frequencies of sodium is absorbed. A radiation 

quantum corresponding to a frequency in the 

sodium emission spectrum carries just the right 

energy to raise an electron in the sodium atom 

from its ground state to an excited state (Figure 

44.11). Consequently radiation of this frequency 

is absorbed and dark lines appear in the continuous 

white light spectrum. Of course, photons of this 

frequency are emitted when the electron returns to 

the unexcited state but such emission will take 

place in all directions so the intensity of the beam 

in the original direction is reduced. 
If, by chance, some of the sodium atoms 

within the radiation field are already at this higher 

energy level, interaction with the incident photons 

can still take place. But now the atom falls to a 

lower energy level, itself emitting a quantum of 

energy of the same size as that of the incident 

photon (see Fig. 44.12). This process is called 

stimulated emission. The interesting feature of 

this process is that the stimulated quantum of 

radiation is precisely in phase with the original 

quantum. Consequently, the on-going radiation is 

enhanced in energy but remains coherent. 

Normally energetic atoms fall to lower energy 

levels of their own accord and at random. This 

process of spontaneous emission leads to the 
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production of quanta which bear random phase 

relationships with each other and the radiation is 

non-coherent. 

Einstein showed that, if there were equal 

numbers of atoms in the ground state and an 

excited state, an incident photon of the right 

energy has the same chance of stimulating 

emission as of being absorbed. If a situation could 

be produced in which there were more atoms in a 

high excited state than in a low one, stimulated 

emission would be more probable than absorption 

and a beam of highly coherent radiation could be 

produced. However, this is an improbable state of 

affairs under normal circumstances and this is 

fortunate for highly coherent light radiation can 

be dangerous to the sight. 

In normal equilibrium when a beam of light 

radiation is passing through a suitable medium, 

more atoms will be in low energy states than in 

high ones. The reversed state to this is associated 

with a population inversion and is utilized in the 

laser. The word /aser is derived from the initials of 

the expression ‘light amplification by the stimu- 

lated emission of radiation’. 

e) The helium-neon laser 

This is one of the commonest forms of laser. The 

neon gas is the source of the stimulated emission. 

The helium gas is the agency which produces a 

population inversion in the neon. 

By chance, one energy level in helium is 

identical with an energy level in neon and it is also 

‘metastable’. This means that excited atoms in this 

energy level tend to stay in it rather longer than is 

normal before they return to the ground state. 

Helium atoms are excited into high energy 

states by continuous bombardment by electrons in 

a low pressure gas discharge (step 1 in Fig. 44.13). 

These atoms are continuously in collision with one 

another and with neon atoms. Those which are in 

the metastable state will, on colliding with a neon 

atom, have a high probability of transferring this 

[44.6] 
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Fig. 44.13 Energy level systems of helium and neon atoms. 
Successive energy transitions are indicated by the figures in 
circles. From D.J.E. Ingram, Contemporary Physics, 3, 435 

(1966). (Reproduced by permission of the publisher.) 

energy to the neon atom so raising it to a high 

energy level (step 2 in Fig. 44.13). By suitably 

adjusting the proportion of helium to neon in the 

tube it is possible to have more neon atoms in this 

high energy state than in a lower one. This popula- 

tion inversion will then be maintained in dynamic 

equilibrium. Radiation quanta, produced by 

spontaneous emission from neon atoms (step 3 in 

Fig. 44.13) will then stimulate others into emission 

and a beam of highly coherent stimulated radia- 
tion will be produced. 

In order to enhance the interaction of the 

emitted radiation with the energetic neon atoms, 

the discharge is contained within a tube bounded 

at one end by a highly reflecting mirror and at the 

other by a partially reflecting mirror. Thus most 

quanta traverse the gas many times before 

escaping in the emitted radiation. 
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45.1 Matter waves 

‘The universe’, said J. B. S. Haldane, ‘is not only 

queerer than we suppose, but queerer than we can 

suppose.’ 
We have seen that light, whose macroscopic 

properties are so well described by a wave theory, 

also demonstrates microscopic behaviour which is 

characteristic of a particle. Maybe electrons, 

whose macroscopic properties in, for example, an 

electron beam, are so well described by particle 

dynamics may also reveal wave behaviour. 

Figure 14.19 shows a photograph of the X-ray 

diffraction pattern obtained when X-rays pass 

through an alum crystal. The behaviour is charac- 

teristic of a wave. Fig. 45.1 compares a 

remarkably similar pattern on the screen of an 

electron tube with that obtained with X-rays. 

There is a series of light and dark rings on the 

screen. The electrons are not special — they are 

produced by thermionic emission from a hot 

cathode, accelerated in a field and then strike a 

target made of thin aluminium foil. Evidently the 

rings are the result of the electrons exhibiting the 

phenomenon of crystal diffraction. 

If the electrons are given additional energy 

by increasing the accelerating field, the ring 

diameters decrease. Now, when we considered 

diffraction, decreasing the angle through which 

the waves were diffracted was associated with 

decreasing wavelength. So it appears that there 

must be some relationship between the kinetic 

energy of the electrons and the wavelength with 

which they are associated. At the time of the 

discovery of electron diffraction (1927), with 

which the names of C. J. Davisson and L. Germer 

in the U.S.A. and of G. P. Thomson in the U.K. 

511 
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Fig. 45.1 Similar patterns produced 
by a beam of X-rays (left) and a 
beam of electrons (right) when 
passed through the same aluminium 
foil. (From the P.S.S.C. film ‘Matter 
Waves’, Educational Development 

Center.) 

will always be associated, there was in existence a 

suggestion by the French physicist Louis’ de 

Broglie that the wavelength which he believed to 

be associated with an electron was given by the 

equation 

(45.1) 

where p was the momentum of the electron (which 

at slow speeds was m, (the rest mass) xX the 

velocity.) 

As de Broglie pointed out in his Nobel Prize 

address (given in 1929): ‘to obtain electrons with 

the same velocity they are subject to the same 

potential difference V. Then +m,v? = eV.’ 
If we accept the de Broglie equation for the 

wavelength we need to find the momentum in 

terms of the accelerating voltage V. In place of 

+m,v? we may write 

(mv)? 
2m, 

and then 

2 

pees 
and 

my = V2m.eV 

Consequently 
h 

V2m,eV 

[45.1] 

Numerically 

N= 1.2262 10-9 ee 

de Broglie continued: ‘As we can only use 

electrons that have fallen through a potential dif- . 

ference of at least some tens of volts, it follows 

that the wavelength \, assumed by the theory, is at 

most of the order of 10-8 cm. This is also the order 

of the magnitude of the wavelength of X-rays.’ 

‘The length of the electron wave being thus of 

the same order of magnitude as that of X-rays, we 

may fairly expect to obtain a scattering of this 

wave by crystals in complete analogy with the 

Laue phenomenon.’ 

First published in 1924, de Broglie’s theory 

aroused considerable astonishment at the time but 

is today recognized as the beginning of the study 

of wave mechanics. 

The work of Davisson and Germer and of 

G.P. Thomson brought experimental support to 

de Broglie’s theory. The graph (Fig. 45.2) taken 

from a paper by Davisson and Germer shows that 

the wavelength of the electron was directly pro- 

portional to 1/VV. 
de Broglie’s reasoning which led him to 

Suggest the relationship between wavelength and 

momentum started with the assumption that: ‘... 

it is necessary to introduce the particle concept 

in metres 

and the wave concept at the same time. The 

existence of particles accompanied by waves has to 

be assumed in all cases’. And then he reasoned 
thus: 
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Fig. 45.2 Graph of electron wavelength against 1// V 
(From C.J. Davisson, Are Electrons Waves? Franklin 

Institute Journal, 205, 1928.) 

According to Planck’s quantum theory 

the energy of a photon = hf 

According to Einstein 

the energy of the photon = mc? 

So, for the photon, 

hf = me. 

and its momentum, p is 

iG 

For a light wave 

iG aan 

ag tLIeLy 
MAG d 

and the photon has momentum 

a 
r 

Assuming that this result applies in all cases (as 

de Broglie did) the wavelength of the electron will 

be given by 

Matter waves are part of the fabric of physics. 

It is unprofitable to ask whether an electron is a 

particle. To get an answer an experiment will be 

done which examines particle behaviour. It is 

equally unprofitable to ask if an electron is a 

wave. The experiment will examine wave behaviour 
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alone. We have to accept that in the quantum 
world particle and wave behaviour characterize 

the same entities. One has to concentrate one’s 

thoughts on the behaviour of the entity - whether 

photon, electron, proton, neutron. The entity is 

real enough and associated with it is a wave which 

appears to have the function of determining where 

the particle may be. Today it is accepted that the 

chance of arrival of a particle at a particular place 

is proportional to the (wave amplitude)?. 

Problem 45.1 With what speed will an electron 

travel which has been accelerated in a field of 

1 kV, as ina small cathode ray oscilloscope? With 

what wavelength will this electron be associated? 

The speed is obtained by applying the equation 

+my? = eV and is in the order of 10’?ms7~!. 
The wavelength is found from 

Na VAL ZA 

=16.0 <x 10777/(OF< 10) ex OL it 

= Oem 

Problem 45.2 By making estimates for the mass 

and velocity of a tennis ball in ordinary play, 

estimate the wavelength associated with the ball. 

You will find that the wavelength is vastly smaller 

than that associated with the electron of Problem 

45.1. Indeed it is far smaller (by some 23 magni- 

tudes) than the ‘size’ of an atom! So far as we are 

concerned we can ignore the wave behaviour of a 

tennis ball since it is impossible to imagine a 

suitable diffraction grating! 

45.2 Electrons in atoms 

a) The ground state 

There is a host of questions to be asked about 

electrons within atoms. We have already wondered 

why there are discrete levels of energy at which 

such electrons exist and why Balmer’s 1/n? law 

supplies to those levels. We might even enquire 

why it is that a neutral hydrogen atom does not 

collapse under the attraction of the Coulomb law 

forces between the proton and the electron. 

Hydrogen atoms certainly do not collapse, even 

though the forces involved are very large indeed in 

relation to the masses involved. 
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The discovery of the wave behaviour of the 

electron provides the clue to the answers to these 

and many other questions. In Section 20.2 we 

examined the properties of progressive waves and 

also of standing or stationary waves in strings. 

Such waves are, one might say, trapped within 
nodes at the anchored ends of the string in which 
they form. And the possible wavelengths for this 
to happen are restricted to those obeying the 
relationship 

eet 
nN 

where / is the length of the string and z is 1, nae 
etc. Eigen frequencies were described — for each 
string a fundamental frequency and a set of higher 
harmonics. The values of these frequencies de- 
pended on the conditions. 

Are we, perhaps, dealing with some compar- 
able phenomenon for the electron bound within 
the atom? If so, we must remember that although 
the waves will not themselves have a_ physical 
reality, their amplitudes provide a measure of the 
probability of locating the electron. Where the 
amplitude is large, there is a high chance of 
finding the electron. With that idea in mind, we 
should proceed to examine the conditions which 
will apply. 

b) Electron waves in boxes: why is the size of the 
hydrogen atom in the order of 10-1 m? 

Let us perform a thought-experiment. We shall 

consider first an electron which is confined within 

a one-dimensional box, bounded by two rigid 
walls where the wave amplitude is zero. Then, 
as for the stationary wave on a string, we shall 
have 

at 
wavelength, \ = Fi (45.2) 

® 
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Fig. 45.3. The first two states of an electron confined in a 
potential box. 

[45.2] 

where / is the distance between the walls and 
Hu=21y23., etc. 

The first two possible states for the matter 

wave associated with this electron are shown in 
Fig. 45.3. 

Assuming the conclusion, already mentioned, 

that the chance of finding a particle at a particular 

place is proportional to (wave amplitude)?, the 

corresponding graphs representing the probabili- © 

ties of the electron being at a position r will take 

the forms shown in Fig. 45.4. 

The momentum of the electron is given by 
mv = h/X and, since its kinetic energy (E,) is 
(myv)?/2m it follows that 

h2 1 

Pr Soe 

Substituting the possible values given by Equ 
45.2, we have 

2 2 2 

B= 5G = mg) (45.3) 

where|n = 1, 2, 3, etc. 

The term h?/8m/? is constant for our particular 
thought-experiment and so we see that the kinetic 
energies which the electron may possess are 
proportional to n?. These then are permitted 
energy levels. The lowest of these is 12(h?/8m/2); it 
corresponds to the ground state. 

It is important to note that the minimum 
kinetic energy of the electron is not zero. 

We may now’turn to the question we asked 
about the minimum size of such a box into which 
an electron may be confined. 

There is evidence to suggest that the hydrogen 
atom is about 2 x 10-!°m across. So let us assume 
that we have a one-dimensional box of that length 
and that we wish to confine an electron within it. 
If the available space (/) is 2 x 10-10 m, the wave- 

nn 
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t 
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Fig. 45.4 The probabilities of finding an electron at a 
particular position in a potential box for the first two states. 
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length of the electron in the ground state will be 4 

x 10-!°m. From Eq. 45.3 we have 

h2 Z 

Bm x 10-2 °° M4 
(616 x10 4)- 

SOI 10S a 4110520 

14:9 << 107 J 

This is in the right order. It is less than the 

measured ionization energy (—21.8 x 10-'9J). It 

is also less than the potential energy of an electron 

at a distance of 10-'!°m from the proton which is 

elie, (6a el 0-12)? 
4m€) r LOs%¢ 

all 

= | 

ll 

= —(9 x 10°) 

~23 x 10-9 J 
This value of the potential energy is negative 

because we take the zero of potential energy as 

corresponding to the value of the potential energy 

when the electron is remote from the proton. 

Suppose now that we attempted to confine this 

electron within a pair of walls separated by half 

the diameter of the hydrogen atom. The available 

“space is now 10~!°m: and the wavelength in the 

ground state is2 x 10-'!°m. 

With / reduced by a factor of 0.5, /* is reduced 

by a factor of 0.25. Inspection of the calculation 

carried out above shows that L, must be larger by 

a factor of 1/0.25, that is by 4. So E, is now 59.6 

arl07)2 J. 
Not only is this much larger than the measured 

ionization energy but it is also larger than E, for 

an electron at a distance of 0.5 x 10°-'°m froma 

proton which is exactly twice that at 10~'°m; this 

1546+ 107 dn 
This smaller box is quite incapable of holding 

an electron within its walls; the electron has so 

much kinetic energy that it can escape without 

difficulty. 

This offers a crude understanding of why the 

hydrogen atom is the size that it is. The kinetic 

energy of the electron in the ground state is 

insufficient to allow it to escape from the electro- 

static field. Radii smaller than about 10~'!°m are 

not possible ones. 

No wonder, as we noted in Unit 4, that solids 

resist compression so very strongly. Any attempt 

to compress a solid into a smaller space is also an 

attempt to squeeze its electrons into a smaller 
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space; that means a shorter wavelength, larger 

momentum and larger kinetic energy. And they 

won’t do it! Even very large compressive forces 

have but little effect. 

c) Electrons in 1/r shaped boxes 

The potential field in the vicinity of a proton 

cannot possibly lead to the box with rectangular 

sides we have already used in our thought-experi- 

ment. The potential energy E, of an electron at 

distance r from a proton (charge + 1.6 x 107!°C) 

is given by 

] 

ao 4rre, 

2 =19}2 x 220% 109 (1.6 ap ) 

2.3 x 10-% x 2. ing 

Table 45a gives a set of values. 

Table 45a 

r/10-19m O12 0:4 OF5510:8i 0:9 OM eZee eos 

V/10-19 J 115 57.6 46.1 28.8 25.6 23.0 19.2 15.4 12.8 

Figure 45.5 is a graph of the potential energy 

of an electron at various distances from the proton 

— a graph of the ‘potential well’ of the proton. 

(Compare also Section 29.6). 

Now let us imagine that the electron is con- 

fined within a box of this shape. If it should ‘fall’ 

towards the proton, its kinetic energy will 

increase, its momentum will increase and the 

associated wavelength will decrease since, as 

before 

h h \eot ae 45.4 
my mE, oe 

The total energy (i.e., the sum of the potential 

and the kinetic energies) of this proton-electron 

system is constant. 

Ee nie 

where E is the total energy. 

We have already seen that, for this system, 

eee es 
4m e r 

(45.5) 

E, = 

Substituting in the Eq. 45.4 we have 

h 
2 

2m(E = an x aD 
4T€5 r 

A= (45.6) 
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‘Edge’ of the atom 
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Fig. 45.5 The variation of the 
potential energy of an electron with 

distance from a proton; this is often 

referred to as the ‘potential well’ 

of the proton. 

As r decreases the wavelength also decreases 

since the only variables is this last equation are \ 

and r. 

It would appear, then, that the stationary wave 

associated with the electron has, in this case, a 

varying wavelength. 

Such standing waves do exist. For example, if 

you take a length of light chain, hold it up by one 

end and then oscillate that end from side to side, a 

stationary wave will develop. As the tension in the 

chain diminishes towards the lower end, so does 

the wavelength (see Fig. 45.6). 

We can, if we wish, read the kinetic energy 

associated with an electron at various distances 

from the central proton off the graph (Fig. 45.5). 

An electron in the ground state must be given the 

ionization energy of 21.8 x 10~-!°J to escape from 

the field of the proton. The line marked ‘total 

energy E’ on the graph represents this. It intersects 

the curve of E,, against r at a distance of 1.1 x 
10-'°m and we shall take this to be the edge of 

this one-dimensional atom. Now let us assume, as 

we did in the first thought-experiment with the 

rectangular box, that the kinetic energy of the 

120 PG. *? 3 

electron is zero at this distance (i.e., that the wave 

has a node at this distance). 

If the electron moves in towards the proton, its 

kinetic energy increases at the expense of its 

potential energy — but the sum of the two energies 

remains &. At a distance 7;, where the potential 

energy is E,, the_kinetic energy E, is (E —E,), as 

shown in Fig. 45.5. 

d) Matter waves in three dimensions 

The two thought-experiments just considered were 

confined to one dimension. The argument of the 

first can be extended to a rectangular membrane in 

two dimensions for which the wavelength of the 

wave is given by 

Aisa. f(a nag ans V8 
Way oud 2/ 

where / is the length, b the breadth and both m and 

n are 1, 2, 3, etc. We recall that for the one 

» dimension we had 
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Fig. 45.6 Using a light chain 
to demonstrate a stationary 

wave of varying wave-length. 

Further extension to a box of dimensions /, b 

and h leads to a very similar expression for the 

wavelength 

Bela) RNY ie 2h 2b 2/ 

We may assume that the arguments can be 

extended to the case of an electron confined within 

a spherical box by the electrostatic force of the 

proton to make a hydrogen atom. 

We have already assumed that the amplitude 

of the matter wave at a point tells us the chance of 

finding the electron near to that point. In fact, the 

chance of finding an electron within a distance dr 

of its distance r from the proton is 4ar?dr A?, 

where A is the appropriate wave amplitude. 

When r is zero (i.e., at the centre) the chance 

of finding the electron is vanishingly small. For 

although A? may be large, the volume 4a7’ dr of 

the shell of radius r and thickness dr in which to 

search for it is zero. As r increases the volume of 

the shell increases (proportionally to the square of 

its radius) whilst the value of A? decreases. 
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Fig. 45.7. (a) A stationary electron wave with a varying 

wavelength in the ground state of a spherical hydrogen 
atom. (b) The probability of finding such an electron at a 
particular distance from the proton in the hydrogen atom. 

We have to imagine how we might fit a stand- 

ing wave of variable wavelength (as suggested by 

the second thought-experiment within a 1/r 

shaped box) into a spherical atom. At the ‘edge’ of 

the atom, there is a small chance of finding the 

electron. There is zero chance at the centre. Some- 

where in between there will be a maximum chance. 

The wave is to have a varying wavelength - 

small near to the centre and increasing towards the 

edge. 

Figure 45.7a shows a possible shape for the 

wave and Fig. 45.7b a possible shape for the 

chance of finding the electron at a particular 

distance from the centre. Figure 45.8 is an attempt 

to show the distribution of the possible location of 

the electron in the ground state of the hydrogen 

atom. The one electron appears as an ‘electron 

cloud’. 
Our next concern must be to extract whatever 

further information we can from this extremely 

crude model of the hydrogen atom. We might 

start by guessing where the maximum chance will 

be found. Perhaps half way between the proton 

and the atom edge. That’s not very probable 
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Fig. 45.8 An impression of the electron cloud; that is, of 

the possible locations of the electron in the ground state of 
the hydrogen atom. 

because the need to take account of the way the 

wavelength varies is likely to pull the maximum a 

little nearer to the proton than to the ‘edge’. But it 
won’t be too far wrong. 

At the half-way position r = 0.55 x 10-!%m. 

The potential here must be half of the potential at 

the ‘edge’ because the potential is « 1/r. The 

potential energy at the edge is —21.8 x 10-!9J. 

So the potential at r = 0.55 x 10-'°m must be 

— 43.6 x 10~-'°J. Applying the same technique as 

we used in Section 45.2(c), this suggests that the 

electron at this position has EF, = 21.8 x 10-J 
(see Fig. 45.9). 

The corresponding momentum is /2m E, 

=~ 2(9, 1) <?10-*!) (21.8) 10=%) 
25 10> ain kg mica! 

The associated wavelength is 

h7MV = 6.6% 1034/2 x 1034 
= 3.4 x 10-"m 

A stationary wave with such a wavelength will 

have 1.7 x 10-!°m between nodes. A little large 

for our atom - the wave would extend somewhat 

beyond its ‘edge’. But not unsatisfactory in view 

of all the assumptions made. 

The electron in the ground state in the 

hydrogen atom appears to have a potential energy 

of —21.8 x 10-'9J; the associated matter wave 

[45.3] 
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Fig. 45.9 The potential energy diagram for an electron in 
the ground state of a hydrogen atom and the graph showing 
the probability of finding the electron at a particular distance 
from the proton. 

has a single loop (the minimum number) which 

extends, but with decreasing amplitude beyond the 

‘edge’ of the atom. The maximum chance of 

finding the electron is at a location at a distance of 

about 0.5 x 10-'°m from the proton. And, 
incidentally, we may note that this coincides with 
the Bohr radius which is usually taken to be 
0535561052 m. 

45.3 Extending the argument to the excited 
states; the Balmer rule 

You will recall that Balmer gave a rule which, in 
energy level terms, was written 

eee 
EB, = n2 

(See Section 44.4.) 
If the ground state of the electron in the 

hydrogen atom is associated with a stationary 
wave with only one loop, maybe the first excited 
state is associated with two loop waves, the third 
with three, and so on. 

Using Balmer’s rule the energy in the first 
excited state will be 

Bei ei 
E, = OY =, = 3.45 107125 

Figure 45.10 shows the potential energy dia- 
gram relevant to this energy. Since the curve is 
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that for E,, « 1/r, the edge of the excited atom has 
been moved out from a distance r to a new 

distance 4r. Into this increased space the two loops 

of the standing wave have to be fitted. The total 

energy having been reduced by one quarter, the 

mean momentum is reduced by 1/4, that is, by 

one half. So the wavelength is doubled. And it can 

be fitted in since there is now four times the space 

available for it (remember that two loops implies 

four times the wavelength). 

Figure 45.11 shows the chance of finding the 

electron at various distances from the proton 

when it is in this first excited state. Remembering 

that this is determined by 4zr? dr A?, we see that as 

r increases, the 4ar?dr term increases rather 

rapidly and this accounts for the higher 

probability of finding the excited electron in the 

outer of the two loops. 

The argument applies to the other excited 

states. And we now realize that Balmer’s rule 

works because electrons in hydrogen atoms are 

associated with standing waves - each of which 

may have only a fixed number of loops — never 

less than one, of course. 

1 2 3 4 5 

E,/10 : J 

Fig. 45.10 The potential energy diagram for an electron in 
the first excited state of a hydrogen atom and the graph 

showing the variation of the amplitude of the wave with 

distance from the proton. 
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r/107'9 m 

/ 

Fig. 45.11 Graph showing the probability of finding an 
electron in the first excited state at a particular distance from 
the proton. 

45.4 Acomment on the argument given 

All the later work in this chapter has been in the 

‘back of an envelope’ style. Calculations have 

been concerned with orders of magnitude rather 

than with exact values. Rough assumptions have 

been accepted. But the work is nevertheless of 

great importance. Remembering that the product 

4rr? dr A* for an electron wave tells us the chance 

of locating an electron and noting that the first 

excited state offers two maxima for this rather 

than one; we would expect to find the excited 

electron at one or other of these locations for 

much of the time but with a definite preference for 

the outer one. The hydrogen atom would appear 

to be a very ‘fuzzy’ thing - a proton surrounded 

by an electron cloud within which the one electron 

may be anywhere except at the proton and with a 

high probability of it being somewhere around 

some specified distance from the proton when in 

the ground state. Excite that electron by providing 

the right energy quantum to the first excited state 

(the second energy level) and it is most likely to be 

found in one or two locations. For the third level 

there will be three such regions. These are the 

‘orbitals’ referred to by chemists (see, e.g., Kneen, 

Rogers and Simpson, Chemistry: facts, patterns 

and principles, Section 2.3.6. Longman, 1972). 

The theory, of which the above account is the 

merest (and the crudest) outline was developed by 

Heisenberg, Born, Schrédinger, Dirac and others; 

known as wave or quantum mechanics, its further 

development is beyond our present scope. 
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UNIT TWELVE 

The Nuclear Atom 



Chapter 46 

RADIOACTIVITY 

46.1 The discovery of radioactivity 522 An atom consists of a number of electrons existing 
46.2 Subsequent developments 523 within a confined space; it is therefore reasonable 

46.3 Detection of the radiations 524 to assume that they are held within that space by 
46.4 Radioactive decay 537 the attraction of an equal positive charge making 
46.5 Growth and decay 536 the whole atom electrically neutral. The seat of 
eames core hali-livesss 337 that positive charge is called the nucleus. Since the 

mass of the electron is very small (9 x 10-3! kg) 

compared with the mass of even a hydrogen atom 

(1.7 x 10-7’ kg) we see that by far the greater part 

of the mass of the atom is associated with the 

positive charge. This unit is concerned with the 

evidence for this nuclear model of the atom and 

we shall start with the phenomenon of radio- 
activity. 

46.1 The discovery of radioactivity 

The discovery of radioactivity resulted from 
research into phosphorescence by Henri Becquerel 
of Paris. He was using a salt of uranium which he 
deemed to be phosphorescent after exposure to 
sunlight. He wrote 

‘A photographic plate was wrapped with two 
sheets of thick black paper, so thick that the 
plate was not clouded by exposure to the sun 
for a whole day. Externally, over the paper 
sheet, was placed a piece of the phosphorescent 
substance (a uranium salt), and all were 
exposed to the sun for many hours. Upon 
developing the photographic plate I recognized 
the silhouette of the phosphorescent substance 
in black on the negative.’ 

Becquerel then proceeded to show that the 
radiations could pass through sheets of glass, 
aluminium, or copper, placed between the photo- 

522 
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graphic plate and the uranium salt. He continues: 

‘Some of the preceding experiments were 

prepared during Wednesday the 26th and 

Thursday the 27th of February (1896 - a 

leap year), and since on those days the sun 

appeared only intermittently, I stopped all 

experiments and left them in readiness by 

placing the wrapped plates in a drawer of a 

cabinet, leaving in place the uranium salts. 

The sun did not appear on the following days 

and I developed the plates on March Ist 

(Sunday), expecting to find only very faint 

images. The silhouettes appeared, on the con- 

trary, with great intensity.’ 

Becquerel was becoming aware that the radia- 

tions were not, after all, induced by sunlight. 

However, being a careful experimenter he wanted 

to make certain and so kept the uranium salts in 

an opaque box for two months. When these were 

tested in a darkroom on a photographic plate he 

found that the radiations were emitted without 

noticeable decrease. 

46.2 Subsequent developments 

The subsequent study of the Becquerel rays by 

Marie Curie, her husband Pierre, and Ernest 

Table 46a 
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Rutherford, will not be covered in detail here. Let 

it be sufficient to say that the Curies discovered 

the radioactive elements polonium and radium, 

and Rutherford investigated the nature of the 

radiations. 
By 1909, research, mostly guided by Ruther- 

ford, had established the following facts: three 

types of radiation can be emitted from radio- 

active substances, alpha (a) particles; beta (@) 

particles; gamma (y) rays. The properties of each 

of these are listed in Table 46a. 
It was also known that when an atom of a 

radioactive element decays, it changes into a 

different element according to the following 

displacement laws. 

a) When the atom disintegrates by the emission 

of an alpha particle, it turns into an element 

with chemical properties similar to those of an 

element two places lower in the periodic table. 

For example, if radium decays, it does so by 

alpha emission and becomes radon. 

b) When an atom disintegrates by the emission 

of a beta particle it turns into an element with 

chemical properties similar to those of an 

element one place higher in the periodic table. 

For example, if an atom of a radioactive 

potassium decays, it emits a beta particle and 

the resulting atom is calcium. 

Panna 8 8S 

Alpha particles Beta particles Gamma radiation 

Easily absorbed by matter. €.g., 

3-10 cm of air at atmospheric 
pressure, or 10-2mm of aluminium, 

thick paper, etc. 

Cause intense ionization, e.g., 10° 
ion pairs in 3-10 cm of air 

Deflected by magnetic and electric 

fields with difficulty 

Emitted with velocities up to 107 

mrs= eon On lrc 

Carry a charge = +2e 

Mass = 4 x mass of hydrogen 

atom 

Are helium nuclei 

Penetrate matter more easily than 

a-particles, and will pass through 
1m of air or 3 mm of aluminium 

Cause some ionization, e.g., about 
100 ion pairs per cm of air 

Deflected by magnetic and electric 

fields easily 

Emitted with velocities up to 0.99 c 

Carry a charge = —e 

Mass = 1/1840 x mass of 

hydrogen atom 
= mass of electron 

Are electrons 

Very penetrating. y-Rays will pass 

through a few centimetres of lead 

Cause relatively little ionization per 
centimetre of air 

Cannot be deflected by magnetic or 

electric fields 

Electromagnetic radiation. Travels at 

Guor ox 10° m's* 

Carries no charge 

Has no mass as ordinarily under- 

stood 

Are photons. Higher frequency 

than X-rays 
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46.3 Detection of the radiations 

Becquerel’s original discovery of radioactivity 

depended on the photochemical effects of the 

radiation as these fell on to photographic 

emulsions. Most of the work of Rutherford 

depended on two additional tools: the ionization 

chamber with an electrometer and a method based 

on the scintillations which occurred when alpha 

particles fell on to screens coated with zinc 

sulphide. 

Later techniques involve the use of spark 

detectors, of cloud chambers, of Geiger—Muller 

(GM) tubes and, more recently, bubble chambers 

and solid-state devices. Nevertheless, methods 

utilizing the ionization chamber and the scintil- 

lation method remain in use. All these techniques 

require that an ionizing event should occur from 

which the behaviour of the original radiation can 

be inferred. We shall consider those detectors 

which are readily available in the context of an 

experiment which might be performed using the 

radioactive sources available to teaching establish- 

ments. These sources are all very weak. 

The activity of a source of radioactive radia- 

tion is the number of spontaneous nuclear disinte- 

grations which occur in unit time. One gram of 

radium undergoes 3.7 x 10!° disintegrations per 

second. Since | disintegration per second is known 

as a becquerel (Bq), the activity of 1 g of radium is 

3.7 x 10'°Bq. At one time this was known as a 

eurie (Gi); 

Sources used in schools in Britain have 

activities of around 0.18 MBq (180 x 103Bq 

which is about 5 pCi in the older unit). They 
include: 

Final 

Nuclide emission Activity/Bq Note 

e2eRa a, B,y:. 180 x 10? 

STi B 180 x 10° 

Co v 180 x 10° 6 emission is absorbed 
by an aluminium shield 
over the source 

41Am a + little-y 180 x 10° 

Although very weak, these sources are handled 
with great care. They are designed to be lifted 

from the lead-lined boxes in which they are kept 

using long tongs or a special source holder. Strict 
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lonization chamber 

Electrometer 

Fig. 46.1 An ionisation chamber in use with an 
electrometer. 

procedures are laid down to ensure that users of 

these sources do not receive harmful dose of 

radiation. See also Section 49.4. 

Experiment A: Ionization by alpha particles using 

an ionization chamber 

Essentially an ionization chamber is a conducting 

box in which ionizing events can occur in the 

presence of an electric field. Figure 46.1 shows 

such a chamber in which a well-insulated plug 

carries a conductor on to which one of the radio- 

active sources may be fitted. A suitably high 

voltage (in the order of 1kV) is maintained 

between the source and the chamber wall. 

As alpha particles are emitted, they will ionize 

some of the air molecules in their path and these 

ions will move in the electric field within the box. 

There will, in fact, be a current within the box; but 
it will be very small — in the order of 10-9 A. It will 
need to be measured by using an electronic electro- 
meter with an input resistance of 10° ohm. Electro- 
meters of this sort measure the voltage developed 
by the current across the high resistance (R). Ina 
typical example, a voltage of 1 V across the 10° 
ohm resistor will produce an output current of 
100 »A from the amplifier within the electrometer. 
This output current is large enough to give a full 
scale deflection on a moving coil meter. It can 
easily be shown that the meter reading is directly 
proportional to the input voltage and hence to the 
very small ionization current. 

* Since the charges on the ions within the 
chamber are in the order of the charge on the 
electron, it is possible to estimate the number of 
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To amplifier 
and scaler 

Radiation in this 
hemisphere absorbed 
in mount 

Fig. 46.2 The geometry of counting from a radioactive 

source. 

ions which the source of the alpha particles is 

producing each second. 
Obviously the voltage applied across the 

chamber must be large enough to ensure that all 

the ions do, in fact, drift across to the electrodes 

before recombination occurs. The chamber itself 

must be large enough to accommodate the full 

range of the alpha particles in air. 

Experiment B: Counting alpha particles using a 

solid-state detector 

A solid-state detector is a semiconductor which 

produces a current pulse whenever the sensitive 

layer is subject to ionizing radiation. The ampli- 

tude of this pulse depends on the extra electron- 

positive hole pairs produced. This means that the 

device can be used to discriminate between the 

various radiations. Alpha particles produce the 

largest pulses but these still require amplification 

before they can be counted by a suitable pulse 

counting device (scaler). 

The sensitive area (A) of the detector is usually 

small: about 3mm in diameter. It is placed 

directly in front of the source S at a known 

distance (r) - say 20 mm (Fig. 46.2). 

The source (S) emits radiation in all directions 

— but much of this will be absorbed in the source 

and its mount. If the number of particles entering 

the detector in unit time is C, the total number of 

particles emitted in the forward direction is in the 

order of 27r°C/A (see Fig. 46.4). 

aS a eee ee eee ee 

Problem 46.1 A source of a-particles is placed in 

an ionization chamber which is connected to an 
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electrometer. The resulting ionization current is 

found to be 10-8A. 
Held at a distance of 20 mm from a solid-state 

detector of effective area 7 mm?(7 X 10~°m?), the 

count rate is 515 s7'. 
What is the activity of the source (i.e., how 

many disintegrations occur per second)? And 

what is the energy of the a-particles on emission? 

The current of 10-8A results from the ion-pairs 

produced by all the a-particles emitted by the 

source in the forward direction. It follows that the 

charge produced in each second is 10-*C. 

Each ionizing event produces two ions which 

we may assume to carry charges of + 1.6 x 10-"C 

and —1.6 x 10-!9C. The number of ionizing 

events will be 

LOme = 
2 6162 1082 

13 lx lO s=! 

Only the fraction 

area of detector _ 7 x 10°° 
area of hemisphere —_ 277(0.02)? 

of the a-particles enter the detector in the second 

experiment and they produce a count rate of 

15s 
The total number of a-particles emitted in the 

forward direction then is 

27 (0.02)? 
7 x 10-6 eS S 1 4 Sel OG 

This is the activity of the source: 1.84 x 10°Bq 

(about 5 wCi). 
1.85 x 10° a-particles cause 3.1 x 10" 

ionizing events every second. Each particle is 

responsible for 1.7 x 10° of these. 
Not all the collisions in the ionization chamber 

will cause ionization; some will involve the 

transfer of energy by excitation. Consequently the 

average energy transferred by an a-particle for 

each ionizing event it causes is likely to be greater 

than the ionization energy of the gas in the 

chamber. This is mostly nitrogen and, as we have 

seen in Section 42.3, the ionization energy of 

nitrogen is 23 x 10-'°J. Experiment has shown 

that an a-particle passing through nitrogen gas 

transfers about 48 x 10-'J for each ionizing 

event it causes. 
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Applying this result, the average initial energy 

of the a-particles emitted by the source is 

(1.7 x 105) x (48 x 10-'J) 
= Orn Oy 

5.1 MeV ll 

Problem 46.2 At what speed will an a-particle- 

with energy 5 MeV travel on emission from the 

surface of a scurce? 

If we assume that the whole of the energy (8 x 

10-'3 J) is transferred to kinetic energy we have 

Imy? = 8 x 10-8J 

An a-particle has mass 6.8 x 10~7’kg so 

vie 2a BAS Os 
y= ——___ 

6.8 x 10-2’ 

whence 

Ve eae OdarieSaae 

The energy possessed by such an a-particle 

(which is typical of those emitted by radium or by 

americium) is very large in proportion to its mass 

as these calculations show. 

Experiment C: The range of alpha particles in air 

using a spark detector 

The detector consists of a grid of taut, fine wires 

held on an insulating frame about 2 mm in front 

of, and parallel to, a smooth brass plate. The grid, 

which is at the front of the device (Fig. 46.3), is 

held at earth potential and the plate at around 

4kV. There is then a large electric field between 

the wire grid and the plate. When an a-particle 

Perspex frame 

Brass disc 

Wire grid 

Fig. 46.3 A spark counter. 
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ionizes a molecule of the air within that field, the 
ions are accelerated rapidly and acquire sufficient 

energy to ionize further molecules with which they 

may collide. The result is an ‘avalanche’ of ions - 

seen as a spark. 
When the detector is placed in front of and 

near to an americium or a radium source, large 

numbers-of sparks will be seen; they occur over a 

wide area of the grid and apparently at random. If 

so desired, they can be counted using a suitable 

counting device. If now the source is moved away 

from the grid, the moment will come when the 
sparks suddenly cease. At that point the distance 

from the source to the grid of the detector is the 

range of the alpha particles in air. 

The range is related to the energy of the 

particles. Those from americium (74!Am) have 

energies of about 5.4 MeV and a range of about 

37 mm. Alpha particles from radium itself have a 

range of about 80 mm. 

If, whilst the sparks are appearing, a thin sheet 

of paper is inserted between the detector and the 

source, the sparking will cease immediately. 

Shielding from alpha radiation is a simple matter 

- 10cm of air, a thin sheet of paper, the skin 

itself, will suffice. 

Experiment D: The range of beta particles in 

aluminium using a Geiger—Muller tube and scaler 

The Geiger-Muller (GM) tube is a development of 

the ionization chamber. Those in common use 

consist of a metal cylinder, one end of which is 

sealed with a thin (and therefore delicate) mica 

window. The other end is sealed into the base and 

carries two electrode connection pins. The metal 

cylinder constitutes the cathode whilst the anode is 

a thin coaxial rod which extends the length of the 

tube. A strong electric field develops in the space 

near to the anode when the working voltage of 

about 400 V is applied. See Fig. 46.4. 

In the intense electric field near to the anode, a 

single ion-pair can develop into an avalanche of 
electrons (and positive ions). The current pulse 
which ensues develops a voltage across the resistor 
(R) in series with it. Such voltage pulses can be 
counted by a suitable electronic counting circuit 
(scaler). 

* A typical tube will operate at about 400 V with 
a dead-time of 100 us. This means that it takes 
100 ps for the tube to recover from the passage of 
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z . A 
Gauze protective cover Coaxial anode 
shield 

Thin mica 

Fig. 46.4 A Geiger-Miiller tube. window 

a pulse. So it cannot discriminate between pulses 

which arrive at rates in excess of 10000s~!. 

Such a tube will respond to all three types of 

radiation. But the thickness of the end-window 

severely limits its use as a detector of alpha 

particles. 

Background count; randomness 

One cannot fail to notice that pulses will be 

counted once the tube is at the operating voltage 

whether or not there is a source nearby. This is 

owing partly to radioactive substances which are 

always present in the earth, in buildings and in the 

atmosphere, and partly to cosmic radiation 

entering the atmosphere from space. With a 

typical GM tube these pulses occur at around 30 

counts per minute. Before doing any experiments 

with such detectors as solid-state detectors or GM 

tubes, this background count should be measured 

over a suitable period of time (say 500s) and the 

mean rate deducted from later measurements 

made. 
Observing the background count draws atten- 

tion to the way in which the ionizing events occur 

at unpredictable intervals of time. In consequence, 

the count rates recorded will inevitably show 

random variations. For example, in an experiment 

with a GM tube and a radium source, 200 dif- 

ferent counts of duration 1 second produced the 

following results for the count rate: 

Range of counts 1100- 1200- 1300- 1400- 1500- 1600- 

1199 1299 1399 1499 1599 1699 

Cylindrical ‘cathode 
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+400 V 

deviation is VN. So if, for example, 100 counts 

were taken we would express the result as 100 + 

100 = 100 + 10. If 1000 counts were taken the 
result would be expressed as 1000 + vV1000 or 

1000 + 31. The more counts you take the more 

confidence you will have in your measurement 

since the fractional uncertainty decreases. 

The experiment 

In the experiment the GM tube is set to face the 

source of -radiation and a series of thin 

aluminium sheets is placed between the two. The 

count rate is recorded for various thicknessess of 

aluminium (from about 1 to 5 mm), due allowance 

being made for the background count. 

Since the 6-particles have to penetrate the mica 

window of the GM tube and some centimetres of 

air as well as the aluminium, one cannot expect to 

arrive at an accurate measure of the range which, 

as in the case of the a-particle, is dependent on the 

energy of the particle. 

The energy of a B-particle from a *°Sr source is 

about 0.5 MeV. Bearing in mind the small mass of 

the B-particle (9.1 x 10-*!kg compared with 6.8 

x 10-27kg for an a-particle), it will be seen that 

the maximum velocity of a 6-particle is likely to be 

a substantial fraction of that of a light itself (see 

Problem 46.3). 

Unlike a-particles, which for a given nuclide 

are monoenergetic, (-particles exhibit a con- 

tinuous energy spectrum. The maxima are charac- 

teristic of the nuclide involved. The figure quoted 

for the strontium source is the maximum energy. 

No of occurences 11 88 61 29 7 4 

In statistical work of this sort, the standard 

deviation provides a good measure of the con- 

fidence with which the mean number of counts is 

quoted. If N counts are taken the standard 

Problem 46.3 What is the maximum speed of a 

B-particle which is emitted from protactinium with 

energy 2.3 MeV? 

The mass of the particle is 9.1 x 10~3!kg; its 

energy of 2.3 MeV is equivalent to 2.3 x 10° x 

1.6 x 10-'!9J which is 3.7 x 10-8 J. Relying on 
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the +my2 expression to give us the kinetic energy 

we have 

enone 10a? aye 3:7 x 10a 

whence 

Ve Oneal a! 

and 

y=9 x 108ms7! 

Which is absurd! The speed of light is 3 x 108 

ms~! which is the ultimate speed! It is quite 

impossible for the particle to have the speed 

computed. Evidently our application of the 

expression +my* for kinetic energy was wrong. 

The mass of the particle itself is not constant but 

rises as the speed of the particle approaches that of 

light. In this case the speed of the G-particle is over 

80% of the speed of light. 

One may now wish to question the validity of 

the solution to Problem 46.2. The speed of the 

a-particle was there shown to be only 5% of the 

speed of light. The calculated speed is not very far 

out! (See Sections 33.7 and 39.2.) 

Experiment E: The range of gamma radiation in 

lead 

In this case the GM tube is placed in front of the 

source of gamma radiation and lead absorbers 

replace the aluminium ones used in Experiment D. 

These absorbers will need to build up to a thick- 

ness of at least 20 mm. In this case it is best to find 

the thickness of lead which will reduce the count 
rate by one half. 

The energy of the gamma photon from Co is 

about 1.3 MeV. 

Experiment F: The behaviour of G-particles in a 

magnetic field 

Experiment D may be modified to show the effect 

of a magnetic field on the motion of 6-particles by 

interposing such a field between the source and the 

GM tube. Figure 46.5 illustrates the arrangement. 

The experiment will provide evidence for the sign 

of the charge on the particles. 

Unfortunately, to show the behaviour of alpha 

particles in such a field requires the use of a solid- 

state detector with the whole apparatus contained 

in a vacuum (but see cloud chamber photographs 

on pages 532-533). 
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Magnet 

Source GM tube 

Source i 
holder 

Fig. 46.5 The deflection of 6-particles in a magnetic field. 

Lead shield 

Experiment G: Cloud chamber tracks 

It was C.T.R. Wilson who applied the known 

ability of ions to act as nuclei for the condensation 

of water (or alcohol) vapour to the examination of 

the behaviour of the radiations from radioactive 

substances. The first cloud chambers were of the 

expansion type: that is a chamber containing a 

saturated vapour was allowed to enlarge (by, e.g., 

lowering a piston) so that the gas within it 

expanded and cooled. Ions within the chamber 

during that expansion would act as condensation 

nuclei and minute liquid droplets would gather 

about each one. 
A disadvantage of the expansion chamber is 

that it is only sensitive for about 0.2s after the 

expansion and then it takes several seconds for it — 

to be recycled before another expansion can take 

place. A type of chamber that permits continuous 

observation of particle tracks is the diffusion ~ 

cloud chamber, first suggested by Langsdorf in 

1939. It relies on solid CO, to provide cooling, 

rather than on the expansion of a gas. A simple 

version of a continuous cloud chamber is shown in 

Fig. 46.6. The transparent case is divided hori- 

zontally by a thin black metal plate that forms the 

floor of the chamber. In the lower half is placed 

solid CO, that is pressed into contact with the 
underside of the floor by a piece of foam plastic 
sponge. The top half of the case is the chamber 
proper and near the perspex viewing window is a 
ring of felt soaked with alcohol. While the top of 
the chamber is at room temperature, say 20°C, 
the floor is at —78°C, and alcohol vapour 
evaporating from the felt diffuses downwards. As 
it does so the gas and vapour are cooled and there- 
fore the degree of saturation of the gas in the 
chamber increases. At about 1 cm from the floor 
the saturation is sufficient for condensation to 
occur on the ions left in the wake of the radiation 
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Sensitive 
layer 

: F Sponge 
Fig. 46.6 A simple diffusion cloud 
chamber. 

from a radioactive source, and tracks can be seen 

in this sensitive layer. 

A vertical electric field must be established (by 

charging the perspex with a wool cloth) but its 

function is not that of a clearing field. It is needed 

to pull ions quickly into the sensitive layer before 

they have had time to diffuse. Consider first an 

a-particle that travels horizontally along SA 

through the sensitive layer; each of the ions it 

produces will immediately be surrounded by a 

droplet of alcohol (there are about 10° ions per 

track). Each droplet is of considerable mass 

compared with the mass of the ion on which it is 

formed. It falls, with neighbouring droplets, 

under gravity to the floor of the chamber; there is 

no relative motion of the droplets because of their 

great inertias. Thus tracks in the sensitive layer are 

thin and well defined. However, if an a-particle 

moves at, say, 30° to the floor along SB, it will 

first travel up through the sensitive layer where it 

leaves a sharp track of droplets, but above the 

layer, a line of ions will be formed that have not 

yet collected droplets. Because they are ‘bare’ ions 

they have little mass and can separate easily from 

one another, consequently, what was a thin line of 

ions soon becomes wide and diffuse. If an electric 

field pulls freshly formed ions down rapidly into 

the sensitive layer before spreading occurs, a sharp 

track will result. It must be remembered that the 

consequence of this is that an observed track 

length is the projection of the true length on to the 

horizontal plane of the chamber floor. 

Bubble chambers 

The cloud chambers have the grave disadvantage 

that the density of the gas inside is not large 

enough to allow high-energy particles a reasonable 

number of interactions with the gas molecules as 

they cross the chamber. Very few, if any, ions are 
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produced. So for work with such high-energy 

particles bubble chambers are preferred. These 

contain a liquid (usually liquid hydrogen at about 

20 K) which is at such a pressure and temperature 

that it is just below its boiling point. When the 

pressure is decreased suddenly, the liquid becomes 

‘super-heated’, i.e. its temperature is now above 

the boiling point at the new pressure. This, like the 

super-saturation of the vapour within the cloud 

chamber, is an unstable state. Any ions which 

happen to be present in the liquid will act as 

‘evaporation nuclei’ (compare the condensation 

nuclei referred to in Section 15.2) and small 

bubbles will form around them. So the track of 

the particle which caused the ionization will be 

revealed as a line of bubbles which can be photo- 

graphed. Such photographs usually record a 

number of events within a relatively small space. _ 

Fig. 46.7 is an example. 

The sharpness of the tracks shown in the 

bubble chamber photograph is significant in itself. 

Although the tracks are caused by the interactions 

of the high-speed particles with the hydrogen 

atoms, deviations from the paths are very rare, 

even though the density of the liquid is high. This 

simple observation suggests strongly that the 

hydrogen atoms must be largely empty. 

A small collection of photographs or tracks 

arising from ionizing events in cloud chambers are 

shown on the following pages. 

Photograph A. The gas in the chamber was air. 

The track was one of the first ever photographed 

and the sharpness of it is a tribute to the skill of 

the inventor of the cloud chamber, C.T.R. 

Wilson. 
A 22Rn atom, at the left of the photograph, 

has ejected an a-particle. The residual 7!*Po atom 

recoils and it too produces some ionization; hence 
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Fig. 46.7. Tracks of x a 
sub-atomic particles in ; 

a bubble chamber. 

(Courtesy of the 
Cavendish laboratory, 

Cambridge.) 

the tiny dot at the start of the track. The number 

of ions, and therefore the number of water 

droplets produced per cm, increases as the 

a-particle slows down towards the right of the 

photograph and spends longer in the vicinity of 

gas atoms. The increase of interaction time as the 

speed falls also explains why a-particles so often 

undergo a large deflection towards the end of their 

tracks. By looking, in the plane of the page, along 

the track, two smaller deviations can be seen. 

Photograph B. a-particle tracks from a small 

source. Note that there are particles with two 

different energies and, therefore, two different 

ranges. J. Chadwick, Cavendish Laboratory, 

University of Cambridge. 

Photograph C. a-particle tracks in a magnetic 
field. The particles enter the field of about 4.5 T 

from the left. This, the first photograph showing 
magnetic deflection of a-particles, was taken by 
P. Kapitza, 1924. 

Photograph D. Track of a 8-particle in air. The 

radioactive source is to the right of the picture. 

The track shows how easily (-particles are 
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deflected by the electric fields of electrons in the 

atoms they are passing. C. T. R. Wilson, 1912. 

Photograph E. B-particle tracks. One fast particle 

crossed the tracks of several slow ones which have 

been released in the gas by X-rays. C. T. R; 

Wilson, 1912. 

Photograph F. Photo and recoil electrons from 

hard X-rays in air. The longer tracks are made by 

photoelectrons; the short tracks are made by recoil 

electrons from the Compton effect. C. T. R. 

Wilson, 1912. 

Photograph G. The absorption of Cu K radiation 

in argon. A narrow pencil of monochromatic 

X-rays enters the chamber from the left. Photo- 

electrons are emitted from the argon and so the 

X-rays are absorbed causing an exponential 

decrease in the number of photoelectrons in the 

beam. See Section 47.1. E. J. Williams. 

Photograph H. a-particles have passed through 
hydrogen. One of the particles has collided with a 
hydrogen nucleus and the knock-on proton leaves 
a long track showing less ionization than the 
a-particle track. The angles made by the branches 
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of the fork are consistent with the ratio (mass of 

a-particle/mass of proton) being equal to 4. 

Blackett and Lees, 1932. 

Photograph I. a-particle tracks in helium. One 

collided with a helium nucleus. After the collision 

the two tracks make 90° with each other. The 

photograph is a lucky choice of a case when the 

fork occurred in a plane parallel to the plane of 

the plate in the camera. N. Feather, 1933. 

Photograph J. a-particle tracks in nitrogen. One 

collided with a nitrogen nucleus and moved to the 

right. The recoiling nucleus was responsible for 

the other track. P. M. S. Blackett, 1925. 

Photograph K. Below the chamber there 

is a polonium source which is surrounded with 

beryllium. Within the chamber there is a paraffin 

target seen as a horizontal straight line. A neutron 

from the beryllium, invisible in the chamber, 

releases a long range proton by collision in the 

paraffin. J. Curie and F. Joliot, 1932. 

Photograph L. The transmutation of nitrogen by 

a-particles. An a-particle is captured when it 

strikes the nitrogen nucleus, and the long branch is 

an example of an ejected proton travelling back- 

wards, i.e., with a velocity component towards the 

source. The short branch of the fork is caused by 

the recoiling oxygen nucleus which results from 

the transmutation. Using a fully automatic 

chamber, Blackett found only eight examples of 

such transmutations in 400000 tracks. P. M.S. 

Blackett and D. S. Lees, 1932. 

Photograph M. A neutron which came from a 

source below the chamber and left no track, struck 

a nitrogen nucleus and was absorbed. The result- 

ing nucleus ejected an a-particle, and the re- 

mainder recoiled. N. Feather, 1932. 

Photograph N. This illustrates neutron-induced 

transmutation of a heavy nucleus and, because the 

nucleus splits into two roughly equal parts, the 

process is called nuclear fission. The chamber 

contains air and has across its middle a screen of 

gold foil coated with uranium. Neutrons bombar- 

ding the foil have caused a uranium nucleus to 

undergo fission. The total energy released is large, 

being of the order of 200MeV which appears 

mostly as kinetic energy of the fission products. 

The two ‘heavy’ fragments are charged and leave 
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tracks that can be seen travelling in opposite 

directions from the sides of the foil. As each 

carries as many as 50 proton charges the ioniza- 

tion density is very high and the tracks’ ends show 

branches indicating collisions with nuclei of the 

chamber gas. At the moment of fission, 2 or 3 

neutrons are emitted and if at least one of these 

can be induced to produce fission of another 

nucleus, a chain reaction results which is self- 

sustaining. This has not occurred in N, the other 

tracks are the result of recoil nuclei and trans- 

mutations caused by neutron bombardment of the 

gas in the chamber. Bdéggild, 1940. 

Photographs A, C, D, E, F, H, IJ, L andM 

and Fig. 44.2 are reproduced, with permission, 

from the proceedings of the Royal Society. 

46.4 Radioactive decay 

Photographs O, P and Q were taken at 30s 

intervals and show the tracks left by alpha 

particles originating from the decay of the radio- 

active gas radon in a simple diffusion cloud 

chamber. In the 60s between the first and the last 

picture, the activity has diminished significantly. 

The radon is decaying rapidly. This phenomenon 

deserves closer study. 

Experiment I: The decay and recovery of 

protactinium 

When uranium decays it initiates a chain of events 

which we might represent 

238] ————> 234. ————> 234Pg ————> 

emits an emits a low emits an 

a-particle energy energetic 

G-particle B-particle 

and so on. 

The uranium decays very slowly; the thorium 

quite slowly and the protactinium relatively 

quickly. This makes it a very suitable element for 

the study of radioactive decay. Moreover, the 

protactinium salt can be separated from the 

thorium parent in a suitable organic solvent, 

leaving the uranium grandparent and the thorium 

parent behind in the original aqueous solution. 

The experiment is performed in a small plastic 

bottle about half full of an aqueous solution of a 

uranium salt. The rest of the space is filled with 

the organic solvent. The bottle, which is carefully 
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sealed, rests on a tray lined with absorbent tissue 
as a precaution against spillage. It is shaken for at 
least 15s and returned to the tray. The protac- 
tinium salt transfers to the solvent so that, after 

the two layers have separated out, the upper half 
of the bottle contains the protactinium. A GM 
tube is placed close to the shoulder of the bottle 
and starts to count the energetic beta particles 
from the protactinium (see Fig. 46.8). The count is 
noted every 10s. Figure 46.9 is a graph of a typical 
set of results showing how the count rate changes 
with time. 

A second GM tube and counter can be used to 
monitor the recovery of the protactinium in the 

aqueous layer as the parent thorium continues to 
decay. 

A very similar graph to that shown in Fig. 46.8 
was analysed in Section 26.7. A characteristic 
feature of this and all other graphs of exponential 
decay is the constancy of the half-life of the 
quantity which is decaying. Six values taken from 
the graph of this quantity for protactinium are 
shown below the graph; their mean is 71 s. 

In each period of 71s the activity of the 
protactinium was reduced to one half of its value 
at the beginning of the period. 

Some typical half-lives of radioactive elements 
are shown in Table 46b. 



GM tube 

Solvent with 
protactinium 

Fe 
Aqueous ene of uranium 
and thorium salts 

nO oO 

tH 

NO ‘SS 

Count rate (corrected tor background)/ s 

0 30 60 90 120 150 180 210 240 270 300 330 

32 76s 16 68 s 8 T2QaS 4 Time/s 

74s 12 66s 6 2S 

Fig. 46.8 Determining the half-life of protactinium with a 
graph of some results. 

Table 46b Half lives of a selection of radioactive 

nuclides 

These are the 1st six 

elements in the *°U series 
These, with radium, 

are the sources 

referred to in Section 

46.3 

235U 4.5 x 10° years oem 460 years 

*36Th 24.1 days oSi 28.8 years 

*31Pa LIS Go 5.24 years 

AS) 2.48 x 10° years 

aD 8 x 10* years 

228Ra 1600 years 

The mathematics of the decay process 

The equation for the discharge of a capacitor took 

the form (see Eq. 26.10) 

BO 1 
Foe es Tees 

The solution was given by Eq. 26.11 

OQ = Oe "Ee 

The half-life of the decaying charge was given 

by setting QO Q,/2 and solving for ¢,, (Eq. 

26 312). 
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0.693 RC 

The activity of the protactinium is sampled by 

the Geiger counter and reported in counts per 

second. These diminish according to an exponen- 

tial law as the ability to find a half-life shows. We 

may therefore assume that the activity A also 

obeys an exponential law and so we assume 

dA 
dr 

where ) is the decay constant. 

Now the activity depends directly on the 

number (N) of atoms involved so we may also 

write 

b= RCIn 2s 

=<+)A 

(46.1) 

By analogy with the case of the exponential 

decay of charge on the capacitor already quoted 

we see that the solution to this equation will be 

where N, is the number of atoms at the 

commencement of the time ¢. 

The half-life will be given by 

(46.2) 

(46.3) 

If we take logarithms, Eq. 46.2 becomes 

InN = InN, — Xt 

If a straight line, a graph of InN against ¢ will 

confirm the exponential nature of the observa- 

tions and the slope of the graph will give \ and 

hence f,, using Eq. 46.3. 

All our experience with radioactive decay has 

shown that the process is a random one; even the 

points plotted on Fig. 46.8 show this. And yet 

the decay curve which smooths out the random 

fluctuations in the counting obeys the exponential 

law. The randomness is real; but so too is the law 

governing the decay process. 

Indeed we can find further examples in which 

processes which we recognize to be governed by 

chance nevertheless obey strict laws. Even an 

analysis of the behaviour of dice when they are 
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thrown leads to an exponential function. In a 

simple game with 500 dice, all the sixes thrown ° 

were discarded after each throw. The figures 

obtained were: 

Throw: 1 

Sixes 

discarded: 8071 55 42.36 37 23 31.13 1510 8 9 11 10 10. 5 297453 

Problem 46.4 Plot a histogram of these figures. 

Draw a smooth curve to represent the ‘decay’ of 

the sixes and then make four different estimates of 

the half-life of a die. 

If N dice are thrown and WN ‘decay’ at each 

throw, we expect the rate of decay per throw 

AN/At to be —(1/6)N since a die has six faces. 

There will be random fluctuations as your histo- 

gram shows so clearly, but this is the most pro- 

bable decay rate. 

_ Let us now take the general case: 

oe = -\N 

ee = Jo» dt 

InN = —Xt¢ + constant 

When f= 0 

InN, = constant 

therefore 

InN = —)t + InN, 

whence 

Soa (46.4) 

When 

Nie Ae, fhe, 

and 

> = Ne“ 

ey = + 

Or 

Cy 

jw + In,2 (46.5) 

[46.5] 

For the dice, \ is, in fact, 0.182 and so 

1 
i = qe 

23 4 5-6 7 8 910 11-1213 14 15 16 17 18 20 21722 23 2425 26 27,28 29 30 

2> seo lessee, 1a oe 

5.49 x 0.693 

3.8 throws II 

You should compare this value with your own 

obtained from Problem 46.4. 

It may seem that we have wandered far away 

from the case of radioactive decay. But we now 

realize that the mathematical law of exponential 

decay applies to the behaviour of dice which we 

recognize to be governed by chance. It should 

come as no surprise then if we assume that the 

success of the exponential law when applied to the 

decay of protactinium and other radioactive sub- 

stances is also due to the operation of chance. The 

observations suffered random variations; but: 

given long enough time intervals — and recognizing: 

that vast numbers of atoms are involved — we find’ 

that the behaviour of the radioactive nuclides is’ 

determined by chance and described by the 

exponential law. We must be strongly reminded of 

an earlier analysis (Chapter 12) of the flow of heat 

in an Einstein solid (see especially Fig. 15b). 

46.5 Growth and decay 

As one nuclide decays another grows. Figure 46.9 

shows the now familiar exponential decay of one 

nuclide (M) and the necessary growth of the 

daughter nuclide (N) assuming that the latter is 

stable. But N may itself be radioactive; if so, it will 

decay at a rate which is proportional to the 

number of atoms present. So, as the number of 

atoms of the daughter product N grows, so will 

the rate of decay. Figure 46.10 illustrates this 

situation. 

Problem 46.5 The half lives of 74Th and 734Pa 

are 24.1 days and 71s respectively. A bottle as 

used in Experiment I is left undisturbed for some 

time and the nuclei are in equilibrium — that is, as 

many protactinium atoms are produced in unit 

time as decay. If there are 10!2 atoms of thorium in 
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No. of atoms 
Fig. 46.9 The growth of a 
stable daughter nuclide (/V) 
and the decay of the parent 
nuclide (M). 

Time———> 

the bottle, how many atoms of protactinium are 

there and what is their mass? 

For thorium 

ty, ee eagle 24 x 60 x 60 = + x 0.693s 
Th 

whence 

th — Se5 x Om s7! 

For protactinium 

iyestilcs Za 4e0/603i5 
Apa 

whence 

ee oO AUS 

Since the solution is in equilibrium, the rate of 

decay of the thorium is equal to the rate of 

production of protactinium. 

Hence 

Atv th = NpalVpa 

_ Ath 13e8 <x LOw oes, 

a el nies Six ioedies 

= 3.4 x 10’ atoms 

The Avogadro number is 6.02 x 10% mol~'. 

Therefore 234g of protactinium contain 6.02 x 

107? atoms. 

It follows that the mass of protactinium 

present is 

3.4 x 10’ x 234 
6.02 10? 

135 qu lOget eg 
eS ——————— 
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No. of atoms Fig. 46.10 The 
growth of an unstable 
daughter nuclide (/V) 
and the decay of the 
parent nuclide (M). 

ine ———— 

46.6 Very long half-lives 

Table 46b includes several radioactive nuclides 

with half lives in the order of a million years. Such 

half-lives can hardly be determined directly! But, 

as we have seen, the half-life is related to the decay 

constant (Eq. 46.3). So measurements of X, the 

decay constant, can lead to the calculation of these 

enormously long half-lives. 

Problem 46.6 <A Ra source commonly used in 

schools has an activity of 18.5 x 104 Bq (or 5 pCi). 

The mass of radium in the source is 5.1 x 10~°g. 

What is the half-life of Radium-226? 

226 g of radium contain 6.02 x 10% atoms 

(Avogadro number) 

5.1 x 10-¢g of radium contain 

6:02. 10 este woe 
226 

= 1.36 x 10'* atoms 

atoms 

The decay constant, \ 

= activity/number of atoms 

[Sie lO- 

153624 10!" 

= 13365 10ee Sa. 

And t,, = 0.693/d 

0.693 
1367 x) 10=™ 

=e, 10! so oZ0iveats 
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THE RUTHERFORD MODEL 

47.1. The scattering of alpha particles 539 

47.2 The nuclear model 

538 

543 

We have already seen in Unit 11 that all atoms 

contain electrons; for whatever technique is used 

for removing these electrons (thermionic emission, 

irradiation by ultraviolet light, passing electric 

discharges) all have the same specific charge. 

The discovery and exploration of radio- 

activity, with the identification of the a-particle as 

a charged helium ion, of the (£-particle as a 

negative electron and of gamma radiation as 

photons of very high frequency, provided phy- 

sicists with some evidence for an internal structure 

for an atom as well as a fool for exploring that 

structure. The a-particle, which is both massive 

and charged, became that tool. 

That these particles were helium ions was first 

demonstrated by Rutherford and Royds in 1909. 

Essentially the experiment consisted in collecting 

‘spent’ a-particles which had come from radon (a 

radioactive gas), and had passed through the very 

thin wall of the glass tube containing the gas. 

After about a week had passed, the gas in the 

outer chamber was compressed, by admitting 

mercury, into a small discharge tube (see Fig. 

47.1). The spectrum obtained was that of helium. 

Confirmation of this identification came from 

an examination of cloud chamber pictures of the 

tracks made when a-particles pass through helium 

gas. (See Photograph I - Chapter 46). The right 

angle fork is characteristic of a two-dimensional 

collision between bodies of equal mass (See 

Section 8.17). 

Since the helium atom is some 7000 times as 

massive as an electron it is hardly surprising that 

the demonstration of the magnetic deflection of 
a-particles eluded earlier experimenters. See 
Photograph C - Chapter 46. 
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Fig. 47.1 Apparatus used by Rutherford and Royds in the 

experiment which confirmed the identification of a-particles 

with the element helium. 

The identification of the G-particle with the 

electron was a much simpler task. It was enough 

to measure the specific charge. And magnetic 

deflection, was, as you have seen, easy to achieve. 

The identity between the behaviour of gamma 

radiation and X-rays was sufficient evidence for 

the electromagnetic nature of this radiation. They 

share the speed 3 x 10®8ms~' with light and radio 

waves. 

47.1 

We have seen that, in a typical case, an a-particle 

has energy in the order of several MeV (107'* J) 

which is very large indeed for a particle of atomic 

dimensions. As a positively charged, massive and 

highly energetic particle it made the ideal projec- 

tile for early probing of the structure of atoms. 

As we have seen the very sharpness of the 
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tracks in bubble chambers suggests that the atoms 

themselves must be largely empty space. 
And yet there must be some centre of mass and 

of positive charge around which the electrons 

cluster. 
Earlier investigations by J.J. Thomson into 

the scattering of X-rays by gases and light ele- 

ments had led him to deduce that the number of 
electrons in an atom was in the same order as its 

mass number (which, for reasons which will 

appear later, we now call the nucleon number A). 

In 1911 C. Barkla, an English physicist, also using 

X-ray scattering, found that the number of 

electrons was more nearly equal to half the mass 

number. 
When metal foils were subjected to a beam of 

a-particles, the facts remain much the same. The 

majority of the particles pass straight through 

such foils which may have as many as 10000 

atoms across their thickness. But occasionally, a 

particle will be turned; and in a very, very few 

cases (about | in 1800) will even be turned through 

an angle larger than a right angle. This scattering 

of a-particles was investigated by Geiger and 

Marsden under the direction of Rutherford in the 

Cavendish laboratory of the University of Cam- 

bridge in 1909 to 1911. 
The observation of large angle scattering led 

Rutherford to postulate that most of the mass of 

an atom was concentrated in a minute positively 

charged nucleus at the centre of the volume of 

space in which the cloud of electrons existed. 

Close to such a nucleus, the a-particle will be 

repelled by the electric force existing between it 

and the nucleus. Assuming the inverse square law 

of force still to apply at such short distances, the 

force when the particle approaches close to the 

nucleus might be large enough to produce the 

large angle scattering observed. Rutherford first 

| b 

+Q, FH 
a - particle heading directly Centre of 
towards nucleus so that it is nucleus 
halted and turned back on its of platinum 
track atom 

Fig. 47.2 A head-on collision between an a-particle and a 

nucleus. 
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calculated how close an a-particle could approach 

a positive nucleus if it was going to make a head- 

on collision. Figure 47.2 illustrates the situation. 

The a-particle initially has a kinetic energy of 

4+mu2, and at the point where it is momentarily at 
rest, all this energy is converted into electrical 

potential energy. If at this point, the centres of the’ 

two charges are separated by a distance b, and the 

inverse square law applies, then 

QQ, 
4me,b 

smu? = 

Whence 

1 0,2, 

Are, +mu? 

Since for an a-particle, mis 6.7 x 10-7’ kg, Q, is 
AGrx 1052) C, and 1is-about-2 410 mse hit 

will be possible to calculate b in terms of Q,. 

For the charge on a platinum atom, Ruther- 

ford accepted Barkla’s estimate that the number 

of electrons, and therefore positive charges, is 

approximately equal to half the mass number. 

Thus for a platinum atom, 

Q, ~ 100 x (1.6 x 10-%)C 

As you can check, with a little arithmetic, the 

formula gives 

b = 3.4 x 10-*m 

This value cannot be quoted as the size of the 

nucleus. All that can be said is that the nucleus 

cannot have a radius greater than 3.4 x 10-'4m, 

if an inverse square law of force can be assumed to 

operate at such minute distances. If, in the 

calculation, a higher speed of u = 3 x 10’ms~'is 

used then the corresponding value of b becomes 

Lp el052m; 

It is now clear, however, that the nucleus is 

very small indeed compared with the radius of the 

atom itself, for this is in the order of 10-!°m. (See 

calculation of the distance between atoms in 

Section 14.5). 

It is hard to picture a structure in which the 

outermost fringe has a radius 10000 times greater 

than that of the nucleus at its centre. 

It is difficult to draw a scale diagram of an 

atom unless a very large piece of paper is used. 

Inside the square of Fig. 47.3 is printed a very 

small dot having a radius of about 0.05 mm. If it 
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Fig. 47.3 

represents the nucleus of an atom, then the edge of 

the atom, drawn to scale, will be 0.5 m away, and 

the nucleus of the next atom will be a whole metre 

away. 
Once it has been realized that the nucleus is so 

small compared with the open space around it, 

one is not so surprised that a-particles can pass 

right through thin foils of metal and only very 

occasionally suffer a direct collision with a 

nucleus. What now becomes difficult to under- 

stand is that most of the mass of an atom is 

concentrated in such a tiny volume as a nucleus. 

In his paper of 1911, Rutherford showed that 

if an a-particle did not head directly towards the 

nucleus then it would undergo a glancing collision 

and move in a hyperbolic trajectory. In Fig. 47.4 

particle B is an example, and had it been able to 

continue on its original course, it would have 

missed the centre of the nucleus by a distance p. 

However, it is repelled and finally travels in a 

direction making an angle ¢ with its original path. 

It should be noted that if the angle between the 

asymptotes of the hyperbola (which is 180-¢ in 

Fig. 47.4) is bisected, then the bisector will pass 

through the nucleus. 

Path for 
glancing Vea 
collision dnc 

wea RC ey, = 
p 

——_> 

Path for “Ie 
head-on 

» collision Centre 
of nucleus 

Fig. 47.4 A glancing collision between an a-particle and a 
nucleus. 
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Rutherford derived an equation relating b, p 

and ¢, namely, 

2p cott¢ = = A (47.1) 

As has already been pointed out, Rutherford 

assumed that the inverse square law applied to the 

forces between the a-particle and the nucleus - 

with the implication that both particles act as 

point charges. Had the a-particle entered the 

nucleus, this could no longer apply since, as we 

have seen in Unit 7, a spherical distribution of 

charge acts like a point charge only outside itself. 

Table 47a 

p= 1006 106 56 26 b +b tb yb O 

@ = 0.6° 6° 11° 28° 53° 90° 127° 152° 180° 

Table 47a was obtained by putting values in 

Eq. 47.1. This gives us an idea of the scattering 

angles that can be expected for various ‘miss- 

distances’ or ‘aiming errors’, p, which have been 

expressed as multiples of the nuclear radius. Some 

of these values have been used to draw Fig. 47.5 

which emphasizes that ¢ is a large angle if, and 

only if, p is less than b. 

The deflection is certainly negligible when p = 

100b and, to return to the scale diagram of Fig. 

47.3 this means that an a-particle will hardly be 

deflected unless it falls within 5mm of that tiny 

dot. Recall that the radius of the atom on this 

scale is 500mm and you will see that there is 

Nucleus of 
‘radius’ = b 

Fig. 47.5 Trajectories followed by a-particles for a range of 

miss-distances. 
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Fig. 47.6 The principle of the Geiger and Marsden 

experiment. 

plenty of opportunity for an a-particle to remain 

undeflected. 
Subsequently (1911), Rutherford developed an 

equation which related the numbers, AN, of 

a-particles scattered in particular directions to 

measurable quantities: 

b*Nnt 

ae 16R? sin* $ 

where, as before, 

1 QQ, 
Ane, +mu? 

AN is the number of particles falling on unit 

area of the detecting screen per second, N is the 

number of particles falling per second on the foil, 

nis the number of atoms per unit volume of the 

foil, ¢ is the foil thickness, R is the distance 

from the point of incidence of the particle beam 

on the foil to the detector, @ is the scattering 

angle, QO, and Q, are the charges on the a-particle 

and the nucleus respectively and +mu? is the initial 

kinetic energy of the a-particle (see Fig. 47.6). 

It was this equation which was applied to the 

results which Geiger and Marsden got using the 

apparatus shown in Fig. 47.7: “The apparatus 

mainly consisted of a strong cylindrical metal box 

B, which contained the source of particles R, the 

scattering foil F and a microscope M to which the 

zinc sulphide screen was rigidly attached. The box 

was fastened down to a graduated circular plat- 

form A, which could be rotated by means of a 

conical airtight joint C. By rotating the platform 

the box and microscope moved with it, whilst the 

scattering foil and the radiating source remained 

in position, being attached to the tube T, which 

was fastened to the standard L. The box B was 

closed by the ground-glass plate P, and could be 

exhausted through the tube T.’ 

The variables, given the specified source of a- 

particles and a specified scattering foil, are AN 

and sin+¢/2. Table 47b is taken from the original 
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Fig. 47.7. Apparatus used by Geiger and Marsden to 
investigate the scattering of a-particles. 

paper and relates to gold foil. The real test of the 

Rutherford model is the constancy of the product 

AN sin‘ ¢/2. 
‘It will be seen that the values of AN sin? ¢/2 

are approximately constant. The deviations are 

somewhat systematic, the ratio increasing with 

decreasing angle. However, any slight asymetry in 

the apparatus and other causes would affect the 

results in a systematic way so that the deviations 

from constancy are probably well within the 

experimental error.’ 

This remarkable experiment not only con- 

firmed the scattering prediction for a nuclear atom 

but also justified the assumption that the inverse 

square law of force between electric charges was 

Table 47b 

Angle of 1 No. of ANsin* 6/2 
deflection sin? 6/2 scintillations 

p AN 

150° 1.15 Cont 28.8 

135° 1.38 43.0 Sile2 

120° 1.79 51.9 29.0 

105° 2.53 69.5 27.5 

75° 7.25 211 29.1 

60° 16.0 477 29.8 

45° 46.6 1435 30.8 

i/o 93.7 3300 35.3 

30° 223 7800 35.0 
ZO 690 27300 39.6 

15° 3445 132000 38.4 

[47.1] 

valid right down to atomic dimensions. 

But that was not all. The experiment was 

performed with foils of several different elements 

- gold, platinum, tin, silver, copper and alumin- 

ium as well as carbon - and Geiger and Marsden 

concluded that the nuclear charge was equal to 

half the atomic mass. However, a Dutch physicist, 

A. van der Broek, pointed out that their data 

showed better proportionality if the number of 

alpha particles scattered by the foils was compared 

with the square of what came to be known as the 

atomic number rather than with the square of the 

mass number. He suggested that the nuclear 

charge was the product of this number and the 

numerical value of the electronic charge. The 

atom of gold then would consist of a nucleus 

carrying a charge of + 79 e with 79 electrons in the 

nearby space. 

Confirmation of this suggestion came from 

several quarters; from the radiochemical evidence 

developed by F. Soddy and A. Fleck and from the 

work which was being carried out with X-rays 

notably by C. G. Barkla and H. G. Moseley. The 

former had found that when X-rays produced at 

one target strike a second target, the second target 

can emit a characteristic radiation with a definite 

wavelength or series of wavelengths as well as 

scatter the original rays. This characteristic radia- 

tion could also be excited directly from the target 

electrode if the energy of the incident electrons 

was high enough and it proved to be characteristic 

of the metal used (see Fig. 47.8). This was, 

evidently, the X-ray analogue of the optical line 

spectrum. But Moseley revealed that it was a 

surprisingly simple spectrum. 

K 

Relative intensity 

T oh a 
0.2 0.3 0.4 0.5 

Wavelength in nm 

t 

0 Amin 0.1 

Fig. 47.8 Graph of the intensity of X-rays against 
wavelength for a solid target. 
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Table 47c Wavelengths of the K, and K, lines in 
certain X-ray spectra 

ae Relative 

Element number ae Wavelength/nm mass 
Za 

A 

ea K; 

Manganese 25 54.93 0.210 0.191 
Iron 26 55.85 0.194 0.175 
Cobalt iT, 58.94 0.179 0.162 
Nickel 28 58.69 0.166 0.148 
Copper 29 63.54 0.154 0.139 

Moseley found that the wavelengths of the 

lines became progressively shorter as the atomic 

(or proton) number of the target increased. Table 

47c shows this and also indicates that the observed 

regularities must be related to the atomic number 

and not to the relative atomic mass. Consider, for 

example, the cases of cobalt and nickel; the latter 

has the higher atomic number but the lower 

relative mass. The evidence of the wavelengths 

supports the view that it is the atomic number 

which is the fundamental measure. Moseley found 

that the frequency of the K line was given by the 

empirical relationship 

f = 248 X10" (Z —1)*Hz 

where Z is the atomic (or proton) number. 
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47.2 The nuclear model 

According to this model, the atom comprises a 

nucleus which is not only positively charged but 

which also carries by far the greater proportion of 

the mass. Around this minute nucleus (which is 

smaller than 10-'4m across) there is a cloud of 
electrons whose number is equal to the number of 

positive charges (of size 1.6 x 10~-'?C) on the 

nucleus. The atom itself is 4 orders of magnitude 

larger than its nucleus. As we saw in Unit 11, the 

extra-nuclear electrons exist in that space with 

definite energies and they can receive and emit 

extra energy provided that this is supplied in 

packets of the right size. 

There can be little doubt that the radioactive 

radiations are emitted by the nuclei. The events, 

which in nature, are confined to a relatively small 

group of elements, occur spontaneously and at 

random. They are quite unaffected by external 

conditions as Rutherford himself tested by subjec- 

ting radioactive material to a severe but controlled 

explosion within an iron container. 

The naturally-occurring radioactive elements 

emit a-particles, 6-particles and y-radiation. One 

is tempted to ask: what the charge on the nucleus 

is; what is the relationship between that charge 

and the serial numbers of the elements in the 

periodic table; what happens as a result of radio- 

active decay and so on. 
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48.1 The proton 

Marsden extended his work on the scattering of a- 

particles to some of the elements at the lower end 

of the periodic table. In particular, direct hits on 

hydrogen nuclei caused the recoil of the latter at 

speeds which could be estimated from Eq. 43.3 

2u 

eee m,/mM,) 

where m, and wu represent the mass and initial 
speed of the a-particle and m, and v, represent the 

mass and recoil speed of the hydrogen nucleus. 

Since the ratio m,/m, is 1/4, 

y= eu = 1.6u 

The hydrogen nucleus leaves the scene of the 

collision 1.6 times faster than the incident speed of 

the a-particle. Cloud chamber Photograph H 

(Chapter 46) shows such a collision. The particle 

knocked on produces a long track with less ioniza- 

tion per unit length than the incident a-particle. 

Although its speed is so high, it has only half the 

charge and one quarter of the mass of the a- 

particle and does not ionize as effectively. So, by 

1914, a third particle had been identified and given 

the name of ‘proton’. It is positively charged with 

a charge of +e and has a mass of 1.7 x 10-?’kg. 

48.2 Transmutation 

‘When, after the end of the First World War, 

Rutherford returned to his studies of radioactivity 
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at Cambridge, he observed that protons appeared 

to be obtained when he exposed the gas nitrogen 

to a-particle radiation. He wrote: 

‘If this be the case, we must conclude that the 

nitrogen atom is disintegrated under the 

intense forces developed in a close collision 

with a swift a-particle, and that the hydrogen 

atom which is liberated formed a constituent 

part of the nitrogen nucleus.’ (Rutherford, 

1919.) 

It was clear that protons form a constituent 

part of a nitrogen nucleus, and that nitrogen 

nucleii can be disintegrated by being bombarded 

with a-particles. But what does the nitrogen atom 

turn into? This was the question that next had to 

be answered. 

While thought was being given to this problem, 

Rutherford bombarded other light elements, and 

in conjunction with Chadwick found that disinte- 

gration protons could be emitted by all elements 

from boron to potassium with the exception of 

carbon and oxygen. A surprise was that some of 

these protons were emitted with more energy than 

that possessed by the incoming a-particle. This, 

and the fact that the protons were emitted in all 

directions and not just forwards indicated that the 

mechanism was not that of an elastic collision, but 

a superelastic one (see Section 43.1). (In, for 

instance, an elastic collision between billiard balls, 

a formerly stationary ball will always be knocked 

forwards or at most, sideways; it can never be 

knocked backwards in the direction from which 

the moving ball approached. However, if the 

stationary ball is a small bomb that detonates as 

soon as it is struck, a fragment is likely to go in 

any direction, and the total kinetic energy of the 

system will be increased.) 

The process behind these nuclear disintegra- 

tions was made clear in 1925 by P. M.S. Blackett, 

who suggested that the process was one of alpha 

capture, i.e., an a-particle collides with a nitrogen 

nucleus to form an unstable nucleus of fluorine 

which decays, ejecting a proton and leaving a 

recoiling oxygen nucleus. 

4He + '4N — '8F — JH + YO 

A simpler notation for this last reaction is 

MN (a, p) 70 
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in accordance with the convention that nuclear 

reactions should be written in the form 

incoming outgoing 

particle(s), particle(s) 

or quanta or quanta 

final 

nuclide 

initial 

nuclide 

Cloud chamber photograph L (Chapter 46) is 
ohe of Blackett’s illustrating this phenomenon. 

Here was confirmation that Rutherford had 

achieved the first artificial transmutation of an 

atom in his 1919 experiment. 
Natural transmutation has, of course, been 

occurring since the earth emerged as a planet. 

Radon, ”°Rn, is one of the long chain of naturally 

occurring elements which are involved in the 

thorium decay series. Photographs O, P and Q 

(Chapter 46), which illustrate the decay of ”°Rn, 

also show events linked with the daughter product 

216Po, This also decays with the emission of an a- 

particle and a short half-life of 0.15s. There is a 

high probability that this second disintegration 

will occur very soon after the first, so leaving a 

V-shaped pair of tracks. Several of these can be 

seen in Photographs P and Q. 
Three radioactive decay chains are known in 

nature. The parent nuclei are 733Th, 738U and 233U; 

the final stable nuclei are Pb, *88Pb and °{3Pb. 

Figure 48.1 shows one of these chains - the 

uranium 238 series - in detail, and relates the 

neutron number (see below) to the proton number 

(a Segre chart). 

48.3 Theneutron 

The existence of a neutral particle had been fore- 

seen by Rutherford, at the Cavendish Laboratory, 

for such a particle would provide the solution to 

the problem posed by the difference between the 

number of positive charges on nuclei and their 

masses. Why, for example, did the nitrogen 

nucleus have a charge of + 7e (which suggested the 

presence of 7 protons) but a mass which was 14 

times that of the proton? The idea of a neutral 

particle with the mass of a proton was an attrac- 

tive one. Its existence was eventually confirmed by 

J. Chadwick at Cambridge in 1932. 

But there was an alternative: the nucleus might 

be made up of protons and some electrons. The 

nitrogen nucleus might have 14 protons, so con- 

ferring the requisite mass, and 7 electrons, so that 
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Fig. 48.1 Chart showing the U-238 decay series, 124 
terminating with the stable nuclide Pb-206. (From 80 81 
F.W. Sears, M.W. Zemansky, H.D. Young, 

College Physics, Addison-Wesley, 1980.) Hg 

the total charge was again +7e. But this is not 

really a tenable proposition. When examining the 

atom of hydrogen in Section 45.2 we found that 

an electron with energy appropriate to confine- 

ment within a space 10-'°m across would have 

enough energy to escape from the field of the 

proton. Now the nucleus is four orders of magni- 

tude smaller than this. No electron could be 

contained within that space — its immense kinetic 

energy would cause it to burst out immediately. 

The story of the neutron began in 1930 hen 

82 83 84 85 86 87 88 89 90 91 92 93 
Proton number, Z 

Ph. Bi, Po -Aty Rn Feo Rae Ace Sih Pape Dasa 

W.G. Bothe and G. F. Becker in Germany found 
that a very penetrating radiation appeared when 

* a-particles bombarded the lighter elements. The 
effect, which was very pronounced when the 
target was beryllium, was assumed to be yet 
another example of a knock-on proton. In 1932 
the French husband and wife team of the Joliot- 
Curies (Irene Joliot-Curie was the daughter of 
Mme Curie, the discoverer of radium) used a very 
powerful polonium source with beryllium to pro- 
vide an intense beam of the ‘beryllium radiation’. 
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Fig. 48.2 The observation of neutrons. 

This beam passed through 15 mm of lead with no 

appreciable reduction in intensity. They were 

surprised to find that the intensity of the radia- 

tion, as measured in, an ionization chamber, 

increased if a thin sheet of paraffin wax was 

placed between the lead and the chamber (see Fig. 

48.2). This increase was quickly attributed to 

knock-on protons from the wax (see Photograph 

K in Chapter 46). They concluded that the original 

‘beryllium radiation’ must consist of very high- 

energy gamma photons. 

Chadwick repeated these experiments just as 

soon as he heard about them with the belief that 

the increase in the ionization current was not 

caused by gamma radiation knocking on protons 

in the wax, but by the long-sought neutral particle. 

He was able to confirm this view by careful 

analysis and measurement of cloud chamber 

tracks of the events. He was able also to show that 

the new particle had a mass which was very slightly 

larger than that of the proton. It is 1.6748 x 

10-27kg compared with 1.6725 x 10-?’kg. 

The nuclear reaction is 

Be (a, n)?C 

48.4 Nuclear terms 

Rutherford’s problem about the make-up of the 

nitrogen nucleus was now solved. That nucleus 

comprised 7 protons (so conferring the electric 

charge of + 7e) and 7 neutrons. 

The sum of the numbers of protons and 

neutrons in a nucleus is known as the nucleon 

number A (or the mass number). The charge (and 

the serial number in the periodic table) is given by 

the number of protons or the proton number Z (or 

the atomic number). 
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The properties of the element are determined 

by the proton number (which is the same as the 

number of extra-nuclear electrons); but the 

number of neutrons is not necessarily the same in 

all atoms of the same element. For example, 

uranium exists in nature in the forms *3U, *33U 

and °*33U. Each of these nuclides contains 92 

protons, but the number of neutrons is 146, 143 or 

142. Chemically these are indistinguishable. But 

they behave differently as they decay: 

38) emits an a-particle with energy 4.2 MeV 

and half life 4.5 x 10° years. 

235L) emits an a-particle with energy between 

4.18 and 4.60 MeV and half life 7 x 108 years. 

234L) emits an a-particle with energy 4.77 MeV 

and half-life 2.5 x 10% years. 

These are isotopic nuclides or isotopes. 

Although they cannot be distinguished chemically 

they may be sorted out in a mass spectrometer. 

This device can compare the masses of the nuclei 

to one part in 10’ or better. 

48.5 The mass spectrometer 

Deriving from the pioneering work of J.J. 

Thomson and of F. W. Aston the modern mass 

spectrometer takes many forms, one of which is 

shown in Fig. 48.3. In such a machine the positive 

Adjustable slit 

Gas inlet 

lon source Source isolating valve 

Capillary 
inlet 

Magnetic 
\| analyser 

To amplifiers 
and recorders > Auxiliary collector 

‘Adjustable slit 

Fig. 48.3. Schematic diagram of the AEl MS12 industrial 
mass spectrometer. The instrument uses an electron 
multiplier with a gain of 106 to measure the ion current. 

(Courtesy AE! Scientific Apparatus Ltd.) 
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Fig: 48.4 Schematic diagram of an ion source. (From G.P. 
Barnard, Modern Mass Spectrometry, Chapman and Hall for 
the Institute of Physics, 1953. Reproduced by permission). 

ions are produced in an ion source by electron 

bombardment, as shown in Fig. 48.4. 

Electrons from the heated filament F are 

accelerated towards an anode by a voltage V, 

which is in the order of 100 V. Those which pass 

through the hole in this anode will move across the 

ionization chamber towards the trap T under the 

guidance of the external magnet system. The 

sample of material to be investigated, which is in 

gaseous form, enters the ionization chamber from 

the top and encounters the stream of electrons. 

Some of these atoms will be ionized by collision 

(see Chapter 43) and will pass with low speeds 

through a slit in the lower plate of the chamber. 

Now they come under the influence of the 
potential V; and accelerate towards the lower plate 
through a series of slits which serves to narrow the 
ion beam. 

The emergent beam, containing a mixture of 
ions of differing speeds, differing charges, and 
differing masses enters the field of the electro- 
magnet (magnetic analyser - Fig. 48.3). In this 
uniform field, the ions will follow a curved path. 
The radius of this path will depend upon the mass 
to charge ratio of the ion. 

The accelerating voltage V, determines the 
energy of the ion in the field and the ratio of mass 

to charge Q is given by Eq. 33.6 

in” Br 

Oye; 

[48.7] 

In the case of the mass spectrometer, r is the 

radius of the path of the ion which is steered by 

the magnetic field B into the slit of the collector. 

This radius is, of course, determined in manu- 

facture. The beam of ions can be scanned across 

the slit by changing either the value of the field B 

or of the accelerating voltage V;. The ion current 

passing the collector slit is amplified before being 

recorded. 

48.6 Alpha particle emission 

Our model of the nucleus allows explanation of 

the displacement laws relating to natural trans- 

mutation. If a nucleus of 728 Ra emits an a-particle, 

then since this is a helium nucleus, the radium 

must lose 2 protons and 2 neutrons, i.e., it loses a 

charge of 2 and a mass of 4. Consequently, a new 

element is formed having a nucleon number 222 

and proton number 86. Element 86 is radon and so 

the daughter product is 722Rn, or radon-222. This 

process can be expressed by the equation: 

226 222 4 
agRa a seRn Se He 

48.7 Beta particle emission 

We were reminded in Section 48.3 that it is not 

possible for an electron to be confined within the 

volume occupied by a nucleus. The same objection 

does not apply to a proton because of the much 

greater mass of the latter. But it is still true that 

nuclei do emit electrons as 6-particles! 

Unlike a-particles which are emitted from the 

parent nucleus with a definite speed, the £- 
particles are emitted with a continuous range of 
speeds (and therefore energies) from zero up to a 
maximum. This maximum varies with the nucleus 
involved. The existence of an energy spectrum is 
difficult to reconcile with the principles of con- 
servation of energy and momentum. 

Maybe an explanation could be found in the 
suggestion that a neutron can itself decay into a 
proton and an electron which, becoming the 
emitted 6-particle, carries away —e charge units. 
In this case the extra proton within the nucleus 
causes the proton number of the daughter product 
to be one greater than the parent and so the 
daughter has the chemical properties of an 
element one place higher in the periodic table. The 
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nucleon number remains the same, for all that is 

lost is the tiny mass of the ejected electron. A 

typical decay might then be written 

7BP Di Died a. 

or in general terms 

BX ieee 5h aca 

where X and Y represent the two atoms involved, 

A is the nucleon number and Z the proton number 

of the parent nucleus. 

This simple explanation suggests that the 

emitted electrons, all of which result from the 

same process, should have identical energies. But, 

as we have seen, this is not so. It appears that beta 

decay is a process in which momentum and energy 

may not be conserved. 
In a bold effort to solve this second problem 

and, at the same time, to retain the laws of 

conservation of momentum and of energy. W. 

Pauli suggested that another particle must be 

involved. To fit the observations, this hypothetical 

particle must have no charge, very little or even 

zero rest mass and the ability to carry energy. It 

was Enrico Fermi who named it ‘the little neutral 

one’ or neutrino. When a low energy (-particle is 

emitted, the neutrino carries a large amount of 

energy; a high energy G-particle is accompanied by 

a low energy neutrino. For a given nuclide the 

total energy is constant, the neutrino having 

‘balanced the books’. 

Today we know that such particles exist in two 

forms — neutrinos, v,, and antineutrinos, v,. With 

such properties they are extremely difficult to 

detect experimentally but this was achieved by 

C. Cowan and F. Reines in 1956, twenty-five years 

after Pauli had suggested their existence. 

The equation for the decay of the neutron may 

now be written 

We Did heat ve 

and that for the decay of the nuclide becomes 

AR by rth Dshne act Ve 

or in general terms 

AX me LY Cals: Ve 

where e- is the electron (G-particle) and v, the 

neutrino. In fact the particle involved is the anti- 

neutrino and this is indicated by the symbol ~ 
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above the symbol for the particle. In these 

equations the neutrino ensures that sufficient 

energy and momentum are carried away for the 

conservation laws to apply. Historically this 

incident provides an unusual example of a success- 

ful attempt to save a physical law: an attempt 

which remained an act of faith for 25 years. 

48.8 Gammaradiation 

Gamma radiation, it must be stressed, does not 

consist of particles but of electromagnetic photons 

of nuclear origin. The wavelength is very short, 

being in the range 10-'°m to 10-3 m. 

Many models of the nucleus have been 

proposed; all agree that the structure cannot bea 

rigid one and that it may suffer excitations, and 

oscillations or changes of shape rather like a blob 

of mercury that vibrates after being disturbed. 

Within the nucleus it appears that there are energy 

levels comparable to the energy levels available to 

the electrons in an atom. For example, the a- 

particles emitted by 738Ra fall into two groups, one 

with kinetic energy 4.879 MeV (7.806 x 107"? J) 

and one with 4.695 MeV (7.512 « 10-' J). When 

a radium nucleus emits an a-particle of the lower 

energy, the daughter nucleus, *4Rn, has excess 

energy and is in an excited state. When this 

nucleus changes to the stable state it emits a y- 

photon with energy (4.879 — 4.695) MeV, that is 

0.184 MeV. The measured energy of the y-photon 

is in close agreement with this. If the radium 

nucleus emits an a-particle with the higher energy, 

the daughter radon nucleus is already in the stable 

ground state and no y-photon is emitted. A similar 

process is observed with the emission of B- 

particles. 

It may be thought that if gamma radiation can 

remove energy during (-emission, then the 

introduction of the neutrino is unnecessary. 

However, this is not the case since some 6-emitters 

produce particles with a range of energies and yet 

do not radiate y-rays at all. Also if the neutrino 

did not exist, then when gamma rays are emitted 

they would have a large energy when the B-energy 

was small, and vice versa; since B-particles have a 

wide range of energy then y-rays should have a 

wide range too. However, such a continuous 

spectrum of gamma energy is not observed during 

G-emission. 
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One other important process which leads to 

the emission of gamma radiation is known as ‘K- 

electron capture’. In this the positive nucleus 

captures one of the orbital electrons from the 

innermost, K, shell. Consequently a proton is 

converted into a neutron in the nucleus. This 

causes the atomic number to decrease by one, and : 

may leave the resulting nucleus in an excited state. 

It then drops to the ground state with the emission 

of a gamma ray. When the vacant place in the K- 

shell is filled by another electron X-rays are also 

emitted. These X-rays may be recognized as they 

have wavelengths which are characteristic of the 

element that has been formed. 

48.9 Other particles 

The neutrino has already been introduced. There 

is an extensive range of other particles - far too 

extensive to discuss here. One, however deserves a 

mention. This is the positive electron or positron. 

These particles were first observed when a y- 

ray photon of very high energy interacted with a 

nucleus, giving rise to a pair of oppositely charged 

particles. One of these was an electron; the other 

the positron. 

If energy is to produce matter, the mass-— 

energy relationship E = mc? suggests that the 

minimum energy for pair-production of this sort 

will be 2m,c*, where m, is the rest mass of the 

electron and of the positron. This is 1.02 MeV. 

Experiment shows that it is only y-ray photons 

with energies in excess of this figure which are able 

to produce the electron/positron pair. 

The positron lives but briefly, soon joining 

with an electron and emitting two or three y-ray 

photons of total energy 1.02 MeV. 

48.10 Anearly example of the conversion 

of mass to energy 

The mass-energy relationship just mentioned is a 

logical consequence of Einstein’s relativity theory. 

An early confirmation of the validity of the rela- 

tionship came from the experiment of J.D. 

Cockcroft and E.T.S. Walton who, in the 

Cavendish Laboratory in 1932, achieved the first 

artificial transmutation. Using a particle accele- 

rator of their own design (it cost about £1000, a 

substantial sum at the time) they fired protons at a 

[48.11] 

target. Using lithium as the target they observed 

that high speed a-particles were produced. 

1H + {Li — $He + 3He or ATT (py 2a) 

The event was shown to proceed in two stages: 
first, capture of the proton by the lithium nucleus 

to form a highly unstable nucleus §Be, and then 

secondly the disintegration of this latter nucleus 

into two a-particles. 

The accelerator, which, by modern standards, 

was puny, gave 0.6 MeV (9.6 x 10~'*J) to each 

proton. The kinetic energy of the two a-particles 

was 27 x 10-"%J. That is twenty-eight times 

larger. 

The mass of a proton is 

L673 el0 77 ke 
The mass of the ’Li nucleus is 

11.647 x 10-” kg 
The total mass of the proton and the nucleus is 

133320) xplOngike 

The mass of two a-particles is 

13.288) «L0ge ke 
The difference is 

0.032;>401082 ike 

Energy equivalent using E = mc? is 

0:032°x 1072" x, (3 2e10?)25 =" 29" 10 a 

And this is close to the value obtained from the 

experiment. 

Modern accelerators, for example the one at 

CERN near Geneva (see Fig. 48.5), can provide 

energies of 300 GeV or even more. That is five 

orders of magnitude larger than the one built by 

Cockcroft and Walton. 

48.11 Holding the nucleus together 

The Cockcroft and Walton experiment raises the 
question of the stability of nuclei. If 7Li is a stable 
nucleus formed from 3 protons and 4 neutrons, 
why is {Be (4 protons and 4 neutrons) highly 
unstable? 

Certainly the three protons which are 
crammed into the nucleus of the lithium atom 
must exert very powerful forces of repulsion on 
one another. Somehow these are contained. There 
must be some other force which is presumably 
stpplied by the presence of the neutrons to 
counteract this electric force. This is the strong 
nuclear interaction which appears to be effective 
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over the very short ranges which apply - some- 

thing in the order of a few nucleon diameters (a 

proton has a radius of about 10~'* m). 

This implies that the nucleons which are within 

the fields of other nucleons possess potential 

energy just as the extra nuclear electrons possess 

potential energy in the electric field of the positive- 

ly charge nucleus. 

Problem 48.1 Applying the techniques of Section 

45.2 find the least kinetic energy of a proton 

contained within a nucleus 10~'*m across. 

The wavelength associated with such a proton 

will not be greater than 10-'4m. 

The minimum momentum associated with this 

proton is h/d 

6.6-~ 10°“7102*ke mis: ! 

=—6-6°< 10>" ke mise" 

The kinetic energy will then be (mv)*/2m 

= (6.6 x 10-)2/2 x 1.67 x 10°77 

~ 10-!J (or about 10 MeV) 

Problem 48.1 suggests that the potential 

energy of a nucleon within the nucleus is in the 

order of 10 MeV. 

Nuclear arithmetic of the sort explained in 

Section 48.10 shows that the mass of the nucleus is 

always less than the mass of the component 

nucleons. Let us consider, for example, the helium 

nucleus. This has two protons and two neutrons. 

Mass of two protons 
='3.346°< 10>?’ kg 

Mass of two neutrons 

= 3.350 x 10-7’ Kg 

Total mass of the nucleons 

= 6.696 x 10-?’kg 

Mass of a helium nucleus 
= 6.644 x 10°-*’kg 

Mass deficit or defect 
=70:05204 1072 ke 

The energy associated with this is 

On0S2oOse) <A Gin108)2 J 

=v4686 10-45 

729; 2)Mev. 

This is the amount of energy which has to be 

supplied to break the helium nucleus. It is the 
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binding energy of the nucleus and is often quoted 

per nucleon. In the case of helium, the binding 

energy per nucleon is 1.17 X L047 Jc OF 

7.3 MeV. 

The binding energy per nucleon in a nucleus is 

a measure of the stability of that nucleus. 

A plot of the binding energies per nucleon for 

the elements in the periodic table reveals a pattern 

of great significance. With only one nucleon, the 

hydrogen nucleus can hardly be said to have 

binding energy. The next element, helium, has a 

remarkably high binding energy - the combina- 

tion of two protons and two neutrons has great 

stability. This is the a-particle which plays such an 

important part in radioactive decay and which 

does itself not decay. Beyond helium, the graph is 

rather smooth but with minor peaks corresponding 

to '2C and 'sO. (See Fig. 48.6.) It climbs to a peak 

at %Fe and then falls steadily down towards 

uranium. 

The first twenty elements have about equal 

numbers of protons and neutrons within their 

nuclei. As the number of nucleons increases, the 

proportion of neutrons to protons also increases. 

Up to element 83 all but two of the elements have 

stable isotopes as well as unstable ones. But 

elements with more than 83 protons are all 

unstable and radioactive. 

It appears that as more and more nucleons 

come together, stability is conferred by adding 

more neutrons in proportion to protons up to a 

total of about 60 nucleons, but beyond that the 

ability of the additional neutrons to hold the 

nucleus together diminishes. It seems that the 

nuclear force is effective over very short ranges, 

acting only between nearest neighbours. On the 

other hand, the electrostatic repulsion between the 

protons acts between a// the protons within the 

nucleus and not merely between near neighbours. 

The cumulative effect is that, in the long run, the 

electrostatic repulsion can counter-balance the 

nuclear force. 

A nucleus can remain stable if there are small 

numbers of protons to repel one another; this 

explains why the heavy nuclei have a dearth of 

protons (see Fig. 48.7). Beyond 20°Bi complete 

stability is not possible. 

Figure 48.7 which like Fig. 48.1 is known as 

a Segre chart, shows the neutron and proton 

numbers for the stable nuclei. 



Fig. 48.5 The super proton 

synchronton. 

The graph (Fig. 48.6) implies that energy can released. Consider, for example, hydrogen and its 

be released from nuclei on either side of 38Fe if isotope deuterium. 

they can be moved along the curve towards that 

element. If two light nuclei can be fused together The mass of a proton = 1.6725 x 10-* kg 

1.6748 x 10-77 kg 

3.3473 & 0-2) ke 

the resulting nucleus will have less binding energy The mass of a neutron 

per nucleon. And the excess energy will be Together the mass 

Average binding energy per nucleon/MeV 

Fig. 48.6 The variation of the 

binding energy per nucleon with 100 120 140 160 
nucleon number for the elements. Number of nucleons in nucleus, A 

180 200 220 240 
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Fig. 48.7. The variation of neutron 
number with proton number for the 

stable nuclei. (From F.W. Sears, M.W. 0” 
Zemansky, H.D. Young, College 
Physics, Addison-Wesley, 1980.) 

But the mass of the nucleus of deuterium [H is 

3.3433 x 10-*’kg. 

The difference (which is shown as the mass 

defect) is 0.0040 x 10~*’kg. In energy terms this 

is 3.6 X 10-!3J or 2.25 MeV. This is the binding 

energy of the deuterium nucleus; the binding 

energy per nucleon is just half of this. 

The process of bringing light nuclei together to 

form more massive ones with a consequential 

release of energy is termed fusion. It is the 

0 8 16 DATEES2 40 48 56 64 72 80 88 96 

Proton number, Z 

mechanism which is believed to operate in the 

stars (including our own sun). Under the extreme 

temperature prevailing, the kinetic energies of the 

nuclei (all stripped of their electrons) are easily 

capable of allowing nuclei to come close enough to 

one another to fuse and to emit energy as they do 

so. Several reaction chains have been identified - 

all leading to the building up of helium from 

hydrogen. Four protons have a total mass of 

6.6900 x 10-27 kg; one helium nucleus has a mass 
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of 6.6442 x 10-?’kg. The mass deficit is 0.0458 x 

10-2’ kg and this is equivalent to an energy release 

of 4.122 x 10-” J or 25.8 MeV. 
If all the hydrogen nuclei present in the sun 

could be converted to helium, the present rate of 

emission of energy could continue for 100 x 10° 

years; the earth is thought to be 4.6 x 10° years. 

old! 

At the ‘heavy’ end of the periodic table, energy 

is released when the radioactive elements decay 

towards elements of lower nucleon number. This 

source of energy is certainly responsible for 

maintaining the temperature of the earth’s core - 

which is not less than 5000 K (almost as hot as the 

‘surface’ of the sun). 

48.12 Fission 

Once available, the neutron offered the bom- 

bardiers of physics a new and very effective tool. 

Being uncharged, it was far more likely to reach a 

target nucleus than an a-particle or a proton. A 

pioneer in this exploration was the Italian, Enrico 

Fermi. He soon realized that slow neutrons were 

more effective as projectiles than fast ones; and 

that fast ones could be slowed down by allowing 

them to collide with particles of the same mass - 

hydrogen nuclei which were abundantly provided 
in paraffin wax. 

Uranium showed unexpected behaviour. The 

nuclei, after bombardment, emitted -particles. 

Fermi, in 1934, proposed that the uranium nucleus 

absorbed the bombarding neutron, becoming 

unstable in the process. It then emitted an electron 

and so moved one place higher in the periodic 

table. It became a transuranic nucleus. In fact this 

does happen; but the majority of the G-particles 

do not arise in this way. 

It wasn’t until Christmas 1938 that Otto Hahn 

and Fritz Strassman realized that the result of the 

interaction of slow neutrons was the creation of an 
isotope of the relatively light element '38Ba with a 
considerable release of energy, since this involved 
a considerable movement along the binding energy 
curve (Fig. 48.5) towards iron. It appeared that 
the additional neutron drove the uranium nucleus 
to split into two parts, one of which was a barium 
nucleus. 

Uranium, with 82 protons, is the most massive 
nucleus to occur naturally. Lise Meitner and her 
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nephew Otto Frisch (both physicists of high 

reputation and refugees from the Nazi regime in 

Germany) advanced the hypothesis that the 

acceptance of a neutron by a uranium nucleus 

produced a_ highly unstable nucleus which 

promptly broke down into approximate halves — 

which repelled each other under the action of the 

considerable electric forces which were now pre- 

dominant. The fragment nuclei would be less 

massive than the parent by about 0.1% and the 

release of energy would be very large. Frisch 

named the process fission. See Photograph N 

(Chapter 46). 

Further research revealed that the slow 

neutrons were causing fission in *33U rather than in 

*3U (naturally occurring uranium contains about 

0.7% of the 235 isotope). The reaction varies but 

is of the form: 

“BU ijn = U0 Ba eK es 
Fission 

fragments 

and the energy release is in the order of 200 MeV 

(225102 ei. 

48.13 The chain reaction 

The sample equation above shows the appearance 

of three neutrons. If one of these was to enter a 

second *°U nucleus the reaction could be 
sustained. If two, the rate of the reaction could 
grow. These would be chain reactions. The first 
chain is controlled and steady; the second can 
grow. The sequence is 2, 4, 8, 16, 32, 64, 128, ..., 
2”. After a mere 17 steps the number involved is 
over a million. If done quickly enough, the 
reaction is explosive. 

Control of such reactions can be exercised by 
deliberately absorbing some of the neutrons. 
Some will leak away; some will be ineffective in 
causing fission by involvement with 232U nuclei 
and others can be absorbed in rods of such ele- 
ments as cadmium. There exists a critical mass for 
the chain reaction; there must be sufficient of the 
fissile material to ensure that, allowing for 
leakages and absorption, each single fission pro- 
duces enough effective neutrons to keep the 
reaction going. 

The first controlled chain reaction was 
achieved by Fermi and his associates at Chicago in 
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1942. Their reactor was made of a pile of 40000 

large graphite blocks — alternate layers being made 

of blocks into which pellets of uranium oxide and 

uranium metal had been inserted. The graphite’s 

function was to slow down the fast neutrons which 

resulted from the reaction so that they would be 
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effective in causing further fission. Control rods 

of cadmium (a very effective absorber of neutrons) 

could be moved in and out of the ‘pile’ to control 

the chain reaction. 
That primitive ‘pile’ was the ancestor of the 

modern nuclear power station. 
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radiations 559 which first went into service supplying energy to 

49.6 The nuclear power debate 567 the Grid as long ago as 1956. In 1982 some 12% of 
49.7 Other applications 567 Britain’s electrical power came from the nuclear 

reactors of the Central Electricity Generating 

Board (CEGB). This figure is likely to rise to 20% 

when the reactors now building come ‘on stream’. 

A similar figure applies to the United States but in 

France as much as 60% of electrical energy is 

derived from nuclear plants. In several other 

Western European countries the figure lies 

between 20 and 30%. 

A reactor is no more than a sophisticated form 

of boiler whose purpose is to raise steam for 

conventional turbine-driven generators. Figure 

49.1 shows a section through such a unit. The fuel 

is uranium dioxide, the uranium having been 

enriched so that it contains 2.3% of 25U. Natural 

uranium contains 0.7% of the fissile 35U and is 

used as the fuel in the earlier Magnox stations. 

The reactor is moderated with graphite and the 

heat is extracted by forcing carbon dioxide gas 

over the fuel rods. The gas leaves the reactor core 
at a temperature of about 650 °C and then passes 
through a heat exchanger. There it surrenders 
some of its energy to water; steam is raised and 
used to drive the turbine-generator sets in the 
usual way. The steam emerging from the turbines 
is condensed and recycled through the heat 
exchanger. 

556 
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Fig. 49.1 Advanced Gas-cooled Reactor 
(AGR). Designed to give an output of 660 MW, 
these reactors used enriched uranium (2.3% 
U-235) as fuel and graphite as the moderator. 
The energy is extracted from the core by 
carbon dioxide gas which leaves the core at a 
temperature of 650°C. The fuel elements are 
placed in vertical holes in the graphite. (See 
also Fig. 49.3.) (Courtesy U.K.A.E.A.) 

Control rods of boron-steel, an effective neutron 

absorber, can shut the reactor down very quickly. 

A typical AGR has an output of 1320 MW and 

produces electrical energy at a cost which is 

significantly lower than that produced in a con- 

ventional coal or oil-burning station. 

Pressurized Water Reactors (PWR) use en- 

riched uranium dioxide fuel (containing 3.2% of 

235) and ordinary water as the moderator. This 

water, which is under high pressure (150 x 10°N 

m~2), carries the|energy’ tota heat lexchanger 

where water in a separate circuit is converted to 

steam. Figure 49.2 shows a diagrammatic section 

through such a station. The nominal output of 

these units is about 700 MW. The design origi- 

nated in the USA and stations have been built all 

over the world. There are plans to build at least one 

such station in Britain. 

This design achieved world-wide notoriety 

after the so-called Three Mile Island incident in 

Pennsylvania; a combination of a violation of the 

operating procedures and a misunderstanding of 

the situation within the reactor led to gross over- 
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Control rods Concrete 
<— Pressure 

vessel 

Steam Turbine 
generator 

_ Generator 

Graphite moderator 

heating of the reactor core. Substantial amounts of 

gaseous fission products escaped into the building 

which had been designed to contain them. This 

containment system effectively limited the release 

of radioactive materials to the atmosphere. Regrettably, 

the same could not be said of the hybrid (.e. 

graphite-moderated but water-cooled) Russian 

RBMK reactor which caused the Chernoby] disaster 

in 1986. 

The most efficient users of nuclear fuels are 

the fast reactors which have been developed in 

Britain, France and the USSR. These reactors use 

a fuel mixture of plutonium and uranium dio- 

xides. They run very hot and are cooled by liquid 

sodium metal; no moderator is required. Britain’s 

prototype reactor operated at Dounreay in Caith- 

ness for 17 years before being closed in 1977. It 

was replaced by a larger version producing 250 

MW in that year. The significant difference 

between these reactors and those referred to above 

is that fast neutrons are used (and hence the name 

‘fast reactor’). The #°Pu fuel, which is derived 

from the thermal reactors using enriched uranium, 

is placed at the centre of the reactor core and 

Electricity 

rods 

Fig. 49.2 Pressurised Water Reactor 

(PWR). A typical 700 MW reactor will use 

enriched uranium (3.2% U-235) as the fuel 

and water as both moderator and coolant. 

The water (which is under a pressure of 

about 150 x 105 Pa) enters the steam 

generator at 320°C. (Courtesy U.K.A.E.A.) 

Control 

Pressuriser 

generating 
plant 

Concrete 
shield 
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Fig. 49.3. The machine used to 
charge and discharge the nuclear 
reactors at the AGR Hinkley Point B 

power station in position on one of 
the two pile caps (bottom of 
picture). (Courtesy C.E.G.B.) 

surrounded with a ‘blanket’ of #8U. The pluton- 

ium is fissile to fast neutrons; moreover, when 28U 

absorbs fast neutrons, #°?Pu is produced. So this 

reactor generates energy and produces more fuel 

for future use. They are sometimes referred to as 

fast or ‘breeder reactors’. One designed to develop 

1200 MW of electrical energy is currently (1982) 

being built in France. 

49.2 Re-processing fuel and the storage 
problem 

Large scale generation of electrical energy is 

inevitably accompanied by pollution of one sort or 

another. All power stations, of whatever type or 

[49.2] 

design, discharge huge quantities of heat to their 
surroundings. Coal and oil-fired stations produce 
large quantities of solid ash and gaseous pollu- 
tants such as carbon dioxide and sulphur dioxide. 
They even discharge some radioactive nuclei! 

Nuclear stations yield considerable quantities 
of radioactive waste products. Many of these 
nuclides have short half-lives; others long. It is 
these latter which give the industry its major 
problem. 

The Magnox and AGR stations utilize 50 to 
60% of the fissile 25U fuel and none of the 233U. 
Some of the latter is, however, transmuted to 2°Pu 
which is itself fissile. At all the stations there is a 
continuous programme of fuel element replace- 
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ment (see Fig. 49.3). When first removed from the 

reactor the spent fuel cans are, radioactively 

speaking, ‘hot’. But a major part of this activity is 

due to nuclides with quite short half-lives. A spell 

of several months under water in a ‘cooling pond’ 

allows that activity to die down to reasonably low 

levels. 

The material is then taken to a re-processing 

plant at which chemical methods are used to 

separate the relatively small volumes of waste 

products from the bulk of the uranium and the 

plutonium (which can be used as fuel). The 

separated radioactive waste made up of a mixture 

of nuclides with quite short and rather long half- 

lives has then to be stored in some way until its 

activity is comparable with, say, that of naturally 

occurring uranium. This takes around 500 years. 

Currently these waste products are stored as 

liquids in double-walled stainless steel tanks 

within concrete vaults which are themselves lined 

with stainless steel. Cooling is provided and the 

mixture is stirred continuously. By 1978 the waste 

from the entire United Kingdom nuclear pro- 

gramme, which was then 25 years old, amounted 

to a volume of only 800 m3 - roughly the volume 

of a four-bedroomed house. 

Research and development is being concen- 

trated on the possibility of soldifying this liquid 

waste into glass blocks. This would certainly make 

the storage problem an easier one than it is at 

present. 

49.3. Nuclear weapons 

In Section 48.13 we noted the possibility of an 

uncontrolled nuclear chain reaction. The typical 

application is the nuclear bomb. The earliest were 

fission bombs in which two masses of fissile 

material were forced together so that the critical 

mass was reached. This allowed the chain reaction 

to develop explosively, that is more neutrons were 

produced than were lost by wastage and leakage. 

These early bombs were equivalent in explosive 

terms to 14 kilotonnes of TNT; but their effect 

was far more damaging because of the intense 

burst of radiation which accompanied that blast. 

The 1950s saw the development of the hydro- 

gen or fusion bomb. The earliest of these were 

equivalent in explosive terms to 10 megatonnes of 
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TNT. As we have seen, the fusion process requires 

very high temperatures and these exist within a 

fission bomb. So the hydrogen bomb system com- 

prises a fission bomb which provides the necessary 

energy and also produces the necessary neutrons. 

The fusion material is deuterium ({H). The 

reaction also requires tritium (;H): 

2H + 3H — 4He + jn + 28.2 x 10°¥J 

The tritium can be obtained from lithium by 

bombardment with neutrons: 

S.i + jn — $He + 7H + energy 

It follows that the compound lithium deuteride 

6LiD can provide both the tritium (from the 

lithium) and the deuterium. 

49.4 Energy from nuclear fusion? 

Energy from fusion would be a great prize - for 

the basic reaction involves only light nuclei and is 

therefore unlikely to produce radioactive waste on 

anything like the scale of either volume or activity 

as the fission reactors of today. But the problems 

are immense. The necessary condition is a tem- 

perature in the order of 10®K in a sample of 

adequate density for an appropriate time. In spite 

of promising beginnings with plasmas contained 

by magnetic fields in machines known as Toka- 

maks and, latterly, with intense laser beams, the 

industrial production of energy from fusion must 

be regarded as remaining well in the future. 

49.5 The biological effects of radioactive 

radiations 

As we have seen, all radiation from radioactive 

substances causes ionizing events - and any 

ionizing event which may occur within a living cell 

can damage the chemicals found in that cell. There 

appears to be no threshold below which radiation 

damage does not take place. Nevertheless, living 

things have always been exposed to such radia- 

tion. And this ever-present background of ionizing 

events, which arises from the incidence of cosmic 

radiation, from the decay of the radioactive 

nuclides which are naturally present in the soil, in 

the air, and even in our own bodies (where 

naturally occurring *“K and “C_ both emit 
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G-particles), forms and always has formed part of 

the environment in which living things,. both plant 

and animal, have evolved. Indeed there are those 

who suggest that it may even have contributed to 

the process of evolution itself. 

High levels of exposure to radiation are 

certainly damaging and we must protect ourselves - 

from these. Fortunately, the techniques of doing 

this are well understood. The Health and Safety 

Commission and the National Radiological Pro- 

tection Board, which are responsible for the 

implementation of safety standards in the United 

Kingdom, publish standards and codes of practice 

which must be adhered to wherever radioactive 

isotopes are used: in hospitals, in industry, in 

teaching institutions and so on. The dose of 

absorbed radiation (which is the ratio of the 

energy imparted by the ionizing radiation to the 

mass of living material involved) is measured in 

J kg~! or gray (Gy). The earlier unit still seen in 

literature was the rad and 100 rad = 1 Gy. 

Once determined, the absorbed dose has to be 

modified for its biological effectiveness - and the 

dose equivalent is then quoted in sievert (Sv). The 

earlier unit was the rem and 100 rem = 1 Sv. 

For the ordinary population not subject to the 

health and safety monitoring insisted upon in 

industry, hospitals and so on, we may take as a 

yardstick the normal, unavoidable background 

radiation already referred to. Although this varies 

from place to place across the world (with no 

significant differences to the health of the popula- 

tions involved), the average level in Britain is 100 

Table 49a Background radiation 

Source Dose equivalent Percentage of 
per person total (approx.) 
per year 

Natural sources 100 millirem 68 

(1 mSv) 
Medical applications 45 millirem 30 

(0.45 mSv) 
Fall-out from 1 millirem (0), 7 

weapons testing (0.01 mSv) 
Miscellaneous 1.4 millirem 0.9 

sources (0.014 mSv) 
Nuclear power 0.25 millirem 0.17 

stations (0.0025 mSv) 
Total About 150 millirem 

(1.5 mSv) 

[49.5] 

68% natural causes 

30% medical 
applications 

0.17% nuclear power 0.7% fall-out 

0.9% miscellaneous 

Fig. 49.4 Where the background radiation comes from. 

millirem (1 mSv) per person per year. That com- 

pares with the 500 millirem (5 mSv) which the 

regulations of the European Economic Com- 

munity (EEC) specify as the upper dose limit for 

whole body radiation for a member of the public 

per year. 

To the 100 millirem of natural radiation we 

must add 50 millirem derived from man-made * 
sources. By far the largest part of this (about 45 

millirem) comes from medical applications such as 

X-rays. The remainder is the result of fall-out 

from weapons testing, from miscellaneous sources 

and from the nuclear power industry. Table 49a 

shows the details, which are also displayed in 

Fig. 49.4. 

Man cannot avoid exposure to radiation; 

nevertheless it is very important to limit the 
amount to which people are exposed. As we have 
seen the EEC specifies the upper dose limit for an 
ordinary member of the public as 500 millirem 
(5 mSv) per year — that is over three times the 
amount to which we are currently exposed. Risk 
calculations show that an additional 1000 millirem 
of radiation per person per year (which is twice the 
EEC limit and 4000 times the amount due to the 
nuclear power industry) increases the risk of 
contracting cancer in an individual by 1 in 10000. 
To place that figure in context, remember that the 
risk of death through a motor car accident is 
about | in 4000 per year, and through a fall is also 
about | in 10000 per year. 
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49.6 Thenuclear power debate 

People are concerned about the development of 

the nuclear power industry which, as we have 

seen, provides some 12 to 20% of our need for 

electrical energy. That concern stems from the 

fear of the effects of radioactive radiations 

inevitably associated with the industry. The pro- 

perties of these radiations are but little understood 

by a public which is more familiar with the effects 

of nuclear bombs. 
Now a textbook of physics is hardly an appro- 

priate place to examine the case for and against a 

nuclear power programme. In the preceding pages 

we have tried to state the facts; but clearly not all 

the relevant facts can be offered. One must also 

consider the safety record of the nuclear power 

industry, now over 25 years old in Britain; the 

safety of the conventional energy raising industry 

(from coal mine through to the electrical output); 

the likely demand for electrical energy in the 

future; the problem of waste disposal whether of 

radioactive isotopes or of such gases as SO, into 

the atmosphere; the contribution which can be 

and is being made by improved methods of energy 

usage and energy saving; the future development 

of alternative, renewable energy resources and the 

impact that these new resources will themselves 

have on the environment. 

The matter is far less simple than many people 

assume. If you are interested, then look at the 

opposing points of view as dispassionately as you 

can — remembering that this subject arouses strong 

emotions and that it is very prone to rhetoric and 

to the pronouncement of half-truths on both 

sides. In particular, you should remember what 

was pointed out in Chapter 8; that all estimates as 

to how long a particular reserve of fuel will last 

must be accompanied by statements of the rate of 

usage assumed and of the rate of change of that 

usage. Without that information, such estimates 

are totally without meaning. 

49.7. Other applications 

Radioactive isotopes as tracers 

Living organisms take up many elements from 

their food and from their surroundings. But the 

function of these elements is not always clear. 

Once a stable isotope has entered a living system 
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its identity is lost. But an isotope of that element 

which is radioactive can be traced by following its 

activity: and very low concentrations are all that 

are required given the sensitivity of the detecting 

devices used. The technique is now a standard 

practice in the diagnosis of certain diseases and 

malfunctions, and also in treatment. 

The technique of labelling atoms also finds 

industrial application. 

Radiometric dating 

This is a simple direct application of radioactivity 

to the understanding of problems in geology, 

palaeontology and archaeology. 

Living plants (and therefore animals which 

feed upon those plants) contain large numbers of 

carbon atoms with the stable nucleus of '%C. But 

the radioactive isotope '4C is also present. These 

nuclei result from a reaction between atmospheric 

nitrogen and secondary neutrons which are the 

result of cosmic ray interactions 

aN eo ne © ap 

This isotope of carbon has a half-life of 5.76 x 10? 

years. 
In living tissue the ratio of '*C to '*C nuclei is 

constant. As some '4C nuclei decay, others are 

absorbed. But, in dead tissue, no renewal of the 

decayed nucleus can take place. So the ratio of '*C 

to '2C found in dead tissue is a measure of the time 

elapsed since death. 
The activity caused by '4C is very small and 

that means that there is an effective limit to the 

carbon-dating process of around 100000 years. 

Geologists require a longer time scale than 

that. Such time scales can be provided by measure- 

ments on the ratio of 38U to Pb in a rock (see 

Fig. 48.1) or by the ratio of *’Rb to ®’Sr or by the 

ratio of “K to “Ar. The half-lives of the nuclides 

involved are all long enough to be geologically 

significant. 
Consider a sample of rock which is found to 

contain n atoms of 28U and n, atoms of Pb. If 

we can assume that no uranium or lead atoms 

have been lost since the rock was laid down, the 

number of 78U atoms present when that rock 

formed time ¢ ago was (n + n,). Let us call the 

original number of 78U atoms Mo. 

Ng = n+ ny 
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From Eq. 46.5 we know that 

(ie 4 

So 

Ine he Dt 
n 

The half-life 

In2 

Letina 
Hence 

a In(m)/n) _, In(m, + n)/n 
i Cis pana = OY ama ac (49.1) 

The method has, of course, been applied to the 

samples of the moon rocks brought back by the 

Apollo missions and gives an age for the moon of 

4.5 x 10° years. This, interestingly enough, is ten 

times older than the figure similarly obtained for 

[49.7] 

the rocks we know on earth. One must conclude 

that, since the two bodies must be very nearly the 

same age, most rocks forming the crust of the 

earth were not part of its original surface. They 

emerged from the interior and solidified at a later 

date. There are rare examples of earth rocks 

whose age is placed at 3.6 x 10° years. 

Problem 49.1 Fossils from a bed of sandstone 

contain both *’Rb and ®’Sr in the ratio of 1 to 

0.004 by mass. Estimate the age of the fossils 

given that the half-life of *’Rb is 47 x 10° years. 

The ratio n,/n is 0.004/1 

Applying Eq, 49.1, we get 

t = 47 x 197 4 ears 

= 2.7 x 10° years 
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Unit One 

1.1 The model of a gas as an assemblage of elastic 

particles moving about in all directions can give an 

adequate explanation of how a real gas, enclosed in a 

container, can exert a pressure. Explain how this model 

can also account for the pressure of the atmosphere, 

which is not in a closed container. 

1.2 Descartes proposed a very simple model to explain 

the phenomenon of seeing. He suggested that the eyes 

shot out rays which, on touching an object, give rise to 

the sensation of sight. 

a) Describe briefly (half a page) what you understand 

by the use of the word model when it is used in this 

context. 
b) Suggest one experiment or observation you could 

make which could support or refute this model. 

c) It has been suggested that all that experimental 

observation can do is to show if a model is not 

correct. Experiments can never provide absolute 

confirmation of the correctness of a model. Give a 

reason for accepting this view. 

1.3. This is a question about describing different kinds 

of scientific statements. Here are some possible descrip- 

tions of such statements: 

“states an experimental fact’ 

‘makes an hypothesis’ 

‘quotes a scientific law’ 

‘is a rough estimate’ 

‘is a deduction from earlier statements’. 

You are asked to give a brief description of each of the 

numbered statements in the passage below. Your 

descriptions should use phrases like those given above; 

you may use, combine or adapt the phrases above or 

invent others of your own. 

1) If we assume that in a gas the atoms have a radius of 

about 10~!°m and a mean separation of about ten 

atomic diameters... 
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2) ...it is clear that an alpha particle in traversing 

several centimetres of the gas must encounter some 

thousands of atoms of gas. 

3) Only a minute fraction of such encounters, how- 

ever, produce any appreciable deflection of the 

alpha particle. 

4) It is difficult to avoid the conclusion that the greater 

part of the atomic volume is effectively empty. 

Oxford and Cambridge Schools Examination Board 

Nuffield A-level Physics (1970) 

1.4 Sir Humphry Davy, a famous scientist who 

worked at the Royal Institution, London, during the 

early years of the nineteenth century, once said ‘Nothing 

leads to the advancement of knowledge as the applica- 

tion of a new instrument.’ 

There are many instances in the history of science 

where this is true. Find out, and write a short note on, 

how 

a) the telescope influenced the development of the 

present day model of the solar system, 

b) heat engines profoundly influenced the theory of 

heat, 

c) electron microscopes have influenced models of the 

structure of matter, both physical and biological. 

1.5 The mass of the earth is 5.98 x 1074kg; its radius is 

6.37 x 10°m. Calculate its density, taking care to quote 

the correct number of significant figures and to use 

standard form. 

1.6 The mass of an electron is 9.1 x 1073! kg and its 

charge is 1.602 x 10~!° coulomb. (a) What is the ratio 
of charge to mass? Use standard form and quote the 

appropriate number of significant figures. (b) What is 

the mass of a mole of electrons? 

1.7 Use the method of dimensions to decide which, if 

any, of the following statements is/are invalid? 

a) The area of the ring contained between two 

concentric circles of radius r, and r; is 

m(r, + r2) (7, — 12). 
b) The volume of a sphere is +2 R?, where R is the 

radius. 

c) The volume of a cone of height / and radius of base 

riszarh. 
d) The area cut off on a sphere of radius R by a pair of 

parallel planes distance h apart is 2 Rh. 

1.8 An aircraft flies 20km in a direction 30° East of 

North, then 30km due East and finally 10km due 

North. Show by both a scale drawing and by a calcu- 

lation that the aircraft reached a point just over 48 km 

from its starting point. What is the bearing of this point 

(from the direction of North) from the starting point? 

Unit Two 

1.9 A block of concrete rests on an inclined plane 
which is inclined to the horizontal at 20°. The pull of the 

earth on the concrete block is 200N in the vertical 

direction. Draw an appropriate diagram showing this 

force and the components of the force parallel to and 

normal to the inclined plane. Calculate these two 

components. 

1.10 During the testing of an Inter-City 125 train along 

a straight track these measurements were obtained: 

Time/s 0 100 200 300 400 500 600 700 800 

Displacement/km 0 1.12 4.37 8.62 13.5 18.7 24.0 29.5 34.9 

Speedometer" 94°3 39.5 45-6 50:5 53:0 S40455.0 530 
reading/ms 

a) Plot graphs of displacement against time and of 

speed against time. 

b) Explain the differences between the shapes of the 

two graphs. 

c) The measurements show that the train travelled 

3.25km in the 100s to 200s time interval. This 

suggests a speed of 32.5 ms~!. What does this speed 

represent? Why does it differ from the measured 

speeds at 100s and 200s? 

d) Find the gradient of the displacement/time graph at 

150s. Comment on your value in relation to your 

answers to (c). 

e) Find the gradient of the speed/time graph at 150s. 

What physical interpretation can you give to this 

gradient? 

1.11 During the car journey discussed in Section 2.7, 

the temperature of the water in the cooling system rose 

during the first five minutes of the journey thus: 

time/min 0 ] 2 3 4 5 

temperature/K 293 295.4 302.5 314.6 331.4 353 

a) Plot a graph of these measurements. 

b) Find the average rate of change of temperature 

IX TING. 

Given that the equation to the graph is T = 2.4? find 
the average rate of change of temperature over each of 
the following time intervals (in minutes): 

¢) 3:10.45. dj) 3 tos... esto 3-08: 

f) 3 to 3.001, g) 3 to 3.0001. 
h) What is your best estimate of the instantaneous rate 

of change of temperature with time at ¢ = 3 min? 
1) Draw, as carefully as you can, the tangent to the 

curve at ¢ = 3 min and find its gradient. Compare 
this with your answer to (h). 

Unit Two 

2.1 A rifle of mass 5 kg is used to fire a bullet of mass 
0.15 kg with a muzzle velocity of 600ms~!. Calculate 
the velocity with which the rifle starts to recoil. If this 
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Fig. Q2.1 

recoil is to be reduced to zero in a distance of 5 cm, what 

is the average force required? 

2.2. An astronaut is engaged in some activity some 

distance from his orbiting spacecraft to which he is 

attached by a line. How could he return to the space- 

craft without pulling on the line? 

2.3 In a toy known as Newton’s cradle, a small 

number (say 5) of similar steel balls is suspended, each 

from a pair of strings so that they are in line and each 

ball is in contact with its neighbour. See Fig. Q2.1. Use 

your knowledge of momentum to explain why, when 

one ball is allowed to swing into the end of the line, only 

one ball leaves the other end of the line. You may 

assume that the spheres are almost elastic. What will 

happen if the end balls are lifted away by the same 

distance and then released simultaneously? 

2.4 A golf ball (mass 45 g) leaves the club which struck 

it at 70ms~'. If the impact lasted 0.5s, find the mean 

force applied to the ball. 

2.5 Two students stand 5 m apart at opposite ends of a 

flat-bottomed boat floating on a river. One throws a 

2 kg ball at 8ms~' to the other who catches it and holds 

it still. Explain what happens to the boat. You may 

assume a mass of 200 kg for the boat and the students. 

2.6 A car of mass 1000kg is travelling at 15ms7! 

along a straight road. If the application of the brakes 

causes an average retarding force of 4000 N to act on the 

car, how far does the car travel before coming to rest? 

Also calculate the stopping distance if the car had been 

travelling at 30ms~!'. What moral can be drawn from 

your answers? 

2.7. The table following gives the ‘stopping distances’ 

for cars travelling at given speeds. 

a) What do you understand by ‘thinking distance’ and 

why is it directly proportional to speed? 
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Speed/ Thinking Braking Overall stopping 

ms~! distance/m  distance/m distance/m 

10 7 7 14 

20 14 28 42 

30 Di 63 84 

/ 

b) Use your knowledge of physics to explain the figures 

in the braking distance column. 

2.8 A supertanker has a mass of 409600 tonnes, its 

engines have been stopped but there is a slight forward 

motion of only 1 min2s. In order to stop, the anchor is 

dropped and, once it starts to hold, the ship comes to 

rest in 20m. Estimate the average tension in the anchor 

chain. If the tensile strength of the chain’s steel is 

8 x 103Nm~2, what is the minimum area of cross- 

section of one side of a link? How would your answer be 

modified if the ship had been moving at an initial speed 

of 1 ms~!. You may assume the same stopping distance. 

2.9 a) The equation F = kma is simplified by mea- 

suring F in newtons and making k unity. What units 

does k have? 

b) The choice of k is arbitrary. Make k = 2, name the 

resulting unit of force after yourself and write out 

its definition and its dimensions. 

c) Is your unit of force bigger or smaller than the 

newton? By how much? 

2.10 The gravitational field of the earth is 9.8 Nkg~ " 

a) What is the force of attraction on 2 kg? 

b) What is the force of attraction on x kg? 

c) The 2kg mass is allowed to fall. What is its 

acceleration? 

d) The xkg mass is allowed to fall. What is its 

acceleration? 

e) What can be concluded about freely falling masses 

near to the earth’s surface? 

2.11. A spring balance supports a 4kg mass in a lift 

which is accelerating upwards at 2ms~?. What will the 

balance read? How will the balance reading change as 

the lift reaches a maximum uniform upward speed and 

then slows down before coming to rest? What will the 

balance read if the lift now starts to accelerate down- 

wards at 2ms~’? 

2.12 A man descending by parachute, and having 

nothing to do for a minute or two, passes the time by 

thinking about Newton’s third law of motion. He 

reasons that his speed is constant because his weight is 

equal but opposite to the force the parachute exerts on 

him and so he experiences no resultant force and hence 

he has zero acceleration. 
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a) Is this reasoning correct? 

b) Is he correct in applying Newton III to the forces 

mentioned? 

c) Name four other forces involved in this situation. 

(Consider the air, parachute, man and earth.) 

d) Group all six forces into three pairs to which 

Newton III applies. 

2.13 Explain why Newton III applies when you press 

your hand against a brick wall, but not when you are 

holding a brick and equating the weight of the brick to 

the upward force exerted by your hand. 

2.14 A rocket has an initial mass M and its exhaust 

gases pass through a jet of effective area A with a 

uniform velocity v. If the density of the gases is d, 

calculate the minimum value of v which will allow the 

rocket to take off vertically. Calculate also the accelera- 

tion with which the rocket starts to rise, and discuss 

qualitatively how you would expect the acceleration to 

vary during the vertical ascent of the rocket. 

2.15 At the moment of lift-off a rocket has a total 

mass of 3 x 10°kg and the exhaust gases have a velocity 

of 1500ms~! relative to the rocket. Calculate the 

minimum rate, in kgs~'!, of fuel consumption as this 

rocket takes off vertically. 

2.16 An old-fashioned toy is a clockwork model of a 

steam engine. As it travels forward, a ball is shot 

vertically from the funnel at the front of the engine. 

a) If the forward speed of the toy is 2ms~! and the 

ball is ejected with a speed of 5ms~!, where would 

the ball land? You may ignore air resistance. 

b) Describe the motion of the ball as seen by an 

observer travelling on the engine and also by an 

observer standing to one side. 

2.17 A hunter takes careful aim straight at a monkey 

which is hanging from a branch of a tree. What would a 

wise monkey do: hang on or drop from the branch the 

moment it sees the flash from the gun? Explain fully. 

Would it make any difference if the monkey was level 

rather than above the hunter? ' 

2.18 Acar (mass 1000 kg) moving in a straight line at a 

steady 9ms~' is acted upon by the viscous drag of the 

air and other frictional forces, but the engine maintains 

the car’s speed by causing the driving wheels to turn 

against the frictional forces between the tyres and the 

road. The car then enters a bend with a radius of 30 m. 

Calculate the force which the car must experience in 

' order to undergo this change of direction. How does this 

force arise? 
{ 

2.19 Taking the radius of the earth to be 6400km, 

estimate the speed of a satellite travelling relatively close 
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to the earth’s surface. Assume that g = 10 Nkg~!. How 

long would this satellite take to complete the orbit? 

2.20 Asynchronous communications satellite moves in 

a circular orbit in the equatorial plane of the earth and 

remains directly above the same point on the earth at all 

times. If the radius of orbit is 42400 km, calculate the 

gravitational field strength at this distance. 

Is your answer consistent with the hypothesis that 

the mass of the earth may be considered as acting as 

though it were concentrated at a point at the earth’s 

centre so that Newton’s law of gravitational attraction 

can be applied? Take the earth’s radius to be 6400 km 

and g at its surface to be 9.8 Nkg7!. 

2.21 Car maintenance manuals specify the torque to be 

applied when the nuts on the cylinder head of a car 

engine are tightened up. Why not specify the force to be 

applied to the handle of the wrench instead? 

2.22 What determines whether a tall, massive object — 

a refrigerator, for example — slides or tips when one tries 

to push it across a rough floor? 

2.23 A light truck has a distance of 2.7 m between the 

front and the rear axles (the wheelbase). Of the weight 

of the truck 60% is supported by the front wheels. 

Where is the centre of gravity of the truck? 

2.24 A door 0.8 m wide and 2 m tall weighs 150 N. The 

two hinges, which are secured 25cm from the top and 

bottom of the door respectively, each support half its 

weight. Assuming that the centre of gravity of the door 

is at its centre, find (a) the vertical and horizontal 

components of the force exerted on the door by each of 

the hinges, and (b) the magnitude and the direction of 

the force exerted by each hinge. 

2.25 A television receiving aerial is fixed to a vertical 

mast which is itself secured to the chimney of a house by 

a bracket. The bracket is bolted to the chimney by two 

bolts, one above the other. The bolts are 25cm apart 

and the mast, which is 3 m tall, is held 15 cm away from 

the chimney by the bracket. The mast has a mass of 

2 kg. The aerial is 1 m long and has a mass of 2 kg. See 
Fig. Q2.2. 

Describe the forces (in magnitude and direction) 
exerted by each of the two bolts on the bracket. You 
may assume that the weight of the mast and aerial is 
shared equally between the two bolts and that the mass 
of the bracket is negligible. 

Unit Three 

3.1 The engine and transmission of a car deliver 50 
b.h.p. to the wheels (b.h.p. means ‘brake horsepower’, 
1.e., the actual measured power rather than a calculated 
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| 25 cm 

15 cm 

Fig. Q2.2 

value; 1b.h.p. = 0.746kW). If it is travelling along a 

level road at 144kmh~!, calculate the total wind and 

road resistance to the motion. 

3.2 A car of mass 1 tonne climbs a hill, 300m high, 

along a road 2.1 km in length. The total resistance to 

motion owing to air and road friction is on average, 

600 N. Assume that g = 9.8Nkg7!. 

a) Calculate the energy required by the car to climb the 

hill. 
b) Calculate the component, parallel to the road, of 

the average force exerted by the tyres while the car is 

climbing the hill. 

c) If the car stops on the hill, what force must be 

exerted parallel to the road to prevent the car from 

running backwards? 

d) What assumptions have you made about the hill in 

parts (b) and (c)? 

3.3 Acar and driver with a total mass of 1800 kg are 

travelling at 24ms~!. The driver sees an obstruction 

ahead, brakes sharply and strikes the obstruction at a 

speed of 8ms~!. During the collision the forward 

motion of the driver is brought to rest in 0.1s by his 

tightly fitting seat-belt. The mass of the driver himself is 

60 kg. 

a) What is the change in kinetic energy of the car 

during the braking? 

b) What happens to this energy? 

c) What is the mean acceleration of the driver during 

the impact? 

d) What force does the seat-belt exert? 

e) If the seat-belt had been fitted loosely, what 
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differences would be apparent in the motion of the 

driver? 

3.4 An archer’s bow is drawn back using a spring 

balance. Readings of the force (F) and the displacement 

(d) are: 

a) Plot a graph of these values and use it to determine 

the energy transferred to the bow when it is fully 

drawn. 

b) An arrow of mass 400g is fired with this bow. 

Calculate the maximum velocity of the arrow. 

3.5 A trolley of mass 40kg has free-running wheels 

and is initially at rest on a horizontal surface (see Fig. 

Q3.1). A light rope is attached to the trolley, passes over 

a well-oiled pulley, and its other end is tied to a mass of 

10kg. Assume that g is 10 Nkg~! and that both friction 

and the mass of the string can be neglected. 

a) What is the horizontal force on the trolley? 

b) What is the total mass in motion? 

c) What is the acceleration of the masses? 

If the trolley moves a distance of 2 m from rest: 

d) What is the potential energy transformed by the 

system? 

e) What kinetic energy is acquired by the trolley? 

f) What is the speed of the trolley? 

3.6 An alpha particle of mass (or nucleon) number 4 

travelling at 1.8 x 10’ms~!has a head-on collision with 

a gas atom. The gas atom moves forwards at 0.8 x 10’ 

ms~! and the alpha particle rebounds at 1.0 x 10’ 

ms~!. Calculate the mass or nucleon number of the 

atom. State clearly what assumption you have made 

about the collision. 

3.7 A method that can be used to determine the speed 

of a bullet is to fire the bullet into a suspended box of 

sand (see Fig. Q3.2). The bullet embeds itself in the 

Fig. 03.1 
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Fig. 03.2 

sand; the box swings to the right and rises through a 

vertical distance h as shown. Calculate the speed of the 

bullet given that its mass is 0.2 kg, the mass of the box of 

sand is 29.8 kg and A is 0.8m. Why is it not correct to 

equate the kinetic energy of the bullet to the rise of 

potential energy of the bullet and the box? 

3.8 A bullet of mass m travelling with speed v passes 

through a stationary pendulum bob of mass M and 

emerges with with speed +v. The pendulum bob is at 

the end of a string of length /. What is the minimum 

value of v such that the bob will swing through a 
complete circle? 

3.9 Two equal lumps of putty are suspended side by 

side from two long strings so that they are just touching. 

One is drawn aside so that its centre of gravity rises a 

vertical distance h. It is released and then collides 

inelastically with the other one. Calculate the vertical 

distance risen by the centre of gravity of the com- 

bination. 

3.10 When driving his car a driver regrets that, on 

applying the brakes, the kinetic energy of the car is 

mostly converted to heat and wastefully discarded. He 

invents a mechanical system which enables him to 

connect the wheels of the car through a system of gears 

to a flywheel whenever he wants to stop. As the flywheel 

accelerates it stores some of the kinetic energy lost by the 

car in slowing down. The energy in the rotating flywheel 

is then available to set the car in motion once again. 

Supposing that the mechanical difficulties could be 

overcome, is this a viable idea? To help you decide, 

calculate the mass of a suitable flywheel assuming it to 
be a disk of radius 0.5 m with a maximum speed of 3000 
revolutions per minute. Take the mass of the car to be 

1 tonne and its initial speed as 20 ms7!. 

Unit Three 

3.11 a) What are the differences between a tangential 

acceleration and a radial acceleration? 

b) Consider a point P on the rim of a flywheel 

which is rotating with constant angular 

velocity. Does P have a tangential accelera- 

tion, a radial acceleration or both? Explain. 

c) Consider the same point P if the flywheel is 

given a constant angular acceleration. Does P 

have a tangential acceleration, a _ radial 

acceleration, or both? Explain. 

3.12 A small metal block of mass 50 g is tied to a string 

about | m long. The end of the string is passed through a 

hollow cylindrical handle and a knot is tied in it so that it 

cannot slip back. The block is then swung round in a 

circle which is almost horizontal. The radius of the circle 

is 0.8m when the speed of the block is 3 radians per 

second. 

a) What is the tension in the string? 

The cord is then pulled from below so that the 

radius of the circle is reduced to 0.4m. Considering the 

block as a point mass: 

b) What is the new angular velocity? 

c) What is the change in the kinetic energy of the 
block? 

3.13 A constant-volume gas thermometer has a 

pressure of 1.50 x 10*Pa at the triple point of water. 
What is the pressure at an indicated temperature of 
373 K? 

3.14 In Joule’s experiments with a paddle wheel 

immersed in water and driven by a pair of falling 
masses, each of about 14kg, twenty successive falls of 
about 2m were arranged between each reading of the 
thermometer in the water. The total mass of water was 
about 7 kg. Estimate the temperature rise. (Specific heat 
capacity of water is 4200 Jkg-!K~!.) 

3.15 An air-gun pellet moving at 100ms~! becomes 
embedded in a massive wooden block. Estimate the rise 
in temperature of the pellet noting all the assumptions 
you make. 

3.16 Estimate the minimum velocity of the air-gun 
pellet of Question 3.15, if it is to melt on becoming 
embedded in the block. (Melting point of lead of 
328 °C.) 

3.17 Hot coffee is sealed up in a vacuum flask and 
then shaken vigorously. Assuming that the coffee is an 
isolated system, would you expect its temperature to 
rise? Explain. 

3.18 An electric kettle working at a rate of 1.5 kW is 
used to raise the temperature of 2kg of water from 
293K to the boiling point. The mass of the kettle is 
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0.5kg and its mean specific heat capacity 900 Jkg~! 

K~—!. How long will this process take? You may assume 

that 2% of the energy is wasted. 

3.19 Devise an experiment to investigate how the 

temperature change in a body to which energy is trans- 

ferred by a heater is related to the mass of the body and 

to the material of which the body is made. 

3.20 If work is done on a gas by compressing it into a 

cylinder, the temperature of the gas rises. After a time, 

the temperature falls to that of the surroundings and yet 

the compressed gas can still transfer energy by 

expanding. Where does this energy come from? 

3.21 The door of a refrigerator is left open. What 

effect will this have on the temperature of the room in 

which the refrigerator is kept? Explain. 

3.22 A ‘30 gallon’ tank containing 140 litres of water 

at 10 °C is left in the loft of a house under conditions in 

which it loses energy at an average rate of 100 W. How 

long will it take for the water temperature to reach 0 °C 

and how long after that for the water to freeze 

completely? 

The density of water changes as follows: 

Ice Water Water Water 

Temperature/K | atO°C atO°C at4°C atl0°C 

Density/kgm~? | 920.0 999.9 1000 999.7 

How will the loss of energy affect the behaviour of 

the water in the tank as it first cools and then freezes? 

The specific heat capacity of water is 4200 

Jkg-!K~'; the latent heat of fusion of ice is 330 kJ kg! 

at 273 K. 
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Some molecular data: 

6.02 x 1073 mol7! 

$3 simol= Ke 

ese 10m kee 

1.67. 1057 ke 

Avogadro constant (N,) 

Molar gas constant (R) 

Boltzmann constant (k) 

The mass of a hydrogen 

atom 

Atomic mass unit 

The mass of an oxygen 

molecule 

The mass of a nitrogen 

molecule 

1.66 x 10-*’kg 
32 x 1.66 x 10-27kg 

O85 1.665<l0ar-ks 

4.1 Estimate 

a) the number of moles in a glass of water (say 300 g). 
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b) the volume of a mole of an ideal gas at a tem- 

perature of 273 K and a pressure of 101 kPa. 

c) the total random translational kinetic energy of the 

molecules in a mole of helium at temperatures of 

300 K and 301 K and, hence, the molar heat capacity 

of helium. 

4.2 A motor car tyre is stated to be correctly inflated at 

a pressure of 261b/in*. In this system the atmospheric 

pressure is about 151b/in?, which in the S.I. is about 

10°Nm~?. 

a) What is the absolute pressure within the tyre, inS.I. 

units? 

b) A pump is full of air at normal atmospheric pressure 

and the length of the stroke is 15 cm. At what point 

in the stroke does air begin to enter this tyre? 

Assume the compression to be isothermal. 

4.3 A motor car tyre is correctly inflated to an absolute 

pressure of 2.7 x 10°Nm~*. 

a) What is the reading of a tyre gauge connected to it if 

the atmospheric pressure is 10°N m~?? 

b) If the volume of the tyre is 0.035m? and the 

temperature of the air is 20 °C, how many moles of 

air does the tyre contain? 

c) If the tyre supports one quarter of the weight of the 

car (mass 1500 kg) what area of surface of the tyre 

must be in contact with the road? 

d) If the car is driven at high speed in hot weather what 

changes will occur to the air in the tyre? What steps 

would you advise the driver to take? 

4.4 Compute a value for the r.m.s. speed of molecules 

in the air at a pressure of 10°Nm~? given that the 

density of air is 1.2kgm~°. 

A tightly-fitting cork is pulled from: a bottle of 

ammonia at the far end of a draught-free corridor. How 

does the kinetic theory of gases account for 

a) the time taken for the sound to reach the other end 

of the corridor, 

b) the time taken for the smell of the ammonia to reach 

the same point? 

Account for the wide disparity in these times. 

Would these times be increased or decreased if the 

experiment were performed in a building on a mountain 

at such a height that the pressure was reduced to one- 

half? Explain your reasoning carefully. You may assume 

that the air temperature has remained constant (velocity 

of sound in air is 340ms~'). 

4.5 How high would the atmosphere be if the density 

of the air were maintained at the value it has at s.t.p.? 

Calculate the velocity of a particle which falls from 

rest through this height assuming that no retarding 

forces act. 
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4.6 a) Plot a histogram to display the distribution of 

speed among the molecules of nitrogen at 0 °C from 

the information given in Table Q4.1 

b) Calculate the r.m.s. speed of nitrogen at this 

temperature. Does this value agree with the value 

you would expect to get by considering the graph? 

Explain. 

4.7 a) Estimate the r.m.s. speeds of oxygen and of 

hydrogen molecules at a temperature of 300K. 

b) The ‘escape’ speed, i.e., the speed at which a 

particle can escape from the gravitational field of 

the earth is 11 kms~!. Estimate the temperatures at 

which (i) a molecule of oxygen and (ii) a molecule of 

hydrogen would have sufficient energy to escape 

from the earth. Use your estimates to explain why so 

little hydrogen is to be found in the earth’s 

atmosphere. 

4.8 a) At the pumped storage system at Ffestiniog 

(see Fig. 8.4) the minimum water level in the 

reservoir is 483 m OD and the level of the pumping 

station is 182m OD. What is the minimum gauge 

pressure at the pumps (i.e., the difference between 

the absolute pressure and the atmospheric pressure) 

when water is being pumped into the reservoir? 

b) If the barometric pressure is 1013 millibars, what is 

the absolute pressure provided by the pumps? | bar 

is a meteorological unit of pressure and it is equal to 

a pressure of 10°Nm~?. 

What is the height of the mercury column in a 

barometer which is reading 1013 mb? Take g to be 

9.8Nkg~! 

c wa 

4.9 a) An ice-floe of constant thickness and derived 

from a freshwater glacier floats on sea-water with 

1 m of ice appearing above the water level. What is 

the total thickness of the ice? (The densities of ice 

and sea water in kg m~? are 920 and 1030.) 
b) An explorer with his stores (total mass 1200 kg) 

finds himself marooned on the ice-floe. He 

estimates the surface area of the flow to be 20m?. 

What is the height of the upper surface of the flow 

above the level of the water now? 

4.10 When acar is passed at speed by a large lorry ona 

motorway, the car driver senses that there is a force on 

Table Q4.1 

100- | 200- | 300- 
199 | 299 | 399 

Speed range/ 

ms! 

% of molecules 

within the 

range 
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the car towards the lorry. Explain in terms of the 

Bernoulli effect. 

4.11 a) A ball of radius r and density g, falling 

through a viscous liquid (viscosity n and density @ >) 

obeys Stokes’ law (see Section 31.6). State the forces 

acting on the ball, write down an expression for 

each and then find an equation for the terminal 

speed.of the ball. 

b) Estimate the terminal speed of a steel ball-bearing 

(radius 3mm and density 7700kgm~3) which is 

falling through a large tank of glycerol (for which 

density is 1260kgm~? and the viscosity is 1.50 

Nsm~? at the appropriate temperature). 

4.12 A patient receives a blood transfusion from a 

bottle set so that the level of the blood in it is 1.2m 

above the needle. The needle is 3 cm long and has a bore 

(diameter) of 0.4mm. Given that blood has a density of 

1020 kg m~? and a viscosity of 2.4 x 10-3 Nsm~?, at 
what rate is blood being supplied through the needle? 

4.13 a) A student is told that the air in a room is at a 

temperature of 20 °C and the air outside is at 0°C. 

The window has an area of 2 m? and the glass, which 

is 1.5mm thick, has a thermal conductivity of 1.0 

Jm~'s~!'K~!. Hecomputes the rate of loss of energy 
and finds it to be 27 kW! How did he arrive at this 

figure? Discuss whether or not this is a probable rate 
of loss of energy? 

b) When a measurement was made of the temperatures 

at the surfaces of the glass, the temperature drop 

was found to be only 0.2°C. At what rate must 

energy be supplied to the air in the room to maintain 

this temperature difference assuming that all the 

heat losses are confined to the window? Is this 

answer any more realistic than that proposed in 

part (a)? Comment. 

4.14 An aluminium window frame experiences over 
the year a range of temperature from —5 °C to 30°C. If 
its internal dimensions at 20 °C are 80cm Xx 40cm what 
are its maximum and minimum sizes? What advice 
would you offer a glazier who is to replace the glass 
during the summer? The expansivity of aluminium is 
24 x 10-®K~! and of glass is 8.5 x 10-®K~-!, 

4.15 A simple heat engine can be made by placing two 

ae 700- | 800- | 900- | 1000- 
799 899 999 1099 
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metal tanks in good thermal contact with a semi- 

conductor thermopile. This unit will generate an e.m.f. 

if subject to a temperature difference. The e.m.f. can be 

used to run a small electric motor. 

As energy is transferred from the hot tank to the 

cold tank through the thermopile, the motor will run 

and can be made to do a small amount of work (say by 

raising a small load on a thread). 

a) Why must there be good thermal contact between 

the tanks and the thermopile? 

b) Why does the motor cease to operate when the 

‘temperature of the two tanks becomes the same? 

c) Explain why the motor can be re-started by either 

adding hot water or ice to one of the tanks. 

d) If the temperature of the hot water is initially 90 °C 

while that of the cold water is 20°C calculate the 

maximum efficiency of the heat engine. Would you 

expect to find this efficiency in practice? 

4.16 Suppose | mole of an ideal gas, contained initially 

in one half of a vessel, is allowed to expand at constant 

temperature into the previously evacuated other half 

(Fig. Q4.1). A molecule can now be in either half of the 

vessel whereas before it was in the left-hand half. The 

number of possible arrangements is doubled. 

a) What is the increase in the number of ways of 

arranging all N, molecules? 

b) What is the increase in the entropy of the gas? 

c) Why is the gas overwhelmingly most likely to found 

evenly distributed in the vessel. 

4.17 A liquid will evaporate if its molecules acquire 

some energy E great enough to overcome the potential 

energy due to the attractions of neighbouring molecules. 

At moderate temperatures, E > kT, and the number of 

molecules with energy E or greater is proportional to 

e—£/kT| The energy needed to evaporate water is 2.3 
MJkg~!. Estimate the temperatures at which an 

airing cupboard should be maintained in order to dry 

clothes 10 times faster than it would at 27°C. 

What simplifying assumptions have you made in 

obtaining your estimate? 

Closely based upon a question in Cambridge 

Colleges Examination (Awards and Entrance) 1977 

partition Fig. 4.1 
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4.18 Particles may react chemically if they interact 

with an energy greater than some critical amount, E. If 

E»>kT, the number of particles with this energy is 

proportional to e~£/*7, As a rule of thumb many 

chemical reactions double in rate for each 10 °C rise in 

temperature at temperatures for which E > kT. 

a) Explain why such small increases in temperature 

’ have such a considerable effect on the rate of 

reaction. 

b) Assuming 7 = 300K initially, estimate a value for 

the ratio E/kT from the above data. 

4.19 The bar chart (Fig. Q4.2) shows the distribution 

of energy quanta with numbers of atoms for 1 kg of a 

particular solid at 300K, assuming the simple Einstein 

model developed in the text. 

Sketch similar bar charts to show the distribution of 

energy quanta with numbers of atoms for 

a) 2kg of the same solid at 300 K 

b) 1 kg of the same solid at 100 K 

c) 2kg of the same solid at 600 K 

4.20 A 3.5m length of aluminium wire of diameter 

2.4mm was suspended from a beam with a load of 20 N 

hanging from it in order to keep the wire taut. A scale 

was set up so that the position of the 3m mark on the 

wire could be kept under observation and the wire was 

then loaded up. The following readings were obtained: 

Additional 0 40 100 160 220 280 340 350 355 

load/N 

Scale 28.29 28.67 29.23 29.80 30.37 30.95 31.52 31.95 32.35 

reading/mm 

a) Plot a suitable graph and describe the behaviour of 

the wire during the process of loading. 

b) Fearing that he had over-loaded the wire, the experi- 

menter removed the additional load (355N) and 

found that the 3m mark was now alongside the 

28.90mm mark on the scale. Discuss what had 

happened. 

c) Use your graph to find: (i) Young modulus for 

aluminium; and (ii) the elastic limit for aluminium. 

Fig. 04.2 p 
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4.21 a) Two wires, one of steel and one of brass, each 

3m long and with cross-sectional area 0.20 x 10~° 
m’, are used to support masses of 5kg. By how 

much will each wire stretch? The Young modulus 

for steel is 200 x 10?Nm-~? and for brass is 100 x 
10° Nim: 

b) If the two wires are then joined end to end, what . 

load will produce a total extension of 0.02 m? 

4.22 The elastic limit of a steel cable used in a lift or 

elevator is 200 x 10°N m~?. If the stress is not to exceed 
25% of this figure what is the maximum upward 

acceleration which can be given to the car of total mass 

1000 kg? The cable has a cross-sectional area of 3 cm. 

4.23 A steel rod is used to secure a vessel to a motor so 

that the vessel and its contents can be whirled around in 

a horizontal circle. The rod has a cross sectional area of 

1.5 cm? and the stress must not exceed 25% of the elastic 

limit for the steel (200 x 10°Nm-~?). What is the 
maximum speed of rotation which can be reached safely 

if the total mass of the vessel is 0.5 kg and the centre of 

mass of the system is 20cm from the axis of rotation? 

4.24 The tensile strength of a material depends not 

only upon the nature of the material but also upon its 

cross-sectional area. 

The legs of animals have sufficient strength to 

withstand the weight of the animal. 

Use these facts to explain why the legs of a mouse 

are relatively much thinner than the legs of an elephant. 

An explorer of the planet Jupiter reports seeing ant- 

like creatures 1m high. Would you accept this? Give a 

reason for your answer. 

4.25 The linear dimensions of a simple pendulum 

made up of a spherical bob and a steel wire are scaled up 

by a factor of three. By what factor do each of the 

following change 

a) the volume of the bob, 

b) the mass of the bob, 

c) the surface area of the bob, 

d) the volume of the wire, 

e) the mass of the wire, 

f) the surface area of the wire, 

g) the tensile strength of the wire, 

h) the period of the pendulum? 

4.26 The wire supporting the bob of Question 4.25 will 

be stretched. What change will occur in the stretch of 

the wire when the pendulum is scaled up by the factor of 

37.(E. = 200 x 10? Nine?) 

4.27 Figure Q4.3 shows the unit cell of a face centred 

cubic crystal, each sphere representing an atom. See also 

Figs. 14.7 and 14.8. 

If the radius of each sphere is r find: 

Unit Four 

a) The length of the side of the unit cell (a). 

b) The volume of the unit cell. 
c) How many atoms constitute the unit cell shown best 

in Fig. 14.8? 
d). How many corner atoms in the unit cell? 

e) How many face atoms? 
f) Among how many unit cells is one corner atom 

shared? 

g) Among how many unit cells is one face atom 

shared? 

h) How many corner and how many face atoms may be 

thought of as belonging to a single unit cell? This is 

the number of effective atoms in the cell. 

i) What is the total volume of the effective atoms in a 

cell? 

j) What is the ratio of the volume of the effective 

atoms in a unit cell to the volume of the cell? This is 

the atomic packing factor for a face centred cubic 

structure. 

4.28 Copper has a f.c.c. structure (c.f. Question 4.27) 

and an atom radius of 0.1278 nm. 

a) What is the length of side of a unit cell of copper? 

b) How many atoms per unit cell? 

c) Given that the molar mass of copper is 0.0635 kg, 

find the density of copper. 

4.29 X-rays with a wavelength of 0.58 x 10~!°m were 
used to investigate the structure of a crystal. Reflections 

were observed at angles of 6.45°, 9.15° and 13.0°. What 

interplanar spacings do these angles represent? Comment 

on your answers. 

4.30 a) Sap can obviously climb to the top of a tree. 

Giant redwoods reach to heights of 100m or even 

more. Estimate the diameter of the capillaries in the 

wood on the assumption that surface tension 
provides an explanation for the rise. You may 

assume that the surface tension is the same as that of 

water, and that the angle of contact is zero. 

b) The diameter of the smallest capillaries is, in fact, in 

the order of 0.01 mm. Comment on the reasonable- 

ness or otherwise of the assumption suggested. 

c) What is the minimum pressure that has to be 
generated in order for the sap to reach the top of the 
100 m high tree? 

Fig. 04.3 
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4.31 A film of soap solution (y = 25 x 10-3Nm-~!) is 
formed across the end of a glass tube which is 0.5 cm in 

internal diameter. Calculate the excess pressures 

required to blow the film into bubbles of diameters 1, 2, 

4, 6, 8, 10cm. Plot a suitable graph to display your 

results and describe how the pressure changes during the 

process. Use your graph to describe what you would 

expect to see if a bubble of diameter 10cm was 

connected to a bubble of 5 cm diameter. 

4.32 

Young Tensile | Compressive 

modulus/ _ strength/ strength/ 

102: Nims 701 OGN niaaeseee 106 Nii? 

Aluminium 70 100 100 

Wood across the 

grain 0.6 — — 

Wood along the 

grain fe: 18 15 

a) The table shows that the Young modulus for wood 
across the grain is less than that along the grain. In 

which direction is it easiest to stretch timber? 

Explain. 

b) What light does this throw on the construction of 

plywood, which is essentially a sandwich of thin 

sheets of wood arranged so that alternate layers 

have their grain directions at right angles? 

c) Would you expect the tensile strength (i.e., the 

stress at which the wood will break) across the grain 

to be larger, smaller or about the same as the tensile 

strength along the grain? Explain. 

d) Why do the tensile and compressive strengths of 

aluminium have the same values whereas those for 

wood do not? 

4.33 The average male has a mass of 70kg and the 

minimum cross-sectional area of the bone in each leg is 

approximately 5.0 x 10-4m?. The compressive breaking 

stress of bone is approximately 1.0 x 107N Ma: 

a) Assuming that a man is standing with his weight 

equally shared by each leg, calculate (i) the 

maximum stress in his leg bones, (ii) the ratio 

(maximum stress in bones)/(breaking stress). 

b) Now suppose that all the linear dimensions of the 

human body are increased by a factor of nine. (i) 

What is the new value of the ratio found in (a)(ii)? 

Show and explain how you reach your answer. (ii) 

Explain what would happen to this ‘giant’ if he 

attempted to chase a normal human being. 

Oxford and Cambridge Schools Examinations Board 

Nuffield A-level Physics (1980) 
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5.1 a) Calculate the frequency of sound waves that 

travel through air with a speed of 330ms~! and a 

wavelength of 0.30 m. 

b) If these sound waves enter another medium in which 

their wavelength is found to be 0.20 m, calculate the 

/ speed of the sound waves in this second medium. 

5.2 Place the following waves (a) in order of wave- 

length and (b) in order of frequency, in each case 

starting with the largest. 
Waves: light, sound corresponding to normal speech, 

gamma rays, VHF radio, infrared, water waves 

produced by an incoming tide. 

5.3 Explain the meaning behind the following state- 

ment: ‘If it were not for diffraction, the Young’s double 

slit method of producing interference patterns would 

not work!’ 

5.4 The map (Fig. Q5.1) shows part of a coastline, 

with two land-based radio navigation stations A and B. 

Both stations transmit continuous sinusoidal radio 

waves with the same amplitude and wavelength (200 m). 

A ship X, midway between A and B, detects a signal 

whose amplitude is twice that of either station alone. 

a) What can be said about the signals from A and B? 

b) The ship X travels to a new position by sailing 100 m 

in the direction shown by the arrow. What signal 

will it now detect? Explain this. 

c) A ship Y also starts at a position equidistant from A 

and B and travels in the direction shown by the 

arrow. Exactly the same changes to the signal re- 

ceived were observed as in the case of ship X in (b). 

Explain whether Y has sailed 100m, more than 100m, 

or less than 100m. 

Oxford and Cambridge Examinations Schools Board 

Nuffield A-level Physics (1972) 

sie 
50 km 

Fig. Q5.1 
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5.5 The following passage describes the setting up of 

three different interference patterns. Explain and 

comment on why the particular arrangements are 

essential in each case. 

a) An interference pattern in a ripple-tank can be 

clearly observed using a pair of sources (mechanical 

dippers) about 5 cm apart. A barrier containing two 

slits 5cm apart does also produce an interference 

pattern when a plane wave falls on it, but the 

pattern is by no means clear. 

b) An interference patiern using sound waves can be 

readily observed using two loudspeakers, about half 

a metre apart, connected in parallel to a signal 

generator set at a frequency of about 2kHz. One 

loudspeaker placed behind a barrier containing two 

slits will not be successful in producing an inter- 

ference pattern. 

c) An interference pattern using light can only be 

observed if a narrow source is placed some distance 

(one or two metres) behind two slits less than a 

millimetre apart. Two separate sources of light 

never seem to produce an interference pattern. 

5.6 A heavy rope, whose mass per unit length is 0.1 kg 

per metre, is stretched nearly horizontally with a tension 

of 40N. What is the speed at which a transverse 

sinusoidal wave will travel along the rope? 

If this rope is hanging freely and vertically from a 

fixed support, and a tranverse wave-pulse is sent up the 

rope from the bottom end, will the pulse travel at 

constant speed? Explain your answer. 

5.7 The top string (E) of a steel-string guitar is tuned to 

vibrate, in its fundamental mode, at a frequency of 

330 Hz. The length of the string is 64 cm. If the mass per 

unit length of the string is 0.5gm~', calculate the 
tension (in newtons) needed to make it vibrate at this 

pitch. You may need to refer to Section 20.2 (on 

stationary waves) and to Section 17.2 (speed of waves 

on a stretched string). 

5.8 Here is an idealized sketch of a pulse travelling 

along a taut, narrow spring from left to right at a speed 

of 0.5ms~! (Fig. QS5.2). 

a) Sketch a graph of the velocity of point D against 

0.5 ms~! 

Spring extends along 
way beyond here 

Fig. 05.2 
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time, taking the time at the instant shown in the 

sketch as ¢ = 0. Marka suitable scale, with units, on 

both axes. 

b) Indicate the place on your graph where point D has 

a large acceleration and the place where it has a 

large deceleration. 

c) Use the answer to (b) to say why the sketch and your 

graph cannot represent exactly what happens to a 

real spring. 

Oxford and Cambridge Schools Examinations Board 
Nuffield A-level Physics (1971) 

5.9 The expression for the speed of longitudinal waves 

along arod or wire of elastic material, derived in Section 

17.4 can be used to find the speed of longitudinal waves 

along a ‘column’ of gas enclosed in a tube if, instead of 

the Young modulus, E (which is applicable only to solid 

materials), one substitutes the bulk modulus of elasticity 

of the gas. Given that the bulk modulus for air is about 

1.4 x 105Nm~2, and the density about 1.25 kgm~}, at 
ordinary room temperature, estimate the length of a 

pipe which, open at both ends, will have a fundamental 

frequency of 260Hz (about middle C). (The 

fundamental mode of oscillation of the air-column in a 

pipe open at both ends occurs when the length of the 

pipe is approximately equal to half the wavelength of the 

stationary wave.) 

5.10 A particular slinky spring has an unstretched 

length of 0.10 m and a total mass of 0.30 kg. The spring 

is stretched until it it 5.0m long, when the tension in the 

spring is measured to be 1.0N. 

a) Calculate the speed of a small transverse pulse 

travelling along the spring. 

b) The length of the spring is now doubled to 10.0m. 

Assuming the spring obeys Hooke’s law over this 

range of extension, calculate the speed of a small 

transverse pulse travelling along the longer spring. 

c) From the result calculated in (b), explain carefully 

why the time taken for a transverse pulse to travel 

along a slinky spring is almost independent of its 

length. Under what circumstances is this not true? 

5.11 A friend says to you that he cannot see the point 

in saying that light consists of waves. ‘After all’, he says, 

‘the obvious facts that light travels in straight lines, that 

it is reflected and that it changes direction if its speed 

changes are very easily explained by thinking of light as 

a stream of particles. The only thing you have shown me 

that you say requires waves to explain it is when light 

passes through two slits so close together it takes a 

microscope to see them — and then you had to spend 

more time explaining why the experiment didn’t work 

too well than you did anything else!’ Try to explain 

convincingly to your friend: 
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a) That all his observations are in fact better explained 

using a wave model. 

b) How only the wave model has enabled us to obtain 

an adequate understanding of things like colour, 

polarization and the similarities between all the 

members of the electromagnetic spectrum. 

5.12 Plane waves travelling over the surface of water in 

a ripple-tank are ‘frozen’ using a stroboscope and the 

separation between one wave front (counted as ‘0’) and 

the tenth ahead of it is found to be 15cm. Using the 

same stroboscope, the frequency of vibration of the 

wave source is measured to be 14 Hz. 

a) Calculate the speed of the waves in the ripple tank. 

b) The waves now pass over a shallow region in the 

tank (produced by placing a glass plate in the 

bottom of the tank) (Fig. Q5.3). In this region the 

wave fronts are found‘to be 1.0cm apart. What is 

the speed of the waves in the shallow region of the 

tank? 
Waves approach the shallow region so that the wave 

direction in the deeper region makes an angle of 30° 

to the normal to the line separating shallow and 

deep regions. What angle does the wave direction in 

the shallower region make with this line? 

d) Suppose the waves are generated in the shallow 

region and cross the boundary into the deeper 

region. What is the maximum angle the wave 

direction can make with the normal to the line 

separating deep and shallow regions, if waves are to 

enter the deeper part? 

The angle you have found in (d) is called the critical 

angle. What will happen to the waves if the angle 

between their direction and the normal to the 

dividing line is greater than the critical angle? Find 

out how this phenomenon enables ‘light pipes’ to be 

constructed which will pass light with little loss 

down fine glass fibres. This has led to a new branch 

of optics called fibre optics. 

c ~ 

e ~S 

5.13 a) Figure 18.1b shows a record of earthquake 

waves received at Cambridge, Massachusetts. The 

Fig. Q5.3 
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speed of the first waves to arrive (P-waves) is given 

by the expression v, = VE/o, while that of the 

second or S-waves is given by vg = Vu/@ . Using the 

data given below estimate a value for the distance of 

the earthquake epicentre from the receiving station. 

(The average density of rocks on the earth’s surface 

(e) is 2.9 x 10?kgm~?. The elastic modulus 
‘E = 9.4 x 10!°Nm~? while the rigidity modulus, 
p= 3.16.10. Nim a2.) 

b) Other measurements suggest that the epicentre was 

in fact very much farther away than the distance 

calculated in (a). Remembering that these earth- 

quake waves have passed through the earth, suggest 

an explanation for the difference between the 

observed and calculated results. 
c) If the epicentre had been on the opposite side of the 

earth, experience shows that no S-waves would have 

been detected. Explain why evidence such as this 

suggests that the earth has a liquid core. 

5.14 Light and X-rays are both said to be electro- 

magnetic waves. 

a) What kind of experimental results suggest that both 

are wave motions? 
b) What arguments, based on experimental results, can 

you give to suggest that they have very different 

wavelengths? 

c) Mention any evidence that might suggest that light 

and X-rays are the same kind of radiation. 

Oxford and Cambridge Schools Examinations Board 

Nuffield A-level Physics (1970) 

5.15 Here are two phenomena you may have observed, 

or perhaps you will observe one day, which you should 

try to explain by applying your understanding of what 

happens when waves pass the edge of a barrier or go 

through an aperture. 

a) Suppose a band of musicians is playing in the main 

street in a town and you are in a side street, so 

placed that you can hear the music but cannot see 

the band. The sound will seem muffled, and the 

most prominent sound is likely to be that of the bass 

drum, and other low-pitched instruments. You may 

not hear the high-pitched piccolos at all until you 

are actually in sight of the band. 

b) When the doors of a concert hall are left open, a 

person outside and some distance away from the 

hall hears the bass notes much more clearly than the 

treble notes. 

5.16 The speed of sound in air can be measured by 

means of the apparatus sketched in Fig. Q5.4. The loud- 

speaker, L, is fed with the signal from an audio signal 

generator so that the diaphragm vibrates at a constant 

frequency. Fine dust (for instance, lycopodium powder) 
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Fig. 05.4 

is put in the tube. This dust is whipped up in places 

where the air is vibrating strongly, and the small whirls 

of dust locate the antinodes of the longitudinal 

stationary wave which is set up when the tube is tuned to 

resonate at the frequency of the loudspeaker by 

adjusting the position of the piston, P. 

Suppose that, in a particular experiment, the anti- 

nodes are as shown in the diagram. The distance d is 

found to be 1.65m when the frequency is 500 Hz. 

Calculate the speed of travelling sound waves in air from 

this information. 

5.17 In an experiment designed to illustrate the inter- 

ference of sound, two loudspeakers were placed 

outdoors 0.25m apart and connected in parallel to a 

signal generator, set to a frequency of 600 Hz. 

a) What is the significance in placing the loudspeakers 

outdoors? 
b) Unfortunately no interference maxima or minima 

were detected. Describe two changes that could be 

made to this arrangement in order that interference 

maxima might be detected. 

c) For each of these changes, give the quantitative 

details necessary to ensure that the listeners can pick 

up at least five interference maxima. 

d) On another occasion the same experiment was set 

up to ensure that maxima and minima were heard, 

but this time the point midway between the speakers 

was found to be a minimum instead of a maximum. 

Explain how this could have come about. 

5.18 A white light source is placed behind a narrow slit 

2.0m from a double slit system. The double slits are 

separated by 0.40 mm. Light passes through the double 

slits and falls on a screen a further 2.0 m away. Six light 

and dark bands are observed on the screen each 

separated from its neighbour by 2.5mm. 

a) Calculate the average wavelength of the light. 

b) Why is the word ‘average’ used in (a)? 

If a red filter is placed across the light source, many 

more bright and dark lines are observed. However, 

removing the narrow slit from in front of the lamp 

causes the interference pattern to vanish. 

c) Explain why placing a red filter across the light 

source enables many more bright and dark lines to 

be seen. 

d) Explain why the removal of the first, single slit from 

in front of the light source causes the pattern to 

vanish. 
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5.19 a) If a receiver of 3cm electromagnetic waves is 

arranged so that its dipole is in the same plane, but 

at right angles to the direction of the transmitting 

dipole, no radiation is picked up, although the 

transmitter is working normally. Why is this? 

b) If a grid of parallel wires is placed between the 

transmitter and the receiver so that the plane of 

wires is parallel to the plane containing the trans- 

mitting and receiving dipoles, a signal may be 

picked up by the receiver. This signal reaches a 

maximum if the wires are at an angle of 45° to the 

direction of the transmitting and receiving dipoles. 

Explain why this is so and show that the maximum 

intensity of the received signal is approximately one 

quarter of that which will be picked up by the 

receiver when its dipole is parallel to the 

transmitting dipole. 

5.20 Calcite is a crystalline form of calcium carbonate. 

Large crystals transparent to light are easily obtainable. 

If a black dot is made on a sheet of paper and a crystal 

placed over it, the dot will seem to have become two. If 

the crystal is rotated, one dot will appear to revolve 

round the other. 

If instead of looking at the dot directly though the 

crystal, a piece of polaroid film is placed between the 

crystal and the eye and the crystal rotated, each dot will 

seem periodically to disappear from view. During each 

complete revolution each image of the dot disappears 

twice, alternately with the other. 

Using a diagram of the wave fronts passing 

through the crystal, try to explain these observations in 

as much detail as you can. If possible repeat the 

observations for yourself. 

5.21 Two transmitting aerials A and B, 200 m apart are 

radiating equal powers at the same frequency of 

100 MHz. A straight road running parallel to AB passes 

within 4 km of A and B at its nearest point 0. The signal 

power received in a car travelling along the road is found 

to fluctuate in intensity at a frequency of 0.4Hz 

when passing 0. 

Explain this and calculate the speed of the car. 

The Colleges of Oxford Joint 
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5.22 Each of the sketches in Fig. Q5.5 represents a 
frictioniess track made up of straight sections, upon 
which a particle can slide. At the junctions between the 
straight portions the angle can be imagined to be 
‘radiused’, but the curved bits can be assumed negligibly 
small compared with the straight bits. 

Sketch the velocity-time graph for a_ particle 
released from the right-hand end of each track. Take 
velocities to the right as positive, and velocities to the 
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Fig. Q5.5 

left as negative. 

It should become quite clear to you, after doing 

this, that only a track without discontinuities can give 

rise to a velocity-time graph without discontinuities. 

5.23 Figure Q5.6 shows one cycle of the motion of a 

simple harmonic oscillator. Using the arbitrary time- 

scale, answer the following questions. 

a) At what times is the speed zero? 

b) At what times is the speed greatest? 

c) At what times is the acceleration zero? 

d) At what times is the acceleration greatest? 

e) At what times do you estimate the speed will be half 

its maximum value? 

5.24 A trolley of mass 0.80 kg is attached to a pair of 

supports by two springs, and it is set into oscillation 

between them. Describe as quantitatively as possible 

what changes will take place in (i) the period, (ii) the 

total energy, and (iii) the amplitude of the oscillation if 

another mass of 0.80 kg is dopped on to and sticks to the 

trolley; 

a) when the trolley is momentarily at rest at one end of 

its travel 
b) when the trolley is passing through its normal rest 

position. 

You should ignore the effect of friction on the motion. 

The combined spring constant of the springs is 10 

Nm_~!, and the initial amplitude of the motion is 10cm. 

Fig. 05.6 
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5.25 If the amplitude of a simple harmonic oscillator is 

halved, what change, if any, occurs in: 

a) the period, 

b) the maximum velocity, 

c) the total energy, 

d) the maximum acceleration? 

5.26 A simple harmonic oscillator moves from its 

central equilibrium position to its maximum displace- 

ment of 5cm ina time of 1 second. Calculate: 

a) the period, 

b) the angular frequency, w, 

c) the maximum velocity, 

d) the maximum acceleration. 

5.27 An object whose mass is 2 kg is attached to the 
lower end of a spring and held at rest in such a position 

that the spring is straight but, as yet, unstretched. When 

released from this position the object oscillates vertically 

up and down with an amplitude of 30cm about the 

equilibrium position (in which it finally comes to rest). 

To answer the following questions, neglect damping, 

and use the principle of conservation of energy. 

a) Calculate the amount of gravitational potential 

energy lost by the object when it descends from its 

initial position to the equilibrium position. 

b) Calculate the increase in elastic potential energy 

stored in the spring during the same descent. 

c) Account for the difference between the amounts of 

energy in (a) and (b). 

d) What is the total energy of the oscillator? 

5.28 In this exercise you will plot a sequence of four 

wave-profiles, each with an amplitude of lcm, on a 

sheet of graph paper. 

In Section 19.10 it was explained that a travelling 

sinusoidal wave can be described by the expression 

y= acoso t ae +) 

Suppose we have such a wave whose amplitude is 1 cm, 

wavelength 2 cm, and frequency 0.25 s. 

a) Calculate the transverse displacement, y, at time 

t = 0, for values of x in the range x = Otox = 4cm, 

increasing by intervals of 0.25cm. Plot these 

displacements against x near the top of a sheet of 

graph paper. 

b) Repeat the calculations for the same values of x but 

at times ¢ = 0.5s, 1s, and 2s. Plot the three wave- 

profiles below the previous one. 

c) Use the graphs to verify the relationship: frequency 

x wavelength = wave velocity. 
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d) Describe (but do not draw) in what way the results 

would be different if the expression for displacement 

y= apcosa( r++ ) 

were used instead. 

5.29 A trolley of mass 0.8 kg is held in equilibrium 

between two fixed supports by identical springs (S, and 

S,) as shown in Fig. Q5.7; each spring has an extension 

of 0.10 m. 

In Fig. Q5S.8 the trolley is shown moved to the right a 

distance of 0.05 m. 

The relation between force (F) in newton and the 

extension (x) in metre for each spring is given by F = 20x. 

a) What is the change in force exerted by spring S, 

caused by moving the trolley to the right as shown in 

Fig. Q5.8? 

b) If the trolley is now released what will be the 

magnitudes of: 

(i) the resultant force acting on the trolley at the 

moment of release? 

(ii) the initial acceleration of the trolley? 

c) Showing the steps in your calculation, determine the 

total energy stored in S, and S, when the springs are 

stretched: (i) as in Fig. Q5.7; (ii) as in Fig. Q5.8. 

d) What is the kinetic energy of the trolley as it passes 

through the equilibrium position? 
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5.30 Any experienced walker knows that the style of 

walking which uses the least energy concerns choosing 

the correct rhythm of leg movements, and thinking 

always of swinging one’s leg from the hip. Sit on the 

edge of a table or other surface which is high enough for 

you to dangle one leg freely. Let it swing like a 

pendulum, from the hip: ideally get someone else to 

keep your leg swinging by repeated light pushes while 

you keep your leg completely relaxed. Note the approxi- 

mate period of swing. Why, do you think, is it a good 

idea to move your legs with this rhythm when walking? 

Do you walk this way? 
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5.31 A simple pendulum can be forced into oscillation 

by moving its point of support very slightly back and 

forth horizontally with a regular rhythm. 

Describe how you would expect the pendulum to 

behave when the frequency of the movement of the 

support is varied from a low to a high value. Consider, 

in your discussion, the frequency, amplitude, and 

relative phase, of the motions of the support and the 

pendulum bob. You can get a feel for the situation by 

tying a small heavy object to a length of cotton (about 

30cm is suitable) and using your hand as the support. 

How is it possible, in this situation, for the 

pendulum to oscillate at frequencies which are different 

from its natural frequency? 

5.32 Figure Q5.9 shows a massive rectangular box, 

which can be assumed to be perfectly rigid, supported 

on four similar springs. How many modes of vibration 

are possible in this system? The mode that probably first 

comes to mind is the one in which the box simply bobs 

up and down, all springs being compressed simul- 

taneously and relaxed simultaneously. But the box can 

also oscillate in a pitching mode, with springs A and B 

being compressed while C and D are being relaxed, and 

vice versa. What other modes do you think are possible? 

Attempt to complete a table on the lines suggested 

below. 

What the springs are doing 

at one instant 

Description of mode 

Bobbing 

Pitching 
All being compressed 

Compressed Relaxed 

5.33 This can be done as a home experiment or, alter- 

natively, reasoned out in your imagination. 

Two exactly similar simple pendulums are set up 

side by side and linked, not far from the top, by a light 

rigid strut (a straw, or thin strip of wood, for example). 

The system has two distinct normal modes of oscillation 

(i.e., modes in which each pendulum oscillates with 

simple harmonic motion of constant amplitude, if one 
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neglects damping). What are these normal modes? How 
does the frequency of each normal mode depend upon 
the length / and the distance a? 

If one of the pendulums is stationary and the other 

is drawn aside and released, what is the subsequent 

motion of the system? Illustrate your answer by sketch- 

graphs of displacement and time. 

(Note: The motion of the two pendulums is 

assumed to be entirely in one plane: the plane of the 

diagram in Fig. Q5.10.) 

5.34 a) A 440 Hz tuning fork is held over the end of a 

long narrow vertical tube filled with water. A tap at 

the bottom allows water to flow slowly out of the 

tube. A sound of loud intensity is heard when the 

water level reaches 19cm and 58 cm from the top of 

the tube. 

Explain why the loud sound occurs and calcu- 

late a value for the speed of sound. 

b) A loudspeaker whose aperture is approximately 

twice as wide as the tube, is connected to a signal 

generator to produce a note of the same frequency 

as the tuning fork. The loudspeaker is mounted 

about Icm above the top of the tube. The 

experiment is repeated. As the water level falls the 

sound heard falls to a minimum as the water level 

reaches 19cm and 58cm from the top of the tube. 

Suggest a reason for this. 

5.35 The frequency of the note emitted by a wire under 

tension is that corresponding to the longest wavelength 

standing wave that can be set up on the wire. The wave 

speed is given by V(tension/mass per unit length). A 

violin carries four such wires, or ‘strings’, which are 

tuned in fifths - that is to say, the frequency of each is 

50% higher than the string immediately below it in 

pitch. 
Suppose that the tension of all four strings is the 

same and that they are all made of the same material. If 

Fig. 05.10 
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the diameter of the string of lowest pitch is 0.80mm, 

what is the diameter of the other three strings? 

If you can, compare your answers with the 

diameters found in practice. 

5.36 Engineers have a long narrow flat-bottomed 

tank, containing water to a depth d of 1.6m, in which 

they want to test the effects of waves on a new 18 m boat 
of the type rowed by eight oarsmen and with a cox. 

A side view of the boat in the tank might look as 

shown in Fig. QS5.11. 

a) (i) Sketch a situation in which the wavelength of 

the waves is such as to put the greatest strain on 

the boat. Explain your choice of wavelength. 

(ii) What is the approximate wavelength of the 

waves you have chosen? 

b) If the speed of the waves c is given by c = V(gd) , 

calculate the frequency at which the wave generator 

would have to operate in order to make the waves 

you chose in (a) (i). 

c) To test the effect of standing waves on the boat the 

engineers placed barriers in the tank and obtained a 

standing wave as shown in Fig. Q5.12. Now sketch 

what the standing wave would have been like if the 

depth of water had varied as shown in Fig. Q5.13. 

Why have you drawn it this way? 
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5.37 Two identical loudspeakers were connected to a 

signal generator and a sound-level meter, calibrated in 

decibels (dB), was placed some distance away and at a 

point midway between them. The sound level meter 

- recorded a reading of 66 dB. 

One loudspeaker was then disconnected from the 

signal generator and the sound level meter now recorded 

a reading of 60 dB. 

i 

Fig. Q5.11 

Fig. Q5.12 

Fig. Q5.13 
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a) Calculate the change in sound intensity which was 

brought about by disconnecting one loudspeaker. 

b) A cathode ray oscilloscope connected to a micro- 

phone indicated that the amplitude of the sound was 

halved when one loudspeaker was disconnected. 

Compare this result with that found in part (a) and 

explain the difference. 

5.38 A diffraction grating, 25 mm wide, is ruled with 

5000 lines. When it is set up in a spectrometer to 

examine light from a sodium lamp, the bright yellow 

part of the spectrum is seen clearly to consist of 

two closely spaced lines. Yet if the same grating is held 

up to the eye to observe the sodium lamp, the two lines 

appear as one. 

Explain these observations, supporting your 

explanation with appropriate calculations. (The wave- 

lengths of the two lines are 589.0 nm and 589.6 nm; the 

diameter of the pupil of the eye is about 3 mm.) 

5.39 Spectacular claims have been made for the ability 

of ‘spy’ satellites to record details on the earth’s surface. 

Let us assume that such a satellite is in a circular orbit 

100 km above the earth’s surface. 

a) What diameter lens would a camera on the satellite 

need in order to resolve the details of a car number- 

plate? (Assume )j;.4, = 500 nm.) 

b) Would an astronaut using a normal 35mm film 

camera with a lens diameter of 2cm be able to 

resolve two houses 50m apart on the earth’s 

surface? 

c) Give one advantage and one disadvantage of using 

infrared light instead of visible light for earth 

surveillance from such a satellite. 

5.40 Some diffraction gratings are ruled so that their 

surfaces take up the profile found in Fig. Q5.14. 
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a) When light is transmitted by such a grating, the 

diffracted light tends to be concentrated into one or 

two orders on one side of the central maximum. 

Explain why the profile of the grating makes this so. 

b) What advantage could be offered by such a grating? 

c) If red light of wavelength 650nm forms a second 

order interference maximum at an angle of 60° to 

the direction of the incident light, calculate the 

separation between adjacent slits in the grating. 

d) Draw a diagram to show how such a grating can be 

used as a reflection grating, reflecting the incident 

light from its surface. 

e) Under what circumstances might it be helpful to use 

a reflection grating rather than a transmission 
grating? 

5.41 a) The largest optical telescope so far built has an 

aperture of 5.0m..Can such a telescope resolve two 

stars 10 light-years apart in our nearest-neighbour 
galaxy - the one in Andromeda - into separate 
sources? (The Andromeda galaxy is 1.5 x 10° light- 
years from the earth.) 

b) It has been suggested that there would be great 
advantage for astronomy if a large optical telescope 
could be mounted on an orbiting space laboratory. 
In view of the difficulty in making and mounting the 
mirror of the present 5.0m telescope on Mt. 
Palomar it seems unlikely that such a telescope 
could have so large an aperture. What then can be 
the advantages? (1 light-year = distance travelled 
by light in one year, i.e., 9.5 x 10!5 m.) 

5.42 A narrow parallel beam of light of wavelength, 
5.0 x 10~’m falls normally on to a diffraction grating 
(12.5 x 10~’m spacing): Diffracted beams are observed 
on the other side of the grating from the light source. 
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a) Calculate the angle between the first-order 

diffracted beam and a line perpendicular to the 

grating. Show how you arrive at your answer. 

b) Calculate the angle between the second-order 

diffracted beam and a line perpendicular to the 

grating. Show how you arrive at your answer. 

c) Explain why no third and subsequent orders of 

interference are produced when the grating is set up 

as described above. 

d) A third-order diffracted beam can be produced by 

tilting the grating so that the incident beam is no 

longer normal to the grating. Copy and complete 

the diagram (Fig. Q5.15) and add whatever further 

written explanation is necessary to explain how the 

tilted grating can produce a third-order diffracted 

beam. 
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5.43 A parallel beam of red light of wavelength 

6.0 x 10-7m falls normally on the double slits shown in 

Fig. Q5.16 (which is not drawn to scale). 

The graph (Fig. Q5.17) shows how the amplitude of 

the transmitted light varies with the angle 0. 

a) Sketch a graph to show the way the amplitude 

would vary with angle 6 if one of the slits was 

covered up. 
b) Use the graph in Fig. Q5.17 to calculate the width of 

each single slit in Fig. Q5.16. Explain how you make 

your calculations. 

c) Sketch a graph to show how the amplitude 

would vary with the angle 6 if the central section X 

were removed from the double slit to make a single 

slit. 

Oxford and Cambridge Schools Examinations Board 
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5.44 When infrared radiation is passed through 

hydrogen chloride gas it is found that radiation of 

wavelength 3.3 x 10~°m is strongly absorbed. 

Hydrogen chloride gas consists of molecules each 

composed of a hydrogen atom attached to a much more 

massive chlorine atom. The hydrogen atom behaves like 

a mass on the end of a spring. 

a) Explain why radiation of one particular wavelength 

is strongly absorbed by the gas. 

b) What becomes of the energy absorbed from the 

radiation? 

c) Estimate a value for the spring constant of the bond 

joining the hydrogen and chlorine atoms. 
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6.1 a) Acertain American electric toaster has a power- 
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rating of 1 kW and is designed to work on a 110 V 

supply (as in the USA and Canada). It is brought by 

a visitor to Britain who fits it with a 13 A fused plug 

and connects it to the 240 V mains. Discuss whether 

the toaster can be expected to work satisfactorily or 

not. If not, what will be the consequences? 

b) A British electric kettle, rated at 2.75kW and 

, designed for use on the 240 V mains is taken to the 

USA and plugged into the mains there. Discuss 

whether the kettle will work satisfactorily in this 

situation. 

Suppose you are arranging strings of electric lamps 

to provide lighting for a garden party at night. 

Calculate how many 240V 60W lamps you can 

safely connect to the 240V mains using a plug 

containing a 13 A fuse. 

d) A British fast-boiling kettle, rated at 2.75 kW, is 

found on a certain day to take 4min 40s to heat 

2 litres of water (mass: 2kg) from 15 °C to boiling 

point (100°C). Assuming that the kettle actually is 

working at its rated power, calculate the percentage 

of electrical energy which is converted into heat to 

boil the water. (It takes 4200 J to raise the tempera- 

ture of 1 kg of water by 1 °C.) 

c — 

6.2 a) Given three resistors, each 1.2 kQ, what values 

of resistance can you obtain by using them in 

combination, either two of them, or all three 

together? You may connect them together any way 

you wish. Sketch each combination and label it with 

its overall resistance. 
b) For a particular function, in a certain electronic 

circuit, a resistance of exactly 100Q is required. 

Suppose you have a carbon resistor marked with its 

nominal value of 100, but you have found that its 

actual resistance is a little too high, say 102 0. (This 

is perfectly possible if the resistor’s tolerance is 

+ 10%). You decide to reduce its resistance slightly 

by connecting another resistor, of high value, in 

parallel with it. Among your collection of resistors 

you have the following preferred values: 4700, 

8200, 1kQ, 4.7kQ, 8.2kQ, 10kQ, 47kQ, 100kQ. 

Which one of these, in parallel with the 1020 

resistor, will bring you nearest to the desired value? 

If you want the resistance to be within +1% of 

100.Q, will this be satisfactory? 

6.3 Acertain bicycle dynamo has an internal resistance 

of 0.19. When running at normal speed it lights the 

bicycle’s front and rear lamps, each containing a bulb 

rated at 6 V 6W, to normal brightness. The lamps are 

connected in parallel to the dynamo. 

a) Assuming the p.d. across the dynamo terminals is 

6 V exactly, calculate the e.m.f. of the dynamo. 

b) Of the electrical energy generated by the dynamo, 
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what percentage is dissipated as heat in its internal 

resistance? 

6.4 The battery shown in Fig. Q6.1 provides an e.m.f. 

of 12 V and has an internal resistance of 2 ohm. 

a) If the voltmeter has infinite resistance, what is the 

p.d. between the terminals a and b? 

A resistor R of 4ohm resistance and an ammeter of 

negligible resistance are connected in series to the 

terminals a and 0 as shown in Fig. Q6.2. 

b) What is the reading of the voltmeter now? 

c) What is the current in R? 

d) What is the rate of energy conversion in the battery? 

e) What is the rate of energy dissipation in the battery? 

f) What is the useful power output of the battery? 

g) What is the rate of energy dissipation in the resistor? 

R is inadvertently short-circuited. 

h) What are the new values of the ammeter alia volt- 

meter readings? 

i) What is the rate of energy conversion in the battery? 

j) What is the rate of energy dissipation in the battery? 

k) What is the useful power output of the battery? 

6.5 A moving-coil meter may be used as an ohm- 

meter. The circuit is shown in Fig. Q6.3. 

' In a typical case the meter has a resistance of 100 

and a full scale deflection of 1mA, the cell provides 

1.5 V and the variable resistor, R, is used to ‘zero’ the 

instrument whilst the terminals a and b are ‘shorted’. In 
this condition the instrument reads full-scale. 

a) What is the value of the resistance R? 

b) What current reading would indicate a resistance 

between the terminals a and b of 600 ohm? 

c) To what resistance would a current reading of 

0.1 mA correspond? 

6.6 As a safety precaution, a typical school 5kV 

supply has a rather large internal resistance. Explain 

why this is a sensible precaution. Assuming that the 

current output is limited to 3 mA, what is the internal 

resistance of the supply? 

6.7 A typical moving-coil bench meter has a basic 

range of 3-0-15 mA and 15-0-75 mV. 

a) What is the resistance between the terminals? 

b) If this meter is ‘shunted’ with a suitable resistor 

it may be used as an ammeter in the range 
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0.6-—0-3 A. What is the value of the shunt resistor? 

c) If a resistor of 995 ohm is connected in series with 

the meter, what p.d. across the meter and resistor 

would give full-scale deflection? 

6.8 Four ‘black boxes’ labelled H, J, K and L, a6V 

battery, a high resistance voltmeter and a milliammeter 

are connected in turn into the circuits shown. The meter 

readings were as indicated in the Fig. Q6.4a-d. 

Make sketches to show what you would expect to 

find in each of .the boxes and justify each of them. 

6.9 The following tests were made on a ‘black box’, 

with results as described. Try to deduce from these what 

might be inside the box. You can be assured that every 

component inside the box obeys Ohm’s law (Fig. Q6.5). 

| 12 V 

As the knob was turned the 
voltmeter reading increased 
at a steady rate from 0 to 
6 V. The ammeter reading 
remained at 1.2mA 
throughout. 

As the knob was turned the 
ammeter reading increased 
at a steady rate from 0 to 
80 mA 
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a) When a voltage V is applied to the terminals AB, the 

voltage between the terminals C and D is always 

found to be equal to V. 

b) When a voltage V is applied to C and D, the voltage 

Bree Anne between A and B is always found to be 

qe Vi 
c) Whatever voltage is applied between the terminals A 

and C, the voltage between B and D is zero. 

d) The resistance between terminals C and D is 8002. 

e) The resistance between A and B is 6000. 

6.10 The current, in amperes, through a certain type of 

non-linear resistor is given by J = 0.20 V’, where V is the 

p.d. across the resistor. This resistor is connected in 

series with an ordinary carbon resistor (which obeys 

Ohm’s law, that is, it is linear) to a constant d.c. voltage 

source of 6.0V. What value of resistance should the 

carbon resistor have so that the current in the circuit is 

0.40 A? 

6.11 A student wanted to light a lamp labelled 3 V 

0.2 A but had available only a 12 V battery of negligible 

internal resistance. In order to reduce the battery voltage 

he connected up the circuit shown in Fig. Q6.6a. He 

included a voltmeter — using it rather stupidly — so that 

he could check the voltage before connecting the lamp 

between A and B. The maximum value of the resistance 

of the rheostat CD was 1000 ohm. 

a) He found that, when the sliding contact of the 

rheostat was moved down from C to D, the volt- 

meter reading dropped from 12 V to 11 V. What was 

the resistance of the voltmeter? 

b) He modified his circuit as shown in Fig. Q6.6b using 

the rheostat as a potentiometer, and was now able 

102 

N 
202 

| 12 er, 30.2 
x 52 

Fig. Q6.7 Fig. Q6.8 
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to adjust the rheostat to give a meter reading of 3 V. 

What current would now flow through the volt- 

meter? 
c) Assuming that this current is negligible compared 

with the current through the rheostat, how far down 

from C would the sliding contact have moved? 

d) The student then removed the voltmeter and 

connected the lamp in its place, but it did not light. 

How would you explain this? (The lamp itself was 

not defective.) 
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6.12 The circuit (Fig. Q6.7) shows a balanced Wheat- 

stone bridge in which the values of the resistors L, M 

and N are 10.00 ohm, 1000 ohm and 43.72 ohm. 

a) What is the resistance of the resistor X? 

b) What difference would it make to the balance of the 

bridge if the battery deteriorated during the 

measurement? Explain. 

6.13 Use the rules due to Kirchhoff to find (a) the 

current in each of the resistors and (b) the p.d. across 

each resistor in the circuit shown in Fig. Q6.8. You may 

assume that the internal resistance of the battery can be 

neglected. 

6.14 Two resistance wires A and B, made of different 

materials, are connected into a circuit with identical 

resistors R, and R,(R, = R2), asensitive high-resistance 

galvanometer G, a cell C and a switch S, as shown in 

Fig. Q6.9. 
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a) If A and B have equal resistance, no current will 

flow through G when the switch S is closed even 

though the cell is still delivering a current. Explain 

why this is so. 

b) The diameter of A is twice that of B and the 

resistivity of the material of which B is made is 

6 x 10-*Qm. It is found that for zero current . 

through G the length of A has to be three times that 

of B. Calculate, showing your working, the resis- 

tivity of the material of which A is made. 

If the length of wire B is now reduced by a small 

amount so that the current through G is no longer 

zero, say which way the current will flow through G 

and explain why. 

c Sa 
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6.15 Capacitors of small values in a micro-circuit are 

often made of a thin layer of gold deposited on the flat 

substrate, a thin layer of silicon monoxide dielectric 

deposited on the gold, and another thin layer of gold. 

Assuming that this construction constitutes a parallel- 

plate capacitor, estimate the capacitance per square 

millimetre of surface which can be obtained, if the 

relative permittivity of silicon monoxide is 4.5 and its 

thickness is 400 nm. 

For higher values of capacitance TaO, can be used 

as a dielectric: its relative permittivity is about 22. 

Assuming that a 400 nm thickness of this dielectric is 

used, deduce whether or not it would be practicable to 

make a 1yF capacitor by this technique in a micro- 

circuit. 

6.16 In various electronic circuits one requires a 

voltage which increases at a steady rate, for instance, in 

an analogue computer where voltages are used to 

represent numerical quantities. A way of achieving this 

is to use a large capacitor in conjunction with a large 

resistance. 

Suppose we have a 5000 uF capacitor connected in 

series with a 1 MOQ resistor, and that this combination is 

connected to a 12 V d.c. supply. Initially the capacitor is 

uncharged (Fig. Q6.10). 

a) Calculate the initial current flowing in the resistor, 

1 MQ 
12 V 

+ 

eae LF 

Fig. Q6.10 Fig. Q6.11 
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when the p.d. across the capacitor is zero. 

b) Assuming that this current gives the rate of flow of 

charge into the capacitor for the first second, by 

how much will the p.d. across the capacitor increase 

in the first second? 

c) Using the result of (b), write down the p.d. across 

the resistor after the first second. 

d) What is the time constant for this circuit? 

e) How long will it take for the capacitor to acquire 

half its final charge? 

f) What is the value of the final charge? 

6.17 Inanelectronic flash-gun, for use with a camera, 

a large capacitor is charged to a high voltage and then 

discharged through a gas discharge lamp, usually 

containing Xenon, which gives a very intense flash of 

white light of extremely short duration. 

In a typical flash-gun, a 500 »F capacitor is charged 

up to 400 V. After the flash has been fired the capacitor 

is not completely discharged: there is a p.d. across it, 

usually about 50 V. Use this information to calculate 

how much energy is obtained from the capacitor in this 

process. 

6.18 In the circuit shown in Fig. Q6.11 the neon lamp 

is found to flash at regular intervals. A typical neon 

lamp does not conduct any current until the voltage 

across it rises to 110 V, the striking voltage, and then it 

keeps glowing until the voltage across it falls to 80 V. 

When it is glowing its resistance can be considered to be 

negligibly small in comparison with R. 

a) Explain why the neon flashes repeatedly. 

b) What would happen to the rate of flashing if R were 

increased? 

c) What would happen to the rate of flashing if C were 

increased? 

6.19 The circuit shown in Fig. Q6.12 might be used to 

study the storage of electric charge on a pair of parallel 

plates. The meter is a centre zero galvanometer. Describe 

with a short explanation in each case what would 

happen to the meter needle if 

a) the top plate is moved sideways so that the overlap is 

reduced but the separation remains constant, 

b) the top plate is returned to its original position and 

HH 

Fig. 06.12 
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(a) Circuit A (b) 

Fig. 06.13 

the plates pushed closer together, 

c) the p.d. applied to the plates is increased after they 

have been restored to their original positions, 

d) a sheet of polythene is slipped between the plates. 

6.20 Two identical capacitors, each of capacitance C, 

are connected to a battery of e.m.f. 3 V, a switch and a 

high resistance voltmeter, as in circuit A (Fig. Q6.13a). 

Two more capacitors, identical with those in circuit A, 

are connected to a battery of e.m.f. 6 V, a switch and a 

high resistance voltmeter, as in circuit B (Fig. Q6.13b). 

The two voltmeters used are identical. 

a) At first both switches are closed. (i) Is the electric 

field between the plates of the capacitors greater in 

circuit A, greater in circuit B, or the same in A and 

B? Justify your answer. (ii) Is the total energy stored 

in the capacitors greater in circuit A, greater in 

circuit B, or the same in A and B? Justify your 

answer. 
b) Both switches are now opened. (i) State briefly 

why the voltmeter readings do not fall steadily with 

time. (ii) In which circuit will the voltmeter reading 

drop more quickly to half its initial value? Why is 

this? 
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6.21. Figure Q6.14 shows approximately how the 

current through a silicon diode varies as the p.d. across 

the diode is altered over the range of —50V to +1.0V. 

Fig. Q6.15 

Circuit B 
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a) Use the graph to estimate the resistance of the 

silicon diode at p.ds. of —5OV, +0.5V, +0.7V 

and +0.9V. 

b) Two such diodes connected as shown in Fig. Q6.15 

may be used to protect a sensitive galvanometer 

against electrical overload. Explain qualitatively 

how this arrangement provides protection. 

c) Suppose that a galvanometer of resistance 25 ohm, 

protected in this way is used in a circuit as shown in 

Fig. Q6.16. A reed switch S operates to charge the 

capacitor C, of capacitance 10-°F, to 50 V and 

discharge it through the galvanometer 100 times in 

each second. Calculate the average value of the 

current through the branch XY of the circuit. 

d) In fact, the average value of the current indicated by 

G would be considerably below the value calculated 

in (c). How do you account for this? 

e) Connecting a 10k resistor in series with the 

galvanometer restores the reading of G to the value 

calculated in (c). Why is this? 
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Unit Seven 

In answering the questions on gravitational fields you 

may need the following information: 

The radius of the earth: 

The mass of the earth: 

6.37 x 10°m 

6 x 10°%4kg 

Fig. Q6.16 
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Fig. Q7.1 

65676 10m! 

N m?kg~? 

The gravitational constant, G, 

7.1 a) A horizontal magnetic field of flux density 

0.02 T acts at right-angles to a horizontal conductor 

40 mm long that carries a current of 2.5 A. Figure 

27.4 shows such an arrangement. What is the 

magnitude of the force on the conductor and state 

its general direction? 

b) The conductor is next turned through 35° in a 

horizontal plane. What is the force now acting and 

state its direction? 

7.2 A current balance (see Fig. 27.3) has a horizontal 

conductor 200mm long lying E-W and carrying a 

current of 3 A. The horizontal component of the earth’s 

magnetic field has a flux density of 20 ,T. Calculate the 

force acting on the conductor. Does this force act in 

such a direction that deflection would occur if the 

balance was sensitive enough? Explain your reasoning. 

Would your answers be different if the conductor ran 

N-S? 

7.3. A horizontal conductor 0.5m long is carrying a 

current of 4A in the magnetic field of the earth at a 

place where the flux density is 52 ~T inclined at 70° to 

the horizontal. The conductor is turned so that it 

remains in a horizontal plane. State the direction (N-S, 

E-W, etc.) of the conductor when it experiences a 

maximum force, calculate the size of this force and give 

its direction measured from the horizontal. 

Find also the magnitude and direction of the 
minimum force. 

7.4 A current balance, initially in equilibrium, is 

placed between the poles of a magnet as in Fig. 27.3. 
When a current of 1.85 A passes, 50cm of paper tape 
had to be hung over the conductor to restore equili- 

brium. Five metres of the tape was found to have a mass 

of 4.23 g, and 0.05 m of the conductor was estimated to 
be in the field of the magnet. Calculate the magnetic flux 
density. 

Without altering the current flowing, the magnet is 

turned so that the field is no longer at 90° to the wire, as 

shown in Fig. Q7.1. This has no effect on the equili- 

brium of the balance although it is very sensitive. 

Explain why this is so. 

Unit Seven 

Fig. Q7.2 

7.5 A student has read Section 27.6 on giving the scale 

of an ammeter, D, marks that are proportional to 1, 2, 

and 3 units of current. He reconnects the circuit as 

shown (Fig. Q7.2) and explains how to place marks of 

+ and 14 units. Explain his method. (Remember, all 
the meters are identical and so have the same resistance.) 

7.6 Calculate the gravitational attraction between the 

earth and a 1 kg mass on its surface. 

7.7 Calculate the gravitational attaction between two 

1 kg masses placed with their centres of mass 8 cm apart. 

7.8 Two spheres each of radius R and density @ are 

just touching. Deduce a formula for their mutual 

attraction in terms of R, @, and G. 

7.9 The mass of the earth is 81 times that of the 

moon. Their centres are separated by a distance of 

3.844 x 108m and there is a point on the line joining 
them where the attraction of the earth is equal but 
opposite to the attraction of the moon. How far is this 
point from the centre of the moon? 

7.10 A 5kg mass weighs 49N on the surface of the 
earth. Calculate a value for the mean density of the 
earth. 

Newton was unable to do this calculation; what 
information did he lack? 

7.11 A satellite is in a circular orbit 300 km above the 
earth’s surface. What is its speed, and how long does it 
take to complete one orbit of 360°? 

7.12 Suppose the satellite of Question 7.11 is orbiting 
in the equatorial plane and is travelling east. What time 
elapses between two successive passes over a town on the 
equator. 

7.13. Find the height and speed of a synchronous 
communications satellite that remains over the same 
point on the equator at all times. Assume that the orbit 
is circular and in the equatorial plane. The radius of the 
earth is 6.37 x 10°m and g on its surface is 9.8 N kg= 

7.14 As well as the earth with its moon, other planets 
in our Solar system have satellites, some having several. 
Data on a few of these are tabulated (Table Q1). Which 
of these are likely to belong to the same planet? 
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Fig. Q7.3 

Table Q1 

Name of Mean radius of Period of 

satellite orbit/108 m orbit/10° s 

Ariel 1.90 2.16 

Europa 6.67 3.06 

Phoebe 130.0 476.0 

Titania 4.36 7.49 

Umbriel 2.68 3.56 

Oberon 5.82 hk 

7.15 Calculate the mass of the planet around which 

Ariel is orbiting (see Question 7.14). Find also the value 

of g on the surface of the planet if it has a radius of 

Ze x10" tH. 

7.16 Find'the mass of the earth if the moon is 3.844 x 

108 m away and the length of the mean sidereal month is 

27.3 days. 

7.17 Find the relationship giving the speed (v) of a 

satellite if it is to maintain a circular orbit of radius (R) 

around the earth. The only other information available 

is the radius (r) of the earth and the gravitational field 

strength (g) on its surface. 

7.18 What happens to the loss of gravitational 

potential energy if a satellite is (a) falling in outer space 

towards the earth, or (b) falling at its terminal velocity in 

air. 

7.19 A mass of 4kg is raised through 3 m. What is 

a) its change of potential energy, 

b) the change of potential. 

Assume that g = 10 Nkg™! and is constant. 

7.20 A planet moves around the sun in an ellipse, as 

shown in Fig. Q7.3. It is closest to the sun at X, and 

farthest from the sun at Y. Which one of the following 

quantities is greater at Y than at X? 

A the gravitational force on the planet caused by the 

sun 

B the gravitational potential energy of the planet-sun 

system 

C the kinetic energy of the planet in its orbit 
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D the acceleration of the planet towards the sun 

E the speed of the planet in its orbit. 

Explain your answer. 

7.21. Taking the zero of gravitational potential to be at 

a very great distance, calculate the gravitational 

potential (a) at the earth’s surface, and (b) at a point 

3630km above the surface. What is the change of 

potential if a spacecraft travels from this point to the 

surface? If the spacecraft has a mass of 6 tonnes, how 

much potential energy has it lost in falling from this 

height of 3630 km. 
To find this loss of potential energy, a student used 

the formula P.E. lost = mgh. Comment. 

7.22 The graph (Fig. Q7.4) shows the variation on the 

earth’s gravitational potential (V) with distance (r) from 

the centre of the earth. 

a) (i) What is the potential at an infinite distance from 

the earth? 
(ii) Why is the potential on the graph negative? 

b) What is the value of the gravitational field at 

25 x 10°m from the centre of the earth? Explain 

how you arrive at your answer. 

c) How much energy is required to raise a mass of 

70kg from 10 x 10°m to 50 x 10°m above the 
earth’s centre? 

7.23 A very small sphere carrying a charge of 

6 x 10~8C is placed centrally between a pair of large 

parallel conducting plates separated by a distance of 

40mm. If the p.d. between the conductors is 1.5kV, 

calculate: 

a) the field between the plates; 
b) the force acting on the sphere due to the electric 

field; 
c) the energy required to move the sphere from one 

plate to the other; 

d) the ratio of the energy required to the charge 

carried. 

7.24 A small sphere of mass 0.1 g hangs by a thread 

between two vertical plates 50 mm apart. The charge on 

the sphere is 6nC. What p.d. between the plates will 

cause the thread to make an angle of 30° with the 

vertical. 
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7.25 Two small metal spheres, each of mass 10g are 

attached to nylon threads 1m long and hung from a 

common point. When the spheres are given equal 

quantities of positive charge each thread makes an angle 

of 4° with the vertical. 

a) Draw a diagram showing all of the forces acting on 

a sphere. 

b) Calculate the charge on each sphere. 

7.26 A particle carries a charge of 3 nC and is held ina 

uniform electric field. It is then released. After moving a 

distance of 50mm its kinetic energy is found to be 

ASS C10 a, 

a) How much work has been done by the electric 

force? 

b) What is the difference in potential between the 

starting point and the endpoint? 

c) What is the magnitude of the electric field? 

7.27 Acharge of 8 nC is distributed uniformly over the 

surface of a sphere of radius 0.1m. If the potential 

approaches zero at a very large, what is the potential at a 

point on the sphere? Calculate also the p.d. between the 

sphere and a point 0.15 m away from its surface. 

7.28 In a flame probe experiment the sphere has a 

radius of 60mm and is kept at a negative potential of 

1.5kV. By how much does the electroscope reading 

change when the flame is moved from a point 0.4m toa 

point 0.1 m from the centre of the sphere. Is it a rise or a 

fall of potential? 

7.29 A uniformly charged spherical balloon is isolated 

(from all electrical supplies) and initially it has a radius 

of 100mm. A flame probe is used to measure the 

potential at a point 0.2 m from the centre of the balloon 

and a reading of 800 V is obtained. The balloon has a 

leak and its radius decreases to 50 mm. 

a) Is the total charge on the balloon more, the same, or 

less than it was initially? 

b) What is the final potential reading if the flame and 

the centre of the balloon remain fixed? 

c) How does the potential of the surface of the balloon 

now compare with its initial value? 

Explain your answers. 

7.30 The potential at a certain distance from a point 

charge is 600 V and the electric field there is 200 N C~'. 

a) What is the distance to the point charge? 

b) What is the size of the point charge? 

Fig. Q7.5 
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7.31 In an experiment for displaying electric fields the 

two electrodes had the shape as shown in Fig. Q7.5. 

Make a copy of this arrangement with electrodes 4cm 

long and a gap of 1 cm. On your diagram draw: 

a) electric field lines (solid); 

b) equipotential lines (dotted); 

State two important characteristics of these lines 

that your diagram illustrates. 

Unit Eight 

In answering some of these questions you may need the 

following information: 

The charge of the electron (e): 1.6 x 107-!°C 

The mass of the electron (m,): 9.1 x 1077! kg 

The specific charge of an 

electron (e/m,): 1.76 * 10° Eke) 

8.1 A very small conducting ball on a long insulating 

thread shuttles to and fro between two large, closely- 

spaced metal plates which are connected to a high 

voltage supply. The p.d. between the plates is V; the 

charge on the ball as it moves Q; the plate separation d; 

the time taken by the ball to go from one plate to the 

other ¢; the capacitance of the plates C. Write 

expressions for: 

a) The force on the ball mid-way between the plates. 

b) The energy taken from the supply as the ball moves 

from one plate to the other. 

c) The average current taken from the supply. 

d) The charge on the plates if the ball is removed. 

8.2 a) Using the data given in section 31.2 calculate 

the field strength between the plates. 

b) If the radius of the ball is 19 mm and it is charged to 

a potential of SkV, what is the charge on the ball? 

(ey: = 8.854. * 10752 Fm>') 

c) Estimate the force acting on the ball and causing 
motion. 

d) Why are your answers to questions (b) and (c), 
estimates? 

e) If the ball hits each plate 10 times per second what 
current will register on the galvanometer. 

f) How can the frequency of oscillation of the ball be 
increased? 

8.3. Five envelopes contain different numbers of 
identical coins. Their masses are 65.1 g,093.0\2., 83a7 2; 
37.2 g, 46.5 g. What is the possible mass of a single coin 
and the total number of coins? 

8.4 A number of differently charged drops but all with 
the same mass are used in a Millikan experiment. They 
were kept stationary when the following voltages were 
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applied to the plates: 200, 100, 125, 330, 250, 500. 

Calculate a possible number of units of electric charge 

on each of these drops. 

8.5 Ina Millikan experiment, a charged oil drop of 

mass 6.78 x 10~!5kg is stationary between parallel 

plates 5 mm apart when the p.d. between them is 300 V. 

What is the charge on the drop? Estimate the number of 

electron charges that this represents. 

8.6 Calculate the electric field strength needed to keep 

an oil drop of mass 8 x 10~'*kg stationary if it carries 

two surplus electrons. What is the direction of the field, 

and if it is provided by a pair of plates, what is the 

polarity of the lower one? 

8.7. A charged oil drop of mass 4 x 10~'°kg falls 

under gravity at a terminal velocity of 0.04cm Sit. 

When an electric field is applied the drop rises steadily 

through 5mm in 12.5s. If the field is provided by 

parallel plates 1 cm apart having a p.d. of 700 V between 

them, calculate the charge on the drop. 

Is your answer consistent with the notion that all 

charges are multiples of the charge on an electron? 

8.8 What is meant by the statement that charge is 

quantised? May we also say that mass is quantised? 

8.9 The diagram (Fig. Q8.1) shows a pair of flat, wide 

conducting plates. They are parallel, 5 mm apart, and 

are connected to a steady p.d. of 2kV. An oil drop 

between the plates moves from D, and D, along a 

straight line at right angles to the plates and between 

their centres. 

a) If the drop carries five electron charges, each 

1.6 x 10-'9C, and moves 2.5mm, how much 

electrical energy is transformed? 

b) State what you can about the amount of electrical 

energy transformed if the drop were to move along 

the curved path P,P, from one plate to the other, 

outside the plates. Explain your statement. 

8.10 A raindrop carries a negative charge and it falls 

from a cloud that has a positive charge with respect to 

the earth. The electric field in the space under the cloud 

is 230 Vm~! and g there is 9.8 Nkg~'. 

If the drop falls through 20 m, what is: 

a) the change of gravitational potential of the drop. 

b) the change of electrical potential of the drop. 

Pay particular attention to signs and explain the 
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convention used. 

If the mass of the raindrop is 34 mg and it carries a 

charge of 240 nC, what is the overall change of energy? 

‘Is it a rise or a fall? 

8.11 Hall effect voltages are much larger for relatively 

poor conductors like silicon, than for good conductors 

like copper, when comparable currents, fields and 

dimensions are used. Why is this? What steps would you 

take in an experiment on the Hall effect in silver to make 

the measured Hall voltage as large as possible? 

8.12 Figure Q8.2 shows two flat slices of semi- 

conductor connected in series, with a current / flowing 

through them. N and P indicate which sample has 

negative and which has positive charge carriers. What 

are the polarities of edges X and Y when a magnetic field 

is applied perpendicular to the plane of the diagram and 

directed out of the paper? 

8.13 A strip, 0.1 mm thick, 6mm wide is made of a 

metal that has 8 x 1028 free electrons per m*. A current 

of 15A flows along the strip, and a magnetic field of 

0.4 T acts at right angles to its surface. 

a) What is the drift speed of an electron along the 

strip? 

b) What force is acting on an electron due to the 

magnetic field? 

c) What force is acting on all the electrons in a 50 mm 

length of strip? 

d) Electrons will move to one edge of the strip. What is 

the resulting electric field strength across the width 

of the strip? 

e) What is the p.d. between opposite edges due to the 

Hall effect? 

f) Check your answer to (c) by an alternative 

calculation. 

8.14. Experiments involving the Hall effect often use 

conductors in the form of foils, thin slices, flat strips or 

ribbons. Explain why this is so. 
Discuss in detail the possibility that the Hall effect 

might be observed with ordinary wires of circular cross- 

section. You should mention the exact positions on the 

wire where you would place contacts for detecting any 

Hall effect that might exist. 

8.15 Two students wish to investigate experimentally 

the Hall effect in wires of circular cross-section. Student 

A says that a thick wire is better because the Hall voltage 
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is proportional to the current flowing and thick wires 

can carry large currents. Student B argues that thin foils 

give large Hall voltages and so a thin wire would be 

better. What diameter would you choose? Explain your 

reasoning carefully. 

8.16 A sample of aluminium foil is 10mm _ wide, 

0.02 mm thick and it carries a current of 4A. It is to be 

used in a Hall effect experiment and contacts are placed 

on opposite edges. The contacts were misaligned by 

0.1mm instead of being exactly opposite each other. 

Calculate the p.d. that exists between the contacts when 

there is zero B-field. Take the resistivity of aluminium to 

be 2.7 x 10-8 Qm. Is this p.d. going to cause problems? 

To help you decide, calculate the Hall voltage when a 

B-field of 1.9T is applied, perpendicular to the surface 

of the foil. Take the number of electrons per unit 

volume in aluminium to be 2 x 102?m73. 

8.17 Ina magnetic field directed vertically downward, 

a particle initially moving north is deflected towards the 

east. What is the sign of the charge on the particle? 

Explain your reasoning. 

8.18 A straight electron path is observed in a fine- 

beam tube. Can you be certain that no magnetic field is 

acting? Explain your answer. 

8.19 Electrons are accelerated through a p.d. of 250 V 

in a fine beam tube. They are then deflected into a circle 

of diameter 96 mm by a magnetic field perpendicular to 

the electron path. Calculate the speed of the electrons 

and the flux density of the field. 

8.20 A beam of electrons is undeflected when it passes 

simultaneously through an electric field of 2.4 x 104 

V m~!and a magnetic field of 1.5 x 10~3T. Both fields 
are perpendicular to the beam and to each other. What 

is the speed of the electrons? 

When the electric field is removed the radius of the 

electron orbit is 6 cm; calculate a value for the ratio e/m. 

8.21 Give a reason why the spot on the screen of a 

cathode ray tube can never be a perfect point. 

8.22 In an electron gun, electrons are emitted by a 

heated cathode and accelerated to an anode 6cm away 

by a p.d. of 600 V. Another electron gun also operates 

with a p.d. of 600 V but has its anode only 2cm away 

from the cathode. By taking the electrodes to be parallel 

plates, compare the final electron speeds produced by 

each gun. (To do this you should consider the force 

acting on an electron, the acceleration experienced by its 

mass, and the resulting speed reached in the space avail- 

able.) What conclusion can you draw from your answers 

about the effect of gun size on speed? Would your 

conclusion be different if the electrodes were not parallel 
plates? 
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8.23 Assuming that the energy of a particle is all in the 

form of kinetic energy, calculate the speed of: 

a) a 3 keV electron; 

b) 3keV alpha particle (mass = 6.7 x 10-2’ kg); 
c) an alpha particle that has been accelerated through a 

p.d. of 3kV. 

’ 8.24 An electron is projected along the axis of a 

cathode ray tube midway between a pair of deflecting 

plates 2 cm apart and 4cm long measured along the axis. 

The electron has an initial velocity of 2 x 10’ms~! and 
there is a p.d. of 400 V between the plates. 

a) How long does the electron spend between the 

plates? 

b) How far away from the axis has the electron moved 

when it reaches the end of the plates? 

8.25 The tube of a colour TV receiver operates with an 

accelerating p.d. of 25 kV and the total beam current is 

1.6mA. 

a) What is the energy in joules gained by a single 

electron? 

b) How many electrons are hitting the screen per 

second? 

c) What power is being delivered to the screen? 

8.26 An X-ray tube operating at 150 kV takes a current 

of 10mA. If only 0.5% of the energy of the electrons is 

converted into X-radiation, 

a) estimate the rate at which heat is dissipated from the 
anode. 

b) what is the X-ray power output? 

8.27 A current of 0.80 A is passed for 30 minutes 
through a voltameter consisting of two platinum 
electrodes dipping into dilute sulphuric acid. 200 cm? of 
hydrogen are collected. at a pressure of 1000 mb and a 
temperature of 17°C. Given that the density of 
hydrogen at s.t.p. is 8.99 x 10~5gcm~3, calculate a 
value for the Faraday. 

If a copper voltameter (made of two copper plates 
dipping into a solution of copper sulphate) had been 
connected in series with the water voltameter in the 
experiment, how much copper would have been 
deposited on the cathode? 1 mole of copper has a mass 
of 63.5 g and a copper ion carries 2 positive charges. 

8.28 Electrical conductivity is affected by changes in 
the temperature of the material. Write a short paragraph 
accounting as far as you can for each of the following. 

a) The electrical conductivity of copper falls as the 
temperature rises. 

b) ‘The electrical conductivity of copper sulphate 
solution rises as the temperature rises. 

c) The electrical conductivity of common salt is almost 
zero at room temperature but rises rapidly when it 
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melts. 

d) The electrical conductivity of paraffin wax, which is 

almost zero at room temperature, is unchanged by 

heating and melting. 

e) The electrical conductivity of air is very low unless 

either the pressure is reduced, or the potential 

gradient is raised to 20000 Vm~—!. 

Unit Nine 

9.1 The three-core flex (flexible cable) connecting an 

electric heater to the mains supply contains three 

conductors whose spacing is 2mm between centres. 

Estimate the magnetic force between the two conductors 

which carry the current, per metre of their length, at an 

instant when the current in each is 10 A. Comment on 

the answer. 

9.2 Ina piece of apparatus commonly used to demon- 

strate the fact that there is a force between two current- 

carrying conductors, strips of very thin aluminium foil 

are used, hanging vertically side by side. A force of 

1 mN produces a clearly visible movement of the strips. 

If the strips are 0.5 m long and 20 mm apart, how much 

current (roughly) must flow in each strip? 

9.3. A student makes a model of a moving-coil meter 

by winding 20 turns of insulated wire around a 

rectangular former of square shape measuring 40 mm by 

40 mm, mounted on a spindle. He sets this up with the 

plane of the coil horizontal and between two magnet 

poles which give a horizontal field whose strength is 

‘about 0.1T in the region of the coil. Estimate the 

magnetic torque on the coil when a current of 2A flows 

in it. 

9.4 In acertain moving-coil galvanometer the pointer 

turns through an angle of 2 radian in going from zero to 

full-scale deflection. The magnetic field strength in the 

air-gap between the magnet poles is 0.5 T. The coil has 

100 turns and encloses an area of 64mm?. The pair of 

hairsprings provides torque of 8 x 107 7N m per radian 

of twist. Calculate the current which produces full-scale 

deflection. 

Wire X 

Wire er roan. nr 

Q 
Fig. Q9.1 
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9.5 In Fig. Q9.1 two wires with currents flowing in 

them are in the same plane but are not parallel to each 

other. The arrowheads show the direction of current. 

a) In what direction is the field at point Q due to the 

current in wire X? 

b) In what direction is the field at point P due to the 

current in wire Y? 

&) Copy the diagram and draw an arrow at Q to show 

the direction of the force on wire Y due to the field 

of wire X. (Fleming left hand rule.) 

d) Draw an arrow at P to show the direction of the 

force on wire X due to the field of wire Y. 

e) If you have done (c) and (d) correctly you will see 

that the situation appears to disobey Newton’s third 

law. But certain factors have not been taken into 

account: what could these be? 

9.6 Figure Q9.2 shows a long straight wire with a 

current flowing in the direction of the arrow, and in the 

same horizontal plane is a flat square wire frame with a 

current flowing in the direction shown (the current flows 

in and out of the square via a pair of flexible leads whose 

magnetic field can be ignored). The direction of North is 

shown in the figure. 

a) In what direction is the force, due to the field of the 

current in PQ, acting upon each side of the square: 

WX, XY, YZ, ZW? 
_b) Two of the forces on the sides of the square are 

equal and opposite to each other: which two? 

c) The other two forces produce a resultant force: 

what is the direction of this resultant? Give your 

reasoning. 

d) If wire PQ is fixed and the frame WXYZ is free to 

move until it finds equilibrium, where will WXYZ 

finally settle? 

9.7. Estimate the maximum magnetic field strength 

produced by the deflector coils in a television picture 

tube, using the following data: 

Radius of curved path in magnetic field, for 

maximum deflection: 5 cm. 

Speed of electrons in electron beam: 1 x 10®ms7'. 

Mass of electron (at this speed): 9.7 x 10~3'kg. 
Charge on electron: 1.6 x 107°C. 

Pp 

Flexible leads 

Fig. Q9.2 Q 
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Fig. Q9.3 

9.8 The speed of electrons in the electron beam of a 

colour television picture tube is very nearly 1 x 108m 

s~'. The vertical component of the earth’s magnetic 

field in Britain is about 5 x 10->T. The charge on an 

electron is 1.6 x 10~-!°C and its mass, travelling at this 
speed, is 9.7 x 107! kg. 

The vertical component of the earth’s field will give 

the beam curvature in a horizontal plane and the theory 

of Section 34.5 can be used to estimate the radius of this 

curvature, just as if it were a plane circle. 

a) Estimate the radius of curvature of the electron 

beam in the horizontal plane. 

b) Estimate the distance between the electron gun and 

the screen, in a large television receiver. 

c) Estimate how much displacement of the point where 

the beam hits the screen is due to this effect of the 

earth’s field. 

9.9 a) Particles of two different types are entering a 

uniform magnetic field in a plane perpendicular to 

the field. Particles of type X have mass mx, charge 

Q x, and speed vx. Particles of type Y have mass my, 
charge Oy, and speed vy. Derive an expression for 

the ratio of the radii of their circular paths in the 

field, 7y/ry. 

b) A magnetic field is often used to guide charged 

particles of different types into separate paths. One 

instance of this is the separation of alpha particles 

and beta particles from a radioactive source. Here is 

some data for these: the mass of an alpha particle is 

about 1840 times the mass of a beta particle. The 

(positive) charge of an alpha particle is twice that of 

the charge (negative mostly; sometimes positive) of 

a beta particle. The speed of beta particles is about 

ten times that of alpha particles. 

Use the data to find the approximate ratio of 

the radii of their paths when moving in a plane at 

right angles to a uniform magnetic field. 

9.10 Figure Q9.3 shows a rectangular wire frame 

connected by flexible leads to a centre-zero galavano- 

meter. When the frame is pulled out of the space 

between the magnet poles (towards us) the meter shows 

a momentary deflection to the right. Describe what sort 
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of deflection, if any, you would expect the meter to 

show when: 

a) the frame is pushed back into the field-region; 

b) the frame is moved vertically upwards and out of 

the field-region; 

c) the frame is moved vertically downwards back into 

the field; 

d) the frame is rotated clockwise through 90° to make 

its plane horizontal; 

e) keeping the plane horizontal, the frame is moved 

vertically upwards out of the field, and then 

returned to its former position; 

f) still with its plane horizontal, the frame is pulled out 

horizontally towards us. 

9.11 Figure Q9.4 shows a rectangular coil of wire with 

25 turns. The side PQ which is 10 mm long is in a region 

of uniform magnetic field of strength 0.25 T. The plane 

of the rectangle is perpendicular to the field. The coil 

is moved at a steady speed of 1 mms~! in the direction 

shown. 

a) Calculate the e.m.f. induced in one wire of the side 
RO; 

b) Why is no e.m.f. induced in the sides PS and QR, 

although they are partly in the field region? 

c) The resistance of the galvanometer is 12.52 and 

the resistance of the rest of the circuit is negligible. 

Calculate the current through the galvanometer. 

9.12 Figure Q9.5 shows schematically a piece of 
apparatus which can be used to demonstrate the laws of 
electromagnetic induction. An e.m.f. is induced in the 
spinning copper disc which is set with its plane 
perpendicular to the uniform magnetic field inside a 
large solenoid. Connection is made to the spindle and 
the rim of the disc by ‘brushes’. 

The radius of the disc is 10 mm. Calculate the e.m.f. 
induced between axis and rim when the disc makes 20 
revolutions per second in a field of 5 mT. 

9.13 a) A wire of length / is horizontal and oriented 
‘north-south, It moves east with a velocity v through 
the earth’s magnetic field which has a downward 
vertical component of flux density B. Write down 
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an expression for the potential difference between 

the two ends of the wire. Which end of the wire is at 

the more positive potential? 

b) A horizontal square wire frame ABCD, of side d, 

moves with velocity v parallel to sides AB, DC from 

a field-free region into a region of uniform magnetic 

field of flux density B (Fig. Q9.6). The boundaries 

of the field are parallel to the sides BC, AD of the 

frame and the field is directed vertically downward. 

Write down expressions for the electromotive force 

induced in the frame 

(i) when side BC has entered the field but side AD 

has not, 

(ii) when the frame is entirely within the field 

region, 

(iii) when side BC has left the field but side AD has 

not. 

For each position derive an expression for the 

magnitude and direction of the current in the frame and 

the resultant force acting on the frame due to the 

current. The total resistance of the wire frame is R, and 

its self inductance may be neglected. 

Oxford and Cambridge Schools Examinations Board 

A-level Physics (1978) 

9.14 A satellite orbiting the earth is travelling at 

8000 ms~! at a height of a few hundred kilometres 

above the surface, and in a region where the vertical 

component of the earth’s magnetic field is 5 x [Oats Ts 

50 turns 

To 
millivoltmeter Fig. Q9.8 
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Two metal poles stick out on either side as shown in Fig. 

Q9.7 (these are supports for radio aerials). The distance 

between the tips of the these poles is 20 m, and they are 

on a line perpendicular to the satellite’s direction of 

motion. 

a) Calculate the p.d. between the ends of the poles due 

to electromagnetic induction in the earth’s field. 

b) Suppose we wish to make the poles part of a 

complete circuit and use the induced e.m.f. as a 

source of electrical energy for equipment in the 

satellite. Imagine having a wire leading from each 

pole-end, into the satellite, and connected to a 

resistor to complete the circuit. No current would 

flow: why not? 

9.15 A certain electromagnet (Fig. Q9.8) produces a 

field which can be considered as approximately uniform 

over an area of 500 mm2. Around it is a coil of 50 turns 

connected to a millivoltmeter. 

a) When the mean field strength is 0.5T, what is the 

total flux of the magnetic field? 

b) Calculate the e.m.f. induced if the field strength is 

reduced to zero at a constant rate in 5 second. 

9.16 Acertain small d.c. motor, designed to work with 

a supply of 12 V, has a permanent magnet to provide a 

radial field of strength of 0.5T, in the region of the 

armature coil. The armature carries a single coil of 200 

turns having the rectangular shape shown in Fig. Q9.9. 

The motor can also be used as a dynamo. 

20 mm 

Number of turns: 200 Fig. 09.9 
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a) If the armature spins at 10 revs~'!, what is the speed 

of each long side of the rectangular coil? 

b) Use the answer to (a) to calculate the e.m.f. induced 

in one 25 mm length of wire on one side of the coil. 

c) Calculate the e.m.f. induced in the whole coil. 

d) The motor is now connected to a 12 V d.c. supply, 

and allowed to run freely, and is found to spin at 

35 revs—!. Given the resistance of the armature coil 

is 5Q, what current is taken from the supply at this 

speed? 

e) The mechanical power is calculated by multiplying 

the ‘back’ e.m.f. induced in the coil by the current. 

When spinning freely, this mechanical power is 

being used to overcome friction in the motor itself. 

Calculate this power for the speed of 35 revs—!. 

f) Do the other calculations needed to write numerical 

values for the terms in this expression, for the motor 

running freely: 

power taken power power used 

from supply / = dissipated +( to overcome 

as heat in friction 

armature 

resistance 

g) The motor is now used to drive a piece of model 

machinery, and the armature spins at 30revs~!. 

Calculate the total mechanical power now pro- 

duced. If the power needed to overcome. friction is 

the same as in (f), what is the useful mechanical 

power now being produced? 

h) At what running speed would the motor produce the 

greatest total mechanical power of which it is 

capable? What is the back e.m.f. at this speed? 

Comment upon the answer. 

9.17 Discuss the principle of operation of a d.c. 

electric motor. Explain what is meant by the term back 

e.m.f. 

a) A simple d.c. motor consists of a plane coil XY of 

area A having WN turns. It is free to rotate about an 

Kf) 
(i) 

+10V 

<a p= = 

Fig. Q9.10 +10V 

Fig. Q9.11 —10V 
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axis through O perpendicular to a uniform magnetic 

field B of flux density B. The coil has a resistance R 

and its self-inductance may be neglected. 

It is connected to a battery of &m.f. V and 

negligible internal resistance via a_ split-ring 
commutator with brushes arranged so that the 

current through the coil is reversed whenever the 

plane of the coil is perpendicular to the direction of 

B. The coil rotates with constant angular velocity w. 

In Fig. Q9.10 6 (6 = wf) is the angle between the 

plane of the coil and B. 

Sketch a graph showing the variation of back 

e.m.f. with time f¢. 

Deduce expressions for: 

(i) the maximum value of the back e.m<f. 

generated, stating the angles 6 for which this 

occurs. 

(ii) the maximum current passing through the coil. 

(iii) the torque exerted by the coil when 6 = 0. 

b) A d.c. electric motor is connected to a 200 V supply 

having negligible internal resistance. The motor 

coils have a resistance of 2.00. At a particular 

rotational speed, the average current flowing is 

5.0 A. Calculate the average back e.m.f. generated. 

Neglecting friction, calculate the mechanical power 

being supplied by the motor and the power being 

dissipated in the coil resistance. 

Oxford and Cambridge Schools Examinations Board 

A-level Physics (1981) 

9.18 Four electronic oscillators generate alternating 

e.m.f.s which vary with time as shown by the four 

graphs in Fig. Q9.11. Each of them has negligible 

internal resistance, and each is connected to a load 

resistor of 50Q. For each oscillator consider one cycle 
and calculate: 

a) the mean value of the e.m.f.; 

b) the mean power delivered to the load; 
x) the root mean square (r.m.s.) e.m.f. 

(ii) 
+10V 

0 
4 6 Time/ us 2 4 6 Time/ us 

6] Time/ us Time/ us 

—10V 
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9.19 A certain electric kettle is labelled, on its 

underside: ‘Volts 230/250 Watts 2750:. Assuming that it 

is operating from a mains supply voltage of 240 V 

r.m.s., what is the peak value of the current flowing in 

the connecting lead? Is the usual 13 A fuse in the plug 

suitable for this? 

9.20 A v.h.f. suppressor choke is a small inductor 

which is connected in series with electrical supply leads 

to prevent v.h.f. interference, that is, to prevent stray 

alternating currents of very high frequency from flowing 

in the leads. They are used in television equipment in 

which the signal frequency is in the order of 100 MHz, 

or greater. What is the reactance of a choke, whose 

inductance is 5 »H, at this frequency? 

9.21 A student is experimenting with a bicycle 

dynamo. He finds that the r.m.s. value of the generated 

e.m.f., as indicated by an a.c. voltmeter, appears to be 

directly proportional to the speed of rotation. He then 

tests the dynamo ‘on load’, using a 100 wire-wound 

resistor as the load, with an a.c. ammeter in series with it 

to measure the current, at various speeds of rotation. He 

finds that at one particular speed the current is 0.5A 

r.m.s., but to his surprise, at double this speed the 

current is only 0.6 A r.m.s. What could account for the 

fact that the current does not increase in proportion to 

the speed? (It may help to study the diagram, Fig. 35.1.) 

9.22 The circuit shown in Fig. Q9.12 is set up and an 

a.c. voltmeter (which draws negligible current) is used to 

measure the r.m.s. voltage across the terminals of the 

supply, Vs, across the inductor, V,, and across the 

resistor, Vg. These results are obtained: 

V5 = 5V, Vi, = 4V, Ve = 3V 

If the circuit were a d.c. one we should expect 

V; = V, + Vp. Explain why this does not apply in this 

case. 

If the resistor was 100Q and the frequency of the 

supply was 1kHz, what was the inductance of L? 

9.23 Figure Q9.13 shows how the alternating potential 

difference applied to the ends of a coil made from thick 

copper wire, and the current / through the coil, vary 

with time f¢. 

a) Why is the applied potential difference zero when 

the current has a maximum value? 

Fig. 09.13 
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p.d. and current 

b) During which of the periods of time OA, AB, BC, 

and CD would the source of power be (i) supplying 

energy, (ii) receiving energy? 

How did you decide on these answers? 

When the source of power receives energy where 

does the energy come from? 

Oxford and Cambridge Schools Examinations Board 

Nuffield A-Level Physics (1978) 

9.24 A certain metal can be made to have no resistance 

at all (i.e., superconducting) by keeping it at a very low 

temperature. It will remain superconducting at this low 

temperature, provided it is not in a magnetic field 

greater than a certain magnitude; if this value is 

exceeded, the metal will then have a resistance. 

A coil of wire, made from this metal and having 

sufficient number of turns to give it an appreciable self- 

inductance, is placed in a low temperature bath and then 

connected to a steady d.c. voltage source. The graph, 

Fig. Q9.14, shows how the current J changes with time ¢ 

since switching on the voltage. 
Explain, in as much detail as you can, what is 

happening during each of the three stages of the graph 

labelled A, B and C. 

Oxford and Cambridge Schools Examinations Board 

Nuffield A-Level Physics (1977) 

9.25 In Section 38.3 a model induction motor is 

described in which a capacitor is used to alter the phase 

of the a.c. in one part of a circuit. The frequency of the 

a.c. is 50Hz and the capacitance is 2500pF. If the 

current in the connections to the capacitor is 5 Ar.m.s., 

what is the r.m.s. voltage across it? 

9.26 In electronic circuits a decoupling capacitor is 

often connected between the positive and negative 

power supply lines to prevent high frequency currents 

getting from one part of the circuit, via the power supply 

Fig. Q9.14 ich ; 
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lines, to another part. The decoupling capacitor must 

have a very low reactance at the frequency in question. 

For example, in a certain amplifier circuit, we require a 

decoupling capacitor which will have a reactance of not 

more than 0.10 at a frequency of 1 kHz. What is the 

minimum capacitance required? 

9.27 Suppose you are given three ‘black boxes’, each 

having a pair of terminals. You are told that one 

contains a resistor, one contains an inductor of negligible 

resistance, and one contains a capacitor. You have 

available an audio signal generator to provide an 

alternating e.m.f. at any desired frequency, an a.c. 

milliammeter, and an a.c. voltmeter. 

a) Explain how you would find out, without opening 

the boxes, which box contained which component. 

b) Explain how you would determine the resistance, 

the inductance, and the capacitance. 

9.28 The tuned circuit of a radio receiver often consists 

of a fixed-value inductor connected in parallel with a 

variable capacitor. Inevitably there is stray capacitance 

in the circuit which is effectively an extra capacitance 

connected in parallel with the variable capacitor. In a 

typical tuned circuit the stray capacitance amounts to 

about 50 pF. Suppose such a circuit has an inductance of 

120 nH, and is to be tunable over a frequency range 

from 0.6 MHz to 1.5MHz (the medium wave band). 

What must be the maximum and minimum values of the 

variable capacitor? 

9.29 The apparatus of Fig. 37.7 can be used to find an 

approximate value for the magnetic permeability of the 

transformer alloy used to form the ring. Here is the data 
from an experiment: 

Number of turns in the large coil: 240 

Frequency of sinusoidal a.c. supply: 1000 Hz 

Current in large coil: 10 mA r.m.s. 

Length of alloy ring: 400 mm 

Area of cross-section of ring: 190 mm? 

Unit Nine 

Number of turns in ‘girdle’ coil: 10 

e.m.f. induced in this coil: 0.14 V peak value 

a) Calculate the amplitude (peak value) of the flux in 
the core, from the e.m.f. induced in the ‘girdle’ coil 

(see Section 37.2). 

b) Calculate the amplitude of the m.m.f. produced by 

the coil (remember that, for any sinusoidally 

varying quantity, peak value = V2 x r.m.s. value). 

c) Hence calculate the reluctance of the alloy ring. 

d) Hence calculate the permeability, », of the alloy, 

and finally its relative permeability, which is the 

ratio p/p. 

9.30 Figure Q9.15 shows the core of an electromagnet 

made from sections of transformer core alloy. Its coil 

has 300 turns (not shown). Estimate the current required 

to provide a magnetic field whose mean flux density is 

0.1 T in the air-gap. All the alloy sections have a total 

area of cross section of 625mm*. We make the 

simplifying assumption that the electromagnet can be 

treated as a magnetic circuit, partly alloy and partly air, 

of constant cross-sectional area (that is, neglecting the 

“bulging out’ of the magnetic flux in the air-gap). 

Data: permeability of free space (and air also): 4a x 

10-7WbA~'m-~!. Relative permeability of the alloy, 
for a flux density of 0.1 T: 4000 

a) Using the expression for reluctance, 

vt Hie 

estimate the reluctance of the alloy part of the 

circuit, and of the air-gap. 

b) Calculate the flux required to produce a flux density 

of 0.1 T throughout the circuit. 

c) Use the relationship: m.m.f. = flux x reluctance to 

find the magnetomotive force required. 

d) Calculate the current needed in the 300 turn coil to 
provide the m.m.f. 

9.31 The graph (Fig. Q9.16) shows the variation with 
distance of the magnetic field strength, B, near a long 
straight wire carrying a current of 10 A. The small circle 
with a cross in it to the right of the graph represents the 
wire carrying the current perpendicularly into the paper. 

a) Show on a drawing, using the symbol shown in the 
diagram, the shape and direction of the magnetic 
field near the wire. Does your drawing also 
represent the variation of field strength shown by 
the graph? Say, either how your drawing does this, 
or, how it could be modified to do so. 

b) Using information from the graph, determine (i) the 
strength of the magnetic field at a distance of 
0.005 m from the wire when the current is 10 A, and 
(ii) the current which, at a distance of 0.02 m from 



Unit Nine 

Part of 
current 
balance 

B/10—4 T 

0 0.01 0.02 0.03 0.04 

Distance from wire/m 

Fig. 09.16 Fig. 09.17 

the wire, would give a value of B equal to 2 x 

10-5T. In each case show how you obtain your 

answer. 

c) A second wire of length 0.3 m, which also carries a 

current of 10A, is placed parallel to the original 

wire and at a distance of 0.01 m from it. What is the 

magnitude of the force on this second wire due to 

the current in the original wire? Show the steps of 

your calculation. 

Oxford and Cambridge Schools Examinations Board 

Nuffield A-Level Physics (1980) 

9.32 Figure Q9.17 shows the principle of a simple 

current balance which can be used to make an absolute 

measurement of a current (see Section 34.2). It is easier 

to use than a parallel-wire ampere balance because it is 

more sensitive and because the field deep inside a 

solenoid is almost uniform and so the position of the 

balance wire is not critical. 

The flat solenoid in the diagram has 250 turns of 

wire in a single layer over a length of 0.2m. The balance 

wire is 0.2 m long. 

a) Use Eq. 37.7 for the flux density inside a long 

solenoid to calculate the flux density near the middle 

of this solenoid when a current of 1 A flows in it. 

b) The direction of current around the solenoid is as 

shown in the diagram. If the current in the balance 

wire PQ flows from P to Q, what is the direction of 

the magnetic force on the balance wire? 

c) Calculate the force on the balance wire when a 

current of 1 A flows in it as well as in the solenoid. 

d) How great (approximately) will the force be if the 

balance-wire is in the same vertical plane as the end 

of the solenoid winding, instead of being at the 

middle of the solenoid? 

9.33 A biologist wishes to expose a small living 

organism to a steady magnetic field of different 

magnitudes for quite long periods of time, during which 

he intends to monitor the temperature inside the glass 

Solenoid 
current 
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container, S, holding the specimen near the middle ofa 

long solenoid, as in Fig. Q9.18. 

a) What information will he need in order to calculate 

the value of the magnetic field (the B-field) inside 

the solenoid? 

b) The length and diameter of the solenoid, and the 

fact that it was to be wound with a single layer of 

turns touching one another, had already been 

decided, but he had to choose between using 1 mm 

or 0.5mm diameter copper wire for the windings. 

How would his choice affect: (i) the current to give a 

particular magnetic field; and (ii) the heat produced 

by that current in the coil? (Show the steps in your 

argument.) 

c) What could he do to ensure that any change in 

temperature observed was in fact not caused by the 

heating effect of the current in the coil? 

Oxford and Cambridge Schools Examinations Board 

Nuffield A-Level Physics (1979) 

9.34 In certain experiments to demonstrate the 

magnetic deflection of an electron beam (‘cathode rays’) 

large, open, plane circular coils are used. A field 

strength of the order of 1 mT at the centre of each coil is 

required, and the coil diameter must be about 150 mm. 

Calculate how many turns such a coil must have to give 

the required field strength with a current of 1 A. 

9.35 Ina type of galvanometer, now obsolete, called 

the tangent galvanometer, a plane circular coil is 

mounted in a vertical plane, and this plane is set in the 

earth’s magnetic meridian (that is, a vertical plane 

passing through the earth’s magnetic North and South 

poles). A magnetic compass at the centre of the coil is 

deflected towards East or West when a current flows in 

the coil. 

a) The strength of the current in the coil is propor- 

tional to tan 6, where @ is the angle through which 

the compass needle is deflected (from its original 
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northerly direction). Why is this? (This, of course, is 

why it is called a tangent galvanometer.) 

b) To deflect the compass needle through 45° the 

strength of the coil’s field at the centre must be 

equal in magnitude to the horizontal component of 

the earth’s field. If this deflection is produced by a 

coil of 20 turns having a radius of 60mm, when a 

current of 86mA flows in the coil, what is the 

strength of the horizontal component of the earth’s 
magnetic field? 

9.36 Figure Q9.19 shows a laminated iron bar B with a 

coil C of many turns wound around it, the ends of the 

coil being connected to an a.c. supply. 

a) Why would dividing the r.m.s. value of the supply 

voltage by the resistance of the coil give quite a 

wrong value for the r.m.s. current in the coil? 

b) A thick aluminium plate A is placed squarely over 

one end of the bar as shown in Fig. Q9.20. Copy 

Fig. Q9.20 and add to it an indication of the pattern 

of any current flow in the plate, and then explain 
your sketch. 

The plate is now moved to cover half the end face of 

the bar B as shown in Fig. Q9.21. Explain any 

differences you think there may be now between the 

alternating magnetic fields at X (in front of the 

uncovered bar) and at Y (in front of the part 

covered by the plate). 

d) With the plate in place as in (b), is the alternating 

current in the coil likely to be the same, be larger, or 

be smaller than when the plate is not present? Give a 
reason. 

c wa 
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9.37 This question concerns the unit for po, the 

magnetic permeability of free space. The usual unit is 

henry per metre (H m~'). In Chapter 37 the alternatives 

Wb A~'m~!and N A~? also appeared. Prove that these 
three forms are in fact the same. The following may 
help. 

The henry (H) is the unit of inductance, and 

inductance is defined in Section 35.7. 
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The weber (Wb), the unit of magnetic flux, first 

appears in Section 35.2. 

The volt, (V), unit of potential difference, is defined 

in Section 23.2 

9.38 In an induction motor of the shaded-pole type, as 

described in Chapter 38, the presence of the thick copper 

‘shading’ ring in front of part of a magnet pole causes a 

slight phase-delay in the alternating magnetic field. Why 
is this? 

a) Suppose the alternating magnetic flux, due to the 

magnet, which passes through the copper ring, is 

represented by the expression 

@ = Ppsinwt 

Write an expression for the e.m.f. induced in 

the ring (refer back to Eq. 358.) 

b) The e.m.f. induced in the ring causes a current to 

flow in the ring, and because the self-inductance of 

the ring is negligible, this current will be in phase 

with the e.m.f. This induced current gives rise to a 

magnetic flux, ®’, directly proportional to the 

induced current. What is the phase-relation between 

this induced flux, ®’, and the original flux, &, due 

to the magnet? 

The induced flux ®’ has a much smaller amplitude 

than the original flux @ due to the magnet. Draw a 
graph of ® and ®’ against time, and on the same 
axes show how the total flux (6 + ®’), varies with 

time. 

c a 

9.39 Figure Q9.22 shows a length of coaxial cable, 
made of an outer sheath of conductor wrapped round a 
long roll of insulator, inside which is a conducting wire 
running along the axis of the whole cable. The 
capacitance of each metre of cable is 200 x 10-!2F. 
Some time before the instant shown, the switch S was 
switched to the 1.5 V battery for 10-°s and then back to 
the position shown. At the time shown, in the region BC 
the inner wire carries positive charge and the outer 
conductor carries negative charge. The regions AB, CD 
are uncharged. 

a) Give a reason why no electricity has yet reached the 
distant place E. 
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b) Estimate roughly the length of the charged region 

BC (the insulator does actually reduce the velocity, 

but you may ignore this.) 

c) Make a sketch showing the directions of the electric 

field around the central wire within the region BC. 

d) Explain why the charge on each conductor in the 

region BC is about 90 x 10~!*C (again neglect any 
effect of the insulator). 

e) What do you think will happen when the charged 

region reaches the end of the cable beyond B if the 

conductors end abruptly and are not connected to 

anything else or to each other? 

Oxford and Cambridge Schools Examinations Board 
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10.1. With inexpensive microcomputers, digital data 

are often recorded on magnetic (cassette) tape at a rate 

of 300 baud. There is an interval between one data byte 

and the next, and this interval is of 2+ bits’ duration. 

How many bytes (to the nearest whole number) are 

recorded per second? 

10.2 Write a truth table for the system shown in Fig. 

Q10.1, to show how the output C depends upon the 

inputs A and B. 

10.3 Draw a diagram showing how one inverter and 

one NAND-gate can be combined to produce a function 

having this truth-table: 

-F OCD ee Cont 
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10.4 Write a truth table for the function of the circuit 

shown in Fig. Q10.2. In this circuit the two inputs A and 

B are fed to a NOR-gate and also to an AND-gate: the 

outputs of these two gates are then fed to another NOR- 

gate. This function is known as the EXCLUSIVE-OR 

function. Explain why it has this name. 

10.5 Figure Q10.3 shows two NAND-gates cross- 

coupled to make a bistable circuit (‘flip-flop’). 

a) If both inputs, R and S, are in logic state 0, what 

are the possible states for the outputs X and Y? 

(Consider what happens if each of the other inputs 

to the NAND-gates are 0 or 1.) 

b) If R = 0 and S = 1, there is only one possible state 

for the outputs X and Y. What is it? 

c) If the circuit is in the stable state with R = 0 and 

S = 1, what happens when R is made equal to 1 

momentarily? 

d) If R = 1 and S = 1, what states can X and Y have? 

10.6 Design a circuit, using AND-gates and inverters, 

which has two inputs X and Y, and four outputs ABCD, 

and which will function according to this truth-table: 

xan AG BiiG BD 

jt O'S — OS = S72) = SQ = oOo = © —_—- Oo Oo © 

The circuit is known as a two-line to four-line binary 

decoder, and is a kind of circuit commonly used in 

computers. Decoder circuits of this kind are usually 

made as integrated circuits on a single silicon chip. 

A = 20 

Fig. Q10.4 
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10.7 A certain a.c. voltage amplifier has these small- 

signal parameters: voltage gain, A, = 20; output 

resistance, R,, = 3kQ. If a resistive load of 1kQ is 

connected to its output, what voltage will be developed 

across the load when the input voltage is 3 mV? 

10.8 Figure Q10.4 shows an a.c. voltage amplifier 

connected to a load of 10 resistance. The voltage gain, 

A, of the amplifier without load is 20. Calculate the 

ratio v,/v,; when the 10 load is connected. Why would 
this amplification system probably be unsatisfactory? 

10.9 For the circuit of Fig. Q10.4 calculate the ratio: 

output current/input current. Use this result and the 

answer to Question 10.8 to decide whether or not the 

system provides any power gain. 

10.10 Figure Q10.5 is the equivalent circuit, for small 

signals of an a.f. amplifier. An audio signal generator of 

negligible internal resistance provides a signal of 

constant voltage amplitude (v, = 0.05 V pk-to-pk). The 

output voltage amplitude v, is measured using a c.r.o. 

When R,, a variable resistor in series with the input and 

R,, a variable output load resistor have the values 

shown, the output voltage v, is as given below: 

R,/kQ 0 5 5 
R,/kQ oo 00 0.5 
v,/V pk-to-pk 2.0 1.0 0.5 
Find the voltage gain A, the input series resistance R; 

and the output resistance R,. 

10.11 Figure Q10.6 shows the circuit for a simple 

attenuator. It is simply the voltage divider circuit we first 

met in Section 25.2. 

a) If the voltage across its input terminals is v;, what is 

the voltage across its output terminals (assuming 

that no load is connected to the output)? 

b) Using the expression which appears near the end of 

Section 25.2, find the voltage gain of this attenuator 

and express it in decibel. 

c) If a load of resistance 10kQ were connected across 

the output terminals the output voltage would 

become a smaller fraction of the input voltage than 
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it was before. What is the voltage gain now, in 

decibels (to the nearest whole number)? 

10.12 Figure Q10.7 shows a simple /ow-pass filter 

circuit, so called because it allows signals of low 

frequencies to pass, but progressively attenuates signals 

of higher and higher frequencies. The cutoff frequency 

is defined as the frequency at which the reactance of the 

capacitor equals the resistance of the resistor. At this 

frequency the peak voltage across the capacitor equals 

the peak voltage across the resistor, but because there is 

a + cycle phase-difference between these voltages, 

each voltage is 1/2 of the input voltage (see Section 

36.3). 

a) What is the voltage gain, in decibels, of this filter at 

the cutoff frequency? 

b) If R = 4.7kQ, what value must C have to give a 

cutoff frequency of 10 kHz? 

10.13 Suppose the circuit of Fig. 42.6 is to be used as 

an a.c. signal amplifier, for signals having frequencies in 

the range 10 Hz to 100 kHz. 

a) Use the data of Fig. 42.4 to estimate the voltage gain 

expressed as a ratio(see Section 41.9.) at the limiting 

frequencies of 10 Hz and 100 kHz. 

b) As explained in Section 42.5, the feedback ratio for 

the amplifier circuit of Fig. 42.6 is approximately 

1/25. Use the theory developed in Section 42.4 on 

feedback, and your answers to (a), to estimate the 

magnitude of the overall voltage gain of the 
amplifier at 10Hz and 100kHz. Give the answers 
both as ratios, and in decibels. 
If the overall gain of the amplifier is not to vary by 
more than 3dB from its value over most of the 
frequency range, what is the approximate upper 
frequency limit for the amplifier? Would the 
amplifier be suitable for use as an audio frequency 
amplifier? 

~— c 

10.14 A certain non-inverting amplifier has a voltage 
gain of 60, before any feedback is applied. A feedback 
circuit is then added which reverses the sign of the 
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voltage to provide negative feedback, and provides a 

feedback factor of magnitude 0.05. Calculate the overall 

voltage gain of the amplifier with feedback. 

(Hint: For a non-inverting amplifier A has a 

positive numerical value;:for a feedback circuit which 

reverses the sign of the voltage B has a negative value.) 

10.15 A certain inverting amplifier has a voltage gain 

of — 100. Negative feedback is to be added in order to 

reduce the overall gain to —5. What must the feedback 

factor be? 

10.16 A phase-shift oscillator is being made, using the 

circuit of Fig. Q10.8. The three-section phase-shift 

module gives an output voltage, when no load is 

connected to its output, which is 1/29 of the input 

voltage to it, at the frequency which causes phase 

reversal (and this will be the frequency of oscillation). 

To avoid appreciable loading of the output of the phase- 

shift module we should make the input resistance of the 

amplifier at least five times as large as the final resistor 

in the phase-shift module. What are suitable values for 

R, and R;, so that positive feedback, and hence 

oscillation, will occur? 
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11.1. A truck, A, of mass 3000kg is shunted along a 

railway line at 8ms~! when it collides, and links with, 

truck B of mass 5000 kg that is travelling in the same 

direction at 4ms~!. What is their final common 

velocity? Also, calculate the energy lost in the process. 

11.2 Repeat Question 11.1, but reverse the direction of 

B so that it has a head-on collision with A. If, as before, 

they link together calculate their final common velocity, 

stating carefully its direction of course. Also, what is the 

energy lost this time? 

11.3. An air track vehicle of mass 0.2 kg is moving at 

5ms~! when it collides elastically with a stationary 

vehicle of mass 0.5kg. Calculate the velocities of the 

vehicles after the interaction. Calculate the fraction of 
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the original energy that is transferred to the second 

vehicle. 

11.4 An air track vehicle, A, of mass 0.3kg is 

travelling at 2ms~! towards another vehicle, B, of mass 

0.2kg, which is moving at 5ms~!. As a result of the 
collision the velocity of A is reversed. What is the final 

velocity of B and calculate the loss of energy. 

11.5 A gas-filled tube or thyratron produced 

commercially for the demonstration of the Franck— 

Hertz experiment with mercury vapour is shown 

schematically in Fig. Q11.1. 
As V, is raised from 0 to 20 V, the sensitive ammeter 

A shows three distinct current minima at intervals of 

4.9V. 

a) Explain this. 

b) Consider the case when V, is 1 V, V2 is 10 V and V; 
is —1 V. In what region of the space in the tube can 

the electrons give up energies of 4.9 eV in inelastic 

collisions? Sketch the graph of current against Vin 

the voltage range 0 to 10 V. 

c) Consider now the case when the three voltages are 

1V, 20V, and —1V. Sketch the graph which you 

would expect to obtain in this case. 

11.6 Collisions between gas molecules in the air rarely 

cause ionization. Use the histogram of Question 4.6 to 

explain why this is so. 
What is the minimum relative velocity of two 

nitrogen molecules which, in collision, might lead to the 

ionization of one of them? 

11.7 Calculate the energy associated with each of the 

following photons: 

a) X-radiation at a wavelength of 0.15 nm, 

b) ultra-violet radiation at 121 nm, 

c) a television transmission at 200 MHz, 

d) a radio transmission at 2 x 10° Hz. 

11.8 A molecule of silver bromide, a light sensitive 

compound which is to be found in many photographic 

films, can be decomposed by about 1.6 x 10~!° J. What 
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is the minimum frequency of the photon which would 

decomposed a molecule of silver bromide? 

11.9 Photographic paper of a type known as bromide 

paper can be handled quite safely in red light but not in 

white light. How do you account for this? 

11.10 A simple laboratory method for obtaining 

almost monochromatic light is to heat a sodium salt ina * 

bunsen flame. The yellow light emitted comprises, in 

fact, two discrete wavelengths at 589.0 and 589.6 nm. 

We shall assume a wavelength of 590 nm and that light 

of this wavelength is a consequence of the return of 

electrons from the first excited state to the ground state. 

a) What is the photon energy involved? 

b) What is the temperature of a gas whose molecules 

have an average kinetic energy equal to that of the 

photon energy? 

c) The average gas kinetic energy in the gas flame may 

be taken as about 2000 K. How then is it possible for 

excitation to occur at all? 

11.11 In an experiment with a photocell it was found 

that electron emission could be prevented by the 

application of a suitable reverse voltage. This voltage 

varied with the wavelength of the light used. From the 

results given in Table Q11.1 plot a graph of ‘stopping 

potential’ against frequency and use it to determine (a) 

the threshold frequency and (b) the work-function of 

the material of the cell cathode. Find a value of Planck’s 

constant. 

Table Q11.1 

Wavelength/nm 365 436 470 530 589 605 

Reverse voltage/V | 2.10 1.60 1.32 1.05 0.80 0.70 

11.12 A metal plate of material with a work function 

of about 5 eV is placed at a distance of 2 m from a weak 

source of monochromatic light of wavelength about 

500 nm. The light output of the light source is 10-2 W. 
Assuming that light behaves as a wave, estimate how 

long it would take for a single photoelectron to be 

emitted. You may assume that an individual photo- 

electron collects its energy over a circular area of the 

plate centred on the atom from which it will come. This 

area may be assumed to have a radius of about 10 

atomic diameters - say 10-?m. Comment on your 

estimate. 

11.13 In 1909 G.I. Taylor devised an experiment to 

test whether light photons could be responsible for the 

diffraction patterns which are usually regarded as a 

characteristic feature of the wave model for light. This 

question is concerned with a similar situation. 
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a) The retina of the human eye can readily detect 

energy arriving at a rate of about 10-'7W. How 
many photons per second does the retina receive 

under these conditions if the wavelength of the light 

used is 600 nm. 

b) On average, how far apart will these photons be? 

c) Light of this intensity nevertheless produces clear 

diffraction effects. State the problem which G. I. 

Taylor was considering. 

11.14 According to the wave theory the intensity of the 

light emitted from a point source varies inversely as the 

square of the distance from the source. If photons are 

emitted in random directions from a point source of 

radiation, show that the number passing through unit 

area (i.e., the intensity) must also be governed by an 

inverse square law. 

11.15 The spectrum of singly ionized helium is very 

similar to that of hydrogen. It includes lines with wave- 

lengths of 303, 256, 243, and 237nm. Compare this 

series with the corresponding series for hydrogen. If the 

ionization energy for hydrogen is 21.8 x 10-!9J, how 
much energy would you expect to supply if you wished 

completely to ionize this helium? 

11.16 What are the differences and the similarities 

between a photon and an electron? 

11.17 The H, line of hydrogen is emitted during an 

electron transition from the energy level n = 3 ton = 2. 

Calculate the wavelength of the H, line. Is this in the 
visible spectrum? 

The first of the Lyman series corresponds to an 

electron transition from n = 2 to n = 1. Calculate the 

wavelength. In which part of the spectrum does this line 
occur? 

11.18 What is the:de Broglie wavelength associated 
with an electron accelerated through 20 kV, which is a 
typical voltage for the tubes used in colour television 
sets? 

11.19 What is the de Broglie wavelength associated 
with an electron which has been accelerated in an electric 
field of 100 V? 

How would this electron behave if it were to meet a 
slit which was 1 mm across? 

The following three questions extend the arguments 
given in Chapter 45 to atoms with proton numbers in 
excess of 1. 

11.20 a) How is the electrical potential energy (£) of 
an electron at distance r, from a nucleus related to 
the proton number (Z) of the nucleus? 

b) How does the wavelength (\) associated with the 
electron depend on the distance (r,) at which all the 
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energy of the electron is potential? 

c) Recalling that the kinetic energy and the momentum 

of a particle are related by the equation E, = p?/2m 

find a relationship between the de Broglie wave- 

length of an electron and its mean kinetic energy 

(E;). 
d) Assuming, as before, that the mean kinetic energy is 

approximately equal to the potential energy when at 

distance r,, find how the mean kinetic energy of an 

electron is related to the proton number Z. 

11.21 a) Using the result derived in the last question, 

estimate the ionization energy for helium (Z = 2). 

b) In fact the ionization energy is 24.6 eV. Considering 

the numbers of charged particles involved, explain 

the discrepancy. 

11.22 a) The next element in the periodic table to He is 

Li for which Z = 3. Estimate its ionization energy. 

b) It is, in fact, 5.4eV. Advance an explanation for 

this discrepancy. 
c) What light does this throw on the marked dif- 

ferences in chemical behaviour between helium and 

lithium? 

11.23 What is the kinetic energy of an electron 

confined within a spherical box which has a radius of 

10-!!m? Compare this value with the potential energy 
provided by the electrostatic field of a proton at this 

distance. Which is the larger and by how much? What 

would be the consequence of this confinement? 
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12.1 A6MeV a-particle has a range in air (at s.t.p.) of 

4.7cm. In this distance it loses its initial energy by 

ionizing atoms in its path. If it loses 30eV at each 

encounter, how many atoms does it ionize before 

coming to rest? 

Explain why an a-particle travels further if: 

a) the pressure of the air is reduced; 

b) a gas such as hydrogen is used instead of air. 

12.2 A 0.18 MBg (5 Ci) alpha source is placed so that 

all the particles it emits pass into an ionization chamber 

containing air which brings the particles to rest. The 

ionization current, measured with a d.c. amplifier, is 

2.96 x 10-°A. Calculate the number of ions being 

produced per second, and the number of ions produced 

by one a-particle. If the ionization potential is 30eV, 

calculate the initial energy of an a-particle. 

12.3. A radioactive substance, labelled R, is set up in 

front of a G-M tube connected to a scaler. The scaler is 

set counting at the same moment that a stopwatch is 

started. Every time the second hand reaches a minute, a 
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boy records the reading of the scaler without stopping it 

counting. He tabulates the readings as shown below: 

Time |0 1 ps 3 4 3 6 7 8 

Scaler 
reading 0 6015 8026 9016 9401 9541 9802 9636 9673 

_a) One of the readings is suspicious. Which one? What 

did the boy probably mean to record? 

b) Having made this correction, work out from the 

readings what was the count rate in each successive 

minute, giving your answers in number of counts 

per minute. 

c) What do these readings suggest is happening? 

d) Plot the count rates on a suitable graph and deduce 

a value for the half-life of the radioactive substance 

R. (The mean of at least two values is required.) 

e) Jill says that a better result would be obtained if the 

readings were extended over a further eight minutes 

and that the boy stopped too soon. Is this a good 

idea or a bad one? Give reasons. 

f) Jack says that there are random fluctuations in 

radioactive experiments. He says a better result 

would be obtained if more counts were taken and 

that it would be better to count at five minute 

intervals, not one minute intervals. 

Give your reasons why this is a good or a bad idea. 

g) There is a slight increase in count rate during the 

eighth minute. Is this significant? Give the reason 

for your answer. 

h) Suggest any way in which you think the experiment 

might be improved. 

Nuffield O-level examination; reproduced by 

permission of the Oxford and Cambridge Schools 

Examination Board 

12.4 a) The success of the provision of medical care 

for mothers and babies during this century is shown 

by the fall in the death rate of babies before and 

soon after birth. The table shows the decrease in 

infant mortality in the U.K. since 1901. 

Year 1901 1911 1921 1931 1941 1951 1961 1971 

Mortality 

per 1000 |144 111 81 60 

live births 

44 32.5 22.5 16 

Is this an example of an exponential decay? Give 

details of your argument. 

b) The following table shows how the population of 

the world has changed over a period of time 
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Year 1800 1850 1900 1950 1970 1978 

Population/10° persons} 910 1130 1600 2510 3375 4219 

Is this an example of exponential growth? Give 

details of your argument. 

12.5 Radon-220 is a radioactive gas with a half-life of 

54s. What fraction of the mass of a sample of this gas 
remains as Radon after 

a) 108s; 

b) 216s; 

c) 540s? 

d) A radioactive isotope, !4Sb, having an_ initial 
activity of 2m Ci(7.4 x 10’ Bq) has a half-life of 60 
days. If it decays for a year, what activity remains? 

12.6 The activity of carbon found in living specimens 

is 2.6 x 107Bq per kg, due to the '4C present. The 
charcoal taken from the fire pit of an Indian camp site 

has an activity of 1.78 x 10?Bqkg~'. The half-life of 
'4C is 5760 years. Calculate the year the camp site was 
last used. 

12.7 Deduce the relationship between half-life and 

decay constant. 

Calculate the half-life of 7°Ra if 1kg of radium 
emits 3.7 x 10'3 e@-particles per second and the mass of 

the radium atom is 3.8 x 10-*kg. 

12.8 Polonium 7}}Po decays with the emission of an 
a-particle with energy 7.38 MeV. 

a) What is the daughter nuclide? 

b) What is the speed of emission of the a-particle? 

c) The daughter nuclide emits a 6-particle; what 

nuclide results? 

12.9 Imagine you are standing at the edge of an atom 

(where the outermost electrons are) and are looking in 

towards the nucleus. Would it appear to be about the 

same size as an apple held, (a) 3 m; (b) 30m; (c) 300m; 

(d) 3000 m away? 

12.10 The radius of a nucleus is taken to be the 

distance from the centre of the nucleus to the point at 

which the nuclear density is reduced by one-half. The 

radii of nuclei are approximately equal to 1.4 x 1075 
x A” in metre. A is the nucleon number. 

a) Find the proton and nucleon numbers for a 

platinum nucleus. 

Calculate: 

b) the ‘radius’ of this nucleus; 

c) the volume of this nucleus; 

d) the mass in kg of this nucleus; 

e) the density of the nuclear material. 
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If the density of asample of platinum is 21 x 10°kgm~?, 

calculate: ; 

f) the volume of a platinum atom; 

g) the radius of a platinum atom. 

Compare your answers to (b) and (g), and to (c) and (f) 

and comment on them. 

h) Use the equation for the radius of a nucleus to show 

that the density of nuclear material is the same for 

all nuclei. 

12.11 A piece of foil measures 0.01 m x 0.01 m and is 

2 x 10-°m thick. It is made of a metal each of whose 

atoms can be contained in a cube of side 2 x 10-!°m. 

Calculate: 

a) the number of atoms in the surface layer; 

b) the number of layers that make up the foil’s 

thickness; 

c) the number of nuclei in the foil. 

When a-particles bombard the foil, it is found that 1 in 

2500 are deflected through an angle greater than 53°. 

What does this tell you about: 

d) the aiming error, p, for these deflected particles; 

area of the foil : 

total target area of the nuclei 

(Assume that the nuclei are not one behind the other in 

the line of fire of the particles.) Hence calculate: 

f) the target area of a nucleus; 

g) an estimate of the ‘radius’ of a nucleus. 

12.12 In an a-particle scattering experiment, 1 in 

10000 are scattered through more than 20°. How many 

would be scattered through more than 20° if: 

a) the thickness of the foil was trebled; 

b) the original thickness was used but the a-particles 

have twice the velocity; 

c) again the original-foil is used but protons bombard 

the foil that have the same velocity as the original 
a-particles? 

e) the ratio: 

12.13 An experiment is performed with a beam of 
a-particles that can bombard each of three foil target in 
turn. When the gold foil is used, 1400 particles are 
scattered through 120° in 10*s. For the same angle and 
time, foil X scatters 500 particles, and Y, 40. The three 
foils are of such thicknesses that, for each foil, the beam 
passes the same number of atoms per unit surface area. 
Calculate the proton numbers of X and Y, and suggest a 
material from which each could be made. 

12.14 a) Calculate the gravitational attraction between 
an a-particle and a platinum nucleus when their 
centres are separated by 10-'4m. G=6.7x 
‘10-"'!N m?kg~2, 

coulomb force Show that the ratio: ———————_—+— 
gravitational force 



Unit Twelve 

a * 

Questions 605 

*% a * a 

232 + A : A 228 A 224 A A 216 A 
Cecile at ere ol ne a Gh eee og a eee Ct GPa. 

/ 

i 
a 

| | 212 Bi 

‘ Severe 
\ A 
~——( 

7 

A ome 

Fig. 012.1 Pa 

has a value of 2.5 x 10° irrespective of separation. 

b) Calculate the coulomb force acting when the centres 

of an a-particle and a platinum nucleus are 

separated by 10-!4m. Compare the answers you 

obtain with the weights of familiar objects, e.g., a 

grain of sand, a book, a bicycle, a car. 

12.15 A proton and a deuteron each have the same 

energy and are on paths that will lead to a head-on 

collision with a silver nucleus. Compare their closest 

distances of approach to the nucleus. 

12.16 An a-particle with a speed of 10’ms7~! under- 

goes elastic collisions with these stationary particles: 

a) an electron; 

b) the nucleus of a hydrogen atom; 

c) the nucleus of a nitrogen atom. 

What is the maximum possible speed of the struck 

particle in each case, and (d) what percentage of the 

a-particle’s original energy is transferred? 

12.17. How much energy does a neutron lose in a head- 

on collision with: 

a) a hydrogen nucleus; 

b) a nitrogen nucleus; 

c) the nucleus of a lead atom? 

What are the desirable properties of a substance to be 

used as a shield for a beam of neutrons? Explain. 

12.18 Supply the missing data (indicated in Fig. Q12.1) 

in the thorium series which is one of the three radio- 

active decay series that occur in nature. Note that there 

are alternative paths towards the end; 36% of the atoms 

take the upper one. The final stable element is the same 

whichever path is taken. The upward arrows indicate the 

particles ejected. 

12.19 Make a copy of the following table: 

1H 2H 4He °Be 2C 27 A] 206Pbh 226Rq 238LJ 

ZN 

ae SS a SS eS SS SS ee ee 

Final 

Stable 

Element 

Fill in the nucleon number A, the proton number Z, and 

the neutron numberN. 

12.20 Complete the following nuclear reactions in 

which ? = missing data, e = electron; p = proton, 

n = neutron, d = deuteron, a = alpha particle, y = 

photon, %, = neutrino. 

a) HAl+a—-p+? 

b) aMg. +:? > jiNa. +5p 
c) 3U+n-?2?+y 
dn—-?+e+ 4, 

e) '*N(a, p)? 

f) !°Bn, ?)7Li 

g) '8Hg(n, d)? 

12.21 a) Ina helium nucleus there are two protons and 

two neutrons; if the protons are separated by 

10-'4m, what is the electric force of repulsion 

between them? 

b) Calculate the binding energy per nucleon if the mass 

of an atom of helium 3He is 4.00260 u. 

12.22 Using Fig. 48.6 which gives binding energies per 

nucleon, find the binding energies for °U, !*'Ba, and 

°2Kr, Use these binding energies to show that when the 

fission of 75U occurs, about 200MeV of energy is 

released. 

12.23 In a mass spectrometer, hydrogen ions or 

protons are given an energy of 10keV and they then 

enter a uniform magnetic field of 0.5T in a direction 

perpendicular to the field. Calculate the radius of the 

path of these protons in this field. 
The hydrogen in the ion source will also contain 

deuterium which will also become ionized. Calculate the 

radius of the path of the deuterons. (Mass of a proton 

= 1.66 x 10-2’kg, charge on a proton = 1.6 X 

TOR C) 
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Unit One 

£5) 5527 10 ke. -. 

1.6 (a) 1.8 x 10'! coulomb per kilogram (or C kg~); 
(b)e5<50 x0107* ke: 

ikea (@): 

1.8  48.4km; bearing 55.7° East of North. 

1.9 68N along the plane; 188 N normal to the plane. 

1.10 (c) The speed of 32.5 ms! is an average over the 

100s interval. Speeds measured by the speedo- 

meter are instantaneous speeds. (d) About 31 

ms~!. This is the instantaneous speed at ¢ = 
150s. (e) About 0.13 ms~?. This is an accelera- 
tion. 

1.11. (b) 12K min~'s' (c) “16.6 Kmine ? Ydymiae 
Kmin~'; (¢) 144K min~% °()714.4K minc® 

(g) 14.4 K min~!; (h) 14.4K min7—!. 

Unit Two 

2.1 18imise 16200IN: 

2.2 By, e.g., throwing some object away in a 

direction away from the spacecraft — taking care 

not to produce rotation. 

2.4 6.3N. 

2.5 The boat moves at 0.08ms~! in a direction 
opposite to that of the ball. When the second 

student catches the ball, the boat also comes to 

rest. 

2.6 28m; 112 m. 

2.7. (a) The reaction time (thinking time) is the same 

in each case. 

(b) An average constant force is assumed which 

gives, in each case, an acceleration of —7.1 

Ts: 
2.8 2.56 x 10°N; 16cm’; the force is increased by 4 

times. 



Unit Four 

2.9 

2.10 

2.11 
2.14 

2.15 

2.16 

2A 

2.18 

2.19 

2.20 

2.21 

De22 

2.23 
2.24 

2.25 

(a) None, k is a dimensionless constant. 

(b) The unit of force will be such as to give an 

acceleration of 0.5 ms~? to a mass of 1 kg. It 

has dimensions ML T~?. 
(c) Smaller by a factor of 0.5. 

(a) 19.6N; (b) 9.8xN; (c) 9.8ms~*; (d) 9.8 

ms~?; (e) they have the same acceleration. 

48 N; 32N. 

VMg/Ad ; Adv?/M — g. 

Deal Ot ke so! 
(a) Back in the funnel. 

(b) The observer on the train sees vertical rise and 

fall; the observer by the track sees a parabolic 

curve. 

In both cases the wise monkey will hang on. 

2700 N. The force is the resultant, inward, of the 

viscous air drag and the tyre-road friction. 

8000 ms~!; 84 minutes. 
022) Nikeals yes. 
The ‘tightness’ of the nut on the bolt is deter- 

mined by the torque applied and not by the force 

alone. 

Consider the point of action of the force relative 

to the centre of gravity. 

1.08 m behind the front axle. 

(a) The vertical components of the force on each 

hinge are each 75N; the horizontal com- 

ponents at the upper and lower hinges are 

—40N and +40N respectively; 

(b) 85 N at 62° and at 118° to the horizontal. 

The horizontal component of the force on the 

upper bracket is 64N to the left; on the lower 

bracket is 64N to the right. The vertical 

components are each 20 N upwards. 

Unit Three 

3.1 
3.2 

3.3 

3.4 
3.5 

3.6 
3.7 

3.8 

3.9 
3.10 
3.11 

3.12 

932.5 N. 
(a) 4.2MJ; (b) 2000 N; (c) 1400 N; (d) Constant 

gradient. 

4.6 x 10° J; (b) Heat in brakes; (c) -80ms~?; 

(d) 4800 N. 
(a) About 77 J; (b) About 19 ms7'. 

(a) 100 N; (b) 50 kg; (c) 2 m s~*; (d) 200 J; 

(e) 160 J; (f) 2.8 ms—". 

14. 

600 m s7~!,. 

AMS 
m 

h/4. 

32 kg. 

(b) P has radial acceleration; (c) P has both radial 

and tangential acceleration. 

(a) 0.36 N; (b) 12 rad s~'; (c) 0.432 J. 

Answers to Questions 607 

3.13... 2.05% 10%.Pa. 

3.14 0.4K. 

3.15 Assuming that all kinetic energy is available to the 

pellet, the temperature rise of the pellet of lead is 

about 40K. 

3.16 275ms~! (on same assumption as previous 

question). 

3.18 8 minutes. 
3.22 16.3 hours; 128 hours. As the water cools to4K a 

convection current takes the denser water to the 

bottom of the tank. Thereafter water which is 

cooled below 4 K will collect at the top of the tank 

so that the freezing will start at the top. This 

freezing will exert forces on the tank itself as the 

water turns to ice and expands. 

Unit Four 

4.1. (a) 16.7 mol; (b) 0.0224 m*; (c) 3738 J, 3750 J, 

12 imol= Bkak 
4:2 (a) 271d 107 Nimes) S-Scm: 
4.3. (a) 1.7 x 10°Nm~; (b) 3.9 mol; (c) 0.022 m?. 
4.4 500 ms~!. Remember that the r.m.s. speed does 

not depend on pressure but the mean free path 

does. 

4.5 8km;400ms7—!. 
4.6 (b)490ms7!. 
4.7. (a) 484ms~! and 1930ms~!; (b) 1.6 x 10°K, 

9.7 x 103K. 
The distribution of speeds among the molecules is 

such that the hydrogen molecules have a high 

probability of eventual escape. At the ‘top’ of the 

atmosphere (say 200+ km) the temperature of 

the gases is in the order of 1000K which greatly 

increases the chance of escape for the faster 

hydrogen molecules. 

4.8 (a) 3.01 x 10° Pa; (b) 3.11 x 10° Pa; (c) 0.76 m. 

4.9 (a) 9.4 m; (b) 0.95 m. 

4.10 The air pressure between the vehicles falls below 

atmospheric. 

4.11 (a) nv = $3 8(e; — @2); (b) 8.6cms7!. 
4.12 0.11 cm? s~! (6.6 cm? per minute). 
4.13 (a) The student wrongly assumed that the 

temperature difference between the glass surfaces 

was 20 °C; (b) 270 W. 

4.14 The maximum and minimum sizes are 800.19 x 

400.09 mm and 799.52 x 399.76mm; so cut the 

glass a little under-size. 

4.15 (a) To allow energy transfer through the 

thermopile; 

(b) No net transfer of energy; 

(c) Any temperature difference will cause energy 

flow; 

(d) 19.3%. Other energy losses (which?) prevent 

ite 
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4.16 

4.17 

4.18 

4.19 

4.20 

4.21 

4.22 

4.23 

4.24 

4.25 

4.26 

4.27 

4.28 
4.29 

4.30 

4.31 

4.32 

4.33 

Answers to Questions 

(a) 2%A; (b) KInW = 5.8JK~!; (c) Many more 

ways of achieving this distribution than any 

other. 

348 K. 
(a) The change in the reaction rate depends on 

the ratio e~&/K7)/e-(E/kT), If E/kT is itself 
large (say 20), the ratio can be quite large for 

quite small differences of temperature. 

(b) 8.9 x 10~*° J/particle. 
(a) The ratio of the lengths remains the same 

(0.6) but all the lengths are doubled; 

(b) Steeper but with the sum total of the bar 

lengths unchanged; 

(c) Shallower but with the sum total of the bar 

lengths doubled. 

(a) Hooke’s law obeyed up to the elastic limit 

(340 N); 
(b) The wire had acquired a permanent set having 

yielded; 

(c) (i) 6.8 x 10!°N m~?; (ii). 75 x 10°N m-?. 

(a) 3.75 mm, 7.5 mm; (b) 8.9 kg. 

Suns 5: 
2610 rev min~!. 
Remember that Jupiter is by far the most massive 

planet. 

(a) 27; (b) 27; (c) 9; (d) 273 (©) 27; (9; (8) 9; 
(h) V3; 
9 times larger. 

(a) 2V2r; (b) 8 x 23/2 x 73; (c) 14; (d) 8; (e) 6; 

(f) 85 (g) 2; (h) 1, 3; (i) Far; Gj) 0.74. 
(a) 36.1 nm; (b) 4; (c) 8940 kg m~3. 
25.6 nm, 18.2 nm, 12.9 nm. Since the last spacing 

is twice the first, it represents a second order 

reflection with n = 2. 

(a) 0.0003 mm; 

(b) There must be some other mechanism since 

the capillary rise in a tube of diameter 

0.01 mm is only 3 m; 

(c) 10°Pa. 
(a) The excess pressure decreases with increasing 

radius; 

(b) the smaller bubble transfers air to the larger. 

(a) Across the grain; 

(b) Plywood, unlike a sheet of timber, will have 

similar properties however the sheet is 

stressed; 

(c) smaller; 

(d) unlike aluminium, wood is not homogeneous. 

(a) (i) 700 x 10° N m~?, (ii) 0.07 to 1; (b) (i) 0.63 

to 1, (ii) disaster. 

Unit Five 

5.1 (a) 1100 Hz. 

(b) 220 ms~!, 

5.2 

5.3 

5.4 

5.5 

5.6 

el) 

5.8 

5.9 

5.10 

Unit Five 

(a) Water waves; VHF radio; sound; infrared; 

light; gamma. 

(b) Gamma;-light; infrared; VHF radio; sound; 

water. 

The diffraction of the waves at each slit leads to 

the waves spreading out after passing through the 

slits; the waves can thus overlap and interfere. 

(a) They must be being transmitted in phase with 

-each other and thus interfere at X to give an 

enhanced signal. 

(b) The signal will again have an amplitude twice 

that from either station on its own. 

(c) More than 100m. AY-BY = 200m - think 

about the geometry of the situation. 

(a) The dippers produce waves that are spatially 

and temporally coherent; the limited diffrac- 
tion at the slots in the barrier produces an 

inferior pattern. 

(b) A similar situation occurs with the two loud- 

speakers; in this case the two slots would be 

too far apart to produce an interference 

pattern that can be heard. 

(c) Two sources of light are never spatially or 

temporally coherent. The two slits must be 

close due to the short wavelength. 

20ms~!; no, such a pulse will travel faster as it 

moves up the rope. Can you think of a reason 

why? 

89.2 N. 

(a) Your graph should be a ‘square wave’ shape 

spanning the two times 4 to 5s, and of a 

height of 0.2ms7!, 

(b) Such a graph assumes infinitely large accelera- 

tions - why is this impossible to achieve? 

0.64 m. 

(a) 4.1 ms7}; 

(DO) 282s: 

(c) The pulse covers double the length at double 

the speed. One would not expect to find this 

to be true unless the extension of the spring 

was many, many times the original length. 

(a) Here are some points you might make: if the 

aperture is small enough light in fact does not 

travel in straight lines; refraction using the 

particle model gives the wrong result for the 

change in speed; interference effects may be 

difficult to show but they do exist. 

(b) Colour depends on forced oscillations and 

resonance amongst the atoms of the coloured 

material; polarization can only be explained 

by assuming light is a transverse wave — the 

particle model fails completely. Members of 

the electromagnetic spectrum are linked by a 

common speed; differences can be related to 

differences in wavelength and frequency. 



Unit Five 

5.12 

5.13 

5.14 

5.15 

5.16 
5.17 

5.19 

5.20 

5.21 
5.22 

5.23 

5.24 

5.25 

5.26 

(a) 21 cms7~}; (b) 14cms~!; (c) 20°; (d) 42°; 

(e) Waves are internally reflected. 

4710 km. 

(a) You ought to mention interference some- 

where here. 

‘b) This essentially depends on the difference in 

‘slit spacing’ to produce patterns of compar- 

able size. 

(c) Common speed; possibly their transverse 

character. 

Both your answers ought to have mentioned 

diffraction and the way the extent of the diffrac- 

tion depends on the size of the wavelength of the 

wave. 

330 ms—!. 
(a) Absence of reflected waves. 

(b) Increase frequency or speaker separation. 

(c) In either case the speakers must be at least 2 

wavelengths apart. 

(d) The speakers have been connected in anti- 

phase. 

Qs ha105 im: 
(b) White light consists of a range of wave- 

lengths. 

(c) Think about the different positions of the 

maxima from the different wavelengths in the 

white light. 

(d) Different parts of the light source pro- 

duce independent, overlapping interference 

patterns. 
(a) The transmitted waves are polarized in a 

plane at right angles to the plane of the 

receiving dipole. 

(b) The amplitude of the received wave is 

Acos?45, where A is the amplitude of the 

original wave. Thus the intensity received is 

one quarter the transmitted intensity. 

There must be two refracted waves, polarized in 

planes at right angles to each other. (By arranging 

a prism of such an angle that one of these waves is 

internally reflected, very precise polarizers and 

analysers can be constructed. They are called 

Nicol prisms.) 

24s: 
The graphs are in fact an upside down picture of 

the tracks! 

(a) 0, 6, 12 units; (b) 3, 9 units; (c) 3, 9 units; 

(d) 0, 6, 12 units; (e) 1, 5, 7 and 11 units. 

(a) Period = 2.5s; amplitude and energy are 

unchanged. 

(b) Period = 2.55; energy is halved and 

amplitude reduced by 1/V2. 
(a) None; (b) Halved; (c) Reduced to 1/4; 

(d) Halved. 

(a) 4s; (b) 1.57 s~!;(c) 7.85 cm s~'; (d)24.7 cm cs 

24) 

5.28 

2) 

5.30 

5.31 

5.32 

5.33 

5.34 

5.35 

5.36 

S50!) 

5.38 

O39 

5.40 

Answers to Questions 609 

(a) 6 J; (b) 3J; (c) 3 J. 
This is a matter of following instructions. 

(a) TN a(b)) @Y 2NS Gil 250mssaC) (1) 0-25, 

(11) 0.25 J; (d) 0.05 J. 

Walking with the natural rhythm of the swing of 

your leg will enable you to make best use of the 

energy of the swing - as in resonance. 

This is essentially a discussion of forced oscilla- 

tions and resonance, and your answer should 

cover all the main features. 

You ought to have identified another pitching 

mode and also pitching modes across the 

diagonal. There is also the possibility of a rolling 

motion as each spring compresses in turn. 

This is a matter for observation - it would spoil 

the experiment to tell you what will happen! 

(a) 343 ms7}; 

(b) Using a loudspeaker, the directly radiated 

energy is as intense as that reflected up the 

tube. If you think about it carefully you will 

find that these two waves are 180° out of 

phase and thus interfere destructively. 

0.53 mm; 0.36 mm; 0.24mm. You may find that 

this does not quite match what is found in 

practice because the different springs are rather 

differently constructed and may not in fact be of 

the same tension. 

(a) (i) The wavelength should be a little less than 

the boat’s length. (ii) A little less than 18 m. 

(b) c= 4ms~!, sof = 0.22 Hz, if \ = 18m. 
(c) The shallower water should have a wave of 

shorter wavelength than the deeper water has, 

because c increases with depth. 

(a) Sound intensity is reduced to + of its previous 

value. 

(b) Sound intensity is proportional to (ampli- 

tude)?. 

The resolving powers of the grating are different 

in the two cases. In the first case, if light passes 

through the whole grating, two wavelengths 

0.12 nm apart will be resolved. In the second it 

will just resolve wavelengths 1 nm apart. 

(a) Assuming he wishes to resolve detail 1 cm 

across, the lens will have a diameter of 5 m. 

(b) Yes, he would be able to do so. 

(c) It could be conducted at night, but resolving 

power could be less. 

(a) Think about the refraction of light by such a 

grating. 

(b) A great deal of light energy is concentrated 

into one side of the grating. 

(CESS 1072 m: 
(d) Your diagram should show 

reflected off the oblique faces. 

(e) It would be useful for infrared radiation 

light being 
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5.41 

5.42 

5.43 

5.44 

Answers to Questions 

which cannot be transmitted by the glass. 

(a) The resolving power required is 6.7 x 10~§; 

the resolving power of the telescope is 10~7 so 

it should be able to resolve such a pair of 

stars. (The effective resolving power may be 

less than this owing to atmospheric con- 

ditions.) 

(b) The absence of atmospheric turbulence, etc., 

will mean that any instrument will approach 

its theoretical resolving power in use. Earth- 

based instruments hardly ever do. 

(2) 2356n-0(b) sales 

(c) sin@ > 1 for 3rd and subsequent orders. 

(d) With extreme tilting the path difference 

between adjacent waves can approach twice 

the separation of the silts. 

(a) Your sketch should follow the envelope of the 

curve drawn. 

(oy 2 S< TIO=o sn 

(c) The total slit width is 0.8 mm so the minima 

should occur at +0.75 x 107-3 radians; 
+1,.5 x107* radians; +2.25 x 107? radians. 

(a) The frequency of the waves corresponds to 

the natural frequency of vibration of the HCl 

molecule. 

(b) The gas warms up. 

(c) 546N m-!, 

Unit Six 

6.1 

6.2 

6.3 
6.4 

6.5 
6.6 
6.7 

6.8 

6.9 

6.10 

(a) Current is 20 A and the fuse blows; 

(b) Kettle works at well below the rated power at 

a current of 5.2 A; 

(c) 52; 
(d) 93%. 

(a) 0.4, 0.6, 1.8, 2.4 and 3.6KQ, (b) 4.7kQ is 

satisfactory. 

(a) 6.2 V; (b) 3.2%. 

(a) 12 V; (b) 8 V; (c) 2A; (d) 24W; (e) 8W; 

(f) 16 W; (g) 16 W; (h) 6 A, 0 V; (i) 72 W; (j) 72 W; 

(k) zero. 

(a) 1400; (b) 0.71 mA; (c) 13.5 kQ. 
1.67 MQ. 

(a) 5Q; (b) 0.025130; (c) 15 V. 

H contains a 6V battery; J contains a resistor 

equivalent to 3750; K contains a 75 resistor 

between a and c and another beiween c and d; L 

contains a 5k linear potentiometer between a 

and 5 with the sliding contact connected to c 

through a 75 (2 resistor. 

A to B is 6002; A to C is 2002: B and D are 

connected together; C and D are not. 

11.90, 

6.11 

6.12 
6.13 

6.14 

6.15 

6.16 

6.17 

6.18 

6.19 

6.20 

6.21 

Unit Seven 

(a) 11kQ; (b) 270A; (c) 75%; (d) Hint: the 

assumption made in (c) no longer applies. 

(a) 4372 0; (b). None. 

(a) Iy9 = 0.51 A5 [49 = 0.23 A; Ing = Ls = 0.28 A; 

(b) Vio = 5.1 V3 V39 = 6.9 V; Vn9 = 5.6:V3 

Ve = 1.4V; 
(a) The p.d. between X and Y is zero; 

(b) 8 x 10-°Qm; (c) From X to Y. 

99 pF mm~?; 21 cm’; No. 
(a) 12 A; (b) 0.0024 V; (c) 11.9976 V; (d) 5000s; 

(e) 58 min; (f) 0.06 C. 

39.4 J. 
(b) Rate decreases; (c) Rate decreases. 

(a) Charge flows from the capacitor. (b,c,d) 

Charge flows to the capacitor. 

(a)(i) The same; (ii) The same (Hint: use + CV’); 

(b)(ii) Circuit B (Hint: compare the time con- 

stants). 

(a) The resistances are respectively very large, 

very large, 1409 and 25.7; (c) 5A; (d) Con- 

sider the p.d. across the diodes; (e) 10 kQ in series 

prevents the p.d. across G and the diodes from 

reaching a value which will allow a significant 

current to flow through the latter. 

Unit Seven 

7.1 

sz 

es 

7.4 

7.6 

isi 

7.8 

7.9 

7.10 

7.11 

7.12 

7.13 

7.14 

7.15 

7.16 

oli 

7.18 
7.19 

7.20 

7.21 

2 x 1073N (vertical); 1.6 x 10~3N (vertical). 
12 nN (deflection possible); no vertical force and 

no deflection. 

E-W. 1044N at 20° to horizontal; 97.7 uN hori- 
zontally E-W. 

45 mT. 

9.86N. 

10-2 N, 

4x? GR*Q7. 

9 

3.844 x 10’ m. 

5506 kg m~?; Newton lacked G. 
7.75 kms~!; 90 min. 
96 min. 

3.58 x 10’m above surface; 3069 ms~!. 
Ariel, Titania, Umbriel, Oberon are all moons of 

Uranus. 

8.7 x 10% kg; 10.1 Nkg7!. 
6) <0102 ke. 

reg 
y= —- 

R 

P.E. — K.E.; P.E. — heat, etc. 

120 J; 30S kg7!. 

B. 

= 628:6107 Jikeale un desc 10’ Jkgals — 2.28: 
10’ Jkg~!; 1.37 x 10!! J; Student assumed that g 
is constant. 



Unit Nine 

7.22 
7.23 

7.24 
7.25 

7.26 
7.27 

7.28 
7.29 

7.30 

(a) zero; (b) 0.64.'N kg7!; (c) 2.24 x 10° J. 

(a) 3.75 x 10*N C7!; (b) 2.25 mN; (c)9 x 1075J; 
(@)-1500 Vior JC™. 

4715 V: 

61 nC. 

ASE Omen sok Sx 10 V min. 
720 V; 432 V. 

675 V; potential has decreased. 

(a) Same; (b)’800 V; (c) Potential is doubled. 

(ayo-m: (b) 2: 10-7 C. 

Unit Eight 

8.1 

8.2 

8.3 

8.4 
8.5 
8.6 
8.7 
8.9 
8.10 

8.12 
8.13 

8.16 

8.17 

8.18 

8.19 

8.20 

8.21 

8.23 

8.24 
8.25 
8.26 
8.27 

(a) VO/d; (b) VQ; (c) Q/t; (d) CV. 
Ka) od 0tN C- 15(b) 1051x5107" Gi(O5.285 Xx 
10~4N; (e) 0.21 nA; (f) The frequency of oscilla- 
tion of the ball can be increased by reducing the 

distance between the plates. The effect of doing 

this is two-fold: The field strength and therefore 

the force on.the ball is increased and not only 

does the ball travel faster but it has a shorter 

distance to travel between hits. Another method 

of increasing the frequency is to raise the voltage 

of the E.H.T. supply which will result in a larger 

field strength without changing the plate 

separation. 

ORigs 35> 

5, 10,-8, 3) 4,72 
TAl K-10 4G 
2.45 x 105 V m~!; downwards; negative. 

1.12 x 10-'* C; yes, it carries 7e. 

(a) 8: x 107 '°J;.(b) 16 x 107° J. 

(a) —196Jkg~'; (b) +4600JC~'; —5.56 x 

10-3 J (fall). 

Xis —, Yis +. 

(a) 1.95 mms7~!; (b) 1.25 x 10777N; (c) 0.3 N; 
(d) 7.8 x 10-4Vm~); (ce) 4.74V; (f) F = BIL 

= 0:3 N. 

54 nV; 12 pV. 

Negative. 

No! Consider all possible field directions in three 

dimensions. 

9.4 <.10°.as7iillumT- 

1.6 < 10% mss 1.78 X910'1 SG kg 

Electrons carry like charges. 

()i 3.250%: A0lemics 74500) 3. 78"< 10>) mis; 

(©),5.35. X)10° ms7!. 

(a) 2 ns; (b) 7 mm. 

(a) 4 x 10-'° J per electron; (b) 10!*s-!;(c) 40 W. 

(a) 1.5 kW; (b) 7.5 W. 

96 000 C; 0.475 g. 
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Unit Nine 

9.1 

9.2 
9.3 
9.4 
9.5 

9.6 

9.7 
9.8 

9.9 

9.10 

9.12 

9.13 

9.15 

9.16 

0.01 N. This is too small to strain the insulation or 

to produce noticeable vibration. 

About 14A. 

6.4 x 10-7Nm. 

500 pA. 

(a) Normal to the plane of the diagram and down 

into it; (b) normal to the plane of the diagram and 

up out of it; (c) perpendicular to wire Y and 

towards X; (d) perpendicular to wire X and 

towards Y; (e) each wire must be part of a 

complete circuit. Any effects due to the rest of 

these circuits have been ignored. It can be shown, 

both theoretically and experimentally, that two 

circuits carrying current, whatever their shape, 

exert equal and opposite forces and torques upon 

each other. 

(a) WX due west, XY due south; YZ due east, 

ZW due north; (b) the forces on WZ and XY; (c) 

due west. The force on WX is greater than that on 

YZ because WX is closer to PQ than YZ; 

(d) with WX in contact with PQ and not, as might 

be guessed, with WX and YZ on either side of PQ 

and equidistant from PQ. Although this would be 

symmetrical geometrically, the square in this 

position would experience a resultant force 

eastwards. 

0.012 T. 
(a) 12 m; (b) 0.2 m; (c) 1.7 mm. 

(a) Txtaey; 
myv,Qx 

(b) radius of a-particle track _ 

radius of 8-particle track 

(a) deflection left and back to zero; (b) deflection 

right and back to zero; (c) deflection left and back 

to zero; (d) deflection right and back to zero; 

(e) no deflection if the frame is held symmetrically 

between the poles throughout the motion; the 

e.m.f.s in each side then exactly cancel; (f) no 

deflection because no flux lines are cut. 

(a) 2.5 nV; (b) Sides PS and QR are not cutting 

flux lines; (c) 5 pA. 

31.4 nV. 

(a) p.d. is Bly; the north end is more positive; 

(b) e.m.f. in the frame: (i) Bdv, (ii) zero, (ili) Bdv. 

Current in the frame: (i) Bdv/R anticlockwise, 

(ii) zero, (iii) Bdv/R clockwise. Force on frame: 

(i) B’d2v/R towards the left, (ii) zero, (iii) B’d’v/R 

towards the left. 

(a) 8V; (b) an equal and opposite e.m.f. is 

induced in the connecting wires. 

(a) 250 un. Wb; (b) 2.5 mV. 

(a) 0.628ms~!; (b) 7.85mV; (c) 3.14V; (d) 

0.202 A; (e) 2.22 W; (f) Power from supply = 
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9.17 

9.18 

9.19 

9.20 

9.21 

9:22 

9.25 

9.26 

9.28 

9.29 

9.30 

9.31 
O32 

9.34 

9.35 

9.39 

Answers to Questions 

2.424 W, power as heat in armature resistance 

= 0.204 W; (g) 4.86 W; useful mechanical power 

= 2.64 W; (h) 19.1 revs~!; at this speed the back 
e.m.f. equals half the supply voltage. 

(a)(i) BANw, which is a maximum when @ is 

0° or 180°; (ii) V/R; (iii) Ne 
R 

(b) 190 V; 950 W; 50 W. 

(a) SV. 7-5. Vs OV net. Vs (db) 1W,.1.5 W, 2 W, 

1.25 W; (c) 5V2 V, 5V3 V, 10 V, 5V5/2V. 
16.2 A. The fuse rating is r.m.s. current which is 

11.5A. 

31400. 

The stator has inductance and its reactance 

increases with frequency. 

0.021 H. 

Gest Ve 

1590 pF. 

536 pF and 94 pF. 

(a) 2.2 x 10-°Wb; (b) 3.4A; (c) 1.5 x 106A 

Wo *s\(d) 2.7.x 107 Wb A“! in_!,.2100. 

(a) 1.26 x 10° A Wb-'!, 6.37 x 10°A Wb-!; 

(b) 6.25 x 10-5 Wb; (c) 406 A; (d) 1.35 A. 

(b)(i) 4 x 10~4T; (ii) 2A; (c) 6 x 10-4N. 

(a) 1.57 x 10-3 Wb m~?; (b) Vertically upwards; 
(c) 3.14 x 10~4N; (d) Half of the previous value; 

about 1.6 x 10-4N. 

120 turns. 

1eSi<al Omowis 

(b) 0.3 m. 

’ 

Unit Ten 

10.1 

10.2 

10.3 

10.4 

10.5 

29 bytes s~!. 
A B 

0 

0 

l 

1 -O-;f- co 

Ss 
0 

1 

1 

Ee | 0 

(a) Only one state possible, with X = 1 and 

Y = 1; (b) X = 1, Y = 0; (c) No change in the 

outputs; (d) X = 0 and Y = 1, or X = 1 and 

Y= ©. 

10.6 

10.7 

10.8 

10.9 

10.10 

10.11 

10.12 

10.13 

10.14 

10.15 

10.16 

Unit Eleven 

Xx A 
Y 

B 

ec 

D 

15 mV. 

0.20. 

99; power gain = 20 (13 dB). 

40; 5 kQ; 500 Q. 

(a) 0.1 v,; (6) —20 dB; (c) —26dB. 
(a) —3 dB; (b) 3.4 nF. 

(a) 100000 at 10 Hz, 10 at 100 kHz; (b) 25 (or 

28 dB) at 10Hz, 7.1 (or 17dB) at 100 kHz; (c) 

Overall gain 25 dB at 16 kHz. This would not be 

a high enough upper frequency limit for a high 

quality a.f. amplifier (but 25kHz would be 

acceptable). 

st alley 

+ 0.19. 

26 kQ and 1 MQ. 

Unit Eleven 

11.1 

11.2 

11.3 

11.4 

11.6 
11.7 

11.8 

11.10 

11.11 

11.12 

11.13 

11.15 

11.17 

11.18 

11.19 

11.20 

11.21 

11.22 

11.23 

551 1 S48 ISCO 

0.5ms~! in the direction initially followed by 
the 3000 kg truck; 135000 J. 

—2.14ms~ 4; 2.86 ms~!: 0382. 
1 ms~! (reversed); 2.4 J. 
1OSinSaes 

(a) 1.3 & 107" J (b) K64-< 10-3? 1.3% 

10-25 J; (d) 153*x 10>28J. 

2.4 x 10!4Hz. 

(a) 3.4 x 107!° J; (b) 16000 K. 

(a) 3:2 <*10" Hz; (6b) 2:2 «10-4? FoF 1i4’eve 
7601 <ol Om endiss 

1300 s (about 21 min). 

(a) 3 x 10°(b) 100 m. 
Compare the Lyman series; 87.2 x 107!9 J. 
(a) 656 nm; (b) 121 nm. 

8.7 pm. 

0.12 nm; particle behaviour dominant. 

(a) E « Z/r,; (b) \ « 7.3 ()X = h/N2mE,, ; 
(d) Ex Z?, 
(a) 54eV; (b) Each electron shields the other 
from the full attractive force of the nucleus. 
(a) 122 eV; (b) Two of the electrons have a major 
shielding effect. The electron involved in the 
ionization is not in the ground state. 
E,; E, = 6:1. 



Unit Twelve 

Unit Twelve 

12.1 

12.2 
12.3 

12.4 

12.5 

12.6 

12.7 

12.8 

1279 

12.10 

2 x 10°; (a) fewer encounters per cm; (b) lower 

ionization energy. 

b85eo10" s-'s 1.03. 1077 3 MeV, 

(a) 9802; (d) about 40 s. 

In each case an appropriate graph on semi-log 

paper is straight, confirming that the changes 

are (a) exponential decay and (b) exponential 

growth. 

(a) 43 (b) 16s (©) (Z)'; @) 1.1 x 106 Ba. 
3160 years ago. 

1562 years. 

(a). 2 Pb;.(b).1:9 x 107m s='; (c) 724 Bi. 

300 m. 
(arms, 195: (b)) 8,4 x 10>? m; 

(e).2:2.6 107 #7: 

12.11 

12.12 
12.13 
12.14 
12.15 
12.16 

12.17 

12.20 

12.21 

12.23 
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(d) 3:24 x 10>** kg; 

(e) 4,10" ke m=; 
(fe ikS Sx 10-2 m3; 

(26x 107 om. 

(a) 256 10"; (b) 104; (c) 25 x 10!8; (d) 3.4 x 

10-'4m; (f) 4 x 10-8m%; (g) 2 x 107 '4m. 

(a) 3 in 104; (b) 1 in 16 x 104; (c) 4 in 10%. 

47, 13, silver, aluminium. 

(a) 1.44 x 10-33.N; (b) 359 N. 

The same. 

(a) 2 x 10’ms~!; (b) 1.6 x 10’ms7!; (c) 4.45 

x 10°ms7!; (d) 0.05%, 64%, 69%. 

(a) 100%; (b) 25%; (c) 2%. 

(a)-79Si;-(b): nso) 25 -(d) “ps (6) 705; 

(g) '°’Au. 
(a) 2.3 N; (b) 7.1 MeV. 

28.9 mm; 40.75 mm. 



APPENDIX 1 

The International System of Units (SI) 

1.1 Base units 

length 

mass 

time 

current 

thermodynamic temperature 

luminous intensity 

amount of substance 

1.2 Supplementary units 

plane angle 

solid angle 

1.3. Some derived units 

area 

volume 

frequency 

density 

speed, velocity 

angular velocity 

acceleration 

angular acceleration 

force 

pressure, stress 

torque, moment of a force 

momentum 

viscosity 

energy, heat, work 

entropy 
power 

electric charge 

electric potential difference 

electromotive force 

electric field intensity 

614 

metre 

kilogram 

second 

ampere 

kelvin 

candela 

mole 

radian 

steradian 

square metre 

cubic metre 
hertz 

kilogram per cubic metre 

metre per second 

radian per second 

metre per second squared 

radian per second squared 

newton 

pascal 

newton metre 

kilogram metre per second 

or newton second 

newton second per square metre 

joule 

joule per kelvin 
watt 

coulomb 

volt 

newton per coulomb 

or volt per metre 

kg 

AP” 

cd 

mol 

rad 

sr 

Pa 

my 

aus 

JKe 

JC 

NC 
Vm-! 



electric resistance 

electric conductance 

electric capacitance 

magnetic flux 

magnetic flux density 

electric inductance 

magnetomotive force 

luminous flux 

illumination 

thermal conductivity 

activity of a radioactive 

source 
absorbed dose of ionising 

radiation 

dose equivalent of ionising 

radiation 

Prefixes for SI units 

Sub-multiple Prefix 
TO deci 

10-2 centi 

LOZ milli 

10-6 micro 

1OR? nano 

10> pico 

10-5 femto 

10538 atto 

(Note: The ‘billion’ is avoided since, in Britain, it is equivalent to 10! 

valent to 10°.) 

Some other units 

ohm 

siemens 

farad 

weber 

tesla 

henry 

ampere turns 

lumen 

lux 

becquerel 

gray 

sievert 

Symbol Multiple 

d 10! 

c ie 

m 103 

bh 10° 

n 10° 
p 102 

f 10% 

a ; 10'8 

a) Units exactly defined in terms of SI units. 
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>PmUaes1HS 

o 

—_—_— eo 

Bq 

Gy 

Sv 

Prefix 

deca 

hecto 

kilo 

mega 

giga 

tera 

peta 

exa 

V As 

Dev 

C Wa) 

Vs 

Wb m~? 

WbA7! 

A 

cd sr 

Im m~? 

W m-'K"! 

sz! 

Jkg7! 

Jkee! 

Symbol 

da 

h 

k 

M 

G 

i 

Pp 

E 

, but in the United States it is equi- 

time minute min 60 s 

hour h 3600 s 

day d 86 400 s 

angle degree fe m/180 rad 

minute ; a/10800 rad 

second . a /648 000 rad 

volume litre eae 10-2 m2? 

mass tonne t 10° kg 

pressure bar bar 10°Pa 

b) Units defined in terms of physical constants. 

mass unified atomic 

mass unit u 1.660 x 10-77 kg 

energy electronvolt eV 1,602 « 10°? J 

Definitions 

metre The metre is the length equal to 1650763.73 wavelengths in vacuum of the radiation corres- 

ponding to the transition between the levels 2p,, and 5d, of the krypton-86 atom. 

kilogram The kilogram is equal to the mass of the international prototype of the kilogram. 
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second 

ampere 

kelvin 

candela 

mole 

radian 

steradian 

newton 

joule 

watt 

coulomb 

volt 

ohm 

The second is the duration of 9192631770 periods of the radiation corresponding to the 

transition between the two hyperfine levels of the ground state of the caesium-133 atom. 

The ampere is that constant current which, if maintained in two straight parallel conductors of 

infinite length, of negligible cross-section, and placed 1 metre apart in vacuum, would produce 

between these conductors a force equal to 2 x 10-7 newton per metre of length. 

The kelvin is the fraction 1/273.16 of the thermodynamic temperature of the triple point of 

water. : 

The candela is the luminous intensity, in a given direction, of a source that emits mono- 

chromatic radiation of frequency 540 x 10! hertz that has a radiant intensity in that direction 

of 1/683 watt per steradian. 

The mole is the amount of substance of a system which contains as many elementary entities as 

there are atoms in 0.012 kilogram of carbon-12. Note: when the mole is used, the elementary 

entities must be specified and may be atoms, molecules, ions, electrons, other particles or 

specified groups of such particles. 

The radian is the plane angle between two radii of a circle which cut off on the circumference 

an arc equal in length to the radius. 

The steradian is the solid angle which, having its vertex in the centre of a sphere, cuts off an 

area of the surface of the sphere equal to that of a square with sides of length equal to the 

radius of the sphere. 

The newton is that force which gives to a mass of 1 kilogram an acceleration of 1 metre per 

second squared. 

The joule is the work done when the point of application of a force of 1 newton is displaced a 

distance of 1 metre in the direction of the force. 

The watt is the rate of transformation of energy of 1 joule per second. 

The coulomb is the quantity of electric charge transported in 1 second by a current of 1 ampere. 

The volt is the electric potential difference between two points when the energy transformed is 
1 joule for each coulomb which passes. 

The ohm is the electrical resistance between two points of a conductor when a constant 
potential difference of 1 volt applied between those points produces in the conductor a current 
of 1 ampere, the conductor not being the source of any electromotive force. 



APPENDIX 2 

Constants and Formulae 

1. Fundamental physical constants 

Speed of light in a vacuum Cc 2.998 x 10®'ms~! 

Charge of electron e 1.602) 41072 

Faraday constant F 9.649 x 10*C mol”! 

Gravitational constant G 6.673 x 10-U Nm’? ke 

Planck constant h 6.626 < 105 Is 

Boltzmann constant k 138101052 3k 

Avogadro constant NE 6.022 10) mols. 

Molar gas constant R 83314 Jumole shaw 

Rest mass of electron m. 9.109 x 1073'kg 

Rest mass of neutron mM, 1.6750x 10577 kgs 

Rest mass of proton Mm, 1.67306 10-27 ke 

Permittivity of free space Eo 8.854 x10" 2 me! 

ie 8.987 <107 Nim’? Ce" 

Permeability of free space Lo Ar 10-7 mai 

2. Some other constants 

Standard atmospheric pressure 1.013 xX 105 Pa (1.013 bar or 1013 millibar) 

Absolute zero of temperature — 273.15 °C (OK) 

Molar volume of ideal gas at s.t.p. DA NOs ie 

Standard gravitational field strength 9.807 N kg~! (ms~?) 

3. Mathematical constants 

Taso te C= 2718 In27= 0.693 

a = 9.870 loge = 0.4343 

4. Some mathematical equations and formulae 

Geometrical: Circle: circumference 27r area Tr 

Sphere: surface area 47? volume 477° 

Algebra: 
& AT 

(BAS bye te = WS oe = a eu 

617 
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a — b> = (a+ b\(a — Db) 

(a + b)? = a? + 2ab + DB? 

Coordinate geometry: 

Straight line Va 

5) ee gies 
Trigonometry: 

; ee ] 

es i cosec 6 

ee 
r sec 6 

ae x cote 

sin: 90°, 7/2 

180°, 7 0, 2r 

27109 32/2 

cos?@ + sin?@ = 1; sec?6 

mx +c 

m(x — Xo) through xo, yo 

tan: 90°, 7/2 cos: 90°, 7/2 

180°, 7 0, 27 180°, 7 0, 27 

270°, 3/2 270°, 31/2 

1 + tan?6; cosec?@ = 1 + cot?é@ 

For any triangle: a? = b? + c* — 2be cos A, (cosine rule) 

Gis Fe gD of pe Nd (sine rule) 
sinA  sinB sin C 

Differentiation: 

— n dy = n— 1 lity = ax dy = ax 

= uy oo yo 2 pl ae dsm, yd x dx 

iz Ca y = constant aeons 0 

= sinx De Cony Ify = sinwt =~ = wcoswft y= ays iy = Soa e w 

a dvi ¢ ¥ dy _ ve iCOS dy — ~Sinx. If yy ="cos wt ta —w sinwt 

2 dy 1 VP = hiss oe me 

y —_— ee dy = ae“ 

dx 



5. Selected physics equations 

Kinematics, linear motion: 

For constant acceleration: 

circular motion: 

Dynamics, linear motion: 

impulse 

work 

kinetic energy 

inelastic collisions: 

circular motion: 

central force 

torque 
moment of inertia 

angular momentum 

simple harmonic motion: 

Vectors: 

Pressure: 

Elasticity: 

Young modulus 

y= 
ve 

E, remaining 

initial F,, 

Soy SS ~ 

Tv 

Ey 
F = F,+ F,= 

Ap 

Stress 

dt 

d*s _ dv 
df ade 

Vo + at 
v3 + 2as 

ro 

FAs 

—w*x 

a) cos(wt + >) 

+kx? 

kA G5 — x2) 
Fsin@ + Fcosé 
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Section 2.7 

Section 5.3 

Pda)-9 

Eq, 5312 

Section 7.3 

Section 7.2 

Eq. 5.6 

Eq. 5.4 

Eq. 8.1 

Eq. 8.3 

Section 43.2 

Section 7.2 

Section 6.8 

Section 8.19 

Section 8.19 

Section 7.3 

Section 7.3 

Eq. 19.4 

Eq. 19.3 

Eq. 19.7 

Eq. 19.8 

Section 2.13 

Eq. 11.1 

Eq. 11.2 

Section 13.2 

Section 13.2 
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Strain energy per unit volume 

Springs etc., obeying Hooke’s law 

energy stored 

Thermal physics: 

Temperature 

Conduction of heat 

Linear expansivity 

Specific heat capacity, 

For gases 

Ist law of thermodynamics 

Kinetic model: 

Internal energy per mole of ideal gas 

Viscosity: 

Poiseuille as 

Stokes 

Statistical physics: 

Entropy change 

Surface effects: 
Surface energy per unit area 

Excess pressure in a drop 

Capillary rise 

Waves: 

Interference 

AV _ 

, (stress)? je 
E 

IF = [6% 

= +kx? 

T= 273.1622 
ir 

LOG eal 
Mien] 

Mey: 
a AT: 

¢ - LAQ 
~~ m AT 

V =V,(1 + aAT) 
P =p, + BAT) 

AQ =AU+ AW 
pV = 4Nmc? - 

PV, = RT 

@ Sane 
m 

= 3N,kT = 4RT 

ae, oe ke Ap 
Silage. 8h 

F = 614nva 

We ae et ay’ 

W q 

Ye Re 
q «kT 

Ng = Nge~2/kT 

_ AQ AS = Tr 

y = F/2l 

Ap = 2y/r 

_ 2y cos 6 

e&r 

c= fh 

ny = ssiné 

Eq. 15.2 

Section 15.1 

Section 9.1 

Eq. 1125 

Section 15.6 

Bq. os 

Eq. 10.6 
Eq. 10.7 

Eq. 9.1 
Eq 10.5 

Eq. 10.8 

Eq: 10.10 

Eq. 10.14 

Eq. 11.4 

Eas b.2 

Eq: 1233 

Eq. 1233 

Eq. 12.6 

Eq. 12.9 

EG ids 
Eq; 15:6 

Eq. 15.8 

Eq. 16.1 

Eq: 16:2 



Speed of transverse pulse in elastic string 
Speed of longitudinal pulse in solid bar 

Bragg diffraction 

Refractive index 

Wave equation 

Stationary waves 

Diffraction — single slit 

circular aperture 

grating 

Rayleigh’s criterion 

Electricity: 
Kirchhoff’s 1st law for series circuit: 

Kirchhoff’s 2nd law 

Series resistors 

Parallel resistors 

Wheatstone bridge 

Capacitance 

Parallel plate capacitor 

Series capacitors 

Parallel capacitors 

Capacitance of a sphere 

Energy stored in a capacitor 

= 

wie 

[> >|- 
x N 

Grol oi Q 
II 

2d sind =nd 

_ speed of wave in medium a 
ally =— = apo Rinne fe LES Lanne asl 

speed of wave in medium b 

x= gqcos (ct — Z) 

Neel 

n F 

r-Z fF 

sin 0 =" 

sin@ = 1.22d/b 

ny = ssin#é 

i) SND Me 

Iv = 1, + I+ 1; 

Oe lt 

W = VIt 

R=V/I 

R= V/A 

=a Rohe R, = ao 

P=VI 
Viap + Voc + Veo 
R aR sR, 

cleo tee 

R; 
R, 

Q 
V 

ies A 
eo GO 

ee le 
Cee Cs °C, 

Cor C.-C, 

4meéor 

= $Q9V = £CV?=407/C 

pace 
RC 
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Eq. 17.4 

Eq. 17.6 
Eq. 14.6 

Eq. 18.1 

Eq: 19.9 

Eq. 20.5 

Eq. 20:6 

Section 21.4 

Eai2i.2 

Bas2131 

Section 21.5 

Section 23.1 

Eq. 23.1 

Eq. 23:2 

Eq. 23.3 

Eq. 23.4 

Equ23.5 

Eq. 24.1 

Section 24.5 

Edg2o.2 

Eq. 25.4 

Eq. 25.7 

Eq. 26.1 

Eq. 26.2 

Eq. 26.9 

Eq. 26.6 

Eq. 30.10 

Section 26.6 

Eq. 26.10 
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OQ — Over 

Time constant = RC 
Fields: 

Gravitational field strength g = F/m = GM/r 

hare m,™My, Gravitational force between masses F =G 72 

eer ; M 
Gravitational potential V=-G — 

ee f : dv 
Gravitational potential gradient Daa a 

Potential energy difference near earth’s surface =~ mgh 
Electric field strength E=F/g= —4vV 
Uniform electric field B=) /d dr 

Electric field, point charge E= Q : 4me,) r? 

Electric potential, point charge V= Ale 
i 47€) r 

Electric potential gradient == ou 

Magnetic field strength B=F/Il 

Force on a conductor F = Bilsin 6 
Conduction: 

Faraday’s law of electrolysis m« It 

Charge carrier flow I = nAve 

Hall voltage V = IB/ned 

Speed of electron fromelectrongun y= uy ave 

ane e ay 
Specific charge of electron Weenie 

Force between 2 currents F= (2x 10-7°NA~) 

Force on a charge ina B field F = BQvsiné 
Induced e.m.f.s: 

Induced e.m.f. E = Bvlsin6é 
e.m.f. induced in rotating coil E = E,sin2xft 

where Ey) = 2xNBAf 

Induced e.m.f. Pe -n 

Alternating currents: 

w = arf 

I = I)sinwt 

Eq. 26.11 
Eq:'26.12 

Eq. 26.12 

Eq. 27:1 and ‘28.9 

Eq. 28.1 

Eqr29:3 

Eq. 29.2 

Eq. 8.2 
Eq. 27.2 and 30.2 

Eq: 3208 

Eq. 30.6 

Eq. 30.5 

Eq. 30.2 

Eq. 27.3 

Eq. 27.4 

Section 32.9 

Eq. 32.2 

Eq. 32.4 

Eq: 33 

Eq. 33.6 

Eq. 34.1 

Section 34.5 

Eq. 35.5 

Eq. 35.6 

Eq. 35.8 

Eq. 36.1 



Reactance of inductor 

Reactance of capacitor VII, 
Power dissipated in circuit with impedance 

Resonant frequency 

For ideal transformer 

Flux density: 

solenoid 

plane circular coil 

long straight wire 

oe 

B 

B 

Speed of an electromagnetic wave in vacuum: c 

Radiation and matter: 
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INDEX 

A.c. meters, 429 

A.f. signal, 475 
Aberrations, image, 249 
Absolute measurement, 386 

Absolute permeability, 439 
Absolute scale of temperature, 76 

Absolute zero of temperature, 76 
Absorption, of X-rays, 530 

Absorption spectrometer, 231 

Absorption spectrum, 231, 507, 509 
Acceleration, 39-40 

angular, 54 

centripetal, 53 
Accelerator, linear, 456, 550 

Accumulators, 279, 280, 286 

Action, 39 

Action at a distance, 316-17 

Action of a lens, 247-9 

Action — reaction pairs, 38-9 

Active amplifiers, 476 
Activity, of radioactive source, 524 
Addition of vector quantities, 19-21 
Adiabatic processes, 78-9 
Advanced gas-cooled reactor, 556 
Aerial matching, 282 
Air track, linear, 27 

Air-cored transformer, 445 
Air-gap, in a magnetic circuit, 435 
Alpha particle, 523 

cloud-chamber tracks, 530-1 
counting of, 525 
emission of, 548 

ionization by, 524-5 
range of, 526 
scattering of, 541 

Alternating currents, 412-29 

Alternating current meters, 429 
Alternating e.m.f., 393 
Alternator, 449 

Alum, X-ray diffraction patterns for, 
143 

Ammeters, 263, 264 

calibration of, 264 

choice of, 296 
function of, 265 

Amount of substance, SI unit of, 13 

Ampere, A. M., 383, 437 

Ampere balance, 384-6 

624 

Ampere turn, 434 

Ampere (unit of current), 386, 439 

Ampere-second, 265 
Ampere’s circuital law, 439 

and long straight wire, 439 
Amplification, 475-86 

Amplifier, 475 

Amplifier module, 291, 476-7 

Amplitude, 166, 209 
of e.m.f., 398 
light, 240-1 
sound, 237 

square of, 166 

Analogue computers, 491 

Analogue measuring instrument, 388 
Analogy between magnetic and 

electrical circuits, 435 

Analysers, polarized light, 200 
Analysing complex circuits, 284 

Analysing motion of trolley-and- 
springs oscillator, 212-14 

Analysis, Fourier, 222 

AND gate, 466, 474 
Angle of 

contact, 150 

incidence, 168, 171 

reflection, 168 

refraction, 171 

shear, 154 
Angles, 13, 73 

Angular acceleration, 54 

Angular displacement, 54 
Angular momentum, 73 

Angular motion under constant force, 

54 
Angular velocity, 54, 73 

Anion, 367 

Anode, 367 

Anodizing of aluminium, 308 
Anti-phase motions, 216 

Antineutrino, 549 

Antinode, 233 

Apollo missions, 562 
Apparent weightlessness, 48 
Applications of 

current model, 368-9 

electromagnetic theory, 441-51 
nuclear model, 544-55 

photoelectric effect, 508-9 
present knowledge, 159 

Archimedes’ principle, 100, 220 

Armature, 406 

Artificial transmutation, 550 

ASCII, 463 
Assumptions within the kinetic 

model, 11 
Astable circuit, 472 
Aston, F. W., 547 

Astronomical radio sources, location 
of, 256-7 

Atom, 10, 95 

model, 95-6, 503-7 
Rutherford’s nuclear model, 8, 

522, 538-543 
Atomic mass, 95, 186 

Atomic number, 542, 547 

Attenuation, 485 

Attenuators, 294 

Audio amplifier, 475 
Audio-frequency signal, 475 
Aurora borealis, 392 
Avalanche of ions, 526 

Averages, calculation of, 18 

Avogadro, Amedeo, 10 
Avogadro constant, 14, 96, 617 

Avogadro’s hypothesis, 14, 89, 95 

Back e.m.f., 407 

Background count, 527 

Background radiation, 560 
Balance point, potentiometer, 294 
Balmer, J. J. 504 

Balmer series, 504, 505 

Balmer’s rule, 507, 518-19 
Band-brake, 72 

Bandwidth of amplifier, 483 

Barkla, Charles Glover, 539, 542 

Barton’s pendulums, 227-8 

Base of transistor, 476 

Base (SI) units, 13 

Basic unit of charge, 358, 362 
Bat, navigation by, 238 
Baud, 463 

Beam balance, 46 

Beat frequency, 239 



Beats, 239 

Becquerel, Henri, 522 

Becquerel (unit of radioactivity), 

524 
Behaviour of 

electric current, 264 

real gases, 89 
sound, 192 

waves, 162-78 

Bel (unit of changes in loudness), 

2371 
Bells, vibration of, 235 

Bending, 129 
Bernoulli principle, 102 
Beta particle, 523 

behaviour in magnetic field, 528 
cloud-chamber tracks, 530 

emission of, 548-9 

range in aluminium, 526-8 

Bias of amplifier, 478 
Bicycle dynamo, 393, 399 

Binary arithmetic, 463, 467 

Binary circuit, 468 

Binary counter IC, 474 

Binary digit, 463 
Binding energy, 551 

Biological effects of radioactive 
radiations, 559-60 

Bipolar junction transistor, 476 
Bistable circuit, 468 

Bit, 463 
Black, Joseph, 81 

Black boxes, 297, 465 
as circuit elements, 297-8 

Blackett, P. M. S., 531, 545 
Bodies of different temperatures, 

119-20 
Boggild, J. K., 531 
Boltzmann factor, 120-1 

Boltzmann constant, 90, 617 

Bond energy, 152 

Bothe, W.G., 546 
Boundary conditions for stationary 

waves, 234 

Boyle, Robert, 2, 3, 4, 8-9, 159 

Boyle’s law, 9 
Boys, Sir Charles Vernon, 324 

Bragg, Sir William Henry, 143 
Bragg, Sir William Lawrence, 140, 155 

Bragg law, for crystal diffraction, 

141 
Brahe, Tycho, 2, 322 
Braking, electromagnetic, 399, 455 

Breaking stress, 152 
Breeder reactors, 558 
Bridge circuits, 284, 299-300 

Bridge rectifier, 428 
Brittle characteristics, 130 

Brittle fractures and cracks, 156 

Brittle solids, 130 

Bromine, diffusion of, 93 

Brownian motion, 93, 97 

Brushes, dynamo, 399 
Bubble chambers, 151, 524, 529 

Bubble raft, 134, 155-6 

Bulk modulus, 195 

Byte, 463 

Calibration of 
ammeters, 264 
voltmeters, 266 

Caloric, 81 
Caloric model, 81 

Calorie, 62 

Calorimetry, 81 
Cantilevers, 229 

Capacitance, 262, 307 

Capacitors, 306-15 j 
in a.c. circuits, 420-3 
in parallel, 310 
in series, 310-11 

uses of, 309 

Capillarity, 151 
Carnot, Nose) 82 
Carry digit, 473 
Cartesian axes, 383 

Catapult, 68 

Cation, 367 
Cathode ray oscilloscope, 378 
Cathode ray tube, 292, 318, 377-8 

Cathode rays, 371-4 

Cathion, 367 
Cavendish, H., 324 

Cavendish Laboratory, 539 

Central heating system, 100 

Centre of gravity, 47 
Centripetal accelelation, 53 

Centripetal force, 53 

CERN, 550 
Chadwick, Sir J., 530, 545 
Chain reaction, 531, 554-5 

Chance, 110-2 
Change, rate of 17-18 

of momentum, 35, 38 

of state, 81 
Characteristic of circuit element, 300 

Characteristic radiation, 542 

Charge 
electrical, 262, 265, 305-13 

of electron, 96 
Charge carriers 

in metals, 363 

in space, 370-80 
Charging of cells, 286 
Charles, J. A. C., 87 

Chemical combination, laws of, 10 

Chemical (potential) energy, 64 

converted into electrical energy, 286 

Chladni’s plate, 230, 235 

Choke, 409 
Chromatic aberration, 249 

Circuit elements, 300-4 
Circuits, simple electrical, 104 

Circular aperture, 251 

Circular coil, flux density of, 

439-40 
Circular experiments, 320-1 
Circular motion, 337-8 

and simple harmonic motion, 

214-15 
Circular waves, 164 

Clausius, R. J. E., 82 

Clipping, 478 

Clock 
computer, 469 

Index 625 

laser, 457 

Cloud chambers, 151, 496, 524, 528 

photographs, 502, 503 

tracks, 528-31 
Coal-fired power station, 106 

Cockcroft, Sir J. D. and Walton, 

ES eS e500) 
Coefficient of viscosity, 102 

Coherence, 176, 197 

Coherent light, formation of images 

by, 255-6 
Coherent radiation, 509 

Coherent waves, 176 
Coil in a magnetic field, 386-8 
Collector, of transistor, 476 

Collimation, 91 
Collisions, 29-31, 70-1 

energy transfer in, 497-500 
in two dimensions, 70-1 

Colour photography, 241 

Colour vision, 241 
Combinational logic, 464, 473 

Combining capacitors, 310-11 
Combining resistances, 288-9 
Combining velocities, 51 
Commutator, 405 

Comparison of 
e.m.f.s. 293 
electrons with hydrogen ions, 374 

resistances, 299 

Complex circuits, analysis of, 284 

Component forces, 48 

Compound molecules, 95 
Compound pendulum, 218 
Compression, 43 
Computers, 262 

Concepts of 
chance (in gas diffusion), 110 

electricity, 262 
mass, 31 

Condensation nuclei, 151, 528 

Conditions for 
equilibrium, 44 
maximum transfer of power, 282 

Conduction 
of electric charge, 105 
of electricity through gases, 370 

thermal, 104-5, 158 

Conductivities 
electrical, 158, 273, 434 

thermal, 158 

Conductors 
electrical, 158 

thermal, 158 
Conservation, 32, 61-3, 70 

of angular momentum, 73, 549 

of energy, 396, 549 

of momentum, 32, 38 

Conservative fields, 350 

Conservative forces, 70 
Constant-volume gas thermometer, 77 

Constructive interference, 176, 198 

Continuous wave, 163 

Control, of servomechanisms, 299 

Conventional current direction, 264 

Conversion of mass to energy, 550 
Copper losses of transformers, 445 
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Core of Earth, 327 

Corkscrew rule, 383 
Coulomb (unit of charge), 265 
Coulomb law forces, 513 
Coulomb’s law, 346-8 

Counter IC, 474 
Counting alpha particles, 525 
Couples, 50 

Covalent bonds, 128 

Cowan, C. and Reines, F., 549 
Cracks, and brittle fractures, 15 
Creep, 131 : 
Crests (of waves), 163 

Criteria, for scientific models, 10 

Critical mass, 554 

Critical potentials, 499 

Crossed polarizing filters, 200 
Crystal analysis, 141-3 
Crystal lattice, 380 
Crystalline structure, 133-43 
Curie, Irene, 531, 546 

Curie, Marie, 523 

Curie, Pierre, 523 

Curie (unit of radioactivity), 524 

Current 

concept of, 262, 276 
conventional direction of, 363 
element, 318, 319 

Current balance, 319, 384 

Current electricity, 383 

Current gains, transistor, 481 

Current — p.d. characteristic 270 
Current — p.d. relationship for 

silicon diode, 427 
Current-sampling resistor, 409 
Cycle, defined, 209 

Dalton, John, 10, 95 

Dam, forces against, 98 

Damped oscillations, 226 
Damping 

degree of, 226 
effect of, 225 

electromagnetic, 399, 455 

and selectivity, 230 
D’Arsonval, J. A., 388 

Davisson, C. J. and Germer, L. H., 

Sul 
De Broglie, Louis, 512 

Decay, and recovery, 531, 534-6 

Decay constant, 535 

Decay process, mathematics of, 535-6 
Decibel, 237, 484-6 

Deep-water waves, 187 
Defects in the image, 249-50 
Defining energy, 63 

Deformation, permanent, 130 

Degrees of freedom, 112 
Delta (mathematical operator), 17-18 

Density, 13, 186 

electric flux, 352 

magnetic flux, 319, 396 

Derived units, 13-15 

Destructive interference, 176, 198 

Detection of radiation, 524-31 
Detergents, 150 

Dielectric constant, 308 

Dielectric materials, 307, 308-9 
Differentiation, 19 

Diffraction, 138, 169, 249-50 

at a circular aperture, 251 
by a slit, 250-1 
and double-slit pattern, 254 
of electrical waves, 205 
of light, 197, 199-200 
of particles, 192 © 
of sound, 193 

X-ray, 140-3 
Diffraction grating, 241-2 
Diffraction patterns, 508 
Diffusion, 89, 92-5, 109-12 

Diffusion cloud-chambers, 528 

Digital code, 463 
Digital display, 388 
Digital electronics, 462-74 

Dilatation of time, 458 
Dimensional analysis, 103 
Dimensions, method of, 15-16 

Diodes, 300-1, 427 
Direct currents, 263-75 

Direct transmission of waves, 236 
Direct-current motors, 404-8 

Directions, random distribution of, 
11 

Discharge of 
batteries, 306 

capacitors, 311-15 
Dislocations, 153 

Dispersion, 171, 187 

Displacement, 19, 209 

Displacement laws, 523, 548 

Dissipative forces, 70 
Distortion of signal, 477 
Distribution 

of energy in interference patterns, 
178 

exponential, 119 

of quanta, 116-7 

Distributions, 111-12 

Dose of absorbed radiation, 560 

Dose equivalent, 560 

Doubling time, 59 
Driver (oscillation), 225 

Drop formation, 150 
Drop in potential, 284, 285 
Dry cells, 279, 286 

Ductile solids, 130 
Ductility, 155 

Dulong and Petit’s law, 80, 158 
Dynamics, 26 

Dynamo, 393-400 

E.m.f., 278, 285, 434 
comparison of, 293 

induced in straight conductor, 395 

induced in rotating coil, 397-9 
measurement of, 279, 293 

Earth 

composition of, 327 

core temperature, 554 

as point mass, 324 

variation of gravitational field 

strength with latitude, 326 
Earth — moon system, 329 

Earthquakes, 189 
Echo-location, 239 
Echoes, 192 
Eddy currents, 445-7 
Eddy-current losses, 445 

Edge dislocations, 155 
Effect of damping, 225-6 
Effects due to electric currents, 

263 
Efficiency, 124, 261 

of heat engines, 82, 122-4 

Effusion, 89 

Eigen frequency, 234, 514 
Eight-bit code, 463 

Einstein, A., 114, 375, 460, 502, 510 
Einstein model of a solid, 113-4 
Einstein photoelectric equation, 500 
Einstein’s relativity theory, 550 
Elastic collisions, 70, 497-8 

Elastic deformation, 136-7 

Elastic limit, 130 

Elastic moduli, 128, 154 

Elastic potential energy, 64 

Electric charge, 105, 262, 265, 305-13 

Electric conductivity, 105 

Electric current, 356-61 
in electrolytes, 366-8 
in gases, 370 
in solids, 362-6, 368-9 

SI unit of, 13 
Electric field, 340-53 

inside a hollow charged conductor, 
327 

patterns, 348 
Electric field strength, 318 

at a point, 343 
Electric field theory, 308, 340-53 
Electric flux, 351-3 

Electric intensity, 318 

Electric waves, interference of, 
201-3 

Electrical circuits, 104 

Electrical conductors, 158 
Electrical insulators, 158 

Electrical oscillations, 423-427 

Electrical properties of metals, 157-8 
Electrical resistance, defined, 270 

Electrode, 367 

Electrolysis, 96, 367-8 

Faraday’s laws of, 96, 367-8 
Electrolytes, 367 

Electrolytic capacitors, 308 
Electromagnetic braking, 445 
Electromagnetic damping, 399, 445 
Electromagnetic forces, 382-392 

Electromagnetic induction, 260, 

393-411 
Electromagnetic spectrum, 206-7 
Electromagnetic theory, applications 

of, 441-51 
Electromagnetic waves, 207, 236, 

452-60 
as compounded of two fields, 456 

Electromagnetism, 262, 382-392 
Electromagnets, design of, 433, 435 



Electrometer, 346, 524 

Electromotive force, 277-9, 285, 434 
back, 407 
induced, 397-400 
peak value, 415 

Electron, 358, 362 

charge on, 96, 358-61 

mass of, 374, 617 

specific charge of, 373, 617 
wave behaviour of, 514 

Electron beam, 384 
Electron cloud, 517, 519 

Electron diffraction, 511 

Electron flow, 363 
Electron guns, 370-2, 376-7 

Electron lens, 376 
Electron spin resonance, 232 

Electronvolt, 376 
Electron waves in boxes, 514-15 

Electron — positron pairs, 550 
Electronic electrometer, 346, 524 

Electronic flash gun, 310 
Electronic vacuum tubes, 262 
Electronic voltmeters, 296 

Electronics, 462 
Electronics industry, 377 
Electrons, 8 

in 1/r shaped boxes, 515-16 
in atoms, 513-18 

calculating speed of, 374 
number per unit volume, 364-5 

Electroscope, 343-5 
Electrostatics, 340-353, 383 

Elster, J. and Geitel, H., 371, 374 

Emission line spectra, 507 

stimulated, 509-10 
Emitter, of transistor, 476 

Encoding data, 463 

End-effects, 385 
Energy, 58-74, 106-24 

arithmetic, 58-60 

binding, 553 
‘book-keeping’ during collisions, 

70 
in capacitors, 311 

changes, 279-81 
conservation of, 61-3, 70, 549 

defined, 63 
electrical, 262, 276-87 

from fission, 556-7 

from fusion, 559 

internal, 112-13 

kinetic, 66-7 

potential, 64 
and rotation, 71-4 

of simple harmonic oscillator, 221-2 

of sublimation, 145 

strain, 144 
surface, 147-8 

Energy curves, inter-particle, 126-7 

Energy distribution in interference 
patterns, 178 

Energy distribution in Einstein solid, 

117-120 
Energy levels, 113, 503-6, 507 

Energy quantum, 113, 500 

Energy spectrum of beta-particles, 

548-9 
Energy, storage of, 63-4 

in a capacitor 311 
in an electric field, 342-3 

in a gravitationed field, 331-4 

in a magnetic field, 435 
in a rotating body, 72-3 

Energy strain, 144 
Energy transfer 

by waves, 166 ; 
by waves and particles, 190 
in collision processes, 497-500 

in gravitational field, 64-5 

332-4 
when pendulum swings, 69 
when shape of elastic body changed, 

65-6, 68 
when speed of mass changed, 66-7 

Energy transformations in electrical 

circuits, 265 
Engines, efficiency of, 82, 122-4 

ENIAC, 262 
Entropy, 122 
Envelope (of wavelets), 168 

EPROM, 469 
Equation of state, 87-8 

Equilibrium 
condition for, 44 

and forces, 43-50 

rotational, 45-6 

static, 43 

thermal, 75 
translational, 44-5 

Equipotential lines, 331, 348-9 
Equipotential surfaces, 331, 348-9 
Equivalent circuit, 480 

use of, 482-3 

Evaporation nuclei, 529 
Evidence for wave model, 196 

Excitation, 496-500 
of mercury atoms, 503 

Excitation levels for mercury, 499 

Excited states, 507, 518 
Expansion cloud chambers, 528 

Expansivity, linear, 157 

Expiry time, 59 
Explosions, 29, 31 
Exponential distribution, 119 

Exponential change, 59 

Exponential decay, 311, 313, 534 

Exponential growth, 59 
Extended parallel-plate capacitor, 

453 
Extension, Hooke’s law of, 65-6, 

129, 144 
Eye, 240 

Face-centred cube, 135-6 

Factorials, 114 
Falsifiability (of evidence), 7 

Farad, defined, 307 
Faraday, Michael, 260, 394, 399 
Faraday constant, 368, 617 
Faraday’s disc dynamo, 399-400 

Faraday’s iron-ring apparatus, 442 

Faraday’s laws of electrolysis, and the 
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ionic model, 96, 367-8 

Fast reactors, 557 

Fatigue, 131 
Feather, Norman, 531 

Feedback, 484, 487-94 
Feedback fraction, 489 

Feedback resistance, 492 

Fermi, Enrico, 549, 554 

Ferranti, Sebastian Ziani de, 261 

Ffestiniog power station, 63 

Field 
conservative, 350 
electric, 340-53 
gravitational, 322-39 

magnetic, 318-20, 396-7, 

430-40 
Ferrites, 445 ] 

Field effect transistor (FET), 483 

Field potentials, 349-50 
Field strength, 317-18, 331 

and potential near a charged sphere, 

344-6 
Field winding, 407 

Fields of force, 316-21 

Fine beam tube, 372, 391, 496 

First differential coefficients, 18 
First law of thermodynamics, 79 
First-order spectra, 243, 245 

Fission, nuclear, 531, 554 

Fission bomb, 559 
Fission reactor, 557-60 

Flame probe, 343-4 
Flash gun, electronic, 310 

Flat disc, moment of inertia of, 73 

Flat response, 483 
Fleming’s left-hand rule, 318 
Flip-flop, 468 

Flow 

of charge, 265, 286, 305 

of fluids, 100-2 

of heat, 114-17 

and inverse square law, 350-1 

Flow model for electrical behaviour, 

264-5, 305 
Flow models applied, 103-5 

Fluids, 97-105 
Fluorescence, 371 

Flux, 

electric, 351 
magnetic, 396-404, 430-40 

Flux density, 351, 396 

in a circular coil, 439-40 

in a solenoid, 432, 438-9 

near a long straight wire, 437-8 

Flux linkage, 400, 402 

Flux model for electric fields, 351-2 

Focal length, 249 
Focusing an electron beam, 376-7 

Force, 12, 36-42, 73, 316 
between charges, 347-8 

centripetal, 53 
and circular motion, 53 

conservative, 70 

dimensions of, 40 

dissipative, 70 
fields of, 317 

gravitational, 317, 322-5 
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inter-particle, 84, 126-128 

and linear motion, 41 

magnetic, 382-392 
and momentum change, 38 
parallel currents, 382-4 

unit of, 13, 40-1 

Forced oscillations, 224-8 

and standing waves, 224-35 

Forces 

against a dam, 98 

on moving charged particles, 389-92 
viscous, 102 

Formation of drops, 150 

Forward transfer, 482 

Fourier analysis, 222, 494 

Fourier series, 111 

Fracture, brittle, 156 

Frame of reference 

inertial, 457 

proper length in, 460 
Franck — Hertz experiment, 498-500, 

503 
Fraunhofer diffraction, 250 

Free surface energy, 147 

Free-space permeability, 455 
Free-space permittivity, 455 

Freedom, degrees of, 112 

French, A. P. quoted, 63 

Frequency, 209 
and energy, 500 

eigen, 234, 514 

fundamental, 193, 234 

light, 241 
relationship to period, 209-10 
sound, 237-8 
threshold, 500 

variation of, 194 

Frequency bandwidth, 470, 483 
Frequency modulation, 257 

Frequency-dependent gain, 490, 491 
Fresnel, A. J., 199 

Friction, reduction of, 27 

viscous, 102-3 

Friedrich, W. and Knipping, P., 143 
Frisch, Otto, 554 

Fuel re-processing, 558-9 
Full-wave rectification, 301, 428-9 

Fundamental frequency, 193, 234 

Fundamental mode resonance, 229, 

234 
Fundamental research, 159 

Fusion 

latent heat of, 82 
nuclear, 553 

Fusion bomb, 559 

Gain, 478 

Galileo Galilei, 3, 35, 210, 457 

Galvanometer, moving-coil, 296, 

388-9 

Gamma radiation, 207, 523, 549-50 

range in lead, 528 
Gas 

diffusion of, 109-12 

laws, 9, 87 

model for, 10, 84-98 

pressure of, 10, 87-8 

temperature of, 10, 90 

Gas constant, 88, 617 

Gas thermometer, constant volume, 

716, 88 
Gases, conduction of electricity 

through, 370 

Gating, 474 
Gauss’ law, 352 
Gay-Lussac, J. L., 10, 87 

Gay-Lussac law, 14, 87 

Geiger, H. and Marsden, E. 

experiment, 539 
Geiger - Muller tubes, 524, 527-8 

Generation of a.c. power, 449-51 

Girdle coil, 430 

Glass transition temperature, 130, 131 
Glasses, 131 

Gold-leaf electroscope, 343 
as voltmeter, 343 

Graham’s law of diffusion, 90 
Gram-molecular mass, 15 

Gram-molecule, 15 

Grating, resolving power of, 254 
Gravitation, theory of, 6-7, 322 

Gravitational constant, 322, 324-5, 

617 
Gravitational field, 322-39 

Gravitational field strength, 219, 
317-18 

of Earth varying with latitude, 326 
inside a hollow spherical shell, 

326, 327 
of a planet, 325 
variation with depth, 326-7 

Gravitational forces, 317, 322-5 

Gravitational masses, 35 
Gravitational potential, 331 

in the field around Earth, 332-4 
variation with distance, 333 

Gravitational potential energy, 64, 331 
Gravity, 187 

centre of, 47 
Gray (unit of absorbed radiation), 

560 
Grid, cathode-ray tube, 377 

Griffith, A. A., 156 
Grimaldi, F. M., 197, 199 

Ground state, 506, 507, 513-14, 518 

Growth, exponential, 59 

and decay of nuclides, 536-7 
of current in inductive circuit, 410-11 
of electrical energy output, 261 

Guinea-and-feather experiment, 318, 
328 

Hahn, O. and Strassman, F. 554 

Haldane, J. B. S. quoted, 511 
Half-adder circuit, 473 
Half-life 

capacitor discharge, 313, 471 
radioactive, 534 

very long, 537 : 

Half-power bandwidth of amplifier, 
483 

Half-power points, 483 

Half-wave rectification, 301, 427 

Hall effect, 362-3 

measurement of, 366 

* Hall voltage, 363 
factors affecting size of, 365 
sign of, 363 

Hanging basket, 49 
Hard reflection, 174 

Harmonic oscillators, simple, 212 

Harmonics, 234 

Hearing, 236 
range of, 193 

Heat, 62 

conduction of, 104-5 

flow of, 114-17 

Heat capacities, 79-80 
Heat engines, 82 

efficiency of, 122-4 

Heat exchanger, 100, 557 

Heating effect due to electric 
current, 263 

Heating and working, 77-9 
Helium, alpha-particle tracks in, 

531 
Helium-neon lasers, 510 
Helium nuclei, 523, 539-40 

Helix, 392 

Helmholtz, H.L.F. von, 62 

Henry (unit of inductance), 410, 437 
Hertz, Gustav, 498 

Hertz, Heinrich Rudolf, 501 

Hertz (unit of frequency), 164, 209 

Hexagonal close-packing, 135-6 
Hirn, Gustave, 62 

Holes, 365 

Holography, 240, 246, 255 
Hooke, R., 159 

Hooke’s law, 65-6, 129, 144, 211 
Hopkinson, J., 260 
Hot-wire ammeters, 263 

Huygens, C., 167, 196 

Huygens’ principle, 167-8, 250 
Hydraulic press, 99 

Hydrogen 

‘alpha-particles in, 530 
energy levels in, 504 

line spectrum of, 504 

Hydrogen atom, 519 

model of, 511-517 

size of, 514-15 

Hydrometers, 100 

Hypothesis, 6, 14, 89, 95 

Ice point, 76 

Ideal amplifier, 483 

Ideal gas, 88, 112 

model for, 89-91 

scale of temperature, 77, 121 
Illuminance, 351 
Image formation, by coherent light, 

255-6 

Image transmission, by scanning, 257 
Images, 236-57 

ability to form, 240 

Impedance, 419, 423 

Impulse, 38 



In-phase motions, 216 
Incidence, angle of, 168, 171 

Induced e.m.f., 394 
Inductance, 410, 436 

unit of, 437 

Induction furnace, 445 

Induction machines, 447-9 

Induction motor, 399 
Induction self, 409, 415, 447 

Inductors, 409, 436 
acting as chokes, 415 
in a.c. circuits, 415-20 
reactance of, 419 

Inelastic collisions, 70, 497 

of electrons, 499 
Inertia, defined, 31 

moment of, 72-3 

Inertial frame of reference, 457 

Inertial mass, 35, 456 

Information, 236-57 

Infrared radiation, 206 

Infrared spectroscopy, 230-1 

Inglis, C. E., 156 
Instantaneous values, 17-19 

Insulators 

electrical, 158 

thermal, 158 

Integrated circuit (IC), 262, 465 

operational amplifiers, 481-2 

Intensity of 
electric field, 318 

illumination, 351 

radiation, 379-80 

sound, 237 

waves, 166 
Interactions, 26-32 

of X-rays with solids, 141 

Interfacing 462 
Interference, 138, 174, 233 

light, 197-200 
particles, 192 

sound, 193 
Interference patterns, 175, 248 

and crystals, 138-41 
energy distribution in, 178 

uhf, 204 
Intermolecular forces, 11 
Internal energy, 78, 112-13 

International prototype kilogram, 35 

International System of units (SI) 

13-15 
Interparticle energy curves, 126-7 

Interparticle force curves, 126-8 

Intrinsic gain, 490 
Inverse square law, 350-1 

alpha-particle - nucleus, 541 

electric field strength, 346 
gravitational, 322, 323, Ban 

Newton’s test of, 323-4 

Inversion, 465 

Inverter, 465 

Inverting amplifier, 478 

Inverting input, op amp, 491 

Ion source, mass spectrometer, 548 

Ionic lattice, 368 
Ionization, 496-500 

by alpha particles, 524-5 

of mercury atoms, 503 
Ionization chamber, 524-5 
Ionizing event, 524 

Ions, 367 

in electrolytes, 366-8 
in flames, 344 

Isochronism, 210 
Isochronous oscillation, 210-11 

Isolated systems, 33 
Isotopes, 547 

Jet, reaction from, 41 

Jet stream, 21-2 
Joliot-Curie, Frederic and Irene, 531, 

546 
Joules dines (6250811 
Joule (unit), 61 

Joulemeter, 267 

K-electron capture, 550 

Kapitza, P., 530 
Kelvin, William Thomson, Lord, 77 

82 
Kelvin (unit), 77, 121 

Kepler. 20> 922 
Kepler’s laws, 322-3 
Kilobyte, 467 

Kilogram, international prototype, 35 

Kilowatt hour, 267 
Kilowatt-hour meter, 448 

Kinetic energy, 66-7 

Kinetic model, and liquids, 146 

Kinetic model for gases, 10, 84-96 

368 
Kirchhoff’s first law, 265, 284, 285, 

385, 425 
Kirchhoff’s second law, 283-5 

Knock-on protons, 530 

Lamina, vibration of, 229-30 

Laminar flow, 101 
Laminations, of transformer, 442 

Langsdorf, A., 528 

Laser clock, 457 

Lasers, 250, 255, 510 

Latent heats, 62 

Law, displacement, 525 

Law of the lever, 46 
Law of gravitation, 322 

Law of moments, 46-7 

Law of reflection, 168 
Law of refraction (Snell), 196 

Laws of 
chemical combination, 10 

conservation 
of energy, 62-3, 70, 549 

of momentum, 32-3, 38, 70, 549 

electrolytes, 96, 367-8 

motion, 32, 37-8 

physics, 2, 5 

thermodynanics, 75-6, 79, 122 

LC circuit, 423 

Lead — acid accumulators, 279, 286 

Leakage resistance, 472 

Index 629 

Least significant bit, 474 

Leclanche-type cell, 286 

Lees, D. S., 531 

Lenard, Philipp Eduard Anton, 501 

Length 
measurement of, 12, 459 

proper, 459-60 

SI unit of, 13 

Lens, 246 

action of, 247-9 

operation of, 255 
Lenz’s law, 396, 402, 445 

Lever, law of, 46 

Lift pump, 3, 4 
Light 

coherence of, 255 
diffraction of, 197 
interference of, 197-200 

polarization of, 201 

quanta, 500 
particle model for, 508 
reception of, 240-5 

refraction of, 196 

scattered, 201, 245 

speed of, 196-7, 455, 456 
stimulated emission of, 507 

as transverse waves, 200-1 

wavelength of, 206-7 
wave model for, 196-201, 508 

wave theory of, 5-6 

Light-dependent resistor, 292, 302 

Lightning flash, 370 

Limit, elastic, 130 

Limiting speed, 456 
Limiting value, 18 

Limits of vision, 254-5 

Line of flow, 101 
Line spectra, 503-4 
Linear accelerator, 456, 550 

Linear air track, 27 

Linear electrical device, 271 

Linear expansivity, 157 

Linear IC amplifier, 476 
Linear induction motor, 449 

Linear motion, 73 
under constant force, 41, 54 

Lines of flux, 396 

Linus, 8 
Liquid surfaces, and pressure, 150 
Liquids, and kinetic models, 146 
Load, electrical defined, 280 
Load resistance, amplifier, 480 

Location of 
astronomical radio sources, 256-7 

light sources, 245-50 
sound source, 238 

Logarithmic scale, 483 

Logic gates, 464-7 
Logical NOR function, 465 
Long straight wire 

and Ampere’s law, 439 
flux density near, 437-8 

Longitudinal pulses 
speed along metal bar, 185-7 

speed of, 183-5 
Longitudinal waves, 166, 195 

Loop gain, 489 
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Lost volts, amplifier, 480 

Loudness, 237 
Luminous intensity, SI unit of, 13 

Lunar month, 323 
Lyman series, 505 

Machines, power output of, 72 
Magnetic analyser, 548 

Magnetic circuits, 433-7 
Magnetic disc, 467 

Magnetic effect due to electric 
current, 263 

Magnetic field strength, 396 

Magnetic fields, 318-20 
Magnetic flux, 396-7 

due to electric currents, 430-40 
measurement of, 430-2 

Magnetic flux density, 319, 396 

Magnetic forces on currents and 
moving charges, 382-92 

Magnetic permeability, 435 
Magnetomotive force, 434 

Maltese-cross tube, 371-2 
Mass, 13, 31, 33-5, 73 

inertial, 35, 456 

measurement of, 34-5 

unit of, 13, 35 

Mass defect, 551, 553 

Mass number, 539, 547 

Mass spectrometers, 390, 547-8 

Mass - energy equivalence, 460, 552 
Mass, gram-molecular, 15 

Matching sources and loads, 281-3 

Mathematical models, 6 

Mathematics of decay process, 535-6 
Matter 

model for, 144-59 
states of, 125 

Matter waves, 511 

in three dimensions, 516-18 

Maxwell, J. C., 63, 91, 112, 317 

Mean free path, 94 
Mean sidereal month, 323 

Mean square speed, 87 
Measurement of, 

e.m.f., 279, 290 
mass, 34-5 

power output, 72 

speed, 28 

speed of light, 196 

speed of pulse, 187 
speed of electric pulse, 452 
speed of sound, 194-5 

surface tension, 152 

Mechanical waves, 179-88 
Meitner, Lise, 554 

Memory of computer, 463 
Meniscus, 151 

Mercury, line spectrum of, 503 
Mercury-in-glass scale, 76, 88 
Metals 

compared with non-metals, 131 
electrical properties of, 157-8 

thermal properties of, 157-8 

Metastable energy levels, 510 
Meters 

a.c., 429 

current-measuring, 263, 302 
kilowatt-hour, 448 
ohm, 303 

Method of dimensions, 15-16 

Metre, 13 

Micro-miniaturization, 262 
Milliammeter, 388 
Millikan, R. A., 358 
Millikan’s experiments, 96, 359-60, 

363 y 
Mixtures, method of, 61 

Mode of behaviour, 4 
Models, 3, 5-6, 8 

atom, 8, 503, 507 

current of electric charge, 357 

flow, 103-5 
gas, 10, 84-96 

hydrogen atom, 511-517 

light, 196-7 
matter, 144-59 

solids, 125-32 

thermal conduction, 158 
wave, 162 

waves as, 189-207 

Models and theories, development of, 

158 

Modulation of electric waves, 204 
Modules 

amplifier, 476-7 

transistor, 470 
Moduli, elastic, 128, 154 

Molar heat capacity, 80, 112 
Molar volume, 88 

Mole (SI unit), 14 

Molecular diameter, 95 
Molecular speeds, 91 
Molecules, classification of 

particles as, 10, 95 

Moment of force, defined, 46 

Moment of inertia, 72-3 

Momentum, 26, 33-5, 73 

angular, 73 

change in, 35, 38 

conservation of, 32-3, 38 

laws of, 549 

as vector quantity, 33 
Monostable circuit, 470 
Moon rocks, 562 

Moseley, H. G. J., 542 

Most significant bit, 474 
Motion in a circle, 52-4 

Motion, linear, 32, 37-9 

Motion, simple harmonic, 211-19 
Motor, electric, 404-8 

Moving-coil meters, 263, 296, 302, 
388-9 

Moving-iron meters, 263 
Multiflash (stroboscopic) photography, 

28-9, 69, 71 

N-p-n type transistor, 476 
N-type diodes, 427 

N-type semiconductors, 365-6 

NAND gate, 467 

National Grid, 261, 273 

power loss in, 281 

Natural frequencies of vibration, 234 
Natural transmutation, 545 

“Nature of cathode rays, 372-4 
Nature of thermal energy, 108-9 

Navigation, 21 
Negative feedback, 487 

Negative logic, 464 

Neutrino, 549 

Neutron, 545-7 

mass of, 617 
Newcomen, Thomas, 82 

Newton, Isaac, Sir, 38, 62, 167, 196, 
31%, 325,457 

Newton (SI unit), 13, 40 
Newton’s first law, 32 

Newton’s gravitational law, 6-7, 322 

Newton’s second law of motion, 37-8, 

WS 
Newton’s test of inverse square law, 

323-4 
Newton’s third law of motion, 38-9, 

384 
Newton’s thought-experiment, 328 
Nichrome, 273, 274, 275 

Nickel — cadmium cells, 279 

Nife cells, 279, 286 

Nitrogen 
alpha-particle tracks in, 531 
transmutation of, 531 

Node, 233 
Non-coherent light, 255 

Non-coherent radiation, 510 

Non-coherent waves, 176 

Non-inverting input, op amp, 491 
Non-linear electrical device, 271 

Non-metals, compared with metals, 

131 
Non-parallel forces, and the law of 

moments, 48 

Non-periodic motion, 208 
NOR gate, 465 

Normal distribution of, 92 

Normals to a surface, 168 

Northern Lights, 392 

Nuclear disintegration, 545 
Nuclear energy levels, 549 

Nuclear fission, 531, 554 
Nuclear interaction, 550 

Nuclear model of atom, 522, 543 
applications of, 544-55 

Nuclear pile, 555 

Nuclear power debate, 561 

Nuclear power plants, 262 
Nuclear reactions, 545 

in stars, 553 
Nuclear reactors, 556-8 

Nuclear spin resonance, 232 
Nuclear weapons, 559 
Nucleon number, 539, 547 

Nucleus (of atom), 8, 539 
Nuclides, 547 

Number of ways (of arranging 

quanta), 115 

Numerical computations, 212-4, 311- 
3, 332-4, 410-1 

Numerical quantities, 13 



Octave, 237-8 

Oersted, H. C., 263, 382 
Ohm (unit of resistance), 270 
OhmyiGuss 29274 
Ohm metre, 272 

Ohm-meters, 303 

Ohmic devices, 271 

Ohm’s law, 271 
One-way process, 106, 109 

Onnes, Kamerlingh, 271 

Op amp IC, 490, 491-2 
Operating point, of audio-frequency 

amplifier, 478 

Operational amplifiers, 490, 491 

Operators, delta, 17-18 
Opposite-phase motions, 216 
Optical axis, 198 
Opto-electronic components, 241 
OR gate, 467 
Orbital motion of planets and 

satellites, 325 

Orbitals, 519 
Ordered structures, solids as, 137 

Oscillation, 209, 219, 220 

Oscillations 
damped, 226 
forced, 224-35 

in LC circuits, 423-7 
Oscillators, 117, 201, 212, 491 

Oscilloscope, cathode ray, 378 

Output resistance of amplifier, 481 
Overhead cables, resistance of, 273 

Overloading, 479 
Overtones, 193, 234, 235 

P-type diodes, 427 
P-type semiconductors, 365 

Parabola, 51 

Paradox in space, 338-9 
Parallel currents, force between, 

382-4 
Parallel form of digital data, 463 

Parallel-plate capacitor, 307 
extended, 453 

Parallelogram of vectors, 20-1, 23 

Particle accelerators, 550 

Particle arithmetic, 96 

Particle density, 91 

Particles 
diffraction of, 192 

interference of, 192 

reflection of, 190-1 

refraction of, 191-2 
Particulate model for light, 508 

Particulate model for matter, 95 

Particulate nature of charge, 356-61 

Particulate nature of a gas, 10 
Partly elastic collisions, 70 
Pascal (unit of pressure), 97 

Pascal’s law, 99 

Paschen series, 505 

Passive amplifiers, 476 

Path differnece, 176 

Patterns 

described, 135 
electric field, 348 

interference, 175 
Pauli, W., 549 

Peak values 
of e.m.f., 398 

sinusoidal alternating current, 

413, 414 
Pendulums, 69, 210-11, 218-19 

Period, 209, 217-18 

relationship to frequency, 209-10 
Period of oscillation, defined, 209 

Periodic motion, 208-23 

described, 209-10 

Periodic table, 553, 
Permeability, 435, 439 

free-space, 455, 617 

Permittivity, 309 

free-space, 309, 346, 352, 455, 617 

relative, 307, 308-9 

Permutations, 114 
Perrin, J. B., 93, 372 

Phase, 164, 216-17 

of a.c., 447 
of sound, 239-40 

Phase differences, 217, 223, 248 

in capacitative circuits, 420-1 
in inductive circuits, 415 

Phase lag, 217 
Phase lead, 217 

Phase-reversal frequency, 493 

Phase-shift network, 493 

Phasors, 416 

Photo-electrons, 502, 503, 530 

Photocell-and-lamp methods, 28, 69 

Photodiodes, 508 
Photoelectric effect, 501-3 

applications, 508-9 
Photographic film, 241 

Photons, 502 

Photosensitive resistors, 302 
Physical properties of solids, 128-31 
Physical quantities, 12-13 
Pin-hole camera, 246-7 

Pitch, 193-4, 235 
Planck, Max, 502 

Planck’s constant, 502, 509, 617 

measurement of, 508-9 

Plane angle, SI unit of, 13 

Plane of polarization, 200 
Plane polarized waves, 167 
Plane waves, 165 
Planetary motion, Kepler’s laws of, 5, 

322-3 
Planets, gravitational field 

strengths of, 325-6 
Plastic deformation, 153 

Plastic yielding, 130 
Point mass, Earth as, 324 

Poiseuille’s equation, 103 

Poisson, S. D., 199, 200 

Polarity, 262 
Polarization, 167, 195 

by reflection, 200-1 

by scattering, 201 

in a dielectric, 309 

plane of, 200 
Polarizers, 167, 200 

Polaroid filters, 200 

Index 631 

Pollution, 558 
Polymers, 131-2 

Popper, Karl, 7 
Population inversion, 510 

Positive feedback, 487 

Positron, 550 

Potential, 331 
at a point in Earth’s gravitational 

field (general case), 336-7 

changes in, 334-5 
gravitational field, 331-9 
sign convention and datum, 334 

Potential, critical, 497-8 
Potential difference, 262, 265-9 

calculation of, 286 

concept of, 268, 276,-284 

Potential dividers, 289-93 

Potential energy, 64, 331 
Potential gradient, 336, 342-3 

between parallel plates, 344 
sign convention, 342 

Potential well, 337 

of proton, 515 

Potentiometers, 290 
Powder method (X-ray analysis), 143 

Power, 61 
electrical, 262, 276-7 
output of machines, 72 

Power amplifier, 483 
Power attenuation, 484, 485 

Power factor, 423 
Power gain of amplifier, 482, 484, 

485 
Power loss, National Grid, 281 

Power rails, 476 

Power ratings, 277 
Power stations, coal-fired, 106 

Precision, 16 
Pressure, 97 

in a fluid, 97-9 

of a gas, 10 
and liquid surfaces, 150 

Pressure gradients, 100 

Pressurized Water Reactors, 557 

Primary colours, 241 

Principle 
of Galilean relativity, 457 

of superposition, 172 
Progressive waves, 514 

Propagation of E and B fields in 
space, 452-6 

Proper length, 459, 460 
Proper time, 457, 460 

Proportionality constant, 38 
Proton, 544 

mass of, 617 
potential well of, 515 

Proton number, 542, 547 

Proximity switches, 306 

Pucks, 27, 71 

Pulsating a.c., 427 
Pulse-generating circuits, 469-73 
Pulsed radiation, 205 

Pulses, 163 

Pumped storage systems, 64, 261 

Pupil of eye, size of, 240 
Pure tones, 193 
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Quadrature motions, 216 
Quality (of musical note), 235 

Quanta, 502 

distribution by, 116 
distribution of, 117 

Quantum, defined, 113 

Quantum mechanics, 519 
Quiescent value, 478 

R.m.s. speed, 89 
R.m.s. voltage, 415 
Rad (unit of absorbed radiation), 560 
Radar, 236 

Radiations, detection of, 524-31 
Radio frequencies, 204 

Radio waves, 203-6 

Radioactive decay, 531, 534-6 

Radioactive elements, half-lives, 
534-5 

Radioactive sources, 524 

Radioactivity, 522-37 
Radiometric dating, 561 
Random distribution, 11, 84 

Random nature of radioactive decay, 
535-6 

Random spread (of heat), 109 

Random variations, 527 

Random walk, 92-5 
Range of a, 8 and y radiation, 526-8 
Range of hearing, 193 

Rate of change, 17-19 
of momentum, 38 

Rayleigh criterion, 252 

Reactance, 419, 422, 423 
Reaction, 39, 41 

Reactionless, term defined, 328 

Reactive component, 423 
Real gases, behaviour of, 89 

Reception of light, 240-5 
Reception of sound, 237-40 
Recoil-electrons, 530 

Recombination, of light, 245-6 
Rectification, 427-9 

Rectifiers, 300, 427 

Rectilinear propagation of cathode 
rays, 371 

Reduction of friction, 27 

Reed-switches, 306 

Reflection 

angle of, 168 

law of, 168 

of particles, 190-1 
of sound, 192 

of waves, 167-8 

of waves on a spring, 172 
Reflection grating, 242 
Refraction 

angle of, 171 
of light, 196 
of particles, 191-2 

of sound, 192 

of waves, 170 

Refractive index, relative, 171, 196 

Relative permeability, 439 

Relative permittivity, 307, 308-9, 352 

Relative refractive index, 171, 196 
Relative speed, 460 

Relativity, 375 
Galilean, 457 
special theory of, 456-60, 550 

Reluctance, 435 

unit of, 437 
Rem (unit of dose equivalent), 560 

Resistance, 262, 269-71, 423 
dependence on area, 272 

dependence on length, 271-2 
of overhead cables, 273 

Resistances 

combining, 288-9 

comparison of, 299 
Resistive component, 423 
Resistive load of amplifier, 479 

Resistivity, 105, 272-4, 434 

Resistors, 300 

in parallel, 289 
in series, 288 

Resolution (of vectors), 22-3 

Resolving power, 252-4 
of diffraction grating, 254 

Resonance, 226, 228-35, 427 

Resonant circuits, 423 

Responder (oscillation), 225 

Rest mass, 460 

Restoring torque, 389 

Resultant (of vectors), 19 
Reverse transfer, 482 

Right-hand grasping rule, 383 
Rigidity modulus, 154 
Ripple tank, 163 

Ripples, 188 

Rise in potential, 285 
Rockets, 42 

Rontgen, W. K., 378 

Root mean square speed, defined, 89 

Root mean square values of 

alternating current, 414 

Rotating body, energy stored in, 
72-4 

Rotating crystal method (X-ray 

crystallography), 141-3 
Rotating vector, 416 

Rotation, energy in, 71-4 

Rotational equilibrium, 45-6 

Rotational frequency, 54 

Rotational inertia, 54 

Rotational motion, 73, 208 

Rotor, 393, 406 

RS flip-flop, 469 
Rubbers, 132 . 

Rumford, Count, 81 

Rutherford, Ernest, Lord, 523, 538, 

539, 544-5 
Rutherford, E. and Royds, T., 538 
Rutherford’s model of atom, 8 

538-43 

Satellites, 338 

Sawtooth waveform, 493 

Scalar quantities, 19 

Scale of loudness, 237 

Scale of temperature, 76, 77, 121 

Scanning, image transmission by, 257 
Scattered sound, 237 

Scattering 
of alpha particles, 539-43 
of light, 169,237, 245-6 

polarization caused by, 201 
of waves, 236 

Scintillation method, 524 
Search coil, 430 
Second law of thermodynamics, 122 
Second-order spectra, 243, 245 

Secondary colours, 241 
Seismic waves, 189, 190, 236 

Selectivity, 487 

Self induction, 408-11 
Semiconductors, 131, 301, 365 

Sequential logic, 464, 474 
Series, Fourier, 222 

Series form, of digital data, 463 

Series-wound motor, 408 

Servomechanisms, control of, 299 

Shaded pole, 448 
Shallow-water waves, 188 

Shearing stress, 153 

Shunt-wound motor, 407 
Shuttling ball, 357-8 
SI units, 13-15 

Sievert (unit of dose equivalent), 

560 
Sign conventions 

gravitational potential, 334, 335 
potential gradient, 342 

Signal, 475 

Significant figures, 16 
Silicon chip, 490 

Simple, term defined, 211 

Simple electrical circuits, 104, 263-5 

Simple harmonic motion, 212, 214 

and waves, 222-3 

Simple harmonic oscillators, 212 

energy of, 221-2 

Simple pendulum, 211, 218-19 
Single magnetic pole, 437 

Sinusoidal alternating currents, 412-15 
Sinusoidal motion, 214-15 

Size of hydrogen atom, 514-15 

Slide wire potentiometers, 293-4 
Slip-rings, 399 
Slow neutrons, 554 

Small-signal a.c. equivalent circuit, 
481 

Smoothing, 428 

Snell’s law, 196 

Soddy, F. and Fleck, A., 542 
Solar cells, 509 

Solar prominence, 392 

Solar system, 73 

Solenoid, 430, 432 

flux density inside, 438-9 
Solid angle, SI unit of, 13 
Solid behaviour, 

effect of temperature on, 130 
effect of time on, 131 

Solid surface, surface energy of, 
152 

Solid-state devices, for detection of 
radiation, 524, 525-6 

Solids 

model for, 125-32 



as ordered structures, 137 
electrical and thermal properties of, 

157 
Solving circuit problems, 285-7 

Sonar, 239 

Sound 

behaviour of, 192-5 
reception of, 237-40 
waves, 236-40 

waves in air, 195 

Space charge, 371 
Spaceflight, 327-8 
Spark detectors, 524, 526 

Spatial coherence, 197 

Special theory of relativity, 456-60 

Specific charge 
of electron, 358, 373, 374, 391 

of hydrogen ion, 374 
Specific heat capacity, 80 
Specific latent heat, 82 
Spectral analysis, 241 

Spectrometers 

absorption, 231 
mass, 390, 547-8 

Spectrum, 241 

Speed 
distinguished from velocity, 19 

drift, of electrons, 363-4 

of electrons, 374-5 
of ions, 366-7 
of light, 455, 456, 617 
limiting, 456 
of longitudinal pulses, 183-6 
of mechanical waves, factors 

influencing, 179 

methods for measurement of, 27-8 

of molecules, 86-7, 91 

of pulse along a cable, 452 

relative, 460 
of sound, 194 
of tranverse pulse, 180-3 

of waves, 163 

ultimate, 375, 460 

Speedometer, 446 

Speeds, random distribution of, 11, 86 

Spherical aberration, 249 
Spreading of liquids, 149 

Spring 
reflection of waves on, 172 
speed of transverse pulse along, 

180-3 
stretched, 166 

Square of amplitude, 166 

Stability of amplifier, 484 

Stability of gain, 470 

Stability of nuclei, 550 
Standard bit, 463 
Standard cell, 293 
Standard deviation, 527 

Standard forms, 16-17 
Standing waves, 224-35, 514 

States, energy, 507 

States of matter, 125 

Static electricity, 383 

Static equilibrium, 43 

Stationary states, 507 
Stationary waves, 232-5, 514 

Stators, 393, 406 

Steady direct currents, 263-75 

Steam point, 76 
Stereo reception, 238 
Stiffness, 128 

effect of temperature on, 130 
Stimulated emission of radiation, 

509-10 
Stokes’ equation, 361 

Stoney, George Johnstone, 358 

Stop bit, 463 
Storage batteries, 280 . 

Storing digital data, 467-9 
Storing energy, 63 
Strain, defined, 129, 144 
Strain energy per unit volume, 145 

Strain gauges, 299-300 
Streamline flow, 101 
Strength, 129 

effect of temperature on, 130 

of electric field, 318 
of magnetic field, 319 

Stress, defined, 129, 144 

Stress concentrations, 156 

Stress - strain behaviour, 129-30 

Stretched spring, waves on, 166-7 
Stringed musical instruments, 235 

Stroboscopic photography, 28-9, 69, 
Tiel 

Strong nuclear interaction, 550 

Sublimation, energy of, 145 
Sufficiency (of theories), 9 
Sum digit, 473 

Super-heated liquids, 529 
Superconduction, 271 
Superelastic collision, 545 
Superheterodyne, 427 
Superposition, principle of, 172 
Supplementary (SI) units, 13 

Surface energy, 146, 148 

of solid surface, 152-3 

Surface ripples, 188 
Surface rocks, 327 

Surface tension, 146, 148, 187 

measurement of, 152 

Swamping resistors, 302 

Synchrotrons, 390 

Systems of units, 13 

Taylor.esit G.le55~5 07 

Television 
aerial, 282 
picture tube, 377, 378, 389 

transmission frequency, 204 

Temperature, 75-7 

bodies of different, 119-20 
dependent properties, 75, 130, 274 

of Earth’s core, 554 

of a gas, 10 

scales of, 76, 77, 121 

SI unit of, 13, 77 
Temporal coherence, 197 

Tensile strength, 126, 129, 152 

Tension, defined, 43 

Terminal velocity, 40, 360 
Tesla (unit of magnetic flux density), 
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319, 396 
The Spring of the Air, 3, 8 

Theories of colour vision, 241 

Theories and models, 5-8 

atomic, 8, 95, 499-508 

development of, 158 

gravitational, 6 

kinetic, 84-95 
nuclear, 538-43 

quantum, 500 

wave, 5, 189-207 

Thermal conduction, model of, 158 

Thermal conductivy, 104-5, 158 

Thermal energy, 108-9 
Thermal equilibrium, 75 

Thermal properties of metals, 157-8 
Thermionic emission, 370-1, 377 

Thermionic vacuum tubes, 262, 301, 

377 
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Trolley-and-springs oscillator, 211-12 
analysing motion of, 212-14 

Trolley, dynamics, 27 

Troughs (of waves), 163 

Truth tables, 465 

Tuned amplifiers, 483 
Tuned circuits, 423 

Tungsten lamp filaments, 269 
Tuning, 240 
Tuning-forks, 229, 235 

Turning effect of couple, 50 
Two waves crossing, 172 

Two-way processes, 108 

U-values, 104 

U.H.F. electrical radiation, 204 
Ultimate speed, 375, 460 
Ultrasonic waves, 194 

Ultraviolet radiation, 206 
Uniform electric field, 341 

Unit cell, 136 

Units, SI system, 13-15 

Universal gas constant, 88 
Universal gravitation, theory of, 6-7, 

322-330 
Unlink the flux, 401 

Upthrust, 99-100 

Useful circuits, 288-303 
Utilization of power, 276 

Vacuum photocell, 508 

Valency, 96 
Valves, electronic, 262, 301, 377 

Van Allen belts, 392 
Van der Broek, A., 542 

Van de Graaff generator, 347 

Vaporization, latent heat of, 62 

Variation of Earth’s gravitational 

field strength 
with latitude, 326 
with depth, 326-7 

Variation of gravitational potential 
with distance, 333 

Vector quantities 
addition of, 19-21 

defined, 19 
momentum as, 33 

and navigation, 21-2 

resolution of, 22-3 

and signs, 22 

Velocity, 19, 73 

angular, 54 

combining of, 51 
terminal, 40, 360 

Very low frequency a.c., 412 

Vibrations, 208-235 
Viscosity, 102, 360-1 
Viscous forces, 102 

Vision 
colour, 241 

limits of, 254-5 — 
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Watt (unit of power), 61, /27 

Wave behaviour, 162-78 

of electron, 514 \ 
Wave energy, 166 ‘ 

Wave equation, for simple harm uc 
wave, 223 N 

Wave front, 164 

Wave group, 163 
Wave mechanics, 512, 519 

Wave model, 162 
for light, 196-201, 508 

Wave motion, 162 

Wave speed, 163 
Wave theory of light, 5-6, 
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